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Preface 


REVISED LarsonCalculus.com 

All companion website features have been updated based on this revision. Watch videos explaining 
concepts or proofs from the book, explore examples, view three-dimensional graphs, download articles 
from math journals, and much more. 


NEW Conceptual Exercises 

The Concept Check exercises and Exploring Concepts exercises appear in each section. These 
exercises will help you develop a deeper and clearer knowledge of calculus. Work through these 
exercises to build and strengthen your understanding of the calculus concepts and to prepare you for 
the rest of the section exercises. 


REVISED Exercise Sets 

The exercise sets have been carefully and extensively examined to ensure they are rigorous and 
relevant and to include topics our users have suggested. The exercises are organized and titled 

so you can better see the connections between examples and exercises. Multi-step, real-life exercises 
reinforce problem-solving skills and mastery of concepts by giving you the opportunity to apply the 
concepts in real-life situations. 


REVISED Section Projects 


Projects appear in selected sections and encourage you to explore applications related to the topics 
you are studying. We have added new projects, revised others, and kept some of our favorites. 

All of these projects provide an interesting and engaging way for you and other students to work 
and investigate ideas collaboratively. 


Table of Contents Changes 

Based on market research and feedback from users, we have made several changes to the table 
of contents. 

* We added a review of trigonometric functions (Section P.4) to Chapter P. 


e To cut back on the length of the text, we moved previous Section P.4 Fitting Models to Data 
(now Appendix G in the Eleventh Edition) to the text-specific website at CengageBrain.com. 


* To provide more flexibility to the order of coverage of calculus topics, Section 3.5 Limits at 
Infinity was revised so that it can be covered after Section 1.5 Infinite Limits. As a result of this 
revision, some exercises moved from Section 3.5 to Section 3.6 A Summary of Curve Sketching. 


* We moved Section 4.6 Numerical Integration to Section 8.6. 


* We moved Section 8.7 Indeterminate Forms and L'Hópital's Rule to Section 5.6. 


Chapter Opener 


Each Chapter Opener highlights real-life applications used in the examples and exercises. 
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x Preface 


Section Objectives 

A bulleted list of learning objectives provides 
you with the opportunity to preview what will 
be presented in the upcoming section. 


Theorems 

Theorems provide the conceptual framework 
for calculus. Theorems are clearly stated and 
separated from the rest of the text by boxes 
for quick visual reference. Key proofs often 
follow the theorem and can be found at 
LarsonCalculus.com. 


Definitions 
As with theorems, definitions are clearly stated 
using precise, formal wording and are separated 


from the text by boxes for quick visual reference. 


Explorations 

Explorations provide unique challenges to 
study concepts that have not yet been formally 
covered in the text. They allow you to learn by 
discovery and introduce topics related to ones 
presently being studied. Exploring topics in this 
way encourages you to think outside the box. 


Remarks 

These hints and tips reinforce or expand upon 
concepts, help you learn how to study 
mathematics, caution you about common errors, 
address special cases, or show alternative or 
additional steps to a solution of an example. 


How Do You See It? Exercise 


166 Chapter3 Applications of Differentiation 


3.1 Extrema on an Interval 


E (2, 5) ,7 Maximum 
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(a) t is continuous, [— 1, 2] is closed. 


rae _ Nota 
maximum 
feo mel 
(0. 1) — Minimum 
np —— à x 
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(b) f is continuous, (— 1, 2) is open. 


5 (2, 5) p- Maximum 


tl, x#0 
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-i NE 3 
c) y is not continuous, [— 1, 2] is closed 
Figure 3.1 


i Understand the definition of extrema of a function on an interval. 
i Understand the definition of relative extrema of a function on an open interval. 
@ Find extrema on a closed interval. 


Extrema of a Function 


In calculus, much effort is devoted to determining the behavior of a function f on an 
interval |. Does f have a maximum value on |? Does it have a minimum value? Where 
is the function increasing? Where is it decreasing? In this chapter, you will learn 
how derivatives can be used to answer these questions. You will also see why these 
questions are important in real-life applications. 


Definition of Extrema 

Let t be defined on an interval | containing c. 

1. f(c) is the minimum of f on J when f(c) < f (x) for all x in 1. 
2. f(c) is the maximum of f on J when f(c) = f(x) for all x in I. 


The minimum and maximum of a function on an interval are the extreme 
values, or extrema (the singular form of extrema is extremum), of the function 
on the interval. The minimum and maximum of a function on an interval are 
also called the absolute minimum and absolute maximum, or the global 
minimum and global maximum, on the interval. Extrema can occur at interior 
points or endpoints of an interval (see Figure 3.1). Extrema that occur at the 
endpoints are called endpoint extrema. 


A function need not have a minimum or a maximum on an interval. For instance, in 
Figures 3.1(a) and (b), you can see that the function f(x) = x? + 1 has both a minimum 
and a maximum on the closed interval [— 1, 2] but does not have a maximum on the 
open interval (— 1, 2). Moreover, in Figure 3.1(c), you can see that continuity (or the 
lack of it) can affect the existence of an extremum on the interval. This suggests the 
theorem below. (Although the Extreme Value Theorem is intuitively plausible, a proof 
of this theorem is not within the scope of this text.) 


THEOREM 3.1 The Extreme Value Theorem 


If f is continuous on a closed interval [a, b], then f has both a minimum and a 
maximum on the interval. 


Exploration 

Finding Minimum and Maximum Values The Extreme Value Theorem (like 
the Intermediate Value Theorem) is an existence theorem because it tells of the 
existence of minimum and maximum values but does not show how to find 
these values. Use the minimum and maximum features of a graphing utility to 
find the extrema of each function. In each case, do you think the x-values are 
exact or approximate? Explain your reasoning. 


a. f(x) = x? — 4x + 5 on the closed interval [— 1, 3] 
b. f(x) = x8 — 2x? — 3x — 2 on the closed interval [— 1, 3] 


The How Do You See It? exercise in each section presents a problem that you will solve 
by visual inspection using the concepts learned in the lesson. This exercise is excellent for 


classroom discussion or test preparation. 


Applications 


Carefully chosen applied exercises and examples are included throughout to address the 
question, “When will I use this?" These applications are pulled from diverse sources, such 

as current events, world data, industry trends, and more, and relate to a wide range of interests. 
Understanding where calculus is (or can be) used promotes fuller understanding of the material. 


Historical Notes and Biographies 


Historical Notes provide you with background information on the foundations of calculus. 
The Biographies introduce you to the people who created and contributed to calculus. 


Technology 


Throughout the book, technology boxes show you how to use technology to solve problems 
and explore concepts of calculus. These tips also point out some pitfalls of using technology. 


Putnam Exam Challenges 


Putnam Exam questions appear in selected sections. These actual Putnam Exam questions will 
challenge you and push the limits of your understanding of calculus. 


Student Resources 


Student Solutions Manual for Calculus of a Single Variable 
ISBN-13: 978-1-337-27538-5 


Student Solutions Manual for Multivariable Calculus 
ISBN-13: 978-1-337-27539-2 


Need a leg up on your homework or help to prepare for an exam? The Student 
Solutions Manuals contain worked-out solutions for all odd-numbered exercises in 
Calculus of a Single Variable 11e (Chapters P-10 of Calculus 11e) and Multivariable 
Calculus 11e (Chapters 11—16 of Calculus 11e). These manuals are great resources to 
help you understand how to solve those tough problems. 


CengageBrain.com 

To access additional course materials, please visit www.cengagebrain.com. At the 
CengageBrain.com home page, search for the ISBN of your title (from the back cover 
of your book) using the search box at the top of the page. This will take you to the 
product page where these resources can be found. 


MindTap for Mathematics 

MindTap® provides you with the tools you need to better manage your limited 
time—you can complete assignments whenever and wherever you are ready to learn 
with course material specifically customized for you by your instructor and 
streamlined in one proven, easy-to-use interface. With an array of tools and 
apps—from note taking to flashcards—you'll get a true understanding of course 
concepts, helping you to achieve better grades and setting the groundwork for your 
future courses. This access code entitles you to 3 terms of usage. 


PENH ANCE . 
Enhanced WebAssign9 WebAssign 


Enhanced WebAssign (assigned by the instructor) provides you with instant feedback 
on homework assignments. This online homework system is easy to use and includes 
helpful links to textbook sections, video examples, and problem-specific tutorials. 
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Complete Solutions Manual for Calculus of a Single Variable, Vol. 1 
ISBN-13: 978-1-337-27540-8 


Complete Solutions Manual for Calculus of a Single Variable, Vol. 2 
ISBN-13: 978-1-337-27541-5 


Complete Solutions Manual for Multivariable Calculus 
ISBN-13: 978-1-337-27542-2 


The Complete Solutions Manuals contain worked-out solutions to all exercises 
in the text. They are posted on the instructor companion website. 


Instructor's Resource Guide (on instructor companion site) 

This robust manual contains an abundance of instructor resources keyed to the 
textbook at the section and chapter level, including section objectives, teaching 
tips, and chapter projects. 


Cengage Learning Testing Powered by Cognero (login.cengage.com) 

CLT is a flexible online system that allows you to author, edit, and manage test 
bank content; create multiple test versions in an instant; and deliver tests from your 
LMS, your classroom, or wherever you want. This is available online via 
www.cengage.com/login. 


Instructor Companion Site 

Everything you need for your course in one place! This collection of book-specific 
lecture and class tools is available online via www.cengage.com/login. Access and 
download PowerPoint? presentations, images, instructor's manual, and more. 


Test Bank (on instructor companion site) 
The Test Bank contains text-specific multiple-choice and free-response test forms. 


MindTap for Mathematics 

MindTap® is the digital learning solution that helps you engage and transform 
today’s students into critical thinkers. Through paths of dynamic assignments and 
applications that you can personalize, real-time course analytics, and an 
accessible reader, MindTap helps you turn cookie cutter into cutting edge, 

apathy into engagement, and memorizers into higher-level thinkers. 
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Enhanced WebAssign9 WebAssign 


Exclusively from Cengage Learning, Enhanced WebAssign combines the 
exceptional mathematics content that you know and love with the most powerful 
online homework solution, WebAssign. Enhanced WebAssign engages students 
with immediate feedback, rich tutorial content, and interactive, fully customizable 
e-books (YouBook), helping students to develop a deeper conceptual understanding 
of their subject matter. Quick Prep and Just In Time exercises provide opportunities 
for students to review prerequisite skills and content, both at the start of the course 
and at the beginning of each section. Flexible assignment options give instructors 
the ability to release assignments conditionally on the basis of students' prerequisite 
assignment scores. Visit us at www.cengage.com/ewa to learn more. 
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2 Chapter P Preparation for Calculus 


P.1 Graphs and Models 


liM Sketch the graph of an equation. 

E Find the intercepts of a graph. 

E Test a graph for symmetry with respect to an axis and the origin. 
E Find the points of intersection of two graphs. 

E Interpret mathematical models for real-life data. 


The Graph of an Equation 


In 1637, the French mathematician René Descartes revolutionized the study of 
mathematics by combining its two major fields—algebra and geometry. With 
Descartes's coordinate plane, geometric concepts could be formulated analytically and 
algebraic concepts could be viewed graphically. The power of this approach was such 
that within a century of its introduction, much of calculus had been developed. 

The same approach can be followed in your study of calculus. That is, by viewing 
calculus from multiple perspectives—graphically, analytically, and numerically—you 
will increase your understanding of core concepts. 

Consider the equation 3x + y = 7. The point (2, 1) is a solution point of the 
equation because the equation is satisfied (is true) when 2 is substituted for x and 1 is 
substituted for y. This equation has many other solutions, such as (1, 4) and (0, 7). To 
find other solutions systematically, solve the original equation for y. 


RENÉ DESCARTES (1596-1650) y- 7 — 3x Analytic approach 


Descartes made many -— 
contributions to philosophy, Then construct a table of values by substituting several values of x. 


science, and mathematics. The 
idea of representing points in the 
plane by pairs of real numbers x|0|1.2 3 4 
and representing curves in the 

plane by equations was described y17]4|11-2|-5 
by Descartes in his book La 


Géométrie, published in 1637. 
See LarsonCalculus.com to read From the table, you can see that (0, 7), (1, 4), (2, 1), 


more of this biography. (3, — 2), and (4, — 5) are solutions of the original 
equation 3x + y = 7. Like many equations, this 
equation has an infinite number of solutions. The set 
of all solution points is the graph of the equation, as 
shown in Figure P.1. Note that the sketch shown in 
Figure P.1 is referred to as the graph of 3x + y = 7, 
even though it really represents only a portion of the 
graph. The entire graph would extend beyond the page. 

In this course, you will study many sketching 
techniques. The simplest is point plotting—that is, 
you plot points until the basic shape of the graph 
seems apparent. 


Sketching a Graph by Point Plotting 


To sketch the graph of y — x? — 2, first construct a table of values. Next, plot the points 
shown in the table. Then connect the points with a smooth curve, as shown in Figure 
P.2. This graph is a parabola. It is one of the conics you will study in Chapter 10. 


Numerical approach 


Graphical approach: 3x + y = 7 
Figure P.1 


E -2|-1/0 | 1 1213 
EN 2 | -1/|-2|-1 21|7 ol 


The parabola y = x? — 2 
Figure P.2 


Granger, NYC 


Exploration 


Comparing Graphical and 
Analytic Approaches 

Use a graphing utility to 
graph each equation. In each 
case, find a viewing window 
that shows the important 
characteristics of the graph. 


Bp pS a8 = S3 eds 

Ith = 3 — Bae sp Die ce DS 
C y = -x — 3x? + 20x + 5 
d. 3x3 — 40x? + 50x — 45 
e. y ^ —(x + 12) 

. y =- dix - 6) 


A purely graphical approach 
to this problem would involve 
a simple “guess, check, and 
revise” strategy. What types of 
things do you think an analytic 
approach might involve? For 
instance, does the graph have 
symmetry? Does the graph 
have turns? If so, where are 
they? As you proceed through 
Chapters 1, 2, and 3 of this 
text, you will study many new 
analytic tools that will help you 
analyze graphs of equations 
such as these. 
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One disadvantage of point plotting is that to get a good idea about the shape of 
a graph, you may need to plot many points. With only a few points, you could badly 
misrepresent the graph. For instance, to sketch the graph of 


1 
y= 397 39 — 10x? + x’) 


you plot five points: 
(=3, =3), fd (1, 1), 


as shown in Figure P.3(a). From these five points, you might conclude that the graph is 
a line. This, however, is not correct. By plotting several more points, you can see that 
the graph is more complicated, as shown in Figure P.3(b). 


(0, 0), and (3,3) 


y 
A y [y= 4209 =10x7 +x4)| 
34 (3, 3) $ 
7 
2+ 7 
^ 
^ 
lr ^(1 
0,0) 7 
t t 4— t rx 
3 a2 4^4 1 2 3 >x 
(A, =)» ^ 
II -IF 9 plotting only a 
^ 7 few points can 
7 7 misrepresent a 
4 raph 
graph. 
s3 = -- 
,*C3.-3) 
(a) (b) 


Figure P.3 


Graphing an equation has been made easier by technology. Even 
with technology, however, it is possible to misrepresent a graph badly. For instance, 
each of the graphing utility* screens in Figure P.4 shows a portion of the graph of 


y= == 25, 
From the screen on the left, you might assume that the graph is a line. From the 
screen on the right, however, you can see that the graph is not a line. So, whether 
you are sketching a graph by hand or using a graphing utility, you must realize that 
different “viewing windows” can produce very different views of a graph. In choosing 
a viewing window, your goal is to show a view of the graph that fits well in the 
context of the problem. 
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Graphing utility screens of y = x3 — x? — 25 
Figure P.4 


*In this text, the term graphing utility means either a graphing calculator, such as the 
TI-Nspire, or computer graphing software, such as Maple or Mathematica. 
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Some texts 
denote the x-intercept as the 
x-coordinate of the point (a, 0) 
rather than the point itself. 
Unless it is necessary to make 
a distinction, when the term 
intercept is used in this text, it 
will mean either the point or 
the coordinate. 


Intercepts of a Graph 


Two types of solution points that are especially useful in graphing an equation are 
those having zero as their x- or y-coordinate. Such points are called intercepts because 
they are the points at which the graph intersects the x- or y-axis. The point (a, 0) is an 
x-intercept of the graph of an equation when it is a solution point of the equation. To 
find the x-intercepts of a graph, let y be zero and solve the equation for x. The point 
(0, b) is a y-intercept of the graph of an equation when it is a solution point of the 
equation. To find the y-intercepts of a graph, let x be zero and solve the equation for y. 

It is possible for a graph to have no intercepts, or it might have several. For 


instance, consider the four graphs shown in Figure P.5. 


No intercepts 


Solution To find the x-intercepts, let y be zero and solve for x. 


Because this equation has three solutions, you can conclude that the graph has three 


To find the y-intercepts, let x be zero. Doing this produces y = 0. So, the y-intercept is 


Let y be zero. 
Factor. 


Solve for x. 


x-intercepts 


y-intercept 


No x-intercepts Three x-intercepts One x-intercept 
One y-intercept One y-intercept Two y-intercepts 
Figure P.5 
EXAMPLE 2 Finding x- and y-Intercepts 
Find the x- and y-intercepts of the graph of y = x? — 4x. 
-—4x-20 
x(x — 2)(x + 2) =0 
x = 0,2, or -2 
x-intercepts: 
(0,0), (2,0, and (—2,0). 
Example 2 
uses an analytic approach (0, 0). 
to finding intercepts. When ? 
an analytic approach is not (See Figure P.6.) 


possible, you can use a graphical 
approach by finding the points 
at which the graph intersects the 
axes. Use the trace feature of a 
graphing utility to approximate 
the intercepts of the graph of 
the equation in Example 2. Note 
that your utility may have a 
built-in program that can find 
the x-intercepts of a graph. 
(Your utility may call this the 
root or zero feature.) If so, use 
the program to find the 
x-intercepts of the graph of the 
equation in Example 2. 


Intercepts of a graph 


Figure P.6 


(œ, y) (x, y) 
= xX 
y-axis 
symmetry 
y 
A 
(x, y) 
> xX 
X-axis (x, —y) 
symmetry 


(x, y) 


Figure P.7 


Origin 
symmetry 


Origin symmetry 
Figure P.8 
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Symmetry of a Graph 


Knowing the symmetry of a graph before attempting to sketch it is useful because you 
need only half as many points to sketch the graph. The three types of symmetry listed 
below can be used to help sketch the graphs of equations (see Figure P.7). 


1. A graph is symmetric with respect to the y-axis if, whenever (x, y) is a point on the 
graph, then (— x, y) is also a point on the graph. This means that the portion of the 
graph to the left of the y-axis is a mirror image of the portion to the right of the y-axis. 


2. A graph is symmetric with respect to the x-axis if, whenever (x, y) is a point on the 
graph, then (x, — y) is also a point on the graph. This means that the portion of the 
graph below the x-axis is a mirror image of the portion above the x-axis. 


3. A graph is symmetric with respect to the origin if, whenever (x, y) is a point on 
the graph, then (—x, — y) is also a point on the graph. This means that the graph is 
unchanged by a rotation of 180? about the origin. 


Tests for Symmetry 


. The graph of an equation in x and y is symmetric with respect to the y-axis 
when replacing x by —x yields an equivalent equation. 

. The graph of an equation in x and y is symmetric with respect to the x-axis 
when replacing y by — y yields an equivalent equation. 

. The graph of an equation in x and y is symmetric with respect to the origin 
when replacing x by —x and y by — y yields an equivalent equation. 


The graph of a polynomial has symmetry with respect to the y-axis when each term 
has an even exponent (or is a constant). For instance, the graph of 


y-"2x'-x-2 


has symmetry with respect to the y-axis. Similarly, the graph of a polynomial has 
symmetry with respect to the origin when each term has an odd exponent, as illustrated 
in Example 3. 


EXAMPLE 3 Testing for Symmetry 


Test the graph of y = 2x? — x for symmetry with respect to (a) the y-axis and (b) the 
origin. 
Solution 
a. y= 2 — x 
y = 3-3? - (~a) 
y= -2e+x 


Write original equation. 
Replace x by —x. 
Simplify. The result is not an equivalent equation. 


Because replacing x by — x does not yield an equivalent equation, you can conclude 
that the graph of y = 2x3 — x is not symmetric with respect to the y-axis. 


b. y220-x 
-y = X-3P- (=) 
-y= -2 +x 


Write original equation. 
Replace x by —x and y by —y. 
Simplify. 

y= 2x3 — x Equivalent equation 


Because replacing x by —x and y by —y yields an equivalent equation, you can 
conclude that the graph of y = 2x? — x is symmetric with respect to the origin, as 
shown in Figure P.8. au 
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x-intercept 


Figure P.9 


Two points of intersection 
Figure P.10 


Using Intercepts and Symmetry to Sketch a Graph 


ib [> See LarsonCalculus.com for an interactive version of this type of example. 
Sketch the graph of x — y? — I. 


Solution The graph is symmetric with respect to the x-axis because replacing y by 
— y yields an equivalent equation. 


= y? = 1 Write original equation. 
i= (—y)? = 1 Replace y by —y. 
X cm y? = 1 Equivalent equation 


This means that the portion of the graph below the x-axis is a mirror image of the 
portion above the x-axis. To sketch the graph, first plot the x-intercept and the points 
above the x-axis. Then reflect in the x-axis to obtain the entire graph, as shown in 
Figure P.9. | 


Graphing utilities are designed so that they most easily graph 
equations in which y is a function of x (see Section P.3 for a definition of function). 
To graph other types of equations, you need to split the graph into two or more parts 
or you need to use a different graphing mode. For instance, to graph the equation in 
Example 4, you can split it into two parts. 


y= T x—1 Top portion of graph 
y=- Jx—1 Bottom portion of graph 


Points of Intersection 


A point of intersection of the graphs of two equations is a point that satisfies both 
equations. You can find the point(s) of intersection of two graphs by solving their 
equations simultaneously. 


EXAMPLE 5 Finding Points of Intersection 


Find all points of intersection of the graphs of 
x?—y-23 and x-y-l. 


Solution Begin by sketching the graphs of both equations in the same rectangular 
coordinate system, as shown in Figure P.10. From the figure, it appears that the graphs 
have two points of intersection. You can find these two points as follows. 


y= x — 3 Solve first equation for y. 
y=x-1 Solve second equation for y. 
x—3-x-1 Equate y-values. 
x!—-x—2-0 Write in general form. 
(x — 2)(« + 1) =0 Factor. 
x=2or-1 Solve for x. 
The corresponding values of y are obtained by substituting x = 2 and x = — 1 into 
either of the original equations. Doing this produces two points of intersection: 
(2, 1) and (— 1;.= 2). Points of intersection A 


You can check the points of intersection in Example 5 by substituting into both of 
the original equations or by using the intersect feature of a graphing utility. 


The Mauna Loa Observatory 
in Hawaii has been measuring 
the increasing concentration 
of carbon dioxide in Earth's 
atmosphere since 1958. 
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Mathematical Models 


Real-life applications of mathematics often use equations as mathematical models. In 
developing a mathematical model to represent actual data, you should strive for two 
(often conflicting) goals—accuracy and simplicity. That is, you want the model to be 
simple enough to be workable, yet accurate enough to produce meaningful results. 
Appendix G explores these goals more completely. 


ETTUTTTI: Comparing Two Mathematical Models 


The Mauna Loa Observatory in Hawaii records the carbon dioxide concentration y (in 
parts per million) in Earth's atmosphere. The January readings for various years are 
shown in Figure P.11. In the July 1990 issue of Scientific American, these data were 
used to predict the carbon dioxide level in Earth's atmosphere in the year 2035, using 
the quadratic model 


y = 0.0182? + 0.70t + 316.2 Quadratic model for 1960-1990 data 


where ft = 0 represents 1960, as shown in Figure P.11(a). The data shown in 
Figure P.11(b) represent the years 1980 through 2014 and can be modeled by 


y = 0.014? + 0.66r + 320.3 Quadratic model for 1980-2014 data 


where f = 0 represents 1960. What was the prediction given in the Scientific American 
article in 1990? Given the second model for 1980 through 2014, does this prediction 
for the year 2035 seem accurate? 


CO, (in parts per million) 
CO, (in parts per million) 


sc et a t 
5 10 15 20 25 30 35 40 45 50 55 5 10 15 20 25 30 35 40 45 50 55 
Year (0 @ 1960) Year (0 € 1960) 
(a) (b) 
Figure P.11 


Solution To answer the first question, substitute t = 75 (for 2035) into the first 
model. 


y = 0.018(75)? + 0.70(75) + 316.2 = 469.95 Model for 1960-1990 data 


So, the prediction in the Scientific American article was that the carbon dioxide 
concentration in Earth’s atmosphere would reach about 470 parts per million in the year 
2035. Using the model for the 1980-2014 data, the prediction for the year 2035 is 


y = 0.014(75)? + 0.66(75) + 320.3 = 448.55. Model for 1980-2014 data 


So, based on the model for 1980-2014, it appears that the 1990 prediction was too high. 
a 


The models in Example 6 were developed using a procedure called least squares 
regression (see Section 13.9). The older model has a correlation of r? ~ 0.997, and for 
the newer model it is r? = 0.999. The closer r? is to 1, the “better” the model. 
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P n 1 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


DD Finding Intercepts In Exercises 19-28, find 
CONCEPT CHECK Xu uj any intercepts. 
1. Finding Intercepts Describe how to find the x- and - i 


y-intercepts of the graph of an equation. E 


spice . . 19. y= 2x - 5 20. y = 4x? + 3 
. Verifying Points of Intersection How can you dci E 
check that an ordered pair is a point of intersection of 2l. yer rx 2 22. y! = x — 4x 
two graphs? 23. y = x /16 — x? 24. y= (x - D /x* +1 
35. y= 2- Sx ab = x2 + 3x 
Matching In Exercises 3-6, match the equation with its ZEN, "2 Bx + 1) 
graph. [The graphs are labeled (a), (b), (c), and (d).] 27. ey — 2+ Ay =0 28. y = 2x — dal 
(a) (b) 
oprig Testing for Symmetry In Exercises 29-40, 
wely 5 test for symmetry with respect to each axis and to 
EB the origin. 
29. y=x-6 30. y = 9x — x? 
31. y = x3 — 8x 32. y= +x 
(d) y 33. xy = 4 34. xy? = —10 
A 
4-7 35. y=4-— J/x +3 36. xy - v4- x = 
a+ x x5 
+ Mabel Scion 
x 
2 + 2 39. y = [3 + x| 40. |y| - x =3 
2 + 


Using Intercepts and Symmetry to Sketch 


- OFAC) 
3. y= -ix F3 4.y=/9-# SE d a Graph In Exercises 41—56, find any intercepts 
Eas 


5.y-3-6 6.y-39-x and test for symmetry. Then sketch the graph of 
the equation. 
[s] [s] Sketching a Graph by Point Plotting In 2 
pr 41. y -2— 42. y - ix +1 
E “Exercises 7-16, sketch the graph of the equation " si ae 
[a] ‘fy by point plotting. 43. y=9- x? 44. y - 28 +x 
"3 1 m $ NA 45. y —- o 4*2 46. y = xX — 4x 
.y5x .y-5-—2x 
: 47. y=xJ/x+5 48. y= /25 — x 
9 y=4- x2 10. y = (x — 3)? 
49. x=y 50. x = y* — 16 
11. y = [x + 1| 12. y= |x| - 1 
8 10 
13. y= /x — 6 14. y= /x *2 =— = 
y i y * 51. y-- $.y- 3.1 
15 i 16 y. L5 53. y = 6 — |x| 84. y = |6 — x| 
55.3) -x — 9 56. X2 + 4 = 
f Approximating Solution Points Using Technology In 
Exercises 17 and 18, use a graphing utility to graph the [s]Z [m] Finding Points of Intersection In Exercises 
equation. Move the cursor along the curve to approximate the EE d 57—62, find the points of intersection of the graphs 
unknown coordinate of each solution point accurate to two ore fy ofthe equations. 
decimal places. es 
57. x+y=8 58. 3x — 2y = —4 
= /5— C ND 
17. y 5.—x 18. y = 2-5 ip a 4x + 2y = —10 
2 —0. 
(a) Q. y) (a) (70.5, y) "cem "NA E 
(b) (x, 3) (b) (x, 4) duisi ee 
The symbol kun and a red exercise number indicates that a video solution can be seen The symbol indicates an exercise in which you are instructed to use graphing 
at CalcView.com. technology or a symbolic computer algebra system. The solutions of other exercises may 


also be facilitated by the use of appropriate technology. 


62. 2 + y! = 16 


eS y= x+2y=4 

Finding Points of Intersection Using Technology In 
Exercises 63-66, use a graphing utility to find the points of 
intersection of the graphs of the equations. Check your results 
analytically. 


63. y x — 2x7 +x-1 64. y= x4 — 2x2 + 1 


y= x? + 3x-1 y=1-2# 
65. y= J/x +6 66. y = —|2x - 3| + 6 
y= V-X — 4x y=6-x 


67. Modeling Data The table shows the Gross Domestic 
Product, or GDP (in trillions of dollars), for 2009 through 


2014. (Source: U.S. Bureau of Economic Analysis) 
Year | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 
GDP | 14.4 | 15.0 | 15.5 | 162 | 16.7 | 17.3 


(a) Use the regression capabilities of a graphing utility to find 
a mathematical model of the form y = at + b for the data. 
In the model, y represents the GDP (in trillions of dollars) 
and t represents the year, with £ = 9 corresponding to 2009. 


(b) Use a graphing utility to plot the data and graph the model. 
Compare the data with the model. 


(c) Use the model to predict the GDP in the year 2024. 


¢ 68. Modeling Dataee«e«eeeeeeecececcccccc 


The table shows the numbers of cell phone subscribers 
(in millions) in the United States for selected years. 
(Source: CTIA-The Wireless Association) 


Year 2000 | 2002 | 2004 | 2006 
Number | 109 141 182 | 233 
Year 2008 | 2010 | 2012 | 2014 
Number | 270 | 296 | 326 | 355 


(a) Use the regression capabilities of a graphing utility to 
find a mathematical model of the form y = af? + bt + c 
for the data. In the model, y represents the number of 
subscribers (in millions) and t represents the year, with 
t = 0 corresponding to 2000. 


(b) Use a graphing 
utility to plot the 
data and graph the 
model. Compare 
the data with the 


model. 


Use the model to 
predict the number 
of cell phone 
subscribers in the United States in the year 2024. 


(c) 5 


D 


ChrisMilesPhoto/Shutterstock.com 
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69. Break-Even Point Find the sales necessary to break 
even (R = C) when the cost C of producing x units is 
C = 2.04x + 5600 and the revenue R from selling x units is 
R = 3.29x. 


Using Solution Points For what values of k does the 
graph of y? = 4kx pass through the point? 


(a) (1, 1) (b) (2, 4) 
(c) (0, 0) (d) (3.3) 


70. 


EXPLORING CONCEPTS 


71. Using Intercepts Write an equation whose graph 
has intercepts at x — -$ x = 4, and x = 2. (There is 
more than one correct answer.) 


. Symmetry A graph is symmetric with respect to the 
x-axis and to the y-axis. Is the graph also symmetric with 
respect to the origin? Explain. 


. Symmetry A graph is symmetric with respect to one 
axis and to the origin. Is the graph also symmetric with 
respect to the other axis? Explain. 


74. 5 HOW DO YOU SEE IT? Use the graphs of 


the two equations to answer the questions below. 


(a) What are the intercepts for each equation? 
(b) Determine the symmetry for each equation. 


(c) Determine the point of intersection of the two 
equations. 


True or False? In Exercises 75-78, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


75. If (—4, —5) is a point on a graph that is symmetric with 
respect to the x-axis, then (4, — 5) is also a point on the graph. 


76. If (—4, —5) is a point on a graph that is symmetric with 


respect to the y-axis, then (4, — 5) is also a point on the graph. 


77. If b> — 4ac > O0 and a # 0, then the graph of 
y=ar+bx+c 


has two x-intercepts. 


78. If b> — 4ac = 0 and a # Q, then the graph of 
yag +bx+c 


has only one x-intercept. 
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P.2 Linear Models and Rates of Change 


E Find the slope of a line passing through two points. 

liM Write the equation of a line with a given point and slope. 

E Interpret slope as a ratio or as a rate in a real-life application. 

liM Sketch the graph of a linear equation in slope-intercept form. 

E Write equations of lines that are parallel or perpendicular to a given line. 


The Slope of a Line 


y The slope of a nonvertical line is a measure of the number of units the line rises (or 
falls) vertically for each unit of horizontal change from left to right. Consider the two 
points (x,, y,) and (x5, y2) on the line in Figure P.12. As you move from left to right 
along this line, a vertical change of 

Ay = y, = y, Change in y 


units corresponds to a horizontal change of 


: Ax = X) X Change in x 
Ay = y, — y, = change in y 
Ax = x, — x, = change in x units. (The symbol A is the uppercase Greek letter delta, and the symbols Ay and Ax 
Figure P.12 are read “delta y" and “delta x.") 


Definition of the Slope of a Line 


The slope m of the nonvertical line passing through (x,, y,) and (x5, y;) is 


9; 7 9 
i 


Slope is not defined for vertical lines. 


When using the formula for slope, note that 


Yo Xi _ -[9 = y) _ =» 
X) 7X4 = (ži = xj) Ki ay 


So, it does not matter in which order you subtract as long as you are consistent and both 
“subtracted coordinates” come from the same point. 

Figure P.13 shows four lines: one has a positive slope, one has a slope of zero, 
one has a negative slope, and one has an “undefined” slope. In general, the greater the 
absolute value of the slope of a line, the steeper the line. For instance, in Figure P.13, 
the line with a slope of —5 is steeper than the line with a slope of I 


4+ 4+ 4+ 3,4 
m,- i m,-0 9,4) 
34 3+ 3T 
= m, 1S 
ill (721,2) (2, 2) > |. undefined. 
(3, 1) 
+ 1+ 1+ (3,1) 
(-2, 0) 
T }+—+—_+ > x t+——t }+—_+—_}+ > x } I—34 |x 
=). =1 1 2 3 2 - 1 2 3 -i 1 2 4 
-1 + a+ -1 + 
If m is positive, then the line If m is zero, then the line If m is negative, then the line If m is undefined, then the 
rises from left to right. is horizontal. falls from left to right. line is vertical. 


Figure P.13 
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1 Equations of Lines 
Exploration 
Investigating Equations of 
Lines Use a graphing utility 
to graph each of the linear 
equations. Which point is 
common to all seven lines? 
Which value in the equation 
determines the slope of each 
line? 


Any two points on a nonvertical line can be used to calculate its slope. This can be 
verified from the similar triangles shown in Figure P.14. (Recall that the ratios of 
corresponding sides of similar triangles are equal.) 


a. y—4- —2(x + 1) 


boy 4] 1G i) 
C y—4 —3(x + 1) 
d. y—4=0( + 1) 

e y—-4=35(x + 1) 

iy y= 4 = ie + il) Figure P.14 
g. y-4=2Axt 1) 


Any two points on a nonvertical line 
can be used to determine its slope. 


If (x,, yı) is a point on a nonvertical line that has a slope of m and (x, y) is any other 
Use your results to write an point on the line, then 

equation of a line passing y-» 

through (— 1, 4) with a slope ——— = 


x—x 
of m. ! 


This equation in the variables x and y can be rewritten in the form 
y- yı = m(x — x) 


which is the point-slope form of the equation of a line. 


Point-Slope Form of the Equation of a Line 


The point-slope form of the equation of the line that passes through the point 
(xı, y) and has a slope of m is 


y= yy = m(x — x). 


eeeevee 


ecco Remember that only nonvertical lines have a slope. Consequently, 
vertical lines cannot be written in point-slope form. For instance, the equation of the 
vertical line passing through the point (1, —2) is x — 1. 


EXAMPLE 1 Finding an Equation of a Line 


Find an equation of the line that has a slope of 3 and passes through the point (1, — 2). 
a d Then sketch the line. 
Solution 
y— y, = m(x- x) Point-slope form 
y= (—2) = 3(x x 1) Substitute —2 for y,, 1 for x,, and 3 for m. 
yt223x-3 Simplify. 
y= 3x-—5 Solve for y. 


The line with a slope of 3 passing To sketch the line, first plot the point (1, — 2). Then, because the slope is m = 3, you 
through the point (1, — 2) can locate a second point on the line by moving one unit to the right and three units 
Figure P.15 upward, as shown in Figure P.15. | 


12 Chapter P Preparation for Calculus 


4 


46+ 
€ 

S 44+ 

Bar 

g 

= 40 

= _-~ * 139,000 
9 38+ Ears) T 
3 

S 

A 


344 
< 


2010 2014 2018 2022 


Year 


Population of Oregon 
Figure P.17 


Ratios and Rates of Change 


The slope of a line can be interpreted as either a ratio or a rate. If the x- and y-axes have 
the same unit of measure, then the slope has no units and is a ratio. If the x- and y-axes 
have different units of measure, then the slope is a rate or rate of change. In your study 
of calculus, you will encounter applications involving both interpretations of slope. 


EXAMPLE 2 Using Slope as a Ratio 


The maximum recommended slope of a wheelchair ramp is b. A business installs a 
wheelchair ramp that rises to a height of 22 inches over a length of 24 feet, as shown 
in Figure P.16. Is the ramp steeper than recommended? (Source: ADA Standards for 
Accessible Design) 


xem a 


ALOAN RON c AVR, 


Figure P.16 


Solution The length of the ramp is 24 feet or 12(24) — 288 inches. The slope of the 
ramp is the ratio of its height (the rise) to its length (the run). 
rise 
1 f = — 
Slope of ramp mum 


. 22in. 
288 in. 
= 0.076 


Because the slope of the ramp is less than 5 = 0.083, the ramp is not steeper than 
recommended. Note that the slope is a ratio and has no units. 


Using Slope as a Rate of Change 


The population of Oregon was about 3,831,000 in 2010 and about 3,970,000 in 2014. 
Find the average rate of change of the population over this four-year period. What will 
the population of Oregon be in 2024? (Source: U.S. Census Bureau) 


Solution Over this four-year period, the average rate of change of the population of 
Oregon was 


change in population 
change in years 
_ 3,970,000 — 3,831,000 
2014 — 2010 
— 34,750 people per year. 


Rate of change — 


Assuming that Oregon's population continues to increase at this same rate for the next 
10 years, it will have a 2024 population of about 4,318,000. (See Figure P.17.) al 


The rate of change found in Example 3 is an average rate of change. An 
average rate of change is always calculated over an interval. In this case, the interval 
is [2010, 2014]. In Chapter 2, you will study another type of rate of change called an 
instantaneous rate of change. 


(a) m — 2; line rises 


Figure P.18 
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Graphing Linear Models 
Many problems in coordinate geometry can be classified into two basic categories. 


1. Given a graph (or parts of it), find its equation. 

2. Given an equation, sketch its graph. 

For lines, problems in the first category can be solved by using the point-slope form. 
The point-slope form, however, is not especially useful for solving problems in the 


second category. The form that is better suited to sketching the graph of a line is the 
slope-intercept form of the equation of a line. 


The Slope-Intercept Form of the Equation of a Line 
The graph of the linear equation 


y=mxt+b Slope-intercept form 


is a line whose slope is m and whose y-intercept is (0, b). 


EXAMPLE 4 Sketching Lines in the Plane 


Sketch the graph of each equation. 
ay=2x+1 
b. y=2 
c 3y+x-6=0 
Solution 
a. Because b = 1, the y-intercept is (0, 1). Because the slope is m = 2, you know that 
the line rises two units for each unit it moves to the right, as shown in Figure P.18(a). 
b. By writing the equation y = 2 in slope-intercept form 
y=(0)x + 2 
you can see that the slope is m = 0 and the y-intercept is (0, 2). Because the slope 
is zero, you know that the line is horizontal, as shown in Figure P.18(b). 


c. Begin by writing the equation in slope-intercept form. 


3y+x-6=0 Write original equation. 
3y = -x + 6 Isolate y-term on the left. 
y= -ix + 2 Slope-intercept form 
In this form, you can see that the y-intercept is (0, 2) and the slope is m = -i This 


means that the line falls one unit for every three units it moves to the right, as shown 
in Figure P.18(c). 


x 


1 2 3 


(b) m = 0; line is horizontal (c) m= -4 line falls 


14 
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° In mathematics, 


the phrase “if and only if” is a 
way of stating two implications 
in one statement. For instance, 
the first statement at the right 
could be rewritten as the 
following two implications. 


a. If two distinct nonvertical 
lines are parallel, then their 
slopes are equal. 

b. If two distinct nonvertical 
lines have equal slopes, 
then they are parallel. 


eeeeveeeeee eee ee @ 
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Because the slope of a vertical line is not defined, its equation cannot be written in 
slope-intercept form. However, the equation of any line can be written in the general 
form 


Ax + By + C=0 General form of the equation of a line 


where A and B are not both zero. For instance, the vertical line 
x=a Vertical line 
can be represented by the general form 


x-a=0. General form 


SUMMARY OF EQUATIONS OF LINES 
1. General form: Ax + By + C=0 


Vertical line: x=a 


Horizontal line: y=b 
Slope-intercept form: y = mx + b 


Point-slope form: y— y = mx — x) 


Parallel and Perpendicular Lines 


The slope of a line is a convenient tool for determining whether two lines are parallel 
or perpendicular, as shown in Figure P.19. Specifically, nonvertical lines with the 
same slope are parallel, and nonvertical lines whose slopes are negative reciprocals are 
perpendicular. 


> xX 


Parallel lines Perpendicular lines 
Figure P.19 


Parallel and Perpendicular Lines 


1. Two distinct nonvertical lines are parallel if and only if their slopes are 
equal—that is, if and only if 


m, = m». Parallel <G Slopes are equal. 


2. Two nonvertical lines are perpendicular if and only if their slopes are 
negative reciprocals of each other—that is, if and only if 


Perpendicular «2» Slopes are negative reciprocals. 


Lines parallel and perpendicular to 
2x — 3y 55 
Figure P.20 
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Finding Parallel and Perpendicular Lines 


T p- See LarsonCalculus.com for an interactive version of this type of example. 


Find the general forms of the equations of the lines that pass through the point (2, — 1) 
and are (a) parallel to and (b) perpendicular to the line 2x — 3y — 5. 


Solution Begin by writing the linear equation 2x — 3y — 5 in slope-intercept form. 


2x —3y 2 5 
5 


t EE: 
73473 


Write original equation. 


Slope-intercept form 


So, the given line has a slope of m — A (See Figure P.20.) 


a. The line through (2, — 1) that is parallel to the given line also has a slope of A 


y-y = mx — x) 
y= Gi) = 36-2) 
3(y + 1) = 2(x — 2) 
3y +3 =2x—4 
2x — 3y -7=0 


Point-slope form 
Substitute. 

Simplify. 
Distributive Property 


General form 


Note the similarity to the equation of the given line, 2x — 3y = 5. 


b. Using the negative reciprocal of the slope of the given line, you can determine that 
the slope of a line perpendicular to the given line is — 3 


y- y, = mx — x) 
y—(-1) = —-3@ - 2) 
2(y + 1) = —3(x — 2) 

2y+2=—-3x+6 
3x + 2y-4=0 


square setting. 


y= 2x and y=-5x+3. 


-10 


(a) Tick-mark spacing on the x-axis is not the 
same as tick-mark spacing on the y-axis. 


Figure P.21 


Point-slope form 

Substitute. 

Simplify. 

Distributive Property 

General form a 


The slope of a line will appear distorted if you use 
different tick-mark spacing on the x- and y-axes. For instance, the graphing utility 
screens in Figures P.21(a) and P.21(b) both show the lines 


Because these lines have slopes that are negative reciprocals, they must be 
perpendicular. In Figure P.21(a), however, the lines do not appear to be perpendicular 
because the tick-mark spacing on the x-axis is not the same as that on the y-axis. In 
Figure P.21(b), the lines appear perpendicular because the tick-mark spacing on the 
x-axis is the same as on the y-axis. This type of viewing window is said to have a 


6 
(b) Tick-mark spacing on the x-axis is the 
same as tick-mark spacing on the y-axis. 
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P.2 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Slope-Intercept Form In the form y = mx + b, 
what does m represent? What does b represent? 


2. Perpendicular Lines Is it possible for two lines with 
positive slopes to be perpendicular? Why or why not? 


Estimating Slope In Exercises 3—6, estimate the slope of 
the line from its graph. To print an enlarged copy of the graph, 
go to MathGraphs.com. 


3. 


[n] 7" is Finding the Slope of a Line In Exercises 
‘zhu; 7-12, plot the pair of points and find the slope of 
[e] ds : the line passing through them. 

Arne 


7. (3, —4), (5, 2) 8. (0, 0), (—2, 3) 


9. (4,6), (4,1) 10. G, —5), (5, —5) 
11. (—3, 5), (73.9 12. (53). G 73) 


[n] E [m] Sketching Lines In Exercises 13 and 14, sketch 
mare E the lines through the point with the indicated 
[s] slopes. Make the sketches on the same set of 
nde coordinate axes. 


Point Slopes 
13. (3, 4) (a1 (b-2 (o -$ (d) Undefined 
14. (-2, 5) (03 (0-3 (oi (O0 


ORO Finding Points on a Line In Exercises 15-18, 
fer f use the point on the line and the slope of the line 
Ek T3 to find three additional points that the line passes 


Aule through. (There is more than one correct answer.) 
Point Slope Point Slope 

15. (6,2) m=0 16. (—4, 3) m is undefined. 
17. (1,7) m=-3 18. (—2,-2) m=2 


wandee007/Shutterstock.com 


Finding an Equation of a Line In Exercises 
19-24, find an equation of the line that passes 


T. through the point and has the indicated slope. 
Then sketch the line. 
Point Slope 
19. (0,3) m=} 
20. (—5, —2) m= 
21. (1, 2) m is undefined. 
22. (0, 4) m=0 
23. (3, —2) m=3 
24. (—2, 4) m--i 


25. Road Grade You are driving on a road that has a 6% 
uphill grade. This means that the slope of the road is 6. 
Approximate the amount of vertical change in your position 
when you drive 200 feet. 


» 26. Conveyor Design : 


A moving conveyor is built to rise 1 meter for each 
3 meters of horizontal change. 


Lass IMP D 


(a) Find the slope of 
the conveyor. 


(b) Suppose the 
conveyor runs 
between two floors 
in a factory. Find Mm . 
the length of the * rie NA 


conveyor when the PO A O Y 


m 
. 
vertical distance ° 
. 
. 
. 


between floors is 10 feet. 


27. Modeling Data The table shows the populations y (in 
millions) of the United States for 2009 through 2014. The 
variable t represents the time in years, with t = 9 corresponding 


to 2009. (Source: U.S. Census Bureau) 
t 9 10 11 12 13 14 
y | 307.0 | 309.3 | 311.7 | 314.1 | 316.5 | 318.9 


(a) Plot the data by hand and connect adjacent points with 
a line segment. Use the slope of each line segment to 
determine the year when the population increased least 
rapidly. 

(b) Find the average rate of change of the population of the 
United States from 2009 through 2014. 


(c) Use the average rate of change of the population to predict 
the population of the United States in 2025. 


28. Biodiesel Production The table shows the biodiesel 
productions y (in thousands of barrels per day) for the United 
States for 2007 through 2012. The variable t represents the time 
in years, with t = 7 corresponding to 2007. (Source: U.S. 
Energy Information Administration) 


t 7 8 9 |10 | 11 | 12 


y | 32 | 44 | 34 | 22 | 63 | 64 


(a) Plot the data by hand and connect adjacent points with 
a line segment. Use the slope of each line segment to 
determine the year when biodiesel production increased 
most rapidly. 


(b) Find the average rate of change of biodiesel production for 
the United States from 2007 through 2012. 


(c) Should the average rate of change be used to predict future 
biodiesel production? Explain. 


ORO Finding the Slope and y-Intercept In 
- 46, Exercises 29-34, find the slope and the y-intercept 


FS a (if possible) of the line. 
[imd OP 


29. y=4x — 3 30. -x t y-1 
31. 5x + y = 20 32. 6x — 5y = 15 
33. x — 4 34. y= -1 


Sketching a Line in the Plane In Exercises 


LIE: if) 

iS re 35-42, sketch the graph of the equation. 
Fat, Ran 

be 0d 


36. x =4 
38. y - ix- 1 

40. y — 1 = 3(x + 4) 
41. 33 — 3y c 1-0 42. x -2y * 6-0 


mr 46, 43-50, find an equation of the line that passes 
Vor 
43. (4,3), (0, —5) 


mim Finding an Equation of a Line In Exercises 
LA through the points. Then sketch the line. 


44. (-2, —2), (1, 7) 


45. (2, 8), (5, 0) 46. (—3, 6), (1, 2) 
47. (6, 3), (6, 8) 48. (1, —2), (3, —2) 
49. (3, 1), (5, 1) 50. (2, 5), (2,7) 


51. Writing an Equation Write an equation for the line that 
passes through the points (0, b) and (3, 1). 


52. Using Intercepts Show that the line with intercepts (a, 0) 
and (0, b) has the following equation. 


x,y 
a b 


=1, a#0,b#0 


Writing an Equation in General Form In Exercises 
53-56, use the result of Exercise 52 to write an equation of the 
line with the given characteristics in general form. 

53. x-intercept: (2, 0) 54. x-intercept: (- A 0) 


y-intercept: (0, 3) y-intercept: (0, — 2) 
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55. Point on line: (9, —2) 56. Point on line: (-& -2) 


x-intercept: (2a, 0) x-intercept: (a, 0) 
y-intercept: (0, —a) 


(a # 0) 


y-intercept: (0, a) 
(a # 0) 


ER ALI Finding Parallel and Perpendicular Lines In 
atr hy Exercises 57-62, write the general forms of the 
EN equations of the lines that pass through the point 
"T and are (a) parallel to the given line and (b) 
perpendicular to the given line. 


Point Line 
87. (—7, —3) x21 
58. (—1,0) y=-3 
59. (—3, 2) x+ty=7 
60. (2, 5) x-y=-2 
61. (3,2) 5x — 3y =0 
62. G, -1) Ix + 4y 2 8 


Rate of Change In Exercises 63 and 64, you are given the 
dollar value of a product in 2016 and the rate at which the 
value of the product is expected to change during the next 
5 years. Write a linear equation that gives the dollar value V of 
the product in terms of the year t. (Let t = 0 represent 2010.) 


2016 Value Rate 


63. $1850 
64. $17,200 


$250 increase per year 
$1600 decrease per year 
Collinear Points In Exercises 65 and 66, determine whether 


the points are collinear. (Three points are collinear if they lie 
on the same line.) 


65. (—2, 1), (- 1,0), (2, —2) 
66. (0, 4), (7, — 6), (—5, 11) 


EXPLORING CONCEPTS 
67. Square Show that the points (— 1, 0), (3, 0), (1, 2), 
and (1, —2) are vertices of a square. 


68. Analyzing a Line A line is represented by the 
equation ax + by = 4. 


(a) When is the line parallel to the x-axis? 
(b) When is the line parallel to the y-axis? 


(c) Give values for a and b such that the line has a slope 
of 2, 
(d) Give values for a and b such that the line is 
: 2 
perpendicular to y = $x + 3. 


(e) Give values for a and b such that the line coincides 
with the graph of 5x + 6y = 8. 


69. Tangent Line Find an equation of the line tangent to the 
circle x? + y? = 169 at the point (5, 12). 


70. Tangent Line Find an equation of the line tangent to the 
circle (x — 1)? + (y — 1)? = 25 at the point (4, —3). 
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71. Finding Points of Intersection Find the coordinates of Be 76. Modeling Data An instructor gives regular 20-point 


the point of intersection of the given segments. Explain your 
reasoning. 


(a) Perpendicular bisectors (b) Medians 


(b, c) (b, c) 


(—a, 0) (a, 0) (—a, 0) (a, 0) 


72. 5 HOW DO YOU SEE IT? Several lines are 
shown in the figure below. (The lines are labeled 
a-f.) 
(a) Which lines have a 
positive slope? 


(b) Which lines have a 
negative slope? 


(c) Which lines appear 
parallel? 


(d) Which lines appear 
perpendicular? 


73. Temperature Conversion Find a linear equation that 
expresses the relationship between the temperature in degrees 
Celsius C and degrees Fahrenheit F. Use the fact that water 
freezes at 0°C (32°F) and boils at 100°C (212°F). Use the 
equation to convert 72°F to degrees Celsius. 


74. Choosing a Job As a salesperson, you receive a monthly 
salary of $2000, plus a commission of 796 of sales. You are 
offered a new job at $2300 per month, plus a commission of 
596 of sales. 


(a) Write linear equations for your monthly wage W in terms of 
your monthly sales s for your current job and your job offer. 


f (b) Use a graphing utility to graph each equation and find the 
point of intersection. What does it signify? 


(c) You think you can sell $20,000 worth of a product per 
month. Should you change jobs? Explain. 


75. Apartment Rental A real estate office manages an 
apartment complex with 50 units. When the rent is $780 per 
month, all 50 units are occupied. However, when the rent 
is $825, the average number of occupied units drops to 47. 
Assume that the relationship between the monthly rent p and 
the demand x is linear. (Note: The term demand refers to the 
number of occupied units.) 


(a) Write a linear equation giving the demand x in terms of the 
rent p. 


f (b) Linear extrapolation Use a graphing utility to graph the 
demand equation and use the trace feature to predict the 
number of units occupied when the rent is raised to $855. 


(c) Linear interpolation Predict the number of units occupied 
when the rent is lowered to $795. Verify graphically. 


quizzes and 100-point exams in a mathematics course. Average 
scores for six students, given as ordered pairs (x, y), where x 
is the average quiz score and y is the average exam score, are 
(18, 87), (10, 55), (19, 96), (16, 79), (13, 76), and (15, 82). 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. 


(b) Use a graphing utility to plot the points and graph the 
regression line in the same viewing window. 


(c) Use the regression line to predict the average exam score 
for a student with an average quiz score of 17. 


(d) Interpret the meaning of the slope of the regression line. 


(e) The instructor adds 4 points to the average exam score of 
everyone in the class. Describe the changes in the positions 
of the plotted points and the change in the equation of the 
line. 


77. Distance Show that the distance between the point (x,, y,) 
and the line Ax + By + C = Qis 


|Ax, + By, + c| 


JA + B 


Distance = 


f 78. Distance Write the distance d between the point (3, 1) and 


the line y = mx + 4 in terms of m. Use a graphing utility to 
graph the equation. When is the distance 0? Explain the result 
geometrically. 


Distance In Exercises 79 and 80, use the result of Exercise 77 
to find the distance between the point and line. 


79. Point: (—2, 1) 
Line: x -y - 2-0 


80. Point: (2,3) 
Line: 4x + 3y = 10 


81. Proof Prove that the diagonals of a rhombus intersect at 
right angles. (A rhombus is a quadrilateral with sides of equal 
lengths.) 


82. Proof Provethatthe figure formed by connecting consecutive 
midpoints of the sides of any quadrilateral is a parallelogram. 


83. Proof Prove that if the points (x,, y,) and (x, y;) lie on the 


same line as (x; yr) and (xi, y3), then 


X X Y-X 
ASS AP Xy Hy 
Assume x, # x, and xr # xj. 


84. Proof Prove that if the slopes of two nonvertical lines 
are negative reciprocals of each other, then the lines are 
perpendicular. 


True or False? In Exercises 85 and 86, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


85. The lines represented by 
ax +by=c, and bx—ay-c, 


are perpendicular. Assume a # 0 and b 7 0. 


86. If a line contains points in both the first and third quadrants, 
then its slope must be positive. 
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P.3 Functions and Their Graphs 


A real-valued function f of a real 
variable 


Figure P.22 


FUNCTION NOTATION 


The word fundion was first 
used by Gottfried Wilhelm 
Leibniz in 1694 as a term to 
denote any quantity connected 
with a curve, such as the 
coordinates of a point on a 
curve or the slope of a curve. 
Forty years later, Leonhard 
Euler used the word "function" 
to describe any expression 
made up of a variable and some 
constants. He introduced the 
notation y = f(X. (To read 
more about Euler, see the 
biography on the next page.) 


E Use function notation to represent and evaluate a function. 
E Find the domain and range of a function. 

liM Sketch the graph of a function. 

iM Identify different types of transformations of functions. 

E Classify functions and recognize combinations of functions. 


Functions and Function Notation 


A relation between two sets X and Y is a set of ordered pairs, each of the form (x, y), 
where x is a member of X and y is a member of Y. A function from X to Y is a relation 
between X and Y that has the property that any two ordered pairs with the same 
x-value also have the same y-value. The variable x is the independent variable, and 
the variable y is the dependent variable. 

Many real-life situations can be modeled by functions. For instance, the area A of 
a circle is a function of the circle's radius r. 


A-m?2 A is a function of r. 


In this case, r is the independent variable and A is the dependent variable. 


Definition of a Real-Valued Function of a Real Variable 


Let X and Y be sets of real numbers. A real-valued function f of a real 
variable x from X to Y is a correspondence that assigns to each number x in 


X exactly one number y in Y. 

The domain of f is the set X. The number y is the image of x under f 
and is denoted by f(x), which is called the value of f at x. The range of f is 
a subset of Y and consists of all images of numbers in X. (See Figure P.22.) 


Functions can be specified in a variety of ways. In this text, however, you will 
concentrate primarily on functions that are given by equations involving the dependent 
and independent variables. For instance, the equation 


xX +2y=1 Equation in implicit form 


defines y, the dependent variable, as a function of x, the independent variable. To 
evaluate this function (that is, to find the y-value that corresponds to a given x-value), 
it is convenient to isolate y on the left side of the equation. 


y= A6 = x2) Equation in explicit form 
Using f as the name of the function, you can write this equation as 

f(x) T (1 = x2). Function notation 
The original equation 

xX +2y=1 
implicitly defines y as a function of x. When you solve the equation for y, you are 
writing the equation in explicit form. 

Function notation has the advantage of clearly identifying the dependent variable 
as f(x) while at the same time telling you that x is the independent variable and that the 
function itself is “f.” The symbol f(x) is read “f of x.” Function notation allows you to 


be less wordy. Instead of asking “What is the value of y that corresponds to x = 3?" you 
can ask “What is f(3)?” 
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LEONHARD EULER (1707-1783) 


In addition to making major 
contributions to almost every 
branch of mathematics, Euler 
was one of the first to apply 
calculus to real-life problems in 
physics. His extensive published 
writings include such topics as 
shipbuilding, acoustics, optics, 
astronomy, mechanics, and 
magnetism. 

See LarsonCalculus.com to read 
more of this biography. 


€ 6 6 6 6 6 6 6 6 6 6 ee 6 6 6 


The expression 
in Example 1(c) is called a 
difference quotient and has a 


special significance in calculus. 


You will learn more about this 
in Chapter 2. 


In an equation that defines a function of x, the role of the variable x is simply that 
of a placeholder. For instance, the function 


f(x) = 2x? — 4x + 1 
can be described by the form 
(MM) = UL P - ONND +1 


where rectangles are used instead of x. To evaluate f(— 2), replace each rectangle 
with — 2. 


f(-2) -2(-2» — 4(-2) * 1 Substitute — 2 for x. 
—2(4 48-1 Simplify. 
= 17 Simplify. 


Although f is often used as a convenient function name with x as the independent 
variable, you can use other symbols. For instance, these three equations all define the 
same function. 


f(x) =x — 4x+7 Function name is f, independent variable is x. 
fÀ =p = 4+7 Function name is f, independent variable is t. 
g(s) =s*-—4s+7 Function name is g, independent variable is s. 


EXAMPLE 1 Evaluating a Function 


For the function f defined by f(x) = x? + 7, evaluate each expression. 


urea eyed) a Jet adru 


Ax 

Solution 

a. fa) = (3a? +7 Substitute 3a for x. 

= 9g +7 Simplify. 

b. f(b — 1) =(6- 1? +7 Substitute b — 1 for x. 
=b-2b+1+7 Expand binomial. 
=b- 2b+8 Simplify. 

é f(x + Ax) — f(x) B [(x + Ax)? + 7] — G2 + 7) 

Ax Ax 
_ xX + 2xAx + (Ax? eT ee 7 
Ax 
_ 2xAx + (Ax)? 
Ax 
— AX(x + Ax) 
A£ 
= 2x + Ax, Ax #0 H 


In calculus, it is important to specify the domain of a function or expression clearly. 
For instance, in Example 1(c), the two expressions 


f + Ax) — fo) 


and 2x + Ax, Ax +0 
Ax 


are equivalent because Ax = 0 is excluded from the domain of each expression. 
Without a stated domain restriction, the two expressions would not be equivalent. 


North Wind Picture Archives / Alamy Stock Photo 


(a) 


Range: y 20 
i 
T 


Domain: x =1 


The domain of f is [1, 0), and the 
range is [0, oo). 
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æ 

Domain: —2 xx x2 
(b) The domain of g is [—2, 2], and the 
range is [0, 2]. 

Figure P.23 


THE SQUARE ROOT SYMBOL 


The first use of a symbol to 
denote the square root can 
be traced to the sixteenth 
century. Mathematicians first 
J, which 


used the symbol 
had only two strokes. The 
symbol was chosen because it 
resembled a lowercase I, to 
stand for the Latin word radix, 
meaning root. 
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The Domain and Range of a Function 


The domain of a function can be described explicitly, or it may be described implicitly 
by an equation used to define the function. The implied domain is the set of all real 
numbers for which the equation is defined, whereas an explicitly defined domain is one 
that is given along with the function. For example, the function 


1 


— dad 4<x<5 


f(x) 


has an explicitly defined domain given by {x: 4 < x < 5}. On the other hand, the 
function 


s) =—— 


x2—4 


has an implied domain that is the set (x: x # +2}. 


Finding the Domain and Range of a Function 


Find the domain and range of each function. 
a. f(x) = J|x—1 b. g(x) = JA — xi 
Solution 
a. The domain of the function 

f@) = Jx-1 


is the set of all x-values for which x — 1 = 0, which is the interval [1, 00). To 
find the range, observe that f(x) = Jx — 1 is never negative. So, the range is the 
interval [0, oo), as shown in Figure P.23(a). 


b. The domain of the function 
a(x) = V4 - 2 


is the set of all values for which 4 — x? = 0, or x? < 4. So, the domain of g is the 
interval [—2, 2]. To find the range, observe that g(x) = ./4 — x? is never negative 
and is at most 2. So, the range is the interval [0, 2], as shown in Figure P.23(b). 
Note that the graph of g is a semicircle of radius 2. 


A Function Defined by More than One Equation 


For the piecewise-defined function b zs deed 
fe) l ar 


y 
4 vx-loaxzl 


| [175 x«l 
r= DTI 


f is defined for x < 1 and x 2 1. So, the 
domain is the set of all real numbers. On the —— a rr 
portion of the domain for which x = 1, the 1 2 3 4 
function behaves as in Example 2(a). For 

x < 1, the values of 1 — x are positive. So, 
the range of the function is the interval 


[0, 00). (See Figure P.24.) 


Range: y 20 


Domain: all real x 


The domain of f is (— oo, oo), and 
the range is [0, 00). 
Figure P.24 | 


A function from X to Y is one-to-one when to each y-value in the range there 
corresponds exactly one x-value in the domain. For instance, the function in Example 2(a) 
is one-to-one, whereas the functions in Examples 2(b) and 3 are not one-to-one. 
A function from X to Y is onto when its range consists of all of Y. 
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The graph of a function 
Figure P.25 
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The Graph of a Function 


The graph of the function y = f(x) consists of all points (x, f(x)), where x is in the 
domain of f. In Figure P.25, note that 


x — the directed distance from the y-axis 
and 
f(x) = the directed distance from the x-axis. 


A vertical line can intersect the graph of a function of x at most once. This 
observation provides a convenient visual test, called the Vertical Line Test, for 
functions of x. That is, a graph in the coordinate plane is the graph of a function of x if 
and only if no vertical line intersects the graph at more than one point. For example, in 
Figure P.26(a), you can see that the graph does not define y as a function of x because 
a vertical line intersects the graph twice, whereas in Figures P.26(b) and (c), the graphs 
do define y as a function of x. 


y y y 

1 A A 1 A 1 

14> 37 1 4-1 

i j $13 

: 24 N PA 

1 x 1 

1 2! 1 1 

T x i -—n x 
-3 = i 1 2+ 1 -1 jq 2:3 
(a) Not a function of x (b) A function of x (c) A function of x 
Figure P.26 


Figure P.27 shows the graphs of six basic functions. You should be able to 
recognize these graphs. (The graphs of the six basic trigonometric functions are shown 
in Section P.4.) 


1 ji 
li li 
1 2 3 4 
Square root function Absolute value function Rational function 


The graphs of six basic functions 
Figure P.27 
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Transformations of Functions 


Some families of graphs have the same basic shape. For example, compare the graph 
of y = x? with the graphs of the four other quadratic functions shown in Figure P.28. 


t t [—> x 


-3 -2 =] 1 
(b) Horizontal shift to the left 


(c) Reflection (d) Shift left, reflect, and shift upward 
Figure P.28 


Each of the graphs in Figure P.28 is a transformation of the graph of y — x?. 
The three basic types of transformations illustrated by these graphs are vertical shifts, 
horizontal shifts, and reflections. Function notation lends itself well to describing 
transformations of graphs in the plane. For instance, using 


J (x) = x? Original function 


as the original function, the transformations shown in Figure P.28 can be represented 
by these equations. 


a. y= f(x) +2 Vertical shift up two units 

b. y= f(x T 2) Horizontal shift to the left two units 

C. y= —f(x) Reflection about the x-axis 

d. y= —f(x + 3) +1 Shift left three units, reflect about the x-axis, and shift up one unit 


Basic Types of Transformations (c > 0) 
Original graph: y = f(x) 
Horizontal shift c units to the right: y = f(x — c) 
Horizontal shift c units to the left: y 7 f(x * c) 
Vertical shift c units downward: y-f()-c 
Vertical shift c units upward: y=f@%+e 
Reflection (about the x-axis): y= -f(x) 


Reflection (about the y-axis): y = f(-x) 
Reflection (about the origin): y = -f(-x 
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liM FOR FURTHER INFORMATION 
For more on the history of the 
concept of a function, see the 
article "Evolution of the Function 
Concept: A Brief Survey" by 
Israel Kleiner in The College 
Mathematics Journal. To view this 
article, go to MathArticles.com. 


Classifications and Combinations of Functions 


The modern notion of a function is derived from the efforts of many seventeenth- 
and eighteenth-century mathematicians. Of particular note was Leonhard Euler, who 
introduced the function notation y — f(x). By the end of the eighteenth century, 
mathematicians and scientists had concluded that many real-world phenomena could 
be represented by mathematical models taken from a collection of functions called 
elementary functions. Elementary functions fall into three categories. 


1. Algebraic functions (polynomial, radical, rational) 
2. Trigonometric functions (sine, cosine, tangent, and so on) 


3. Exponential and logarithmic functions 


You will review the trigonometric functions in the next section. The other nonalgebraic 
functions, such as the inverse trigonometric functions and the exponential and logarithmic 
functions, are introduced in Chapter 5. 

The most common type of algebraic function is a polynomial function 


fux) eai aes a ab ax T Ch 


where n is a nonnegative integer. The numbers a; are coefficients, with a, the leading 
coefficient and a, the constant term of the polynomial function. If a, # 0, then n is 
the degree of the polynomial function. The zero polynomial f(x) = 0 is not assigned 
a degree. It is common practice to use subscript notation for coefficients of general 
polynomial functions, but for polynomial functions of low degree, these simpler forms 
are often used. (Note that a # 0.) 


Zeroth degree: f(x) =a Constant function 
First degree: f(x) = ax + b Linear function 
Second degree: f(x) = ax? + bx + c Quadratic function 
Third degree: f(x) = ax? + bx? + cx+ d Cubic function 


Although the graph of a nonconstant polynomial function can have several turns, 
eventually the graph will rise or fall without bound as x moves to the right or left. 
Whether the graph of 


f(x) = a,x" + a, ax" + + ay? + ax + ag 


eventually rises or falls can be determined by the function’s degree (odd or even) and 
by the leading coefficient a,, as indicated in Figure P.29. Note that the dashed portions 
of the graphs indicate that the Leading Coefficient Test determines only the right and 
left behavior of the graph. 


a 20 a «0 a 20 a «0 
n n n n 
y y y y 
Á A A A 
| f Í \ Up to 
i A i L^ Upto; J left 
Y n * 1 4 S right H ‘ 
[I A ` r i t 1 ` 
I - - 
Va ' i 1 i Y b ; ` 
Upto} + 1 1 Upto Down Down NL 
let |" V. right ! toleft “e-tiaht (pown Down "i 
| | to left to right \ 
» X » X » X » X 
Graphs of polynomial functions of even degree Graphs of polynomial functions of odd degree 


The Leading Coefficient Test for polynomial functions 


Figure P.29 


Domain of g 


fA fe) 


Domain of f 
The domain of the composite function 
feg 
Figure P.30 
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Just as a rational number can be written as the quotient of two integers, a rational 
function can be written as the quotient of two polynomials. Specifically, a function f 
is rational when it has the form 


fl) =P gla) #0 


where p(x) and q(x) are polynomials. 

Polynomial functions and rational functions are examples of algebraic functions. 
An algebraic function of x is one that can be expressed as a finite number of 
sums, differences, multiples, quotients, and radicals involving x". For example, 
f(x) = Vx + 1 is algebraic. Functions that are not algebraic are transcendental. For 
instance, the trigonometric functions (see Section P.4) are transcendental. 

Two functions can be combined in various ways to create new functions. For 
example, given f(x) = 2x — 3 and g(x) = x? + 1, you can form the functions shown. 


(f + a) =f) + ga) = Qx — 3) + G? + 1) Sum 
f= g)(x) = f(x) m g(x) = (2x — 3) — (x? S 1) Difference 
(fg)(x) = f(x)g(x) = (2x = 3) (x? + 1) Product 
= fa) = eee uotient 
(rg) =) - 215 o 


You can combine two functions in yet another way, called composition. The 
resulting function is called a composite function. 


Definition of Composite Function 


Let f and g be functions. The function (f° g)(x) = f(g(x)) is the composite 


of f with g. The domain of f'» g is the set of all x in the domain of g such that 
g(x) is in the domain of f (see Figure P.30). 


The composite of f with g is generally not the same as the composite of g with f. 
This is shown in the next example. 


EXAMPLE 4 Finding Composite Functions 


TET p- See LarsonCalculus.com for an interactive version of this type of example. 
For f(x) = 2x — 3 and g(x) = x? + 1, find each composite function. 


a fog b. gof 


Solution 
a. (fe g)(x) = f(g) Definition of f° g 
= f(x? + 1) Substitute x? + 1 for g(x). 
= 2002 + 1) - 3 Definition of f(x) 
=2;7-1 Simplify. 
b. (g o f)x = gCfG)) Definition of g ° f 
= g(2x — 3) Substitute 2x — 3 for f(x). 
= (2x—- 3? +1 Definition of g(x) 
= 4x? — 12x + 10 Simplify. 


Note that (f° g)(x) # (g ° f)(x). B 
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(a) Odd function 


>= xX 


(c) Neither even nor odd 


Figure P.31 


In Section P.1, an x-intercept of a graph was defined to be a point (a, 0) at which 
the graph crosses the x-axis. If the graph represents a function f, then the number a is 
a zero of f. In other words, the zeros of a function f are the solutions of the equation 
f(x) = 0. For example, the function 


fx) =x-4 


has a zero at x = 4 because f(4) = 0. 

In Section P.1, you also studied different types of symmetry. In the terminology of 
functions, a function y = f(x) is even when its graph is symmetric with respect to the 
y-axis, and is odd when its graph is symmetric with respect to the origin. The symmetry 
tests in Section P.1 yield the following test for even and odd functions. 


Test for Even and Odd Functions 


The function y = f(x) is even when 


f(—x) = f(). 
The function y = f(x) is odd when 


Jx) = —f(). 


EXAMPLE 5 Even and Odd Functions and Zeros of Functions 


Determine whether each function is even, odd, or neither. Then find the zeros of the 
function. 


a. f(x) =L- x b. lx) = 5 c. A(x) = -x -—x- 1 


Solution 
a. This function is odd because 
Fx) = (—2)? -— (=x) = -8 + x = -œ -— x) = —f (2). 


The zeros of f are 


x3-—-x-20 Let f(x) = 0. 
x(x? = 1) =0 Factor. 
x(x — 1(x+1)=0 Factor. 
x70,1,-1. Zeros of f 


See Figure P.31(a). 


b. This function is even because 


VE -1l _ 
g(—x) eae 2 g(x). 


This function does not have zeros because 1/x? is positive for all x in the domain, 
as shown in Figure P.31(b). 


c. Substituting —x for x produces 


h(-x = -—(-x)? -(-x) - 1 = -xX +x- 1. 


Because h(x) = —x? — x — 1 and — h(x) = x? + x + 1, you can conclude that 
h(—x) # h(x) Function is not even. 

and 
h(—x) + —h(x). Function is not odd. 


So, the function is neither even nor odd. This function does not have zeros because 


—3? — x — 1 is negative for all x, as shown in Figure P.31(c). 


P.3 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
. Writing Describe how a relation and a function are 
different. 


. Domain and Range In your own words, explain the 
meanings of domain and range. 


. Transformations What are the three basic types of 
function transformations? 


. Right and Left Behavior Describe the four cases of 
the Leading Coefficient Test. 


Pal Evaluating a Function In Exercises 5-12, 
e es 4& evaluate the function at the given value(s) of the 
ER independent variable. Simplify the results. 


5. f(x) 2 3x - 2 


(a) f(0) (b) f(5) (c) f(b) (d) f(x — 1) 
6. f(x) 2 7x — 4 

(a) f(0) (b) f(-3) ©) f(b) (d) f(x + 2) 
7. fa) = JE 4 

(a) f(-2) (b) f(3) (c) fQ) (d) f(x + bx) 
8. f(x) = /x*5 

(a) f(-4) (b fll) © f(4 (d) f(x + Ax) 
9. g(x) = 5- x? 

@ LA 5) O A gt- D 
10. g(x) = x*(x — 4) 

@ e(4) — (eG) OLLA @ lt +4) 
11. f(x) 2» 12. f(x) = 3x—- 1 

f(x + Ax) — f(x) fœ — f(1) 

Ax GS 1 


mE [n] Finding the Domain and Range of a 


pu ai F Function In Exercises 13-22, find the domain 
Au, and range of the function. 


13. f(x) = 4x? 14. (x) 2 2 - 5 
15. f(x) =x 16. h(x) -4— x 
17. g(x) = /6x 18. h(x) = — /x +3 
19. f(x) = /16— x 20. f(x) = |x — 3| 
21. f(x) = : 22. f(x) = : 7 z 


Finding the Domain of a Function In Exercises 23-26, 
find the domain of the function. 


23. f(x) = J/x t+ J1-x 24. f(x) = J? — 3x +2 


1 


25. f(x) = —— 


Ix 3| 26. g(x) = 


S 
x—4 
| 


[e]: E Finding the Domain and Range of a 
aU 3 Piecewise Function In Exercises 27-30, 
lo Hise evaluate the function at the given value(s) of the 

=e" independent variable. Then find the domain and 


range. 
2x+1, x <0 
27. f(x) = a +2, x20 
(a) f(-1) (5 F0 © fQ) @ fle +1) 
x42, x1 
i b. +2, x>1 
(a f(-2) (5 f(0 (© fA) (à f(s? + 2) 
| fL x«l 
29. f(x) = D +1, x21 
(a) f(-3) (5 f() © f8) (d F +1) 
_fJvx+t4, x5 
30. fœ) A m = 5), x>5 
(a) f(-3) (5 f) (©) f(5 «(dà f0) 


Sketching a Graph of a Function In Exercises 31-38, 
sketch a graph of the function and find its domain and range. 
Use a graphing utility to verify your graph. 


31. f(x) »4- x 32. f(x) 2x2 +5 


33. g(x) = zu 34. f(t) = 7 S : 
35. h(x) = Vx — 6 36. f(x) 2 io 43 
37. fœ = /9- x 38. f() 2 x - /A- x 


Using the Vertical Line Test In Exercises 39-42, use the 
Vertical Line Test to determine whether y is a function of x. 
To print an enlarged copy of the graph, go to MathGraphs.com. 


39. x-y =0 40. V2 -4-y=0 
y y 
A n 
4+ 


42. °+y=4 


y 
A A 
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[n] XX [n] Deciding Whether an Equation Is a 
Foe E Function In Exercises 43-46, determine whether 


EE y is a function of x. 


43. à + y! = 16 44. x? * y= 16 
45.y =x-1 46. Xy- à + 4y =0 
[m] s [m] Transformation of a Function In Exercises 


ie a 47-50, the graph shows one of the six basic 
functions on page 22 and a transformation of 


=] the function. Describe the transformation. Then 
use your description to write an equation for the 
transformation. 

47. y 48. 


49. 50. y 


pt r rea 
3 Lis 


Matching In Exercises 51—56, use the graph of y = f(x) to 
match the function with its graph. 


6+ 
e ; LA 
3 
d 2 y 2fQ) 
== t tt tt IM 
65-4-3-2-1 |1 234 5 7 9 10 
Kb a 
25. 
/ d 
51. y = f(x + 5) 52. y —f()-5 


54. y = —f(x — 4) 
56. y - f(x — 1 +3 


57. Sketching Transformations Use the graph of f shown 
in the figure to sketch the graph of each function. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


(a) f(x + 3) (b) f(x — 1) 
©fWt+2 — (0 f(9-4 
(e) 3f (9) (f) tf) 

(p -fo (h) —f(—x) 


Figure for 57 


Figure for 58 


58. Sketching Transformations Use the graph of f shown 
in the figure to sketch the graph of each function. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


(a) f(x- 4) — ( f(x * 2) 
© fam+4 ( f(9- 1 
(e) 2f) (f) ifo) 
(p f) h) —f() 


[e] d 
59. f(x) 22x — 5 60. f(x) =x + 5x - 4 
g(x) = 4 — 3x g(x) =x+1 


61. Evaluating Composite Functions Given f(x) = J/x 
and g(x) = x? — 1, evaluate each expression. 
(a) f(g(1)) (b) aCf(1)) (c) ef (0) 
(d f(g(—-4) O f(gG)) (f) af G9) 

62. Evaluating Composite Functions Given f(x) = 2:2 
and g(x) = 4x + 3, evaluate each expression. 
(a) f(g) — O f(s6) — © O) 
@ e(f(-3) © fs) — (5 a) 


[m] 3x7 [m] Finding Composite Functions In Exercises 

HESS hy 63—66, find the composite functions f ° g and g » f. 

hele 3 Find the domain of each composite function. Are 
* the two composite functions equal? 


63. f(x) = 2 64. f(x) =x? — 1 
g(x) = Vx gi) = —x 

65. fla) = 2 66. fs) =~ 
ga) =x - 1 g(x) = /x +2 


67. Evaluating Composite Functions Use the graphs of 
f and g to evaluate each expression. If the result is undefined, 
explain why. 


(a) (f° g)(3) 

(b) g(f(2)) 

(c) g(f(5)) 

(d) (f° g)(—3) 
(e) (g «f)(— 1) 

®© f(g(— 1) 


68. Ripples A pebble is dropped into a calm pond, causing 
ripples in the form of concentric circles. The radius (in feet) 
of the outer ripple is given by r(t) = 0.6t, where t is the time 
in seconds after the pebble strikes the water. The area of the 
circle is given by the function A(r) = ru?. Find and interpret 


(A » r)(t). 


Think About It In Exercises 69 and 70, F(x) 2 f»g»h. 
Identify functions for f, g, and h. (There are many correct 
answers.) 


oe 


69. F(x) = 15 


2x — 2 70. F(x) = 


Think About It In Exercises 71 and 72, find the coordinates 


of a second point on the graph of a function f when the given 
point is on the graph and the function is (a) even and (b) odd. 


71. (-3,4) 72. (4,9) 

73. Even and Odd Functions The graphs of f, g, and h are 
shown in the figure. Decide whether each function is even, 
odd, or neither. 


» Se 


S427 2 4 6 
4 d 
6 + 
Figure for 73 Figure for 74 


74. Even and Odd Functions The domain of the function f 
shown in the figure is —6 < x < 6. 


(a) Complete the graph of f given that f is even. 
(b) Complete the graph of f given that f is odd. 


EIE Even and Odd Functions and Zeros of 
tu 4 Functions In Exercises 75-78, determine 
ess whether the function is even, odd, or neither. Then 

cm find the zeros of the function. Use a graphing 
utility to verify your result. 


76. f(x) = 3/x 
78. f(x) = 4x4 — 3x? 


75. f(x) = x24 — x?) 
77. f(x) = 29/x 
Writing Functions In Exercises 79-82, write an equation 
for a function that has the given graph. 

79. Line segment connecting (— 2, 4) and (0, — 6) 

80. Line segment connecting (3, 1) and (5, 8) 

81. The bottom half of the parabola x + y? = 0 

82. The bottom half of the circle x? + y? = 36 


Sketching a Graph In Exercises 83-86, sketch a possible 
graph of the situation. 


83. The speed of an airplane as a function of time during a 5-hour 
flight 
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84. The height of a baseball as a function of horizontal distance 
during a home run 


85. A student commutes 15 miles to attend college. After driving 
for a few minutes, she remembers that a term paper that is 
due has been forgotten. Driving faster than usual, she returns 
home, picks up the paper, and once again starts toward school. 
Consider the student's distance from home as a function of 
time. 


86. A person buys a new car and keeps it for 6 years. During year 4, 
he buys several expensive upgrades. Consider the value of the 
car as a function of time. 


87. Domain Find the value of c such that the domain of 
fo) = Jc—x 
is [—5, 5]. 

88. Domain Find all values of c such that the domain of 


x+3 
x? + 3cx + 6 


f(x) = 


is the set of all real numbers. 


EXPLORING CONCEPTS 


89. One-to-One Functions Can the graph of a 
one-to-one function intersect a horizontal line more than 
once? Explain. 


. Composite Functions Give an example of 
functions f and g such that f° g = g » f and f(x) # g(x). 


. Polynomial Functions Does the degree of a 
polynomial function determine whether the function is 
even or odd? Explain. 


. Think About lt Determine whether the function 
f(x) = 0 is even, odd, both, or neither. Explain. 


93. Graphical Reasoning An electronically controlled 
thermostat is programmed to lower the temperature during the 
night automatically (see figure). The temperature T' in degrees 
Celsius is given in terms of f, the time in hours on a 24-hour 


clock. 
T 
A 
24 -- 
20 = | \ 
16 
12+ 
+—+—_+—_+_+—_+_ +++ t 
3 6 9 12 15 18 21 24 


(a) Approximate 7(4) and 7(15). 
(b) The thermostat is reprogrammed to produce a temperature 


H(t) = T(t — 1). How does this change the temperature? 
Explain. 


(c) The thermostat is reprogrammed to produce a temperature 
H(t) = T(t) — 1. How does this change the temperature? 
Explain. 
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HOW DO YOU SEE IT? Water runs into 

a vase of height 30 centimeters at a constant 
rate. The vase is full after 5 seconds. Use this 
information and the shape of the vase shown to 
answer the questions when d is the depth of the 
water in centimeters and f is the time in seconds 
(see figure). 


(a) Explain why d is a function of t. 
(b) Determine the domain and range of the function. 
(c) Sketch a possible graph of the function. 


(d) Use the graph in part (c) to approximate d(4). What 
does this represent? 


» 95. Automobile Aerodynamics e e e e eooo oo 


The horsepower H required to overcome wind drag on a 
certain automobile is 


H(x) = 0.00004636:? 


where x is the speed 
of the car in miles 
per hour. 


(a) Use a graphing 
utility to graph H. = 

(b) Rewrite H so that x 
represents the speed : 
in kilometers . 
per hour. [Hint: ° 
Find H(x/1.6).] : 


ge 96. Writing Use a graphing utility to graph the polynomial 
functions 


pix) =x —x+1 and px) = xX- x. 


How many zeros does each function have? Is there a cubic 
polynomial that has no zeros? Explain. 


97. Proof Prove that the function is odd. 
f(x) = ayuu bcc ag) + ax 
98. Proof Prove that the function is even. 
fG) ax" a, 4x"? $ o + aax? + ay 


99, Proof Prove that the product of two even (or two odd) 
functions is even. 


100. Proof Prove that the product of an odd function and an 
even function is odd. 


iStockphoto.com/EdStock 


101. Length A right triangle is formed in the first quadrant 
by the x- and y-axes and a line through the point (3, 2) (see 
figure). Write the length L of the hypotenuse as a function of x. 

y 


A 
440, y) 


102. Volume An open box of maximum volume is to be made 
from a square piece of material 24 centimeters on a side by 
cutting equal squares from the corners and turning up the 
sides (see figure). 


FX44«— — 24 —2x — X4 


(a) Write the volume V as a function of x, the length of the 
corner squares. What is the domain of the function? 


BB o» Use a graphing utility to graph the volume function 
and approximate the dimensions of the box that yield a 
maximum volume. 


True or False? In Exercises 103-108, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


103. If f(a) = f(b), then a = b. 


104. A vertical line can intersect the graph of a function at most 
once. 


105. If f(x) = f(—x) for all x in the domain of f, then the graph 
of f is symmetric with respect to the y-axis. 


106. If f is a function, then f(ax) = af(x). 


107. The graph of a function of x cannot have symmetry with 
respect to the x-axis. 


108. If the domain of a function consists of a single number, then 
its range must also consist of only one number. 


PUTNAM EXAM CHALLENGE 


109. Let R be the region consisting of the points (x, y) of 
the Cartesian plane satisfying both |x| — |y| < 1 and 
|y] < 1. Sketch the region R and find its area. 


. Consider a polynomial f(x) with real coefficients 
having the property f(g(x)) = e(f(x)) for every 
polynomial g(x) with real coefficients. Determine and 
prove the nature of f(x). 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 
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P.4 Review of Trigonometric Functions 


Coterminal angles 
Figure P.33 


Describe angles and use degree measure. 

Use radian measure. 

Understand the definitions of the six trigonometric functions. 
Evaluate trigonometric functions. 

Solve trigonometric equations. 

Graph trigonometric functions. 


Angles and Degree Measure 


An angle has three parts: an initial ray (or side), a terminal ray, and a vertex (the 
point of intersection of the two rays), as shown in Figure P.32(a). An angle is in 
standard position when its initial ray coincides with the positive x-axis and its vertex 
is at the origin, as shown in Figure P.32(b). 


Initial ray 


(a) Angle (b) Angle in standard position 
Figure P.32 


It is assumed that you are familiar with the degree measure of an angle.* It is common 
practice to use 8 (the lowercase Greek letter theta) to represent both an angle and its measure. 
Angles between 0? and 90? are acute, and angles between 90? and 180? are obtuse. 

Positive angles are measured counterclockwise, and negative angles are measured 
clockwise. For instance, Figure P.33 shows an angle whose measure is — 45°. You 
cannot assign a measure to an angle by simply knowing where its initial and terminal 
rays are located. To measure an angle, you must also know how the terminal ray was 
revolved. For example, Figure P.33 shows that the angle measuring — 45? has the same 
terminal ray as the angle measuring 315°. Such angles are coterminal. In general, if O 
is any angle, then O + n(360), n is a nonzero integer, is coterminal with 0. 

An angle that is larger than 360? is one whose terminal ray has been revolved more 
than one full revolution counterclockwise, as shown in Figure P.34(a). You can form 
an angle whose measure is less than — 360? by revolving a terminal ray more than one 
full revolution clockwise, as shown in Figure P.34(b). 


0 = 405? 
] 0 - 720? 


(a) An angle whose measure (b) An angle whose measure 
is greater than 360° is less than — 360° 
Figure P.34 


*For a more complete review of trigonometry, see Precalculus, 10th edition, or Precalculus: Real Mathematics, 
Real People, 7th edition, both by Ron Larson (Boston, Massachusetts: Brooks/Cole, Cengage Learning, 2018 
and 2016, respectively). 
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Radian Measure 


To assign a radian measure to an angle 8, consider O to be a central angle of a circle 
of radius 1, as shown in Figure P.35. The radian measure of O is then defined to be 
the length of the arc of the sector. Because the circumference of a circle is 2Ttr, the 
circumference of a unit circle (of radius 1) is 2m". This implies that the radian measure 
of an angle measuring 360° is 2rt. In other words, 360° = 27 radians. 

Using radian measure for O, the length s of a circular arc of radius r is s = rO, as 
shown in Figure P.36. 


The arc Arc length is s = r6. 


length of the 
sector is the 
y radian measure 
d A 


Unit circle Circle of radius r 
Figure P.35 Figure P.36 


You should know the conversions of the common angles shown in Figure P.37. For 
other angles, use the fact that 180° is equal to it radians. 


NIA 


Radian and degree measures for several common angles 
Figure P.37 


Eh 


360° = 27 


EXAMPLE 1 Conversions Between Degrees and Radians 


uc. = m radian 
180 deg 9 
Ti rad 


180 deg 


Ti rad 


c. —270° = (270 deg) ( 


d. — 5 radians = (—Frea) (88) = —90° 


a. 40° = (40 dee) ( 


b. 540° = (540 aeg = 3m radians 


) = 2 radians 


2 TL rad 
180 te) [m ` 
. 2 rad = (2 = = 114. 
e. 2 radians = ( rah nid T 59 
om. 9r 180 des) s 
f. 2 radians (3 rad — 810 a 


Most graphing utilities have both degree and radian modes. 
You should learn how to use your graphing utility to convert from degrees to radians, 
and vice versa. Use a graphing utility to verify the results of Example 1. 
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The Trigonometric Functions 


There are two common approaches to the study of trigonometry. In one, the trigonometric 
x functions are defined as ratios of two sides of a right triangle. In the other, these 
E functions are defined in terms of a point on the terminal ray of an angle in standard 
B position. The six trigonometric functions, sine, cosine, tangent, cotangent, secant, 
and cosecant (abbreviated as sin, cos, tan, cot, sec, and csc, respectively), are defined 
below from both viewpoints. 
Adjacent 
Sides of a right triangle Definition of the Six Trigonometric Functions 
Figure P.38 
; -— IL f 
Right triangle definitions, where 0 < 6 < 2 (see Figure P.38) 
y 
A 21 2 : ; s; 
D-vyxty . opposite adjacent opposite 
Gs) sing = —PPOSI* cos 8 = — tan g = 2PPOs’ 
: hypotenuse hypotenuse adjacent 
hypotenuse hypotenuse adjacent 
csc 0 = 2YPOTESE sec 0 = PORE cotg = A 
x opposite adjacent opposite 
Circular function definitions, where 0 is any angle (see Figure P.39) 
; x 
sing =~ cos 0 = tnO=~, x20 
r r x 
. t r r x 
An angle in standard position cscO— — y £0 sec 0 = cot8=—, y £0 
Figure P.39 y y 


The trigonometric identities listed below are direct consequences of the definitions. 
[Note that @ is the lowercase Greek letter phi and sin? O is used to represent (sin 9)?.] 


TRIGONOMETRIC IDENTITIES 


Pythagorean Identities Even/Odd Identities 

si? O + cos? 0 = 1 sin(— 8) = —sin 0 csc(— 0) = —csc 8 
1 + tan? 0 = sec? 0 cos(— 98) = cos 0 sec(— 8) = sec 8 

1 + cot? 0 = csc? 0 tan(—0) = —tan 0 cot(— 8) = —cot 0 


Sum and Difference Formulas Power-Reducing Formulas Double-Angle Formulas 


I= 2 
sin(0 + p) = sin cos $ + cos Osin $ sin? 0 — Lass 28 sin 20 = 2 sin 8 cos 8 
20 = 2 cos? O — 1 
1 + cos 2 i 
cos(0 + d) = cos O cos $ = sin Osin $ cos? 0 = San 1 — 2 sin? O 
2 2 n2 
= cos? 0 — sin? O 
_ 1 — cos 28 2 tan 0 


- LO E tan 20 = — = 
1 + cos 20 an 28 1 — tan? O 


_ tan 0 + tan $ 5 
bo =) 1 ¥ tan Otan $ LE 


Law of Cosines Reciprocal Identities Quotient Identities 


1 . 
a? = b? + c? — 2bccos A csc 0 = —— E: 
sin 0 cos 0 


cos 0 


sin 8 


sec 0 = cot 8 = 


cot 8 = 
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Figure P.40 
45? 
Ja 
45? 
1 
/ .|30? 
EVA 2 
" 60° 


Common angles 
Figure P.41 
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Evaluating Trigonometric Functions 


There are two ways to evaluate trigonometric functions: (1) decimal approximations 
with a graphing utility and (2) exact evaluations using trigonometric identities and 
formulas from geometry. When using a graphing utility to evaluate a trigonometric 
function, remember to set the graphing utility to the appropriate mode—degree mode 
or radian mode. 


EXAMPLE 2 Exact Evaluation of Trigonometric Functions 


Evaluate the sine, cosine, and tangent of Tt/3. 


Solution Because 60° = 11/3 radians, you can draw an equilateral triangle with 
sides of length 1 and O as one of its angles, as shown in Figure P.40. Because the 
altitude of this triangle bisects its base, you know that x — 5. Using the Pythagorean 
Theorem, you obtain 


rine Si Ki 


Now, knowing the values of x, y, and r, you can write the following. 


mn y BR 3 
^r 1 2 


Note that all angles in this text are measured in radians unless stated otherwise. 
For example, when sin 3 is written, the sine of 3 radians is meant, and when sin 3? is 
written, the sine of 3 degrees is meant. 

The degree and radian measures of several common angles are shown in the 
table below, along with the corresponding values of the sine, cosine, and tangent (see 
Figure P.41). 


Trigonometric Values of Common Angles 


Ə (degrees) | 0° | 30° | 45° | 60° 90° 180° 270° 
. IL IL IL IL 3n 
O (radians) | 0 6 n 3 2 Tm 2 
sin 8 o 1 | v2] B 1 0 -1 
2 2 2 
cos 0 1 y3 y2 i 0 —] 0 
2 2 2 
tan 9 0 x3 1 /3 | Undefined | 0 | Undefined 


EXAMPLE 3 Using Trigonometric Identities 


a. sn 1 sin " v3 sin(-0) = —sin O 


C TENE SES 21 
b. sec 60 cos 60° 1/2 2 sec O = 6 a 


Quadrant II Quadrant I 
sin 0: + sin 0: + 
cos 0: — cos 0: + 
tan 0: — tan 0: + 

Quadrant III Quadrant IV 
sin 0: — sin 8: — 
cos 8: — cos 0: + 
tan 0: + tan 0: — 


Quadrant signs for trigonometric 


functions 
Figure P.42 


Solution points of sin  — — 


Figure P.44 
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The quadrant signs for the sine, cosine, and tangent functions are shown in Figure 
P.42. To extend the use of the table on the preceding page to angles in quadrants other 
than the first quadrant, you can use the concept of a reference angle (see Figure P.43), 
with the appropriate quadrant sign. For instance, the reference angle for 3171/4 is 1/4, 
and because the sine is positive in Quadrant II, you can write 

3n m x 


sin — sin 


4 4 2 


Similarly, because the reference angle for 330° is 30°, and the tangent is negative in 
Quadrant IV, you can write 
tan 330° = —tan 30° = t 


Reference 
angle: 0” 


Quadrant III 
6’ = 0 —n (radians) 
0’ = 0 —180? (degrees) 


Quadrant IV 
0 = 2n —0 (radians) 
8 = 360? —0 (degrees) 


Quadrant II 
6 = n —0 (radians) 
6' = 180° —0 (degrees) 


Figure P.43 


Solving Trigonometric Equations 


How would you solve the equation sin 8 = 0? You know that 8 = 0 is one solution, 
but this is not the only solution. Any one of the following values of 9 is also a solution. 


2. ., 73M, — 20; -T,0, T, 2, 3M, . 


You can write this infinite solution set as [nTU. n is an integer}. 


EXAMPLE 4 Solving a Trigonometric Equation 
Solve the equation sin 8 = m 
Solution To solve the equation, you should consider that the sine function is 
negative in Quadrants III and IV and that 
sin E V3 
3 2° 
So, you are seeking values of O in the third and fourth quadrants that have a reference 
angle of 1/3. In the interval [0, 2rt], the two angles fitting these criteria are 
Tl 4n Tt ST 
—ntl-— d —2"8—7-—-— 
0-n 373 m 0-2n gs 
By adding integer multiples of 2T to each of these solutions, you obtain the following 
general solution. 


4T 


08- 3 + 2nm or 0- m + 2ntl, where n is an integer. 


See Figure P.44. 
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oe Be sure you 
understand the mathematical 
conventions regarding 
parentheses and trigonometric 
functions. For instance, in 
Example 5, cos 20 means 


cos(20). 


y 
4 Domain: (—e, oo) 
3- Range: [—1, 1] 
Period: 27 


EXAMPLE 5 Solving a Trigonometric Equation 


Solve 
cos 20 = 2 — 3 sin O 
where 0 x 0 < 27. 


Solution Using the double-angle formula cos 20 = 1 — 2 sin? 6, you can rewrite 
the equation as follows. 


cos 20 = 2 — 3 sin O Write original equation. 
1 = 2sin? 0 = 2 —3sinO Double-angle formula 
0 = 2sin? O — 3sinO + 1 Quadratic form 
0 = (2sin 0 — 1)(sin 8 — 1) Factor. 


If 2sin 0 — 1 = 0, then sin O = 1/2 and O = r/6 or 0 = 5m/6. If sin — 1 = 0, 
then sin 9 = 1 and 0 = r2. So, for 0 < 0 < 27, the solutions are 


m 5m TL 
O= 6 Ty 


Graphs of Trigonometric Functions 


A function f is periodic when there exists a positive real number p such that 
f(x + p) = f(x) for all x in the domain of f. The least such positive value of p is the 
period of f. The sine, cosine, secant, and cosecant functions each have a period of 27, 
and the other two trigonometric functions, tangent and cotangent, have a period of 11, 
as shown in Figure P.45. 


| Domain: (—», 00) ? Domain: all x *1 tnn 
3- Range: [—1, 1] 5-- Range: (—, 
Period: 27 i Period: T 
3 
2 


/ 


-24 2-4 
3-- ee 
» Domain: all x zn . in: zT y T 
A Range: C9 —1] and [1, œ) y Domain: all x #3 + nm , Domain: all x zn 
Ange: > > Range: (—, —1] and [1, o») s.  Range:(—e, ©) 
4-r Period: 2n l Period: 27 Period: rt 
i 3- i ! ; | ^ 
' 24 Hi 
| | | 24 
i IT i i 1 1 D 1 1 1 
1 1 1 1 1 1 1 1+ : d 
Dae = Be te UE Ex FT EX UN e 
" T 1 1 1 1 1 i T T » 
l2! ae Rd J " m 


The graphs of the six trigonometric functions 


Figure P.45 


To 
produce the graphs shown in 
Figure P.45 with a graphing 
utility, make sure you set the 
graphing utility to radian mode. 


Period = M 


Figure P.46 
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Note in Figure P.45 that the maximum value of sin x and cos x is | and the 
minimum value is — 1. The graphs of the functions y = a sin bx and y = a cos bx 
oscillate between —a and a, and so have an amplitude of la|. Furthermore, because 
bx = 0 when x = 0 and bx = 2m when x = 2rt/b, it follows that the functions 
y asinbx and y =acos bx each have a period of 2m/|b|. The table below 
summarizes the amplitudes and periods of some types of trigonometric functions. 


Function Period Amplitude 
y = asin bx or y = acos bx i |a| 
IL 
y = atan bx or y = acot bx ibi Not applicable 
2" ' 
y = asec bx or y = acsc bx Ir Not applicable 


~ EXAMPLE 6 Sketching the Graph of a Trigonometric Function 
Sketch the graph of f(x) = 3 cos 2x. 


Solution The graph of f(x) = 3 cos 2x has an amplitude of 3 and a period of 
21/2 = T. Using the basic shape of the graph of the cosine function, sketch one period 
of the function on the interval [0, rt], using the following pattern. 


Maximum: (0, 3) 
Minimum: (5 -3) 
Maximum: (rt, 3) 


By continuing this pattern, you can sketch several cycles of the graph, as shown in 
Figure P.46. 


Shifts of Graphs of Trigonometric Functions 


a. To sketch the graph of f(x) = sin(x + 11/2), shift the graph of y = sin x to the left 
Tt/2 units, as shown in Figure P.47(a). 


b. To sketch the graph of f(x) = 2 + sin x, shift the graph of y = sin x upward two 
units, as shown in Figure P.47(b). 

€. To sketch the graph of f(x) = 2 + sin(x — 11/4), shift the graph of y = sin x 
upward two units and to the right 1/4 units, as shown in Figure P.47(c). 


(a) Horizontal shift to the left (b) Vertical shift upward (c) Horizontal and vertical shifts 
Transformations of the graph of y — sin x 
Figure P.47 a 
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P.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Coterminal Angles Explain how to find coterminal 
angles in degrees. 


2. Degrees to Radians Explain how to convert from 
degrees to radians. 


3. Trigonometric Functions 
Find sin 9, cos 9, and tan 8. 


4. Characteristics of a Graph In your own words, 
describe the meaning of amplitude and period. 


; JE Coterminal Angles in Degrees In Exercises 


d SU Sand 6, determine two coterminal angles in degree 
"Ai EI* measure (one positive and one negative) for each 
[2] "Ed angl 
gle. 
5. (a) (b) 
0 = 36? 
6. (a) 0 = 300? (b) 


[m] pe [m] Coterminal Angles in Radians In Exercises 
7 and 8, determine two coterminal angles in radian 
measure (one positive and one negative) for each 
angle. 


7. (a) e-7 (b g.4m 
p 3 


8. (a) gan (b) g- 8n 


[n]; [n] Degrees to Radians In Exercises 9 and 10, 
LP EU Ey convert the degree measure to radian measure as 
= a multiple of n and as a decimal accurate to three 
decimal places. 

9. (a) 30° 
10. (a) —20° 


(b) 150? 
(b) —240* 


(c) 315? 
(c) —270° 


(d) 120* 
(d) 144° 


[e] Pn] Radians to Degrees In Exercises 11 and 12, 
due convert the radian measure to degree measure. 
M, zar ‘a 

oe 


LIES 


an m m 
1L. (a) > (b) — joies (d) —2.367 
lin un 


7 
12. (a) T (b) 30 (c) 6 (d) 0.438 


13. Completing a Table Let r represent the radius of a 
circle, O the central angle (measured in radians), and s the 


length of the arc subtended by the angle. Use the relationship 
s — rO to complete the table. 


r 8 ft 15in. | 85cm 


sS 12 ft 96 in. | 8642 mi 
3n 2n 
1. — 4 m 
0 6 4 3 


14. Angular Speed A caris moving at the rate of 50 miles per 
hour, and the diameter of its wheels is 2.5 feet. 


(a) Find the number of revolutions per minute that the wheels 
are rotating. 


(b) Find the angular speed of the wheels in radians per minute. 


g 


RE Evaluating Trigonometric Functions In 


MERI IE Exercises 15 and 16, evaluate the six trigonometric 
ee 3 functions of the angle @ 
15. (a) y (b) y 
A 
(3, 4) 
0 
0 
x x 
(-12, 5) 
16. (a) y (b) y 
n A 
0 0 
X x 
(8, —15) (1, 21) 


Evaluating TrigonometricFunctions  InExercises 17—20, 
sketch a right triangle corresponding to the trigonometric 
function of the acute angle @ Then evaluate the other five 
trigonometric functions of & 


17. sin0 = 


1 
2 
19. cos0 = 2 


DE [s] Evaluating Trigonometric Functions In 


aroo Exercise 21-24, evaluate the sine, cosine, and 
14-1» tangent of each angle. Do not use a calculator. 


[n] 770 


8 " 1 ST 

21. (a) 60 (b) 120 (c) 4 (d) 4 

S à 2n " 

22. (a) —30 (b) 150 (c) 6 (d) 2 
23. (a) 225? (b) —225? (c) T (d) n 
24. (a) 750? (b) 510? (c) m (d) m 


Evaluating TrigonometricFunctions Using Technology 
In Exercises 25-28, use a calculator to evaluate each 
trigonometric function. Round your answers to four decimal 
places. 


25. (a) sin 10? 
(b) csc 10? 


26. (a) sec 225? 
(b) sec 135? 


27. (a) tan 5 28. (a) cot(1.35) 


(b) tan 10m 


9 (b) tan(1.35) 


Determining a Quadrant In Exercises 29 and 30, 
determine the quadrant in which 6 lies. 
29. (a) sin 8 < 0 and cos 8 < 0 
(b) sec 9 > O and cot 8 < 0 
30. (a) sin O > 0 and cos O < 0 
(b) csc 8 < 0 and tan O > 0 
Solving a Trigonometric Equation In Exercises 31-34, 


find two solutions of each equation. Give your answers in 
radians (0 < O < 2T). Do not use a calculator. 


31. (a) cos 0 = 2 32. (a) secO = 2 
(b) cos 8 = o (b) sec 9 = -2 


33. (a) tan0 = 1 34. (a) sin 8 = X3 


[as 


(b) cot 0 = — Y3 (b) sin = — 


aged Solving a Trigonometric Equation In 
$- fi Exercises 35-42, solve the equation for 8, where 
Ys 


[m] 
Kk 
[m] 
35. 2 sin? 0 = 1 

37. tan? O — tan 0 = 0 
39. sec Ə csc 0 = 2 csc 8 
41. cos? O + sinð = 1 


0<0<2mMm 


36. tan? 0 = 3 
38. 2 cos? 8 — cos 8 = 1 
40. sin Ə = cos 8 


42. cos S — cos = 1 
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43. Airplane Ascent An airplane leaves the runway climbing 
at an angle of 18? with a speed of 275 feet per second (see 
figure). Find the altitude a of the plane after 1 minute. 


sa ae 
44. Height of a Mountain While traveling across flat land, 
you notice a mountain directly in front of you. Its angle of 
elevation (to the peak) is 3.5°. After you drive 13 miles closer 
to the mountain, the angle of elevation is 9°. Approximate the 
height of the mountain. 


\ 


| 
| 


3.5? 


= — 13 mi —— 


Not drawn to scale 


Period and Amplitude In Exercises 45-48, determine the 
period and amplitude of each function. 


: 3 x 
45. y = 2 sin 2x 46. y = 5055 


47. y = —3sin 4Tx 


Period In Exercises 49-52, find the period of the function. 


49. y = 5 tan 2x 
50. y = 7 tan 2Tix 
51. y = sec 5x 
52. y = csc 4x 

AL Writing In Exercises 53 and 54, use a graphing utility to 
graph each function f in the same viewing window for c = —2, 
c = —1,c = 1, and c = 2. Give a written description of the 


change in the graph caused by changing c. 
53. (a) f(x) = csinx 

(b) f(x) = cos(cx) 

(c) f(x) = cos(mx — c) 
54. (a) f(x) = sinx + c 

(b) f(x) = —sin(2Tx — c) 

(c) f(x) = c cos x 
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[2] 2 [n] Sketching the Graph of a Trigonometric 73. Think About It Sketch the graphs of 
Wiese Function In Exercises 55-66, sketch the graph . i . 
EET d of the function; f(x) = sinx, g(x) = |sinx|, and A(x) = sin(|x]). 


In general, how are the graphs of |f(x)| and f(|x|) related to 


55. y = sin? 56. y = 2 cos 2x the graph of f? 
2 ee T i € E E E E E E E O E e E E E E 9» 6 06 
57. y = —sin BN 58. y = 2 tanx * 14. Ferris: Wheel è 
3 e The model for the height h of a Ferris wheel car is r 
59. y = ese 5 60. y = tan 2x > h=51 +50 sin 8nr | 
* where t is measured in 
61. y = 2 sec 2x 62. y = csc 2T : minutes. (The Ferris 
; E n e wheel has a radius of 
63. y = sin(x + TI) 64. y — cos(x = i © 50 feet.) This model 
n n : yields a height of 
65. y - 1 cos(x = r) 66. y=1+ sin(x + n) e 51 feet when t = 0. 
e Alter the model so that 
Graphical Reasoning In Exercises 67 and 68, find a, b, ; the height of the car : 
and c such that the graph of the function matches the graph e isl foot whent = 0. ° 


in the figure. 
fF 75. Sales The monthly sales S (in thousands of units) of a 


67. y = acos(bx — c) 68. y = asin(bx — c) 
seasonal product are modeled by 
y y 
A A 


S = 58.3 + 32.5 cos 


where t is the time (in months), with £ = 1 corresponding to 
January. Use a graphing utility to graph the model for S and 
determine the months when sales exceed 75,000 units. 


. Pattern Recognition Use a graphing utility to compare 
the graph of 


EXPLORING CONCEPTS f) = (snm m m) 
69. Think About It You are given the value of tan ©. "n 3 
Is it possible to find the value of sec 9 without finding 


. with the given graph. Try to improve the approximation by 
the measure of 0? Explain. 


adding a term to f(x). Use a graphing utility to verify that 


. Restricted Domain Explain how to restrict the your new approximation is better than the original. Can you 
domain of the sine function so that it becomes a find other terms to add to make the approximation even better? 
one-to-one function. What is the pattern? (Hint: Use sine terms.) 

. Think About It How do the ranges of the cosine i 
function and the secant function compare? 5l 

lTL— mi 
Í [| I 
i ^ t 
72. 5 HOW DO YOU SEE IT? Consider an angle i i 3 
in standard position with r = 12 centimeters, 
as shown in the figure. Describe the changes in 32r 


the values of x, y, sin 9, cos 9, and tan 0 as 8 


j ; » 3 True or False? In Exercises 77-80, determine whether the 
increases continually from 0? to 90*. 


statement is true or false. If it is false, explain why or give an 
y example that shows it is false. 


77. A measurement of 4 radians corresponds to two complete 
revolutions from the initial side to the terminal side of an angle. 
78. Amplitude is always positive. 


79. The function y = ; sin 2x has an amplitude that is twice that of 
the function y — sin x. 


80. The function y — 3 cos(x/3) has a period that is three times 
that of the function y — cos x. 


DR-Media/Shutterstock.com 
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Review Exercises 41 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Finding Intercepts In Exercises 1—4, find any intercepts. 


1.»25x-8 2. y =x? — 8x + 12 
—3 
Aye 4. y (x-3)J/x +4 


Testing for Symmetry In Exercises 5-8, test for symmetry 
with respect to each axis and to the origin. 


5. y =x + 4x 
7. 23-5 


6.y-x—-x-3 
8. xy = —-2 
Using Intercepts and Symmetry to Sketch a Graph In 


Exercises 9-14, find any intercepts and test for symmetry. 
Then sketch the graph of the equation. 


9 y= x3 
11.» 29x- x 
13. y - 24/4 — x 


Finding Points of Intersection In Exercises 15-18, find 
the points of intersection of the graphs of the equations. 


10. y= =x + 4 
12. y =9-x 
14. y = |x — 4| - 4 


15. 5x + 3y = -1 16. 2x + 4y 2 9 
x-y=-5 6x —4y =7 
17. x -y-—5 18. 2 +y =1 
x5—y-1 —x+y=1 


Finding the Slope of a Line In Exercises 19 and 20, plot 
the pair of points and find the slope of the line passing through 
them. 


19. (5,1). (5.3) 


Finding an Equation of a Line In Exercises 21-24, find 
an equation of the line that passes through the point and has 
the indicated slope. Then sketch the line. 


20. (-7,8), (C 1,8) 


Point Slope Point Slope 
21. (3,-5) m=] 22. (-8,1) 
23. (—3, 0) 24. (5, 4) m=0 


m is undefined. 


2 
m= -5 


Finding the Slope and y-Intercept In Exercises 25 and 
26, find the slope and the y-intercept (if possible) of the line. 


25. y- àx =5 26.9-y=x 


Sketching a Line in the Plane In Exercises 27-30, sketch 
the graph of the equation. 
27. y=6 

29. y= 4x — 2 


28. x = -3 
30. 3x + 2y = 12 
Finding an Equation of a Line In Exercises 31 and 32, 


find an equation of the line that passes through the points. 
Then sketch the line. 


31. (0, 0), (8, 2) 32. (—5, 5), (10, — 1) 


33. Finding Equations of Lines Find equations of the lines 
passing through (— 3, 5) and having the following characteristics. 


(a) Slope of 7 

(b) Parallel to the line 5x — 3y = 3 

(c) Perpendicular to the line 3x + 4y = 8 
(d) Parallel to the y-axis 


34. Finding Equations of Lines Find equations of the lines 
passing through (2, 4) and having the following characteristics. 


(a) Slope of -4 

(b) Perpendicular to the line x + y = 0 
(c) Parallel to the line 3x — y = 0 

(d) Parallel to the x-axis 


35. Rate of Change The purchase price of a new machine is 
$12,500, and its value will decrease by $850 per year. Use this 
information to write a linear equation that gives the value V of 
the machine f years after it is purchased. Find its value at the 
end of 3 years. 


36. Break-Even Analysis A contractor purchases a piece 
of equipment for $36,500 that costs an average of $9.25 per 
hour for fuel and maintenance. The equipment operator is paid 
$13.50 per hour, and customers are charged $30 per hour. 


(a) Write a linear equation for the cost C of operating this 
equipment for t hours. 


(b) Write a linear equation for the revenue R derived from t 
hours of use. 


(c) Find the break-even point for this equipment by finding 
the time at which R = C. 


Evaluating a Function In Exercises 37-40, evaluate the 
function at the given value(s) of the independent variable. 
Simplify the results. 


37. f(x) = 5x +4 38. f(x) = 33 — 2x 


(a) f(0) (a) f(-3) 
(b) f(5) (b) f(2) 
(c) f(-3) (c) f(-1) 

(d) f(r + 1) (d) f(e- 1) 
39. f(x) = 4x? 40. f(x) = 2x — 6 
fG + Ax) — f@) fe) = f(1) 

Ax x= 7 


Finding the Domain and Range of a Function In 
Exercises 41—44, find the domain and range of the function. 


41. f(x) - 2 +3 
42. g(x) = /6 — x 
43. f(x) = —|x + 1| 


2 
44. h(x) = Xp 
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Sketching a Graph of a Function In Exercises 45 and 
46, sketch a graph of the function and find its domain and 
range. Use a graphing utility to verify your graph. 


46. g(x) = /x 1 


4 
2x — 1 


45. f(x) = 


Using the Vertical Line Test In Exercises 47 and 48, use 
the Vertical Line Test to determine whether y is a function of x. 
To print an enlarged copy of the graph, go to MathGraphs.com. 


47. x+y =2 48. 2—y-0 


32-111 23 
Deciding Whether an Equation is a Function In 
Exercises 49 and 50, determine whether y is a function of x. 


49. xy + 33 —2y =0 50. x =9 — y? 


f 51. Transformations of Functions Use a graphing utility 


to graph f(x) = 3? — 3x?. Use the graph to write a formula for 
the function g shown in the figure. 


(b) 


4 


52. Think About It What is the minimum degree of the 
polynomial function whose graph approximates the given 
graph? What sign must the leading coefficient have? 


(b) 


(e) A (d) 


Finding Composite Functions In Exercises 53 and 54, 
find the composite functions f » g and g » f. Find the domain of 
each composite function. Are the two composite functions equal? 


54. f(x) = /x-2 
gx) = 2 


53. f(x) = 3x + 1 
g(x) = =x 


Even and Odd Functions and Zeros of Functions In 
Exercises 55 and 56, determine whether the function is even, 
odd, or neither. Then find the zeros of the function. Use a 
graphing utility to verify your result. 


55. f(x) = x^ — € 56. f(x) = Je +1 


Degrees to Radians In Exercises 57-60, convert the 
degree measure to radian measure as a multiple of n and as a 
decimal accurate to three decimal places. 


57. 340° 
59. —480° 


58. 300* 
60. —900° 


Radians to Degrees In Exercises 61-64, convert the 
radian measure to degree measure. 


Tt 1Imn 

61. A 62. Fa 
2n ]3n 
iL 4. ——— 
63. 3 6 6 


Evaluating Trigonometric Functions In Exercises 
65-70, evaluate the sine, cosine, and tangent of the angle. Do 
not use a calculator. 


65. —45? 66. 240° 

13n 4n 
67. 6 68. $3 
69. 405° 70. 180* 


Evaluating Trigonometric Functions Using Technology 
In Exercises 71-76, use a calculator to evaluate the trigonometric 
function. Round your answers to four decimal places. 


71. tan 33° 72. cot 401° 
12 2 
73. sec = 74. csc E 


3m 
76. cos 7 ) 


Solving a Trigonometric Equation In Exercises 77-82, 
solve the equation for @ where 0 < 8 < 2n 


77. 2cos8 - 1 2 0 

78. 2 cos? 0 = 1 

79. 2 sin? O + 3sinO0@+1=0 
80. cos? 8 = cos 0 

81. sec? O — sec 0 - 2- 0 
82. 2 sec? O + ta20 — 5 — 0 


Sketching the Graph of a Trigonometric Function In 


Exercises 83-90, sketch the graph of the function. 
83. y = 9 cos x 84. y = sin Tx 


. 2x i x 
85. y = 3 sin | 86. y = 8 cos 7 


1 x 
87. y = 3 tanx 88. y = cot > 


89. y = —sec 21x 90. y = —4 csc 3x 
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= See CalcChat.com for tutorial help and 
P n S " P ro b | e m S (0) lvi n g worked-out solutions to odd-numbered exercises. 


1. Finding Tangent Lines Consider the circle 4. Sketching Transformations Consider the graph of the 
function f shown below. Use this graph to sketch the graphs of 


2 TI. By = 
E d D ae the following functions. To print an enlarged copy of the graph, 


as shown in the figure. go to MathGraphs.com. 

(a) Find the center and radius of the circle. (a) f(x + 1) (b) fG) +1 1 

(b) Find an equation of the tangent line to the circle at the point (c) 2f(x) (d) f(—x) ü [ 
(0, 0). © —f(9) ®© IF| 

(c) ae equation of the tangent line to the circle at the point (g) ri | xl) 


(d) Where do the two tangent lines intersect? 


expl 


5. Maximum Area A rancher plans to fence a rectangular 
pasture adjacent to a river. The rancher has 100 meters of 
fencing, and no fencing is needed along the river (see figure). 


(a) Write the area A of the pasture as a function of x, the length 
of the side parallel to the river. What is the domain of A? 


(b) Graph the area function and estimate the dimensions that 
yield the maximum amount of area for the pasture. 


Figure for 1 Figure for 2 (c) Find the dimensions that yield the maximum amount of area 


2. Finding Tangent Lines There are two tangent lines from for the pasture by completing the square. 


the point (0, 1) to the circle x? + (y + 1)? = 1 (see figure). 
Find equations of these two lines by using the fact that each 
tangent line intersects the circle at exactly one point. 


3. Heaviside Function The Heaviside function H(x) is widely 
used in engineering applications. 


H(x) = { 


Sketch the graph of the Heaviside function and the graphs of the 
following functions by hand. 


1, x20 
0, x <0 


Figure for 5 Figure for 6 


6. Maximum Area A rancher has 300 feet of fencing to 
enclose two adjacent pastures (see figure). 


(a) H(x) — 2 (b) H(x — 2) (c) —H(x) (a) Write the total area A of the two pastures as a function of x. 


I What is the domain of A? 
(d) H(—x) (e) 3H(x) € —Hx—2) *2 . : f . 
(b) Graph the area function and estimate the dimensions that 


yield the maximum amount of area for the pastures. 


(c) Find the dimensions that yield the maximum amount of area 
for the pastures by completing the square. 


7. Writing a Function You are in a boat 2 miles from the 
nearest point on the coast. You will travel to a point Q located 
3 miles down the coast and 1 mile inland (see figure). You can 
row at 2 miles per hour and walk at 4 miles per hour. Write the 
total time T of the trip as a function of x. 


í VARY 
OLIVER HEAVISIDE (1850—1925) 


Heaviside was a British mathematician and physicist who contributed 
to the field of applied mathematics, especially applications of 
mathematics to electrical engineering. The Heaviside fundion is a 
classic type of “on-off” function that has applications to electricity 
and computer science. 


Science and Society/SuperStock 
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8. 


10. 


11. 
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Average Speed You drive to the beach at a rate of 
120 kilometers per hour. On the return trip, you drive at a rate 
of 60 kilometers per hour. W hat is your average speed for the 
entire trip? Explain your reasoning. 


. Slope of a Tangent Line One of the fundamental 


themes of calculus is to find the slope of the tangent line to 
a curve at a point. To see how this can be done, consider the 
point (2, 4) on the graph of f(x) — X? (see figure). 


I i Í 
642 |246 


(a) Find the slope of the line joining (2, 4) and (3, 9). Is the 
slope of the tangent line at (2, 4) greater than or less than 
this number? 

(b) Find the slope of the line joining (2, 4) and (1, 1). Is the 
slope of the tangent line at (2, 4) greater than or less than 
this number? 

(c) Find the slope of the line joining (2, 4) and (2.1, 4.41). Is 
the slope of the tangent line at (2, 4) greater than or less 
than this number? 

(d) Findtheslopeofthelinejoining (2, 4) and(2 + h, f(2 + h)) 
in terms of the nonzero number h. Verify thath = 1, —1, 
and 0.1 yield the solutions to parts (a)- (c) above. 

(e) Whatis the slope of the tangent line at (2, 4)? Explain how 
you arrived at your answer. 

Slope of a Tangent Line Sketch the graph of the 

function f(x) = ./x and label the point (4, 2) on the graph. 

(a) Find the slope of the line joining (4, 2) and (9, 3). Is the 
slope of the tangent line at (4, 2) greater than or less than 
this number? 

(b) Find the slope of the line joining (4, 2) and (1, 1). Is the 
slope of the tangent line at (4, 2) greater than or less than 
this number? 

(c) Find the slope of the line joining (4, 2) and (4.41, 2.1). Is 
the slope of the tangent line at (4, 2) greater than or less 
than this number? 

(d) Findtheslopeofthelinejoining(4, 2)and(4 + h, f (4 + h)) 
in terms of the nonzero number h. 

(e) Whatisthe slope of the tangent line at (4, 2)? Explain how 
you arrived at your answer. 


Composite Functions Let f(x) = Du 


(a) What are the domain and range of t? 


(b) Find the composition f(f (x)). What is the domain of this 
function? 


(c) Find f(f(f(x))). What is the domain of this function? 
(d) Graph f(f(f(x)). Is the graph a line? Why or why not? 


12. 


13. 


14. 


15. 


Graphing an Equation Explain how you would graph 
the equation 


y+ |y] =x lx. 
Then sketch the graph. 


Sound Intensity A large room contains two speakers 
that are 3 meters apart. The sound intensity | of one speaker 
is twice that of the other, as shown in the figure. (To print 
an enlarged copy of the graph, go to MathGraphs.com.) 
Suppose the listener is free to move about the room to find 
those positions that receive equal amounts of sound from both 
Speakers. Such a location satisfies two conditions: (1) the sound 
intensity at the listener's position is directly proportional to the 
sound level of a source, and (2) the sound intensity is inversely 
proportional to the square of the distance from the source. 


(a) Find the points on the x-axis that receive equal amounts of 
sound from both speakers. 


(b) Find and graph the equation of all locations (x, y) where 
one could stand and receive equal amounts of sound from 
both speakers. 


M y 
A A 
3+ 4T 
i 2+ 
2r A 
y N 
RT zog Uwe 
1+ / ET it 3. NG 
/ / 
$ ZA 4 * 
Ja i } 2, x p | | i Eu 
1 2 3 12 3 4 


Figure for 13 Figure for 14 


Sound Intensity Suppose the speakers in Exercise 13 are 
4 meters apart and the sound intensity of one speaker is k times 
that of the other, as shown in the figure. To print an enlarged 
copy of the graph, go to M athGraphs.com. 


(a) Find the equation of all locations (x, y) where one could 
stand and receive equal amounts of sound from both 
speakers. 


(b) Graph the equation for the case k — 3. 


(c) Describe the set of locations of equal sound as k becomes 
very large. 


Lemniscate Let d, and d; be the distances from the point 
(x, y) to the points (— 1, 0) and (1, 0), respectively, as shown 
in the figure. Show that the equation of the graph of all points 
(x, y) satisfying dd, = lis 


0 + y?) = 08-49. 


This curve is called a lemniscate. Graph the lemniscate and 
identify three points on the graph. 


d 

di; `d, 
«— o> x 

-1 T 


-1-+ 


Limits and Their Properties 
8 E SH SH SH S uH Hu Hu Hu HH Hu g 


"Tm 1.1 A Preview of Calculus 
ILE 1.2 Finding Limits Graphically and Numerically 
: . 1.3 Evaluating Limits Analytically 
e. 1.4 Continuity and One-Sided Limits 
- 1.5 Infinite Limits 


Free-Falling Object (Exercises 101 and 102, p. 73) 


Sports (Exercise 68, p. 61) 


Bicyclist (Exercise 5, p. 51) 
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Chapter 1 


Limits and Their Properties 


1.1 A Preview of Calculus 


As you progress 
through this course, remember 
that learning calculus is just 
one of your goals. Your most 
important goal is to learn how to 
use calculus to model and solve 
real-life problems. Here are a 
few problem-solving strategies 
that may help you. 


* Be sure you understand the 
question. What is given? What 
are you asked to find? 


* Outline a plan. There are 
many approaches you could 
use: look for a pattern, solve 
a simpler problem, work 
backwards, draw a diagram, 
use technology, or any of 
many other approaches. 


* Complete your plan. Be 
sure to answer the question. 
Verbalize your answer. For 
example, rather than writing 
the answer as x — 4.6, it 
would be better to write the 
answer as, "The area of the 
region is 4.6 square meters." 


Look back at your work. 
Does your answer make 
sense? Is there a way you can 
check the reasonableness of 
your answer? 


iM Understand what calculus is and how it compares with precalculus. 
iM Understand that the tangent line problem is basic to calculus. 
iM Understand that the area problem is also basic to calculus. 


What Is Calculus? 


Calculus is the mathematics of change. For instance, calculus is the mathematics of 
velocities, accelerations, tangent lines, slopes, areas, volumes, arc lengths, centroids, 
curvatures, and a variety of other concepts that have enabled scientists, engineers, and 
economists to model real-life situations. 

Although precalculus mathematics also deals with velocities, accelerations, 
tangent lines, slopes, and so on, there is a fundamental difference between precalculus 
mathematics and calculus. Precalculus mathematics 1s more static, whereas calculus is 
more dynamic. Here are some examples. 


* An object traveling at a constant velocity can be analyzed with precalculus 
mathematics. To analyze the velocity of an accelerating object, you need calculus. 


* The slope of a line can be analyzed with precalculus mathematics. To analyze the 
slope of a curve, you need calculus. 


* The curvature of a circle is constant and can be analyzed with precalculus mathematics. 
To analyze the variable curvature of a general curve, you need calculus. 


* The area of a rectangle can be analyzed with precalculus mathematics. To analyze the 
area under a general curve, you need calculus. 


Each of these situations involves the same general strategy—the reformulation of 
precalculus mathematics through the use of a limit process. So, one way to answer the 
question “What is calculus?" is to say that calculus is a “limit machine" that involves 
three stages. The first stage is precalculus mathematics, such as the slope of a line or 
the area of a rectangle. The second stage is the limit process, and the third stage is a 
new calculus formulation, such as a derivative or integral. 


Limit 
process 


Precalculus EE 
mathematics 


= 


Calculus 


Some students try to learn calculus as if it were simply a collection of new 
formulas. This is unfortunate. If you reduce calculus to the memorization of 
differentiation and integration formulas, you will miss a great deal of understanding, 
self-confidence, and satisfaction. 

On the next two pages are listed some familiar precalculus concepts coupled with 
their calculus counterparts. Throughout the text, your goal should be to learn how 
precalculus formulas and techniques are used as building blocks to produce the more 
general calculus formulas and techniques. Do not worry if you are unfamiliar with some 
of the “old formulas” listed on the next two pages—you will be reviewing all of them. 

As you proceed through this text, come back to this discussion repeatedly. Try to 
keep track of where you are relative to the three stages involved in the study of calculus. 
For instance, note how these chapters relate to the three stages. 


Chapter P: Preparation for Calculus Precalculus 


Chapter 1: Limits and Their Properties Limit process 


Chapter 2: Differentiation Calculus 


This cycle is repeated many times on a smaller scale throughout the text. 


1.1 


A Preview of Calculus 


47 


Value of f(x) 
when x = c 


Slope of a line 


Secant line to 
a curve 


Average rate of 
change between 
t=aandt=b 


Curvature 
of a circle 


Height of a 
curve when 
x=C 


Tangent plane 
to a sphere 


Direction of 
motion along 
a line 


Without Calculus 


y 


With Differential Calculus 


Limit of f(x) as 
x approaches c 


Slope of a curve 


Tangent line to 
a curve 


Instantaneous 
rate of change 
att=c 


Curvature 
of a curve 


Maximum height 
of a curve on 
an interval 


Tangent plane 
to a surface 


Direction of 
motion along 
a curve 


y 
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Limits and Their Properties 


Without Calculus 


With Integral Calculus 


y 


constant force 


Area of Area under 
a rectangle a curve 
Work done by a A. = Work done by a A2. PED 


variable force 


Center of a CE Centroid of 

rectangle ee ee, a region 
Length of a Length of 
line segment an arc 


Surface area 
of a cylinder 


Surface area of a 
solid of revolution 


Mass of a solid 
of constant 


Mass of a solid 


i of variable 

density : 
density 

Volume of a Volume ofa 
rectangular MA under 
solid a surface 
Sum of a Sum of an 
finite number ata +: ta,-8S infinite number a, *tdà,tTa,t::: =S 
of terms of terms 


Tangent line 


»X 


The tangent line to the graph of f at P 
Figure 1.1 


GRACE CHISHOLM YOUNG 
(1868—1944) 


Grace Chisholm Young 
received her degree in 
mathematics from Girton 
College in Cambridge, England. 
Her early work was published 
under the name of William 
Young, her husband. Between 
1914 and 1916, Grace Young 
published work on the 
foundations of calculus that 
won her the Gamble Prize 
from Girton College. 
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The Tangent Line Problem 


The notion of a limit is fundamental to the study of calculus. The following brief 
descriptions of two classic problems in calculus—the tangent line problem and the area 
problem— should give you some idea of the way limits are used in calculus. 

In the tangent line problem, you are given a function f and a point P on its graph 
and are asked to find an equation of the tangent line to the graph at point P, as shown 
in Figure 1.1. 

Except for cases involving a vertical tangent line, the problem of finding the 
tangent line at a point P is equivalent to finding the slope of the tangent line at P. You 
can approximate this slope by using a line through the point of tangency and a second 
point on the curve, as shown in Figure 1.2(a). Such a line is called a secant line. If 
P(c, f (c)) is the point of tangency and 


O(c + Ax, fle + Ax)) 


is a second point on the graph of f, then the slope of the secant line through these two 
points can be found using precalculus and is 


_ fle + Ax) - f() _ fle + Ax) -f0 


m 
is (uS Ax 


NX 


Secant 
lines 


fle + Ax) —f(c) 


Tangent line 


> X mx 


(a) The secant line through (c, f(c)) and 
(c + Ax, f(e + Ax)) 


Figure 1.2 


(b) As Q approaches P, the secant lines 
approach the tangent line. 


As point Q approaches point P, the slopes of the secant lines approach the slope of 
the tangent line, as shown in Figure 1.2(b). When such a “limiting position” exists, the 
slope of the tangent line is said to be the limit of the slopes of the secant lines. (Much 
more will be said about this important calculus concept in Chapter 2.) 


Exploration 
The following points lie on the graph of f(x) = x?. 


Q,(1.5, f(1.5)), 
Q,(1.001, f(1.001)), 


OU FAW). Q,(1.01, f(1.01)), 
Q.(1.0001, f(1.0001)) 


Each successive point gets closer to the point P(1, 1). Find the slopes of the 
secant lines through Q, and P, Q, and P, and so on. Graph these secant lines 
on a graphing utility. Then use your results to estimate the slope of the tangent 
line to the graph of f at the point P. 


The Mistress and Fellows, Girton College, Cambridge 
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> xX 


a b 


Area under a curve 
Figure 1.3 


HISTORICAL NOTE 


In one of the most astounding 
events ever to occur in 
mathematics, it was discovered 
that the tangent line problem 
and the area problem are 


closely related. This discovery 
led to the birth of calculus. 
You will learn about the 
relationship between these 
two problems when you study 
the Fundamental Theorem of 
Calculus in Chapter 4. 


Limits and Their Properties 


The Area Problem 


In the tangent line problem, you saw how the limit process can be applied to the slope 
of a line to find the slope of a general curve. A second classic problem in calculus 
is finding the area of a plane region that is bounded by the graphs of functions. This 
problem can also be solved with a limit process. In this case, the limit process is applied 
to the area of a rectangle to find the area of a general region. 

As a simple example, consider the region bounded by the graph of the function 
y = f(x), the x-axis, and the vertical lines x = a and x = b, as shown in Figure 1.3. 
You can approximate the area of the region with several rectangular regions, as shown 
in Figure 1.4. As you increase the number of rectangles, the approximation tends 
to become better and better because the amount of area missed by the rectangles 
decreases. Your goal is to determine the limit of the sum of the areas of the rectangles 
as the number of rectangles increases without bound. 


Approximation using four rectangles Approximation using eight rectangles 


Figure 1.4 


Exploration 
Consider the region bounded by the graphs of 


fa) = 2, 


as shown in part (a) of the figure. The area of the region can be approximated 
by two sets of rectangles—one set inscribed within the region and the other 
set circumscribed over the region, as shown in parts (b) and (c). Find the sum 
of the areas of each set of rectangles. Then use your results to approximate the 
area of the region. 


y=0, and x=1 


(a) Bounded region 


(b) Inscribed rectangles (c) Circumscribed rectangles 


1.1 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


PAL 


S 


CONCEPT CHECK 

1. Precalculus and Calculus Describe the relationship 
between precalculus and calculus. List three precalculus 
concepts and their corresponding calculus counterparts. 


. Secant Lines Discuss the 


and Tangent 
relationship between secant lines through a fixed point 
and a corresponding tangent line at that fixed point. 


Precalculus or Calculus In Exercises 3-6, 
decide whether the problem can be solved using 
precalculus or whether calculus is required. If the 
problem can be solved using precalculus, solve it. 
If the problem seems to require calculus, explain 
your reasoning and use a graphical or numerical 
approach to estimate the solution. 


3. Find the distance traveled in 15 seconds by an object traveling 


at a constant velocity of 20 feet per second. 


4. Find the distance traveled in 15 seconds by an object moving 


with a velocity of v(t) = 20 + 7 cos t feet per second. 
.5. Rate of Change «««eeeseececcccccc 


A bicyclist is riding on a path modeled by the function 
f(x) = 0.04(8x — x?), where x and f(x) are measured in 
miles (see figure). Find the rate of change of elevation 
at x = 2. 


y 
A 
344 
24 | f(x) =0.04(8x —x?) 
1+ 
++ 12 3 4 5 6 


6. A bicyclist is riding on a y 


path modeled by the function 3 m 
f(x) = 0.08x, where xand f(x) >L fo) 008 
are measured in miles (see jl: 

figure). Find the rate of change 


of elevation at x — 2. 1 2 3 


4 
ex 5 6 


. Secant Lines Consider the function f(x) = J/x and the 


point P(4, 2) on the graph of f. 

(a) Graph f and the secant lines passing through P(4, 2) and 
Q (x, f (x)) for x-values of 1, 3, and 5. 

(b) Find the slope of each secant line. 


(c) Use the results of part (b) to estimate the slope of the 
tangent line to the graph of f at P(4, 2). Describe how to 
improve your approximation of the slope. 


ws 
The symbol ^ and a red exercise number indicates that a video solution can be 
seen at CalcView.com. 


Raphael Christinat/Shutterstock.com 


8. Secant Lines Consider the function f(x) — 6x — x? and 


the point P(2, 8) on the graph of f. 

(a) Graph f and the secant lines passing through P(2, 8) and 
Q(x, f(x)) for x-values of 3, 2.5, and 1.5. 

(b) Find the slope of each secant line. 


(c) Use the results of part (b) to estimate the slope of the 
tangent line to the graph of f at P(2, 8). Describe how to 
improve your approximation of the slope. 


. Approximating Area Use the rectangles in each graph to 


approximate the area of the region bounded by y = 5/x, y = 0, 
x = 1, and x = 5. Describe how you could continue this process 
to obtain a more accurate approximation of the area. 


y y 
n 

5+ 5 
4+ 4 
3+ 3 
2+ 2 
1+ 1 

> xX x 
1234 5 1234 5 


10. 5 HOW DO YOU SEE IT? How would you 


describe the instantaneous rate of change of an 
automobile's position on a highway? 


EXPLORING CONCEPTS 
11. Length of a Curve Consider the length of the graph 
of f(x) = 5/x from (1, 5) to (5, 1). 


y 
4 Q5 
5-- 


44 
3-2 
24 
1d 


(5, 1) 


a a E. H 
1 2 34 5 1 


»- X 


ii 
1—31— —1 —1 
2.34 5 


(a) Approximate the length of the curve by finding the 
distance between its two endpoints, as shown in the 
first figure. 


(b) Approximate the length of the curve by finding the 
sum of the lengths of four line segments, as shown 
in the second figure. 


Describe how you could continue this process to 
obtain a more accurate approximation of the length 
of the curve. 
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1.2 Finding Limits Graphically and Numerically 


lim fœ = 


The limit of f(x) as x approaches 1 is 3. 
Figure 1.5 


E Estimate a limit using a numerical or graphical approach. 
E Learn different ways that a limit can fail to exist. 
iM Study and use a formal definition of limit. 


An Introduction to Limits 
To sketch the graph of the function 


x3—1 


f(x) = 


x—1 


for values other than x — 1, you can use standard curve-sketching techniques. At 
x = 1, however, it is not clear what to expect. To get an idea of the behavior of the 
graph of f near x = 1, you can use two sets of x-values—one set that approaches 1 
from the left and one set that approaches 1 from the right, as shown in the table. 


x approaches 1 from the left. > < x approaches 1 from the right. 


x 0.75 0.99 | 0.999 | 1 | 1.001 | 1.01 1.1 1.25 
f(x) | 2.313 | 2.710 | 2.970 | 2.997 | ? | 3.003 | 3.030 | 3.310 | 3.813 


f(x) approaches 3. ^ x f(x) approaches 3. 


The graph of f is a parabola that has a hole at the point (1, 3), as shown in 
Figure 1.5. Although x cannot equal 1, you can move arbitrarily close to 1, and as a 
result f(x) moves arbitrarily close to 3. Using limit notation, you can write 


lim f(x) = 3. This is read as “the limit of f(x) as x approaches 1 is 3.” 
x 


This discussion leads to an informal definition of limit. If f(x) becomes arbitrarily 
close to a single number L as x approaches c from either side, then the limit of f(x) as 
x approaches c is L. This limit is written as 


lim f(x) = L 


xc 


Exploration 

The discussion above gives an example of how you can estimate a limit 
numerically by constructing a table and graphically by drawing a graph. 
Estimate the following limit numerically by completing the table. 


xe = Bye 4b D 


li 
im EN 


Then use a graphing utility to estimate the limit graphically. 


fis undefined 
atx- 0. 


The limit of f(x) as x approaches 0 is 2. 


Figure 1.6 


The limit of f(x) as x approaches 2 is 1. 


Figure 1.7 
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EXAMPLE 1 Estimating a Limit Numerically 


Evaluate the function f(x) = x/ ( J|x*1- 1) at several x-values near 0 and use the 
results to estimate the limit 


X 
upra REI 


Solution The table lists the values of f(x) for several x-values near 0. 


| x approaches 0 from the left. > < x approaches 0 from the right. 


x —0.01 | —0.001 | —0.0001 0.0001 0.001 0.01 
f(x) | 1.99499 | 1.99950 | 1.99995 | ? | 2.00005 | 2.00050 | 2.00499 


f(x) approaches 2. » x f(x) approaches 2. 


From the results shown in the table, you can estimate the limit to be 2. This limit is 
reinforced by the graph of f shown in Figure 1.6. a 


In Example 1, note that the function is undefined at x = 0, and yet f(x) appears 
to be approaching a limit as x approaches 0. This often happens, and it is important 
to realize that the existence or nonexistence of f(x) at x = c has no bearing on the 
existence of the limit of f(x) as x approaches c. 


EXAMPLE 2 Finding a Limit 


Find the limit of f(x) as x approaches 2, where 


f9- ls x#2 


0 x22 
Solution Because f(x) — 1 for all x other than x — 2, you can estimate that the limit 
is 1, as shown in Figure 1.7. So, you can write 


limi = 1 


The fact that /(2) = 0 has no bearing on the existence or value of the limit as x 
approaches 2. For instance, as x approaches 2, the function 


puer 
eee | ums 


has the same limit as f. a 


So far in this section, you have been estimating limits numerically and graphically. 
Each of these approaches produces an estimate of the limit. In Section 1.3, you will 
study analytic techniques for evaluating limits. Throughout the course, try to develop a 
habit of using this three-pronged approach to problem solving. 

1. Numerical approach Construct a table of values. 
2. Graphical approach Draw a graph by hand or using technology. 
3. Analytic approach Use algebra or calculus. 
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1 
f@)=1 
[ \ > 
zi CT 7 : i 
E ô 
— 
f@)=-1 
lim f(x) does not exist. 
Figure 1.8 
Á 
4 + 
3 ET 
2 = 
1 es 
— — E 
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lim f(x) does not exist. 
x20 


Figure 1.9 


Limits That Fail to Exist 


In the next three examples, you will examine some limits that fail to exist. 


Different Right and Left Behavior 


|x| 
Show that the limit lim pu does not exist. 
x= 


Solution Consider the graph of the function 


f@) = B 
PE 
In Figure 1.8 and from the definition of absolute value, 
x, x20 
|x| = Definition of absolute value 
=x, x<0 


you can see that 


B | 1, x>0 


x -l,x<0 


So, no matter how close x gets to 0, there will be both positive and negative x-values 
that yield f(x) = 1 or f(x) = — 1. Specifically, if 6 (the lowercase Greek letter delta) 
is a positive number, then for x-values satisfying the inequality 0 < |x| < 6 you can 
classify the values of |x|/x as — 1 or 1 on the intervals 


(—6,0) or (0, 6). 
ft n 


Negative x-values Positive x-values 
yield |x|/x = — 1. yield |x|/x = 1. 


Because |x|/x approaches a different number from the right side of 0 than it approaches 
from the left side, the limit lim (|x|/x) does not exist. 


Unbounded Behavior 


: : MEN! 
Discuss the existence of the limit lim —. 
x20X 


Solution Consider the graph of the function 


In Figure 1.9, you can see that as x approaches 0 from either the right or the left, f(x) 
increases without bound. This means that by choosing x close enough to 0, you can 
force f(x) to be as large as you want. For instance, f(x) will be greater than 100 when 
you choose x within m of 0. That is, 


1 1 
Os R Sio => fx) = -z > 100. 


Similarly, you can force f(x) to be greater than 1,000,000, as shown. 
1 


1 
< < ——— = — > 1 
0 < |x| «gg €^ f()- 1000000 


Because f(x) does not become arbitrarily close to a single number L as x approaches 0, 
you can conclude that the limit does not exist. a 
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EXAMPLE 5 Oscillating Behavior 


shay [> See LarsonCalculus.com for an interactive version of this type of example. 
. : og ae O. 
Discuss the existence of the limit lim sin —. 
x X 
Solution Let f(x) — sin(1/x). In Figure 1.10, you can see that as x approaches 0, 


f(x) oscillates between — 1 and 1. So, the limit does not exist because no matter how 
small you choose 6, it is possible to choose x, and x, within 6 units of 0 such that 


sin(1/x,) = 1 and sin(1/x,) = — 1, as shown in the table. 
2 2 2 2 2 2 
y n 3n sn 7m | On | tin Eu 
1 
sin z 1 = 1 -1 1 —] | Limit does not exist. 


lim f(x) does not exist. 
x20 


Figure 1.10 Common Types of Behavior Associated with Nonexistence 
of a Limit 


1. f(x) approaches a different number from the right side of c than it 
approaches from the left side. 


2. f(x) increases or decreases without bound as x approaches c. 


3. f(x) oscillates between two fixed values as x approaches c. 


In addition to f(x) = sin(1/x), there are many other interesting functions that have 
unusual limit behavior. An often cited one is the Dirichlet function 


fe = | 


Because this function has no limit at any real number c, it is not continuous at any real 
number c. You will study continuity more closely in Section 1.4. 


0, if x is rational 
1, if x is irrational’ 


When you use a graphing utility to investigate 
the behavior of a function near the x-value at which you are trying to evaluate a 
limit, remember that you cannot always trust the graphs that graphing utilities draw. 
When you use a graphing utility to graph the function in Example 5 over an interval 
containing 0, you will most likely obtain an incorrect graph such as that shown in 
Figure 1.11. The reason that a graphing utility cannot show the correct graph is that 
the graph has infinitely many oscillations over any interval that contains 0. 


PETER GUSTAV DIRICHLET 
(1805-1859) 


In the early development 
of calculus, the definition of 
a function was much more 
restricted than it is today, 
and “functions” such as the 


12 


Dirichlet function would not 
have been considered. The 
modern definition of function 

is attributed to the German 
mathematician Peter Gustav 
Dirichlet. 

See LarsonCalculus.com to read 
more of this biography. 


—0.25 0.25 


-12 


Incorrect graph of f(x) = sin(1/x) 
Figure 1.11 
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E FOR FURTHER INFORMATION 
For more on the introduction of 
rigor to calculus, see ^Who Gave 
You the Epsilon? Cauchy and the 
Origins of Rigorous Calculus" 

by Judith V. Grabiner in The 
American Mathematical Monthly. 
To view this article, go to 
MathArticles.com. 


E 


The e-O definition of the limit of f(x) 
as x approaches c 
Figure 1.12 


Limits and Their Properties 


A Formal Definition of Limit 


Consider again the informal definition of limit. If f(x) becomes arbitrarily close to a 
single number L as x approaches c from either side, then the limit of f(x) as x approaches c 
is L, written as 


lim f(x) = L. 

xc 
At first glance, this definition looks fairly technical. Even so, it is informal because 
exact meanings have not yet been given to the two phrases 

“ f(x) becomes arbitrarily close to L” 
and 

"x approaches c." 


The first person to assign mathematically rigorous meanings to these two phrases was 
Augustin-Louis Cauchy. His &-6 definition of limit is the standard used today. 

In Figure 1.12, let e (the lowercase Greek letter epsilon) represent a (small) 
positive number. Then the phrase “f(x) becomes arbitrarily close to L” means that f(x) 
lies in the interval (L — &, L + e). Using absolute value, you can write this as 


|f(x) — L| < e. 


Similarly, the phrase “x approaches c" means that there exists a positive number 6 such 
that x lies in either the interval (c — O, c) or the interval (c, c + 6). This fact can be 
concisely expressed by the double inequality 

0x2 «o 
The first inequality 

0< |x = c| The distance between x and c is more than 0. 
expresses the fact that x # c. The second inequality 

|x- ce|< 8 


x is within 6 units of c. 


says that x is within a distance 6 of c. 


Definition of Limit 


Let f be a function defined on an open interval containing c (except possibly 
at c), and let L be a real number. The statement 


lim f(x) = L 


means that for each € > O0 there exists a 6 > O such that if 
0< |x—<| <6 
then 


f(x) = L| < e. 


Throughout this text, the expression 
lim f(x) = L 
xc 
implies two statements—the limit exists and the limit is L. 


Some functions do not have limits as x approaches c, but those that do cannot have 
two different limits as x approaches c. That is, if the limit of a function exists, then the 
limit is unique (see Exercise 81). 


. In Example 6, 
note that 0.005 is the largest 
value of 5 that will guarantee 


|(2x —5)- 1| « 0.01 
whenever 
0«[x-3| «à 


Any smaller positive value 
of 6 would also work. 
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The next three examples should help you develop a better understanding of the 
£-O definition of limit. 


EXAMPLE 6 Finding a € for a Given = 


Given the limit 

lim (2x —5) 2 1 
find 6 such that 

\(2x — 5) — 1| < 0.01 
whenever 

0«lx-3| <6 


Solution In this problem, you are working with a given value of e—namely, 
e = 0.01. To find an appropriate O, try to establish a connection between the absolute 
values 


(2x —5) —1[ and |x = 3]. 
Notice that 
\(2x — 5) — 1| = |2x — 6| = 2|x — 3]. 


Because the inequality |(2x — 5) — 1| < 0.01 is equivalent to 2|x — 3| < 0.01, 
you can choose 


5 = 1(0.01) = 0.005. 
This choice works because 
0 < |x — 3| « 0.005 
implies that 
(2x — 5) — 1| = 2|x — 3| < 2(0.005) = 0.01. 


As you can see in Figure 1.13, for x-values within 0.005 of 3 (x # 3), the values of 
f(x) are within 0.01 of 1. 


The limit of f(x) as x approaches 3 is 1. 
Figure 1.13 au 
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The limit of f(x) as x approaches 2 is 4. 
Figure 1.14 


im 
2-6 


The limit of f(x) as x approaches 2 is 4. 
Figure 1.15 


In Example 6, you found a 6-value for a given e. This does not prove the existence 
of the limit. To do that, you must prove that you can find a 6 for any e, as shown in 
the next example. 


Using the z-6 Definition of Limit 


Use the &-6 definition of limit to prove that 
lim (3x — 2) 7 4. 

Solution You must show that for each € > 0, there exists a 5 > O such that 
(3x—2)-4| «s 

whenever 
0«Ix-2] «& 


Because your choice of 6 depends on e, you need to establish a connection between the 
absolute values |(3x — 2) — 4| and |x — 2]. 


|(3x — 2) — 4| = |3x — 6 = 3|x - 2| 


So, for a given & > 0, you can choose 6 = e£/3. This choice works because 
€ 
0«|x -2| «62 - 
k-2|<6= 


implies that 
\(3x — 2) — 4| = 3|x - 2| < a() =e. 


As you can see in Figure 1.14, for x-values within 6 of 2 (x # 2), the values of f(x) are 
within € of 4. 


Using the z- Definition of Limit 


Use the e-6 definition of limit to prove that lim x? — 4. 
Solution You must show that for each e > 0, there exists a 5 > 0 such that 

|x? — Al <e 
whenever 

0< |x- 2) <0 
To find an appropriate 6, begin by writing |x? — 4| = |x — 2||x + 2|. You are 
interested in values of x close to 2, so choose x in the interval (1, 3). To satisfy this 
restriction, let 6 < 1. Furthermore, for all x in the interval (1, 3), x + 2 < 5 and thus 
|x + 2| < 5. So, letting 6 be the minimum of £/5 and 1, it follows that, whenever 
0 < |x — 2| < 6 you have 

€ 

|x? = Al = |x = 2||x + 2| < (o =e. 
As you can see in Figure 1.15, for x-values within 6 of 2 (x # 2), the values of f(x) are 
within £ of 4. a 


Throughout this chapter, you will use the -0 definition of limit primarily to prove 
theorems about limits and to establish the existence or nonexistence of particular types 
of limits. For finding limits, you will learn techniques that are easier to use than the e-6 
definition of limit. 


1.2 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Describing Notation Write a brief description of 
the meaning of the notation lim f(x) = 25. 


. Limits That Fail to Exist Identify three types of 
behavior associated with the nonexistence of a limit. 
Illustrate each type with a graph of a function. 


. Formal Definition of Limit Given the limit 


lim (2x +1)=5 


use a sketch to show the meaning of the phrase 
“0 < |x — 2| < 0.25 implies |(2x + 1) — 5| < 0.5.” 


4. Functions and Limits Is the limit of f(x) as x 
approaches c always equal to f(c)? Why or why not? 


Estimating a Limit Numerically In Exercises 
5-10, complete the table and use the result to 
estimate the limit. Use a graphing utility to graph 
the function to confirm your result. 


3.999 4 | 4.001 | 4.01 | 4.1 


f(x) ? 
NO. 
n lim x?—9 


x 2.9 | 2.99 | 2.999 | 3 | 3.001 | 3.01 | 3.1 


f(x) ? 
7. tim ZH! 
D x20 X 
xX —0.1 | —0.01 | —0.001 | O | 0.001 | 0.01 | 0.1 
f(x) T 
g. um D/C + D1- 0/9 
x23 aS 3 


x 2.9 | 2.99 | 2.999 | 3 | 3.001 | 3.01 | 3.1 


f(x) ? 
9. lim 2 
x0 X 
x [|-01|-001| —0001 | 0 | 0.001 | 0.01 | 0.1 


cosx— 1 
i eS 
X —0.1 | —0.01 | —0.001 | O | 0.001 | 0.01 | 0.1 
f(x) ? 


Estimating a Limit Numerically In Exercises 11-18, 
create a table of values for the function and use the result to 
estimate the limit. Use a graphing utility to graph the function 
to confirm your result. 


KD x+4 

M in qup 12. m 2 + 9x + 20 

EE V . 3-21 
mz] Hm E 

TR ER + TY 

in im S6 on ig; i, ES 01-05) 

x> -—6 xc 6 x2 x—2 
17. tim e 18. lim "= 

x20 d x20 tan 2x 


Limits That Fail to Exist In Exercises 19 and 20, create 
a table of values for the function and use the result to explain 
why the limit does not exist. 


3lxl 


19. lim = = 20. lim > 2 


x20 x? 


‘ape Finding a Limit Graphically In Exercises 
? 21-28, use the graph to find the limit (if it exists). 
2 If the limit does not exist, explain why. 


21. lim (4 — x) 22. lim sec x 


x20 


X3, x£1 


2; x= 
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. |x -2I i Sketching a Graph In Exercises 33 and 34, sketch a graph 
25. lim x25 26. lim Xs of a function f that satisfies the given values. (There are many 
" " correct answers.) 
at " 33. f(0) is undefined. 4. f(-2) - 0 
RT ME lim f(x) = 4 fQ) =0 
1+ O——— 2 [ x20 
ppp yp pp ty x Ppt a f(2) =6 lim f(x) = 0 
—| 345 E '6 8 10 13-2 
ot E lim f(x) =3 lim f(x) does not exist. 
3+ + 
1 35. Finding a 6 for a Given s The graph of f(x) = x + lis 
27. lim cos " 28. Hm, tan x shown in the figure. Find 6 such that if 0 < |x — 2| < 6, then 
| f(x) — 3| < 04. 
y y 
n 


2 


24 


| 


a Graphical Reasoning In Exercises 29 and 30, 


use the graph of the function f to decide whether 
the value of the given quantity exists. If it does, find 


36. Finding a O for a Given € The graph of 


*< it If not, explain why. f@ = v 
29. (a) f(1) A 
Si gi is shown in the figure. Find 6 such that if 0 < |x — 2| < 6, 
(b) lim f(x) al then | f(x) — 1| < 0.01. 
(c) f(4) AL y 
: ! A 
i) limf () AT ud 2.0 + 
t ttt > * 1.5—- 
411234 
1.0-- 
0.5 4 
30. (a) f(—2) , , f 
T T T T =x 
(b) lim, f(x) 1 2 3 4 
(c) f(0) "T . 
. 37. Finding a O for a Given € The graph of 
(d) lim f (x) 
x » X 
1 
© fQ) ae: 
(f) lim f(x) 
nin is shown in the figure. Find 6 such that if 0 « |x — 1| « 6 
(g) f(4) 


a 


31. 


32. 


(b) lim f(x) 


ER 


Limits of a Piecewise Function In Exercises 
31 and 32, sketch the graph of f. Then identify the 
values of c for which lim f (x) exists. 


then | f(x) — 1| « 0.1. 


x2 x<2 
ads 2«x«4 
4, x24 
sin x, x<0 38. Finding a © for a Given € Repeat Exercise 37 for 
f@) =41-—cosx, O<x<T e = 0.05, 0.01, and 0.005. What happens to the value of 6 as 
GU x»n the value of & gets smaller? 
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opro Finding a 6 for a Given € In Exercises BB 62. Modeling Data Repeat Exercise 61 for 


; fy 39-44, find the limit L. Then find 6 such that 
obs a |f(x) - L| < €whenever 0 < |x — c| < &for (a) 
3797 €= 0.01 and (b) € = 0.005. 


39. lim (3x + 2) 40. lim (6 = z) 

x22 x26 3 
41. lim (x? — 3) 42. lim (x? + 6) 
43. lim (x? — x) 44. lim x^ 


[m (S67: [0] Using the z- Definition of Limit In Exercises 
I F3: r 45-56, find the limit L. Then use the z- definition 
He e EE 

oles to prove that the limit is L. 


45. lim (x + 2) 46. Jim, (4x + 5) 
47. lim, (jx - 1) 48. lim (ax + 1) 
49. lim 3 50. lim (—1) 

51. lim x 52. lim Vx 

53. Jim, |x — 5| 54. lim |x — 3| 
55. lim (x? + 1) 56. lim, (x? + 4x) 


57. Finding a Limit What is the limit of f(x) =4 as x 
approaches Tt? 


58. Finding a Limit What is the limit of g(x) =x as x 
approaches Tt? 


f Writing In Exercises 59 and 60, use a graphing utility to 


graph the function and estimate the limit (if it exists). What is 
the domain of the function? Can you detect a possible error in 
determining the domain of a function solely by analyzing the 
graph generated by a graphing utility? Write a short paragraph 
about the importance of examining a function analytically as 
well as graphically. 


XPD 3 


x—4 


x—3 
aa ae ee 


lim f(x) 


59. f(x) = 
lim f (x) 


61. Modeling Data For a long-distance phone call, a hotel 
charges $9.99 for the first minute and $0.79 for each additional 
minute or fraction thereof. A formula for the cost is given by 


C(t) = 9.99 —079[1 — ti], t> 0 


where f is the time in minutes. 


(Note: [x] = greatest integer n such that n < x. For example, 
[3.2] = 3 and [—1.6] 2.) 


(a) Evaluate C(10.75). What does C(10.75) represent? 


BB o Use a graphing utility to graph the cost function for 
0 < t € 6. Does the limit of C(r) as t approaches 3 exist? 
Explain. 


C(t) = 5.79 — 0.991 — i]; £» 0. 


EXPLORING CONCEPTS 


63. Finding & When using the definition of limit to prove 
that L is the limit of f(x) as x approaches c, you find the 
largest satisfactory value of 6. Why would any smaller 
positive value of 6 also work? 


. Using the Definition of Limit The definition of 
limit on page 56 requires that f is a function defined on 
an open interval containing c, except possibly at c. Why 
is this requirement necessary? 


. Comparing Functions and Limits If /(2) = 4, 
can you conclude anything about the limit of f(x) as x 
approaches 2? Explain your reasoning. 


. Comparing Functions and Limits If the limit of 
f(x) as x approaches 2 is 4, can you conclude anything 
about f(2)? Explain your reasoning. 


67. Jewelry A jeweler resizes a ring so that its inner 
circumference is 6 centimeters. 


(a) What is the radius of the ring? 


(b) The inner circumference of the ring varies between 
5.5 centimeters and 6.5 centimeters. How does the radius 
vary? 


(c) Use the e-6 definition of limit to describe this situation. 
Identify £ and 6. 


& 68. Sports. s » 9 9 X». .*.»wwe v. 


A sporting goods manufacturer designs a golf ball having a : 
volume of 2.48 cubic inches. bs 


(a) What is the radius 
of the golf ball? 


(b) The volume of the 
golf ball varies 
between 2.45 cubic 
inches and 2.51 cubic 
inches. How does the 
radius vary? 


(c) Use the e-6 definition of limit to describe this situation. 
Identify £ and 6. 


e06000009000900000090000900900999 
69. Estimating a Limit Consider the function 

fœ = 0 +A. 

Estimate 


lim (1 + x)!/* 


by evaluating f at x-values near 0. Sketch the graph of f. 


The symbol £e indicates an exercise in which you are instructed to use graphing technology or a symbolic 
computer algebra system. The solutions of other exercises may also be facilitated by the use of appropriate 


technology. 


Rayjunk/Shutterstock.com 
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70. Estimating a Limit Consider the function f 79. Evaluating Limits Use a graphing utility to evaluate 
e+ Ape laa sin nx 
= : lim ——— 
J (x) X m, X 
Estimate for several values of n. What do you notice? 
i lx + 1] — |x - 1] fp 80. Evaluating Limits Use a graphing utility to evaluate 
PET) X 
. tannx 
lim 
by evaluating f at x-values near 0. Sketch the graph of f. xc0 X 
fe 71. Graphical Reasoning The statement for several values of n. What do you notice? 
. x?—4 81. Proof Prove that if the limit of f(x) as x approaches c exists, 
lim E 4 then the limit must be unique. | Hint: Let lim f(x) = L, and 
x22x—2 q ae 1 


lim f(x) = L, and prove that L, = L,.] 
means that for each & > 0 there corresponds a 6 > 0 such that is 
if0 < |x — 2| < & then 82. Proof Consider the line f(x) = mx + b, where m # 0. Use 


the e-6 definition of limit to prove that lim f (x) = mc + b. 


x-—4 
—39 | s 83. Proof Prove that 
xc 
If e = 0.001, then lim f(x) = L 
x?—4 is equivalent to 
2 4| < 0.001. 
Xe 


lim [ f(x) — L] = 0. 
Use a graphing utility to graph each side of this inequality. Use T 

the zoom feature to find an interval (2 — 6,2 + 8) such that 84. Proof 

the inequality is true. (a) Given that 


lim (3x + D(3x — 1)x? + 0.01 = 0.01 


prove that there exists an open interval (a, b) containing 0 
such that (3x + 1)(3x — 1)x? + 0.01 > 0 for all x # Oin 
(a, b). 


(b) Given that lim g(x) = L, where L > 0, prove that there 


exists an open interval (a,b) containing c such that 
g(x) > 0 for all x # c in (a, b). 


PUTNAM EXAM CHALLENGE 


85. Inscribe a rectangle of base b and height h in a circle of 
radius one, and inscribe an isosceles triangle in a region 
of the circle cut off by one base of the rectangle (with 

True or False? In Exercises 73-76, determine whether the that side as the base of the triangle). For what value of h 

statement is true or false. If it is false, explain why or give an do the rectangle and triangle have the same area? 

example that shows it is false. 


73. If f is undefined at x = c, then the limit of f(x) as x approaches 
c does not exist. 


74. If the limit of f(x) as x approaches c is 0, then there must exist 
a number k such that f(k) < 0.001. 


75. If f(c) = L, then lim f(x) = L. 


76. If lim f(x) = L, then f(c) = L. 


Determining a Limit In Exercises 77 and 78, consider the . A right circular cone has base of radius 1 and height 3. 
function f(x) = of hs A cube is inscribed in the cone so that one face of the 
cube is contained in the base of the cone. What is the 
side-length of the cube? 


78. Is lim Jx = 0 a true statement? Explain. These problems were composed by the Committee on the Putnam Prize 
x20 Competition. € The Mathematical Association of America. All rights reserved. 


TT. Is lim Jx = 0.5 a true statement? Explain. 
x> 025 


13 Evaluating Limits Analytically 63 


1.3 Evaluating Limits Analytically 


Figure 1.16 


E Evaluate a limit using properties of limits. 

E Develop and use a strategy for finding limits. 

E Evaluate a limit using the dividing out technique. 
E Evaluate a limit using the rationalizing technique. 
E Evaluate a limit using the Squeeze Theorem. 


Properties of Limits 


In Section 1.2, you learned that the limit of f(x) as x approaches c does not depend on 
the value of f at x = c. It may happen, however, that the limit is precisely f(c). In such 
cases, you can evaluate the limit by direct substitution. That is, 


lim f(x) = flo). Substitute c for x. 
xc 


Such well-behaved functions are continuous at c. You will examine this concept more 
closely in Section 1.4. 


THEOREM 1.1 Some Basic Limits 


Let b and c be real numbers, and let n be a positive integer. 


1. limb = b 2. limx=c 3. lim x” = c" 


xc xc xc 


Proof The proofs of Properties 1 and 3 of Theorem 1.1 are left as exercises (see 
Exercises 107 and 108). To prove Property 2, you need to show that for each e > 0 
there exists a 6 > 0 such that |x — c| < e whenever 0 < |x — c| < 6 To do this, 
choose 5 = e. The second inequality then implies the first, as shown in Figure 1.16. 


a 
EXAMPLE 1 Evaluating Basic Limits 
a. lim 3 = 5 b. jim x — —4 c. lim x? = 2? = 4 a 


THEOREM 1.2 Properties of Limits 


Let b and c be real numbers, let n be a positive integer, and let f and g be 
functions with the limits 


lim f(x) =L and lim g(x) = K. 


. Scalar multiple: lim [b f(x)] = bL 
. Sum or difference: lim[ f(x) + g(x)] = L+K 
. Product: lim [ f(x) g(x)] = LK 


L 
. Quotient: lim fe) ——, K#0 
xoc g(x K 


. Power: lim [ fG)]* = L” 


The proof of Property 1 is left as an exercise (see Exercise 109). 
The proofs of the other properties are given in Appendix A. 


[^ 


Nu. A ; j ; 
The symbol J^ indicates that a video of this proof is available at LarsonCalculus.com. 
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y 


(2, 19) 


2 


I I I I I I I I Y 
—341— T —1 ae Se a ate 


I 
T 
-10 -8 6 4-2 2 4 6 8 10 


The limit of f(x) as x approaches 2 is 19. 
Figure 1.17 


The limit of f(x) as x approaches 1 is 2. 
Figure 1.18 


OAS The Limit of a Polynomial 


Find the limit: lim (4x? + 3). 


Solution 
lim (Ax? + 3) = lim 4x? + lim 3 Property 2, Theorem 1.2 
=4 (im 2) + lim 3 Property 1, Theorem 1.2 
= 4(22) + 3 Properties 1 and 3, Theorem 1.1 
= 19 Simplify. 
This limit is reinforced by the graph of f(x) = 4x? + 3 shown in Figure 1.17. | 


In Example 2, note that the limit (as x approaches 2) of the polynomial function 
p(x) = 4x? + 3 is simply the value of p at x = 2. 


lim p(x) = p(2) = 4(27) + 3 = 19 


This direct substitution property is valid for all polynomial and rational functions with 
nonzero denominators. 


THEOREM 1.3 Limits of Polynomial and Rational Functions 


If p is a polynomial function and c is a real number, then 


lim p(x) = po). 


If r is a rational function given by r(x) = p(x)/q(x) and c is a real number such 
that q(c) # 0, then 


lim r(x) = r(c) 


xc 


The Limit of a Rational Function 


2 Exc 
mae 
x21 X + 1 


Solution Because the denominator is not 0 when x = 1, you can apply Theorem 1.3 
to obtain 


, ZS*xt2 P142 4 , 
lim xJ = 1+1 Ta . See Figure 1.18. a 


Polynomial functions and rational functions are two of the three basic types of 
algebraic functions. The next theorem deals with the limit of the third type of algebraic 
function—one that involves a radical. 


THEOREM 1.4 The Limit of a Function Involving a Radical 


Let n be a positive integer. The limit below is valid for all c when n is odd, 
and is valid for c > 0 when n is even. 
lim /x = Jc opao 


xoc T 
D] 


A proof of this theorem is given in Appendix A. 
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The next theorem greatly expands your ability to evaluate limits because it shows 


how to analyze the limit of a composite function. 


THEOREM 1.5 The Limit of a Composite Function 
If f and g are functions such that lim g(x) = L and lim f(x) = f(L), then 


xoc 


lim f(g) = f(lima2) = sW). Olga 


adi 
A proof of this theorem is given in Appendix A. EX 


The Limit of a Composite Function 


PPT [> See LarsonCalculus.com for an interactive version of this type of example. 
Find the limit. 
a. lim Jx2+4 b. lim 3/2x2 — 10 
Solution 
a. Because 
lim (x? + 4)=0? +4=4 and lim x = 4-7 
you can conclude that 
lim J? +4 = 4-2. 
b. Because 
lim (2x? — 10) = 2(3?) — 10 = 8 and lim x = </8 = 2 
you can conclude that 


lim 3/2x2 — 10 = 3/8 = 2. | 


You have seen that the limits of many algebraic functions can be evaluated by 
direct substitution. The six basic trigonometric functions also exhibit this desirable 
quality, as shown in the next theorem (presented without proof). 


THEOREM 1.6 Limits of Trigonometric Functions 


Let c be a real number in the domain of the given trigonometric function. 


1. lim sin x = sinc 2. lim cos x ^ cosc 3. lim tan x = tanc 
xe ze Xem 


4. lim cot x = cotc 5. lim sec x = secc 6. lim csc x = cscc 


xc xc xc 


EXAMPLE 5 Limits of Trigonometric Functions 


a. lim tan x = tan(0) = 0 
x 
x7 Tl x21 x> 


b. lim (x cos x) = (tim x)(lim cos x) = n cos(n) = -T 


c. lim sin?x = lim (sin x)? = 0? = 0 au 
x20 


x> 


66 


Chapter 1 


Limits and Their Properties 


f and g agree at all but one point. 
Figure 1.19 


e 9 6 6 6 6 6 9 9 6 9 9 9 9 9 9 69 6 


° 


ee 


When applying 
this strategy for finding a limit, 
remember that some functions 
do not have a limit (as x 
approaches c). For instance, 
the limit below does not exist. 


A Strategy for Finding Limits 


On the previous three pages, you studied several types of functions whose limits can be 
evaluated by direct substitution. This knowledge, together with the next theorem, can 
be used to develop a strategy for finding limits. 


THEOREM 1.7 Functions That Agree at All but One Point 


Let c be a real number, and let f(x) = g(x) for all x # c in an open interval 
containing c. If the limit of g(x) as x approaches c exists, then the limit of f(x) 
also exists and 
kr; 
lim f(x) = lim g0). EE 


isa 


A proof of this theorem is given in Appendix A. 


Finding the Limit of a Function 


Find the limit. 


. x-1 
lim 
x21x-—1l 


Solution Let f(x) = (2 — 1)/(x — 1). By factoring and dividing out common 
factors, you can rewrite f as 


(x—T(x? + x + 1) 
(x—1) 


So, for all x-values other than x = 1, the functions f and g agree, as shown in Figure 1.19. 
Because lim g(x) exists, you can apply Theorem 1.7 to conclude that f and g have the 


f(x) = =x +x+1= gx), x41. 


same limit at x = 1. 


3 2 
_ = 1 . (x-Dartxtl 
lim = lim ( X ) Factor. 
1x-—l x21 x—1 
li (x—3)G2 + x + 1) — , 
= lim t tor. 
oar Qt 1Vide out common factor. 
= limG? +x+ 1) Apply Theorem 1.7. 
X 
=174+1+4+1 Use direct substitution. 
= 3 Simplify. a 


A Strategy for Finding Limits 


1. Learn to recognize which limits can be evaluated by direct substitution. 
(These limits are listed in Theorems 1.1 through 1.6.) 


. When the limit of f(x) as x approaches c cannot be evaluated by direct 
substitution, try to find a function g that agrees with f for all x other than 
x = c. [Choose g such that the limit of g(x) can be evaluated by direct 
substitution.] Then apply Theorem 1.7 to conclude analytically that 


lim f(x) = lim g(x) = (o). 


. Use a graph or table to reinforce your conclusion. 


In the solution 
to Example 7, be sure you see 
the usefulness of the Factor 
Theorem of Algebra. This 
theorem states that if c is a 
zero of a polynomial function, 
then (x — c) is a factor of the 
polynomial. So, when you 
apply direct substitution to a 
rational function and obtain 


| p(c) _0 
inc qc) 0 


you can conclude that (x — c) 
must be a common factor of 
both p(x) and q(x). 
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Dividing Out Technique 


Another procedure for finding a limit analytically is the dividing out technique. This 
technique involves dividing out common factors, as shown in Example 7. 


Dividing Out Technique 


ud p- See LarsonCalculus.com for an interactive version of this type of example. 


2: = 
Pidie inie dug 5 5 
x2-—3 x+ 3 


Solution Although you are taking the limit of a rational function, you cannot apply 
Theorem 1.3 because the limit of the denominator is 0. 


i 
E 


Because the limit of the numerator is also 0, the numerator and denominator have a 
common factor of (x + 3). So, for all x # —3, you can divide out this factor to obtain 


each xaxa 
x+3 x3 


Using Theorem 1.7, it follows that 


lim (x? + x — 6) =0 
x3 
Direct substitution fails. 


lim (x + 3) =0 


x3 


fx x—2= g(x), x #-3. 


xX +x-6 : 
x2 -—3 x+ 3 ~ m (x 2) 


= -5, 


Apply Theorem 1.7. 


Use direct substitution. 


This result is shown graphically in Figure 1.20. Note that the graph of the function f 
coincides with the graph of the function g(x) = x — 2, except that the graph of f has 
a hole at the point (—3, — 5). E 


In Example 7, direct substitution produced the meaningless fractional form 0/0. 
An expression such as 0/0 is called an indeterminate form because you cannot (from 
the form alone) determine the limit. When you try to evaluate a limit and encounter this 
form, remember that you must rewrite the fraction so that the new denominator does not 
have 0 as its limit. One way to do this is to divide out common factors. Another way is 
to use the rationalizing technique shown on the next page. 


f is undefined when x = —3. The limit . s ] . TP ; 
of f(x) as x approaches —3 is —5, A graphing utility can give misleading information 
Figure 1.20 about the graph of a function. For instance, try graphing the function from 
Example 7 
wr+x-6 3 
I= UE 


x+3 


12/444 6 


fis undefined 
whenx- i 


on a graphing utility. On some graphing utilities, 
the graph may appear to be defined at every 

real number, as shown in the figure at the right. 
However, because f is undefined when x = —3, 
you know that the graph of f has a hole at 

x = —3. You can verify this on a graphing 
utility using the trace or table feature. 


-9 


Misleading graph of f 
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The rationalizing 
technique for evaluating limits 
is based on multiplication by 
a convenient form of 1. In 
Example 8, the convenient 
form is 


EISE 
Jd] 


—] + 


The limit of f(x) as x approaches 0 is 5. 


Figure 1.21 


Rationalizing Technique 


Another way to find a limit analytically is the rationalizing technique, which involves 
rationalizing either the numerator or denominator of a fractional expression. Recall 
that rationalizing the numerator (denominator) means multiplying the numerator 
and denominator by the conjugate of the numerator (denominator). For instance, to 
rationalize the numerator of 


J/x +4 
X 


multiply the numerator and denominator by the conjugate of Jx + 4, which is 


Jx — 4. 


eR Rationalizing Technique 


J/x*-* 1-1 


Find the limit: lim 
x20 X 


Solution By direct substitution, you obtain the indeterminate form 0/0. 


lim( /x + 1- 1)20 


lim ———___- Direct substitution fails. 


x20 X 
een dme 


x20 
In this case, you can rewrite the fraction by rationalizing the numerator. 


vet tit (Xen xti 


x x J/x+1+1 


(x+1)-1 


x( xl + 1) 
x 


tee ed) 
7 1 
J/xt1+1 


Now, using Theorem 1.7, you can evaluate the limit as shown. 


A table or a graph can reinforce your conclusion that the limit is = (See Figure 1.21.) 


x approaches 0 from the left. > < x approaches 0 from the right. 


x 0.25 0.1 0.01 | —0.001 0.001 0.01 0.1 0.25 


f(x) | 0.5359 | 0.5132 | 0.5013 | 0.5001 | ? | 0.4999 | 0.4988 | 0.4881 | 0.4721 


f(x) approaches 0.5. > d f(x) approaches 0.5. 


h(x) Sf@ Sg) 


y 
A 


f lies in here. 


i 

1 
1 
1 
1 
1 
1 
1 
1 » X 
C 


The Squeeze Theorem 


Figure 1.22 


(cos 0, sin 0) 
(1, tan 0) 


A circular sector is used to prove 


Theorem 1.9. 
Figure 1.23 
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The Squeeze Theorem 


The next theorem concerns the limit of a function that is squeezed between two other 
functions, each of which has the same limit at a given x-value, as shown in Figure 1.22. 


THEOREM 1.8 The Squeeze Theorem 


If A(x) < f(x) < g(x) for all x in an open interval containing c, except possibly 
at c itself, and if 


lim A(x) = L = lim g(x) 

i E [8] £7 [n] 
then lim f(x) exists and is equal to L. ae [2 
E dB 3 


A proof of this theorem is given in Appendix A. 


You can see the usefulness of the Squeeze Theorem (also called the Sandwich 
Theorem or the Pinching Theorem) in the proof of Theorem 1.9. 


THEOREM 1.9 Two Special Trigonometric Limits 


. Sinx 
1. lim —— 
x20 X 


2. lim Oe = 0 


x20 


Proof The proof of the second limit is left as an exercise (see Exercise 121). To avoid 
the confusion of two different uses of x, the proof of the first limit is presented using the 
variable 8, where 8 is an acute positive angle measured in radians. Figure 1.23 shows 
a circular sector that is squeezed between two triangles. 


tan 0 
i 1 
Area of triangle = Area of sector = Area of triangle 
tan O is] sin 8 
> = > 
2 2 2 


Multiplying each expression by 2/sin 8 produces 
1 8 


2- RŽ 
cosð® . sinO 


and taking reciprocals and reversing the inequalities yields 


in O 


c0 s ^ = 1. 


Because cos 0 = cos(— 0) and (sin 9)/0 = [sin(— 9)]/(— 9), you can conclude that this 
inequality is valid for all nonzero 9 in the open interval (— 12, 11/2). Finally, because 
lim cos 0 = 1 and lim 1 = 1, you can apply the Squeeze Theorem to conclude that 


lim m = 1, E 


0250 
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Be sure you 
understand the mathematical 
conventions regarding parentheses 
and trigonometric functions. For 
instance, in Example 10, sin 4x 
means sin(4x). 


NIA 
NIA 


= 
The limit of g(x) as x approaches 0 
is 4. 
Figure 1.25 


EXAMPLE 9 A Limit Involving a Trigonometric Function 


: . 0 4. tanx 
Find the limit: lim : 
x20 x 


Solution Direct substitution yields the indeterminate form 0/0. To solve this 
problem, you can write tan x as (sin x)/(cos x) and obtain 


. tanx . sin x 1 
lim — lim : 
x20 X x20 X COS X 


Now, because 


and 


lim = 
x20 COS X 


you can obtain 


. tanx .. sinx\/.. 1 7|. à à |Z 
lim = | lim lim 2 2 
x20 X x20 x x20 COS X 
= (Da L 
= Xn 4 
= The limit of f(x) as x approaches 0 is 1. 
(See Figure 1.24.) Figure 1.24 
SEN 483410 A Limit Involving a Trigonometric Function 


Find the limit: lim Sue. 


Solution Direct substitution yields the indeterminate form 0/0. To solve this 
problem, you can rewrite the limit as 


. sin 4x . Sin 4x 
lim = 4| lim : Multiply and divide by 4. 
x20 x x20 4x 


Now, by letting y = 4x and observing that x approaches 0 if and only if y approaches 
0, you can write 


xp X x20 4x 
= «(tim En ) Let y = 4x. 
yoo y 
= 4(1) Apply Theorem 1.9(1). 
= 4, 
(See Figure 1.25.) a 


Use a graphing utility to confirm the limits in the examples and 
in the exercise set. For instance, Figures 1.24 and 1.25 show the graphs of 


tan x sin 4x 
f(x) = ~~ and g(x) = 


Note that the first graph appears to contain the point (0, 1) and the second graph 
appears to contain the point (0, 4), which lends support to the conclusions obtained 
in Examples 9 and 10. 


1.3 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
. Polynomial Function Describe how to find the limit 
of a polynomial function p(x) as x approaches c. 


. Indeterminate Form What is meant by an 
indeterminate form? 


. Squeeze Theorem In your own words, explain the 
Squeeze Theorem. 


. Special Limits List the two special trigonometric 
limits. 


[n]: [E] Finding a Limit In Exercises 5-22, find the 
PAARE ty limit. 


pes 


5. lim x 6. lim. xt 
7. lim, (2x + 5) 8. lim (4x — 1) 
9, lim, (x? + 3x) 10. lim (—x3 + 1) 
11. lim, (2x? + 4x + 1) 12. lim (2x3 — 6x + 5) 
13. lim Jx +8 14. lim 3/12x + 3 
15. lim (1 — xp 16. lim (3x — 2)4 
] 3 
17. lim 18. lim 
x22 2x + x2-5x- 
: àx +5 
n lim x7 +4 2), fi x1 
ee dus 
x1 x42 x23 xt+2 


PM [m] Finding Limits In Exercises 23-26, find the 


pun limits. 


23. f(x) = 5 — x, g(x) = xX 
(a) lim f (x) (5 lim g(x) 
24. f(x) =x + 7, g(x) = x? 
(a) lim f(x) (b) lim g(a) 
25. f(x) = 4 x, g(x) = Vx * 1 
(a) lim f (x) (b) lim g(x) 
26. f(x) = 222 — 3x + 1, g(x) 
(a) lim f(x) (b) lim g(x) 


(c) lim g( f(x) 
(c) lim, g(f(9) 
(c) lim g(f(9)) 


3x +6 
(c) lim g( f(x) 


[I] Finding a Limit of a Trigonometric 
rage 3 Function In Exercises 27-36, find the limit of 


oly : the trigonometric function. 
27. lim sinx 28. lim tan x 
x2n/2 xn 


i TU 20 ug TUX 
sin — 
29. lim cos 3 30. lim 12 


x22 


31. lim sec 2x 32. lim cos 3x 


x20 x= 
33. lim sinx 34. lim cosx 
x2 570/6 x2 5n/3 
: TU , TU 
35. lim tan — 36. lim sec — 
x23 4 x27 6 


mA] Evaluating Limits In Exercises 37-40, use the 
XA Ey information to evaluate the limits. 


37. lim. afta) = ; 
lim g(x) = 2 
(a) lim [Sg(x)] 
(b) lim [f(@) + g()] 
(c) lim [f(x) g@)] 


38. lim f(x) = 2 
lim glx) - i 
(a) lim [4/9] 
(b) lim [f@) + g@)] 
(c) lim [fg] 


f) f) 

O lim O tim) 
39. lim f(x) = 16 40. lim f(x) = 27 
(a) lim [FG (a) lim 970) 
(b) lim f) O) lim 


(©) lim[3/)] 
(d) lim [FP 


(c) lim [fo]? 
(d) lim [f] 
s Finding a Limit In Exercises 41-46, write a 


pu simpler function that agrees with the given function at 
all but one point. Then find the limit of the function. 


ef Use a graphing utility to confirm your result. 
2 + 4 2 
41. lim > 4. im 2 — 
x0 x x20 X 
. x?—] . 3x +5x-2 
ix am xctl M. iu aeo 2 
d E 3 + 
45. dt 46. lim 6-74 
x2x—2 x2-1x-cl 


Pape Finding a Limit In Exercises 47-62, find the 


7 3 42 
47. lim = 48. lim ~—— 
x0 x^ — x20 x 
. x4 Sue AO ai 
Hl UT d um 
^tx-6 Xxt4 2x—8 
x am, x-—9 a ana 
Jet 5- Jx*1-2 
3g ima 54. lim 2 
x24 x—4 x23 x—3 
2 x 5- 5 .J2-x- 2 
55. lim " 56. lim m 
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[1/(3 + x)] — (1/3) 


Using the Squeeze Theorem In Exercises 91 and 92, use 


57. lim "m the Squeeze Theorem to find lim fŒ). 
ss. lim € + 4] - (1/4 91. c= 0 
dii £ 4-2 sf()s4cx 
CURE mE 92. c-a 
* Ax>0 Ax 
€ b- |x- a| < fx) s b * |x —a| 
60. lim —— — — —— 
eer Ax PE Using the Squeeze Theorem In Exercises 93-96, use a 
Gl. lim (et Ag)? — 2(x + Ax) + 1- Q? -— 2x + 1) graphing utility to graph the given function and the equations 
Ax>0 Ax y = |x| and y = - |x| in the same viewing window. Using the 
s (x + Ax} — 2 graphs to observe the Squeeze Theorem visually, find lim F(x). 
* Ax20 Ax 


93. f(x) = |x| sinx 94. f(x) = |x| cos x 
ORs Finding a Limit of a Trigonometric 
bz P3 Function In Exercises 63—74, find the limit of 


95. f(x) = sin 


1 
96. f(x) = xcos s 


ore 3 the trigonometric function. 
Lk 

NUT E m EXPLORING CONCEPTS 
63. lim —— 64. lim ————— : : 

x20 5x x20 x 97. Functions That Agree at All but One Point 

. (sin x (1 — cos x) .. cos 8 tan 8 (a) In the context of finding limits, discuss what is meant 
65. lim ———— —5 — — 66. lim : : 

x20 x 650 6 by two functions that agree at all but one point. 

T 2 , : 

67. lim 92 68. lim tan? x (b) Give an example of two functions that agree at all 

x20 Xx x0 x but one point. 

. (1 — cos h)? . 98. Writing Functions Write a function of each 
ud m h ae amn qose specified type that has a limit of 4 as x approaches 8. 
71. lim 6 — 6cosx 72. lim cos x — sinx — 1 (a) linear (b) polynomial of degree 2 

et) 3 er 2x (c) rational (d) radical 
73. tim 383€ (e) cosine (f) sine 

120 2t 

. Sin2x . . . 2 sin 2x 3x 
i: m sin 3x L Ping 2 ( 2x le sin =) | f 99. Writing Use a graphing utility to graph 

Graphical, Numerical, and Analytic fi) =x, g(x) =sinx, and A(x) = 
x 


Analysis In Exercises 75-82, use a graphing 
=F utility to graph the function and estimate the limit. 


in the same viewing window. Compare the magnitudes of 
Use a table to reinforce your conclusion. Then find 


f(x) and g(x) when x is close to 0. Use the comparison to 


the limit by analytic methods. 


75. lim t2 - 2 76. lim 4/3 
x0 x x216 x — 16 
+ on, 5 
og ee uda — 
x20 x x22 x—2 
79. lim So 80. lim 99x — 1 
t20 t x20 2X 
oe 
81. lim 22 82. lim 273 
x20 Xx x20 Ux 


[s] 
83. f(x) = 3x - 2 
85. f(x) = x? — 4x 


87. f(x) = 2x 


89. f(x) = E 


LIESALI Finding a Limit In Exercises 83—90, find 
AES ym EtA) -SO 
cri Fr Ax20 Ax i 


84. f(x) = —6x + 3 
86. f(x) = 332 +1 
88. f(x) = /x-5 


90. f(x) = L 


x2 


write a short paragraph explaining why 


lim h(x) = 1. 


the dividing out technique or the rationalizing 
technique to find the limit of the function? 
Explain your reasoning. 
/ + E 
(b) lim xii 


x20 


»Free-Falling Object e e e ee ecoceococooooooo 


In Exercises 101 and 102, use the position function 

s(t) = — 16t? + 500, which gives the height (in feet) of 
an object that has fallen for t seconds from a height of 
500 feet. The velocity at time ¢ = a seconds is given by 


s(a) — s(t) 


a-t 


lim 

toa 

101. A construction worker drops a full paint can from a 
height of 500 feet. How fast will the paint can be 
falling after 2 seconds? 


102. A construction 
worker drops a 
full paint can 
from a height of 
500 feet. When 
will the paint can 
hit the ground? 
At what velocity 
will the paint can 


impact the ground? T 


Free-Falling Object In Exercises 103 and 104, use the 
position function s(t) = —4.9t? + 200, which gives the height 
(in meters) of an object that has fallen for ¢ seconds from a 


height of 200 meters. The velocity at time ¢ = a seconds is 
given by 


s(a) — s(t) 


a-t 


lim 


toa 


103. Find the velocity of the object when t = 3. 


104. At what velocity will the object impact the ground? 

105. Finding Functions Find two functions f and g such that 
lim f(x) and lim g(x) do not exist, but 
lim [f + a9] 
does exist. 

106. Proof Prove that if lim f(x) exists and lim [ f(x) + g(x)] 
does not exist, then lim g6) does not edd i 

107. Proof Prove Property 1 of Theorem 1.1. 

108. Proof Prove Property 3 of Theorem 1.1. (You may use 
Property 3 of Theorem 1.2.) 

109. Proof Prove Property 1 of Theorem 1.2. 

110. Proof Prove that if lim f(x) = 0, then lim | f(x)| = 0. 
111. Proof Prove that if lim f(x) = 0 and |g(x)| < M for a 
fixed number M and all a 2 c, then lim [f69869] = 0. 

112. Proof 


(a) Prove that if lim | f(x)| = 0, then lim f(x) = 0. 
(Note: This is the converse of Exercise 110.) 
(b) Prove that if lim f(x) = L, then lim | f(x)| = |Z]. 


[Hint: Use the inequality | f6)| — |L|| < |f) — L|.] 


Kevin Fleming/Documentary Value/Corbis 


BB 123. 
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113. Think About lt Find a function f to show that the 
converse of Exercise 112(b) is not true. [Hint: Find a function f 
such that lim | f(x)| = |L] but lim f(x) does not exist.] 


114. Think About lt When using a graphing utility to generate 


a table to approximate 
. sinx 
lim —— 
x20 x 
a student concluded that the limit was 0.01745 rather than 1. 
Determine the probable cause of the error. 


True or False? In Exercises 115—120, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


|x| sinx _ 


115. lim — = 1 116. lim =1 

x20 Xx xon x 
117. If f(x) = g(x) for all real numbers other than x = 0 and 

lim f(x) = L, then lim g(x) = L. 
118. If lim f(x) = L, then f(c) = L. 

: e _ f3, xs2 
119. lim f(x) — 3, where f(x) — lo 22:9 
120. If f(x) < g(x) for all x # a, then lim f(x) < lim g(x). 
121. Proof Prove the second part of Theorem 1.9. 

. l-—cosx 

lim = 

x20 X 
122. Piecewise Functions Let 

O, if x is rational 

fe) = M if x is irrational 

and 

Ge [^ if x is rational 

ew x, ifxisirrational 

Find (if possible) lim f(x) and lim g(x). 

: . —] 
Graphical Reasoning Consider f(x) — Es 


(a) Find the domain of f. 


(b) Use a graphing utility to graph f. Is the domain of f 
obvious from the graph? If not, explain. 


(c) Use the graph of f to approximate lim f(x). 


(d) Confirm your answer to part (c) analytically. 


124. Approximation 
: 22010 —608x 
(a) Find lim E 


(b) Use your answer to part (a) to derive the approximation 
cos x 7 1 — 5x? for x near 0. 


(c) Use your answer to part (b) to approximate cos(0.1). 


(d) Use a calculator to approximate cos(0.1) to four decimal 
places. Compare the result with part (c). 
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Chapter 1 


Limits and Their Properties 


1.4 Continuity and One-Sided Limits 


Exploration 


Informally, you might say 
that a function is continuous 
on an open interval when 


la Determine continuity at a point and continuity on an open interval. 
E Determine one-sided limits and continuity on a closed interval. 

liM Use properties of continuity. 

iM Understand and use the Intermediate Value Theorem. 


Continuity at a Point and on an Open Interval 


In mathematics, the term continuous has much the same meaning as it has in everyday 
usage. Informally, to say that a function f is continuous at x — c means that there is no 
interruption in the graph of f at c. That is, its graph is unbroken at c, and there are no 
holes, jumps, or gaps. Figure 1.26 identifies three values of x at which the graph of f is 
not continuous. At all other points in the interval (a, b), the graph of f is uninterrupted 


its graph can be drawn with and continuous. 


a pencil without lifting the 


pencil from the paper. Use y i i 
a graphing utility to graph i i ; ! i Í 
each function on the given i i i i i i 
interval. From the graphs, r flcis ino) | | 
which functions would MEE p Coeenoterist. | lim fx) fc) 
you say are continuous on . , A i 
the interval? Do you think ! | | € € 
you can trust the results i i i p i i : 
you obtained graphically? ^ 
Explain your reasoning. | j j j 
— m Í— e — a 
Function Interval a c b a c b a c b 


(553) 


Three conditions exist for which the graph of f is not continuous at x = c. 

Figure 1.26 

(=3 3) 

In Figure 1.26, it appears that continuity at x = c can be destroyed by any one of 


(=m, T) three conditions. 


1. The function is not defined at x = c. 


(—3, 3) 


2. The limit of f(x) does not exist at x = c. 
3. The limit of f(x) exists at x = c, but it is not equal to f(c). 


If none of the three conditions is true, then the function f is called continuous at c, as 
indicated in the important definition below. 


Definition of Continuity 

Continuity at a Point 

A function f is continuous at c when these three conditions are met. 
1. f(c) is defined. 


2. lim f(x) exists. 


liM FOR FURTHER INFORMATION 
For more information on the 
concept of continuity, see the 
article "Leibniz and the Spell of 
the Continuous" by Hardy Grant 
in The College Mathematics 
Journal. To view this article, 

go to MathArticles.com. 


3. lim f(x) = f(c) 


Continuity on an Open Interval 

A function is continuous on an open interval (a, b) when the function is 
continuous at each point in the interval. A function that is continuous on the 
entire real number line (— 00, oo) is everywhere continuous. 


1.4 Continuity and One-Sided Limits 75 


» Consider an open interval / that contains a real number c. If a function f is 
defined on / (except possibly at c), and f is not continuous at c, then f is said to 
have a discontinuity at c. Discontinuities fall into two categories: removable and 
nonremovable. A discontinuity at c is called removable when f can be made 


: continuous by appropriately defining (or redefining) f(c). For instance, the functions 
shown in Figures 1.27(a) and (c) have removable discontinuities at c and the function 


shown in Figure 1.27(b) has a nonremovable discontinuity at c. 


- > EN" RS Continuity of a Function 
b 


Discuss the continuity of each function. 


o1 xem = A x<0 
a. fa) = b. g(x) = c. A(x) = Bid. pup 


d. y = sinx 
x—1 i 


Solution 
a. The domain of f is all nonzero real numbers. From Theorem 1.3, you can conclude 
that f is continuous at every x-value in its domain. At x = 0, f has a nonremovable 


P discontinuity, as shown in Figure 1.28(a). In other words, there is no way to define 
f(0) so as to make the function continuous at x = 0. 


L 


= 


The domain of g is all real numbers except x = 1. From Theorem 1.3, you can 
lx conclude that g is continuous at every x-value in its domain. At x — 1, the function 
has a removable discontinuity, as shown in Figure 1.28(b). By defining g(1) as 2, 
the “redefined” function is continuous for all real numbers. 


1 | 
j ] 
[4 b 


E LL 


(b) Nonremovable discontinuity 
c. The domain of h is all real numbers. The function A is continuous on (— ©, 0) and 


y (0, 0c), and because 


lin is) = 1 


h is continuous on the entire real number line, as shown in Figure 1.28(c). 


m c d. The domain of y is all real numbers. From Theorem 1.6, you can conclude that the 
function is continuous on its entire domain, (— 00, oo), as shown in Figure 1.28(d). 


esa 


S —-.-------- 
[Deer UR 
Y 
= 


3-7 
c 
(c) Removable discontinuity 27 
Figure 1.27 i 
t t t >x 

-l 1 2 3 

BV T 
e 9 9 0 0 0 0 9 9 eee 6 0 o6 eee (a) Nonremovable discontinuity at x = 0 
: Some people may y 


refer to the function in Example 
1(a) as “discontinuous,” but this 
terminology can be confusing. 
Rather than saying that the 
function is discontinuous, it 

is more precise to say that the 
function has a discontinuity 

at x = 0. 


(c) Continuous on entire real number line (d) Continuous on entire real number line 


Figure 1.28 a 
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c«x 


(a) Limit as x approaches c from the right. 


Cc2Xx 


(b) Limit as x approaches c from the left. 


Figure 1.29 


I 
N 
l 
h 
E 
N 


The limit of f(x) as x approaches — 2 
from the right is 0. 
Figure 1.30 


One-Sided Limits and Continuity on a Closed Interval 


To understand continuity on a closed interval, you first need to look at a different type 
of limit called a one-sided limit. For instance, the limit from the right (or right-hand 
limit) means that x approaches c from values greater than c [see Figure 1.29(a)]. This 
limit is denoted as 


lim f(x) = L. Limit from the right 


ee 


Similarly, the limit from the left (or left-hand limit) means that x approaches c from 
values less than c [see Figure 1.29(b)]. This limit is denoted as 


lim f(x) = L. Limit from the left 
DO CS 


One-sided limits are useful in taking limits of functions involving radicals. For instance, 
if n is an even integer, then 


lim 2/x = 0. 


x20* 


A One-Sided Limit 


Find the limit of f(x) = \/4 — x? as x approaches — 2 from the right. 
Solution As shown in Figure 1.30, the limit as x approaches — 2 from the right is 
lim, v4- 2 = : | 


One-sided limits can be used to investigate the behavior of step functions. One 
common type of step function is the greatest integer function [x], defined as 


[x] = greatest integer n such that n. € x. Greatest integer function 


For instance, [2.5] = 2 and [-2.5] = —3. 


EXAMPLE 3 The Greatest Integer Function 


Find the limit of the greatest integer function f(x) — [x] as x approaches 0 from the left 
and from the right. 


Solution As shown in Figure 1.31, the limit 
as x approaches 0 from the left is 


AC 


and the limit as x approaches 0 from the right is 


m Id cd 


So, f has a discontinuity at zero because the 
left- and right-hand limits at zero are different. 
By similar reasoning, you can see that the 
greatest integer function has a discontinuity at ^ Greatest integer function 

any integer n. Figure 1.31 a 
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When the limit from the left is not equal to the limit from the right, the (two-sided) 
limit does not exist. The next theorem makes this more explicit. The proof of this 
theorem follows directly from the definition of a one-sided limit. 


THEORE! 


:M 1.10 The Existence of a Limit 


Let f be a function, and let c and L be real numbers. The limit of f(x) as x 
approaches c is L if and only if 


lim f(x) - L and lim f(x) = L. 


The concept of a one-sided limit allows you to extend the definition of continuity 
to closed intervals. Basically, a function is continuous on a closed interval when it 
is continuous in the interior of the interval and exhibits one-sided continuity at the 
endpoints. This is stated formally in the next definition. 


Definition of Continuity on a Closed Interval 


A function f is continuous on the closed interval [a, b] when f is continuous 
on the open interval (a, b) and 


lim f(9) = fla) 


and 


lim f(x) = f(b). 


xb- 
[ ] - x The function f is continuous from the right at a and continuous from the 
b left at b (see Figure 1.32). 


Continuous function on a closed interval 


Figure 1.32 ee ee "UK 
Similar definitions can be made to cover continuity on intervals of the form (a, b] 


and [a, b) that are neither open nor closed, or on infinite intervals. For example, 


fa) = Vx 


is continuous on the infinite interval [0, 00), and the function 


g(x) = /2-x 


is continuous on the infinite interval (— 00, 2]. 


= ESS Continuity on a Closed Interval 


Discuss the continuity of 


fG) = VIT 
i Solution The domain of f is the closed interval [— 1, 1]. At all points in the open 
interval (— 1, 1), the continuity of f follows from Theorems 1.4 and 1.5. Moreover, 
1 because 
lim, J1 —-x=0=5= f(- 1) Continuous from the right 
we and 
-1 1 : oo f 
lim J 1-x7=0= fq) Continuous from the left 
f is continuous on [ - 1, 1]. you can conclude that f is continuous on the closed interval [— 1, 1], as shown in 


Figure 1.33 Figure 1.33. a 


78 Chapter 1 


€ 9 6 e$ 9$ 6$ €? 9? 9 € eee ee eee 


di Charles's Law 
for gases (assuming constant 
pressure) can be stated as 


V= kT 


where V is volume, k is a 
constant, and T is temperature. 


Liquid helium is used to cool 
superconducting magnets, 
such as those used in magnetic 
resonance imaging (MRI) 
machines or in the Large 
Hadron Collider (see above). 
The magnets are made with 
materials that only superconduct 
at temperatures a few degrees 
above absolute zero. These 
temperatures are possible with 
liquid helium because helium 
becomes a liquid at — 269°C, or 
4.15 K. 


Limits and Their Properties 


The next example shows how a one-sided limit can be used to determine the value 
of absolute zero on the Kelvin scale. 


EXAMPLE 5 Charles's Law and Absolute Zero 


On the Kelvin scale, absolute zero is the temperature 0 K. Although temperatures very 
close to 0 K have been produced in laboratories, absolute zero has never been attained. 
In fact, evidence suggests that absolute zero cannot be attained. How did scientists 
determine that 0 K is the “lower limit" of the temperature of matter? What is absolute 
Zero on the Celsius scale? 


Solution The determination of absolute zero stems from the work of the French 
physicist Jacques Charles (1746-1823). Charles discovered that the volume of gas at a 
constant pressure increases linearly with the temperature of the gas. The table illustrates 
this relationship between volume and temperature. To generate the values in the table, 
one mole of hydrogen is held at a constant pressure of one atmosphere. The volume V 
is approximated and is measured in liters, and the temperature T is measured in degrees 
Celsius. 


—40 —20 0 20 40 60 80 
19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 | 29.0038 
The points represented by the table are shown V 


in the figure at the right. Moreover, by using the 
points in the table, you can determine that T and 
V are related by the linear equation 


V = 0.08213T + 22.4334. 


[V5 0.08213T + 224334) 


Solving for T, you get an equation for the 
temperature of the gas. 


V — 224334 
0.08213 | 
—300 


(—273.15, 0) 


: -200  -100 100 
By reasoning that the volume of the gas 


can approach 0 (but can never equal or 
go below 0), you can determine that the 
"least possible temperature" is 


The volume of hydrogen gas depends 
on its temperature. 


im T= tim 22484 
v> 0+ v50* 0.08213 
= po Use direct substitution. 
0.08213 
= —273.15. 


So, absolute zero on the Kelvin scale (0 K) is approximately — 273.15? on the Celsius 
scale. a 


The table below shows the temperatures in Example 5 converted to the Fahrenheit 
scale. Try repeating the solution shown in Example 5 using these temperatures and 
volumes. Use the result to find the value of absolute zero on the Fahrenheit scale. 


T —40 =4 32 68 104 140 176 
V | 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 | 29.0038 


m 
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AUGUSTIN-LOUIS CAUCHY 
(1789-1857) 


The concept of a continuous 
function was first introduced 


by Augustin-Louis Cauchy in 
1821. The definition given in 
his text Cours d'Analyse stated 
that indefinite small changes in 
y were the result of indefinite 
small changes in x “... f(X) will 
be called a continuous function 
if ... the numerical values of 
the difference f(x + a) — f(x) 
decrease indefinitely with those 
of u....” 

See LarsonCalculus.com to read 
more of this biography. 


ee 


One consequence 
of Theorem 1.12 is that when 
f and g satisfy the given 
conditions, you can determine 
the limit of f(g(x)) as x 
approaches c to be 


lim f(g(x)) = f(s(c)). 
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Properties of Continuity 


In Section 1.3, you studied several properties of limits. Each of those properties yields 
a corresponding property pertaining to the continuity of a function. For instance, 
Theorem 1.11 follows directly from Theorem 1.2. 


THEOREM 1.11 


If b is a real number and f and g are continuous at x = c, then the functions 
listed below are also continuous at c. 


Properties of Continuity 


1. Scalar multiple: bf 2. Sum or difference: f+ g 


3. Product: fg 


4. Quotient: f 
$ 


g(c) * 0 


A proof of this theorem is given in Appendix A. 


Itis important for you to be able to recognize functions that are continuous at every 
point in their domains. The list below summarizes the functions you have studied so far 
that are continuous at every point in their domains. 


1. Polynomial: p(x) = a,x" + a, qx"! + +++ + a,x + ay 
2. Rational: r(x) = po) q(x) * 0 
q(x) 


3. Radical: f(9 = vx 


4. Trigonometric: sin x, COS x, tan x, cot x, sec x, csc x 


By combining Theorem 1.11 with this list, you can conclude that a wide variety of 
elementary functions are continuous at every point in their domains. 


Applying Properties of Continuity 


PNE œ See LarsonCalculus.com for an interactive version of this type of example. 


By Theorem 1.11, it follows that each of the functions below is continuous at every 
point in its domain. 


fa) =x+sinx, f(x) =3tanx, f(x) = a 


The next theorem, which is a consequence of Theorem 1.5, allows you to determine 
the continuity of composite functions such as 


f(x) = sin3x, f(x) = J? +1, and f(x) = tan L, 


THEOREM 1.12 Continuity of a Composite Function 


If g is continuous at c and f is continuous at g(c), then the 
composite function given by (f° g)(x) = f(g(x)) is continuous at c. 


F(x) = F(g(c)). 


and lim 
x2 g(c) 


Apply Theorem 1.5 with L = g(c) to obtain lim f(g) =f (im E) — f(g(c)). So, 
(f° g)(x) = f(g(x)) is continuous at c. T 


Proof By the definition of continuity, lim g(x) = g(c) 


AS400 DB/Bettmann/Corbis 
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361 142-724 Testing for Continuity 


Describe the interval(s) on which each function is continuous. 


1 " 
n Z x#0 
a. f(x) = tanx b. g(x) = sinc x #0 eA xsin x 
0, x=0 0, x=0 
Solution 


a. The tangent function f(x) = tan x is undefined at 


IL . x 
x= 2 + nil, nis an integer. 


At all other points, f is continuous. So, f(x) = tan x is continuous on the open 
intervals 


( 3n 2 a) (83 
U 2* 0 22) X9* 9 p 


as shown in Figure 1.34(a). 


T 


Because y = 1/x is continuous except at x = 0 and the sine function is continuous 
for all real values of x, it follows from Theorem 1.12 that 


= T 
y X 


is continuous at all real values except x = 0. At x = 0, the limit of g(x) does not 
exist (see Example 5, Section 1.2). So, g is continuous on the intervals (— oo, 0) and 
(0, oc), as shown in Figure 1.34(b). 


c. This function is similar to the function in part (b) except that the oscillations are 
damped by the factor x. Using the Squeeze Theorem, you obtain 


, x*0 


—|x| s one |x 
x 


and you can conclude that 
lim h(x) — 0. 


So, h is continuous on the entire real number line, as shown in Figure 1.34(c). 


(a) f is continuous on each open interval in (b) g is continuous on (—9o, 0) and (0, oo). (c) h is continuous on the entire real number line. 
its domain. 


Figure 1.34 | 


- 
nes n sin cx 0 


0, amp 
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The Intermediate Value Theorem 


Theorem 1.13 is an important theorem concerning the behavior of functions that are 
continuous on a closed interval. 


Intermediate Value Theorem 


If f is continuous on the closed interval [a, b], f(a) + f(b), and k is any 
number between f(a) and f(b), then there is at least one number c in [a, b] 
such that 


ffc) = k. 


The Intermediate Value Theorem tells you that at least one number c 
exists, but it does not provide a method for finding c. Such theorems are called 
existence theorems. By referring to a text on advanced calculus, you will find that a 
proof of this theorem is based on a property of real numbers called completeness. The 
Intermediate Value Theorem states that for a continuous function f, if x takes on all 
values between a and b, then f(x) must take on all values between f(a) and f(b). 


As an example of the application of the Intermediate Value Theorem, consider a 
person’s height. A girl is 5 feet tall on her thirteenth birthday and 5 feet 2 inches tall 
on her fourteenth birthday. Then, for any height h between 5 feet and 5 feet 2 inches, 
there must have been a time t when her height was exactly h. This seems reasonable 
because human growth is continuous and a person's height does not abruptly change 
from one value to another. 

The Intermediate Value Theorem guarantees the existence of at least one number c 
in the closed interval [a, b]. There may, of course, be more than one number c such that 


f(c) =k 


as shown in Figure 1.35. A function that is not continuous does not necessarily exhibit 
the intermediate value property. For example, the graph of the function shown in 
Figure 1.36 jumps over the horizontal line 


y-k 


and for this function there is no value of c in [a, b] such that f(c) = k. 


fa) FF 


f0rL-- REESE po 


T J »—X 
L J 
a b 
f is continuous on [a, b]. f is not continuous on [a, b]. 
[There exist three c’s such that f(c) = k.] [There are no c’s such that f(c) = k.] 
Figure 1.35 Figure 1.36 


The Intermediate Value Theorem often can be used to locate the zeros of a function 
that is continuous on a closed interval. Specifically, if f is continuous on [a, b] and f(a) 
and f(b) differ in sign, then the Intermediate Value Theorem guarantees the existence 
of at least one zero of f in the closed interval [a, b]. 


82 


Chapter 1 


Limits and Their Properties 


EXAMPLE 8 An Application of the Intermediate Value Theorem 


Use the Intermediate Value Theorem to show that the polynomial function 
fy =x + 2x- 1 

has a zero in the interval [0, 1]. 

Solution Note that f is continuous on the closed interval [0, 1]. Because 
f(0) = 03 + 2(0) -1=-1 and f(1)-P-2(1)—-1-22 


it follows that f(0) < 0 and f(1) > 0. You can therefore apply the Intermediate Value 
Theorem to conclude that there must be some c in [0, 1] such that 


flo) = 0 f has a zero in the closed interval [0, 1]. 


as shown in Figure 1.37. 


f is continuous on [0, 1] with f(0) < 0 and f(1) > 0. 
Figure 1.37 | 


The bisection method for approximating the real zeros of a continuous function is 
similar to the method used in Example 8. If you know that a zero exists in the closed 
interval [a, b], then the zero must lie in the interval [a, (a + b)/2] or [(a + b)/2, b]. 
From the sign of f([a + b]/2), you can determine which interval contains the zero. By 
repeatedly bisecting the interval, you can “close in" on the zero of the function. 


You can use the root or zero feature of a graphing utility to 
approximate the real zeros of a continuous function. Using this feature, the zero of 
the function in Example 8, f(x) = x? + 2x — 1, is approximately 0.453, as shown 
in the figure. 


Zero 
X=.45339765 | 
2 


Zero of f(x) = xX + 2x — 1 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Continuity In your own words, describe what it 
means for a function to be continuous at a point. 


. One-Sided Limits What is the value of c? 


lim 2/x+1=0 


. Existence of a Limit Determine whether lim f(x) 
exists. Explain. T 
lim. f(x) 1 and lim. f(x) =1 


. Intermediate Value Theorem In your own words, 
explain the Intermediate Value Theorem. 


DEM Limits and Continuity In Exercises 5-10, use 
Pp e ty the graph to determine each limit, and discuss the 
= continuity of the function. 

oe 


(a) lim f(x) (b) lim f(x) — © lim f(x) 


S 


9 y 10. y 
A Q,3) À 
4+ 
ge c=-l 
1+ CE2 3r 
= 2 
44123456 (21, 2) 
wi (2, 3) f fi f 
d. —————— T 1 LX 
3 (-1, 0) 1 


mjm] Finding a Limit In Exercises 11-30, find the 
ke p27) limit (if it exists). If it does not exist, explain why. 


1. im cla 12 im 5 
ik ae == id im —* 


xo5t x? — 25 x4* x? — 16 


15. lim 16. tim 5 2 
x -—3-7 x? — 9 x24. X—4 
_ il . dx — 10] 
17. lim — 18. lim ———— 
x20- X x210* x — 10 
A: 
. x-AÁAx x 
19. lim 
Ax0- Ax 
"— (x + Ax + x + Ax — (x? + x) 
Ax 0+ Ax 
+2 
a: 2^ x «3 
21. Jim fh), where f(x) — 12 — 2% 
3 ^ X29 


xX—4x*6, x«3 
—x?+4x%-2, x 23 
x-1 x«l 
xcd, x 


22. lim f(x), where f(x) = { 


23. lim f(x), where f(x) = { 


X; x<l 


24. lim f(x), where f(x) — f — 


25. lim cot x 26. lim secx 
xm xoTn/2 
27. lim (Sfx) — 7) 28. lim (2x — [Ix 


] x : x 
29. im fz] + 3) 30. lim (1 = HI 
mpk [m] Continuity of a Function In Exercises 31-34, 


TE a discuss the continuity of the function. 
etr 
[n]k 

1 
31. f(x) = pm 


x—1 


+1 


32. f(x) = 7 


4 


X, x«l 
34. f(x) = 42, x= 
2x—1, x>1 


33. f(x) = did] + x 
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$}[m] Continuity on a Closed Interval In Exercises L-a P 
*? 35-38, discuss the continuity of the function on the 64. g(x) 24 x-a’ i 
RYE closed interval. 8, x=a 
Function Interval pil =] Continuity of a Composite Function In 
35. g(x) = /49 — x? [-7, 7] EXE we Exercises 65-70, discuss the continuity of the 
36. f) -3- /9- £2 [3.3] xd composite function h(x) = f(g(x)). 
37. f(x) = 3-x, x<0 aa 5. f(x) = x? 66. f(x) = 5x +1 
` 3+3% x>0 ' ga) =x-1 gas 
1 1 1 
38. g(x) = [-1,2] T eea T m. 
x? —3 67 f(x) x—6 68 f(x) Je 
DE E] Removable and Nonremovable Discontinuities go) = + 5 s(x) -x-1 
T In Exercises 39—58, find the x-values (if any) 69. f(x) = tanx 70. f(x) = sinx 
EE 3 at which f is not continuous. Which of the A 
ee discontinuities are removable? a(x) = 2 a(x) = x 
6 4 ee . -— . 
39. f(x) = m 40. f(x) = FEET AB Finding Discontinuities Using Technology In Exercises 
71-74, use a graphing utility to graph the function. Use the 
41. f(x) = M 42. f(x) = -7a graph to determine any x-values at which the function is not 
4=x w+ continuous. 
43. f(x) = 3x — cosx 44. f(x) = sinx — 8x i 
71. f(x) = k] — x 72. h(x) = —— 
45. f(x) =~ 46. f(x) = m UE = 15 
ae * 73. s) Mod 
x+2 x+2 + 8) = 
HESS ice ree = —_* _ 2x —5, xs4 
47. f(x) 2—30 48. f(x) n cum 
|x ET 7| 2|x — 3| visti x«0 
49. f(x) = — 7 50. f(x) = pcm 74. f(x) = x 
* * 5x, x20 
1 


51. f(x) = Testing for Continuity In Exercises 75-82, describe the 


interval(s) on which the function is continuous. 


= 2K, x<2 
52. fa) = [5 21 
i d s s 75. f) = UI a on 
tan—, |x| «1 
53. fx) = | 4 | 77. f(x) =3 — Sx 78. f(x) =x J/x 
X, x| > 1 TUX 1 
ac ly 3) <2 79. f(x) = a 80. f(x) = cos » 
54. f(x) = 6° B x= i 
2, x—-3|»22 81. (x) PESE x*1 82. f(x) fee 
.fx)—-i1x- . f(x) = 
55. f(x) = esc 2x 56. f(x) = tan E 2, aod 1, x= 3 
57. f(x) = [x - 8] 58. f(x) = 5 — hl Existence of a Zero In Exercises 83-86, explain why the 
[AJ S] Maki = tion Conti n function has at least one zero in the given interval. 
aking a Function Continuous In Exercises 
Rid "1 59-64, find the constant a, or the constants a and b, Function Interval 
XIAL [E * r E . 
OE a is udi pias is continuous on the entire 83. f(x) = xt — 404 [1, 2] 
> l : 84. f(x) = E -*5x—3 [0, 1] 
3x x21 3x x<l 
_ , _ , 5. -x2—2- 0, Tt 
59. f(x) Pa ds x<] 60. f(x) ji Ps- psi 85. f(x) =x COS X [0, rt] 
Tl 
e zo 4 sin x c 86. f(x) = —— > + tan [1, 4] 
x x= > 
61. f(x) = is ENS 62. g(x) = x 
a-2x, x20 Existence of Multiple Zeros In Exercises 87 and 88, 
2, xz-1 explain why the function has at least two zeros in the interval 
63. f(x) = (a +b, -1<x<3 [1, 5]. 
-2, x23 87. f(x) = (x - 3)? -2 88. f(x) = 2cosx 


fe Using 
89-94, 
utility 


the Intermediate Value Theorem In Exercises 
use the Intermediate Value Theorem and a graphing 
to approximate the zero of the function in the interval 


[0, 1]. Repeatedly “zoom in” on the graph of the function to 
approximate the zero accurate to two decimal places. Use the 
zero or root feature of the graphing utility to approximate the 
zero accurate to four decimal places. 


89. f(x) 2 t+x-1 
90. f(x) = xt- x? - 3x— 1 


91. f 
92. f 


(x) = /x? + 17x + 19-6 
() = J 39x + 13 — 4 


93. g(t) = 2cos t — 3t 
94. h(8) = tan O + 30 — 4 


95, f 
96. f 
97. f 
98. f 


99, f 


100. f 


Wr, 
T 


[s] Using the Intermediate Value Theorem In 
^1 Exercises 95-100, verify that the Intermediate 
Value Theorem applies to the indicated interval 


oe 


and find the value of c guaranteed by the theorem. 
(x) =x? +x-1, [0,5], f() = 11 
(x) =x? -6x+ 8, [03] f(c) =0 
(x) = /x +7-2, [0,5], f()-1 
Qa ier8. [-9,-6] fo =6 
@ ==, [13h £0 =3 
x +x 5 
(x) = xa ET f(c) =6 


EXPLORING CONCEPTS 


101. 


102. 


Writing a Function Write a function that is 
continuous on (a, b) but not continuous on [a, b]. 


Sketching a Graph Sketch the graph of any 
function f such that 


lim f(x) 1 and lim f(x) = 0. 


Is the function continuous at x = 3? Explain. 


. Continuity of Combinations of Functions If 


. Removable 


the functions f and g are continuous for all real x, is 
f + g always continuous for all real x? Is f/g always 
continuous for all real x? If either is not continuous, 
give an example to verify your conclusion. 


and Nonremovable 
Discontinuities Describe the difference between a 
discontinuity that is removable and a discontinuity that 
is nonremovable. Then give an example of a function 
that satisfies each description. 


(a) A function with a nonremovable discontinuity at 
x=4 

(b) A function with a removable discontinuity at 
x=-4 


(c) A function that has both of the characteristics 
described in parts (a) and (b) 
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True or False? In Exercises 105-110, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


105. 
106. 


107. 


108. 


109. 


110. 


111. 


113. 


114. 


If lim f(x) — L and f(c) — L, then f is continuous at c. 


If f(x) = g(x) for x * c and f(c) # g(c), then either f or g 
is not continuous at c. 


The Intermediate Value Theorem guarantees that f(a) and 
f(b) differ in sign when a continuous function f has at least 
one zero on [a, b]. 


The limit of the greatest integer function as x approaches 0 
from the left is — 1. 


A rational function can have infinitely many x-values at 
which it is not continuous. 


x=] 
The function f(x) = | : is continuous on (— 06, oo). 
= 


Think About It Describe how the functions 


fœ) =3 + bl 
differ. 


and g(x) = 3 — [-x] 


dissolve 28 ounces of chlorine in a swimming 
pool. The graph shows the amount of chlorine 
f()) in the pool after t days. Estimate and 
interpret lim f(t) and im f(t). 


Data Plan A cell phone service charges $10 for the first 
gigabyte (GB) of data used per month and $7.50 for each 
additional gigabyte or fraction thereof. The cost of the data 
plan is given by 


Ci) = 10 — 7.5f1 — t t>0 


where t is the amount of data used (in GB). Sketch the graph 
of this function and discuss its continuity. 


Inventory Management The number of units in 
inventory in a small company is given by 


M(t) = 25(2[' : 2] E 7 


where t is the time in months. Sketch the graph of this 
function and discuss its continuity. How often must this 
company replenish its inventory? 
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115. Déjà Vu At 8:00 a.m. on Saturday, a man begins running 


116. 


117. 


118. 


119. 


120. 


121. 


up the side of a mountain to his weekend campsite (see 
figure). On Sunday morning at 8:00 A.M., he runs back down 
the mountain. It takes him 20 minutes to run up but only 
10 minutes to run down. At some point on the way down, 
he realizes that he passed the same place at exactly the same 
time on Saturday. Prove that he is correct. [Hint: Let s(t) 
and r(r) be the position functions for the runs up and down, 
and apply the Intermediate Value Theorem to the function 


f() = sO — rà] 


Not drawn to scale 


Saturday 8:00 A.M. Sunday 8:00 A.M. 


Volume Use the Intermediate Value Theorem to show 
that for all spheres with radii in the interval [5, 8], there is 
one with a volume of 1500 cubic centimeters. 


Proof Prove that if f is continuous and has no zeros on 
[a, b], then either 
f(x) > 0 for all xin [a,b] or f(x) <0 for all x in [a, b]. 


Dirichlet Function Show that the Dirichlet function 


0, if xis rational 
1, if x is irrational 


w=] 


is not continuous at any real number. 
Continuity of a Function Show that the function 


0, if xis rational 
kx, if x is irrational 


fle) = | 


is continuous only at x = 0. (Assume that k is any nonzero 
real number.) 


Signum Function The signum function is defined by 


-1l, x< 0 
sgnx) = 40, x-0. 
1, x> 0 


Sketch a graph of sgn(x) and find the following (if possible). 


(a) lim sgn(x) (b) lim, sgn(x) (c) lim sgn(x) 
Modeling Data The table lists the frequency F (in Hertz) 


of a musical note at various times f (in seconds). 


t 0 1 2 3 4 5 


F | 436 | 444 | 434 | 446 | 433 | 444 


(a) Plot the data and connect the points with a curve. 


(b) Does there appear to be a limiting frequency of the note? 
Explain. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


Creating Models A swimmer crosses a pool of width b 
by swimming in a straight line from (0, 0) to (2b, b). (See 
figure.) 


(2b, b) 


(a) Let f be a function defined as the y-coordinate of the 
point on the long side of the pool that is nearest the 
swimmer at any given time during the swimmer’s 
crossing of the pool. Determine the function f and sketch 
its graph. Is f continuous? Explain. 


(b) Let g be the minimum distance between the swimmer 
and the long sides of the pool. Determine the function g 
and sketch its graph. Is g continuous? Explain. 


Making a Function Continuous Find all values of c 


such that f is continuous on (— oo, oo). 


X Ví 
x>c 


O 


Proof Prove that for any real number y there exists x in 
(—T/2, 1/2) such that tan x = y. 


Making a Function Continuous Let 


p 
fey) = FE 


c> 0. 


What is the domain of f? How can you define f at x = 0 in 
order for f to be continuous there? 


Proof Prove that if 
jim fle + Ax) = fle) 


then f is continuous at c. 


Continuity of a Function Discuss the continuity of the 
function A(x) = x[x]. 

Proof 

(a) Let f(x) and f,(x) be continuous on the closed interval 


La, b]. If f(a) < f(a) and f,(b) > f,(d), prove that there 
exists c between a and b such that f,(c) = f(c). 


ee (b) Show that there exists c in |o. 5 | such that cos x = x. 


Use a graphing utility to approximate c to three decimal 
places. 


PUTNAM EXAM CHALLENGE 


129. Prove or disprove: If x and y are real numbers with 


y = Oand p(y + 1) < (x + 1}, then y(y — 1) < x^. 


130. Determine all polynomials P(x) such that 


P(x? + 1) = (PC)? + 1 and P(0) = 0. 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 
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1.5 Infinite Limits 


E Determine infinite limits from the left and from the right. 
E Find and sketch the vertical asymptotes of the graph of a function. 


Infinite Limits 


Consider the function f(x) = 3/(x — 2). From Figure 1.38 and the table, you can see 
that f(x) decreases without bound as x approaches 2 from the left, and f(x) increases 
without bound as x approaches 2 from the right. 


x approaches 2 from the left. > . x approaches 2 from the right. 


x 15 | 1.9 1.99 1.999 | 2 | 2.001 | 2.01 | 2.1 | 2.5 
f(x) 6 30 300 3000 | ? | 3000 | 300 | 30 | 6 


f(x) increases and decreases without f(x) decreases without bound. > 4 f(x) increases without bound. 
bound as x approaches 2. 
Figure 1.58 This behavior is denoted as 
lim 2 = — 00 f(x) decreases without bound as x approaches 2 from the left. 
x22 x — 
and 
lim = OO. f(x) increases without bound as x approaches 2 from the right. 


The symbols co and — co refer to positive infinity and negative infinity, respectively. 
These symbols do not represent real numbers. They are convenient symbols used to 
describe unbounded conditions more concisely. A limit in which f(x) increases or 
decreases without bound as x approaches c is called an infinite limit. 


Definition of Infinite Limits 


Let f be a function that is defined at every real number in some open interval 
i containing c (except possibly at c itself). The statement 


lim f(x) = co 


lim f(x) = oo 
xc 


means that for each M > 0 there exists a O > O such that f(x) > M whenever 
0 < |x — c| < 6 (see Figure 1.39). Similarly, the statement 


lim f(x) = —oo 


xc 


means that for each N < 0 there exists a O > 0 such that f(x) < N whenever 


ü«-es[«25 


X 


[ 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

[4 


To define the infinite limit from the left, replace 0 < |x — c| < 6by 
Infinite limits c — < x< c. To define the infinite limit from the right, replace 
Figure 1.39 0< |x= c| €6bye« x cO 


Be sure you see that the equal sign in the statement lim f(x) = 00 does not mean 
that the limit exists! On the contrary, it tells you how the limit fails to exist by denoting 
the unbounded behavior of f(x) as x approaches c. 
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Exploration EXAMPLE 1 Determining Infinite Limits from a Graph 


Use a graphing utility to Determine the limit of each function shown in Figure 1.40 as x approaches 1 from the 
graph each function. For left and from the right. 

each function, analytically 
find the single real number 
c that is not in the domain. 


Then graphically find the 
limit (if it exists) of f(x) as 
x approaches c from the left 
and from the right. 


' 
| 
At =) + i 
1 
1 
1 
1 
1 
1 
I 


t +—> x 
2 f 3 
1 Ei 
ak dedi (x -1)? 3+ 
(a) (b) 
Each graph has an asymptote at x = 1. 
Figure 1.40 


Solution 


a. When x approaches 1 from the left or the right, (x — 1)? is a small positive number. 
Thus, the quotient 1/(x — 1)? is a large positive number, and f(x) approaches 
infinity from each side of x — 1. So, you can conclude that 


iurc oue 
md (x E 1)? 


oc. Limit from each side is infinity. 


Figure 1.40(a) confirms this analysis. 

b. When x approaches 1 from the left, x — 1 is a small negative number. Thus, the 
quotient — 1/(x — 1) is a large positive number, and f(x) approaches infinity from 
the left of x — 1. So, you can conclude that 


lim = OO, Limit from the left side is infinity. 


When x approaches 1 from the right, x — 1 is a small positive number. Thus, the 
quotient — 1/(x — 1) is a large negative number, and f(x) approaches negative 
infinity from the right of x = 1. So, you can conclude that 


, =1 
lim = = 00, Limit from the right side is negative infinity. 
x1* X — 1 
Figure 1.40(b) confirms this analysis. a 


Remember that you can use a numerical approach to analyze 
a limit. For instance, you can use a graphing utility to create a table of values to 
analyze the limit in Example 1(a), as shown in the figure below. 


Enter x-values using ask mode. 


X Yı 
.9 100 As x approaches 1 from the left, f(x) 
EE 10000 increases without bound 
. 999 1E6 — | . 
ERROR 
1. 001 1E6 
1.01 10000 , 
1.1 100 As x approaches 1 from the right, f(x) 
X=1 increases without bound. 


Use a graphing utility to make a table of values to analyze the limit in Example 1(b). 


e 6 6 0 e e o o e e o e e o e e e o 


If the graph of 
a function f has a vertical 
asymptote at x = c, then f is 
not continuous at c. 


2 + 


(c) 
Functions with vertical asymptotes 
Figure 1.41 
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Vertical Asymptotes 


If it were possible to extend the graphs in Figure 1.40 toward positive and negative 
infinity, you would see that each graph becomes arbitrarily close to the vertical line 
x = 1. This line is a vertical asymptote of the graph of f. (You will study other types 
of asymptotes in Sections 3.5 and 3.6.) 


Definition of Vertical Asymptote 


If f(x) approaches infinity (or negative infinity) as x approaches c from the right 


or the left, then the line x — c is a vertical asymptote of the graph of f. 


In Example 1, note that each of the functions is a quotient and that the vertical 
asymptote occurs at a number at which the denominator is 0 (and the numerator is not 
0). The next theorem generalizes this observation. 


TH 


)REM 1.14 Vertical Asymptotes 

Let f and g be continuous on an open interval containing c. If f(c) # 0, 

g(c) = 0, and there exists an open interval containing c such that g(x) # 0 for 
all x # c in the interval, then the graph of the function 

f) 


h(x) = E 


is 


i: 
[s] 


kie 
M 


k 


has a vertical asymptote at x = c. 


n 
4 rt 


m; 


A proof of this theorem is given in Appendix A. 


EXAMPLE 2 Finding Vertical Asymptotes 


ere p- See LarsonCalculus.com for an interactive version of this type of example. 


a. When x — — 1, the denominator of 
1 
h(x) = > 
() 2(x + 1) 
is 0 and the numerator is not 0. So, by Theorem 1.14, you can conclude that x = — 1 


is a vertical asymptote, as shown in Figure 1.41(a). 


b. By factoring the denominator as 


h(x) xt x?-1 
x) = = 
x— 1 (x- D(x-* 1) 
you can see that the denominator is 0 at x — —1 and x — 1. Also, because the 


numerator is not 0 at these two points, you can apply Theorem 1.14 to conclude that 
the graph of f has two vertical asymptotes, as shown in Figure 1.41(b). 


c. By writing the cotangent function in the form 


COS X 


h(x) = cotx = 
(x) = cot x sin x 

you can apply Theorem 1.14 to conclude that vertical asymptotes occur at all values 
of x such that sin x = 0 and cos x # 0, as shown in Figure 1.41(c). So, the graph 
of this function has infinitely many vertical asymptotes. These asymptotes occur at 
x = nit, where n is an integer. au 
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Vertical 4- Undefined 
asymptote whenx-2 
atx-2-2 
| > X 
m 2 


2 


h(x) increases and decreases without 
bound as x approaches — 2. 
Figure 1.42 


-6 


The graph of h has a vertical asymptote 
atx — l. 
Figure 1.43 


Theorem 1.14 requires that the value of the numerator at x = c be nonzero. When 
both the numerator and the denominator are 0 at x = c, you obtain the indeterminate 
form 0/0, and you cannot determine the limit behavior at x — c without further 
investigation, as illustrated in Example 3. 


EXAMPLE 3 A Rational Function with Common Factors 


Determine all vertical asymptotes of the graph of 
x? --2x — 8 
h(x) = —,——_ 
(x) x?—4 
Solution Begin by simplifying the expression, as shown. 
x? + 2x — 8 
h(x) = —— — — 
(9-2 fA 
_ (x + 4)6——2) 
(x + 2)6-——2) 
_—xt+4 
x+2’ 


x#2 


At all x-values other than x = 2, the graph of h coincides with the graph of 
k(x) = (x + 4)/(x + 2). So, you can apply Theorem 1.14 to k to conclude that there 


is a vertical asymptote at x = —2, as shown in Figure 1.42. From the graph, you can 
see that 
im ÉCR-8 . 25 ad lim 5 54-325 
x> -2- x?—4 x -2* $^ ew ` 


Note that x = 2 is not a vertical asymptote. 


EXAMPLE 4 Determining Infinite Limits 


Find each limit. 


x? — 


li 
are y= x>1+ x— 1 
Solution Because the denominator is 0 when x = 1 (and the numerator is not 0), 
you know that the graph of 
Qus 
My x 3x 
xe 
has a vertical asymptote at x — 1. This means that each of the given limits is either oo 
or —OO. You can determine the result by analyzing h at values of x close to 1 or by 
using a graphing utility. From the graph of h shown in Figure 1.43, you can see that 
the graph approaches oo from the left of x = 1 and approaches — oo from the right of 
x = 1. So, you can conclude that 


E R= BX -— TEE 
lim = 00 The limit from the left is infinity. 
x21 x— 1 
and 
x — 3x a Bag er 
= —OO, The limit from the right is negative infinity. a 


When using a graphing utility, be careful to 
interpret correctly the graph of a function with a vertical asymptote—some graphing 
utilities have difficulty drawing this type of graph. 
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THEOREM 1.15 Properties of Infinite Limits 


Let c and L be real numbers, and let f and g be functions such that 


lim f(x) = oo and lim g(x) = L. 


xoc 


1. Sum or difference: lim LfG) = g(x)] = oo 


€ 9 6 6 0 6 6 6 9 6 ee 6 © © © © 6 


2. Product: lim [ f(x)g(x)] = oe, L»0 


oe Be sure you lim [ f(x)g(x)] = —00, L< 0 
understand that Property 2 of ds 
Theorem 1.15 is not valid when 3. Quotient: 
lim g(x) ^ 0. 

Similar properties hold for one-sided limits and for functions 
for which the limit of f(x) as x approaches c is — oo [see 
Example 5(d)]. 


Proof Here is a proof of the sum property. (The proofs of the remaining properties 
are left as an exercise [see Exercise 70].) To show that the limit of f(x) + g(x) is 
infinite, choose M > 0. You then need to find © > O such that [f(x) + g(x)] > M 
whenever 0 < |x — c| < 6 For simplicity's sake, you can assume L is positive. Let 
M, = M + 1. Because the limit of f(x) is infinite, there exists 6, such that f(x) > Mj 
whenever 0 < |x — c| < 6. Also, because the limit of g(x) is L, there exists 5, such 
that |g(x) — L| < 1 whenever 0 < |x — c| < 6.. By letting be the smaller of 6, and 
5,, you can conclude that 0 < |x — c| < Oimplies f(x) > M + Land |g(x) — L| < 1. 
The second of these two inequalities implies that g(x) > L — 1, and adding this to the 
first inequality, you can write 


f(x) + e(x) > (M+ 1)+(L-1)=M+L>M. 
So, you can conclude that 


lim [f(x) + g(x)] = oo. a 


EXAMPLE 5 Determining Limits 


: zs d ; 
a. Because lim 1 = 1 and lim — = ©, you can write 
x70 X 


xc 
: 1 
lim {1 + a] =o. Property 1, Theorem 1.15 
x20 X 
b. Because lim (x? + 1) = 2 and lim (cot Tx) = —0o, you can write 
cael xa 


xo KP 
lim = 0. Property 3, Theorem 1.15 
x21- cot Tx 


c. Because lim 3 = 3 and lim cot x = ©, you can write 
x20* x> 0* 


° Note that the lim, 3 cotx = oo. Property 2, Theorem 1.15 
solution to Example 5(d) uses ai 


Property 1 from Theorem 1.15 : 
for which the limit of f(x) as x d. Because lim e 
approaches c is — oo. 


: 1 
ee Se EN ol lim (e+: = — 00, Property 1, Theorem 1.15 a 
X 


x2 07 


. 1 : 
? = Q and lim — = — o0, you can write 
x20 X 


eeeceveeeveee 


92 Chapter 1 
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1.5 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Infinite Limit In your own words, describe the 
meaning of an infinite limit. What does oo represent? 


. Vertical Asymptote In your own words, describe 
what is meant by a vertical asymptote of a graph. 


m Determining Infinite Limits from a 
Graph In Exercises 3-6, determine whether 


r f(x) approaches oo or —oo as x approaches —2 
a from the left and from the right. 


3. f(9 72-5 E 


5 4. fla) =- 


meie Determining Infinite Limits In Exercises 

7-10, determine whether f(x) approaches oo 

= re or — œ as x approaches 4 from the left and from 
SU the right. 


-1 
x—4 


10. f(x) = = nz 


7. fla) = — 


8. f(x) = 


dec 


Numerical and Graphical Analysis In Exercises 11—16, 
create a table of values for the function and use the result to 
determine whether f(x) approaches oo or — oo as x approaches 
—3 from the left and from the right. Use a graphing utility to 
graph the function to confirm your answer. 


1 
1. f() = 5— i2 9) - 


9 9 
x? 1 

13. fs) = 3— 5 14. f(x) = ET 
15. f(x) = cot 7 16. f(x) = tan 


[s] Finding Vertical Asymptotes In Exercises 


[s]: 
LEA 7 17-32, find the vertical asymptotes (if any) of the 
oli 


graph of the function. 
17. fa) = 18. fl) = s 
19. f(x) = sy 20. f(x) = E s 
2. a(t) = 5 ; 22. h(s) = I M 
23. f(x) = cL 24. g(x) = DIAS 

2. = 

25. f(x) = xí E > 18x 
26. WO) = ri, 
27. f) = = ENS E 5 
28. h(t) = n — " 
29. f(x) = esc rix 30. f(x) = tan rix 
31. s() = —— 32. g(9) = n 


mtm] Vertical 

PE un Discontinuity In Exercises 33-36, determine 

ob A whether the graph of the function has a vertical 

TP asymptote or a removable discontinuity at x = — 1. 
Graph the function using a graphing utility to 
confirm your answer. 


Asymptote or Removable 


2.1 259,— 
33. fx) - a 34. f() = Él 
35. f(x) = cole — 1) 36. f(x) = sing + 1) 


m]Æ}[m] Finding a One-Sided Limit In Exercises 
D. 3 37-50, find the one-sided limit (if it exists). 


ake 


2 


x 
s im. -2 38. ura 
x+3 : 60 -x-—-1 
ve ES 3- x? tx —6 40. pa 4x? — 4x — 3 
4l. lim (1 + 1) 42. lim (s - 5 
x07 X x2 Ot X 
43. lim {x2 + 2 44. lim (x st +3 
*ax =4- x+4 * 0 x 
: 1 ; —2 
45. lim |sin x + — 46. lim : 
x0* x x> (m/2)* COS X 
47. lim ~~ 48. lim s 
xoT* CSC X x20- cotx 
49. lim  xsec Tx 50. lim x? tantx 
x (1/2) x2(1/2)* 


BB Finding a One-Sided Limit Using Technology In 
Exercises 51 and 52, use a graphing utility to graph the 
function and determine the one-sided limit. 


52. lim "m 
rol x^-c-x-l 


oppo Determining Limits In Exercises 53 and 54, 


ded pġ use the information to determine the limits. 
L* rs 
T aU = oo 54. lim f(x) = — 
lim g(x) = —2 lim g(x) = 3 


(a) lim [£9 + g] 
©) fim [f] 


© ef 


(a) lim [G9 + 69] 
©) lim [£86] 


g(x) 
© lim Fy 


EXPLORING CONCEPTS 

55. Writing a Rational Function Write a rational 
function with vertical asymptotes at x = 6 and x = —2, 
and with a zero at x = 3. 


. Rational Function Does the graph of every rational 
function have a vertical asymptote? Explain. 


. Sketching a Graph Use the graph of the function 
f (see figure) to sketch the graph of g(x) = 1/f(x) on the 


interval [—2, 3]. To print an enlarged copy of the graph, 
go to MathGraphs.com. 


58. Relativity According to the theory of relativity, the 
mass m of a particle depends on its velocity v. That is, 
Mo 
~ VT = Wey 
at rest and c is the speed of light. Find the limit of the mass as 
v approaches c from the left. 


where my is the mass when the particle is 


. Numerical and Graphical Reasoning Use a graphing 
utility to complete the table for each function and graph each 
function to estimate the limit. What is the value of the limit 
when the power of x in the denominator is greater than 3? 


x 1105/02 |01 | 0.01 | 0.001 | 0.0001 
f(x) 
. x — sinx . x — sinx 
(a) dim X (b) zn x 
. X — sinx — sinx 
ome O dim 7 


iStockphoto.com/WendellandCarolyn 


1. Infinite Limits 93 


60. 5 HOW DO YOU SEE IT? Fora quantity of gas 
at a constant temperature, the pressure P is inversely 
proportional to the volume V. What is the limit of P 
as V approaches 0 from the right? Explain what this 
means in the context of the problem. 


P 


Volume 


61. Rate of Change A 25-foot ladder is leaning against a 


house (see figure). If the base of the ladder is pulled away from 
the house at a rate of 2 feet per second, then the top will move 
down the wall at a rate of 

2x 
r Jes ft/sec 
where x is the distance between the base of the ladder and the 
house, and r is the rate in feet per second. 


=l 
za N. ft 


FH 


(a) Find the rate r when x is 7 feet. 
(b) Find the rate r when x is 15 feet. 


(c) Find the limit of r as x approaches 25 from the left. 


* 62. Average Speed 


On a trip of d miles to another city, a truck driver's average 
speed was x miles per hour. On the return trip, 

the average speed was y miles per hour. The average 

speed for the round trip was 50 miles per hour. 


(a) Verify that 


| 25x 
x= 25° 


What is the domain? 


(b) Complete the table. 


x | 30] 40 | 50 | 60 


y 


Are the values of y different than you expected? Explain. 


(c) Find the limit of y as x approaches 25 from the right 
and interpret its meaning. 
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63. Numerical and Graphical Analysis Consider the 
shaded region outside the sector of a circle of radius 10 meters 
and inside a right triangle (see figure). 


10m 


(a) Write the area A = f(0) of the region as a function of 9. 
Determine the domain of the function. 


fe (b) Use a graphing utility to complete the table and graph the 
function over the appropriate domain. 


Ə 03 | 06 | 09 | 12 | L5 
f(8) 


(c) Find the limit of A as 0 approaches 11/2 from the left. 


ee 64. Numerical and Graphical Reasoning A crossed belt 


connects a 20-centimeter pulley (10-cm radius) on an electric 
motor with a 40-centimeter pulley (20-cm radius) on a saw 
arbor (see figure). The electric motor runs at 1700 revolutions 
per minute. 


10 cm 20 cm 


o 


eS. 
e 


(a) Determine the number of revolutions per minute of the saw. 


(b) How does crossing the belt affect the saw in relation to the 
motor? 


(c) Let L be the total length of the belt. Write L as a function 
of $, where @ is measured in radians. What is the domain of 
the function? (Hint: Add the lengths of the straight sections 
of the belt and the length of the belt around each pulley.) 


(d) Use a graphing utility to complete the table. 


0.3 0.6 0.9 1.2 1.5 


(e) Use a graphing utility to graph the function over the 
appropriate domain. 


(f) Find lim L. 
o> (1/2) 


(g) Use a geometric argument as the basis of a second method 
of finding the limit in part (f). 


(h) Find lim L. 
$20: 


True or False? In Exercises 65-68, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


65. The graph of a function cannot cross a vertical asymptote. 


66. The graphs of polynomial functions have no vertical 
asymptotes. 


67. The graphs of trigonometric functions have no vertical 
asymptotes. 


68. If f has a vertical asymptote at x = 0, then f is undefined at 
x=0. 

69. Finding Functions Find functions f and g such that 
lim f(x) = œ and lim g(x) = oo, but lim [ f(x) — g(x)] # 0. 


70. Proof Prove the difference, product, and quotient properties 
in Theorem 1.15. 


71. Proof Prove that if lim f(x) = oo, then lim 0. 


EM 
xe f(x) 
72. Proof Prove that if 


1 
lim —~ = 0 
xc f(x) 


then lim f(x) does not exist. 
de 


Infinite Limits In Exercises 73-76, use the ë definition of 
infinite limits to prove the statement. 


73. lim = oo 74. lim = —00 
x23*x —3 x5-x—5 

75. lim = — 00 76. lim = oo 
x 8* = x97 CX 


SECTION PROJECT e 6 e 6 e 6 o oe o o o e o 


Graphs and Limits of Trigonometric Functions 
Recall from Theorem 1.9 that the limit of 


sin x 


fo =- 


as x approaches 0 is 1. 


(a) Use a graphing utility to graph the function f on the interval 
—T < x < T. Explain how the graph helps confirm this theorem. 


(b) Explain how you could use a table of values to confirm the 
value of this limit numerically. 


(c) Graph g(x) = sin x by hand. Sketch a tangent line at the point 
(0, 0) and visually estimate the slope of this tangent line. 

(d) Let (x, sin x) be a point on the graph of g near (0, 0), and write 
a formula for the slope of the secant line joining (x, sin x) and 
(0, 0). Evaluate this formula at x — 0.1 and x — 0.01. Then 
find the exact slope of the tangent line to g at the point (0, 0). 


(e) Sketch the graph of the cosine function h(x) = cos x. What is 
the slope of the tangent line at the point (0, 1)? Use limits to 
find this slope analytically. 

(f) Find the slope of the tangent line to k(x) = tan x at (0, 0). 


Review Exercises 


Review Exercises 95 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Precalculus or Calculus In Exercises 1 and 2, decide 
whether the problem can be solved using precalculus or 
whether calculus is required. If the problem can be solved using 
precalculus, solve it. If the problem seems to require calculus, 
explain your reasoning and use a graphical or numerical 
approach to estimate the solution. 


1. Find the distance between the points (1, 1) and (3, 9) along the 
curve y = x?. 

2. Find the distance between the points (1, 1) and (3, 9) along the 
line y = 4x — 3. 


Estimating a Limit Numerically In Exercises 3 and 4, 
complete the table and use the result to estimate the limit. Use 
a graphing utility to graph the function to confirm your result. 


x 2.9 | 2.99 | 2.999 | 3 | 3.001 | 3.01 | 3.1 


f(x) ? 
. X/Áx* 4-2 
4. lim 
x20 X 
xX 0.1 0.01 0.001 | 0 | 0.001 | 0.01 | 0.1 
f(x) ? 


Finding a Limit Graphically In Exercises 5 and 6, use the 
graph to find the limit (if it exists). If the limit does not exist, 
explain why. 


DAN ee ees rere e rui 


(a) lim h(x) 


(b) lim h(x) (a) lim eG) (b) lim g(x) 
Using the «-6 Definition of a Limit In Exercises 7-10, 
find the limit L. Then use the £-6 definition to prove that the 
limit is L. 

8. lim vx 


x29 


10. lin 9 


x25 


7. lim (x + 4) 
9. lim (1 — x’) 
Finding a Limit In Exercises 11-28, find the limit. 


11. lim x? 12. lim (5x — 3) 


x2-—6 


13. lim Jt+2 14. lim Je+1 
t> x> 


15. lim (3/x - 1f 16. lim (x — 4? 
17. lim xd 18. lim 
'ixoax—l "io2x?-1 
0 02x» + dix + 05 . 1? — 16 
19. m. x3 20. lim t—4 
21. lim VS 22. lim 2 
x>4 x—4 x>0 X 
23. lim He + DI = 1 24. fg UST es) 1 
x0 X 520 AY 
75; jim ce 26. lim 


; im 
x20 Sin X x> T/4 tan x 


37. lim sin[(r/6) + Ax] — (1/2) 
* AxA0 Ax 
[Hint: sin(0 + p) = sin O cos $ + cos O sin d] 
im Ct Ax) + 1 
m Ax 


[Hint: cos(0 + b) = cos 8 cos  — sin Osin Q] 


Evaluating a Limit In Exercises 29-32, evaluate the limit 


given lim f(x) = —6 and lim g(x) =}. 

29. lim [£989] 30. lim 2 
xoc x>c g (x) 

31. im (fle) +200] 32. lim [OF 


BB Graphical, Numerical, and Analytic Analysis In 


Exercises 33-36, use a graphing utility to graph the function 
and estimate the limit. Use a table to reinforce your conclusion. 
Then find the limit by analytic methods. 


33. lim VZ * 9 = 3 34. im Le + 9] - (0/4) 
x20 X x20 X 
3 _ 
35; lim m 36. lim 67d 
x2-9 x+9 x20 X 


Free-Falling Object In Exercises 37 and 38, use the position 
function s(t) = —4.9t? + 250, which gives the height (in 
meters) of an object that has fallen for ¢ seconds from a height 
of 250 meters. The velocity at time t = a seconds is given by 


37. Find the velocity of the object when t = 4. 
38. When will the object hit the ground? At what velocity will the 
object impact the ground? 


Finding a Limit In Exercises 39-50, find the limit (if it 
exists). If it does not exist, explain why. 


39. lim E 40. lim 5—;- 


x23* x + 
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e ak =5 _ |x — 3l 
aL lin Xs a2. lim 3 
x-2), x<2 
43. lim f(x), where f(x) = ( ) 
x22 2-X x>2 
J1-X x<l 
44. lim g(x), where g(x) = 
24.909 90) pa x>1 
. t3 +1, t<1 
45. lim h(t), where h(t) = n i rei 
. —s5?—4$—2, Sx —2 
46. lim f (s), where f(s) = 
$3 -2 s?r4s-6 s>-2 


47. Jim. ([x] + 1) 


gu 
49. | Xoe 50. lim. JX(x — 1) 


e Ix - 2] 


48. lim [x — 1] 


Continuity on a Closed Interval In Exercises 51 and 52, 
discuss the continuity of the function on the closed interval. 


51 g(x) = /8—33, [-2,2] 52. h(x) = zu [0, 5] 


Removable and Nonremovable Discontinuities In 
Exercises 53-58, find the x-values (if any) at which f is not 
continuous. W hich of the discontinuities are removable? 


53. f(x) = x^ — 81x 54. f(x) = x? - x + 20 


55. fü) = —— 56. f(x) = 5-5 
X+3 
57. f(x) = x? * X 58. f(x) = X? -3x — 18 


59. Making a Function Continuous Find the value of į 
such that the function is continuous on the entire real number 
line. 


x+3, x<2 
cx+6, x >2 


F(x) =f 


60. Making a Function Continuous Find the values of b 
and c such that the function is continuous on the entire real 


number line. 
elc s l«x«3 
~ lx? +bx+c, |x-2|z1 


Testing for Continuity In Exercises 61- 66, describe the 
intervals on which the function is continuous. 

61. f(x) = -30 +7 

4A + 1x — 2 

~ Xx-2 

63. f(x) = J/x + cosx 

64. f(x) = [x + 3] 


62. f(x) 


65. f(x) = 


i e 5 3 


67. Using the Intermediate Value Theorem Use the 
Intermediate V alue Theorem to show that 


f(x) =2x -3 
has a zero in the interval [1, 2]. 


68. Using the Intermediate Value Theorem Use the 
Intermediate V alue Theorem to show that 


f(x) =x +x -2 

has at least two zeros in the interval [—3, 3]. 
Using the Intermediate Value Theorem In Exercises 
69 and 70, verify that the Intermediate V alue T heorem applies 


to the indicated interval and find the value of c guaranteed by 
the theorem. 


69. f(x) 2x? + 5x- 4, [-1,2], fd -2 
70. f(x) 2 (x 6? +4, [47] f@) =3 


Determining Infinite Limits In Exercises 71 and 72, 
determine whether f(x) approaches co or — oo as x approaches 
6 from the left and from the right. 


71. f(x) = —4 72. f(x) = ESO 


6 
Finding Vertical Asymptotes |n Exercises 73-78, find 
the vertical asymptotes (if any) of the graph of the function. 


3 5 
73. f(x) - € 74. f(x) = CE 
6 
75. f(x) = x29 76. h(x) = xu 
77. f(x) = sec = 78. f(x) = csc rx 


2 


Finding a One-Sided Limit In Exercises 79- 88, find the 
one-sided limit (if it exists). 


2 
79. lim x? + 2x +1 80. lim ^ 
x21- x-1 x> (1/2)* 2x- 1 
c AXE 20 0X1 
Bb MI up B Mes 1 
: 1 , 1 
83. lim. (x -= i 84. lim Waa 
i 3 
85. lim S 86. lim CX 
x0" 5X x>0 2X 
2 
87. lim EE 88. lim CS 
x20 X x20 X 


89. Environment A utility company burns coal to generate 
electricity. The cost C in dollars of removing p% of the air 
pollutants in the stack emissions is 


_ 80,000p 
100 — p’ 

(a) Find the cost of removing 5096 of the pollutants. 
(b) Find the cost of removing 9096 of the pollutants. 


(c) Find the limit of C as p approaches 100 from the left and 
interpret its meaning. 


0 < p < 100. 


P.S. Problem Solving 97 


: See CalcChat.com for tutorial help and 
P n S . P ro b | e m S (0) lvi n g RETIA solutions to SM EE erates 


1. Perimeter Let P(x, y) be a point on the parabola y — x? in 3. Area of a Circle 
the first quadrant. Consider the triangle APAO formed by P, 
A(0, 1), and the origin O(0, 0), and the triangle APBO formed 
by P, B(1, 0), and the origin (see figure). 


(a) Find the area of a regular hexagon inscribed in a circle of 
radius 1 (see figure). How close is this area to that of the circle? 


(a) Write the perimeter of each triangle in terms of x. 
(b) Find the area A, of an n-sided regular polygon inscribed in 
a circle of radius 1. Write your answer as a function of n. 


r(x) = Perimeter AP AO. (c) Complete the table. What number does A, approach as n 
Perimeter APBO gets larger and larger? 


(b) Let r(x) be the ratio of the perimeters of the two triangles, 


Complete the table. Calculate lim r(x). 
x20* n 6 | 12 | 24 | 48 | 96 


x 4/21/11] 0.1 | 0.01 A, 


Perimeter APAO 4. Tangent Line Let P(3,4) be a point on the circle 


Perimeter APBO x? + y? = 25 (see figure). 
(9) (a) What is the slope of the line joining P and O(0, 0)? 
r(x 


(b) Find an equation of the tangent line to the circle at P. 


2. Area Let P(x, y) be a point on the parabola y = x? in the first (c) Let Q(x, y) be another point on the circle in the first 


quadrant. Consider the triangle APAO formed by P, A(0, 1), o Find the slope m, of the line joining P and Q in 

and the origin O(0, 0), and the triangle APBO formed by P, terms of x. 

B(1, 0), and the origin (see figure). (d) Calculate lim m,. How does this number relate to your 
y answer in part (b)? 


(a) Write the area of each triangle in terms of x. 


(b) Let a(x) be the ratio of the areas of the two triangles, CEP 
Figure for 4 Figure for 5 
alx) = Ae APBO 2 
Area APAO* 5. Tangent Line Let P(5, —12) be a point on the circle 


x? + y? = 169 (see figure). 


Complete the table. Calculate lim a(x). 
as (a) What is the slope of the line joining P and O(0, 0)? 


(b) Find an equation of the tangent line to the circle at P. 
x 412/101 | 0.01 

(c) Let Q(x, y) be another point on the circle in the fourth 
Area APAO quadrant. Find the slope m, of the line joining P and Q in 

terms of x. 

Area APBO 

(d) Calculate lim m,. How does this number relate to your 
alx) answer in part (b)? 
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Chapter 1 Limits and Their Properties 
Finding Values Find the values of the constants a and b 
such that 

lim vade 43 à 


x20 


. Finding Limits Consider the function 


J3 4+ x5 —2 


x—1 


f(x) = 


(a) Find the domain of f. 


e (b) Use a graphing utility to graph the function. 


8. 


9. 


10. 


(c) Find dim, f(x). 
(d) Find lim f(x). 


Making a Function Continuous Find all values of the 
constant a such that f is continuous for all real numbers. 
ax ; x20 
f (x) = 4 tan x 
d-—2, x<0 
Choosing Graphs Consider the graphs of the four 


functions g4, 82, 83, and g4. 


y y 

A A 
3-- OO 3- OO 

&4 
25 24r . 
83 
1+ O——— 1+ 
—— jj x — e x 
1 2 3 1 2 3 


For each given condition of the function f, which of the graphs 
could be the graph of f? 


(a) lim f(x) = 3 
(b) f is continuous at 2. 
(c) lim f(x) = 3 


Limits and Continuity Sketch the graph of the function 


w- 


(a) Evaluate f(}), f (3), and f(1). 
(b) Evaluate the limits lim f(x), lim f(x), lim f(x), and 
lim, fG). x31 x1 x20 


(c) Discuss the continuity of the function. 


11. 


12. 


13. 


14. 


Limits and Continuity Sketch the graph of the function 
f(x) = bd + l~a. 

(a) Evaluate f(1), f(0), /(3), and f(—2.7). 

(b) Evaluate the limits Jim fx), Jim, f(x), and lim, f(x). 


(c) Discuss the continuity of the function. 


Escape Velocity To escape Earth’s gravitational field, 
a rocket must be launched with an initial velocity called the 
escape velocity. A rocket launched from the surface of Earth 
has velocity v (in miles per second) given by 


2GM 2GM 192 
E ba IUe 48 


where v, is the initial velocity, r is the distance from the rocket 
to the center of Earth, G is the gravitational constant, M is the 
mass of Earth, and R is the radius of Earth (approximately 
4000 miles). 


(a) Find the value of v, for which you obtain an infinite limit 
for r as v approaches zero. This value of v, is the escape 
velocity for Earth. 


(b) A rocket launched from the surface of the moon has 
velocity v (in miles per second) given by 


y- [== + v — 2.17. 


Find the escape velocity for the moon. 


(c) A rocket launched from the surface of a planet has velocity 
v (in miles per second) given by 


y 10,600 | , 
= F Vo 
7 


Find the escape velocity for this planet. Is the mass of 
this planet larger or smaller than that of Earth? (Assume 
that the mean density of this planet is the same as that of 
Earth.) 


Pulse Function For positive numbers a < b, the pulse 
function is defined as 


0 x<a 
Papx)  Hx-a) - H(x- b)=;\1, asx<b 
0 x=b 


l, x20. " R 
where H(x) = o x<0 is the Heaviside function. 


(a) Sketch the graph of the pulse function. 
(b) Find the following limits: 


@ lim P(X) (i) lim P,,(x) 
(iii) lim, P p(X) (iv) lim Papx) 
(c) Discuss the continuity of the pulse function. 


(d) Why is U(x) = LP, p(x) called the unit pulse function? 


Proof Letabeanonzero constant. Prove that if lim fx) =L, 
then lim f(ax) = L. Show by means of an example that a must 


be nonzero. 


2 Differentiation 


E MH HH HH E E gH HH HH E H HH 


2.1 The Derivative and the Tangent Line Problem 
UII 22 Basic Differentiation Rules and Rates of Change 
efje 23 Product and Quotient Rules and Higher-Order Derivatives 
2.4 The Chain Rule 
2.5 Implicit Differentiation 
2.6 Related Rates 


Rate of Change 
(Example 2, p. 153) 


Velocity of a Falling Object 
(Example 9, p. 116) 


Stopping Distance (Exercise 103, p.121) 


Clockwise from top left, Kateryna Kon/Shutterstock.com; Russ Bishop/Alamy Stock Photo; 99 
Richard Megna/Fundamental Photographs; Tumar/Shutterstock.com; NASA 
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Chapter2 Differentiation 


2.1 The Derivative and the Tangent Line Problem 


ISAAC NEWTON (1642-1727) 


In addition to his work in 
calculus, Newton made 
revolutionary contributions to 
physics, including the Law of 
Universal Gravitation and his 
three laws of motion. 

See LarsonCalculus.com to read 
more of this biography. 


Exploration 

Use a graphing utility to graph 
FO) = Be = 4g? + Be — S. 
On the same screen, graph 
y=x-—5,y = 2x — 5, and 


y = 3x — 5. Which of these 
lines, if any, appears to be 
tangent to the graph of f at 
the point (0, —5)? Explain 
your reasoning. 


E Find the slope of the tangent line to a curve at a point. 
E Use the limit definition to find the derivative of a function. 
liM Understand the relationship between differentiability and continuity. 


The Tangent Line Problem 


Calculus grew out of four major problems that European mathematicians were working 
on during the seventeenth century. 


1. The tangent line problem (Section 1.1 and this section) 

2. The velocity and acceleration problem (Sections 2.2 and 2.3) 
3. The minimum and maximum problem (Section 3.1) 

4. The area problem (Sections 1.1 and 4.2) 


Each problem involves the notion of a limit, and calculus can be introduced with any 
of the four problems. 

A brief introduction to the tangent line problem is given in Section 1.1. Although 
partial solutions to this problem were given by Pierre de Fermat (1601—1665), 
René Descartes (1596-1650), Christian Huygens (1629-1695), and Isaac Barrow 
(1630-1677), credit for the first general solution is usually given to Isaac Newton 
(1642-1727) and Gottfried Leibniz (1646-1716). Newton's work on this problem 
stemmed from his interest in optics and light refraction. 

What does it mean to say that a line is y 
tangent to a curve at a point? For a circle, the 
tangent line at a point P is the line that is 
perpendicular to the radial line at point P, as 
shown in Figure 2.1. P 

For a general curve, however, the problem 
is more difficult. For instance, how would you 
define the tangent lines shown in Figure 2.2? 
You might say that a line is tangent to a curve 
at a point P when it touches, but does not cross, a 
the curve at point P. This definition would work 
for the first curve shown in Figure 2.2 but not 
for the second. Or you might say that a line is 
tangent to a curve when the line touches or 
intersects the curve at exactly one point. This 
definition would work for a circle but not for 
more general curves, as the third curve in 
Figure 2.2 shows. 


> 


Tangent line to a circle 
Figure 2.1 


> xX =X 


Tangent line to a curve at a point 
Figure 2.2 


Mary Evans Picture Library/Alamy Stock Photo 


(c + Ax, f(c + Ax)) 


f(c + Ax) —f(c) = Ay 


The secant line through (c, f(c)) and 
(c + Ax, f(c + Ax)) 
Figure 2.3 


THE TANGENT LINE PROBLEM 


In 1637, mathematician René 
Descartes stated this about the 
tangent line problem: 


“And | dare say that this is 
not only the most useful and 
general problem in geometry 
that | know, but even that | 
ever desire to know.” 
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Essentially, the problem of finding the tangent line at a point P boils down to the 
problem of finding the slope of the tangent line at point P. You can approximate this 
slope using a secant line* through the point of tangency and a second point on the 
curve, as shown in Figure 2.3. If (c, f(c)) is the point of tangency and 


(c + Ax, f(c + Ax)) 


is a second point on the graph of f, then the slope of the secant line through the two 
points is given by substitution into the slope formula 


35 — X1 

mMm = Á 

XQ X 
"AR fc + Ax) = O Change in y 
nee (c + Ax) — Cc Change in x 


fle + Ax) = fl) 


sec = Ax Slope of secant line 


The right-hand side of this equation is a difference quotient. The denominator Ax is 
the change in x, and the numerator 


Ay = f(c + Ax) — f(c) 


is the change in y. 

The beauty of this procedure is that you can obtain more and more accurate 
approximations of the slope of the tangent line by choosing points closer and closer to 
the point of tangency, as shown in Figure 2.4. 


(c, m, 


Ax EKO) Ay 
p 4 Ay P: A. 
d 
(c, mus (c, p fs JJ 
ee Ay 
(à " E fo) 
a angent line 4. line 


Tangent line approximations 
Figure 2.4 


Ay 


Definition of Tangent Line with Slope m 
If f is defined on an open interval containing c, and if the limit 


tim Mog fet A9 7/0) _ 


Ax20 Ax  Ax>0 Ax 


exists, then the line passing through (c, f(c)) with slope m is the tangent line to 
the graph of f at the point (c, f(c)). 


The slope of the tangent line to the graph of f at the point (c, f(c)) is also called 
the slope of the graph of f at x — c. 


* 'This use of the word secant comes from the Latin secare, meaning to cut, and is not a 
reference to the trigonometric function of the same name. 
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The slope of f at (2, 1) is m — 2. 
Figure 2.5 


Tangent 


line at ^^ 


(1, 2) 


Tangent line 


J- at (0,1) 


The slope of f at any point (c, f(c)) is 


m — 2c. 


Figure 2.6 


> 


Vertical 
tangent 
line 


(c. f(c)) 


eX 
[4 


The graph of f has a vertical tangent 
line at (c, f (c)). 
Figure 2.7 
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The Slope of the Graph of a Linear Function 


To find the slope of the graph of f(x) = 2x — 3 when c = 2, you can apply the 
definition of the slope of a tangent line, as shown. 


lim f(2 + Ax) — f(2) -— [2(2 + Ax) — 3] - [2(2) — 3] 
Ax20 Ax Ax> 0 Ax 
. 4-*2Ax—3—4-—3 
= lim 
Ax> 0 Ax 


= lim 2 
=2 
The slope of f at (c, f(c)) = (2, 1) is m = 2, as shown in Figure 2.5. Notice that the 


limit definition of the slope of f agrees with the definition of the slope of a line as 
discussed in Section P.2. a 


The graph of a linear function has the same slope at any point. This is not true of 
nonlinear functions, as shown in the next example. 


04112489 2"24 Tangent Lines to the Graph of a Nonlinear Function 


Find the slopes of the tangent lines to the graph of f(x) = x? + 1 at the points (0, 1) 
and (— 1, 2), as shown in Figure 2.6. 


Solution Let (c, f(c)) represent an arbitrary point on the graph of f. Then the slope 
of the tangent line at (c, f(c)) can be found as shown below. [Note in the limit process 
that c is held constant (as Ax approaches 0).] 


lim fle + Ax) - f(c) _ [(c + Ax)? + 1] - (c? + 1) 


lim 


Ax20 Ax Ax> 0 Ax 
cC + 2c(Ax) + (Ax)? +1- 2-1 
m 
Ax>0 Ax 
2 
= lim 2c(Ax) + (Ax) 
Ax20 Ax 
= lim (2c + Ax) 
Ax 0 
= 2c 


So, the slope at any point (c, f(c)) on the graph of f is m = 2c. At the point (0, 1), the 
slope is m = 2(0) = 0, and at (— 1, 2), the slope is m = 2(—1) = —2. a 


The definition of a tangent line to a curve does not cover the possibility of a 
vertical tangent line. For vertical tangent lines, you can use the following definition. If 
f is continuous at c and 


im feta -sO 


Ax>0 Ax 


im £64.49 -fO 


Ax>0 Ax 


OO or 


= — OO 


then the vertical line x = c passing through (c, f(c)) is a vertical tangent line to the 
graph of f. For example, the function shown in Figure 2.7 has a vertical tangent line 
at (c, f(c)). When the domain of f is the closed interval [a, b], you can extend the 
definition of a vertical tangent line to include the endpoints by considering continuity 
and limits from the right (for x = a) and from the left (for x = b). 


The notation f'(x) 
is read as “f prime of x.” 


ill FOR FURTHER INFORMATION 
For more information on the 
crediting of mathematical discoveries 
to the first “discoverers,” see the 
article “Mathematical Firsts— 
Who Done It?” by Richard H. 
Williams and Roy D. Mazzagatti in 
Mathematics Teacher. To view this 
article, go to MathArticles.com. 


When using the 
definition to find a derivative of 
a function, the key is to rewrite 
the difference quotient so that 
Ax does not occur as a factor 
of the denominator. 
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The Derivative of a Function 


You have now arrived at a crucial point in the study of calculus. The limit used to 
define the slope of a tangent line is also used to define one of the two fundamental 
operations of calculus—differentiation. 


Definition of the Derivative of a Function 
The derivative of f at x is 


f(x + Ax) — f) 


fo) = pu. Ax 


provided the limit exists. For all x for which this limit exists, f" is a function of x. 


Be sure you see that the derivative of a function of x is also a function of x. This 
“new” function gives the slope of the tangent line to the graph of f at the point (x, f(x)), 
provided that the graph has a tangent line at this point. The derivative can also be used 
to determine the instantaneous rate of change (or simply the rate of change) of one 
variable with respect to another. 

The process of finding the derivative of a function is called differentiation. A 
function is differentiable at x when its derivative exists at x and is differentiable on 
an open interval (a, b) when it is differentiable at every point in the interval. 

In addition to f'(x), other notations are used to denote the derivative of y = f(x). 
The most common are 


f'(x), ER f Lf], D [y]. Notations for derivatives 


The notation dy/dx is read as “the derivative of y with respect to x" or simply “dy, 
dx." Using limit notation, you can write 


Gib oe PSD tur esu doy 
dx AES pm, Ax 


Finding the Derivative by the Limit Process 


or > See LarsonCalculus.com for an interactive version of this type of example. 


= f'(x). 


To find the derivative of f(x) = x? + 2x, use the definition of the derivative as shown. 


f(x + Ax) — f() 


fx) = Jim, Ax Definition of derivative 
0 (x + Ax)? + 2(x + Ax) — G3 + 2x) 
= lim 
Ax>0 Ax 
. x8 + 3X2Ax + 3x(Ax)? + (Ax)? + 2x + 2Ax — x? — 2x 
= lim 
Ax>0 Ax 
0 3x?Ax + 3x(Ax)? + (Ax)? + 2Ax 
= lim 
Ax>0 Ax 
. AX[332 + 3xAx + (Ax)? + 2] 
= lim 
Ax>0 AX 


jim, [32 + 3xAx + (Ax)? + 2] 


3x2 + 2 wi 
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Remember that 
the derivative of a function f is 
itself a function, which can be 
used to find the slope of the 
tangent line at the point 
(x, f(x)) on the graph of f. 


al 
At (4, 2), m7 . 


ł } } aa 


(0,0) 1 2 


For x > 0, the slope of f at (x, f(x)) is 
m = 1/(2/x). 


Figure 2.8 


In many 
applications, it is convenient 
to use a variable other than x 
as the independent variable, 
as shown in Example 5. 


At the point (1, 2), the line 


y = —2t + 4 is tangent to the graph 
of y = 2/t. 
Figure 2.9 
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EXAMPLE 4 Using the Derivative to Find the Slope at a Point 


Find f'(x) for f(x) = \/x. Then find the slopes of the graph of f at the points (1, 1) and 
(4, 2). Discuss the behavior of f at (0, 0). 


Solution Use the procedure for rationalizing numerators, as discussed in Section 1.3. 


f(x + Ax) — fo) 


f'() — ]im Definition of derivative 
Ax 0 Ax 
2x Ax — Sx 
= lim 
Ax 0 Ax 


= ii 


on Jx + Ax — Ape =) 


Jim, Ie MEER UE 
ze (x + A)-x 

x30 Ax(/x + Ax + Jx) 
= lim ET 

Ax0 Weel /x + Ax + Vx) 

1 

= Ü MEX E 

aro J/x + Ax + Sx 

1 


E 


At the point (1, 1), the slope is f’(1) = £. At the point (4, 2), the slope is f'(4) = +. 
See Figure 2.8. The domain of f’ is all x > 0, so the slope of f is undefined at (0, 0). 
Moreover, the graph of f has a vertical tangent line at (0, 0). 


EXAMPLE 5 Finding the Derivative of a Function 


— [> See LarsonCalculus.com for an interactive version of this type of example. 
Find the derivative with respect to ¢ for the function y = 2/t. 


Solution Considering y = f(t), you obtain 
+ — 
dy im [ETAD -SO 


Definition of derivative 


dt At> 0 At 
2 _2 
t+At t beads 2 T 
^ Ar20 At papel eue 
2t — 2(t + At) 
. t(t + Ar) 
= lim Combine fractions in numerator. 
At> 0 At 
li — 2A Divid fi f A 
= nm 1vide out common factor of Af. 
At> 0 POLU + At) 
li = Simplif: 
= uU ae imphity. 
Aro f(t + Af) TT 
= — = Evaluate limit as At 0. a 


A graphing utility can be used to reinforce the result given 
in Example 5. For instance, using the formula dy/dt = —2/P, you know that the 
slope of the graph of y — 2/t at the point (1, 2) is m — — 2. Using the point-slope 
form, you can find that the equation of the tangent line to the graph at (1, 2) is 

y-2=-2t-1) or y- —-2t * 4. See Figure 2.9. 


You can also verify the result using the tangent feature of the graphing utility. 


A proof of the 
equivalence of the alternative 
form of the derivative is 
given in Appendix A. 


The greatest integer function is not 
differentiable at x = O because it is 
not continuous at x = 0. 

Figure 2.11 
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Differentiability and Continuity 


The alternative limit form of the derivative shown below is useful in investigating the 
relationship between differentiability and continuity. The derivative of f at c is 


f '(c) = lim Fe) = fi) Alternative form of derivative 
xoc X —C 


provided this limit exists (see Figure 2.10). 


y 
A 


(x, f) 


(c, f(c)) 


i 


fe) —fto) 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
L 

x 


eh ee ee 


As x approaches c, the secant line 
approaches the tangent line. 
Figure 2.10 


Note that the existence of the limit in this alternative form requires that the one-sided 
limits 


in £0) - £0 

xoc X—C 
and 

w - £0 


x>c+t X= aC 


exist and are equal. These one-sided limits are called the derivatives from the left and 
from the right, respectively. It follows that f is differentiable on the closed interval 
[a, b] when it is differentiable on (a, b) and when the derivative from the right at a and 
the derivative from the left at b both exist. 

When a function is not continuous at x = c, it is also not differentiable at x = c. 
For instance, the greatest integer function 


fe) = Id 


is not continuous at x = 0, and so it is not differentiable at x = 0 (see Figure 2.11). You 
can verify this by observing that 


im £2) £0 = in B= 0 _ 


oo Derivative from the left 
x7 07 uw e x07 X 
and 
. x) — f(0 : x|- 0 
lim K ) f( ) = lim [ ] =0. Derivative from the right 
x20* x—0 x20* X 


Although it is true that differentiability implies continuity (as shown in Theorem 2.1 
on the next page), the converse is not true. That is, it is possible for a function to be 
continuous at x = c and not differentiable at x = c. Examples 6 and 7 illustrate this 
possibility. 


106 Chapter2 Differentiation 


f is not differentiable at x — 2 because 
the derivatives from the left and from 
the right are not equal. 

Figure 2.12 


f is not differentiable at x = 0 because 
f has a vertical tangent line at x — 0. 
Figure 2.13 


Some 
graphing utilities, such as 
Maple, Mathematica, and the 

. TI-Nspire, perform symbolic 

* differentiation. Some have a 

. derivative feature that performs 
numerical differentiation by 
finding values of derivatives 
using the formula 


, _ f(x + Ax) — f(x — Ax) 
f) ~ s 


where Ax is a small number 
such as 0.001. Can you see any 
* problems with this definition? 
* For instance, using this 
^ definition, what is the value 

of the derivative of f(x) = |x| 
. when x = 0? 


A Graph with a Sharp Turn 


Fd p- See LarsonCalculus.com for an interactive version of this type of example. 


The function f(x) = |x — 2 
one-sided limits, however, 


, Shown in Figure 2.12, is continuous at x — 2. The 


— f(2 x—2|—0 
lim fe) f ) = lim | | = -1 Derivative from the left 
e x2 Xe 2 X2 
and 
— f(2 x—2|—0 
lim fe) f ) = lim | | = 1 Derivative from the right 
x22* x—2 x22* X= 2 


are not equal. So, f is not differentiable at x = 2 and the graph of f does not have a 
tangent line at the point (2, 0). 


A Graph with a Vertical Tangent Line 


The function f(x) = x!/? is continuous at x = 0, as shown in Figure 2.13. However, 

because the limit 

(x) — f(0) PS s d 
—0 


X ; 
= lim = lim im 
X x20 X x20 x^ ^7 


lim f 


x20 


oo 


is infinite, you can conclude that the tangent line is vertical at x — 0. So, f is not 
differentiable at x = 0. E 


From Examples 6 and 7, you can see that a function is not differentiable at a point 
at which its graph has a sharp turn or a vertical tangent line. 


12.1 Differentiability Implies Continuity OR [um] 
A thop 
If f is differentiable at x — c, then f is continuous at x — c. ar fe 


Proof You can prove that f is continuous at x = c by showing that f(x) approaches 
f(c) as x c. To do this, use the differentiability of f at x = c and consider the 
following limit. 


X-—c 


- E (x — o) || mf - 79 


xoc xc X—C 


= (OLF0] 
-0 


lim ft) - f(9] = tim | e - 9-59) 


Because the difference f(x) — f(c) approaches zero as x c, you can conclude that 
lim f(x) — f(c). So, f is continuous at x — c. 


The relationship between continuity and differentiability is summarized below. 


1. If a function is differentiable at x = c, then it is continuous at x = c. So, 
differentiability implies continuity. 

2. It is possible for a function to be continuous at x — c and not be differentiable at 
x = c. So, continuity does not imply differentiability (see Examples 6 and 7). 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Tangent Line Describe how to find the slope of the 
tangent line to the graph of a function at a point. 


2. Notation List four notation alternatives to f'(x). 


. Derivative Describe how to find the derivative of a 
function using the limit process. 


. Continuity and Differentiability Describe the 
relationship between continuity and differentiability. 


Estimating Slope In Exercises 5 and 6, estimate the slope 
of the graph at the points (x,, y,) and (x,, y2). 


5. y 6. 
a A, 


Slopes of Secant Lines In Exercises 7 and 8, use the 
graph shown in the figure. To print an enlarged copy of the 
graph, go to MathGraphs.com. 


123 45 6 


7. Identify or sketch each of the quantities on the figure. 
(a) f(1) and f(4) (b) f(4) — f0) 
2 =f =f), n 


() 4-1 (d) y 4 
8. Insert the proper inequality symbol (< or >) between the given 
quantities. 
yrs f) f — fO) 
4—1 4—3 
£4) - fa) j 
o) CEAN M p) 


e Finding the Slope of a Tangent Line In 
Exercises 9-14, find the slope of the tangent line to 
the graph of the function at the given point. 


10. g(x) = 2 FL (-2,-2) 
12. f(x) 25— x, (3, 4) 
14. h(t) = ? + 4t, (1,5) 


E pis )=3-— 5x, (-1,8) 
11. f(x) = 2x2 — 3, (2,5) 
13. f() = 3t — t, (0,0) 


ALI Finding the Derivative by the Limit 
5 Process In Exercises 15—28, find the derivative 
ns of the function by the limit process. 


5. f(x) - 7 16. g(x) = — 
17. f(x) = —5x 18. f(x) = 7x - 3 
19. h(s) 2 3 + $s 20. f(x) 2 5 - Fx 
21. f(x) 2:2 4 x - 3 22. f(x) =x? — 5 
23. f(x) = x3 — 12x 24. e(t) =P + 4t 
25. f(x) = — 26. f(x) -4 
27. f(x) = J/x +4 28. h(s) = —2/s 


aa l=) Finding an Equation of a Tangent Line In 

mam I Exercises 29—36, (a) find an equation of the tangent 

[aj Ei t line to the graph of f at the given point, (b) use 

g a graphing utility to graph the function and its 

tangent line at the point, and (c) use the tangent 

feature of a graphing utility to confirm your results. 

29. f(x) =x +3, (-1,4) 30. f()- x2 +2x-—1, (1,2) 
31. f(x) =x, (2,8) 32. fx) 9-1 (-1,0) 
33. f) =x, (1,1) 34. f(x) = /x - 1, (5,2) 


35. e: (-4,-5) 36. f()-x-i (1, 0) 


Finding an Equation of a Tangent Line In 
AC: Exercises 37-42, find an equation of the line that is 
£r t tangent to the graph of f and parallel to the given 


line. 
Function Line 
37. f(x) = -1e x+y=0 
38. f(x) = 2x2 4x+y+3=0 
39. f(x) = x 3x -y+1=0 
40. f(x) = +2 3x -y-4=0 
1 
41. f(x) = —= xt2y—6-0 
F(x) )- y 
1 
42. f(x) = x+2y+7=0 
F(x) Je y 


Sketching a Derivative In Exercises 43-48, sketch the 
graph of f’. Explain how you found your answer. 


43. 44. y 
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45. 4 46. i Finding an Equation of a Tangent Line In Exercises 61 
7 71+ and 62, find equations of the two tangent lines to the graph of 
Al f 6+ f that pass through the indicated point. 
1 61. f(x) = 4x — x2 62. f(x) = x 
2 + 


. Graphical Reasoning Use a graphing utility to graph 
each function and its tangent lines at x = —1, x = 0, and 
x — 1. Based on the results, determine whether the slopes of 
tangent lines to the graph of a function at different values of x 
are always distinct. 
EXPLORING CONCEPTS (a) fi) =x? b) gla) = 4% 
49. Sketching a Graph Sketch a graph of a function 

whose derivative is always negative. Explain how you fm 

found the answer. é4( ) HOW DO YOU SEE IT? The figure shows 

. Sketching a Graph Sketch a graph of a function the graph of g’. 


whose derivative is zero at exactly two points. Explain 
how you found the answer. 


. Domain of the Derivative Do f and f' always 
have the same domain? Explain. 


. Symmetry of a Graph A function f is symmetric 
with respect to the origin. Is f’ necessarily symmetric 
with respect to the origin? Explain. 


53. Using a Tangent Line The tangent line to the graph of (a) g(0) = 
y = g(x) at the point (4, 5) passes through the point (7, 0). (c) What can you conclude about the graph of g 
Find g(4) and g'(4). knowing that g'(1) = =a 
54. Using a Tangent Line The tangent line to the graph of (d) What can you conclude about the graph of g 
y = h(x) at the point (— 1, 4) passes through the point (3, 6). knowing that g(—4) = 2? 
Find h(— 1) and h’(— 1). (e) Is g(6) — g(4) positive or negative? Explain. 
EIFE] Working Backwards In Exercises 55-58, the (f) Is it possible to find g(2) from the graph? Explain. 
EE t3 limit represents f (c) for a function f and a 
dos number c. Find f and c. Ae 65. Graphical Reasoning Consider the function f(x) = 5x2. 
55. lim [5 - 31 + Ax)] - 2 (a) Use a graphing utility to graph the function and estimate 
' Ax Ax the values of f'(0), f. f' (1), and f'(2). 
56. lim (-2 + Ax)? + 8 (b) Use your results from part (a) to determine the values of 
"asso Ax f(-3). fC- 1), and f'(-2). 
—x? + 36 (c) Sketch a possible graph of f". 


57. lim 
i (d) Use the definition of derivative to find f'(x). 
58. lim 2x —6 Ae 66. Graphical Reasoning Consider the function f(x) = 3°. 


(a) Use a graphing utility to graph the function and estimate 


Writing a Function Using Derivatives In Exercises 59 the values of f'(0), f'(5), f'(1). f'Q), and f'(3). 

and 60, identify a function f that has the given characteristics. (b) Use your results from part (a) to determine the values of 
Then sketch the function. f'(-3), f(D, £72), and f(—3). 

59. f(0) = 2; f'(x) = —3 for —00 < x < oo (c) Sketch a possible graph of f". 


60. f(0) = 4; f'(0) = 0; f'(x) < Oforx < 0; f'(x) > Oforx > 0 (d) Use the definition of derivative to find f'(x). 


Approximating a Derivative In Exercises 67 and 68, 
evaluate f (2) and f (2.1) and use the results to approximate f '(2). 


68. f(x) 7 4 


EI Using the Alternative Form of the 

Derivative In Exercises 69-76, use the 

one -Fy alternative form of the derivative to find the 
derivative at x = c, if it exists. 


67. f(x) = x(4 — x) 


69. f(x) = i9 + 2x? + Lc 2 
70. g(x) =x? —x,c=1 
71. g(x) = x c-0 
73. f(x) = (x — 09?5, c =6 
75. h(x) — ,c=-T7 


72. f(x) = 3/x,c =4 
74. g(x) = (x + 3), c 3 
76. f(x) = ,c=6 


[n]ziX'[m] Determining Differentiability In Exercises 
Exp Fi 77-80, describe the x-values at which f is 
Oo wi differentiable. 


= 
2 
77. f(x) = (x + 473 78. = —* — 
f(x) = (x + 4) fO =z 
y '] 
| 
TI LSF i 
4-- ! 4-4 D 
$ 137 i 
T a 
Hoo HOP 3 D TN ES 
S^ bed 
4 x<0 
x, x0 
{>x 
4 


f Graphical Analysis In Exercises 81-84, use a graphing 


utility to graph the function and find the x-values at which f is 
differentiable. 


81. fœ = |x- 5| 82. f(x) = = 5 
83. f(x) = x?/^ 

x — 3x7 + 3x, x1 
84. f(x) = n o 


la Determining Differentiability In Exercises 

85-88, find the derivatives from the left and from 

ices the right at x = 1 (if they exist). Is the function 
differentiable at x = 1? 


85. f(x) = |x- 1| 


(x- 13, x <1 
Idee lee I» x>1 


86. f(x) = /1- x 


88. f(x) = (1 — x)? 
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Determining Differentiability In Exercises 89 and 90, 
determine whether the function is differentiable at x = 2. 


etl, x<2 ty 42, x «2 
fa) = {53 x>2 90. f(x) = Wor x22 


91. Graphical Reasoning A line with slope m passes through 
the point (0, 4) and has the equation y = mx + 4. 


(a) Write the distance d between the line and the point (3, 1) 


as a function of m. 

AL (b) Use a graphing utility to graph the function d in part (a). 
Based on the graph, is the function differentiable at every 
value of m? If not, where is it not differentiable? 

92. Conjecture Consider the functions f(x) — 3? and 

g(x) = 2°. 
(a) Graph f and f' on the same set of axes. 
(b) Graph g and g' on the same set of axes. 


(c) Identify a pattern between f and g and their respective 
derivatives. Use the pattern to make a conjecture about 
h'(x) if h(x) = x", where n is an integer and n = 2. 

(d) Find f'(x) if f(x) = x^. Compare the result with the 
conjecture in part (c). Is this a proof of your conjecture? 
Explain. 


True or False? In Exercises 93-96, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


93. The slope of the tangent line to the differentiable function f at 
the point (2, f(2)) is 


f(2 + Ax) - fQ) 
Ax i 


94. If a function is continuous at a point, then it is differentiable at 
that point. 


95. If a function has derivatives from both the right and the left at 
a point, then it is differentiable at that point. 


96. If a function is differentiable at a point, then it is continuous at 
that point. 


97. Differentiability and Continuity Let 


1 
xsin-, x #0 
x 


f(x) = 

0, x=0 
and 

Xo l 

x sin-, x #0 
g(x) = * 


0, x70 


Show that f is continuous, but not differentiable, at x = 0. 
Show that g is differentiable at 0 and find g'(0). 


Ae 98. Writing Use a graphing utility to graph the two functions 


fG) =x7 +1 and g(x) = |x| + 1 in the same viewing 
window. Use the zoom and trace features to analyze the graphs 
near the point (0, 1). What do you observe? Which function is 
differentiable at this point? Write a short paragraph describing 
the geometric significance of differentiability at a point. 
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2.2 Basic Differentiation Rules and Rates of Change 


Find the derivative of a function using the Constant Rule. 

Find the derivative of a function using the Power Rule. 

Find the derivative of a function using the Constant Multiple Rule. 
Find the derivative of a function using the Sum and Difference Rules. 
Find the derivatives of the sine function and of the cosine function. 
Use derivatives to find rates of change. 


The Constant Rule 


In Section 2.1, you used the limit definition to find derivatives. In this and the next two 
sections, you will be introduced to several “differentiation rules" that allow you to find 
derivatives without the direct use of the limit definition. 


‘EM 2.2 The Constant Rule | 


The derivative of a constant function is 0. That is, if c is a real 


The slope of a 


horizontal line number, then E Him 


is 0. v 


i Zid =0. See Figure 2.14. E 


The derivative of a 
constant function 
is 0. Proof Let f(x) = c. Then, by the limit definition of the derivative, 


»—X 

d 

d - fo 
Notice that the Constant Rule is 
equivalent to saying that the slope of a = lim fæ + Ax) —F@) 
horizontal line is 0. This demonstrates Ax>0 Ax 
the relationship between slope and M eee 
derivative. AM Ax 
Figure 2.14 . 

= lim 0 
Ax>0 


Í 
= 
E 


EXAMPLE 1 Using the Constant Rule 


Function Derivative 
a.y-7 dy/dx — 0 
b. f(x) 20 f(x) = 0 
c. s(t) = —3 s(t) =0 
d. y = Atv’, k is constant dy/dx = 0 H 


Exploration 


Writing a Conjecture Use the definition of the derivative given in Section 2.1 
to find the derivative of each function. What patterns do you see? Use your 


results to write a conjecture about the derivative of f(x) = x”. 


a. f(x) = x! b. f(x) = x © fha) =x 
d. f(x) = x* e. f(x) = x! [5 fo) =a" 
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The Power Rule 


Before proving the next rule, it is important to review the procedure for expanding a 
binomial. 

(x + Ax)? = x? + 2xAx + (Ax)? 

(x + Ax = x3 + 332A x + 3x(Ax)? + (Ax) 

(x + Ax)* = x4 + 43 Ax + 6x?(Ax)? + Ax(AxP + (Ax)4 

(x + Ax = 35 + 5x4Ax + 10x3(Ax)? + 10x2(Ax)3 + 5x(Ax)* + (Ax) 


The general binomial expansion for a positive integer n is 


= n—2 
(x + Ax)! = x"  nx"- Ax) + nin Di (agp Toc + + (Ax). 


s Pi 


(Ax) is a factor of these terms. 


This binomial expansion is used in proving a special case of the Power Rule. 


THEOREM 2.3 The Power Rule 


If n is a rational number, then the function f(x) — x" is differentiable and 


d x"| = nx? 1, 


d Den 
eur sees SS oe mm omes m For f to be differentiable at x = 0, n must be a number such that Re " t 
ee From Example 7 x"! js defined on an interval containing 0. ioe: we 


in Section 2.1, you know that — 
the function f(x) = x!/3 is 


defined at x = 0 but is not Proof Ifnis a positive integer greater than 1, then the binomial expansion produces 
differentiable at x = 0. This d 00 (x * Ax — x" 
is because x??? is not defined [x"] = lim 

dx Ax>0 Ax 


on an interval containing 0. 
aj n(n — 1)x"~? 
x" + nx" (Ax) + ————— 


li 2 
ree Ax 


(Ax)? +--+ ++ (Ax)? — x" 


= h n—1 n(n — Dx"? PRECES es) 
jim, | + 2 (Ax) + + (Ax) 


nx"! +0+.-.--+0 


= nx"! 


This proves the case for which n is a positive integer greater than 1. It is left to you to prove 
the case for n = 1. Example 7 in Section 2.3 proves the case for which n is a negative 
integer. In Exercise 73 in Section 2.5, you are asked to prove the case for which n is 
rational. (In Section 5.5, the Power Rule will be extended to cover irrational values of n.) 


When using the Power Rule, the case for which n = 1 is best thought of as a 
separate differentiation rule. That is, 


Le [x] =]. Power Rule when n = 1 
dx 


The slope of the line y = x is 1. This rule is consistent with the fact that the slope of the line y = x is 1, as shown in 
Figure 2.15 Figure 2.15. 
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-1 (0, 0) 1 


Note that the slope of the graph is 
negative at the point (— 1, 1), the 
slope is zero at the point (0, 0), and 
the slope is positive at the point (1, 1). 
Figure 2.16 


4.5| y= 9— ree) 4° 
(Y= 4X+- 4 
=l 
The line y = —4x — 4 is tangent to the 


graph of f(x) = x? at the point (— 2, 4). 
Figure 2.17 


EXAMPLE 2 Using the Power Rule 


Function Derivative 
a. f(x) = 8 f'(x) = 3x? 
— m sud cd... d 
b. g(x) = 3/x g(x) = 4,7] -3* dim 325 
-1 dy_ 4d) oan 
c. y x x dx dx [x ] ( 2)x x3 | 


In Example 2(c), note that before differentiating, 1/x* was rewritten as x ?. 


Rewriting is the first step in many differentiation problems. 


Given: Rewrite: Differentiate: Simplify: 
1 wb o 2, Wb dy (4. Wb d? 
SET gis dx (=2)x dx x 


Finding the Slope of a Graph 


? e e e> See LarsonCalculus.com for an interactive version of this type of example. 
Find the slope of the graph of f(x) — x^ for each value of x. 
a.x—-—1 bx=0 c.x-l 


Solution The slope of a graph at a point is the value of the derivative at that point. 
The derivative of f is f'(x) = 4x. 


a. When x = — 1, the slope is f- 1) = 4(— E = —4. Slope is negative. 
b. When x = 0, the slope is f'(0) = 4(0)3 = 0. Slope is zero. 
c. When x = 1, the slope is f) = A(1 3 = 4. Slope is positive. 


See Figure 2.16. 


Finding an Equation of a Tangent Line 


e e e e> See LarsonCalculus.com for an interactive version of this type of example. 


Find an equation of the tangent line to the graph of f(x) = x? when x = —2. 
Solution To find the point on the graph of f, evaluate the original function at 
x —-—2. 

(- 2,f(- 2)) = (- 2, 4) Point on graph 
To find the slope of the graph when x = —2, evaluate the derivative, f'(x) = 2x, at 
x= -2., 

m= f(- 2) = -4 Slope of graph at (—2, 4) 


Now, using the point-slope form of the equation of a line, you can write 


y= Jy m(x — xj) Point-slope form 
yo 4= -4x-(-2] Substitute for y}, m, and x,. 
y= —-4x— 4. Simplify. 


You can check this result using the tangent feature of a graphing utility, as shown in 
Figure 2.17. a 


€ € 6 6 € 6 6 6 6€ 6 6 * 6 eee ee 


e 


ee 


Before 
differentiating functions 
involving radicals, rewrite 
the function with rational 
exponents. 
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The Constant Multiple Rule 


THEOREM 2.4 The Constant Multiple Rule 


If f is a differentiable function and c is a real number, then cf is also 
differentiable and 


d 1 
TIo] = aro). 


Proof 


cf(x + Ax) — cf(x) 


Definition of derivative 


d 
4, 15/09] = Him 


Ax 0 Ax 
— ous (fe t+ Ax) - fo) 
i AB. i Ax l 
=e | im, feri fe Apply Theorem 1.2. 
= ef'() a 


Informally, the Constant Multiple Rule states that constants can be factored out of 
the differentiation process, even when the constants appear in the denominator. 


gel FO) = e ERI e arta 
a- [yo] =) Seon Qno 
Ecl alte Jal ; 


I OS Using the Constant Multiple Rule 


Function Derivative 
a. y = 58 a = [se] - 55 pe] = 5(3)x2 = 152 
boy == B= 2p] = 22 f= 2-1) = -3 
ef0-9 — ro-Ziis|-1202-105-2 
d. y= 2x 2r = [ae] = dx) ay la r 
22 34 . ale a dE — 
oo sib]4e-d , 


The Constant Multiple Rule and the Power Rule can be combined into one rule. 
The combination rule is 


a 


n| = A= 
ge] cnx" |, 
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In Example 7(c), 
note that before differentiating, 


3?—x-1 
x 


was rewritten as 


1 
3x -1+- 
x 


Using Parentheses When Differentiating 


Original Function Rewrite Differentiate Simplify 
TEES y=) y=) y=- 
b. y = gy y-ge3 ysa)  y--u 
ce y= i y= Za) y= 23 y= m 
d. y= aa y = 63x?) y' = 63(2x) y’ = 126x ai 


The Sum and Difference Rules 


EM 2.5 The Sum and Difference Rules 


The sum (or difference) of two differentiable functions f and g is itself 
differentiable. Moreover, the derivative of f + g (or f — g) is the sum (or 
difference) of the derivatives of f and g. 


: ? D 
puri (x) + 262] = f'G) + g'G) — — 
a (x) — eG)] = PG) — 8’) Diference Bde EB 


Proof A proof of the Sum Rule follows from Theorem 1.2. (The Difference Rule can 
be proved in a similar way.) 


d 0 f(x t+ Ax) + g(x + Ax)] — [fG) 69] 
at) + «00] = jim, Ax 
ig fle + A3) + gl + Ax) ~ fla) — gG) 
Ax>0 Ax 
= den [fæ + Ax) 9f) (x + Ax) — g(x) 
jim. | Ax + Ax à | 
a Jud AX)—fU0 o 2 + Ay — ga) 
i M Ax = a Ax 
= f'() + g'(x) a 


The Sum and Difference Rules can be extended to any finite number of functions. 
For instance, if F(x) = f(x) + g(x) — A(x), then F'(x) = f'(x) + g'(x) — h'(x). 


ZLU Using the Sum and Difference Rules 


Function Derivative 
a. f(x) = 8 — 4x 4+ 5 f'(x) = 3x7 — 4 
4 
b. g(x) = E + 3x3 — 2x g'(x) = —2x3 + 9x? — 2 
3x7 —x+1 1 , ] 32-1 
C y= —— =3x-14+- y -—3—-—- 5 a 


X X X X 


liM FOR FURTHER INFORMATION 
For the outline of a geometric 
proof of the derivatives of the 

sine and cosine functions, see the 
article "The Spider's Spacewalk 
Derivation of sin’ and cos’” by 
Tim Hesterberg in The College 
Mathematics Journal. To view this 
article, go to MathArticles.com. 


T 
1 
1 
1 


--- Wlas eas 


0 [ 
y increasing 


1 y 


yincreasing y decreasing 


y’ negative y positive 


y’ positive 
y 
A 


| 


The derivative of the sine function is 
the cosine function. 
Figure 2.18 


—]d 


d : 
— [a sin x] = a cos x 
dx 


Figure 2.19 
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Derivatives of the Sine and Cosine Functions 
In Section 1.3, you studied the limits 


] — cos Ax = 
Ax 


lim 0. 
Ax>0 
These two limits can be used to prove differentiation rules for the sine and cosine 
functions. (The derivatives of the other four trigonometric functions are discussed in 


Section 2.3.) 


Derivatives of Sine and Cosine Functions 


E [cos x] = —sinx 


Oe oe 
[sin x] = cos x "m 


dx 


Proof Here is a proof of the first rule. (The proof of the second rule is left as an 
exercise [see Exercise 114].) In the proof, note the use of the trigonometric identity 
sin(x + Ax) = sinxcos Ax + cos x sin Ax. 


sin(x + Ax) — sinx 


Definition of derivative 


d 
[sin x] = lim 


dx Ax20 Ax 
. Sinxcos Ax + cos x sin Ax — sin x 
= lim 
Ax> 0 Ax 
. cosx sin Ax — (sin x)(1 — cos Ax) 
= lim 
Ax> 0 Ax 
. sin Ax . ] — cos Ax 
E jim. | cos Z ie (sin » re J 
. sin Ax . . l-ecosAx 
— (cos ER ) (sin 2( Jim, Ag ) 


= (cos x)(1) — (sin x)(0) 


This differentiation rule is shown graphically in Figure 2.18. Note that for each x, the 


slope of the sine curve is equal to the value of the cosine. au 
SC 48:26 Derivatives Involving Sines and Cosines 
fie D> See LarsonCalculus.com for an interactive version of this type of example. 
Function Derivative 
a. y —2sinx y' = 2cosx 
b sinx 1. ; COS X 
y=- n = s8inx = > cos x = 
E unb TO 2 
C y =x + cosx y =l- sinx 
l. j : IL 
d. y = cosx — y sinx y = —sinx — ycosx a 


A graphing utility can provide insight into the interpretation 
of a derivative. For instance, Figure 2.19 shows the graphs of 
y-asinx 


fora — E 1, 3, and 2. Estimate the slope of each graph at the point (0, 0). Then verify 
your estimates analytically by evaluating the derivative of each function when x = 0. 
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Time-lapse photograph of a 
free-falling billiard ball 


Rates of Change 


You have seen how the derivative is used to determine slope. The derivative can also 
be used to determine the rate of change of one variable with respect to another. 
Applications involving rates of change, sometimes referred to as instantaneous rates of 
change, occur in a wide variety of fields. A few examples are population growth rates, 
production rates, water flow rates, velocity, and acceleration. 

A common use for rate of change is to describe the motion of an object moving in 
a straight line. In such problems, it is customary to use either a horizontal or a vertical 
line with a designated origin to represent the line of motion. On such lines, movement 
to the right (or upward) is considered to be in the positive direction, and movement to 
the left (or downward) is considered to be in the negative direction. 

The function s that gives the position (relative to the origin) of an object as a 
function of time f is called a position function. If, over a period of time Af, the object 
changes its position by the amount 


As = s(t + At) — s(t) 
then, by the familiar formula 


_ distance 


Rate ] 
time 


the average velocity is 


Change in distance — As 
Change in time At 


Average velocity 


Finding Average Velocity of a Falling Object 


A billiard ball is dropped from a height of 100 feet. The ball’s height s at time f is the 
position function 


s = —16f + 100 Position function 


where s is measured in feet and ¢ is measured in seconds. Find the average velocity 
over each time interval. 


a. [1,2] b. [1,15] c. [1, 1.1] 
Solution 


a. For the interval [1, 2], the object falls from a height of s(1) = —16(1)? + 100 = 84 
feet to a height of s(2) = —16(2)? + 100 = 36 feet. The average velocity is 
As 36— 84  —48 


ie Seq I — 48 feet per second. 


b. For the interval [1, 1.5], the object falls from a height of 84 feet to a height of 
s(1.5) = —16(1.5)? + 100 = 64 feet. The average velocity is 


As _ 64— 84  —20 
At 15-1 0.5 


= — 40 feet per second. 
c. For the interval [1, 1.1], the object falls from a height of 84 feet to a height of 
s(1.1) = —16(1.1)? + 100 = 80.64 feet. The average velocity is 


As  8064—84  -336 
At 11-1 0.1 


33.6 feet per second. 


Note that the average velocities are negative, indicating that the object is moving 
downward. a 


Richard Megna/Fundamental Photographs 


Tangent line 


d 


Secant line 


| 
fj-1 


The average velocity between f, and t, 
is the slope of the secant line, and the 
instantaneous velocity at t, is the slope 
of the tangent line. 

Figure 2.20 


Velocity is positive when an object 

is rising and is negative when an 
object is falling. Notice that the diver 
moves upward for the first half-second 
because the velocity is positive for 
0<t< 2. When the velocity is 0, the 
diver has reached the maximum height 
of the dive. 

Figure 2.21 
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Suppose that in Example 9, you wanted to find the instantaneous velocity (or 
simply the velocity) of the object when t = 1. Just as you can approximate the slope 
of the tangent line by calculating the slope of the secant line, you can approximate the 
velocity at t£ = 1 by calculating the average velocity over a small interval [1, 1 + Aż] 
(see Figure 2.20). By taking the limit as At approaches zero, you obtain the velocity 
when ¢ = 1. Try doing this—you will find that the velocity when t = 1 is —32 feet 
per second. 

In general, if s = s(t) is the position function for an object moving along a straight 
line, then the velocity of the object at time t is 


se) = es s(t + At) — s(t) 


7 . c. "1 
= S(t). Velocity function 
At>0 At ( ) " 


In other words, the velocity function is the derivative of the position function. Velocity 
can be negative, zero, or positive. The speed of an object is the absolute value of its 
velocity. Speed cannot be negative. 

The position of a free-falling object (neglecting air resistance) under the influence 
of gravity can be represented by the equation 


ccs "C 
s(t) = 75 8 + Vot + So Position function 


where sọ is the initial height of the object, v, is the initial velocity of the object, and g 
is the acceleration due to gravity. On Earth, the value of g is approximately 32 feet per 
second per second or 9.8 meters per second per second. 


TST Using the Derivative to Find Velocity 


At time t = 0 seconds, a diver jumps from a platform diving board that is 32 feet above 
the water (see Figure 2.21). The initial velocity of the diver is 16 feet per second. When 
does the diver hit the water? What is the diver’s velocity at impact? 


Solution 


Begin by writing an equation to represent the position of the diver. Using the position 
function given above with g = 32 feet per second per second, v, = 16 feet per second, 
and sọ = 32 feet, you can write 


s(t) 


-3028 + 16t + 32 


—16f + 16t + 32. Position function 


To find the time t when the diver hits the water, let s = O and solve for t. 


—16 + 16: + 32 =0 Set position function equal to 0. 
—16(t + 1(t—-2) =0 Factor. 
t= —lor2 Solve for f. 


Because t 2 0, choose the positive value to conclude that the diver hits the water at 
t = 2 seconds. The velocity at time f is given by the derivative 


s'(t) = —32t+ 16. Velocity function 
So, the velocity at time t = 2 is 
s'(2) = —32(2) + 16 = —48 feet per second. 


Notice that the unit for s'(f) is the unit for s (feet) divided by the unit for t (seconds). In 
general, the unit for f'(x) is the unit for f divided by the unit for x. ui 
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2.2 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Constant Rule What is the derivative of a constant 


function? 


. Finding a Derivative Explain how to find the 
derivative of the function f(x) = cx". 


. Derivatives of Trigonometric Functions What 
are the derivatives of the sine and cosine functions? 


. Average Velocity and Velocity Describe the 
difference between average velocity and velocity. 


Estimating Slope In Exercises 5 and 6, use 
the graph to estimate the slope of the tangent line 
to y — x" at the point (1, 1). Verify your answer 
analytically. To print an enlarged copy of the 


graph, go to MathGraphs.com. 


5. (a) y = x! 


(b y= x? 


Tec Finding a Derivative In Exercises 7-26, use 


the function. 


[n]; owe 
7. y 212 
9 y= x! 
1 
11. 75 
13. f(x) = x 


15. f(x) =x+4+ 11 
17. f(t) = -—3P + 2t- 4 
19. g(x) = x? + A 


21. s(t) =P + 5P — 3r+8 
23. y = Fsin® 


1 
25. y = x? — 5cosx 


the rules of differentiation to find the derivative of 


8. f(x) = -9 

10. y = x? 

12. y= 2 

14. g(x) = 3x 

16. g(x) = 6x + 3 
18. y=P-3tt+1 
20. y = 4x — 3x3 

22. y= 2x + 6x? — 1 


. g(t) = T cost 


. y = Txt + 2sinx 


[s]$ [s] Rewriting a Function Before Differentiating 


rr) 


Original Function 
27. y= zi 
28. y = 4 
29. y= ( a 
30. y = as 


Function 
8 

31. fi) = p 
32. f(t) 2 2— t 
33. f(x) = -3 + $8 
34. y= 2x4 - 3 
35. y = (Ax + 1)? 
36. f(x) = 2(x — 4)? 


37, 
38. 


f(8 —4sin0— 0 
g(t) = —2cost+ 5 


Rewrite 


In Exercises 27-30, complete the table to find the 
derivative of the function. 


Differentiate Simplify 


Finding the Slope of a Graph In Exercises 
31-38, find the slope of the graph of the function 
at the given point. Use the derivative feature of a 
graphing utility to confirm your results. 


Point 


(2, 2) 


oye [m] Finding a Derivative In Exercises 39-54, find 
sate 


E a the derivative of the function. 
I^ - 
m] $5 


39. f(x) = x2 + 5 — 3x? 
4 
41. glt) =P — a 
x — 3x7 + 4 
43. f(x) = s 
x 
3? + 4t— 8 
45. g(t) = Em 
47. y = x(x? + 1) 
49. f(x) = Vx — 63x 
51. f(x) = 6/x + 5cosx 
|. .1 
53. y — Gy 5 cos x 
54. y= = + 2sinx 
Ue 


40. 


42. 


44. 


46. 


48. 
50. 


52. 


f(x) = x8 — 2x + 3x73 
3 
f(x) = 8x + z 
48 + 2x+5 
I) = Y 
s+2s+6 
h(s) = — iB 
y = x°(2x? — 3x) 


f() 9 95 — 3 +4 


f(x) = yz + 3cosx 
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Finding an Equation of a Tangent Line In 
Exercises 55—58, (a) find an equation of the tangent 
line to the graph of the function at the given point, 
(b) use a graphing utility to graph the function and 
its tangent line at the point, and (c) use the tangent 
feature of a graphing utility to confirm your results. 


Function Point 

55. f(x) = —2x++ 52 - 3. (1,0) 

56. y = xX — 3x (2, 2) 
2 

57. f(x) = Wa (1, 2) 


58. y = (x — 270? + 3x) 


RS Horizontal Tangent Line In Exercises 59-64, 


# determine the point(s) (if any) at which the graph 
of the function has a horizontal tangent line. 


(1, —4) 


E B rne 


6L y- 5 62.y-20-9 


60. y= +x 


63. y=x+sinx, 0S x « 2m 
64. y = 3x +2cosx, OS x< 2m 


op 7 Finding a Value In Exercises 65-68, find k 


Es 3 such that the line is tangent to the graph of the 
3 function. 

> oe 

ape Line 
65. f(x) =k — 2 y=—6x+ 1 
66. f(x) = y= -2x4+3 

k 3 

7. =- = —-—x-c 
67. f(x) =~ yc-qet3 


68. f(x) = kx y=xt4 
EXPLORING CONCEPTS 
Exploring a Relationship In Exercises 69-72, the 


relationship between f and g is given. Explain the 
relationship between f' and g’. 


69. g(x) = f(x) + 6 70. g(x) = 2 f(x) 
71. g(x) = —5 f(x) 72. g(x) = 3f() — 1 
A Function and Its Derivative In Exercises 73 


and 74, the graphs of a function f and its derivative f' 
are shown on the same set of coordinate axes. Label the 


graphs as f or f' and write a short paragraph stating the 
criteria you used in making your selection. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


73. 


75. Sketching a Graph Sketch the graph of a function f 
such that f’ > 0 for all x and the rate of change of the function 
is decreasing. 


76. 5 HOW DO YOU SEE IT? Use the graph of 
f to answer each question. To print an enlarged 
copy of the graph, go to MathGraphs.com. 


» 


(a) Between which two consecutive points is the 
average rate of change of the function greatest? 


(b) Is the average rate of change of the function 
between A and B greater than or less than the 
instantaneous rate of change at B? 


(c) Sketch a tangent line to the graph between C and 
D such that the slope of the tangent line is the 
same as the average rate of change of the function 
between C and D. 


77. Finding Equations of Tangent Lines Sketch the 
graphs of y = x? and y = —x? + 6x — 5, and sketch the two 
lines that are tangent to both graphs. Find equations of these 
lines. 


78. Tangent Lines Show that the graphs of the two equations 
di 
y=x and y=: 


have tangent lines that are perpendicular to each other at their 
point of intersection. 


79. Horizontal Tangent Line Show that the graph of the 
function 


f(x) = 3x + sinx + 2 


does not have a horizontal tangent line. 
80. Tangent Line Show that the graph of the function 

f(x) = 0 + 3x3 + 5x 

does not have a tangent line with a slope of 3. 
Finding an Equation of a Tangent Line In Exercises 81 
and 82, find an equation of the tangent line to the graph of the 


function f through the point (xo, Yo) not on the graph. To find 
the point of tangency (x, y) on the graph of f, solve the equation 


7 — Joy 
fe 
81. f(x) = Vx 82. f(x) == 


(Xo: Yo) = (74.0) (xo. Yo) = (5. 0) 


B 83. Linear 
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Approximation Consider the function 
f(x) = x?? with the solution point (4, 8). 


(a) Use a graphing utility to graph f. Use the zoom feature 
to obtain successive magnifications of the graph in the 
neighborhood of the point (4, 8). After zooming in a few 
times, the graph should appear nearly linear. Use the trace 
feature to determine the coordinates of a point near (4, 8). 
Find an equation of the secant line S(x) through the two 
points. 


(b) Find the equation of the line T(x) = f'(4)(x — 4) + f(4) 
tangent to the graph of f passing through the given point. 
Why are the linear functions S and T nearly the same? 


(c) Use a graphing utility to graph f and T on the same set of 
coordinate axes. Note that T is a good approximation of f 
when x is close to 4. What happens to the accuracy of the 
approximation as you move farther away from the point of 
tangency? 


(d) Demonstrate the conclusion in part (c) by completing the 


table. 

Ax 3 2 1 0.5 0.1 0 
f(4 + Ax) 

T(4 + Ax) 

Ax 0.1 0.5 1 2 3 

f(4 + Ax) 

T(4 + Ax) 


Pb 84. Linear Approximation Repeat Exercise 83 for the 


function f(x) = x3, where 7(x) is the line tangent to the graph 
at the point (1, 1). Explain why the accuracy of the linear 
approximation decreases more rapidly than in Exercise 83. 


True or False? In Exercises 85-90, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


85. If f'(x) = g'(x), then f(x) = g(x). 

86. If y = x^*? + bx, then dy/dx = (a + 2)x¢t! + b. 
87. If y = TO, then dy/dx = 2n. 

88. If f(x) = — g(x) + b, then f(x) = — g'(x). 

89. If f(x) = 0, then f'(x) is undefined. 

1 


90. If f(x) = E then f) CETT: 
X nx 
[m]: JE] Finding Rates of Change In Exercises 91-94, 
six E find the average rate of change of the function over 
d the given interval. Compare this average rate of 
Z=" E change with the instantaneous rates of change at 
the endpoints of the interval. 


91. f(t) = 3t +5, [1,2] 92. f( =P —7, [3,3.1] 


94. f(x) — sin x, |o. 4 


93. f) - = [1,2] : 


Vertical Motion In Exercises 95 and 96, use the position 
function s(t) = —16£ + vot + s for free-falling objects. 


95. A silver dollar is dropped from the top of a building that is 
1362 feet tall. 


(a) Determine the position and velocity functions for the 
coin. 


(b) Determine the average velocity on the interval [1, 2]. 
(c) Find the instantaneous velocities when t = 1 and t = 2. 
(d) Find the time required for the coin to reach ground level. 
(e) Find the velocity of the coin at impact. 


96. A ball is thrown straight down from the top of a 220-foot 
building with an initial velocity of —22 feet per second. 
What is its velocity after 3 seconds? What is its velocity after 
falling 108 feet? 


Vertical Motion In Exercises 97 and 98, use the position 
function s(t) = —4.9? + vot + sọ for free-falling objects. 


97. A projectile is shot upward from the surface of Earth with an 
initial velocity of 120 meters per second. What is its velocity 
after 5 seconds? After 10 seconds? 


98. A rock is dropped from the edge of a cliff that is 214 meters 
above water. 


(a) Determine the position and velocity functions for the 
rock. 


(b) Determine the average velocity on the interval [2, 5]. 
(c) Find the instantaneous velocities when t = 2 and t = 5. 


(d) Find the time required for the rock to reach the surface of 
the water. 


(e) Find the velocity of the rock at impact. 


99, Think About lt The graph of the position function 
(see figure) represents the distance in miles that a person 
drives during a 10-minute trip to work. Make a sketch of the 
corresponding velocity function. 


S v 

en => n 
E, 10+ S 60 + — 

50 + 
E 8t 0,6) zo MEE 
z 6J Bx. i 
8 [42 HER —— 
S 23 (6, 2) S00 MEM j 

A t > t 

(0,0) 2 4 6 8 10 246 810 


Time (in minutes) Time (in minutes) 


Figure for 99 Figure for 100 


100. Think About It The graph of the velocity function (see 
figure) represents the velocity in miles per hour during a 
10-minute trip to work. Make a sketch of the corresponding 
position function. 


101. Volume The volume of a cube with sides of length s is 
given by V — s?. Find the rate of change of the volume with 
respect to s when s — 6 centimeters. 


102. Area The area of a square with sides of length s is given 
by A = s?. Find the rate of change of the area with respect to 
s when s — 6 meters. 
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e 103. Modeling Data ««eeeeeeceeececcccc 105. Velocity Verify that the average velocity over the time 
interval [t) — At, fọ + Ar] is the same as the instantaneous 


The stopping distance of an automobile, on dry, level : - : 
velocity at t = t, for the position function 


pavement, traveling at a speed v (in kilometers per hour) 
is the distance R (in meters) the car travels during the 
reaction time of the driver plus the distance B (in meters) 
the car travels after the brakes are applied (see figure). 
The table shows the results of an experiment. 


s(t) = -ta +c. 


106. Inventory Management The annual inventory cost C 


: . for a manufacturer is 
Reaction Braking 
time distance 


_ 1,008,000 
Q 


where Q is the order size when the inventory is replenished. 
Find the change in annual cost when Q is increased from 


C 


A 


1 
1 
D 
f Y 
1 1 
1 1 
1 1 
1 


+ 63Q 


$ ^ t ^ t 


Driver sees Driver applies Car 350 to 351 and compare this with the instantaneous rate of 
obstacle brakes stops change when Q = 350. 
107. Finding an Equation of a Parabola Find an equation 
Speed, v 20 40 60 80 100 


of the parabola y = ax? + bx + c that passes through (0, 1) 
and is tangent to the line y = x — 1 at (1, 0). 


Reaction Time 
83 | 16.7 | 25.0 | 33.3 | 41.7 


Distance, R 108. Proof Let (a,b) be an arbitrary point on the graph of 

m y = 1/x, x > 0. Prove that the area of the triangle formed by 
Braking Time the tangent line through (a, b) and the coordinate axes is 2. 
Distance, B 2.3 | 9.0 | 20.2 | 35.8 | 55.9 


109. Tangent Line Find the equation(s) of the tangent line(s) 
to the graph of the curve y = x? — 9x through the point 
(1, —9) not on the graph. 


(a) Use the regression 
capabilities of a 


110. Tangent Line Find the equation(s) of the tangent line(s) 


graphing utility to 4 : À 
fnd alinear model Ls —- = to the graph of the parabola y = x? through the given point 
for reaction time w= A not on the graph. 

distance R. r} ~ (a) (0,a) (b) (a, 0) 


(b) Use the regression 
capabilities of a 
graphing utility to 


Are there any restrictions on the constant a? 


[ 


Making a Function Differentiable In Exercises 111 and 


find a quadratic model 112, find a and P such that f is differentiable everywhere. 
for braking time distance B. E eee 
(c) Determine the polynomial giving the total stopping 111. f(x) = eth, x>2 
distance T. 
hing utili h the functi d 112. f() = {eos M. od 
(d) Use a graphing utility to graph the functions R, B, an . did do md) 


T in the same viewing window. 


(e) Find the derivative of T and the rates of change of the 
total stopping distance for v — 40, v — 80, and v — 100. 


113. Determining  Differentiability Where are the 
functions f,(x) = |sin x| and f(x) = sin |x| differentiable? 
(f) Use the results of this exercise to draw conclusions 


d : 
about the total stopping distance as speed increases. 114. Proof Prove that dx [cos x] = —sin x. 


E FOR FURTHER INFORMATION For a geometric 


104. Fuel Cost A car is driven 15,000 miles a year and gets interpretation of the derivatives of trigonometric functions, see the 
x miles per gallon. Assume that the average fuel cost is article *Sines and Cosines of the Times" by Victor J. Katz in Math 
$3.48 per gallon. Find the annual cost of fuel C as a function Horizons. To view this article, go to MathArticles.com. 


of x and use this function to complete the table. 


M 10 | 15 | 20 | 25 | 30 | 35 | 40 PUTNAM EXAM CHALLENGE 
115. Find all differentiable functions f: R — R such that 
C 
(x + n) — f(x) 
dC/dx Fog aie ee A 
n 

Who would benefit more from a one-mile-per-gallon increase in for all real numbers x and all positive integers n. 
fuel efficiency—the driver of a car that gets 15 miles per gallon This problem was composed by the Committee on the Putnam Prize Competition. 


or the driver of a car that gets 35 miles per g allon? Explain. © The Mathematical Association of America. All rights reserved. 


Tumar/Shutterstock.com 
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2.3 Product and Quotient Rules and Higher-Order Derivatives 


0 6 96 0 9 9 9 9 9 9 9 9 9 9 9 09 € 


A version of the 
Product Rule that some people 
prefer is 


ELLO] = gh) + foye'o). 


The advantage of this form 
is that it generalizes easily 
to products of three or more 
factors. 


LI foa] = Jim 


, The proof of the 
Product Rule for products of 
more than two factors is left as 
an exercise (see Exercise 137). 


E Find the derivative of a function using the Product Rule. 
E Find the derivative of a function using the Quotient Rule. 
E Find the derivative of a trigonometric function. 

E Find a higher-order derivative of a function. 


The Product Rule 


In Section 2.2, you learned that the derivative of the sum of two functions is simply the 
sum of their derivatives. The rules for the derivatives of the product and quotient of two 
functions are not as simple. 


[HEOREM 2.7 The Product Rule 

The product of two differentiable functions f and g is itself differentiable. 
Moreover, the derivative of f2 is the first function times the derivative of the 
second, plus the second function times the derivative of the first. opao 


a ari Pi 
Z LfG)a3] = fra) + r) ud 


Proof Some mathematical proofs, such as the proof of the Sum Rule, are straight- 
forward. Others involve clever steps that may appear unmotivated to a reader. This 
proof involves such a step—subtracting and adding the same quantity—which is shown 
in color. 


f(x + Ax)g(x + Ax) — fds) 


Ax>0 Ax 
sien TOt Anga + Ax) — fix + Aga) + fa + Aga) — fala) 
Ax> 0 Ax 
= lim i + Ans t E = s(x) + qo et A] 
= Jim, [Fee (AE a - «e i [sw fx 23) = a] 
= fin, fle As)» dim BASES m ge pim P n A 


= fG)g'G) + sof) 
Note that jim f(x + Ax) = f(x) because f is given to be differentiable and therefore 


is continuous. ig 


The Product Rule can be extended to cover products involving more than two 
factors. For example, if f, g, and h are differentiable functions of x, then 


Af G)gG)RG)] = f'G)ygG)hG) + fG)g'G)RG) + fG)gG)n'G). 
So, the derivative of y — x? sin x cos x is 


d ; ; : 
2X = 2x sin x cos x + x2 cos x cos x + x*(sin x)(— sin x) 


dx 


= 2x sin x cos x + x?(cos? x — sin? x). 


THE PRODUCT RULE 


When Leibniz originally wrote 
a formula for the Product 
Rule, he was motivated by the 
expression 


(x + dx)(y + dy) — xy 


from which he subtracted 

dx dy (as being negligible) and 
obtained the differential form 
X dy + y dx. This derivation 
resulted in the traditional form 
of the Product Rule. (Source: 
The History of M athematics by 
David M. Burton) 


In Example 3, 
notice that you use the Product 
Rule when both factors of the 
product are variable, and you 
use the Constant Multiple Rule 
when one of the factors is a 
constant. 
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The derivative of a product of two functions is not (in general) given by the product 
of the derivatives of the two functions. To see this, try comparing the product of the 
derivatives of 


f(x) = 3x — 2x? 
and 
g(x) = 5 + 4x 


with the derivative in Example 1. 


EXAMPLE 1 Using the Product Rule 


Find the derivative of h(x) = (3x — 2:2)(5 + 4x). 
Solution 


Derivative 
of first 


Derivative of 


First second Second 


^6 i a =e 


nidis (35039) I ead aiia be od 
dx dx 


( Apply Product Rule. 
(3x — 2:2)(4) + (5 + 4x)(3 — 4x) 
= (12x — 8x?) + (15 — 8x — 16x?) 
= —24x! + 4x + 15 a 


In Example 1, you have the option of finding the derivative with or without the 
Product Rule. To find the derivative without the Product Rule, you can write 


D [Bx — 2x?)(5 + 4x)] = D|- 8 + 2x? + 15x] 
= —24x? + 4x + 15. 


In the next example, you must use the Product Rule. 


EXAMPLE 2 Using the Product Rule 


Find the derivative of y = 3x? sin x. 


Solution 


£ [32 sin x] = 3x? 2 [sin x] + sin x E [3x7] Apply Product Rule. 


= 3x? cos x + (sin x)(6x) 
= 3x? cos x + 6x sin x 


= 3x(x cos x + 2 sin x) 


EXAMPLE 3 Using the Product Rule 


Find the derivative of y = 2x cos x — 2 sin x. 


Solution 
Product Rule Constant Multiple Rule 
SS ^ c ` 
d d 
= o2 ce 3 4 (eos (4 Dx] E " ET 


= (2x)(—sin x) + (cos x)(2) — 2(cos x) 
— 2x sin x a 
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From the Quotient 
Rule, you can see that the 
derivative of a quotient is not 
(in general) the quotient of 
the derivatives. 


A graphing 
utility can be used to compare 
the graph of a function with 
the graph of its derivative. For 
instance, in Figure 2.22, the 
graph of the function in 
Example 4 appears to have 
two points that have horizontal 
tangent lines. What are the 
values of y' at these two points? 


Graphical comparison of a 
function and its derivative 
Figure 2.22 


The Quotient Rule 


The Quotient Rule 


The quotient f/g of two differentiable functions f and g is itself differentiable 
at all values of x for which g(x) # 0. Moreover, the derivative of f/g is given 
by the denominator times the derivative of the numerator minus the numerator 
times the derivative of the denominator, all divided by the square of the 

[=] 


denominator. [m] n 
MES 

= L4 xp 
| [n] Fr 


d Ee 
dx | g(x) 

Proof As with the proof of Theorem 2.7, the key to this proof is subtracting and 

adding the same quantity—which is shown in color. 


M 2.8 


gf) — fG)g'G) 
[sG) P 


g(x) * 0 


, 


flat Ax) fo) 
d | f(x) _ glx Ax) g(x) eT ee 
dx |: a = im Ax Definition of derivative 
din Sse + Aa) — fodel + AY) 


Ax 0 Axg(x)g(x + Ax) 


gG)f(x + Ax) — fG)gG) + fag) — fasa + Ax) 
Axg(x)g(x + Ax) 


eOoL fle + Ax) - fO)] p fies + Ax) — aJ] 
Ax Ax 


lim 
Ax 0 


lim 
Ax20 Ax>0 


Jim, [este + A] 


fet 43 = f] —. | 


lim e Ax) — g(x) 


lim 
Ax0 Ax 


Ax>0 


Ax 
Tim Tele + AW] 


— f'o) — f@)s'@) 
[s P 


Note that jim, g(x + Ax) = g(x) because g is given to be differentiable and therefore 


E e| 


is continuous. 


=> OS Using the Quotient Rule 


5x —2 
etl 


Find the derivative of y = 
Solution 


T 1) Sr - 2] - x - 2) [e + 1] 


d|5x—2 . 
E E n 1 = (d ra D? Apply Quotient Rule. 
(x2 + 1)(5) - (5x — 22x) 
i (2 + 1)? 
| (5x2 + 5) — (10x? — 4x) 
(x2 + 1)? 


—5x? + 4x + 5 
(x2 + 1)? 


1 

1 

1 

1 

[ 

1 

1 

j 

1 

1 

[ 

| 

H = 
6—5-4-3-2-1 12 3 

[ 

f 

1 

1 

1 

[ 

1 

1 

1 

1 

1 


— 


The line y — 1 is tangent to the graph 
of f at the point (— 1, 1). 
Figure 2.23 


To see the benefit 
of using the Constant Multiple 
Rule for some quotients, try 
using the Quotient Rule to 
differentiate the functions in 
Example 6. You should 
obtain the same results but 
with more work. 
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Note the use of parentheses in Example 4. A liberal use of parentheses is 
recommended for all types of differentiation problems. For instance, with the Quotient 
Rule, it is a good idea to enclose all factors and derivatives in parentheses and to pay 
special attention to the subtraction required in the numerator. 

When differentiation rules were introduced in the preceding section, the need for 
rewriting before differentiating was emphasized. The next example illustrates this point 
with the Quotient Rule. 


EXAMPLE 5 Rewriting Before Differentiating 


TE 3 — (1/x) ati 


x45 


Find an equation of the tangent line to the graph of f 1, 1). 


Solution Begin by rewriting the function. 


3 (Lx) 
x= Write original function. 
f(x) x45 g 
1 

(3 = 1) 

= Multiply numerator and denominator by x. 
x(x + 5) ve d 
3x— 1 — 

= ewrite. 
x? + 5x 


Next, apply the Quotient Rule. 
_ (x? + 5x)(3) — (3x — 1)(2x + 5) 


f) 


Quotient Rule 


(x? + 5x)? 
(332 + 15x) — (6x2 + 13x — 5) 
(x? + 5x)? 
| —3x2 + 2x + 5 -— 
(x2 + 5x)? oa 
To find the slope at (— 1, 1), evaluate f'(— 1). 
f- 1)=0 Slope of graph at (— 1, 1) 
Then, using the point-slope form of the equation of a line, you can determine that the 
equation of the tangent line at (— 1, 1) is y = 1. See Figure 2.23. a 


Not every quotient needs to be differentiated by the Quotient Rule. For instance, 
each quotient in the next example can be considered as the product of a constant times 
a function of x. In such cases, it is more convenient to use the Constant Multiple Rule. 


EXAMPLE 6 Using the Constant Multiple Rule 


Original Function Rewrite Differentiate Simplify 


TE y= + à) y= £x 3) yz 
c y= 30 - 2n) la P MEL -$oc23 y =f 
d. y = M ye S67) y= sx») y= n 
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In the proof of 
'Theorem 2.9, note the use of 
the trigonometric identities 


sin? x + cos? x = 1 


and 


sec x = ; 
COS X 

These trigonometric identities 

and others are listed in Section 

P.4 and on the formula cards 

for this text. 
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In Section 2.2, the Power Rule was proved only for the case in which the exponent 
n is a positive integer greater than 1. The next example extends the proof to include 
negative integer exponents. 


EXAMPLE 7 Power Rule: Negative Integer Exponents 


If n is a negative integer, then there exists a positive integer k such that n = —k. So, by 
the Quotient Rule, you can write 


TEE 


x*(0) — (D)(x* 7!) 


= " 02 Quotient Rule and Power Rule 
| O0-kx*! 
2k 
E kx *- 1 
= nx"! n= -k 
So, the Power Rule 
d ex] 
m [x^] = nx” Power Rule 
X 


is valid for any integer n. In Exercise 73 in Section 2.5, you are asked to prove the case 
for which n is any rational number. a 


Derivatives of Trigonometric Functions 


Knowing the derivatives of the sine and cosine functions, you can use the Quotient Rule 
to find the derivatives of the four remaining trigonometric functions. 


THEOREM 2.9 Derivatives of Trigonometric Functions 


2 [tan x] = sec? x 2 [cot x] = — csc? x DD 
EA ] = sec x tan i sc x] = — csc x cot Ep 
d x x tan x x Lose x cot x [a] ES 


Proof Considering tan x = (sin x)/(cos x) and applying the Quotient Rule, you 
obtain 
E [tan x] = d ES z 
dx dx | cos x 
(cos x)(cos x) — (sin x)(— sin x) 


= end Apply Quotient Rule. 
X 


cos? x + sin? x 
cos?x 
1 


cos? x 


= sec? x. 


The proofs of the other three parts of the theorem are left as an exercise (see 
Exercise 87). a 
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EXAMPLE 8 Differentiating Trigonometric Functions 


TET [> See LarsonCalculus.com for an interactive version of this type of example. 


Function Derivative 
dy 
a.y-x-t = —]-— sec 
y=x-— tanx di sec? x 
b. y = xsecx y' = x(sec x tan x) + (sec x)(1) 


= (sec x)(1 + x tan x) 


EXAMPLE 9 Different Forms of a Derivative 


Because of : ; 
Í mai n Differentiate both forms of 

trigonometric identities, the 
derivative of a trigonometric 1 — cos x 

] y = —— = csc x — cot x. 
function can take many forms. sin x 
This presents a challenge when : 

F a Solution 


you are trying to match your 

answers to those given in the Pudjanu ye 1 — cosx 

back of the text. i sin x 

(sin x)(sin x) — (1 — cos x)(cos x) 
sin? x 


, 


sin? x — cos x + cos? x 


sin? x 
] — cosx e 
=a, Sin? x t cos? x= 1 
sin? x 
Second form: y = csc x — cotx 


y’ = —csc x cot x + csc? x 


To show that the two derivatives are equal, you can write 


1 — cos x 1 cos x 
sinx sin? x  sin?x 
E 1 yes x) 
sin? x sin x/\ sin x 
= csc? x — csc x cot x. au 


The summary below shows that much of the work in obtaining a simplified form 
of a derivative occurs after differentiating. Note that two characteristics of a simplified 
form are the absence of negative exponents and the combining of like terms. 


f'(x) After Differentiating f'(x) After Simplifying 
Examplel| (3x — 2x2)(4) + (5 + 49(3 — 4x) — 24x2 + 4x + 15 
Example 3 | (2x)(—sin x) + (cos x)(2) — 2(cos x) — 2x sin x 
(x? + 1)(5) — (5x — 2)(2x) — 5x7 + 4x + 5 

Example 4 (2 1 G2 + 1) 

(x? + 5x)(3) — (3x — 1)(2x + 5) —3x7 + 2x +5 
Example 3 (x2 + 5x)? (x2 + 5x)? 

(sin x)(sin x) — (1 — cos x)(cos x) 1 — cosx 
Example 9 sin? x sin? x 
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€? 090099 99 999 99 99 eee 


ee The second 
derivative of a function is the 
derivative of the first derivative 
of the function. 


The moon's mass is 7.349 x 1072 
kilograms, and Earth's mass 

is 5.976 x 1074 kilograms. 

The moon’s radius is 1737 
kilometers, and Earth’s radius 
is 6378 kilometers. Because 

the gravitational force on the 
surface of a planet is directly 
proportional to its mass and 
inversely proportional to the 
square of its radius, the ratio of 
the gravitational force on Earth 
to the gravitational force on the 
moon is 


(5.976 x 1024)/6378? _ 
(7.349 x 1022) /17372 


6.0. 


Higher-Order Derivatives 


Just as you can obtain a velocity function by differentiating a position function, you 
can obtain an acceleration function by differentiating a velocity function. Another way 
of looking at this is that you can obtain an acceleration function by differentiating a 
position function twice. 


s(t) Position function 
v(t) = s'(y) 
a(t) = v'(t) = s(t) 


The function a(t) is the second derivative of s(t) and is denoted by s"(r). 

The second derivative is an example of a higher-order derivative. You can 
define derivatives of any positive integer order. For instance, the third derivative is 
the derivative of the second derivative. Higher-order derivatives are denoted as shown 
below. 


Velocity function 


Acceleration function 


, M dy d 
First tive: yy’ i EE P D 
irst derivative: — y', f'o), de d [£9]. Ly] 
Second derivative: y', — f"), Z, UWL DD] 
eco erivative: y, x), de’ ae X) xL. 
. . d. ire m m d?y d 3 
Third derivative: — y", f"(3), de dà [f]. Dy] 
Fourth derivative: y f?) - z [£69] D? y] 
pd ^no dx* dx* i ind 
-— d"y d" 
à (n) (n) n| 
nth derivative: y, f" (x), doe de [£69]. D/y] 
3C RSet Finding the Acceleration Due to Gravity 
Because the moon has no atmosphere, a falling 1 
object on the moon encounters no air resistance. 
In 1971, astronaut David Scott demonstrated that 3T 


a feather and a hammer fall at the same rate on 
the moon. The position function for each of these 
falling objects is 


s(t) = —0.81? + 2 


s(t) = -0.812 + 2 
2 
where s(t) is the height in meters and t is the 


time in seconds, as shown in the figure at the i i | 


right. What is the ratio of Earth's gravitational 1 2 3 
force to the moon's? 
Solution To find the acceleration, differentiate the position function twice. 
s(t) = —0.81? + 2 Position function 
s(t) = —1.62t Velocity function 
s"(t) = — 1.62 Acceleration function 
Because s”(t) = — g, the acceleration due to gravity on the moon is g = 1.62 meters per 


second per second. The acceleration due to gravity on Earth is 9.8 meters per second 
per second, so the ratio of Earth's gravitational force to the moon's is 


Earth's gravitational force _ 9.8 
Moon’s gravitational force — 1.62 


= 6.0. | 


NASA 
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2.3 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
. Product Rule Describe the Product Rule in your 
own words. 


. Quotient Rule Describe the Quotient Rule in your 
own words. 


. Trigonometric Functions What are the derivatives 
of tan x, cot x, sec x, and csc x? 


. Higher-Order Derivative What is a higher-order 
derivative? 


[m] 
in à use the Product Rule to find the derivative of the 
7 ae function. 

[n]: rr 

5. g(x) = (2x — 3)(1 — 5x) 
7. h(t) = J — P) 


9. f(x) = xX cos x 


ALI Using the Product Rule In Exercises 5-10, 
"n. D 


6. y = (3x — 4)(x3 + 5) 
8. g(s) = V/s(s? + 8) 
10. g(x) = J/xsin x 


AE Using the Quotient Rule In Exercises 11-16, 
#€ use the Quotient Rule to find the derivative of the 


g 
MERN function. 


x 32 - 1 
11. f(x) = as 12. g(t) = DIS 
7 Jx u x? 
13. ho) = 3 14. TELE 
sin x cos f 
15. g(x) = P 16. f(t) = E 


De [s] Finding and Evaluating a Derivative In 
ek a Exercises 17-22, find f'(x) and f (c). 


Function Value of c 

17. f(x) = (x3 + 4x)(3x? + 2x — 5) c=0 

18. f(x) = (2x? — 3x)(9x + 4) c= -1 
x?—4 

19. f(x) = ——33 c=1 
x—4 

20. f(x) = 3; c=3 

21. f(x) = xcos x c=4 
sin x Tl 

22. f(x) = NOR ere 


m]ż} [E] Using the Constant Multiple Rule In 

lide i ái Exercises 23-28, complete the table to find the 

NER derivative of the function without using the 
"* Quotient Rule. 


Function Rewrite Differentiate 


X + 6x 
3 


Simplify 


23. y = 


Function Rewrite Differentiate Simplify 
24. y = w 3 
25. y = 5 
26. y = zs 
27. y = = 
28. y = = 


Finding a Derivative In Exercises 29—40, find the derivative 
of the algebraic function. 


29. f(x) = ——— 30. f(x) = are 

31. f(x) = EE - >) 32. f(x) = «(i = ai 

33. f(x) = E 34. f(x) = Ya /x + 3) 
= ud 

35. f(x) = ——3 36. h(x) = ——3À 

x.a-s(s-—) 38 ee) = (2-1) 


(2x3 + 5x)(x — 3)(x + 2) 
x) + 2)Q2 + x -— 1) 


39. f(x) 
40. f(x) = G8 


opsig Finding a Derivative of a Trigonometric 
HE Lg Function In Exercises 41-56, find the derivative 
[n]:: rr 


of the trigonometric function. 


41. f(t) = P sint 42. f(8) = (O + 1) cos O 
cos t sin x 
43. fÀ = E 44. f(x) = 7-3 
x 
45. f(x) = —x + tanx 46. y =x + cotx 
1 
47. g(t) = 4/t + 6csct 48. h(x) = P 12 sec x 
. 3(1 = sinx) | sec x 
dc ERE UTER 50. y — EF 
51. y — —cscx — sinx 52. y = xsinx + cos x 
53. f(x) = x? tan x 54. f(x) — sinx cos x 


55. y = 2x sin x + x? cos x 56. h(0) = 50sec O + O tan O 


e Finding a Derivative Using Technology In Exercises 57 


and 58, use a computer algebra system to find the derivative 
of the function. 


COS X 


57. g(x) = (He —5) 58. f(x) = 


1 — sinx 
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Finding the Slope of a Graph In Exercises 59-62, find 
the slope of the graph of the function at the given point. Use the 
derivative feature of a graphing utility to confirm your results. 


Function Point 
1 + csex Tt 
59. y = 1 — csc x (5-3) 
60. f(x) = tan x cot x (1, 1) 
61. h) = St (x. -1) 
t Tt 


62. f(x) = (sin x)(sin x + cos x) g i) 


fe Finding an Equation of a Tangent Line In Exercises 


63-68, (a) find an equation of the tangent line to the graph 
of f at the given point, (b) use a graphing utility to graph 
the function and its tangent line at the point, and (c) use the 
tangent feature of a graphing utility to confirm your results. 


63. f(x) = © + 4x — D(x - 2), (1, —4) 
64. f(x) = (x - 20? + 4), (1, —5) 


x 
xt+4 


Lxt3 
-7 


(-5.5) 66. f(x) 


65. f(x) = (4, 7) 


67. f(x) = tan x, g 1) 68. f(x) = sec x, (5 2) 


Famous Curves In Exercises 69-72, find an equation of 
the tangent line to the graph at the given point. (The graphs in 
Exercises 69 and 70 are called Witches of Agnesi. The graphs 
in Exercises 71 and 72 are called serpentines.) 


69. 


71. " 


(2-91 


8- 


owo Horizontal Tangent Line In Exercises 73-76, 
prira E determine the point(s) at which the graph of the 
eje function has a horizontal tangent line. 


2x — 1 x? 


77. Tangent Lines Find equations of the tangent lines to the 
graph of f(x) = (x + 1)/(x — 1) that are parallel to the line 
2y + x = 6. Then graph the function and the tangent lines. 


78. Tangent Lines Find equations of the tangent lines to the 
graph of f(x) = x/(x — 1) that pass through the point (— 1, 5). 
Then graph the function and the tangent lines. 


Exploring a Relationship In Exercises 79 and 80, verify 
that f'(x) = g'(x) and explain the relationship between f and g. 


3x 5x +4 
12 FO) = yp gx) = x+2 
sin x — 3x sinx + 2x 
80. f(x) = ———, s = — > 


Finding Derivatives In Exercises 81 and 82, use the graphs 
of f and g. Let p(x) = f(x)g(x) and g(x) = f(x)/g(x). 


81. (a) Find p'(1). 82. (a) Find p'(4). 
(b) Find q'(4). (b) Find q'(7). 


i li | 
li j li 
Depp deb do Beh Be 10 


83. Area The length of a rectangle is given by 6r + 5 and its 
height is ./t, where f is time in seconds and the dimensions are 
in centimeters. Find the rate of change of the area with respect 
to time. 


84. Volume The radius of a right circular cylinder is given by 
Jt + 2 and its height is 1 Vt, where f is time in seconds and 
the dimensions are in inches. Find the rate of change of the 
volume with respect to time. 


85. Inventory Replenishment The ordering and 
transportation cost C for the components used in manufacturing 
a product is 


200, x 
= t 2 
Ü 109 rei x) x21 


where C is measured in thousands of dollars and x is the order 
size in hundreds. Find the rate of change of C with respect to 
x when (a) x = 10, (b) x = 15, and (c) x = 20. What do these 
rates of change imply about increasing order size? 

86. Population Growth A population of 500 bacteria is 


introduced into a culture and grows in number according to the 
equation 


4t 
P(t) 500 1 Em =) 


where t is measured in hours. Find the rate at which the 
population is growing when ¢ = 2. 
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87. Proof Prove each differentiation rule. 


d 
(a) T [sec x] = sec x tan x 


(b) a [cesce x] = — csc x cot x 
dx 


© 3 E < [cot x] = 


— csc? X 


88. Rate of Change Determine whether there exist any 
values of x in the interval [0, 2m) such that the rate of change 
of f(x) — sec x and the rate of change of g(x) — csc x are 
equal. 


fe 89. Modeling Data The table shows the national health care 


expenditures h (in billions of dollars) in the United States and 
the population p (in millions) of the United States for the years 
2008 through 2013. The year is represented by t, with t = 8 
corresponding to 2008. (Source: U.S. Centers for Medicare 
& Medicaid Services and U.S. Census Bureau) 


Year, t 8 9 10 11 12 13 
h 2414 | 2506 | 2604 | 2705 | 2817 | 2919 
p 304 307 309 311 313 315 


(a) Use a graphing utility to find linear models for the health 
care expenditures h(t) and the population p(t). 


(b) Use a graphing utility to graph A(t) and p(t). 

(c) Find A = h(t)/p(t), then graph A using a graphing utility. 
What does this function represent? 

(d) Find and interpret A'(f) in the context of the problem. 


90. Satellites When satellites observe Earth, they can scan 
only part of Earth's surface. Some satellites have sensors that 
can measure the angle O shown in the figure. Let h represent 
the satellite's distance from Earth's surface, and let r represent 
Earth's radius. 


(a) Show that h = r(csc 0 — 1). 
(b) Find the rate at which h is changing with respect to 9 when 
0 — 30*. (Assume r — 4000 miles.) 


rm Finding a Second Derivative In Exercises 
#€ 91-100, find the second derivative of the function. 


ais 


91. f(x) =? + 7x - 4 92. f(x) = 46 — 2x3 + 5x? 
93. f(x) = 4x 94. f(x) = x) + 3x? 
x x? + 3x 
95. f(x) = — 96. f(x) - 
97. f(x) = xsinx 98. f(x) = xcos x 


99, f(x) = csc x 100. f(x) = secx 


ALI Finding a Higher-Order Derivative In 
TE Exercises 101-104, find the given higher-order 


derivative. 
101. f(x) 238 — x25, f(x) 
102. f(x) = JA, f?) 
103. f"(x) = —sinx, f(9(x) 


104. f(t) = tcost, fX) 


Using Relationships In Exercises 105-108, use the given 
information to find f’(2). 

g(2)=3 and g'(2)-2-2 

h(2) 2 —1 and A'2)-4 

105. f(x) = 2g(x) + h(x) 

106. f(x) = 4 — h(x) 


107. f(x) = m 


108. f(x) = gG)h(x) 


EXPLORING CONCEPTS 


109. Higher-Order Derivatives Polynomials of what 
degree satisfy f™ = 0? Explain your reasoning. 


110. Differentiation of Piecewise Functions 
Describe how you would differentiate a piecewise 
function. Use your approach to find the first and second 
derivatives of f(x) = x|x|. Explain why f"(0) does not 
exist. 


Identifying Graphs In Exercises 111 and 112, the 
graphs of f, f', and f" are shown on the same set 
of coordinate axes. Identify each graph. Explain your 
reasoning. To print an enlarged copy of the graph, go to 
MathGraphs.com. 


Sketching Graphs In Exercises 113 and 114, the graph 
of f is shown. Sketch the graphs of f' and f”. To print an 
enlarged copy of the graph, go to MathGraphs.com. 
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115. Sketching a Graph Sketch the graph of a differentiable 
function f such that f(2) = 0, f' < Ofor —oo < x < 2, and 
f! > Ofor2 < x < oo. Explain how you found your answer. 


116. Sketching a Graph Sketch the graph of a differentiable 
function f such that f > 0 and f" < 0 for all real numbers x. 
Explain how you found your answer. 


117. Acceleration The velocity of an object is 
vt) 236-2, OSts6 


where v is measured in meters per second and f is the time 
in seconds. Find the velocity and acceleration of the object 
when t = 3. What can be said about the speed of the object 
when the velocity and acceleration have opposite signs? 


118. Acceleration The velocity of an automobile starting 


from rest is 


_ 100r 
2t+ 15 


v(t) 


where v is measured in feet per second and : is the 
time in seconds. Find the acceleration at (a) 5 seconds, 
(b) 10 seconds, and (c) 20 seconds. 


119. Stopping Distance A car is traveling at a rate of 66 feet 
per second (45 miles per hour) when the brakes are applied. 
The position function for the car is s(t) = — 8.25? + 66t, 
where s is measured in feet and t is measured in seconds. 
Use this function to complete the table and find the average 
velocity during each time interval. 


t 0|1/|2]|3,|4 
s(t) 
v(t) 
a(t) 


| HOW DO YOU SEE IT? The figure shows 
the graphs of the position, velocity, and 
acceleration functions of a particle. 


(a) Copy the graphs of the functions shown. Identify 
each graph. Explain your reasoning. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


(b) On your sketch, identify when the particle speeds up 
and when it slows down. Explain your reasoning. 


Finding a Pattern In Exercises 121 and 122, develop a 
general rule for f(x) given f(x). 


121. f(x) =x" 122. f(x) = : 


123. FindingaPattern  Considerthe function f(x) = g(x)h(x). 

(a) Use the Product Rule to generate rules for finding f"(x), 
f"(x), and f(x). 

(b) Use the results of part (a) to write a general rule for f(x). 


124. Finding a Pattern Develop a general rule for the nth 
derivative of xf(x), where f is a differentiable function of x. 


Finding a Pattern In Exercises 125 and 126, find the 
derivatives of the function f for n — 1, 2, 3, and 4. Use the 
results to write a general rule for f'(x) in terms of n. 


COS X 
x” 


125. f(x) = x" sin x 126. f(x) = 


Differential Equations In Exercises 127-130, verify that 
the function satisfies the differential equation. (A differential 
equation in x and y is an equation that involves x, y, and 
derivatives of y.) 


Function Differential Equation 
127. is E 2 0 xy" J 2x?y' = 0 
128. y = 2x7 — 6x + 10 y" — xy" — 2y! = — 24x? 
129. y =2sinx + 3 y'ty-23 


130. y = 3 cos x + sin x 


True or False? In Exercises 131-136, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


131. If y = f(x)g(x), then £ = f'(x)ge"(x). 

dy 
dó 
133. If f'(c) and g'(c) are zero and h(x) = f (x)g(x), then h’(c) = 0. 


134. If the position function of an object is linear, then its 
acceleration is zero. 


132. If y = (x + L(x + 2)(x + 3)(x + 4), then = 0. 


135. The second derivative represents the rate of change of the 
first derivative. 


136. The function f(x) = sin x + c satisfies f? = f'"*9 for all 
integers n 2 1. 


137. Proof Use the Product Rule twice to prove that if f, g, and 
h are differentiable functions of x, then 


[Alan] = h  fG)e' 2h) + AD. 


138. Think About lt Let f and g be functions whose first 
and second derivatives exist on an interval /. Which of the 
following formulas is (are) true? 


(a) fg" — f"g = (fe' —f'e) ©) fe" + f"g = Cfa)" 
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2.4 The Chain Rule 


Axle 1: y revolutions per minute 
Axle 2: u revolutions per minute 
Axle 3: x revolutions per minute 
Figure 2.24 


la Find the derivative of a composite function using the Chain Rule. 

E Find the derivative of a function using the General Power Rule. 

iM Simplify the derivative of a function using algebra. 

E Find the derivative of a trigonometric function using the Chain Rule. 


The Chain Rule 


This text has yet to discuss one of the most powerful differentiation rules—the Chain 
Rule. This rule deals with composite functions and adds a surprising versatility to the 
rules discussed in the two previous sections. For example, compare the functions shown 
below. Those on the left can be differentiated without the Chain Rule, and those on the 
right are best differentiated with the Chain Rule. 


Without the Chain Rule With the Chain Rule 
y-2341 yeu 

y= sinx y = sin 6x 
y=3x+2 y = (x + 2) 

y= x + tanx y= x + tan x? 


Basically, the Chain Rule states that if y changes dy/du times as fast as u, and u changes 
du/ dx times as fast as x, then y changes (dy/du)(du/dx) times as fast as x. 


EXAMPLE 1 The Derivative of a Composite Function 


A set of gears is constructed, as shown in Figure 2.24, such that the second and third 
gears are on the same axle. As the first axle revolves, it drives the second axle, which 
in turn drives the third axle. Let y, u, and x represent the numbers of revolutions per 
minute of the first, second, and third axles, respectively. Find dy/du, du/dx, and dy/dx, 
and show that 


dy _ dy , du 
dx du dx 


Solution Because the circumference of the second gear is three times that of the 
first, the first axle must make three revolutions to turn the second axle once. Similarly, 
the second axle must make two revolutions to turn the third axle once, and you can 
write 

dy du 

—=3 and —=2. 

du dx 
Combining these two results, you know that the first axle must make six revolutions to 
turn the third axle once. So, you can write 


dy _ Rate of change of first axle , Rate of change of second axle 
dx with respect to second axle with respect to third axle 
a ee 
du dx 
=3-2 
=6 


Rate of change of first axle 
with respect to third axle 


In other words, the rate of change of y with respect to x is the product of the rate of 
change of y with respect to u and the rate of change of u with respect to x. al 
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Exploration 


Using the Chain Rule Each 
of the following functions 
can be differentiated using 
rules that you studied in 
Sections 2.2 and 2.3. For 
each function, find the 
derivative using those rules. 
Then find the derivative 
using the Chain Rule. 
Compare your results. 
Which method is simpler? 


Example 1 illustrates a simple case of the Chain Rule. The general rule is stated 


in the next theorem. 


THEOREM 2.10 The Chain Rule 


If y = f(u) is a differentiable function of u and u = g(x) is a differentiable 
function of x, then y — f(g(x)) is a differentiable function of x and 


dy | dy , du 
dx du dx 


or, equivalently, 


E Lf09)] = FeWo). 


2 


E Ec 


y 


o 3» = (Ge ae DE 
C. y = sin 2x 


€ 6 06 6 06 6 6 06 06 6 6 0o 6 6 e eee 


[] 
ee 


The alternative 
limit form of the derivative was 
given at the end of Section 2.1. 


Proof Let A(x) = f(g(x)). Then, using the alternative form of the derivative, you need 
to show that, for x = c, 


h'(c) = f'(g(c))g (c). 


An important consideration in this proof is the behavior of g as x approaches c. A 
problem occurs when there are values of x, other than c, such that 


g(x) = g(c). 


Appendix A shows how to use the differentiability of f and g to overcome this problem. 
For now, assume that g(x) + g(c) for values of x other than c. In the proofs of the 
Product Rule and the Quotient Rule, the same quantity was added and subtracted to 
obtain the desired form. This proof uses a similar technique—multiplying and dividing 
by the same (nonzero) quantity. Note that because g is differentiable, it is also continuous, 
and it follows that g(x) approaches g(c) as x approaches c. 


h'(c) = lim Fato) - feo) Alternative form of derivative 
im LEW — fle) , 869 — &(O| c. d 
E tim x-c a(x) - a5) a) * a) 
- tim [569 = P10), se) =] 
xvel gx) — glc) x 9e 
.. FE) — fiato) |l... 80) — a) 
= [lim ee ee 
= f'(g(c)g'Cc) a 


When applying the Chain Rule, it is helpful to think of the composite function f ° g 
as having two parts—an inner part and an outer part. 


Outer function 


Z 


y = f(gG)) = fl) 


/ 


Inner function 


The derivative of y — f(u) is the derivative of the outer function (at the inner function u) 
times the derivative of the inner function. 


y =f) «v 


e 


e 


You could also 
solve the problem in Example 3 


without using the Chain Rule by 


observing that 

y = x6 + 3x4 + 3x7 4+ 1 
and 

y' = 6x5 + 12:3 + 6x. 


Verify that this is the same as 
the derivative in Example 3. 
Which method would you use 
to find 


Lie op 


2.4 The Chain Rule 


ZGS Decomposition of a Composite Function 


135 


y = f(g(x)) u = g(x) y =f) 
a = l =x4+1 = a 
oe xq ns d u 
b. y = sin 2x u = 2x y = sinu 
e y= /32?-x-*1 u-3?-x-l y= Vu 
d. y = tan? x u = tan x y= 

C61 1482*24 Using the Chain Rule 
Find dy/dx for 

y ^ (3 + 1). 


Solution For this function, you can consider the inside function to be u = x? + 1 
and the outer function to be y = u°. By the Chain Rule, you obtain 


D — 3G + 12) = 6e + IP. 
d 
dy du 
du dx a 


The General Power Rule 


The function in Example 3 is an example of one of the most common types of 
composite functions, y = [u(x)]". The rule for differentiating such functions is called 
the General Power Rule, and it is a special case of the Chain Rule. 


THEOREM 2.11 The General Power Rule 


If y = [u(x)]", where u is a differentiable function of x and n is a rational 
number, then 


dy = n—1 du 
dx nlu(x)] dx 

or, equivalently, [s]: ze] 
mailer n| = n—1,,! RE Hi 
Fy We] m u. oE TA 


Proof Because y = [u(x)]}” = u”, you apply the Chain Rule to obtain 
-G 
dx duj \dx 
d du 
= dii [u ] d 


By the (Simple) Power Rule in Section 2.2, you have D,[u"] = nu"^ !, and it follows 
that 


du 


yw! ud 


dy _ 
=n dx 


dx a 
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Applying the General Power Rule 


Find the derivative of f(x) = (3x — 222)*. 
Solution Letu = 3x — 2x?. Then 
f(x) = Bx — 222p = w? 


and, by the General Power Rule, the derivative is 


n u= u 
f'() = 3(3x = 2x? £ [3x = 2x?] Apply General Power Rule. 
= 3(3x — 2x?)?(3 — 4x). Differentiate 3x — 2x7. 


Differentiating Functions Involving Radicals 
Find all points on the graph of 
| fe) = Y= TP 
for which f'(x) = 0 and those for which f'(x) does not exist. 
Solution Begin by rewriting the function as 
-  fQ) = G2 - 1p, 
Then, applying the General Power Rule (with u = x? — 1) produces 


2, 
f '(x) = 3 (x? — 1)- 1/3 (2x) Apply General Power Rule. 
4x . 
=r Write in radical form. 
NX i i 33/2 — 1 

The derivative of f is 0 at x = 0 and is 

undefined at x = +1. So, f(x) = 0 when x = 0, and f'(x) does not exist when x = +1, as shown in 
Figure 2.25 Figure 2.25. 


Se 8 Differentiating Quotients: Constant Numerators 


cece eco e sees ee ce ss Differentiate the function 
* Try differentiating =7 
the function in Example 6 using a) = (2t — 3)?" 


the Quotient Rule. You should 
obtain the same result, but 
using the Quotient Rule is e(r) = —7(2t — 3)? 
less efficient than using the 
General Power Rule. 


Solution Begin by rewriting the function as 


Then, applying the General Power Rule (with u = 2t — 3) produces 


n yr u' 


gode n ie 
g (t) = ( 7)( 2) (2t 3) ~3(2) Apply General Power Rule. 


€ 
Constant 
Multiple Rule 


= 28(2r — 3) ? Simplify. 
28 


= > —AD Write with positive exponent. a 


(2¢— 3j 


Symbolic 
differentiation utilities are 
capable of differentiating very 
complicated functions. Often, 
however, the result is given in 
unsimplified form. If you have 
access to such a utility, use it 
to find the derivatives of the 
functions given in Examples 
7, 8, and 9. Then compare the 
results with those given in 
these examples. 


2.4 The Chain Rule 


Simplifying Derivatives 


The next three examples demonstrate techniques for simplifying the “raw derivatives" 


of functions involving products, quotients, and composites. 


Simplifying by Factoring Out the Least Powers 


Find the derivative of f(x) = x2 /1 — x2. 


Solution 
fe) =/= 
= (1 _ x2) 1/2 
PO =P [0 - 27] e - Ep 
dx dx 


sy E a- x29] + (1 — A 


= —x3(1 — x2)? + 2x(1 — x2)? 
= x(1 — x2)-12[-x(1) + 2(1 — x2)] 
x(2 — 3x?) 


J|1-x 


Write original function. 


Rewrite. 


Product Rule 


General Power Rule 


Simplify. 


Factor. 


Simplify. 


> eR: Simplifying the Derivative of a Quotient 


f()- Pa 
poja 6 a Oe 4)-25Qx) 
= iere gop 38719 A0) 
x2 + 12 


~ 308 + 4/473 


Original function 


Rewrite. 


Quotient Rule 


Factor. 


Simplify. 


EXAMPLE 9 Simplifying the Derivative of a Power 


e e e «> See LarsonCalculus.com for an interactive version of this type of example. 


u E — jJ 
» x^ +3 
n gni j 


E 2 ^ 
"P rir 
y7 3 + J E + 5l 
2(3x — 1) || (x? + 3)(3) — (Bx — 1)(2x 
= | S m ||! 9, s X | 
2(3x — 1)(3x2 + 9 — 6x + 2x) 
(x? + 3)? 
_ 23x — 1)(— 3x + 2x + 9) 
(x2 + 3)3 


Original function 


General Power Rule 


Quotient Rule 


Multiply. 


Simplify. 
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Trigonometric Functions and the Chain Rule 


The *Chain Rule versions" of the derivatives of the six trigonometric functions are 
shown below. 


= [sin u] = (cos u)u' Le [cos u] = — (sin u)u' 

dx dx 

d ; d , 

— [tan u] = (sec? u)u — [cot u] = — (esc? u)u 

dx dx 

d , d , 
— [sec u] = (sec u tan u)u — [esc u] = — (csc u cot u)u 
dx dx 


> eR Set The Chain Rule and Trigonometric Functions 


! 


u COS u u 
r^ gpl yp I 
a. y = sin 2x y' = cos 2x £ [2x] = (cos 2x)(2) = 2 cos 2x 
u = (sin u) u' 
Sj  —— Áo 
b. y = cos(x — 1) y'= —sin(x — 1) AE — 1] = -sin(x — 1) 
u (sec? u) u' 
ox _ SS Sy 
c. y = tan 3x y' = sec? 3x < [3x] = (sec? 3x)(3) = 3 sec?(3x) au 


Be sure you understand the mathematical conventions regarding parentheses and 
trigonometric functions. For instance, in Example 10(a), sin 2x is written to mean sin(2x). 


ZGS Parentheses and Trigonometric Functions 


a. y = cos 3x? = cos(3x2) y' = (—sin 3x?)(6x) = — 6x sin 32 

b. y = (cos 3)x? y’ = (cos 3)(2x) = 2x cos 3 

€. y = cos(3x)? = cos(9x?) y' = (—sin 9x2)(18x) = — 18x sin 9x? 

d. y = cos? x = (cos x)? y' = 2(cos x)(—sin x) = —2 cos x sin x 

e. y = /cos x = (cos x)!/? y= 2 (eas x)~/(—sin x) = 2 a 
2 2./cos x 


To find the derivative of a function of the form k(x) = f(g(h(x))), you need to 
apply the Chain Rule twice, as shown in Example 12. 


Repeated Application of the Chain Rule 


f(t = sin? 4t Original function 
E (sin 4t)? Rewrite. 
d 
fo = 3(sin At? p [sin 4t] Apply Chain Rule once. 
: d ; 
= 3(sin 4t)?(cos 4t) dt [4r] Apply Chain Rule a second time. 
= 3(sin 41)?(cos 41)(4) 


12 sin? 4t cos 4t Simplify. au 


y E = 2 sin x + cos 2x | 


Figure 2.26 
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ZCI FES Tangent Line of a Trigonometric Function 


Find an equation of the tangent line to the graph of f(x) = 2 sin x + cos 2x at the point 
(m, 1), as shown in Figure 2.26. Then determine all values of x in the interval (0, 2r1) at 
which the graph of f has a horizontal tangent. 


Solution Begin by finding f'(x). 
f(x) = 2 sin x + cos 2x 
f'(x) = 2 cos x  (—sin 2x)(2) 


— 2cos x — 2 sin 2x 


Write original function. 
Apply Chain Rule to cos 2x. 
Simplify. 
To find the slope of the tangent line at (Tt, 1), evaluate f'(i). 
f'm) = 2cos rt — 2 sin 2r 
--2 


Substitute. 


Slope of tangent line at (Tt, 1) 


Now, using the point-slope form of the equation of a line, you can write 


y-y= m(x = xj) Point-slope form 
y-l= —2(x = T) Substitute for y,, m, and x,. 
y-7-2xctl1-2mm. Equation of tangent line at (Tt, 1) 
: ; uu ST 3n : 
You can then determine that f'(x) = 0 when x = 62 6 and 2 So, f has horizontal 
tangents at I Sm an 3H a 
x= > , ^ . 
E 62 6 2 


This section concludes with a summary of the differentiation rules studied so far. 
To become skilled at differentiation, you should memorize each rule in words, not 
symbols. As an aid to memorization, note that the cofunctions (cosine, cotangent, and 
cosecant) require a negative sign as part of their derivatives. 


SUMMARY OF DIFFERENTIATION RULES 


General Differentiation Rules 


Derivatives of Trigonometric 
Functions 


Let c be a real number, let n be a rational number, let u and v be differentiable 
functions of x, and let f be a differentiable function of u. 


Constant Rule: (Simple) Power Rule: 


d $ d n| = n—1 d = 
pad =0 P x"] = nxt}, pull 1 


Constant Multiple Rule: Sum or Difference Rule: 


ES = cu ES +yl=u'ty' 
dx 


dx 


Product Rule: Quotient Rule: 


y? 


d , ; d 
RA = uv' + vu ral 


“| vu' — uv! 
y 
Chain Rule: 


d if , 
Uf) = fu 


General Power Rule: 
d 
dx 


[n] = nu^ ul 


Zn x] = cos x Sn x] = sec? x e x] = sec x tan x 
dx dx dx 


d d d 
loos x] = —sinx cot x] = — csc? x 1, 59€ x] = —csc x cot x 
x x x 
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2 4 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


[s]&4.[s] Finding a Derivative of a Trigonometric 
CONCEPT CHECK “surat! Function In Exercises 35-54, find the derivative 


JT -A 
1. Chain Rule Describe the Chain Rule for the ie 4 ofthe trigonometric function. 
composition of two differentiable functions in your own E f 
words: 35. y = cos 4x 36. y = sin Tix 
. General Power Rule Whatis the difference between 37. g(x) = 5 tan 3x 38. h(x) = sec 6x 
the (Simple) Power Rule and the General Power Rule? 39. y = sin(nx)? 40. y = csc(1 — 2x)? 
41. h(x) = sin 2x cos 2x 42. &(8) = sec(3) tan(10) 
mge Decomposition of a Composite Function 43. f(x) = cot x 44. go = EE 
RE f In Exercises 3-8, complete the table. ` sin x s csc v 
TELE, 
p 45. y = 4 sec? x 46. g(t) = 5 cos? nt 
y = f(g(x)) u = g(x) y=f(u) 47. f(0) = isin? 20 48. h(t) = 2 cot(Ttt + 2) 
3. y = (6x — 5)4 49. f(t) = 3 sec (mt — 1)? 50. y = 5 cos(x)? 
4. y = /4x +3 51. y = sin(3x? + cos x) 52. y = cos(5x + csc x) 
oe 1 53. y = sin cot 3T 54. y = cos /'sin(tan Ti) 
` 3x 4 5 
2 B Finding a Derivative Using Technology In Exercises 
6. y= Jet 10 55-60, use a computer algebra system to find the derivative 
p of the function. Then use the utility to graph the function and 
7. y = esc x its derivative on the same set of coordinate axes. Describe the 
Scu 5x behavior of the function that corresponds to any zeros of the 
7 y= si graph of the derivative. 
[m] e: [m] Finding a Derivative In Exercises 9-34, find 55. y = : 56. y — "n 
Eum the derivative of the function. * i 
i | 
"2 : + 
ORs 57. y= EX 58. g(x) = Vx- 1+ yx 1 
9. y = (2x — 7? 10. y = 5(2 — x) * 
11. g(x) = 3(4 — 99/5 12. f( = (9: + 2) 59. y = STET 60. y = x tan + 
13. h(s) = —2./5s? + 3 14. g(x) = /4 — 32 
15. y = Yor + 1 16. y =2 49- à Slope of a Tangent Line In Exercises 61 and 62, find 
1 i 1 the slope of the tangent line to the sine function at the origin. 
17. y = — 2 18. s(t) = is 5 Compare this value with the number of complete cycles in the 
"E PT interval [0, 2T]. 
6 3 


19. gs) = (so 20. y—-—u gs 6L 62 07 
21. y= =l 22. g(t) = =t d 5 al 
Be 5 Ede om E ie 
= 12, — 9)7 = — 5)3 H > D > 
23. f(x) = xx — 2) 24. f(x) = x(2x — 5) E E rox 3n 2n 


25. y=xJ/1 — x 26. y = 2/16 — 2 L a ME F 
2+ 2+ 
x x 
27. y = r 28. y = ——— 
) LET dim 


+4 
:45V PV Finding the Slope of a Graph In Exercises 63-70, find 
29. g(x) = ( ) 30. h(t) = (35) the slope of the graph of the function at the given point. Use the 


2 
aid derivative feature of a graphing utility to confirm your results. 
l+t 
31. s(t) = ( i j 63. y = J2 + 8x, (1,3) 64. y = 3/33 + 4x, (2,2) 
3x2 — 2\-2 65. f(x) = 568 — 27, (—2, -1) 
32. g(x) = ( ) 
2x +3 1 1 
66. f(x) z D. (4 
33. f(x) = ((x2 + 3)5 + x? (x? — 3x) 16 
34. g(x) = (2 + (x2 + 1)4)3 Rye. (0,1) 68. y 3 (1, —4) 


(x27 


- 3 -1 LE 
69. y = 26 — sec 4x, (0,25) 70. y= » + \/cos x, u z) 
BAe) Finding an Equation of a Tangent Line In 
PEE 4 Exercises 71-78, (a) find an equation of the tangent 
Esp line to the graph of the function at the given point, 
~ (b) use a graphing utility to graph the function and 
its tangent line at the point, and (c) use the tangent 
feature of a graphing utility to confirm your results. 


71. f(x) = J/232 — 7, (4,5) 72. f(x) = ix," + 5, (2,2) 
73. y = (43 + 33, (-1, 1) 74. f(x) = (9 — 33)?/5, (1,4) 


75. f(x) = sin 8x, (T, 0) 76. y = cos 3x, u ES 


77. f(x) = tan? x, G 1) 78. y = 2 tan? x, u 2) 


ee Famous Curves In Exercises 79 and 80, find an equation 


of the tangent line to the graph at the given point. Then use a 
graphing utility to graph the function and its tangent line at the 
point in the same viewing window. 


80. Bullet-nose curve 


79. Semicircle 


81. Horizontal Tangent Line Determine the point(s) in the 
interval (0, 21) at which the graph of f(x) = 2 cos x + sin 2x 
has a horizontal tangent. 


82. Horizontal Tangent Line Determine the point(s) at 
which the graph of 
—4x 


xf 24 — Í 


has a horizontal tangent. 


fe) = 


Finding a Second Derivative In Exercises 83-88, find the 


second derivative of the function. 
83. f(x) = 5(2 — 7x)4 84. f(x) = 6(x* + 4 


86. f = ER 


88. f(x) = sec? rx 


1 
85. fO) = 31 —6 
87. f(x) = sin x? 
Evaluating a Second Derivative In Exercises 89-92, 


evaluate the second derivative of the function at the given 
point. Use a computer algebra system to verify your result. 


89. h(x) = ES +1), (1%) 90. f(s) = 


TED 
4 


91. f(x) = cos x’, (0, 1) 92. e(t) = tan 2t, (s 


6 
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EXPLORING CONCEPTS 

Identifying Graphs In Exercises 93 and 94, the graphs 
of a function f and its derivative f' are shown. Label the 
graphs as f or f' and write a short paragraph stating the 
criteria you used in making your selection. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


94. y 
A 


95. Describing Relationships The relationship 
between f and g is given. Describe the relationship 
between f’ and g’. 


(a) g(x) = f(3x) (b) g(x) = f(x?) 


. Comparing Methods Consider the function 


(a) In general, how do you find the derivative of 


h(x) = a using the Product Rule, where g is a 


(x) 


composite function? 
(b) Find r'(x) using the Product Rule. 
(c) Find r'(x) using the Quotient Rule. 
(d) Which method do you prefer? Explain. 


97. Think About lt The table shows some values of the 
derivative of an unknown function f. Complete the table by 
finding the derivative of each transformation of f, if possible. 


(a) g(x) = f(x) - 2. (b) h(x) = 2f(x) 
(c) rG) = f(-3x) (d) s(x) = f(x + 2) 


x —2 | -1 0 1 2 3 


NE 4 | 5 | -3 | -1| -2 | -4 


g(x) 
h'(x) 
r(x) 
s'(x) 


98. Using Relationships Given that 9(5) = —3, g'(5) = 6, 
h(5) = 3, and A (5) = — 2, find f’(5) for each of the following, 
if possible. If it is not possible, state what additional information 
is required. 


(a) fG) = goha) (b) f(x) = g(h()) 


eee ge} (d) fl) = ka 
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Finding Derivatives In Exercises 99 and 100, the graphs 
of f and g are shown. Let h(x) = f(g(x)) and s(x) = g( f (x)). 
Find each derivative, if it exists. If the derivative does not exist, 
explain why. 


99. 


101. 


102. 


103. 


104. 


(a) Find A'(1). 100. (a) Find A'(3). 
(b) Find s'(5). (b) Find s'(9). 
y y 
at £ 
Foo 
ead pOg 10 
Doppler Effect The frequency F of a fire truck siren 


heard by a stationary observer is 


_ 132,400 
331 * v 


where +y represents the velocity of the accelerating fire 
truck in meters per second (see figure). Find the rate of 
change of F with respect to v when 


(a) the fire truck is approaching at a velocity of 30 meters per 
second (use — v). 


(b) the fire truck is moving away at a velocity of 30 meters 
per second (use + v). 


_ 132,400 F- 132,400 


~ 33l4+yv ^ 331 —v 


Harmonic Motion The displacement from equilibrium 
of an object in harmonic motion on the end of a spring is 


1 LN 
y- 3 008 12t — qin 12t 


where y is measured in feet and ¢ is the time in seconds. 
Determine the position and velocity of the object when 
t = n/8. 


Pendulum A 15-centimeter pendulum moves according 
to the equation 0 = 0.2 cos 8t, where O is the angular 
displacement from the vertical in radians and t is the time in 
seconds. Determine the maximum angular displacement and 
the rate of change of 0 when t = 3 seconds. 


Wave Motion A buoy oscillates in simple harmonic 
motion y = A cos Wr as waves move past it. The buoy moves 
a total of 3.5 feet (vertically) from its low point to its high 
point. It returns to its high point every 10 seconds. 


(a) Write an equation describing the motion of the buoy if it 
is at its high point at t = 0. 


(b) Determine the velocity of the buoy as a function of t. 


fi 105. Modeling Data The normal daily maximum temperatures 
T (in degrees Fahrenheit) for Chicago, Illinois, are shown 
in the table. (Source: National Oceanic and Atmospheric 
Administration) 


Month Jan Feb | Mar | Apr 


Temperature | 31.0 | 35.3 | 46.6 | 59.0 


Month May | Jun Jul Aug 


Temperature | 70.0 | 79.7 | 84.1 | 81.9 


Month Sep Oct | Nov | Dec 


Temperature | 74.8 | 62.3 | 48.2 | 34.8 


(a) Use a graphing utility to plot the data and find a model 
for the data of the form 


T(t) = a + bsin(ct — d) 


where T is the temperature and : is the time in months, 
with t — 1 corresponding to January. 


(b) Use a graphing utility to graph the model. How well does 
the model fit the data? 


(c) Find T’ and use a graphing utility to graph 7". 


(d) Based on the graph of T’, during what times does the 
temperature change most rapidly? Most slowly? Do your 
answers agree with your observations of the temperature 
changes? Explain. 


dollars) of producing x units of a product is 

C = 60x + 1350. For one week, management 
determined that the number of units produced x 
at the end of t hours can be modeled by 

x 1.6? + 19? — 0.5t — 1. The graph 
shows the cost C in terms of the time f. 


Cost of Producing a Product 


> 
n 
Es 
= 
o 
3 
g 
= 
= 
[72] 
$ 
I9) 


Time (in hours) 


Using the graph, which is greater, the rate of 
change of the cost after 1 hour or the rate of 
change of the cost after 4 hours? 


(b) Explain why the cost function is not increasing at 
a constant rate during the eight-hour shift. 


© 107. Biology ««eeseeeececccccccic£cicin 


The number N of bacteria in a culture after t days is 
modeled by 


3 
N soo| 1 "m pl 
Find the rate of 
change of N with 
respect to t when 
(a) t = 0, (b) t = 1, 
(c) t = 2, (d) t = 3, 
and (e) t = 4. (f) What 
can you conclude? 


108. Depreciation The value V of a machine ¢ years after it 
is purchased is inversely proportional to the square root of 
t + 1. The initial value of the machine is $10,000. 


(a) Write V as a function of t. 
(b) Find the rate of depreciation when t = 1. 
(c) Find the rate of depreciation when t = 3. 


109. Finding a Pattern Consider the function f(x) = sin Br, 


where B is a constant. 


(a) Find the first-, second-, third-, and fourth-order derivatives 
of the function. 


(b) Verify that the function and its second derivative satisfy 
the equation f"(x) + f(x) = 0. 
(c) Use the results of part (a) to write general rules for the 
even- and odd-order derivatives f(x) and f% (x). 
[Hint: (— 1)* is positive if k is even and negative if k is 
odd.] 
110. Conjecture Let f be a differentiable function of period p. 
(a) Is the function f’ periodic? Verify your answer. 


(b) Consider the function g(x) = f(2x). Is the function g'(x) 
periodic? Verify your answer. 

Think About It Let r(x) = f(g(x)) and s(x) = g( f(x), 

where f and g are shown in the figure. Find (a) r'(1) and 


(b) s'(4). 


111. 


112. Using Trigonometric Functions 


(a) Find the derivative of the function g(x) = sin? x + cos? x 
in two ways. 


(b) For f(x) = sec? x and g(x) = tan? x, show that 
f) = g'o). 


Kateryna Kon/Shutterstock.com 
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113. Even and Odd Functions 

(a) Show that the derivative of an odd function is even. That 
is, if f(—x) = —f(x), then f'(—x) = f'(x). 

(b) Show that the derivative of an even function is odd. That 
is, if f(—x) = f(x), then f'(—x) = —f'(x). 

Proof Let u be a differentiable function of x. Use the fact 

that |u| = Ji? to prove that 


114. 


d Qu 
ms u * 0. 


Using Absolute Value In Exercises 115-118, use the 
result of Exercise 114 to find the derivative of the function. 


115. g(x) = |3x — 5| 
117. h(x) = |x| cos x 


116. f(x) = |? — 9| 
118. f(x) = |sin x| 


A Linear and Quadratic Approximations The linear and 


quadratic approximations of a function f at x = a are 


P(x) = f'(a)(x — a) + f(a) and 
P (x) = 3f"(a(x — a} + f'(a)x — a) + f(a). 


In Exercises 119 and 120, (a) find the specified linear and 
quadratic approximations of f, (b) use a graphing utility to 
graph f and the approximations, (c) determine whether P, or 
P,is the better approximation, and (d) state how the accuracy 
changes as you move farther from x — a. 

119. f(x) = tan x; 120. f(x) = sec x; 


a=" a=" 
4 6 


True or False? In Exercises 121-124, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


121. 
122. 
123. 


The slope of the function f(x) = sin ax at the origin is a. 
The slope of the function f(x) = cos bx at the origin is — b. 


If y is a differentiable function of u, and u is a differentiable 
function of x, then y is a differentiable function of x. 


124. If y is a differentiable function of u, u is a differentiable 


function of v, and v is a differentiable function of x, then 


dy _ dy du dv 
dx du dv dx 


PUTNAM EXAM CHALLENGE 


125. Let f(x) = a, sinx + a, sin 2x ++ > + + a, sin nx, 
where a, d5,. . ., à, are real numbers and where n is a 


positive integer. Given that | f(x)| < |sin x| for all real x, 
prove that |a, + 2a, t: - 


t na,| S 1. 
. Let k be a fixed positive integer. The nth derivative 


P(x) 
f ——— oN 
Od (xt — I! 


polynomial. Find P, (1). 


has the form where P,(x) is a 


These problems were composed by the Committee on the Putnam Prize 
Competition. € The Mathematical Association of America. All rights reserved. 
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2.5 Implicit Differentiation 


E Distinguish between functions written in implicit form and explicit form. 
liM Use implicit differentiation to find the derivative of a function. 


Implicit and Explicit Functions 


Up to this point in the text, most functions have been expressed in explicit form. For 
example, in the equation y = 3x? — 5, the variable y is explicitly written as a function 
of x. Some functions, however, are only implied by an equation. For instance, the 
function y — 1/x is defined implicitly by the equation 

xyl. Implicit form 
To find dy/dx for this equation, you can write y explicitly as a function of x and then 
differentiate. 


Implicit Form Explicit Form Derivative 


1 
xy=1 y=-=x = =y 4 = — 
dx 2 


This strategy works whenever you can solve for the function explicitly. You cannot, 
however, use this procedure when you are unable to solve for y as a function of x. For 
instance, how would you find dy/dx for the equation 


x? — 2y3 + 4y = 27 


For this equation, it is difficult to express y as a function of x explicitly. To find dy/dx, 
you can use implicit differentiation. 

To understand how to find dy/dx implicitly, you must realize that the differentiation 
is taking place with respect to x. This means that when you differentiate terms involving 
x alone, you can differentiate as usual. However, when you differentiate terms involving 
y, you must apply the Chain Rule, because you are assuming that y is defined implicitly 
as a differentiable function of x. 


EXAMPLE 1 Differentiating with Respect to x 


d 
a. ie [x3] = 3x? Variables agree: use Simple Power Rule. 
M 
Variables agree 


n—1 


nu 


d undam n 
b. — [53] = 3y? es Variables disagree: use Chain Rule. 
dx ~ dx 
N 
Variables disagree 
d _ dy f .d "am 
c. E [x + 3y] =I1+ 2 Chain Rule: 4 31 = 3y 
d£ s d, d 
Mos zs ee) + MS 
d on [xy ] x de Ly ] y Tx [x] Product Rule 
= (22 + yX1) Chain Rule 
dx 


d 
= 2xy es +y Simplify. F] 


4+ n +y? —5y —x7 = 4 


Point on Graph Slope of Graph 
(2,0) -5 

(1, -3) 3 

x=0 0 

(1, 1) Undefined 


The implicit equation 


yty?—5y-x*=-4 
has the derivative 


dy 2x 
dx 3y?+2y-5° 


Figure 2.27 
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Implicit Differentiation 


GUIDELINES FOR IMPLICIT DIFFERENTIATION 


. Differentiate both sides of the equation with respect to x. 


. Collect all terms involving dy/dx on the left side of the equation and move 
all other terms to the right side of the equation. 


. Factor dy/dx out of the left side of the equation. 
. Solve for dy/dx. 


In Example 2, note that implicit differentiation can produce an expression for 
dy/ dx that contains both x and y. 


ETTULTTE Implicit Differentiation 


Find dy/dx given that y? + y? — 5y — x? = —4. 
Solution 


1. Differentiate both sides of the equation with respect to x. 


deu d 
Mtt + d E = pila = 
pub. y — Sy x] E 4] 


Spe Eb- £I - Sel = 21-4] 


I TE 


dy dy 

2 =- = 

3y dx dx pou 

2. Collect the dy/dx terms on the left side of the equation and move all other terms to 
the right side of the equation. 


dy " dy 5 


Y dx 


3. Factor dy/dx out of the left side of the equation. 


FY (5,2 + 2y — 5) = 2x 


dx 
4. Solve for dy/dx by dividing by (3y? + 2y — 5). 
dy 2x 


dx  342y-5 4 


To see how you can use an implicit derivative, consider the graph shown in 
Figure 2.27. From the graph, you can see that y is not a function of x. Even so, the 
derivative found in Example 2 gives a formula for the slope of the tangent line at a point 
on this graph. The slopes at several points on the graph are shown below the graph. 


With most graphing utilities, it is easy to graph an equation 
that explicitly represents y as a function of x. Graphing other equations, however, 
can require some ingenuity. For instance, to graph the equation given in Example 2, 
use a graphing utility, set in parametric mode, to graph the parametric representations 
x=J/P+P-5t+4, y-—t and x— —/P * P—5t-4, y=t, for 
—5 < t < 5. How does the result compare with the graph shown in Figure 2.27? 
(You will learn more about this type of representation when you study parametric 
: equations in Section 10.2.) 
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(a) 
y 
= 
1 
(-1, 0) (1, 0) 
-l 1 f 
: 
(b) 


(c) 

Some graph segments can be 
represented by differentiable functions. 
Figure 2.28 


Figure 2.29 


It is meaningless to solve for dy/dx in an equation that has no solution points. (For 
example, 3? + y? = —4 has no solution points.) If, however, a segment of a graph can 
be represented by a differentiable function, then dy/dx will have meaning as the slope 
at each point on the segment. Recall that a function is not differentiable at (a) points 
with vertical tangents and (b) points at which the function is not continuous. 


ZOTE Graphs and Differentiable Functions 


If possible, represent y as a differentiable function of x. 
a. ?+y=0 b. x2 +y =1 c x+y =l 
Solution 


a. The graph of this equation is a single point. So, it does not define y as a differentiable 
function of x. See Figure 2.28(a). 


b. The graph of this equation is the unit circle centered at (0, 0). The upper semicircle 
is given by the differentiable function 


y- Jl- æ, -l<x<l 


and the lower semicircle is given by the differentiable function 


y= 1 — x?, 1«x« Il. 


At the points (— 1, 0) and (1, 0), the slope of the graph is undefined. See Figure 
2.28(b). 


c. The upper half of this parabola is given by the differentiable function 
y= J/l-x, x<1 
and the lower half of this parabola is given by the differentiable function 
y=-J1-x, x«l. 


At the point (1, 0), the slope of the graph is undefined. See Figure 2.28(c). 


Finding the Slope of a Graph Implicitly 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


Determine the slope of the tangent line to the graph of x? + 45? = 4 at the point 


(./2, — 1/ 2). See Figure 2.29. 


Solution 
xX + 4y? = Write original equation. 
dy ETENEE 
2x + 8y de =0 Differentiate with respect to x. 
X 
d =2 l 
Y-A Solve for ay 
dx 8y dx 
— Simplif 
4y implify. 
So, at [.4/2; — 15/8 the slope is 
d ae _1 
= = =5 = y Evaluate n when x = J/2 and y = p. aM 


To see the benefit of implicit differentiation, try doing Example 4 using 
the explicit function y = — 1/4 — x2. 
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Finding the Slope of a Graph Implicitly 


Determine the slope of the graph of 
3(x2 + y?? = 100xy 

at the point (3, 1). 

Solution 


d 2 zg 4 
EBE + °F] = A [009] 


3(2)(x? + Ze + 22) = 109] x + (0) | 


dy dy 
2 o2 = 24. 42 
y 12y(2 + y Ve 100x77 100y — 12x(x? + y?) 


[12yG2 + y?) — 100] = 100y — 12x(x? + y?) 


dy 100y — 12x(x? + y?) 

2 dx | —100x + 12y(2 + y?) 
25y — 3x(x? + y?) 
—25x + 3y(x? + y?) 


At the point (3, 1), the slope of the graph is 
dy 25(1) — 3(3)(32 + 1) | 25-90  -65 13 


dx  =25(3) + 3(1)(32 + 12)  =75 +30 -45 9 


3(x? + y?)? = 100xy 


Lemniscate 
Figure 2.30 as shown in Figure 2.30. This graph is called a lemniscate. 


EXAMPLE 6 Determining a Differentiable Function 


Find dy/dx implicitly for the equation sin y = x. Then find the largest interval of the 
form —a < y < a on which y is a differentiable function of x (see Figure 2.31). 


Solution 


d,. d 
“sin y] = f Dd 


dy 
~% =] 
I cos y 
am | dy_ 1 
dx cosy 


1 


JI — x 


The derivative is E^ = The largest interval about the origin for which y is a differentiable function of x is 
—T/2 < y < 11/2. To see this, note that cos y is positive for all y in this interval and 
is 0 at the endpoints. When you restrict y to the interval — Tt/2 < y < 1/2, you should 


be able to write dy/dx explicitly as a function of x. To do this, you can use 


Figure 2.31 


cos y = V1 = sin? y 
— wT Tt 
=J/1-x,-~<y<-cz 
VES Ee opes 
and conclude that 
dy _ 1 
dx "i ]-— x 
You will study this example further when inverse trigonometric functions are defined 
in Section 5.7. HE 
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With implicit differentiation, the form of the derivative often can be simplified (as 
in Example 6) by an appropriate use of the original equation. A similar technique can 
be used to find and simplify higher-order derivatives obtained implicitly. 


Finding the Second Derivative Implicitly 


2 
Given x2 + y? = 25, find 2. 


Solution  Differentiating each term with respect to x produces 


dx + 2y 2-0 


ISAAC BARROW (1630-1677) 2y D c 
The graph in Figure 2.32 dx 
is called the kappa curve dy | —2x 
because it resembles the Greek dx m 2y 
letter kappa, K. The general 
solution for the tangent line = * 
to this curve was discovered y 
by the English mathematician 
Isaac Barrow. Newton was Differentiating a second time with respect to x yields 
Barrow’s student, and they 
corresponded frequently d^; _ _(y)Q) — @)(dy/dx) état Rule 
regarding their work in the dx? y 
early development of calculus. - (x)(—x/y) 
See LarsonCalculus.com to read TEES: > X» SubstitulB. dor dy 
more of this biography. y" y dx 

2 + 2 
Eius y x Simplify. 
25 . ; 
LR m Substitute 25 for x? + y?. 
y 
CT INE Finding a Tangent Line to a Graph 
y Find the tangent line to the graph of x?(? + y?) = y? at the point [./ 2/2, 2] 2), as 


shown in Figure 2.32. 
Solution By rewriting and differentiating implicitly, you obtain 


+ 322-y=0 


dy dy 
34 2 2y—} + In? -2y— = 
4x" tx (2 2 2xy 2y di 0 


2y(x? — 1) n = —2x(2x? + y?) 


[| 
i) 
|! 
|| 
1 
i) 
|! 
i) 
i) 
| 
-1 
i) 
1 
1 
1 
|! 
1 
1 
i) 


dy x23 + y?) 
The kappa curve dx y1-33)' 


Figure 2.32 - - 
i At the point (./2/2, \/2/2), the slope is 


dy _ (V2/2)[21/2) + (1/2)] _ 3/2 _ , 
dx (Joxn-a/3] 17 


and the equation of the tangent line at this point is 
[v2 ( V 2) 
= 3(x 
2 2 
y=3x- J2. a 


The Granger Collection, NYC 


2.5 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Explicit and Implicit Functions Describe the 
difference between the explicit form of a function and an 
implicit equation. Give an example of each. 


. Implicit Differentiation In your own words, state 
the guidelines for implicit differentiation. 


. Implicit Differentiation Explain when you have to 
use implicit differentiation to find a derivative. 


. Chain Rule How is the Chain Rule applied when 
finding dy/dx implicitly? 


OF Finding a Derivative In Exercises 5-20, find 
eae #6 dy/dx by implicit differentiation. 


Da 

5. ?+y=9 6. x7 — y = 25 

7. t y? = 16 8. 228 + 3y? = 64 

9. Ó—xyty-7 10. Xy + yx = -2 
11. ey -y=x 12. /xy = ey +1 

13. xX — 32y + 2xy? = 12 14. x^y — 8xy + 3xy? = 
15. sin x + 2 cos 2y = 1 16. (sin Tix + cos try? = 
17. csc x = x(1 + tan y) 18. coty 2 x - y 

19. y = sin xy 20. x — se 


ORO Finding Derivatives Implicitly and 
Mi hy Explicitly In Exercises 21-24, (a) find two 
tes explicit functions by solving the equation for y in 
= = terms of x, (b) sketch the graph of the equation and 
label the parts given by the corresponding explicit 
functions, (c) differentiate the explicit functions, 
and (d) find dy/dx implicitly and show that the 

result is equivalent to that of part (c). 


M4 y = 64 22. 25x2 + 36y? = 300 
23. 16? — x? = 16 24. 2 + y — 4x + 6y +9 =0 


[m] ER [m] Finding the Slope of a Graph In Exercises 
ERE 3 25-32, find dy/dx by implicit differentiation. Then 
find the slope of the graph at the given point. 

26. 32y = 6, (1,2) 

| x? — 49 x) — 36 


28. 4y3 = 3-36 (6, 0) 


29. (x +y} =x c y (-1,1) 
30.32 + y3 = Oxy — 1, (23) 
31. tan(x + y) =x, (0,0) 


32. xcosy = 1, (2. i 


EIE A slope of the tangent line to the graph at the given 
=T point. 
[m]; rr 
33. Witch of Agnesi: 34. Cissoid: 
(x2 + 4)y = 8 (4 — x)y? = 33 


1 
1 
1 
1 
1 
1 
1 
| 5 x 
1 
1 
1 
1 
1 
1 
1 
1 


35. Bifolium: 36. Folium of Descartes: 
(x? + y?)? = 4xy e+y— bxy =0 
y 
n 
2 ae 
(1, 1) 
1 pe 
| | } |x 
2 4 S: E 
ajil j 
2 es 


[e] AO Famous Curves In Exercises 37-42, find an 

dy ty equation of the tangent line to the graph at the 

do given point. To print an enlarged copy of the 
Tec graph, go to MathGraphs.com. 


37. Parabola 38. Circle 


(e + 2)? + (y -3° = 37] 


| Me 5 


(+4, 273) + (8, 1) 


642 | 


aod a m 
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41. Lemniscate 42. Kappa curve B Tangent Lines and Normal Lines In Exercises 57 and 58, 
find equations for the tangent line and normal line to the circle 
at each given point. (The normal line at a point is perpendicular 
to the tangent line at the point.) Use a graphing utility to graph 
the circle, the tangent lines, and the normal lines. 


57. x2 + y? = 25 58. x? + y? = 36 
(4, 3), (—3, 4) (6, 0), (5, VTT) 


59. Normal Lines Show that the normal line at any point on 
the circle x? + y? = r? passes through the origin. 


60. Circles Two circles of radius 4 are tangent to the graph of 
y? = 4x at the point (1, 2). Find equations of these two circles. 

EXPLORING CONCEPTS 

43. Implicit and Explicit Forms Write two different Vertical and Horizontal Tangent Lines In Exercises 61 
equations in implicit form that you can write in explicit and 62, find the points at which the graph of the equation has 


form. Then write two different equations in implicit form a vertical or horizontal tangent line. 


that you cannot write in explicit form. 61. 25x? + 16y? + 200x — 160y + 400 = 0 
62. 42 + y? — 8x + 4y c 4-0 


. Think About lt Explain why the derivative of 
x? y? + 2 = 1 does not mean anything. 


BB Orthogonal Trajectories In Exercises 63-66, use a 
45. Ellipse graphing utility to sketch the intersecting graphs of the 
equations and show that they are orthogonal. [Two graphs are 


(a) Use implicit differentiation to find an equation of the orthogonal if at their point(s) of intersection, their tangent lines 


NET : 
tangent line to the ellipse = + ' — ] at (1, 2). are perpendicular to each other.] 
Xm cs 8.8 
(b) Show that the equation of the tangent line to the ellipse UN dad. us dint. 
2 y 2 = 4x 2x? + 3y? = 
~ + % = 1at (xy yo) is “e+ OM = 1, i 4 
ab a b 65. x - y 20 66. X = 3(y — 1) 
46. Hyperbola x — siny x(3y — 29) = 3 
(a) Use implicit differentiation to find an equation of the 


fe Orthogonal Trajectories In Exercises 67 and 68, verify 
that the two families of curves are orthogonal, where C and 
K are real numbers. Use a graphing utility to graph the two 
families for two values of C and two values of K. 


2 
tangent line to the hyperbola * 1 at (3, —2). 


y 
8 
(b) Show that the equation of the tangent line to the hyperbola 


ry . XOX _ Voy 
g pm Lat Go yo) is yL 


a? 67. xy -C, }2-y =K 


2 2-0 € 
[m]g i [0] Determining a Differentiable Function In Shure. guod 


nS Exercises 47 and 48, find dy/dx implicitly and find 69. Orthogonal Trajectories The figure below shows the 


topographic map carried by a group of hikers. The hikers are 
in a wooded area on top of the hill shown on the map, and 
they decide to follow the path of steepest descent (orthogonal 


the largest interval of the form —a « y « a or 
0 < y < a such that y is a differentiable function 
of x. Write dy/dx as a function of x. 


47. any =x 48. cosy = x trajectories to the contours on the map). Draw their routes if 
they start from point A and if they start from point B. Their 

[s] [a] Finding a Second Derivative In Exercises goal is to reach the road along the top of the map. Which 

LECHE d 49-54, find dy /dx? implicitly in terms of x and y. starting point should they use? To print an enlarged copy of 

PES the map, go to MathGraphs.com. 

uoc 

49. x2 +y=4 50. Xy- 4x = 5 

51. ey -2=5x+y 52. xy-1=2x+y 

53. "xy + sinx = 2 54. 3xy — 4cosx = —6 


fe Finding an Equation of a Tangent Line In Exercises 55 
and 56, use a graphing utility to graph the equation. Find an 
equation of the tangent line to the graph at the given point and 
graph the tangent line in the same viewing window. 


ch (d 


ety 


55. /x+ /y=5, (9,4 56 y= 


BB 71. 


72. 


70. 5 HOW DO YOU SEE IT? Use the graph to 


answer the questions. 


^ n —9y? + 27y + 5x? = 47 


(a) Which is greater, the slope of the tangent line 
at x = —3 or the slope of the tangent line at 
ae = 7 

(b) Estimate the point(s) where the graph has a 
vertical tangent line. 


(c) Estimate the point(s) where the graph has a 
horizontal tangent line. 


Finding Equations of Tangent Lines Consider the 
equation x^ = 4(4x? — y?). 


(a) Use a graphing utility to graph the equation. 


(b) Find and graph the four tangent lines to the curve for 
y-3 


(c) Find the exact coordinates of the point of intersection of 
the two tangent lines in the first quadrant. 


Tangent Lines and Intercepts Let L be any tangent 
line to the curve 


Vit y e fe. 


Show that the sum of the x- and y-intercepts of L is c. 


73. 


74. 


75. 


76. 


- 77. 
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Proof Prove (Theorem 2.3) that 


d 

—[x^| = nx?! 

ge] 

for the case in which n is a rational number. (Hint: Write 
y = x?/4 in the form y? = x? and differentiate implicitly. 
Assume that p and q are integers, where g > 0.) 


Slope Find all points on the circle x? + y? = 100 where the 
slope is 2. 


Tangent Lines Find equations of both tangent lines to the 
aa a 
4 9 
(4, 0) not on the graph. 


graph of the ellipse = | that pass through the point 


Normals to a Parabola The graph shows the normal 
lines from the point (2, 0) to the graph of the parabola x = y?. 
How many normal lines are there from the point (xj, 0) to the 
graph of the parabola if (a) x) = n (b) x, = x and 
(c) xy = 1? (d) For what value of x, are two of the normal lines 
perpendicular to each other? 


y 


(2, 0) 


= 


Normal Lines (a) Find an equation of the normal line to 

2 2 
o + A = 1 at the point (4, 2). (b) Use a graphing 
utility to graph the ellipse and the normal line. (c) At what 
other point does the normal line intersect the ellipse? 


the ellipse 


~ SECTION PROJECT € E 090 0900€ 090 09 09 09 09 09 09 09 09 09 069 09 09 0 09 069 09 09 09 0 0 09 09 09 9 0 O0 06 06 05^ 06? o6 o6 eo 


Optical Illusions 


In each graph below, an optical illusion is created by having lines 
intersect a family of curves. In each case, the lines appear to be 
curved. Find the value of dy/dx for the given values. 


(a) 


Circles: x? + y? = C? (b) Hyperbolas: xy = C 
x-23y-4C-5 x-Lhy-4C-4 
y y 


(c) Lines: ax = by 


(d) Cosine curves: y = C cos x 
x= J3, y = 3, T 1 2 
a= J3,b-1 37 


y y 
A A 


> xX » X 


liM FOR FURTHER INFORMATION For more information on 
the mathematics of optical illusions, see the article “Descriptive 
Models for Perception of Optical Illusions" by David A. Smith in 
The UMAP Journal. 
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2.6 Related Rates 


I—— F —>1 


Volume is related to radius and height. 
Figure 2.33 


@ Find a related rate. 
E Use related rates to solve real-life problems. 


Finding Related Rates 


You have seen how the Chain Rule can be used to find dy/dx implicitly. Another 
important use of the Chain Rule is to find the rates of change of two or more related 
variables that are changing with respect to fime. 

For example, when water is drained out of a conical tank (see Figure 2.33), the 
volume V, the radius r, and the height h of the water level are all functions of time t. 
Knowing that these variables are related by the equation 


V--rh Original equation 


3 


you can differentiate implicitly with respect to ¢ to obtain the related-rate equation 


dt dt| 3 
dV. m[ , dh AJ 
dí 3 L di Har di Differentiate with respect to t 
ní( „dh : 
73 (- " + 2rh di 


From this equation, you can see that the rate of change of V is related to the rates of 
change of both A and r. 


Exploration 


Finding a Related Rate In the conical tank shown in Figure 2.33, the height 
of the water level is changing at a rate of — 0.2 foot per minute and the radius 


is changing at a rate of — 0.1 foot per minute. What is the rate of change of the 
volume when the radius is r = 1 foot and the height is h = 2 feet? Does the 
rate of change of the volume depend on the values of r and h? Explain. 


EXAMPLE 1 Two Rates That Are Related 


The variables x and y are both differentiable functions of t and are related by the 
equation y = x? + 3. Find dy/dt when x = 1, given that dx/dt = 2 when x = 1. 


Solution Using the Chain Rule, you can differentiate both sides of the equation with 
respect to t. 


y= x7 +3 Write original equation. 
d d 
S = Sx ifferentiate with respect to t. 
p a 2 + 3] Differentiate with 
dy — 2x a Chain Rul 
di ib ain Rule 
When x — 1 and dx/dt — 2, you have 
d 
2 = X1)0) = 4. T 


dt 


Total area increases as the outer radius 
increases. 
Figure 2.34 


e REMARK When using 
these guidelines, be sure you 
perform Step 3 before Step 4. 
Substituting the known 
values of the variables before 
differentiating will produce an 
inappropriate derivative. 


eoeoveveeeee eee 
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Problem Solving with Related Rates 


In Example 1, you were given an equation that related the variables x and y and were 
asked to find the rate of change of y when x = 1. 


Equation: y=x +3 


Given rate: a =2 when x=1 


Find: By when x= 1 
dt 


In each of the remaining examples in this section, you must create a mathematical 
model from a verbal description. 


Ripples in a Pond 


A pebble is dropped into a calm pond, causing ripples in the form of concentric circles, 
as shown in Figure 2.34. The radius r of the outer ripple is increasing at a constant rate 
of 1 foot per second. When the radius is 4 feet, at what rate is the total area A of the 
disturbed water changing? 


Solution The variables r and A are related by A = rv. The rate of change of the 
radius r is dr/dt — 1. 


Equation: A = mr? 
: dr 
Given rate: ao 1 foot per second 


Find: 2 when r = 4 feet 


With this information, you can proceed as in Example 1. 


“Tal = US Differentiate with respect to f. 
ES = 21r E Chain Rule 
dt dt 
= 2n(4)(1) Substitute 4 for r and 1 for T, 
= 8T square feet per second Simplify. 


When the radius is 4 feet, the area is changing at a rate of 8TI square feet per second. 


GUIDELINES FOR SOLVING RELATED-RATE PROBLEMS 
. Identify all given quantities and quantities to be determined. Make a sketch 
and label the quantities. 


. Write an equation involving the variables whose rates of change either are 
given or are to be determined. 


. Using the Chain Rule, implicitly differentiate both sides of the equation 
with respect to time t. 


. After completing Step 3, substitute into the resulting equation all known 
values for the variables and their rates of change. Then solve for the 
required rate of change. 


Russ Bishop/Alamy Stock Photo 
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E FOR FURTHER INFORMATION 
To learn more about the history of 
related-rate problems, see the article 
"The Lengthening Shadow: The 
Story of Related Rates" by Bill Austin, 
Don Barry, and David Berman in 
Mathematics Magazine. To view this 
article, go to MathArticles.com. 


The formula for 
the volume of a sphere and 
other formulas from geometry 
are listed on the formula cards 
for this text. 


Chapter2 Differentiation 


The table below lists examples of mathematical models involving rates of change. 
For instance, the rate of change in the first example is the velocity of a car. 


Verbal Statement Mathematical Model 


The velocity of a car after traveling for x = distance traveled 
1 hour is 50 miles per hour. E 


ae 50 mi/h when t = 1 


Water is being pumped into a swimming 
pool at a rate of 10 cubic meters per hour. 


V — volume of water in pool 


dV — , 
qo Uwi 


A gear is revolving at a rate of 25 revolutions 
per minute (1 revolution = 2rt rad). 


0 — angle of revolution 
48 


ram 25(2m) rad/min 


A population of bacteria is increasing at a 
rate of 2000 per hour. 


x — number in population 


» — 2000 bacteria per hour 


CU823289 An Inflating Balloon 


Air is being pumped into a spherical balloon at a rate of 4.5 cubic feet per minute. Find 
the rate of change of the radius when the radius is 2 feet. 


Solution Let V be the volume of the balloon, and let r be its radius. Because the 
volume is increasing at a rate of 4.5 cubic feet per minute, you know that at time f the 
rate of change of the volume is dV/dt = 3 So, the problem can be stated as shown. 


Given rate: x = 2 cubic feet per minute (constant rate) 
Find: z when r= 2 feet 


To find the rate of change of the radius, you must find an equation that relates the radius 
r to the volume V. 


4 
Equation: V = 3 TU? 


Volume of a sphere 
Differentiating both sides of the equation with respect to t produces 


Differentiate with respect to f. 


dr. 1 (2 
dt 4mr2\dt/ 


Finally, when r — 2, the rate of change of the radius is 


M = sls = 0.09 foot per minute. a 


Solve for 
dt 


In Example 3, note that the volume is increasing at a constant rate, but the radius is 
increasing at a variable rate. Just because two rates are related does not mean that they 
are proportional. In this particular case, the radius is growing more and more slowly as 
t increases. Do you see why? 
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The Speed of an Airplane Tracked by Radar 


—— > See LarsonCalculus.com for an interactive version of this type of example. 


An airplane is flying on a flight path that will take it directly over a radar tracking 


x md. I 
d. mee station, as shown in Figure 2.35. The distance s is decreasing at a rate of 400 miles per 
2l hour when s — 10 miles. What is the speed of the plane? 
; " m. Solution Let x be the horizontal distance from the station, as shown in Figure 2.35. 
GE. i Notice that when s = 10, x = /10? — 6? = 8. 
) Given rate: ds/dt = —400 miles per hour when s = 10 miles 
; Find: dx/dt when s= l0 miles and x = 8 miles 
ie You can find the velocity of the plane as shown. 
c Not drawn to scale 
' — f Equation: xX + 6 = s? Pyth Th 
An airplane is flying at an altitude of 4 i i "ego 
i i i dx ds 
6 miles, s miles from the station, 2x = 2s — Differentiate with respect to f. 
Figure 2.35 dt dt 
dx _ s {ds dx 
di = 2 (5) Solve for dr 
10 . i ds 
= 8 (- 400) Substitute for s, x, and dr 
— —500 miles per hour Simplify. 
eee Because the velocity is —500 miles per hour, the speed is 500 miles per hour. | 
T The velocity in Example 4 is negative because x represents a distance 


that is decreasing. 


EXAMPLES $A Changing Angle of Elevation 


4 Find the rate of change in the angle of elevation of the camera shown in Figure 2.36 at 
z 10 seconds after lift-off. 
E 3i i Solution Let 9 be the angle of elevation, as shown in Figure 2.36. When ¢ = 10, the 
tan = 358 "x height s of the rocket is s = 50 = 50(10)? = 5000 feet. 
ger Logs ' . 
F Given rate: | ds/dt = 100t = velocity of rocket (in feet per second) 
"d ? Find: dO/dt when t= 10 seconds and s = 5000 feet 
z740 ; 
diia 2000ft——————- Using Figure 2.36, you can relate s and O by the equation tan 8 = s/2000. 
Not drawn to scale 

A television camera at ground level Equation: tan 8 = L— See Figure 2.36. 
is filming the lift-off of a rocket that 2000 
is rising vertically according to the 29 dð o ol ds p f : 
position equation s = 50/, where s is (sec ) d = 2000 di Differentiate with respect to f. 
measured in feet and ¢ is measured in 

: dg 100t : . ds 
seconds. The camera is 2000 feet from — = cos? 0 —— Substitute 100? for 5. 
the launch pad. dt 2000 di 
Figure 2.36 = ( 2000 y 100t g- 2000 

Js? + 20002/ 2000 da Js? + 20002 


When ¢ = 10 and s = 5000, you have 


dð  2000(100)(10) 2 
dt 5000? + 2000 29 


radian per second. 


So, when f = 10, O is changing at a rate of 3 radian per second. ad 
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The Velocity of a Piston 


In the engine shown in Figure 2.37, a 7-inch connecting rod is fastened to a crank of radius 
3 inches. The crankshaft rotates counterclockwise at a constant rate of 200 revolutions per 
minute. Find the velocity of the piston when 8 = 11/3. 


Crankshaft Piston 


uu d. 
f 


V 
Connecting rod 
The velocity of a piston is related to the angle of the crankshaft. 


Figure 2.37 


Solution Label the distances as shown in Figure 2.37. Because a complete revolution 
corresponds to 2T radians, it follows that d0/dt = 200(2rt) = 400m radians per minute. 


a b 
A/N Given rate: T = 400m radians per minute (constant rate) 
E 
. dx IL 
Law of Cosines: Find: di when 0- 3 
b? = a? + c? — 2ac cos 0 
Figure 2.38 You can use the Law of Cosines (see Figure 2.38) to find an equation that relates x and 0. 
Equation: 7T = 32 + x? — 2(3)(x) cos 8 
dx . „dð dx 
= + tise 
0 = 2x di of xsin O di cos 8 | 


dx . 4,d0 
(6 cos 8 — 2x) 215 6x sin 8 di 


dx | 6xsin8 (2) 
dt | 6cos0 — 2x \ dt 


When 0 = 11/3, you can solve for x as shown. 


P= 32 + 2 — 2(3)(x) cos 5 


49=9+ x2 - e(1) 


0 = x? — 3x — 40 
0 = (x — 8)(x + 5) 
x = 8 inches Choose positive solution. 
So, when x = 8 and 6 = 11/3, the velocity of the piston is 
dx _ 6(8)(/3/2) 
dt 6(1/2) — 16 
_ 96001.,/3 
—13 
— 4018 inches per minute. a 


(4007) 


t 


The velocity in Example 6 is negative because x represents a distance 
that is decreasing. 


2.6 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Related-Rate Equation What is a related-rate 
equation? 


2. Related Rates In your own words, state the guidelines 
for solving related-rate problems. 


DEDI Using Related Rates In Exercises 3—6, assume 


EE a d $3 that x and y are both differentiable functions of ¢ 
a p and find the required values of dy /dt and dx /dt. 
Haniation Find Given 
3. y= x (a) Z when x = 4 <= 3 
(b) © when x = 25 2-2 
4. y = 3x? — 5x (a) 2 when x = 3 Gas 
(b) when x = 2 Ba 4 
5. xy = 4 (a) 9 when x = 8 = = 10 
(b) when x = 1 d - 6 
6. x? +y = 25 (a) a when x = 3,y = 4 A - 8 
(b) P when x = 4,y =3 P =-2 


Moving Point In Exercises 7-10, a point is 
moving along the graph of the given function at 
the rate dx/dt. Find dy /dt for the given values of x. 


3 Ls rs 
2 dx . 
7. y = 2x + 1; d 2 centimeters per second 
(a) x ^ —1 (D x20 (c) x= 1 
8. y= ahs a = 6 inches per second 
(a) x = -2 (b) x = 0 (c) x =2 


9, y= gig Et 


a 3 feet per second 


Qx--; x=- ©x=0 
dx 
10. y = cos x; p 4 centimeters per second 
TU TU TU 
wr b x=7 gc 


11. Area The radius r of a circle is increasing at a rate of 
4 centimeters per minute. Find the rates of change of the area 
when r — 37 centimeters. 


12. Area The length s of each side of an equilateral triangle is 
increasing at a rate of 13 feet per hour. Find the rate of change 
of the area when s — 41 feet. (Hint: The formula for the area 
of an equilateral triangle is 


ey) 


A= 


13. Volume The radius r of a sphere is increasing at a rate of 
3 inches per minute. 


(a) Find the rates of change of the volume when r — 9 inches 
and r — 36 inches. 


(b) Explain why the rate of change of the volume of the sphere 
is not constant even though dr/dt is constant. 


14. Radius A spherical balloon is inflated with gas at the rate 
of 800 cubic centimeters per minute. 


(a) Find the rates of change of the radius when r = 30 centimeters 
and r = 85 centimeters. 


(b) Explain why the rate of change of the radius of the sphere is 
not constant even though dV/dt is constant. 


15. Volume All edges of a cube are expanding at a rate of 
6 centimeters per second. How fast is the volume changing 
when each edge is (a) 2 centimeters and (b) 10 centimeters? 


16. Surface Area All edges of a cube are expanding at a 
rate of 6 centimeters per second. How fast is the surface 
area changing when each edge is (a) 2 centimeters and 
(b) 10 centimeters? 


17. Height At a sand and gravel plant, sand is falling off a 
conveyor and onto a conical pile at a rate of 10 cubic feet per 
minute. The diameter of the base of the cone is approximately 
three times the altitude. At what rate is the height of the pile 
changing when the pile is 15 feet high? (Hint: The formula for 
the volume of a cone is V — inu.) 


18. Height The volume of oil in a cylindrical container is 
increasing at a rate of 150 cubic inches per second. The height 
of the cylinder is approximately ten times the radius. At what 
rate is the height of the oil changing when the oil is 35 inches 
high? (Hint: The formula for the volume of a cylinder is 
V = nn.) 


19. Depth A swimming pool is 12 meters long, 6 meters wide, 
1 meter deep at the shallow end, and 3 meters deep at the 
deep end (see figure). Water is being pumped into the pool at 
h cubic meter per minute, and there is 1 meter of water at the 
deep end. 


m? 
m 


Bile 


1m 


HM——— 12 m ———» 


(a) What percent of the pool is filled? 


(b) At what rate is the water level rising? 
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20. Depth A trough is 12 feet long and 3 feet across the top (see 
figure). Its ends are isosceles triangles with altitudes of 3 feet. 


2f 
mın G 


(a) Water is being pumped into the trough at 2 cubic feet per 
minute. How fast is the water level rising when the depth 
his 1 foot? 


(b) The water is rising at a rate of 3 inch per minute when 
h = 2 feet. Determine the rate at which water is being 
pumped into the trough. 


21. Moving Ladder A ladder 25 feet long is leaning against 
the wall of a house (see figure). The base of the ladder is 
pulled away from the wall at a rate of 2 feet per second. 


(a) How fast is the top of the ladder moving down the wall 
when its base is 7 feet, 15 feet, and 24 feet from the wall? 


(b) Consider the triangle formed by the side of the house, the 
ladder, and the ground. Find the rate at which the area 
of the triangle is changing when the base of the ladder is 
7 feet from the wall. 


(c) Find the rate at which the angle between the ladder and the 
wall of the house is changing when the base of the ladder 
is 7 feet from the wall. 


Figure for 22 


Figure for 21 


E FOR FURTHER INFORMATION For more information 
on the mathematics of moving ladders, see the article “The Falling 
Ladder Paradox" by Paul Scholten and Andrew Simoson in 
The College Mathematics Journal. To view this article, go to 
MathArticles.com. 


22. Construction A construction worker pulls a five-meter 
plank up the side of a building under construction by means 
of a rope tied to one end of the plank (see figure). Assume the 
opposite end of the plank follows a path perpendicular to the 
wall of the building and the worker pulls the rope at a rate of 
0.15 meter per second. How fast is the end of the plank sliding 
along the ground when it is 2.5 meters from the wall of the 
building? 


23. Construction A winch at the top of a 12-meter building 
pulls a pipe of the same length to a vertical position, as shown 
in the figure. The winch pulls in rope at a rate of — 0.2 meter 
per second. Find the rate of vertical change and the rate of 
horizontal change at the end of the pipe when y — 6 meters. 


Not drawn to scale 


Figure for 23 Figure for 24 


24. Boating A boat is pulled into a dock by means of a winch 
12 feet above the deck of the boat (see figure). 


(a) The winch pulls in rope at a rate of 4 feet per second. 
Determine the speed of the boat when there is 13 feet of 
rope out. What happens to the speed of the boat as it gets 
closer to the dock? 


(b) Suppose the boat is moving at a constant rate of 4 feet 
per second. Determine the speed at which the winch pulls 
in rope when there is a total of 13 feet of rope out. What 
happens to the speed at which the winch pulls in rope as 
the boat gets closer to the dock? 


25. Air Traffic Control An air traffic controller spots two 
planes at the same altitude converging on a point as they fly at 
right angles to each other (see figure). One plane is 225 miles 
from the point, moving at 450 miles per hour. The other plane 
is 300 miles from the point, moving at 600 miles per hour. 


(a) At what rate is the distance s between the planes decreasing? 


(b) How much time does the air traffic controller have to get 
one of the planes on a different flight path? 


Ni p" 
^4; 400 
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Distance (in miles) 
Figure for 25 Figure for 26 


26. Air Traffic Control An airplane is flying at an altitude of 
5 miles and passes directly over a radar antenna (see figure). 
When the plane is 10 miles away (s = 10), the radar detects 
that the distance s is changing at a rate of 240 miles per hour. 
What is the speed of the plane? 


27. Sports A baseball diamond has the shape of a square with 
sides 90 feet long (see figure). A player running from second 
base to third base at a speed of 25 feet per second is 20 feet 
from third base. At what rate is the player's distance from 
home plate changing? 


4 


ta 


Figure for 27 and 28 Figure for 29 


28. Sports For the baseball diamond in Exercise 27, suppose 
the player is running from first base to second base at a speed 
of 25 feet per second. Find the rate at which the distance from 
home plate is changing when the player is 20 feet from second 
base. 


29. Shadow Length A man 6 feet tall walks at a rate of 5 feet 
per second away from a light that is 15 feet above the ground 
(see figure). 

(a) When he is 10 feet from the base of the light, at what rate 
is the tip of his shadow moving? 

(b) When he is 10 feet from the base of the light, at what rate 
is the length of his shadow changing? 

30. Shadow Length Repeat Exercise 29 for a man 6 feet tall 


walking at a rate of 5 feet per second toward a light that is 
20 feet above the ground (see figure). 


Figure for 30 


Figure for 31 


31. Machine Design The endpoints of a movable rod of 
length 1 meter have coordinates (x, 0) and (0, y) (see figure). 
The position of the end on the x-axis is 


where t is the time in seconds. 
(a) Find the time of one complete cycle of the rod. 


(b) What is the lowest point reached by the end of the rod on 
the y-axis? 


(c) Find the speed of the y-axis endpoint when the x-axis 
endpoint is (4 0). 
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32. Machine Design Repeat Exercise 31 for a position function 
of x(t) = 3 sin ru. Use the point (55 0) for part (c). 


33. Evaporation As a spherical raindrop falls, it reaches 
a layer of dry air and begins to evaporate at a rate that is 
proportional to its surface area (S = 4ru?). Show that the 
radius of the raindrop decreases at a constant rate. 


sa( )) HOW DO YOU SEE IT? Using the graph 
of f, (a) determine whether dy/dt is positive or 
negative given that dx/dt is negative, and (b) 
determine whether dx/dt is positive or negative 
given that dy/dt is positive. Explain. 


auc 


EXPLORING CONCEPTS 
35. Think About It Describe the relationship between 
the rate of change of y and the rate of change of x in 
each expression. Assume all variables and derivatives 
are positive. 
dx dy dx 
-= — = — — < < 
di (b) di x(L YP 0sxsL 
. Volume Let V be the volume of a cube of side 
length s that is changing with respect to time. If ds/df is 
constant, is dV/dt constant? Explain. 


dy _ 
a 


37. Electricity The combined electrical resistance R of two 
resistors R, and R,, connected in parallel, is given by 


where R, R,, and R, are measured in ohms. R, and R, are 
increasing at rates of 1 and 1.5 ohms per second, respectively. At 
what rate is R changing when R, = 50 ohms and R, = 75 ohms? 


38. Electrical Circuit The voltage V in volts of an electrical 
circuit is V = JR, where R is the resistance in ohms and / is 
the current in amperes. R is increasing at a rate of 2 ohms per 
second, and V is increasing at a rate of 3 volts per second. At 
what rate is / changing when V — 12 volts and R — 4 ohms? 


39. Flight Control An airplane is flying in still air with an 
airspeed of 275 miles per hour. The plane is climbing at 
an angle of 18?. Find the rate at which the plane is gaining 
altitude. 


40. Angle of Elevation A balloon rises at a rate of 4 meters 
per second from a point on the ground 50 meters from an 
observer. Find the rate of change of the angle of elevation of 
the balloon from the observer when the balloon is 50 meters 
above the ground. 
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41. Angle of Elevation A fish is reeled in at a rate of 1 foot 
per second from a point 10 feet above the water (see figure). 
At what rate is the angle O between the line and the water 
changing when there is a total of 25 feet of line from the end 
of the rod to the water? 


Figure for 42 


Figure for 41 


42. Angle of Elevation An airplane flies at an altitude of 
5 miles toward a point directly over an observer (see figure). 
The speed of the plane is 600 miles per hour. Find the rates at 
which the angle of elevation 90 is changing when the angle is 
(a) 0 = 30°, (b) 0 = 60°, and (c) 0 = 75°. 


43. Linear vs. Angular Speed A patrol car is parked 50 feet 
from a long warehouse (see figure). The revolving light on top 
of the car turns at a rate of 30 revolutions per minute. How fast 
is the light beam moving along the wall when the beam makes 
angles of (a) 8 = 30°, (b) 0 = 60°, and (c) 8 = 70? with the 
perpendicular line from the light to the wall? 


Sq) Jj 


Figure for 43 Figure for 44 


44. Linear vs. Angular Speed A wheel of radius 
30 centimeters revolves at a rate of 10 revolutions per second. A 
dot is painted at a point P on the rim of the wheel (see figure). 


(a) Find dx/dt as a function of 0. 
AL (b) Use a graphing utility to graph the function in part (a). 


(c) When is the absolute value of the rate of change of x 
greatest? When is it least? 


(d) Find dx/dt when 0 = 30° and 0 = 60°. 


45. Area The included angle of the two sides of constant equal 
length s of an isosceles triangle is ©. 


(a) Show that the area of the triangle is given by A = 3s? sin 0. 


(b) The angle O is increasing at the rate of i radian per minute. 
Find the rates of change of the area when O = 11/6 and 
6 = 71/3. 


46. Security Camera A security camera is centered 50 feet 
above a 100-foot hallway (see figure). It is easiest to design the 
camera with a constant angular rate of rotation, but this results 
in recording the images of the surveillance area at a variable 
rate. So, it is desirable to design a system with a variable rate 
of rotation and a constant rate of movement of the scanning 
beam along the hallway. Find a model for the variable rate of 
rotation when |dx/dt| = 2 feet per second. 


n 100 ft > 


Figure for 46 


47. Modeling Data The table shows the numbers (in millions) 
of participants in the free lunch program f and the reduced 
price lunch program r in the United States for the years 2007 
through 2014. (Source: U.S. Department of Agriculture) 


Year | 2007 | 2008 | 2009 | 2010 


JF 15.0 | 15.4 | 163 | 17.6 


r emi 3.1 3.2 3.0 


Year | 2011 | 2012 | 2013 | 2014 


i 184 | 187 | 189 | 19.2 


r 2.7 2.7 2.6 2.5 


fe (a) Use the regression capabilities of a graphing utility to find 
a model of the form 


r(f) = af? + bf? 


for the data, where t is the time in years, with t = 7 
corresponding to 2007. 


(b) Find dr/dt. Then use the model to estimate dr/dt for t = 9 
when it is predicted that the number of participants in the 
free lunch program will increase at the rate of 1.25 million 
participants per year. 


cftd 


48. Moving Shadow A ball is dropped from a height 
of 20 meters, 12 meters away from the top of a 20-meter 
lamppost (see figure). The ball’s shadow, caused by the light 
at the top of the lamppost, is moving along the level ground. 
How fast is the shadow moving 1 second after the ball is 
released? (Submitted by Dennis Gittinger, St. Philips College, 
San Antonio, TX) 


Acceleration In Exercises 49 and 50, find the acceleration of 
the specified object. (Hint: Recall that if a variable is changing 
at a constant rate, then its acceleration is zero.) 


49. Find the acceleration of the top of the ladder described in 
Exercise 21 when the base of the ladder is 7 feet from the wall. 


50. Find the acceleration of the boat in Exercise 24(a) when there 
is a total of 13 feet of rope out. 


Review Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Finding the Derivative by the Limit Process In 
Exercises 1—4, find the derivative of the function by the limit 
process. 


1. f(x) =12 22 fo —5x—4 
3. f(x) 2:9 -2x € 1 4. f) - $ 


Using the Alternative Form of the Derivative In 
Exercises 5 and 6, use the alternative form of the derivative to 
find the derivative at x — c, if it exists. 

1 


6. fue x c=3 


5. g(x) = 222 - 3x, c=2 


Determining Differentiability In Exercises 7 and 8, 
describe the x-values at which f is differentiable. 


3x 


7. f(x) = (x — 3)? 8. f(x) = 


xctl 


Finding a Derivative In Exercises 9-20, use the rules of 
differentiation to find the derivative of the function. 


9. y — 25 

11. f(x) = x3 — 11x 

13. A(x) = 6. /x + 33x 
2 

15. g(t) = ap 


17. f(8) = 40 — 5 sin O 


10. f(t) = n/6 

12. g(s) = 3s? — 2s4 

14. f(x) = x!? — x-5/6 
8 

16. h(x) = 5x4 

18. g(a) = 4cosa + 6 


sin 0 SsinQ — 


19. f(8) = 3 cos 0 — 4 20. g(a) = 3 


2a 


Finding the Slope of a Graph In Exercises 21-24, find 
the slope of the graph of the function at the given point. 


21. f(x) = z, (3, 1) 


23. f(x) = 4x5 + 3x — sinx, (0, 0) 
24. f(x) =5cosx — 9x, (0,5) 


22. f(x) = 333 - 4x, (1, -1) 


25. Vibrating String When a guitar string is plucked, 
it vibrates with a frequency of F = 200./T, where F 
is measured in vibrations per second and the tension T 
is measured in pounds. Find the rates of change of the 
frequency when (a) T = 4 pounds and (b) T = 9 pounds. 


26. Surface Area The surface area of a cube with sides of 
length x is given by S = 6x”. Find the rate of change of the 
surface area with respect to x when x = 4 inches. 


Vertical Motion In Exercises 27 and 28, use the position 
function s(t) = —16£ + vot + s for free-falling objects. 


27. A ball is thrown straight down from the top of a 600-foot 
building with an initial velocity of — 30 feet per second. 
(a) Determine the position and velocity functions for the ball. 
(b) Determine the average velocity on the interval [1, 3]. 
(c) Find the instantaneous velocities when t = 1 and t = 3. 
(d) Find the time required for the ball to reach ground level. 
(e) Find the velocity of the ball at impact. 


28. A block is dropped from the top of a 450-foot platform. What 
is its velocity after 2 seconds? After 5 seconds? 


Finding a Derivative In Exercises 29—40, use the Product 
Rule or the Quotient Rule to find the derivative of the function. 


29. f(x) = (5x? + 8)(x? — 4x — 6) 
30. g(x) = (2:8 + 53) (3x — 4) 
31. f(x) = (9x — 1)sinx 


32. f(t) = 25 cost 


xtx-1 2x * 7 
33. f(x) = a 34. f@) = 531 
x4 sin x 
35. y= eem 36. y — m 
37. y = 3x? sec x 38. y = — x° tanx 


39. y — xcosx — sinx 
40. g(x) = xt cot x + 3x cos x 
Finding an Equation of a Tangent Line In Exercises 


41-44, find an equation of the tangent line to the graph of f at 
the given point. 


4l. f(x) = (x + 2)? + 5, (-16) 


42. f(x) = (x — 62? + 6x - 1), (0, 4) 
i pet (5-3) 


] + cosx Tt 
44. fix) = 1 — cos x? (z 1) 


Finding a Second Derivative In Exercises 45-52, find the 
second derivative of the function. 

45. g(t) = —8P — 5t + 12 
47. f(x) = 157? 

49. f(8) = 3tan0 

51. g(x) = 4cot x 

52. h(t) = —12csct 


46. h(x) = 6x? + 7x? 
48. f(x) = 203/x 
50. h(t) = 10 cost — 15 sin t 
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53. Acceleration The velocity of an object is v(t) = 20 — £?, 
0 < t S 6, where v is measured in meters per second and f is 
the time in seconds. Find the velocity and acceleration of the 
object when t = 3. 


54. Acceleration The velocity of an automobile starting from 
rest is 


90t 


v() = a+ 10 


where v is measured in feet per second and t is the time in 
seconds. Find the acceleration at (a) 1 second, (b) 5 seconds, 
and (c) 10 seconds. 


Finding a Derivative In Exercises 55—66, find the derivative 
of the function. 


55. y = (7x + 3)* 56. y = (x? — 6» 

1 1 
57. Mo— (2 4 59 58. f = (5x + 1)? 
59. y = 5cos(9x + 1) 60. y = —6 sin 3x* 

X  sin2x secx sec? x 
6l. y=5- 1 62. y — 7 5 
63. y = x(6x + 1) 64. f(s) = (s? — 1)7(s3 + 5) 
x 3 xt5WV 

65. f(x) = (5) 66. h(x) = (3 ES ;) 


Finding the Slope of a Graph In Exercises 67—72, find 
the slope of the graph of the function at the given point. 


67. f(x) = V1 — x, (2,3) 68. f(x) = ix? — 1, (3,2) 


x8 3x1 
69. f(x) = —— —— (0, 8 70. f(x) = —— —áa (L4 
f-—. (08 7» f0) = qr gs 04 
1 m l Tl 
71. y = 5 esc 2x, (35 72. y = csc 3x + cot 3x, (1) 


Finding a Second Derivative In Exercises 73-76, find the 
second derivative of the function. 


i 1 
5x - 1 


73. y = (8x + 5) 74. y 


75. f(x) ^ cotx 76. y = xsin?x 


77. Refrigeration The temperature T (in degrees Fahrenheit) 
of food in a freezer is 


T- 700 
P+ 4t 4-10 


where t is the time in hours. Find the rate of change of T with 
respect to ¢ at each of the following times. 
(ja t=1 (bt-23 (o)t-5 (dt-10 


78. Harmonic Motion The displacement from equilibrium of 
an object in harmonic motion on the end of a spring is 


y- L cos 81 — ni 


where y is measured in feet and ż is the time in seconds. Determine 
the position and velocity of the object when t = 11/4. 


Finding a Derivative In Exercises 79-84, find dy/dx by 
implicit differentiation. 


79. x2 + y! = 64 
81. ey — xy = 4 


80. x7 + 4xy -y = 6 
82. J/xy =x — 4y 


83. xsiny = ycosx 84. cos(x + y) =x 


ee Tangent Lines and Normal Lines In Exercises 85 and 


86, find equations for the tangent line and the normal line to 
the graph of the equation at the given point. (The normal line 
at a point is perpendicular to the tangent line at the point.) Use 
a graphing utility to graph the equation, the tangent line, and 
the normal line. 


85. x2? + y? = 10, (3,1) 86. x? — y? = 20, (6,4) 

87. Rate of Change A point moves along the curve y = /x 
in such a way that the y-component of the position of the point 
is increasing at a rate of 2 units per second. At what rate is the 
x-component changing for each of the following values? 


(a)x= 5 ()x=1 ()x=4 


88. Surface Area All edges of a cube are expanding at a rate 
of 8 centimeters per second. How fast is the surface area 
changing when each edge is 6.5 centimeters? 


89. Linear vs. Angular Speed A rotating beacon is located 
1 kilometer off a straight shoreline (see figure). The beacon 
rotates at a rate of 3 revolutions per minute. How fast (in 
kilometers per hour) does the beam of light appear to be 
moving to a viewer who is a kilometer down the shoreline? 


Not drawn to scale 


90. Moving Shadow A sandbag is dropped from a balloon at 
a height of 60 meters when the angle of elevation to the sun is 
30? (see figure). The position of the sandbag is 


s(t) = 60 — 4.977. 


Find the rate at which the shadow of the sandbag is traveling 
along the ground when the sandbag is at a height of 35 meters. 


Position: el 
s(t) = 60 —4.91? | 
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> See CalcChat.com for tutorial help and 
P z S - P ro b I e m S O Ivi n g aida solutions to M ee 


&ee 1. Finding Equations of Circles Consider the graph of the 6. Finding Polynomials 


: =g 
parabola y = x^. (a) Find the polynomial P,(x) = ag + a,x whose value and 


(a) Find the radius r of the largest possible circle centered slope agree with the value and slope of f(x) = cos x at the 
on the y-axis that is tangent to the parabola at the origin, point x = 0. 
as shown in the figure. This circle is called the circle of 
curvature (see Section 12.5). Find the equation of this 
circle. Use a graphing utility to graph the circle and parabola 
in the same viewing window to verify your answer. 


(b) Find the polynomial P,(x) = ag + a,x + a,x? whose value 
and first two derivatives agree with the value and first 
two derivatives of f(x) = cos x at the point x = 0. This 
polynomial is called the second-degree Taylor polynomial 


(b) Find the center (0, b) of the circle of radius 1 centered on of f(x) = cos x at x = 0. 
the y-axis that is tangent to the parabola at two points, as (c) Complete the table comparing the values of f(x) = cos x 
shown in the figure. Find the equation of this circle. Use a and P, (x). What do you observe? 
graphing utility to graph the circle and parabola in the same 
viewing window to verify your answer. 
x —1.0 | —0.1 | —0.001 | O | 0.001 | 0.1 | 1.0 
y y 
A COS X 
si PY) 
(d) Find the third-degree Taylor polynomial of f(x) — sin x at 
x=0. 
E i Np TT 7. Famous Curve The graph of the eight curve 
-l 1 -l 1 
x= ee- y), a#0 
Figure for 1(a) Figure for 1(b) 


is shown below. 


2. Finding Equations of Tangent Lines Graph the two (a) Explain how you could use a graphing utility to graph this 


parabolas curve: 
y=x and y= —-x?+2x—-5 Bo) Use a graphing utility to graph the curve for various values 
. . ] . . of the constant a. Describe how a affects the shape of the 
in the same coordinate plane. Find equations of the two lines cuve 


that are simultaneously tangent to both parabolas. 
(c) Determine the points on the curve at which the tangent line 


3. Finding a Polynomial Find a third-degree polynomial is hoñizontal. 


p(x) that is tangent to the line y = 14x — 13 at the point (1, 1), 
and tangent to the line y = —2x — 5 at the point (— 1, — 3). y y 

4. Finding a Function Find a function of the form 
f(x) = a + b cos cx that is tangent to the line y = 1 at the 
point (0, 1), and tangent to the line 


zig pe Hi (X) ui a t 
y 2 4 


at the point G ) 
pua 


: E Figure for 7 Figure for 8 
5. Tangent Lines and Normal Lines 3 3 
(a) Find an equation of the tangent line to the parabola y — x? 8. Famous Curve The graph of the pear-shaped quartic 
at the point (2, 4). by? = Lla — x), ab»0 
(b) Find an equation of the normal line to y = x? at the point is shown above. 


(2, 4). (The normal line at a point is perpendicular to the 
tangent line at the point.) Where does this line intersect the 
parabola a second time? 


(a) Explain how you could use a graphing utility to graph this 
curve. 
A (b) Use a graphing utility to graph the curve for various values 


of the constants a and b. Describe how a and b affect the 
shape of the curve. 


(c) Find equations of the tangent line and normal line to y = x? 
at the point (0, 0). 


(d) Prove that for any point (a, b) # (0, 0) on the parabola 


p j (c) Determine the points on the curve at which the tangent line 
y = x’, the normal line intersects the graph a second time. 


is horizontal. 
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9. 


Not drawn to scale 


Figure for 9 


10. 


11. 


12. 
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Shadow Length A man 6 feet tall walks at a rate of 5 feet 
per second toward a streetlight that is 30 feet high (see figure). 
The man's 3-foot-tall child follows at the same speed but 
10 feet behind the man. The shadow behind the child is caused 
by the man at some times and by the child at other times. 


(a) Suppose the man is 90 feet from the streetlight. Show that 
the man's shadow extends beyond the child's shadow. 


(b) Suppose the man is 60 feet from the streetlight. Show that 
the child's shadow extends beyond the man's shadow. 


(c) Determine the distance d from the man to the streetlight 
at which the tips of the two shadows are exactly the same 
distance from the streetlight. 


(d) Determine how fast the tip of the man's shadow is moving 
as a function of x, the distance between the man and the 
streetlight. Discuss the continuity of this shadow speed 
function. 


"(E sis 


je 10 ft En 


Figure for 10 


Moving Point A particle is moving along the graph of 
y = 3x (see figure). When x = 8, the y-component of the 
position of the particle is increasing at the rate of 1 centimeter 
per second. 


(a) How fast is the x-component changing at this moment? 


(b) How fast is the distance from the origin changing at this 
moment? 


(c) How fast is the angle of inclination 9 changing at this 
moment? 


Projectile Motion An astronaut standing on the moon 
throws a rock upward. The height of the rock is 


27 
-——p-.X + 
sS 10! 27t + 6 


where s is measured in feet and f is measured in seconds. 


(a) Find expressions for the velocity and acceleration of the 
rock. 


(b) Find the time when the rock is at its highest point by 
finding the time when the velocity is zero. What is the 
height of the rock at this time? 


(c) How does the acceleration of the rock compare with the 
acceleration due to gravity on Earth? 


Proof Let E be a function satisfying E(0) = E'(0) = 1. 
Prove that if E(a + b) = E(a)E(b) for all a and b, then E is 
differentiable and E'(x) — E(x) for all x. Find an example of a 
function satisfying E(a + b) = E(a)E(b). 


13. 


14. 


15. 


Proof Let L be a differentiable function for all x. Prove that 
if L(a + b) = L(a) + L(b) for all a and b, then L'(x) = L'(0) 
for all x. What does the graph of L look like? 


Radians and Degrees The fundamental limit 


assumes that x is measured in radians. Suppose you assume 
that x is measured in degrees instead of radians. 


(a) Set your calculator to degree mode and complete the table. 


z (in degrees) | 0.1 | 0.01 | 0.0001 


sin z 
& 


(b) Use the table to estimate 


for z in degrees. What is the exact value of this limit? 
(Hint: 180° = rt radians) 


(c) Use the limit definition of the derivative to find 
“sin z] 


for z in degrees. 


(d) Define the new functions 


— 


S(z) = sincz and C(z) = cos cz 


where c = 11/180. Find S(90) and C(180). Use the Chain 
Rule to calculate 


d 
geol 


(e) Explain why calculus is made easier by using radians 
instead of degrees. 


Acceleration and Jerk If a is the acceleration of an 
object, then the jerk j is defined by j = a'(r). 
(a) Use this definition to give a physical interpretation of j. 


(b) Find j for the slowing vehicle in Exercise 119 in Section 
2.3 and interpret the result. 


(c) The figure shows the graphs of the position, velocity, 
acceleration, and jerk functions of a vehicle. Identify each 
graph and explain your reasoning. 


DENT 
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3.1 Extrema on an Interval 


Maximum 


(0, D — Minimum 
| t ] |x 
m 1 P 3 


- 1 P 3 


(b) f is continuous, (— 1, 2) is open. 


Maximum 


3 
PONE a wl xs 
wda x=0 


EE Nota 
minimum 
Py 

-1 il 2 3 


(c) g is not continuous, [— 1, 2] is closed. 


Figure 3.1 


E Understand the definition of extrema of a function on an interval. 
liM Understand the definition of relative extrema of a function on an open interval. 
E Find extrema on a closed interval. 


Extrema of a Function 


In calculus, much effort is devoted to determining the behavior of a function f on an 
interval J. Does f have a maximum value on I? Does it have a minimum value? Where 
is the function increasing? Where is it decreasing? In this chapter, you will learn 
how derivatives can be used to answer these questions. You will also see why these 
questions are important in real-life applications. 


Definition of Extrema 


Let f be defined on an interval J containing c. 


1. f(c) is the minimum of f on J when f(c) < f(x) for all x in I. 
2. f(c) is the maximum of f on I when f(c) = f(x) for all x in I. 


The minimum and maximum of a function on an interval are the extreme 
values, or extrema (the singular form of extrema is extremum), of the function 
on the interval. The minimum and maximum of a function on an interval are 
also called the absolute minimum and absolute maximum, or the global 
minimum and global maximum, on the interval. Extrema can occur at interior 
points or endpoints of an interval (see Figure 3.1). Extrema that occur at the 
endpoints are called endpoint extrema. 


A function need not have a minimum or a maximum on an interval. For instance, in 
Figures 3.1(a) and (b), you can see that the function f(x) = x? + 1 has both a minimum 
and a maximum on the closed interval [— 1, 2] but does not have a maximum on the 
open interval (— 1, 2). Moreover, in Figure 3.1(c), you can see that continuity (or the 
lack of it) can affect the existence of an extremum on the interval. This suggests the 
theorem below. (Although the Extreme Value Theorem is intuitively plausible, a proof 
of this theorem is not within the scope of this text.) 


The Extreme Value Theorem 


If f is continuous on a closed interval [a, b], then f has both a minimum and a 
maximum on the interval. 


Exploration 


Finding Minimum and Maximum Values The Extreme Value Theorem (like 
the Intermediate Value Theorem) is an existence theorem because it tells of the 
existence of minimum and maximum values but does not show how to find 
these values. Use the minimum and maximum features of a graphing utility to 
find the extrema of each function. In each case, do you think the x-values are 
exact or approximate? Explain your reasoning. 


a. f(x) = x? — 4x + 5 on the closed interval [— 1, 3] 
b. f(x) = x? — 2x? — 3x — 2 on the closed interval [— 1, 3] 
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Relative Extrema and Critical Numbers 


In Figure 3.2, the graph of f(x) = x? — 3x? has a relative maximum at the point (0, 0) 
and a relative minimum at the point (2, — 4). Informally, for a continuous function, 
you can think of a relative maximum as occurring on a “hill” on the graph, and a 
relative minimum as occurring in a *valley" on the graph. Such a hill and valley can 
occur in two ways. When the hill (or valley) is smooth and rounded, the graph has a 
horizontal tangent line at the high point (or low point). When the hill (or valley) is sharp 
and peaked, the graph represents a function that is not differentiable at the high point 
(or low point). 


f has a relative maximum at (0, 0) and EE . 
a relative minimum at (2, —4). Definition of Relative Extrema 


Figure 3.2 1. If there is an open interval containing c on which f(c) is a maximum, then 


f (c) is called a relative maximum of f, or you can say that f has a relative 
maximum at (c, f (c)). 


. If there is an open interval containing c on which f(c) is a minimum, then 


f(c) is called a relative minimum of f, or you can say that f has a relative 
minimum at (c, f (c)). 


The plural of relative maximum is relative maxima, and the plural of relative 


y . minimum is relative minima. Relative maximum and relative minimum are 
i, Relative sometimes called local maximum and local minimum, respectively. 


maximum 


Example 1 examines the derivatives of functions at given relative extrema. (Much 
more is said about finding the relative extrema of a function in Section 3.3.) 


EXAMPLE 1 The Value of the Derivative at Relative Extrema 


Find the value of the derivative at each relative extremum shown in Figure 3.3. 


Solution 
Ac 
a. The derivative of f(x) — eae is 
3 = d. 2 
f') =* (189) E K 3)Gx ) Differentiate using Quotient Rule. 
— y? 
= ANLE Simplify. 


At the point (3, 2), the value of the derivative is f’(3) = 0. [See Figure 3.3(a).] 


b. At x = 0, the derivative of f(x) = |x| does not exist because the following 


y one-sided limits differ. [See Figure 3.3(b).] 
4 
(5, 1) Relative lim fe) = £0) = lim ix 1 Limit from the left 
2 maximum x0 x—0 x20 x 
€ lim fe) — (0) = lim i =] Limit from the right 
x> 0+ A = 0 x20* X 
2 
Relate n 4) c. The derivative of f(x) = sin x is 
+ minimum! 2 f'Q) — 
í (2) E (3) m At the point (Tt/2, 1), the value of the derivative is f'(T/2) = cos(r/2) = 0. At the 
uc CE point (37/2, — 1), the value of the derivative is f'(311/2) = cos(3m/2) = 0. [See 


Figure 3.3 Figure 3.3(c).] a 
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PIERRE DE FERMAT (1601—1665) 


For Fermat, who was trained 

as a lawyer, mathematics 

was more of a hobby than 

a profession. Nevertheless, 
Fermat made many 
contributions to analytic 
geometry, number theory, 
calculus, and probability. In 
letters to friends, he wrote of 
many of the fundamental ideas 
of calculus, long before Newton 
or Leibniz. For instance, 
Theorem 3.2 is sometimes 
attributed to Fermat. 

See LarsonCalculus.com to read 
more of this biography. 
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Note in Example 1 that at each relative extremum, the derivative either is zero or 
does not exist. The x-values at these special points are called critical numbers. Figure 
3.4 illustrates the two types of critical numbers. Notice in the definition that the critical 
number c has to be in the domain of f, but c does not have to be in the domain of f". 


Definition of a Critical Number 


Let f be defined at c. If f'(c) = 0 or if f is not differentiable at c, then c is a 
critical number of f. 


f(o)-0 


Horizontal 
tangent 


> xX X 


1 
1 
1 
1 
1 
1 
1 
1 
[ 
1 
1 
1 
[4 


c is a critical number of f. 
Figure 3.4 


THEOREM 3.2 Relative Extrema Occur Only 
at Critical Numbers 


If f has a relative minimum or relative maximum at x — c, then 
c is a critical number of f. 


Proof 


Case 1: If f is not differentiable at x = c, then, by definition, c is a critical number of 
f and the theorem is valid. 

Case 2: If f is differentiable at x = c, then f'(c) must be positive, negative, or 0. 
Suppose /'(c) is positive. Then 


fe) = fle) 


(c) = li >0 
fo) we xX OC 
which implies that there exists an interval (a, b) containing c such that 
fe) - ft) > 0, for all x # cin (a, b). See Exercise 84(b), Section 1.2. 
Xx—c 


Because this quotient is positive, the signs of the denominator and numerator must 
agree. This produces the following inequalities for x-values in the interval (a, b). 


Leftofc:  x«c and f(x «f(c) m  f(c)is nota relative minimum. 
Right ofc: x» c and f(x) >f(c) @  f(c)is nota relative maximum. 


So, the assumption that f'(c) > 0 contradicts the hypothesis that f(c) is a relative 
extremum. Assuming that f'(c) < 0 produces a similar contradiction, you are left 
with only one possibility—namely, f'(c) = 0. So, by definition, c is a critical number 
of f and the theorem is valid. | 


The Print Collector/Alamy Stock Photo 
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Finding Extrema on a Closed Interval 


Theorem 3.2 states that the relative extrema of a function can occur only at the critical 
numbers of the function. Knowing this, you can use these guidelines to find extrema 
on a closed interval. 


GUIDELINES FOR FINDING EXTREMA ON A CLOSED INTERVAL 


To find the extrema of a continuous function f on a closed interval [a, b], use 
these steps. 


1. Find the critical numbers of f in (a, b). 


2. Evaluate f at each critical number in (a, b). 
3. Evaluate f at each endpoint of [a, b]. 


4. The least of these values is the minimum. The greatest is the maximum. 


The next three examples show how to apply these guidelines. Be sure you see that 
finding the critical numbers of the function is only part of the procedure. Evaluating the 
function at the critical numbers and the endpoints is the other part. 


EXAMPLE 2 Finding Extrema on a Closed Interval 


Find the extrema of 
f(x) = 3x4 — 4 
on the interval [— 1, 2]. 


Solution Begin by differentiating the function. 


f(x) = 3x4 — 43 Write original function. 
f '(x) = 12x — 12x? Differentiate. 
T To find the critical numbers of f in the interval (— 1, 2), you must find all x-values for 
À which f'(x) — 0 and all x-values for which f'(x) does not exist. 
64 2, 16 
E | ! 1220 — 1222 = 0 Set f'(x) equal to 0. 
12x? (x — 1) =0 Factor. 
x=0,1 Critical numbers 


Because f" is defined for all x, you can conclude that these are the only critical numbers 
of f. By evaluating f at these two critical numbers and at the endpoints of [— 1, 2], 


0,0 . ; : ne: : 
l ea }—> x you can determine that the maximum is f(2) = 16 and the minimum is f(1) = — 1, as 
14 f (1, -1) * shown in the table. The graph of f is shown in Figure 3.5. 
4- // Minimum 
Left Critical Critical Right 

On the closed interval [— 1, 2], f has a Endpoint | Number Number Endpoint 
minimum at (1, — 1) and a maximum E E 
d j-9-1 [roo Wat cs 
Figure 3.5 H 


In Figure 3.5, note that the critical number x = 0 does not yield a relative minimum 
or a relative maximum. This tells you that the converse of Theorem 3.2 is not true. In 
other words, the critical numbers of a function need not produce relative extrema. 
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Maximum 
I 
T 


1 


| ab 


+  ($6-3j9) 


Minimum 
(21, —) 


On the closed interval [— 1, 3], f has a 
minimum at (— 1, — 5) and a maximum 
at (0, 0). 

Figure 3.6 


M (z. 3) Maximum 


| f(x)22 sin x —cos 2x | 


> X 
(2m, —1) 
=f 
JE 
EN a 


On the closed interval [0, 2t], f has 
two minima at (71/6, — 3/2) and 
(1111/6, —3/2) and a maximum at 
(n2, 3). 

Figure 3.7 


EXAMPLE 3 Finding Extrema on a Closed Interval 


Find the extrema of f(x) = 2x — 3x?/3 on the interval [— 1, 3]. 


Solution Begin by differentiating the function. 


f(x) = 2x — 3x2/3 Write original function. 
f (x) =2- 2a Differentiate. 
x1/3 
= E Simplif, 
x3 pity. 


From this derivative, you can see that the function has two critical numbers in the 
interval (— 1, 3). The number 1 is a critical number because f'(1) = 0, and the number 
0 is a critical number because f'(0) does not exist. By evaluating f at these two 
numbers and at the endpoints of the interval, you can conclude that the minimum is 
f(—-1) = —5 and the maximum is f(0) = 0, as shown in the table. The graph of f is 


shown in Figure 3.6. 


Left Critical Critical Right 
Endpoint Number Number Endpoint 


Minimum Maximum 


Av | O= | pay = -1 | £@) = 6 - 339 = 


— 0.24 


- EXAMPLE 4 Finding Extrema on a Closed Interval 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


Find the extrema of 
f(x) = 2 sin x — cos 2x 
on the interval [0, 2m]. 


Solution Begin by differentiating the function. 


f(x) = 2 sin x — cos 2x Write original function. 
f'(x) = 2 cos x + 2 sin 2x Differentiate. 
= 2cos x + 4 cos x sin x sin 2x — 2 cos x sin x 
= 2(cos x)(1 + 2 sin x) Factor. 


Because f is differentiable for all real x, you can find all critical numbers of f by 
finding the zeros of its derivative. Considering 2(cos x)(1 + 2 sin x) = O in the interval 
(0, 2T), the factor cosx is zero when x = Tt/2 and when x = 31/2. The factor 
(1 + 2 sin x) is zero when x = 71/6 and when x = 1111/6. By evaluating f at these 
four critical numbers and at the endpoints of the interval, you can conclude that the 
maximum is f(T/2) = 3 and the minimum occurs at two points, f(71t/6) = —3/2 and 
f(111/6) = —3/2, as shown in the table. The graph is shown in Figure 3.7. 


Maximum Minimum Minimum 


Left Critical Critical Critical Critical Right 
Endpoint Number Number Number Number Endpoint 
T 7n 3 lim 3 

= Ec 3n S ell 
vn da Rees AB) = -1 caer 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Minimum What does it mean to say that f(c) is the 
minimum of f on an interval 7? 


. Extreme Value Theorem In your own words, 
describe the Extreme Value Theorem. 


. Maximum What is the difference between a relative 
maximum and an absolute maximum on an interval /? 


. Critical Numbers What is a critical number? 


. Critical Numbers Explain how to find the critical 
numbers of a function. 


. Extrema on a Closed Interval Explain how to find 
the extrema of a continuous function on a closed interval 


[a, b]. 


uy The Value of the Derivative at Relative 
Extrema In Exercises 7-12, find the value of the 
derivative (if it exists) at each indicated extremum. 


TU 
=i 8. f(x) = cos 7 


(x + 2965 


11. f(x) = 


Approximating Critical Numbers In Exercises 13-16, 
approximate the critical numbers of the function shown in 
the graph. Determine whether the function has a relative 
maximum, a relative minimum, an absolute maximum, an 
absolute minimum, or none of these at each critical number on 
the interval shown. 


13. y 14. y 


|x 
5 
15. y 16. y 
A A 
5+ s+ 
47 6 4- 
34- 2d 
a+ 
2+ 
14 
f | | Lyx 
——é——L——-—-: Ff m ! 
- | 12345 Za 2 od So 


Oo Finding Critical Numbers In Exercises 17-22, 
"t find the critical numbers of the function. 


Isl 


17. f(x) = 4x? — 6x 18. g(x) 2 x — Vx 


4x 
19. g(t) - t/4—tt«3 20. f(x) = ad 
21. h(x) = six + cosx, 0«x «2n 


22. f(8) = 2secO + tan, 0«08 «2m 
Plea A Finding Extrema on a Closed Interval In 


25 3 Exercises 23-40, find the absolute extrema of the 
function on the closed interval. 


iR L2] — 24. FQ) = 2x + 2, [0,4] 
25. A(x) = 5 — 2x, [3,1] 26. f(x) = 7x? + 1, [-1, 2] 
27. f(x) = 3 — Sx, [-1,2] 28. f(x) = 2x3 — 6x, [0,3] 


29. y = 3x23 — 2x, [-1,1] 30. g(x) = 3/x, [-8, 8] 


31. a(x) =, [-2,1] 32. i) = [-1.6] 

33. ,[-15] 34. g(x) = , [-7, 1] 
35. f(x) = k], [-2, 2] 36. h(x) = [2 — x], [-2, 2] 
37. f(x) = sinx, |a d 38. g(x) = sec x, in z| 


39. y = 3 cos x, [0, 2T] 40. y = tan Œ, [0, 2] 
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Uie J 41-44, find the absolute extrema of the function (if 


[m]: E] Finding Extrema on an Interval In Exercises 
ok 3 any exist) on each interval. 
Rt ot 


41. f(x) = 2x - 3 
(a) [0,2] (b) [0, 2) 
(c) (0, 2] (d) (0, 2) 
43. f(x) = x? — 2x 
(a) [-1,2] | (b (1,3] 
(c) (0, 2) (d) [1, 4) 


42. f(x) -5—-x 
(a) [1,4] (b) [1, 4) 
(c) (1, 4] (d) (1, 4) 
44. f(x) = /4— i 
(a) [-2,2] (5 [-2, 0) 
(c) (-2,2) (d) [1,2) 


BB Finding Absolute Extrema Using Technology In 


Exercises 45-48, use a graphing utility to graph the function 
and find the absolute extrema of the function on the given 
interval. 


157) = D (1, 4] 


46. f(x) = ss [0, 2) 


47. f(x) = Jx * ix [0, mt] 


48. f(x) = —x + cos 31x, |o. «| 


BB Finding Extrema Using Technology In Exercises 49 


and 50, (a) use a computer algebra system to graph the 
function and approximate any absolute extrema on the given 
interval. (b) Use the utility to find any critical numbers, and 
use them to find any absolute extrema not located at the 
endpoints. Compare the results with those in part (a). 


49. f(x) = 327 + 5x3 — 3.5x, [0,1] 


50. f(x) = 3 —x [0.3] 


B Finding Maximum Values Using Technology In 


Exercises 51 and 52, use a computer algebra system to find 
the maximum value of |f"(x)| on the closed interval. (This 
value is used in the error estimate for the Trapezoidal Rule, as 
discussed in Section 8.6.) 


51. f(x) = V1 +x, [0,2] 


52. f(x) = 2 L D B J 


B Finding Maximum Values Using Technology In 


Exercises 53 and 54, use a computer algebra system to find the 
maximum value of | f“(x)| on the closed interval. (This value 
is used in the error estimate for Simpson's Rule, as discussed 
in Section 8.6.) 


53. f(x) = (x + ?5, [0,2] 


54. sect. [-1,1] 


L+H 


55. Writing Write a short paragraph explaining why a continuous 
function on an open interval may not have a maximum or 
minimum. Illustrate your explanation with a sketch of the 
graph of such a function. 


HOW DO YOU SEE IT? Determine 
whether each labeled point is an absolute 
maximum or minimum, a relative maximum or 
minimum, or none of these. 


EXPLORING CONCEPTS 

Using Graphs In Exercises 57 and 58, determine 
from the graph whether f has a minimum in the open 
interval (a, b). Explain your reasoning. 


57. (a) (b) 


. Critical Numbers Consider the function 
x—4 


fo) = x+2 


Is x = —2 a critical number of f? Why or why not? 


. Creating the Graph of a Function Graph a 
function on the interval [—2, 5] having the given 
characteristics. 


Relative minimum at x = —1 

Critical number (but no extremum) at x = 0 
Absolute maximum at x = 2 

Absolute minimum at x = 5 


61. 


62. 


Power The formula for the power output P of a battery is 


P-VI—RP 


where V is the electromotive force in volts, R is the resistance 
in ohms, and / is the current in amperes. Find the current that 
corresponds to a maximum value of P in a battery for which 
V — 12 volts and R — 0.5 ohm. Assume that a 15-ampere fuse 
bounds the output in the interval 0 < J < 15. Could the power 
output be increased by replacing the 15-ampere fuse with a 
20-ampere fuse? Explain. 


Lawn Sprinkler A lawn sprinkler is constructed in such 
a way that dO/dt is constant, where 9 ranges between 45° and 
135? (see figure). The distance the water travels horizontally is 


v? sin 20 
x= 


3 ^ 45? < 0 < 135 


where v is the speed of the water. Find dx/dt and explain why 
this lawn sprinkler does not water evenly. What part of the 
lawn receives the most water? 


60-105 ^? 


Water sprinkler: 45? «0 <135° 


E FOR FURTHER INFORMATION For more information 
on the “calculus of lawn sprinklers,” see the article “Design of an 
Oscillating Sprinkler” by Bart Braden in Mathematics Magazine. 
To view this article, go to MathArticles.com. 


63. 


Honeycomb The surface area of a cell in a honeycomb is 


2 = 
Bh 4 3s (4 v 


d sin 8 


where h and s are positive constants and O is the angle at which 
the upper faces meet the altitude of the cell (see figure). Find the 
angle 0 (r/6 < 0 < 11/2) that minimizes the surface area S. 


E FOR FURTHER INFORMATION For more information 
on the geometric structure of a honeycomb cell, see the article 
“The Design of Honeycombs” by Anthony L. Peressini in UMAP 
Module 502, published by COMAP, Inc., Suite 210, 57 Bedford 
Street, Lexington, MA. 


64 


3.1 Extrema on an Interval 173 


. Highway Design In order to build a highway, it is 


necessary to fill a section of a valley where the grades (slopes) 
of the sides are 9% and 6% (see figure). The top of the filled 
region will have the shape of a parabolic arc that is tangent to 
the two slopes at the points A and B. The horizontal distances 
from A to the y-axis and from B to the y-axis are both 500 feet. 


m— 500 ft 


500 ft — Highway 
1 A 1 


SS 


(a) Find the coordinates of A and B. 


(b) Find a quadratic function y — ax? + bx+c for 
—500 < x < 500 that describes the top of the filled 
region. 


(c) Construct a table giving the depths d of the fill for 
x 500, — 400, — 300, — 200, — 100, 0, 100, 200, 300, 
400, and 500. 


(d) What will be the lowest point on the completed highway? 
Will it be directly over the point where the two hillsides 
come together? 


True or False? In Exercises 65-68, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


65. 
66. 


67. 


68. 


69. 


70. 


The maximum of y = x? on the open interval (—3, 3) is 9. 


If a function is continuous on a closed interval, then it must 
have a minimum on the interval. 


If x = c is a critical number of the function f, then it is also a 
critical number of the function g(x) = f(x) + k, where k is a 
constant. 


If x = c is a critical number of the function f, then it is also a 
critical number of the function g(x) = f(x — k), where k is a 
constant. 


Functions Let the function f be differentiable on an 
interval / containing c. If f has a maximum value at x = c, 
show that —f has a minimum value at x — c. 


Critical Numbers Consider the cubic function 
f(x) = aX + bx? + cx + d, where a # 0. Show that f can 
have zero, one, or two critical numbers and give an example 
of each case. 


PUTNAM EXAM CHALLENGE 


71. Determine all real numbers a > 0 for which there exists 
a nonnegative continuous function f(x) defined on [0, a] 
with the property that the region R = {(x, y; 0 < x < a, 


0 € y € f(x)) has perimeter k units and area k square 
units for some real number k. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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3.2 Rolle’s Theorem and the Mean Value Theorem 


Chapter 3 Applications of Differentiation 


Exploration 


Extreme Values in a 

Closed Interval Sketch a 
rectangular coordinate plane 
on a piece of paper. Label 
the points (1, 3) and (5, 3). 
Using a pencil or pen, draw 
the graph of a differentiable 
function f that starts at (1, 3) 
and ends at (5, 3). Is there at 
least one point on the graph 
for which the derivative is 
zero? Would it be possible to 
draw the graph so that there 
is not a point for which the 
derivative is zero? Explain 
your reasoning. 


ROLLE’S THEOREM 


French mathematician Michel 


Rolle first published the 
theorem that bears his name 
in 1691. Before this time, 
however, Rolle was one of the 
most vocal critics of calculus, 
stating that it gave erroneous 
results and was based on 
unsound reasoning. Later in 
life, Rolle came to see the 
usefulness of calculus. 


liM Understand and use Rolle's Theorem. 
E Understand and use the Mean Value Theorem. 


Rolle's Theorem 


The Extreme Value Theorem (see Section 3.1) states that a continuous function on a 
closed interval [a, b] must have both a minimum and a maximum on the interval. Both 
of these values, however, can occur at the endpoints. Rolle's Theorem, named after the 
French mathematician Michel Rolle (1652-1719), gives conditions that guarantee the 
existence of an extreme value in the interior of a closed interval. 


THEOREM 3.3 Rolle’s Theorem 

Let f be continuous on the closed interval [a, b] and differentiable [m] tet. [E] 
on the open interval (a, b). If f(a) = f(b), then there is at least one EA S 
number c in (a, b) such that f'(c) = 0. ie 


Proof Let f(a) = d = f(b). 
Case 1: If f(x) = d for all x in [a, b], then f is constant on the interval and, by 
Theorem 2.2, f'(x) = 0 for all x in (a, b). 


Case 2: Consider f(x) > d for some x in (a, b). By the Extreme Value Theorem, you 
know that f has a maximum at some c in the interval. Moreover, because f (c) > d, this 
maximum does not occur at either endpoint. So, f has a maximum in the open interval 
(a, b). This implies that f(c) is a relative maximum and, by Theorem 3.2, c is a critical 
number of f. Finally, because f is differentiable at c, you can conclude that f'(c) — 0. 


Case 3: When f(x) < d for some x in (a, b), you can use an argument similar to that 
in Case 2 but involving the minimum instead of the maximum. a 


From Rolle’s Theorem, you can see that if a function f is continuous on [a, b] 
and differentiable on (a, b), and if f(a) — f(b), then there must be at least one x-value 
between a and b at which the graph of f has a horizontal tangent [See Figure 3.8(a)]. 
When the differentiability requirement is dropped from Rolle's Theorem, f will still 
have a critical number in (a, b), but it may not yield a horizontal tangent. Such a case 
is shown in Figure 3.8(b). 


y . y 
n Relative N 
maximum 


Relative 
maximum 


= xX 


I I i I 
I I I I 
I [| I I 
I I I I 
1 1 =x 1 1 
a c b a c b 


(b) f is continuous on [a, b] but not 
differentiable on (a, b). 


(a) f is continuous on [a, b] and 
differentiable on (a, b). 


Figure 3.8 


=p Horizontal 
tangent 


The x-value for which f'(x) = 0 is 
between the two x-intercepts. 
Figure 3.9 


y 
TE 
8 fQ2)=8 


f(D)=0 54 f(0)20 


f'(x) = 0 for more than one x-value in 
the interval (— 2, 2). 
Figure 3.10 


3 
Figure 3.11 
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ESTUS illustrating Rolle’s Theorem 


Find the two x-intercepts of 
f(x) =x- 3x +2 
and show that f'(x) = 0 at some point between the two x-intercepts. 


Solution Note that f is differentiable on the entire real number line. Setting f(x) 
equal to 0 produces 


x2—3x-2-20 Set f(x) equal to 0. 
(x = 1)(x = 2) =0 Factor. 
x= 1,2. Solve for x. 


So, f(1) = f(2) = 0, and from Rolle’s Theorem you know that there exists at least one 
c in the interval (1, 2) such that f'(c) = 0. To find such a c, differentiate f to obtain 


f (x) = 25 = 3 Differentiate. 


and then determine that f’(x) = 0 when x = 2. Note that this x-value lies in the open 
interval (1, 2), as shown in Figure 3.9. a 


Rolle's Theorem states that when f satisfies the conditions of the theorem, there 
must be at least one point between a and b at which the derivative is 0. There may, of 
course, be more than one such point, as shown in the next example. 


ETTUTTTE) Illustrating Rolle's Theorem 


Let f(x) = xt — 2x?. Find all values of c in the interval (— 2, 2) such that f’(c) = 0. 


Solution To begin, note that the function satisfies the conditions of Rolle’s 
Theorem. That is, f is continuous on the interval [—2, 2] and differentiable on the 
interval (—2, 2). Moreover, because f(—2) = f(2) = 8, you can conclude that there 
exists at least one c in (— 2, 2) such that f'(c) = 0. Because 


f (x) = 4 — 4x Differentiate. 


setting the derivative equal to 0 produces 


40 = 4x =0 Set f'(x) equal to 0. 
4x(x — D)(x + 1) 20 Factor. 
x=0,1,-1. x-values for which f'(x) = 0 
So, in the interval (— 2, 2), the derivative is zero when x = — 1, 0, and 1, as shown in 
Figure 3.10. au 


A graphing utility can be used to indicate whether 
the points on the graphs in Examples 1 and 2 are relative minima or relative maxima 
of the functions. When using a graphing utility, however, you should keep in mind 
that it can give misleading pictures of graphs. For example, use a graphing utility 
to graph 


1 
~ 1000 — D'7 +T 


f&a) =1=@= 1)? 


With most viewing windows, it appears that the function has a maximum of 1 when 
x = 1, as shown in Figure 3.11. By evaluating the function at x = 1, however, you 
can see that f(1) = 0. To determine the behavior of this function near x = 1, you 
need to examine the graph analytically to get the complete picture. 
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NARI The “mean” in the 
Mean Value Theorem refers to 
the mean (or average) rate of 


change of f on the interval [a, b]. 


A Slope of tangent line = f (c) 


Tangent line 


Secant line 


(b, f(b) 


T 

1 

f 

1 

l 
1 1 
1 f 
i i »—X 
a c b 


Figure 3.12 


JOSEPH-LOUIS LAGRANGE 
(1736-1813) 


The Mean Value Theorem 

was first proved by the 

famous mathematician Joseph- 
Louis Lagrange. Born in Italy, 
Lagrange held a position in the 
court of Frederick the Great in 
Berlin for 20 years. 

See LarsonCalculus.com to read 
more of this biography. 
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The Mean Value Theorem 


Rolle's Theorem can be used to prove another theorem—the Mean Value Theorem. 


THEOREM 3.4 The Mean Value Theorem 


If f is continuous on the closed interval [a, b] and differentiable on the open 
interval (a, b), then there exists a number c in (a, b) such that OR [u] 


flo) — fa) seers 


b-a 
Proof Refer to Figure 3.12. The equation of the secant line that passes through the 
points (a, f(a)) and (b, f(b)) is 


= [Abate Aok — a) + f(a). 
Let g(x) be the difference between f(x) and y. Then 
go) = f(x) — y 


=f) - [REL - a) - sto. 


a 


fc) = 


By evaluating g at a and b, you can see that 


g(a) = 0 = g(b). 


Because f is continuous on [a, P], it follows that g is also continuous on [a, b]. 
Furthermore, because f is differentiable, g is also differentiable, and you can apply 
Rolle's Theorem to the function g. So, there exists a number c in (a, b) such that 
gc) = 0, which implies that 


e) =0 
i£ FO) — fla) 
po - £0 - o, 
So, there exists a number c in (a, b) such that 
(c) - £0) — fia) 
ro - 59-1 a 


Although the Mean Value Theorem can be used directly in problem solving, it is 
used more often to prove other theorems. In fact, some people consider this to be the 
most important theorem in calculus—it is closely related to the Fundamental Theorem 
of Calculus discussed in Section 4.4. For now, you can get an idea of the versatility 
of the Mean Value Theorem by looking at the results stated in Exercises 77-85 in this 
section. 

The Mean Value Theorem has implications for both basic interpretations of the 
derivative. Geometrically, the theorem guarantees the existence of a tangent line that is 
parallel to the secant line through the points 


(a.f(a) and (b,f(b). 


as shown in Figure 3.12. Example 3 illustrates this geometric interpretation of the 
Mean Value Theorem. In terms of rates of change, the Mean Value Theorem implies 
that there must be a point in the open interval (a, b) at which the instantaneous rate of 
change is equal to the average rate of change over the interval [a, b]. This is illustrated in 
Example 4. 


Mary Evans Picture Library/The Image Works 


A Tangent line 


Secant line 


The tangent line at (2, 3) is parallel 
to the secant line through (1, 1) and 
(4, 4). 

Figure 3.13 


5 miles 


At some time f, the instantaneous 
velocity is equal to the average 
velocity over 4 minutes. 

Figure 3.14 
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Finding a Tangent Line 


te e «p> See LarsonCalculus.com for an interactive version of this type of example. 
For f(x) = 5 — (4/x), find all values of c in the open interval (1, 4) such that 


(a £4) = f) 
ro - BE 


Solution The slope of the secant line through (1, f(1)) and (4, f(4)) is 


f(4) — fl) _ 4-1 _ 
4-1 4-1 


1. Slope of secant line 


Note that the function satisfies the conditions of the Mean Value Theorem. That is, f is 
continuous on the interval [1, 4] and differentiable on the interval (1, 4). So, there exists 
at least one number c in (1, 4) such that f'(c) = 1. Solving the equation f'(x) = 1 yields 


== 1 Set f'(x) equal to 1. 


which implies that 
x= +2, 


So, in the interval (1, 4), you can conclude that c = 2, as shown in Figure 3.13. 


Finding an Instantaneous Rate of Change 


Two stationary patrol cars equipped with radar are 5 miles apart on a highway, as 
shown in Figure 3.14. As a truck passes the first patrol car, its speed is clocked at 
55 miles per hour. Four minutes later, when the truck passes the second patrol car, its 
speed is clocked at 50 miles per hour. Prove that the truck must have exceeded the 
speed limit (of 55 miles per hour) at some time during the 4 minutes. 


Solution Let / = 0 be the time (in hours) when the truck passes the first patrol car. 
The time when the truck passes the second patrol car is 


By letting s(t) represent the distance (in miles) traveled by the truck, you have s(0) = 0 

and s5) = 5. So, the average velocity of the truck over the five-mile stretch of 

highway is 

s(1/15) — s(0) _ 5 
(1/15) — 0 1/15 


Average velocity — = 75 miles per hour. 

Assuming that the position function is differentiable, you can apply the Mean Value 
Theorem to conclude that the truck must have been traveling at a rate of 75 miles per 
hour sometime during the 4 minutes. ud 


A useful alternative form of the Mean Value Theorem is: If f is continuous on 
[a, b] and differentiable on (a, b), then there exists a number c in (a, b) such that 


f(b) = f(a) ls (b = a)f (c). Alternative form of Mean Value Theorem 


When doing the exercises for this section, keep in mind that polynomial functions, 
rational functions, and trigonometric functions are differentiable at all points in their 
domains. 
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3.2 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Rolle's Theorem In your own words, describe 
Rolle's Theorem. 


2. Mean Value Theorem In your own words, describe 
the Mean Value Theorem. 


Writing In Exercises 3-6, explain why Rolle's Theorem does 
not apply to the function even though there exist a and b such 


that f(a) = f (b). 


3. f(x) = Ri [-1,1] 4. f(x) = cot » [r, 3n] 
5. f(x) =1- |x — 1], 6. f(x) = JQ — LPP, 
[0, 2] [23,1] 


mpa Using Rolle's Theorem In Exercises 7-10, 
ES -/5 find the two x-intercepts of the function f and 
E] P show that f'(x) = 0 at some point between the two 
£V" x-intercepts. 

7. f(x) =x -x - 2 


9. f(x) 2 x./x - 4 


8. f(x) = x? + 6x 
10. f(x) = -3x/x + 1 


Pall Using Rolle’s Theorem In Exercises 11-24, 
MB. JU; determine whether Rolle's Theorem can be 
ERE applied to f on the closed interval [a, b]. If Rolle’s 
E Theorem can be applied, find all values of c in the 
open interval (a, b) such that f'(c) = 0. If Rolle's 

Theorem cannot be applied, explain why not. 


11. f(x) = —x? + 3x, [0,3] 

12. f(x) 232 — 8x +5, [2,6] 

13. f(x) = (x - D(x - 2)(x — 3), [1,3] 
14. f(x) = (x - (x + 22, [-2, 4] 
15. f(x) =x - 1, [-8,8] 

16. f(x) 23 - |x- 3, [0,6] 


x2 — 2x -— 3 x?—4 
dm giga 18. f(s) - 5. 


x+2 
[71,3] [-2, 2] 
19. f(x) = sinx, [0, 2m] 20. f(x) = cosx, [ru 3m] 
T m] 


21. f(x) = cos Tx, [0,2] 268 


24. f(x) = secx, [ru 2n] 


22. f(x) — sin 3x, | 


23. f(x) = tanx, [0, n] 


Bis Using Rolle's Theorem In Exercises 25-28, use a graphing 


utility to graph the function on the closed interval [a, 5]. 
Determine whether Rolle's Theorem can be applied to f on the 
interval and, if so, find all values of c in the open interval (a, b) 
such that f'(c) = 0. 


25. f(x) = |x|- 1, [7 1, 1] 


x . TX 
LI c— sin—, 
2 6 


26. f(x) = x — x'^, [0,1] 


27. f(x) = [-1,0] 28. f(x) = x — tan Tx, [-i 1 


29. Vertical Motion The height of a ball t seconds after it 
is thrown upward from a height of 6 feet and with an initial 
velocity of 48 feet per second is 


f(t) = —162? + 48t + 6. 


(a) Verify that f(1) = f(2). 
(b) According to Rolle's Theorem, what must the velocity be 


at some time in the interval (1, 2)? Find that time. 


30. Reorder Costs The ordering and transportation cost C 
for components used in a manufacturing process is 
approximated by 


1 x 
C(x) = 10- + 
Q) € x+ ;) 
where C is measured in thousands of dollars and x is the order 
size in hundreds. 


(a) Verify that C(3) — C(6). 
(b) According to Rolle's Theorem, the rate of change of the 


cost must be 0 for some order size in the interval (3, 6). 
Find that order size. 


mj] Mean Value Theorem In Exercises 31 and 
PEET E 32, copy the graph and sketch the secant line to 
EE 3 the graph through the points (a, f (a)) and (b, f (b)). 

d Then sketch any tangent lines to the graph for each 
value of c guaranteed by the Mean Value Theorem. 
To print an enlarged copy of the graph, go to 
MathGraphs.com. 


3. y 32. y 


S [e 
pks 


Writing In Exercises 33-36, explain why the Mean Value 
Theorem does not apply to the function f on the interval [0, 6]. 


33. ? 34. 9 
A A 
6+ 6+ 
5+ 5+ 
4+ : 4+ 
f 
34 ° 3T f 
2+ 2+ 
1 14 
=== ra 
1234 123456 
35. f(9 = — 
. f(x PEN 


37. Mean Value Theorem Consider the graph of the function 
f(x) = —x? + 5 (see figure). 


(a) Find the equation of the secant line joining the points 
(— 1, 4) and (2, 1). 


(b) Use the Mean Value Theorem to determine a point c in the 
interval (— 1, 2) such that the tangent line at c is parallel to 
the secant line. 


(c) Find the equation of the tangent line through c. 


fe (d) Use a graphing utility to graph f, the secant line, and the 
tangent line. 


Figure for 38 


Figure for 37 
38. Mean Value Theorem Consider the graph of the function 
f(x) = x! — x — 12 (see figure). 
(a) Find the equation of the secant line joining the points 
(—2, —6) and (4, 0). 


(b) Use the Mean Value Theorem to determine a point c in the 
interval (— 2, 4) such that the tangent line at c is parallel to 
the secant line. 


(c) Find the equation of the tangent line through c. 


AL (d) Use a graphing utility to graph f, the secant line, and the 
tangent line. 


Pall Using the Mean Value Theorem In 


peace tE Exercises 39-48, determine whether the Mean 
m y Vave Theorem can be applied- to f onthe closed 
rM 


interval [a, b]. If the Mean Value Theorem can be 
applied, find all values of c in the open interval 
(a, b) such that 


ro -19-re 


If the Mean Value Theorem cannot be applied, 
explain why not. 


39. f(x) = 60, [1,2] 40. f(x) = x& [-1,1] 
4l. f(x) 2 ó * 2x * 4, [-1,0] 
42. f(x) = 8 — 33 c 9x +5, [0,1] 


xd 
43. f(x) = — T 


45. f(x) = |2x +1], [-13] 
46. f(x) = /2—- x, [-7.2] 
47. f(x) = sinx, [0, n] 

48. f(x) = cosx + tanx, [0,1] 


[-3,3] 44. fe) -—, [1, 4] 
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Bg Using the Mean Value Theorem In Exercises 49-52, 


use a graphing utility to (a) graph the function f on the given 
interval, (b) find and graph the secant line through points 
on the graph of f at the endpoints of the given interval, and 
(c) find and graph any tangent lines to the graph of f that are 
parallel to the secant line. 


49. f(x) = zc» E: 2| 

50. f(x) 2x —2sinx, [-n, n] 
51. f(x) = Jx, [1, 9] 

52. f(x) = x* ^27 + x, [0,6] 


53. Vertical Motion The height of an object t seconds after it 
is dropped from a height of 300 meters is 


s(t) = —4.9P + 300. 
(a) Find the average velocity of the object during the first 
3 seconds. 


(b) Use the Mean Value Theorem to verify that at some time 
during the first 3 seconds of fall, the instantaneous velocity 
equals the average velocity. Find that time. 


54. Sales A company introduces a new product for which the 
number of units sold S is 


S(t) = (s -34+ j 


where t is the time in months. 
(a) Find the average rate of change of S during the first year. 


(b) During what month of the first year does S'(r) equal the 
average rate of change? 


EXPLORING CONCEPTS 

55. Converse of Rolle's Theorem Let f be 
continuous on [a, b] and differentiable on (a, b). If there 
exists c in (a, b) such that f'(c) = 0, does it follow that 
f(a) = f(b)? Explain. 

. Rolle's Theorem Let f be continuous on [a, b] and 
differentiable on (a, b). Also, suppose that f(a) = f(b) 
and that c is a real number in the interval (a, b) such 
that f'(c) — 0. Find an interval for the function g over 
which Rolle's Theorem can be applied, and find the 
corresponding critical number of g, where k is a constant. 


(a) gx) 2 f() tk b) gx) — f(x — k) 
(c) g(x) = f(kx) 
. Rolle's Theorem The function 


0, x70 
l-x, O<x<l 


fe) =| 


is differentiable on (0,1) and satisfies f(0) = f(1). 
However, its derivative is never zero on (0, 1). Does this 
contradict Rolle’s Theorem? Explain. 


. Mean Value Theorem Can you find a function f 
such that f(—2) = —2, f(2) = 6, and f(x) < 1 for 
all x? Why or why not? 
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«59, Speed e e o ecoeoooooooooooooooo 


A plane begins its takeoff 
at 2:00 P.M. on a 
2500-mile flight. After 
5.5 hours, the plane 
arrives at its destination. 
Explain why there are 

at least two times during 
the flight when the 

speed of the plane is 

400 miles per hour. 


e 
e 
€ €06€09€0€09€0€0€0€9€00€09 0909099090909 0909090909 9 9 * 9 
60. Temperature When an object is removed from a furnace 
and placed in an environment with a constant temperature of 
90°F, its core temperature is 1500°F. Five hours later, the core 
temperature is 390°F. Explain why there must exist a time in 
the interval (0, 5) when the temperature is decreasing at a rate 
of 222°F per hour. 


61. Velocity Two bicyclists begin a race at 8:00 A.M. They 
both finish the race 2 hours and 15 minutes later. Prove that 
at some time during the race, the bicyclists are traveling at the 
same velocity. 


62. Acceleration | At 9:13 A.M., a sports car is traveling 35 miles 
per hour. Two minutes later, the car is traveling 85 miles per 
hour. Prove that at some time during this two-minute interval, 
the car's acceleration is exactly 1500 miles per hour squared. 


63. Think About It Sketch the graph of an arbitrary function 
f that satisfies the given condition but does not satisfy the 
conditions of the Mean Value Theorem on the interval [— 5, 5]. 


(a) f is continuous. (b) f is not continuous. 


64. 53 HOW DO YOU SEE IT? The figure shows 
two parts of the graph of a continuous differentiable 
function f on [— 10, 4]. The derivative f’ is also 
continuous. To print an enlarged copy of the graph, 
go to MathGraphs.com. 


(a) Explain why f must have at least one zero in [ — 10, 4]. 


(b) Explain why f' must also have at least one zero in 
the interval [— 10, 4]. What are these zeros called? 


(c) Make a possible sketch of the function, where f’ 
has one zero on the interval | — 10, 4]. 


Finding a Solution In Exercises 65—68, use the Intermediate 
Value Theorem and Rolle's Theorem to prove that the equation 
has exactly one real solution. 


65. xP +e 4+x4+1=0 66. 2° + 7x -—1=0 


narvikk/E+/Getty Images 


SNC 


67. 3x + 1 — sinx = 0 68. 2x — 2 — cosx = 0 


Using a Derivative In Exercises 69-72, find a function f 
that has the derivative f'(x) and whose graph passes through 
the given point. Explain your reasoning. 


69. f(x) 2 0, (2,5) 
71. f(x) 22x, (1,0) 


70. f) —4, (0,1) 
72. f(x) -6x — 1, (2,7) 


True or False? In Exercises 73—76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


73. The Mean Value Theorem can be applied to 


fo -l 


X 


on the interval [— 1, 1]. 


74. If the graph of a function has three x-intercepts, then it must 
have at least two points at which its tangent line is horizontal. 


75. If the graph of a polynomial function has three x-intercepts, 
then it must have at least two points at which its tangent line is 
horizontal. 


76. The Mean Value Theorem can be applied to f(x) = tan x on 
the interval [0, 11/4]. 


77. Proof Prove that if a > 0 and n is any positive integer, then 
the polynomial function p(x) = x?"*! + ax + b cannot have 
two real roots. 


78. Proof Prove that if f'(x) = 0 for all x in an interval (a, b), 
then f is constant on (a, b). 


79. Proof Let p(x) = Ax? + Bx + C. Prove that for any 
interval [a, b], the value c guaranteed by the Mean Value 
Theorem is the midpoint of the interval. 


80. Using Rolle's Theorem 
(a) Let f(x) =x? and g(x) = -xX + x? +3x+2. Then 
f(—-1) = g(—1) and f(2) = g(2). Show that there is at 
least one value c in the interval (— 1, 2) where the tangent 


line to f at (c, f(c)) is parallel to the tangent line to g at 
(c, g(c)). Identify c. 


(b) Let f and g be differentiable functions on [a, b], where 
f(a) = g(a) and f(b) = g(b). Show that there is at least 
one value c in the interval (a, b) where the tangent line to 
f at (c, f(c)) is parallel to the tangent line to g at (c, g(c)). 


81. Proof Prove that if f is differentiable on (—©0, 00) and 
f'(x) « 1 for all real numbers, then f has at most one fixed 
point. [A fixed point of a function f is a real number c such 
that f(c) = c.] 


82. Fixed Point Use the result of Exercise 81 to show that 
f(x) = + cos x has at most one fixed point. 


83. Proof Prove that |cos a — cos b| < |a — b| for all a and b. 
84. Proof Prove that |sina — sin b| < |a — b| for all a and b. 


85. Using the Mean Value Theorem Let0 < a < b. Use 
the Mean Value Theorem to show that 


b—a 
OS albe 
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3.3 Increasing and Decreasing Functions and the First Derivative Test 


The conclusions 
in the first two cases of 
Theorem 3.5 are valid even 
when f'(x) = 0 at a finite 
number of x-values in (a, b). 


E Determine intervals on which a function is increasing or decreasing. 
liM Apply the First Derivative Test to find relative extrema of a function. 


Increasing and Decreasing Functions 


In this section, you will learn how derivatives can be used to classify relative extrema 
as either relative minima or relative maxima. First, it is important to define increasing 
and decreasing functions. 


Definitions of Increasing and Decreasing Functions 


A function f is increasing on an interval when, for any two numbers x, 
and x, in the interval, x, < x, implies f(x,) < f(x). 


A function f is decreasing on an interval when, for any two numbers x, 
and x, in the interval, x, < x, implies f(x,) < f(x»). 


A function is increasing when, as x x 
moves to the right, its graph moves up, and 
is decreasing when its graph moves down. 
For example, the function in Figure 3.15 is 
decreasing on the interval (— o6, a), is 
constant on the interval (a, b), and is 
increasing on the interval (b, 00). As shown 
in Theorem 3.5 below, a positive derivative 
implies that the function is increasing, a 


Constant 
negative derivative implies that the function =x 
is decreasing, and a zero derivative on an f'e)«0 | f'e920 | f'0020 
entire interval implies that the function is The derivative is related to the slope 
constant on that interval. of a function. 
Figure 3.15 
Test for Increasing and Decreasing Functions 

Let f be a function that is continuous on the closed interval [a, b] and 

differentiable on the open interval (a, b). 

1. If f'(x) > 0 for all x in (a, b), then f is increasing on [a, b]. [s] 22? [u] 

2. If f'(x) < 0 for all x in (a, b), then f is decreasing on [a, b]. CERE Y 

3. If f'(x) = 0 for all x in (a, b), then f is constant on [a, b]. ID ES Ed 


Proof To prove the first case, assume that f'(x) > 0 for all x in the interval (a, b) and 
let x, < x, be any two points in the interval. By the Mean Value Theorem, you know 
that there exists a number c such that x, < c < xX, and 
yy fO) — fo) 
VO oe 
X277 
Because f'(c) > 0 and x, — x, > 0, you know that f(x,) — f(x,) > 0, which implies 
that f(x,) < f(x). So, f is increasing on the interval. The second case has a similar proof 
(see Exercise 97), and the third case is a consequence of Exercise 78 in Section 3.2. lg 
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Figure 3.16 


»—X 


Constant 


(b) Not strictly monotonic 


Figure 3.17 
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EXAMPLE 1 Intervals on Which f Is Increasing or Decreasing 


Find the open intervals on which f(x) = x? — 5x? is increasing or decreasing. 


Solution Note that f is differentiable on the entire real number line and the 
derivative of f is 
f) = 3 -ie 
f(x) = 3x? — 3x. 


Write original function. 


Differentiate. 


To determine the critical numbers of f, set f'(x) equal to zero. 


3x? — 3x = 0 Set f'(x) equal to 0. 
3(x)(x — 1) =0 Factor. 
x=0,1 Critical numbers 


Because there are no points for which f’ does not exist, you can conclude that x = 0 
and x — 1 are the only critical numbers. The table summarizes the testing of the three 
intervals determined by these two critical numbers. 


Interval -0 <x<0 0«x«1 ]«x«oo 
Test Value x=-1 3mm x22 
Sign of f(x) | f(-1)=6 >0]| f(-2-$«0| f(2-26»0 
Conclusion Increasing Decreasing Increasing 


By Theorem 3.5, f is increasing on the intervals (— oo, 0) and (1, 00) and decreasing 
on the interval (0, 1), as shown in Figure 3.16. a 


Example 1 gives you one instance of how to find intervals on which a function is 
increasing or decreasing. The guidelines below summarize the steps followed in that 
example. 


GUIDELINES FOR FINDING INTERVALS ON WHICH A 
FUNCTION IS INCREASING OR DECREASING 


Let f be continuous on the interval (a, b). To find the open intervals on which 
f is increasing or decreasing, use the following steps. 


1. Locate the critical numbers of f in (a, b), and use these numbers to 
determine test intervals. 
2. Determine the sign of f'(x) at one test value in each of the intervals. 


3. Use Theorem 3.5 to determine whether f is increasing or decreasing on 
each interval. 


These guidelines are also valid when the interval (a, b) is replaced by an 
interval of the form (— oo, b), (a, oc), or (— 0o, oo). 


A function is strictly monotonic on an interval when it is either increasing on the 
entire interval or decreasing on the entire interval. For instance, the function f(x) = x? 
is strictly monotonic on the entire real number line because it is increasing on the entire 
real number line, as shown in Figure 3.17(a). The function shown in Figure 3.17(b) 
is not strictly monotonic on the entire real number line because it is constant on the 
interval [0, 1]. 
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The First Derivative Test 


After you have determined the intervals y 
on which a function is increasing or $ 
decreasing, it is not difficult to locate the 2+ 


relative extrema of the function. For instance, 
in Figure 3.18 (from Example 1), the function 


3 Relative 
f@=<- roa maximum 
} | > X 
has a relative maximum at the point (0, 0) -1 2 
because f is increasing immediately to the 1 
XE / (v) 
left of x — 0 and decreasing immediately to -1 + Relaú 2 
. Qu À elative 
the right of x = 0. Similarly, f has a relative minimum 
minimum at the point (1, -i) because f is s P 
decreasing immediately to the left of x = 1 n aa of f 
and increasing immediately to the right of cua 
x — ]. The next theorem makes this more explicit. 
EM 3.6 The First Derivative Test . 
» l WM" CE 
Let c be a critical number of a function f that is continuous o rin] 
on an open interval J containing c. If f is differentiable on the tay 
an 


interval, except possibly at c, then f(c) can be classified as follows. 


1. If f'(x) changes from negative to positive at c, then f has a relative 
minimum at (c, f(c)). 

2. If f'(x) changes from positive to negative at c, then f has a relative 
maximum at (c, f (c)). 

3. If f'(x) is positive on both sides of c or negative on both sides of c, then 
f (c) is neither a relative minimum nor a relative maximum. 


D c. C) 
(C) (4)! 


fe) <0 fx) >0 


1 
1 1 
1 1 
1 1 
L 1 
a [4 


Relative minimum Relative maximum 


(+) 


f'G) «0 f'G)«0 


f'o)»0 i 
c b 


1 
1 
1 
1 
1 
a CG 


f(x) >0 


Neither relative minimum nor relative maximum 


Proof Assume that f'(x) changes from negative to positive at c. Then there exist a 
and b in Z such that 


f(x) < 0 forall xin (a,c) and f'(x) > O for all x in (c, b). 


By Theorem 3.5, f is decreasing on [a, c] and increasing on [c, b]. So, f(c) is a 
minimum of f on the open interval (a, b) and, consequently, a relative minimum of f. 
This proves the first case of the theorem. The second case can be proved in a similar 
way (see Exercise 98). | 
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Relative 
maximum 


Relative 
T minimum 


A relative minimum occurs where f 
changes from decreasing to increasing, 
and a relative maximum occurs where f 
changes from increasing to decreasing. 


Figure 3.19 


| maximum 


- (0, V16) 


Relative 


t+-—t >x 
43 / E 1 3 4 
(—2, 0) (2, 0) 
Relative Relative 
minimum minimum 
Figure 3.20 


EXAMPLE 2 Applying the First Derivative Test 


Find the relative extrema of f(x) = 4x — sin x in the interval (0, 2m). 


Solution Note that f is continuous on the interval (0, 2r). The derivative of f is 
f'(x) = $ — cos x. To determine the critical numbers of f in this interval, set f'(x) 
equal to 0. 


1 

2 — cosx = 0 Set f'(x) equal to 0. 
1 

COS X — — 
2 
mou Critical b 
A EI ritical numbers 

3° 3 


Because there are no points for which f" does not exist, you can conclude that x = 11/3 
and x = 570/3 are the only critical numbers. The table summarizes the testing of the 
three intervals determined by these two critical numbers. By applying the First Derivative 
Test, you can conclude that f has a relative minimum at the point where x = 11/3 and a 
relative maximum at the point where x = 57/3, as shown in Figure 3.19. 


Interval 0<x< 7 Tega M usen 
313 3 
7 
Test Value x-4 x= x 
T mM 
Sign of f'(x) 7 <0 f(m > 0 (2) «0 
Conclusion | Decreasing Increasing Decreasing 


Clt Applying the First Derivative Test 


Find the relative extrema of f(x) = (x2 — 4)2/3. 


Solution Begin by noting that f is continuous on the entire real number line. The 
derivative of f 


2 
f'() = 3 = 4)- 1/ 3(2x) General Power Rule 
E 4x UR 
= 302 — aia Simplify. 
is 0 when x = 0 and does not exist when x = +2. So, the critical numbers are x = —2, 


x = 0, and x = 2. The table summarizes the testing of the four intervals determined by 
these three critical numbers. By applying the First Derivative Test, you can conclude 
that f has a relative minimum at the point (— 2, 0), a relative maximum at the point 
(0, 3/ 16), and another relative minimum at the point (2, 0), as shown in Figure 3.20. 


Interval —oo0«x«-—2.|-2«x«0 0«x«2|2«x«900 
Test Value x=-3 x=-1l x=1 x=3 

Sign of f'(x) f'(-3) < 0 f(-1»0| fl) <0 f'B) > 0 
Conclusion Decreasing Increasing Decreasing | Increasing 


4 a 
3 ER 
(21,2) (1, 2) 
Relative , | Relative 
minimum minimum 
t t t t t 
-2 -1 1 2 3 


x-values that are not in the domain 
of f, as well as critical numbers, 


determine test intervals for f". 


Figure 3.21 
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Note that in Examples 1 and 2, the given functions are differentiable on the entire 
real number line. For such functions, the only critical numbers are those for which 
f'(x) = 0. Example 3 concerns a function that has two types of critical numbers—those 
for which f'(x) = 0 and those for which f is not differentiable. 

When using the First Derivative Test, be sure to consider the domain of the 
function. For instance, in the next example, the function 


x*-1 
E 


fy = 


is not defined when x = 0. This x-value must be used with the critical numbers to 
determine the test intervals. 


Applying the First Derivative Test 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


44] 
Find the relative extrema of f(x) = E E 
x 


Solution Note that f is not defined when x = 0. 


f(x) = x? + x7? 
f'(x) = 2x — 2x73 


Rewrite original function. 


Differentiate. 


—2x— a Rewrite with positive exponent. 
2(x* — 1) se cae 

= Ta Simplify. 
2(x2 + 1)(x — D(x + 1) 

= Factor. 


x 


So, f'(x) is zero at x = +1. Moreover, because x = 0 is not in the domain of f, you 


should use this x-value along with the critical numbers to determine the test intervals. 
t= F] Critical numbers, f'(+1) = 0 


x=0 0 is not in the domain of f. 
The table summarizes the testing of the four intervals determined by these three 


x-values. By applying the First Derivative Test, you can conclude that f has one relative 
minimum at the point (— 1, 2) and another at the point (1, 2), as shown in Figure 3.21. 


Interval —oo«c«x«-—-l1!-1«x«0 O0O«x«1l|1c«x«90o 
Test Value x==2 x=-3 =, x=2 

SignoffG) f(-2)<0 | Ff(-2)>0 |] r< | FQ)>0 
Conclusion Decreasing Increasing Decreasing | Increasing 


The most difficult step in applying the First Derivative Test is 
finding the values for which the derivative is equal to 0. For instance, the values of 
x for which the derivative of 


x* +1 
fe) = EFi 


is equal to zero are x = 0 and x = + / JD. — 1. If you have access to technology 
that can perform symbolic differentiation and solve equations, use it to apply the 
First Derivative Test to this function. 
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When a projectile is propelled 
from ground level and air 
resistance is neglected, the object 
will travel farthest with an initial 
angle of 45°. When, however, 

the projectile is propelled from 

a point above ground level, the 
angle that yields a maximum 
horizontal distance is not 45° 

(see Example 5). 


OAS The Path of a Projectile 


Neglecting air resistance, the path of a projectile that is propelled at an angle O is 


|. gsec? 8 T! 
y= EE x E Os B 
where y is the height, x is the horizontal distance, g is the acceleration due to gravity, 
vo is the initial velocity, and h is the initial height. (This equation is derived in Section 
12.3.) Let g = 32 feet per second per second, v, = 24 feet per second, and h = 9 feet. 
What value of O will produce a maximum horizontal distance? 


Solution To find the distance the projectile travels, let y = 0, g = 32, v, = 24, and 
h — 9. Then substitute these values in the given equation as shown. 


2 
$208 2 + (tan 8)x + h= y 

Vo 

2 
eo + (tan 8)x + 9 = 0 


sec? 8 


24 +9= 
36 ^ (tan Ox +9 — 0 


Next, solve for x using the Quadratic Formula with a = (— sec? 0)/36, b = tan 0, and 
c — 0. 


—b+ JP? — 4ac 


m 
2a 
| —tan O0 + \/(tan 8? — 4[(— sec? 6)/36](9) 
* 2[(— sec? 9)/36] 
= —tan 0 + tan? 0 + sec? 0 


(—sec? 9)/18 
x — 18(cos O)(sin © + sin? 0 + 1), x20 


At this point, you need to find the value of O that produces a maximum value of x. 
Applying the First Derivative Test by hand would be very tedious. Using technology 
to solve the equation dx/d® = 0, however, eliminates most of the messy computations. 
The result is that the maximum value of x occurs when 


Ə = 0.61548 radian, or 35.3". 


This conclusion is reinforced by sketching the path of the projectile for different values 
of 0, as shown in Figure 3.22. Of the three paths shown, note that the distance traveled 
is greatest for 8 = 35°. 


15+ 0-35? 


The path of a projectile with initial angle 0 
Figure 3.22 | 


Dotshock/Shutterstock.com 
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3.3 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Increasing and Decreasing Functions Describe 
the Test for Increasing and Decreasing Functions in your 
own words. 


. First Derivative Test Describe the First Derivative 
Test in your own words. 


Using a Graph In Exercises 3 and 4, use the graph of f to 
find (a) the largest open interval on which f is increasing and 
(b) the largest open interval on which f is decreasing. 


3 7 4. 


[s]Ex-[m] Using a Graph In Exercises 5-10, use the 
E EN graph to estimate the open intervals on which the 
ER function is increasing or decreasing. Then find the 


open intervals analytically. 
5. y= —(x + 1) 6. f(x) =x? - 6x + 8 


y y 


> Xx 4-r 
3+ 
2+ 

14 


rie Intervals on Which a Function Is Increasing 
or Decreasing In Exercises 11-18, find the 
x open intervals on which the function is increasing 

or decreasing. 


11. g(x) = x? — 2x - 8 12. h(x) = 12x — 3 
13. y = x /16 — 2 M, y= t= 

15. f(x) = sinx - 1, 0«x«2n 

16. yeso t O<x<2n 


» 
17. y=x-—2cosx, O<x< 20 
18. f(x) = sin? x + sinx, O0 <x «2n 


ie Applying the First Derivative Test In 
4€; Exercises 19-40, (a) find the critical numbers of 
Bm f, if any, (b) find the open intervals on which the 
ame function is increasing or decreasing, (c) apply the 
First Derivative Test to identify all relative extrema, 
and (d) use a graphing utility to confirm your 

results. 


19. f(x) = x? — 8x 20. f(x) = x? + 6x + 10 
21. f(x) = -22 + Ax + 3 22. f(x) = —3x2 — 4x - 2 
23. f(x) = —TÓ + 21x -* 3. 24. f(x) =x — 68? + 15 


25. f(x) = (x — D(x + 3) 26. f(x) = (8 — x)(x + 1)? 
x? — 5x —x® + 6x 
27. f(x) = 5 28. f(x) = TU 
29. f(x) =x! +1 30. f(x) = x25 — 4 
31. f(x) = (x + 2^? 32. f(x) = (x — 3)!3 
33. f(x) =5 — |x — 5| 34. f(x) = |x + 3| -1 
1 x 
35. f(x) = 2x + 5 36. f(x) = "mur 
x x?—2x41 
37. f(x) = 2-9 38. f(x) = eae 
4-7, x<0 [De dy SS 
39. f(s) = | 2x, x>0 e. mo yl 


D [s] Applying the First Derivative Test In 
Exercises 41-48, consider the function on the 
interval (0, 2T). (a) Find the open intervals on 
which the function is increasing or decreasing. 
(b) Apply the First Derivative Test to identify 
all relative extrema. (c) Use a graphing utility to 
confirm your results. 


41. f(x) =x — 2sinx 42. f(x) = sinxcosx + 5 


43. f(x) = sinx + cosx 44. f(x) = 5 + cos x 


45. f(x) = cos?(2x) 46. f(x) = sinx — /3 cos x 


47. f(x) = sin? x + sinx 48. f(x) = MES 


1 + cos? x 
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BB Finding and Analyzing Derivatives Using 


Technology In Exercises 49—54, (a) use a computer algebra EXPLORING CONCEPTS 

system to differentiate the function, (b) sketch the graphs of Transformations of Functions In Exercises 63-66, 
f and f' on the same set of coordinate axes over the given assume that f is differentiable for all x. The signs of f" 
interval, (c) find the critical numbers of f in the open interval, are as follows. 


and (d) find the interval(s) on which f’ is positive and the 
interval(s) on which f'is negative. Compare the behavior of f 


f'x) > 0 on (~, -4) 


and the sign of f". f'(x) < 0 on (—4, 6) 
49. f(x) = 2x /9 — xt, [-3,3] f'&) > 0 on (6, 99) 
50. f(x) — 10(5 x! — 3x + 16) [0,5] Supply the appropriate inequality sign for the indicated 
51. f() = sint, [0,27] value of c. 
52. f(x) = ; Teog 2 [0, 4n] Function Sign of g'(c) 
» g(x) = f(x) + 5 g'o) 0 
53. f(x) = -3sinz. [0, 6n] . (x) = 3f) - 3 s(—5) io 
54. f(x) = 2sin3x + 4cos3x, [0,1] - 89) = =f) s(—6) 7 
. g(x) = f(x — 10) g'o) 0 
Comparing Functions In Exercises 55 and 56, use 
symmetry, extrema, and zeros to sketch the graph of f. How . Sketching a Graph Sketch the graph of the arbitrary 
do the functions f and g differ? function f such that 
x — 4x3 + 3x » 0, x<4 
ilm x-—1 f(x} undefined, x = 4. 
g(x) = x(x? — 3) <0, x>4 
56. f(t) = cos? t — sin? t . Increasing Functions Is the sum of two increasing 
; ; pe : 
et) = 1 —2sint functions always increasing? Explain. 
Think About It In Exercises 57-62, the graph of f is shown . Increasing Functions 1s the product of two 


in the figure. Sketch a graph of the derivative of f. To print an increasing functions always increasing? Explain. 


enlarged copy of the graph, go to MathGraphs.com. 


57. À 
.( )) HOW DO YOU SEE IT? Use the graph of 
f’ to (a) identify the critical numbers of f, 
(b) identify the open intervals on which f is 
increasing or decreasing, and (c) determine 
whether f has a relative maximum, a relative 
minimum, or neither at each critical number. 
59. Gi) 
61. y 62. y 
A A 
6-- 6+ 
4+ al f 
JL uf MR 
E a 2 
I-II A P|UÁUE La 4 a a 
42 + 2 4 42 + 2 4 
2 + 2 mas 
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71. Analyzing a Critical Number A differentiable function 
f has one critical number at x — 5. Identify the relative 
extrema of f at the critical number when f'(4) = —2.5 and 
f'(6) = 3. 

72. Analyzing a Critical Number A differentiable function 
f has one critical number at x — 2. Identify the relative 
extrema of f at the critical number when f'(1) — 2 and 


f'G) - 6. 


Think About It In Exercises 73 and 74, the function f is 
differentiable on the indicated interval. The table shows f'(x) for 
selected values of x. (a) Sketch the graph of f, (b) approximate 
the critical numbers, and (c) identify the relative extrema. 


73. f is differentiable on [— 1, 1]. 


x 1 0.75 0.50 0.25 0 


f'G) 10 3.2 0.5 0.8 5.6 


x 0.25 | 0.50 0.75 1 


fG)| 36 | -0.2 | —67 | —20.1 


74. f is differentiable on [0, t]. 


x 0 T/6 n/4 n/3 n/2 


f) | 3.14 0.23 2.45 3.11 | 0.69 


x 20/3 | 3n/4 | 5n/6 T 


fG)| 3.00 | 137 | -114 | -2.84 


75. Rolling a Ball Bearing A ball bearing is placed on an 
inclined plane and begins to roll. The angle of elevation of the 
plane is 9. The distance (in meters) the ball bearing rolls in t 
seconds is s(t) = 4.9(sin 9)". 


(a) Determine the speed of the ball bearing after t seconds. 


(b) Complete the table and use it to determine the value of O 
that produces the maximum speed at a particular time. 


[s] 0 m/4,m/3|m/2 | 20/3 
s'(t) 


3m/A nm 


fe 76. Modeling Data The end-of-year assets of the Medicare 


Hospital Insurance Trust Fund (in billions of dollars) for the 
years 2006 through 2014 are shown. 


2006: 305.4 2007: 326.0 2008: 321.3 
2009: 304.2 2010: 271.9 2011: 244.2 
2012: 220.4 2013: 205.4 2014: 197.3 


(Source: U.S. Centers for Medicare and Medicaid Services) 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form M = at? + b? + ct + d for the data. 
Let t — 6 represent 2006. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Find the maximum value of the model and compare the 
result with the actual data. 


77. Numerical, Graphical, and Analytic Analysis The 
concentration C of a chemical in the bloodstream f hours after 
injection into muscle tissue is 


3t 


(Tae 


(a) Complete the table and use it to approximate the time 
when the concentration is greatest. 


t 0; 05) 1) 15 | 2 | 2.5 | 3 


C(t) 


A (b) Use a graphing utility to graph the concentration function 
and use the graph to approximate the time when the 
concentration is greatest. 


(c) Use calculus to determine analytically the time when the 
concentration is greatest. 


78. Numerical, Graphical, and Analytic Analysis 
Consider the functions f(x) — x and g(x) = sinx on the 
interval (0, Tt). 


(a) Complete the table and make a conjecture about which is 
the greater function on the interval (0, rU). 


x 05 | 1[15|2]25]|3 
f(x) 
g(x) 


Ae (b) Use a graphing utility to graph the functions and use the 
graphs to make a conjecture about which is the greater 
function on the interval (0, rt). 


(c) Prove that f(x) > g(x) on the interval (0, 1). [Hint: Show 
that A (x) > 0, where h = f — g.] 


79. Trachea Contraction Coughing forces the trachea 
(windpipe) to contract, which affects the velocity v of the air 
passing through the trachea. The velocity of the air during 
coughing is 


v—-kR—-rr? Osr<R 


where k is a constant, R is the normal radius of the trachea, and 
r is the radius during coughing. What radius will produce the 
maximum air velocity? 


ee 80. Electrical Resistance The resistance R of a certain type 


of resistor is 


R = J0.001T* — 4T + 100 


where R is measured in ohms and the temperature T is 
measured in degrees Celsius. 


(a) Use a computer algebra system to find dR/dT and the 
critical number of the function. Determine the minimum 
resistance for this type of resistor. 


(b) Use a graphing utility to graph the function R and use the 
graph to approximate the minimum resistance for this type 
of resistor. 


190 Chapter 3 Applications of Differentiation 


Motion Along a Line In Exercises 81-84, the function s(¢) 
describes the motion of a particle along a line. (a) Find the 
velocity function of the particle at any time ¢ 2 0. (b) Identify 
the time interval(s) on which the particle is moving in a positive 
direction. (c) Identify the time interval(s) on which the particle is 
moving in a negative direction. (d) Identify the time(s) at which 
the particle changes direction. 


81. s(t) = 6t- £? 

82. s(t) = ? — 10t + 29 

83. s(t) = B — 5? + 4t 

84. s(t) = P — 202? + 128t — 280 


Motion Along a Line In Exercises 85 and 86, the graph 
shows the position of a particle moving along a line. Describe 
how the position of the particle changes with respect to time. 


85. 


>t 


} 
T T T 
3 6 9 12 15 18 


f Creating Polynomial Functions In Exercises 87-90, find 


a polynomial function 
Ja) =a,x" +4,_ x" +++ + + ax? + ax + ay 


that has only the specified extrema. (a) Determine the minimum 
degree of the function and give the criteria you used in 
determining the degree. (b) Using the fact that the coordinates 
of the extrema are solution points of the function, and that 
the x-coordinates are critical numbers, determine a system of 
linear equations whose solution yields the coefficients of the 
required function. (c) Use a graphing utility to solve the system 
of equations and determine the function. (d) Use a graphing 
utility to confirm your result graphically. 


87. Relative minimum: (0, 0); Relative maximum: (2, 2) 

88. Relative minimum: (0, 0); Relative maximum: (4, 1000) 

89. Relative minima: (0, 0), (4, 0); Relative maximum: (2, 4) 
90. Relative minimum: (1, 2); Relative maxima: (— 1, 4), (3, 4) 
True or False? In Exercises 91-96, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 

91. There is no function with an infinite number of critical points. 
92. The function f(x) — x has no extrema on any open interval. 
93. Every nth-degree polynomial has (n — 1) critical numbers. 
94. Annth-degree polynomial has at most (n — 1) critical numbers. 
95. There is a relative extremum at each critical number. 


96. The relative maxima of the function f are f(1) — 4 and 
f(3) = 10. Therefore, f has at least one minimum for some x 
in the interval (1, 3). 


97. Proof Prove the second case of Theorem 3.5. 
98. Proof Prove the second case of Theorem 3.6. 


99. Proof Use the definitions of increasing and decreasing 
functions to prove that 


f() = 
is increasing on (— 06, 00). 


100. Proof Use the definitions of increasing and decreasing 
functions to prove that 


fo =+ 


x 


is decreasing on (0, ©). 


PUTNAM EXAM CHALLENGE 


101. Find the minimum value of 


[sin x + 


for real numbers x. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


SECTION PROJECT d wow c» 9 e qw». 


Even Fourth-Degree Polynomials 


(a) Graph each of the fourth-degree polynomials below. Then find 
the critical numbers, the open intervals on which the function 
is increasing or decreasing, and the relative extrema. 


(i) f(x) 2x* +1 
(ii) f(x) = 2x4 + 22-1 
(iti) f(x) = x4 — 222 + 1 


(b) Consider the fourth-degree polynomial 
f(x) = xt + ax? + b. 


(i) Show that there is one critical number when a = 0. Then 
find the open intervals on which the function is increasing 
or decreasing. 


(ii) Show that there is one critical number when a > 0. Then 
find the open intervals on which the function is increasing 
or decreasing. 


(iii) Show that there are three critical numbers when a < 0. 
Then find the open intervals on which the function is 
increasing or decreasing. 


(iv) Show that there are no real zeros when 
d? < 4b. 

(v) Determine the possible number of zeros when 
a? = 4b. 


Explain your reasoning. 
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3.4 Concavity and the Second Derivative Test 


Concave m 
downward 


0 


Concave 
upward 
m=-l i 


m 


f is decreasing. f is increasing. 


The concavity of f is related to the 
slope of the derivative. 
Figure 3.24 


E Determine intervals on which a function is concave upward or concave downward. 
E Find any points of inflection of the graph of a function. 
iM Apply the Second Derivative Test to find relative extrema of a function. 


Concavity 


You have already seen that locating the intervals on which a function f increases or 
decreases helps to describe its graph. In this section, you will see how locating the 
intervals on which f" increases or decreases can be used to determine where the graph 
of f is curving upward or curving downward. 


Definition of Concavity 
Let f be differentiable on an open interval 7. The graph of f 


is concave upward on / when f" is increasing on the interval 
and concave downward on / when f" is decreasing on the interval. 


The following graphical interpretation of concavity is useful. (See Appendix A for 
a proof of these results.) 


1. Let f be differentiable on an open interval 7. If the graph of f is concave upward on 
I, then the graph of f lies above all of its tangent lines on 7. 
[See Figure 3.23(a).] 


2. Let f be differentiable on an open interval /. If the graph of f is concave downward 
on J, then the graph of f lies below all of its tangent lines on 7. 
[See Figure 3.23(b).] 


Concave upward, 
f’ is increasing. 


Concave downward, 
f’ is decreasing. 


(a) The graph of f lies above its tangent lines. (b) The graph of f lies below its tangent lines. 
Figure 3.23 


To find the open intervals on which the graph of a function f is concave upward 
or concave downward, you need to find the intervals on which f' is increasing or 
decreasing. For instance, the graph of 

1 3 

f@) = 38 - x 


is concave downward on the open interval (— oo, 0) because 
f) - 3-1 


is decreasing there. (See Figure 3.24.) Similarly, the graph of f is concave upward on 
the interval (0, 00) because f" is increasing on (0, oc). 
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. A third case of 
Theorem 3.7 could be that if 
f" (x) = 0 for all x in J, then f 
is linear. Note, however, that 
concavity is not defined for a 
line. In other words, a straight 
line is neither concave upward 
nor concave downward. 


I 

I 

I 
f(a) >0 | f(x) >0 
Concave i Concave 
upward à upward 


1 f"Q) «0 
Concave 
downward 


-2 -1 1 2 


From the sign of f"(x), you can 
determine the concavity of the graph 
of f. 

Figure 3.25 


x 


The next theorem shows how to use the second derivative of a function f to 
determine intervals on which the graph of f is concave upward or concave downward. 
A proof of this theorem follows directly from Theorem 3.5 and the definition of 
concavity. 


DREM 3.7 Test for Concavity 
Let f be a function whose second derivative exists on an open interval J. 


1. If f"(x) > 0 for all x in J, then the graph of f is concave upward on 7. 


2. If f"(x) < 0 for all x in J, then the graph of f is concave ogro 
downward on 7. kj ES 

ee fe 
[mt ary 


A proof of this theorem is given in Appendix A. 


To apply Theorem 3.7, locate the x-values at which f"(x) = 0 or f"(x) does not 
exist. Use these x-values to determine test intervals. Finally, test the sign of f"(x) in 
each of the test intervals. 


EXAMPLE 1 Determining Concavity 


Determine the open intervals on which the graph of 


_ 6 
x43 


f(x) 


is concave upward or concave downward. 


Solution Begin by observing that f is continuous on the entire real number line. 
Next, find the second derivative of f. 


f (x) = 6(2 + 3)! Rewrite original function. 
f) = (—6)(x? + 3) ?(2x) Differentiate. 

LOTES ror ee: 

= (2 + 3)2 irst derivative 

2 + 2 (ims re - 2 + 
f "(x) = a 3) ( m ( E 4 wes 3)(2x) Differentiate. 
X 
_ 366 — 1) — E 
= G2 + 3j econd derivative 


Because f”(x) = 0 when x = +1 and f" is defined on the entire real number line, you 
should test f" in the intervals (— oo, — 1), (— 1, 1), and (1, oo). The results are shown 
in the table and in Figure 3.25. 


Interval —ooc«x«-l -l<x<l l<x<@ 
Test Value x=-2 x=0 x=2 
Sign of f"(x) f'(-2)»0 f'"(0) < 0 f"(2) > 0 
Conclusion Concave upward | Concave downward | Concave upward 


The function given in Example 1 is continuous on the entire real number line. 
When there are x-values at which a function is not continuous, these values should be 
used, along with the points at which f"(x) = 0 or f"(x) does not exist, to form the test 
intervals. 


Concave 


Concave 


E 


il 
LL 


Concave 


Dr Ey a NES 


downward 


Figure 3.26 


Concave 
upward 


Concave 
downward 


Concave 
downward 


y 


Concave 
upward 


»X 


Concave 
downward 


The concavity of f changes at a point 


» X 


of inflection. Note that the graph 
crosses its tangent line at a point 


of inflection. 
Figure 3.27 
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EXAMPLE 2 Determining Concavity 


Determine the open intervals on which the graph of 


Eu 
x?—4 


F(x) 


is concave upward or concave downward. 


Solution Differentiating twice produces the following. 


dE 
pe B. _ : Write original function. 
2 — = 2 + 
T '(x) = S m m ii Do Differentiate. 
— 10x 
= (2 — 4) First derivative 
2 = 2(— cn n "en 
f "(x) = E 3 ( m a qe az) Differentiate. 
. 10(3x? + 4) — 
= (2 — 4)3 econd derivative 


There are no points at which f"(x) = 0, but atx = +2, the function f is not continuous. 
So, test for concavity in the intervals (— oo, — 2), (— 2, 2), and (2, oc), as shown in the 
table. The graph of f is shown in Figure 3.26. 


Interval —ooc«x«-—2 —2&x&2 2<x< © 
Test Value x=-3 x=0 x=3 
Sign of f"(x) f'(-3)»0 f'"(0) < 0 f") > 0 
Conclusion Concave upward | Concave downward | Concave upward 


Points of Inflection 


The graph in Figure 3.25 has two points at which the concavity changes. If the tangent 
line to the graph exists at such a point, then that point is a point of inflection. Three 
types of points of inflection are shown in Figure 3.27. 


Definition of Point of Inflection 


Let f be a function that is continuous on an open interval, and let c be a point 


in the interval. If the graph of f has a tangent line at the point (c, f(c)), then 
this point is a point of inflection of the graph of f when the concavity of f 
changes from upward to downward (or downward to upward) at the point. 


The definition of point of inflection requires that the tangent line exists at the point 
of inflection. Some calculus texts do not require this. For instance, after applying the 
definition above to the function 


3 x <0 
x2 + 2x, x20 


you would conclude that f does not have a point of inflection at the origin, even though 
the concavity of the graph changes from concave downward to concave upward. 
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| 


Points of 
inflection 


> xX 


27 E 
Concave |! Concave Concave 
upward downward upward 


Points of inflection can occur where 
f" (x) = 0 or f" does not exist. 
Figure 3.28 


Exploration 


Consider a general cubic 
function of the form 


f(x) = ax3 + bx? cx 9 d. 


You know that the value 

of d has a bearing on the 
location of the graph but has 
no bearing on the value of 
the first derivative at given 
values of x. Graphically, 
this is true because changes 
in the value of d shift the 
graph up or down but do not 
change its basic shape. Use 
a graphing utility to graph 
several cubics with different 
values of c. Then give a 
graphical explanation of why 
changes in c do not affect 
the values of the second 
derivative. 


To locate possible points of inflection, you can determine the values of x for which 
f" (x) = 0 or f"(x) does not exist. This is similar to the procedure for locating relative 
extrema of f. 


M 3.8 Points of Inflection 
If (c, f(c)) is a point of inflection of the graph of f, then either f"(c) = 0 or 
f" (c) does not exist. 


EXAMPLE 3 Finding Points of Inflection 


Determine the points of inflection and discuss the concavity of the graph of 
f(x) = x* — 4x. 


Solution  Differentiating twice produces the following. 


f(x) = x4 — 43 Write original function. 
f') = 4p — 12x? Find first derivative. 
f" (x) = 12x? — 24x = 12x(x = 2) Find second derivative. 


Setting f"(x) = 0, you can determine that the possible points of inflection occur at 
x = 0 and x = 2. By testing the intervals determined by these x-values, you can 
conclude that they both yield points of inflection. A summary of this testing is shown 
in the table, and the graph of f is shown in Figure 3.28. 


Interval —ooc«x«0 0€x«2 2«x«oo 
Test Value x--—1 x=1 x=3 
Sign of f"(x) f'(-1)»0 f'1)«0 f"3)»0 
Conclusion Concave upward | Concave downward | Concave upward 


The converse of Theorem 3.8 is not generally true. That is, it is possible for the 
second derivative to be O at a point that is not a point of inflection. For instance, the 
graph of f(x) = x* is shown in Figure 3.29. The second derivative is 0 when x = 0, but 
the point (0, 0) is not a point of inflection because the graph of f is concave upward on 
the intervals — oo < x < 0 and 0 < x < oo. 


f" (x) = 0, but (0, 0) is not a point of inflection. 
Figure 3.29 


f" (c) » 0 


Concave 


> xX 


If f'(c) = 0 and f"(c) > 0, then f(c) is 
a relative minimum. 


P 
^ f'"(c)«0 


i 
Concave 
downward 

i 


Grimm awe eae 


If f'(c) = 0 and f"(c) < 0, then f(c) is 
a relative maximum. 
Figure 3.30 


y Relative 
A maximum 


(1,2) 


(1, 2) 
Relative 
minimum 


(0, 0) is neither a relative minimum nor 
a relative maximum. 
Figure 3.31 
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The Second Derivative Test 


In addition to testing for concavity, the second derivative can be used to perform a 
simple test for relative maxima and minima. The test is based on the fact that if the 
graph of a function f is concave upward on an open interval containing c, and f"(c) = 0, 
then f(c) must be a relative minimum of f. Similarly, if the graph of a function f is 
concave downward on an open interval containing c, and f'(c) — 0, then f(c) must be 
a relative maximum of f. (See Figure 3.30.) 


Second Derivative Test 

Let f be a function such that f’(c) = 0 and the second derivative of f exists on 
an open interval containing c. 

1. If f"(c) > 0, then f has a relative minimum at (c, f(c)). 

2. If f"(c) < 0, then f has a relative maximum at (c, f(c)). 


If f"(c) = 0, then the test fails. That is, f may have a relative [m] poss; [n] 
maximum, a relative minimum, or neither. In such cases, you can DE A Hu 
use the First Derivative Test. [n] Es 


Proof If f'(c) = 0 and f"(c) > O0, then there exists an open interval J containing c 
for which 
fQ-feà. fe... 


X—C X—C 


for all x +c in I. If x < c, then x — c < 0 and f'(x) < 0. Also, if x > c, then 
x — c > Oand f'(x) > 0. So, f'(x) changes from negative to positive at c, and the First 
Derivative Test implies that f(c) is a relative minimum. A proof of the second case is 
left to you. a 


CILE EE Using the Second Derivative Test 


e e [D See LarsonCalculus.com for an interactive version of this type of example. 
Find the relative extrema of 

f(x) = -3x5 + 5x3. 
Solution Begin by finding the first derivative of f. 

f(x) = —15x* + 152 = 15xY(1 — x?) 


From this derivative, you can see that x = — 1, 0, and 1 are the only critical numbers 
of f. By finding the second derivative 


f'(x) = —60x3 + 30x = 30x(1 — 2x?) 


you can apply the Second Derivative Test as shown below. 


Point (-1, =) (0, 0) (1, 2) 
Sign of f'à) |  f"(—1) > 0 f'(0) =0 f"() <0 


Conclusion Relative minimum | Test fails Relative maximum 


Because the Second Derivative Test fails at (0, 0), you can use the First Derivative Test 
and observe that f increases to the left and right of x = 0. So, (0, 0) is neither a relative 
minimum nor a relative maximum (even though the graph has a horizontal tangent line 
at this point). The graph of f is shown in Figure 3.31. a 
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3.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Test for Concavity Describe the Test for Concavity 
in your own words. 


2. Second Derivative Test Describe the Second 
Derivative Test in your own words. 


Using a Graph In Exercises 3 and 4, the graph of f is 
shown. State the signs of f' and f” on the interval (0, 2). 


3. 4. 


>< 
\ 


= 
e 
= 

ph- 


LIE PLI Determining Concavity In Exercises 5-16, 
mat determine the open intervals on which the graph 
ral 3 of the function is concave upward or concave 

"* downward. 
5. f(x) = x2 - Ax +8 
7. f(x) = x* - 38 


6. g(x) = 332 — 3 
8. h(x) = x5 — 5x + 2 


24 2x? 

» fT: iL cn 
Ec x+8 
11. f(x) = EE 12. f(x) = = 
ert x -1 
13. f(x) = ai 14. h(x) = 2:—1 


Tl Tm 2 
Les Pies m .y=x+—, (-7, 
15. y = 2x — tan x, > n) 16. y =x Uns (=n, r) 


oro Finding Points of Inflection In Exercises 
aa. 4"; 17-32, find the points of inflection and discuss the 


[e] end 


concavity of the graph of the function. 


17. f(x) 2389 — 9x? + 24x — 18 18. f(x) = -X + 6x? — 5 
19. f(x) = 2 — 7x* 20. f(x) = 4 — x — 3x4 
21. f(x) = x(x — 4} 22. f(x) = (x — 2}(x — 1) 
23. f(x) 2 x /x +3 24. f(x) 2 x./9 -x 

| 6-x xt 3 
25. f(x) = Jh 26. f(x) "^ 
27. f(x) = sin 5 [0, 4n] 28. f(x) = 2 esc = (0, 2r) 


29. f(x) = sd = 5) (0, 477) 

30. f(x) = sinx + cosx, [0, 2m] 
31. f(x) = 2sinx + sin 2x, [0, 2m] 
32. f(x) =x+2cosx, [0, 2m] 


Using the Second Derivative Test In 
Exercises 33-44, find all relative extrema of the 
function. Use the Second Derivative Test where 
applicable. 


33. f(x) = 6x — x? 34. f(x) =x? + 3x -— 8 
35. f(x) = 3 — 3x? + 3 36. f(x) = -xX + 7x? — 15x 
37. f(x) = x* -— 434+ 2 38. f(x) = —x* + 2x3 + 8x 
39. f(x) = 23-3 40. f(x) = /x + 1 

4 9x— 1 
41. f(x) =x + 42. f() = 5 


43. f(x) = cosx ^ x, [0, 4m] 
44. f(x) = 2sinx + cos 2x, [0, 2m] 


BB Finding Extrema and Points of Inflection Using 


Technology In Exercises 45-48, use a computer algebra 
system to analyze the function over the given interval. (a) Find 
the first and second derivatives of the function. (b) Find any 
relative extrema and points of inflection. (c) Graph f, f’, and 
f" on the same set of coordinate axes and state the relationship 
between the behavior of f and the signs of f' and f”. 


45. f(x) = 0222(x — 3), [-1,4] 

46. fix) 23/6 — x |- V6, /6] 

47. f(x) = sinx — I sin 3x + i sin 5x, [0,n] 
48. f(x) = J2xsinx, [0, 2m] 


EXPLORING CONCEPTS 

49. Sketching a Graph Consider a function f such that 
f' is increasing. Sketch graphs of f for (a) f' < 0 and 
(b) f’ > 0. 


. Think About It S represents weekly sales of a 
product. What can be said of S' and S" for each of the 
following statements? 


(a) The rate of change of sales is increasing. 
(b) The rate of change of sales is constant. 
(c) Sales are steady. 

(d) Sales are declining but at a slower rate. 


(e) Sales have bottomed out and have started to rise. 


Sketching Graphs In Exercises 51 and 52, the graph of f is 
shown. Graph f, f', and f” on the same set of coordinate axes. 
To print an enlarged copy of the graph, go to MathGraphs.com. 


51. 


S Think About lt In Exercises 53-56, sketch 
eine ae the graph of a function f having the given 


CES 3 characteristics. 

53. /(0 = #2) - o 54. f(0) = f(2) = 
f(x) > Oforx <1 ELE 
pnm f'a) = 
f(x) < Oforx > 1 f) > Oforx > 1 
f'() «0 Paso 

55. f(2) = f(4) =0 56. f(1) =f(3) =0 


f'G) < 0forx < 3 
f'(3) does not exist. 
f(x) > Oforx > 3 
f'() «0x23 


f) > 0forx «2 

f'(2) does not exist. 

f(x) < 0 for x > 2 

f"(x) > 0,x #2 

57. Think About It The figure shows the graph of f". Sketch 


a graph of f. (The answer is not unique.) To print an enlarged 
copy of the graph, go to MathGraphs.com. 


58. 5 HOW DO YOU SEE IT? Water is running 


into the vase shown in the figure at a constant rate. 


(a) Graph the depth d of water in the vase as a 
function of time. 


(b) Does the function have any extrema? Explain. 
(c) Interpret the inflection points of the graph of d. 


59. Conjecture Consider the function 
fa) = œ = 2V. 


A (a) Use a graphing utility to graph f for n = 1, 2, 3, and 4. 
Use the graphs to make a conjecture about the relationship 
between n and any inflection points of the graph of f. 


(b) Verify your conjecture in part (a). 

60. Inflection Point Consider the function f(x) = 3/x. 
(a) Graph the function and identify the inflection point. 
(b) Does f” exist at the inflection point? Explain. 
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Finding a Cubic Function In Exercises 61 and 62, find a, 
b, c, and d such that the cubic function 


f(x) = ax? + bx? - ex +d 
satisfies the given conditions. 


61. Relative maximum: (3,3) 
Relative minimum: (5, 1) 
Inflection point: (4, 2) 

62. Relative maximum: (2, 4) 
Relative minimum: (4, 2) 
Inflection point: (3, 3) 


63. Aircraft Glide Path A small aircraft starts its descent from 
an altitude of 1 mile, 4 miles west of the runway (see figure). 


x 


(a) Find the cubic function f(x) = ax? + bx? + cx + d on 
the interval [— 4, 0] that describes a smooth glide path for 
the landing. 


(b) The function in part (a) models the glide path of the plane. 
When would the plane be descending at the greatest rate? 


E FOR FURTHER INFORMATION For more information on 
this type of modeling, see the article “How Not to Land at Lake 
Tahoe!” by Richard Barshinger in The American Mathematical 
Monthly. To view this article, go to MathArticles.com. 


ES 64. Highway Design A section of highway connecting two 


hillsides with grades of 6% and 4% is to be built between 
two points that are separated by a horizontal distance of 2000 
feet (see figure). At the point where the two hillsides come 
together, there is a 50-foot difference in elevation. 


B(1000, 90) .. 


(a) Find the cubic function 


f(x) = aX? + bx? + cx +d, 


1000 = x = 1000 


that describes the section of highway connecting the 
hillsides. At points A and B, the slope of the model must 
match the grade of the hillside. 


(b) Use a graphing utility to graph the model. 
(c) Use a graphing utility to graph the derivative of the model. 


(d) Determine the grade at the steepest part of the transitional 
section of the highway. 
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65. Average Cost A manufacturer has determined that the fe Linear and Quadratic Approximations In Exercises 


total cost C of operating a factory is 
C = 0.5x? + 15x + 5000 


where x is the number of units produced. At what level of 
production will the average cost per unit be minimized? (The 
average cost per unit is C/x.) 


PE 66. Specific Gravity A model for the specific gravity of 


water S is 


_ 5.155 pa 8521,, , 6540 


B 108 106 10° 


T + 0.99987, 0 < T « 25 


where T is the water temperature in degrees Celsius. 
(a) Use the second derivative to determine the concavity of S. 


(b) Use a computer algebra system to find the coordinates of 
the maximum value of the function. 


(c) Usea graphing utility to graph the function over the specified 
domain. (Use a setting in which 0.996 < S < 1.001.) 


(d) Estimate the specific gravity of water when T = 20°. 
67. Sales Growth The annual sales S of a new product are 
given by 


_ 500072 
8 + 1?’ 


<r<3 


where f is time in years. 


(a) Complete the table. Then use it to estimate when the 
annual sales are increasing at the greatest rate. 


t|}05 } 1] 15 | 2) 2.5 | 3 


S 


ee (b) Use a graphing utility to graph the function S. Then use the 
graph to estimate when the annual sales are increasing at 
the greatest rate. 


(c) Find the exact time when the annual sales are increasing at 
the greatest rate. 


68. Modeling Data The average typing speeds S (in words 
per minute) of a typing student after t weeks of lessons are 
shown in the table. 


t | 5 | 10} 15 | 20 | 25 | 30 


S | 28 | 56 | 79 | 90 | 93 | 94 


A model for the data is 


10072 
65 + 7?’ 


S= > 0. 


ad (a) Use a graphing utility to plot the data and graph the model. 


(b) Use the second derivative to determine the concavity of S. 
Compare the result with the graph in part (a). 


(c) What is the sign of the first derivative for t > 0? By 
combining this information with the concavity of the 
model, what inferences can be made about the typing 
speed as t increases? 


69—72, use a graphing utility to graph the function. Then graph 
the linear and quadratic approximations 


Px) = f(a) + f (a)x — a) 
and 
Py) = f(a) + f (a)(x — a) + 1f" (a)(x — a? 


in the same viewing window. Compare the values of f, P,, 
and P, and their first derivatives at x — a. How do the 
approximations change as you move farther away from x — a? 


Function Value of a 
69. f(x) = 2(sin x + cos x) a= i 
70. f(x) = 2(sinx + cos x) a=0 
71. f() = /1 -x a=0 
vx - 
72. fle) = 71 a=2 


fe 73. Determining Concavity Use a graphing utility to graph 


= re 
y Y 


Show that the graph is concave downward to the right of 


74. Point of Inflection and Extrema Show that the point 
of inflection of 


F(x) = xx — 6) 


lies midway between the relative extrema of f. 


True or False? In Exercises 75-78, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


75. The graph of every cubic polynomial has precisely one point 
of inflection. 


76. The graph of 


fo) =t 


x 
is concave downward for x < 0 and concave upward for 
x > 0, and thus it has a point of inflection at x = 0. 

77. If f'(c) > 0, then f is concave upward at x = c. 


78. If f"(2) — 0, then the graph of f must have a point of 
inflection at x — 2. 


Proof In Exercises 79 and 80, let f and g represent 
differentiable functions such that f" # 0 and g" # 0. 


79. Show that if f and g are concave upward on the interval (a, b), 
then f + g is also concave upward on (a, b). 


80. Prove that if f and g are positive, increasing, and concave 
upward on the interval (a, b), then fe is also concave upward 
on (a, b). 
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3.5 Limits at Infinity 


The limit of f(x) as x approaches — oo 
or OO is 3. 
Figure 3.32 


The statement 
lim f(x) = Lor lim f(x) = L 
XuB—00 xoo 
means that the limit exists and 
the limit is equal to L. 


f(x) is within s units of L as x 00, 
Figure 3.33 


E Determine (finite) limits at infinity. 
E Determine the horizontal asymptotes, if any, of the graph of a function. 
E Determine infinite limits at infinity. 


Limits at Infinity 


This section discusses the “end behavior" of a function on an infinite interval. Consider 
the graph of 


3x? 
x01 


i@= 


as shown in Figure 3.32. Graphically, you can see that f(x) appears to approach 3 as 
x increases without bound or decreases without bound. You can come to the same 
conclusions numerically, as shown in the table. 


< x decreases without bound. x increases without bound. > 


x —oo«c | —100 —]0 |—1] 0 1 10 100 — oo 
f(x) 3c 2.9997 | 2.9703 | 1.5 | O | 1.5 | 2.9703 | 2.9997 | 53 


< f(x) approaches 3. f(x) approaches 3. b 


The table suggests that f(x) approaches 3 as x increases without bound (x— oc). 
Similarly, f(x) approaches 3 as x decreases without bound (x — oo). These limits at 
infinity are denoted by 


lim f(x) = 3 Limit at negative infinity 
x> —oo 
and 
lim f(x) = 3. Limit at positive infinity 
x00 


To say that a statement is true as x increases without bound means that for some 
(large) real number M, the statement is true for all x in the interval {x: x > M}. The 
next definition uses this concept. 


Definition of Limits at Infinity 


Let L be a real number. 


1. The statement lim f(x) = L means that for each s > 0 there exists an 
xoo 


M > O such that | f(x) — L| < £ whenever x > M. 


2. The statement lim f(x) = L means that for each & > O there exists an 


x —oo 


N « O such that | f(x) — L| < & whenever x « N. 


The definition of a limit at infinity is shown in Figure 3.33. In this figure, note that 
for a given positive number e, there exists a positive number M such that, for x > M, 
the graph of f will lie between the horizontal lines 


y=L+e and y-L e. 
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Exploration 

Use a graphing utility to graph 
2x? + 4x — 6 
3x? + 2x — 16 


F(x) 


Describe all the important 
features of the graph. Can 
you find a single viewing 
window that shows all 
of these features clearly? 
Explain your reasoning. 
What are the horizontal 
asymptotes of the graph? 
How far to the right do you 
have to move on the graph 
so that the graph is within 
0.001 unit of its horizontal 
asymptote? Explain your 
reasoning. 


y = 5 is a horizontal asymptote. 
Figure 3.34 
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Horizontal Asymptotes 


In Figure 3.33, the graph of f approaches the line y = L as x increases without bound. 
The line y = L is called a horizontal asymptote of the graph of f. 


Definition of a Horizontal Asymptote 
The line y = L is a horizontal asymptote of the graph of f when 


lim f(x) - L or lim f(x) = L. 


Note that from this definition, it follows that the graph of a function of x can have 
at most two horizontal asymptotes—one to the right and one to the left. 
Limits at infinity have many of the same properties of limits discussed in 
Section 1.3. For example, if lim f (x) and lim g (x) both exist, then 
x x- 


lim [Œ + &(] = lim f() + lim gto 
and 
Ea oer pofl Dos eu) 


Similar properties hold for limits at — oc. 
When evaluating limits at infinity, the next theorem is helpful. 


THEOREM 3.10 Limits at Infinity 


If r is a positive rational number and c is any real number, then 


Furthermore, if x^ is defined when x < 0, then 


"E. Ls 
l — =Q. * 
Eon x" : esr 
A proof of this theorem is given in Appendix A. reife 1] 


TST Finding a Limit at Infinity 


Find the limit: lim (s — 3! 
xoo X 


Solution Using Theorem 3.10, you can write 


2 2 
lim (s 2) = lim 5 lim 2 Property of limits 
x oo X xoo x00 X 
—5-—0 
=5. 


So, the line y = 5 is a horizontal asymptote to the right. By finding the limit 
Limit as x —oo 


you can see that y — 5 is also a horizontal asymptote to the left. The graph of the 
function f(x) = 5 — (2/x?) is shown in Figure 3.34. E 
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EXAMPLE 2 Finding a Limit at Infinity 


Find the limit: lim 2——. 

xo x + | 
Solution Note that both the numerator and the denominator approach infinity as x 
approaches infinity. 


lim (2x — 1) 2 oc 
2x— 1 


lim od 
CU 


lim (x + 1)2 oc 


ee LE This results in 00/00, an indeterminate form. To resolve this problem, you can 
: divide both the numerator and the denominator by x. After dividing, the limit may be 


When you 
encounter an indeterminate form — €Valuated as shown. 
such as the one in Example 2, 2x— 1 
you should divide the numerator x — İ n 
and denominator by the highest lim 3p = im ye I Divide numerator and denominator by x. 
power of x in the denominator. P 
1 
2 EUM 
. x 
= lim ——— Simplify. 
x-9 00 
te 


= Take limits of numerator and denominator. 


lim 1+ lim l 


x oo xooo X 
= = Apply Theorem 3.10 
1+0 pply Theorem 3.10. 
=2 
So, the line y = 2 is a horizontal asymptote to the right. By taking the limit as x  — oo, 
y = 2 is a horizontal asymptote. you can see that y — 2 is also a horizontal asymptote to the left. The graph of the 
Figure 3.35 function is shown in Figure 3.35. a 


You can test the reasonableness of the limit found in Example 2 
by evaluating f(x) for a few large positive values of x. For instance, 


f(100) = 1.9703, f(1000) = 1.9970, 3 
and (10,000) = 1.9997. 


Another way to test the reasonableness of the 

limit is to use a graphing utility. For instance, 

in Figure 3.36, the graph of 

2x = 1 4 
y+] 0 


J 80 


fe) = 


As x increases, the graph of f moves 
closer and closer to the line y = 2. 
Figure 3.36 


is shown with the horizontal line y — 2. Note 
that as x increases, the graph of f moves closer 
and closer to its horizontal asymptote. 
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MARIA GAETANA AGNESI 
(1718-1799) 


Agnesi was one of a handful of 
women to receive credit for 
significant contributions to 
mathematics before the 
twentieth century. In her 

early twenties, she wrote the 
first text that included both 
differential and integral calculus. 
By age 30, she was an honorary 
member of the faculty at the 
University of Bologna. 

See LarsonCalculus.com to read 
more of this biography. 

For more information on the 
contributions of women to 
mathematics, see the article 
“Why Women Succeed in 
Mathematics” by Mona Fabricant, 
Sylvia Svitak, and Patricia Clark 
Kenschaft in Mathematics 
Teacher. To view this article, 

go to MathArticles.com. 


2. + 
"bS . 
2 - 1 2 
lim f(x)20 lim f(x) 20 


f has a horizontal asymptote at y = 0. 


Figure 3.37 


EXAMPLE 3 A Comparison of Three Rational Functions 


dcc [> See LarsonCalculus.com for an interactive version of this type of example. 
Find each limit. 
a. |i 2x + 5 b. li 2x24 5 "E 2x3 +5 
. lm >> a dn... . lim 25—— 
xo 3x2 + 1 x2co 3x2 + 1 x> 3x2 + 1 


Solution In each case, attempting to evaluate the limit produces the indeterminate 
form 00/00, 


a. Divide both the numerator and the denominator by x’. 


Lo 2x+5 i (2/x) EER) OPO 0 
Set oS Sete. F403 


=0 


b. Divide both the numerator and the denominator by x. 


lim "ENG im 256/20 2*0 2 
x2co 3x27 + 1 x566 3 + (1/x2) 3+0 3 


c. Divide both the numerator and the denominator by x?. 


j 2x3 4 5 . 2x + (5/32 œ 
iex aedge09. 3 


You can conclude that the limit does not exist because the numerator increases 
without bound while the denominator approaches 3. a 


Example 3 suggests the guidelines below for finding limits at infinity of rational 
functions. Use these guidelines to check the results in Example 3. 


GUIDELINES FOR FINDING LIMITS AT +œ OF RATIONAL 
FUNCTIONS 


1. If the degree of the numerator is /ess than the degree of the denominator, then 
the limit of the rational function is 0. 


2. If the degree of the numerator is equal to the degree of the denominator, then 
the limit of the rational function is the ratio of the leading coefficients. 


3. If the degree of the numerator is greater than the degree of the denominator, 
then the limit of the rational function does not exist. 


The guidelines for finding limits at infinity of rational functions seem reasonable 
when you consider that for large values of x, the highest-power term of the rational 
function is the most “influential” in determining the limit. For instance, 

1 

lim —5—— 

x> 0 x? +1 
is 0 because the denominator overpowers the numerator as x increases or decreases 
without bound, as shown in Figure 3.37. 


The function shown in Figure 3.37 is a special case of a type of curve studied by 
the Italian mathematician Maria Gaetana Agnesi. The general form of this function is 


f(x) = a Witch of Agnesi 

x + 4g? 1tch Oo. gnesi 
and, through a mistranslation of the Italian word vertéré, the curve has come to be 
known as the Witch of Agnesi. Agnesi’s work with this curve first appeared in a 
comprehensive text on calculus that was published in 1748. 


The Granger Collection, NY 


y y= 2 
A v2 
at Horizontal 
asymptote 
to the right 


Horizontal 


asymptote 

to the left 
Functions that are not rational may 
have different right and left horizontal 
asymptotes. 
Figure 3.38 


=] 
The horizontal asymptote appears to 
be the line y = 1, but it is actually the 
line y = 2. 
Figure 3.39 
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In Figure 3.37, you can see that the function 


1 


fe Tu 


approaches the same horizontal asymptote to the right and to the left. This is always true 
of rational functions. Functions that are not rational, however, may approach different 
horizontal asymptotes to the right and to the left. This is demonstrated in Example 4. 


EXAMPLE 4 A Function with Two Horizontal Asymptotes 


Find each limit. 

— 2 - 
"E s EE iat 
x00 ARI +1 x>- J/2x) +1 
Solution 


a. For x > 0, you can write x = a xL So, dividing both the numerator and the 
denominator by x produces 


3x — 2 2 2 


3x —2 


Je +1 FEIN 
[= [2*5 


and you can take the limit as follows. 


ud 
3x —2 : x 3-0 3 
= lim = = 
E J2x3 + x> 1 [2+0 J2 
Z4 
x 
b. For x < 0, you can write x = — I. So, dividing both the numerator and the 
denominator by x produces 
3x2 3- Z -i 
3x — 2 


JAY. E Y TENE 
e 244 


and you can take the limit as follows. 


-i 
LN 3-0 | 3 
e J22 +1 x m -/2+0 V2 
The graph of f(x) = (3x — 2)/ /2x? + 1 is shown in Figure 3.38. | 


If you use a graphing utility to estimate a limit, 
be sure that you also confirm the estimate analytically—the graphs shown by a 
graphing utility can be misleading. For instance, Figure 3.39 shows one view of the 
graph of 


2x3 + 1000x? + x 
x? + 10002 + x + 1000 


y= 


From this view, one could be convinced that the graph has y = 1 as a horizontal 
asymptote. An analytical approach shows that the horizontal asymptote is actually 
y = 2. Confirm this by enlarging the viewing window on the graphing utility. 
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B | 


As x increases without bound, f(x) 
approaches 0. 
Figure 3.40 


Oxygen level 


Weeks 


The level of oxygen in a pond 
approaches the normal level of 1 as 
t approaches oc. 

Figure 3.41 


In Section 1.4, Example 7(c), you used the Squeeze Theorem to evaluate a limit 
involving a trigonometric function. The Squeeze Theorem is also valid for limits at 
infinity. 


EXAMPLE 5 Limits Involving Trigonometric Functions 


Find each limit. 


. ] . sinx 
a. lim sin x b. lim —— 

x> CO x00 X 
Solution 


a. As x approaches infinity, the sine function oscillates between 1 and — 1. So, this 
limit does not exist. 


b. Because —1 < sinx < 1, it follows that for x > 0, 


as shown in Figure 3.40. 


ETTULTTI: Oxygen Level in a Pond 


Let f(t) measure the level of oxygen in a pond, where f(t) = 1 is the normal 
(unpolluted) level and the time ¢ is measured in weeks. When ¢ = 0, organic waste is 
dumped into the pond, and as the waste material oxidizes, the level of oxygen in the 
pond is 


ĉł-t+1 
fO = -zyr 


What percent of the normal level of oxygen exists in the pond after 1 week? After 
2 weeks? After 10 weeks? What is the limit as t approaches infinity? 


Solution When ż = 1, 2, and 10, the levels of oxygen are as shown. 


2 qx 

fa) : c 1 : ; = 50% 1 week 
do 

ro = L= $ = 60% 2 weeks 
= + 

f0) = S 102 — : = a = 90.1% 10 weeks 


To find the limit as t approaches infinity, you can use the guidelines on page 202, or 
you can divide the numerator and the denominator by f? to obtain 
P—ttl . 1— (0/) - (1/7 1-0+0 


Hn ii. USE Tou 1+0 


= | = 100%. 


See Figure 3.41. au 


Determining 
whether a function has an 
infinite limit at infinity is useful 
in analyzing the “end behavior" 
of its graph. You will see 
examples of this in Section 3.6 
on curve sketching. 


Figure 3.42 


Figure 3.43 
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Infinite Limits at Infinity 


Many functions do not approach a finite limit as x increases (or decreases) without 
bound. For instance, no polynomial function has a finite limit at infinity. The next 
definition is used to describe the behavior of polynomial and other functions at infinity. 


Definition of Infinite Limits at Infinity 

Let f be a function defined on the interval (a, 0). 

1. The statement lim f(x) — oo means that for each positive number M, there 
xoo 


is a corresponding number N > 0 such that f(x) > M whenever x > N. 


. The statement lim f(x) = — 0o means that for each negative number M, 
x= OO 


there is a corresponding number N > 0 such that f(x) < M whenever x > N. 
Similar definitions can be given for the statements 


lim f(x) = oo and lim f(x) = —oo. 


EXAMPLE 7 Finding Infinite Limits at Infinity 


Find each limit. 


a. lim x? b. lim x? 
x-00 y= =o 
Solution 


a. As x increases without bound, x? also increases without bound. So, you can write 


lim x? = oc. 
x oo 


b. As x decreases without bound, x? also decreases without bound. So, you can write 


lim x? = —oo. 
s= —oO00 


The graph of f(x) = x? in Figure 3.42 illustrates these two results. These results agree 
with the Leading Coefficient Test for polynomial functions as described in Section P.3. 


EXAMPLE 8 Finding Infinite Limits at Infinity 


Find each limit. 


a. li 2x? — Ax b. di 2x? — 4x 
. im ————— . im — —— 

xoco x + 1 x2-o xt] 

Solution One way to evaluate each of these limits is to use long division to rewrite 
the improper rational function as the sum of a polynomial and a rational function. 


. 2x7 — Ax 6 
= — + = 
a in EE dim (ne 5 
2x? — Ax 6 
dm ire im (28-6 + aa) = 


The statements above can be interpreted as saying that as x approaches +00, the 
function f(x) = (2x2 — 4x)/(x + 1) behaves like the function g(x) = 2x — 6. In 
Section 3.6, you will see that this is graphically described by saying that the line 
y = 2x — 6 is a slant asymptote of the graph of f, as shown in Figure 3.43. a 
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3.5 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Writing Describe in your own words what each 
statement means. 
(a) lim f(x) = — 
(b) lim f() 23 


. Horizontal Asymptote What does it mean for the 
graph of a function to have a horizontal asymptote? 


. Horizontal Asymptote A graph can have a 
maximum of how many horizontal asymptotes? Explain. 


. Limits at Infinity In your own words, summarize 
the guidelines for finding limits at infinity of rational 
functions. 


Matching In Exercises 5-10, match the function with its 
graph using horizontal asymptotes as an aid. [The graphs are 
labeled (a), (b), (c), (d), (e), and (f).] 
(a) 7 (b) 


A 


3+ 


(c) 4 (d) , 


2 
5. f == & fl) = FS 
2 
Tl eus B gd g 
9. f(x) = imc 10. f(x) = 2x E xl 5 


LI LI Finding Limits at Infinity In Exercises 11 and 
EMG 12, find lim A(x), if it exists. 
[u] 


11. f(0 = 56 -3 12. f(x) = -42 + 2x - 5 
(a) no = 2 (a) n(x) = 22 
o ny) = f (b) n(x) - 2 o 
© r) = © h(x) = w 


AE Finding Limits at Infinity In Exercises 13-16, 
Lum “čj find each limit, if it exists. 


13. (a) "E z A z 14. (a) lim ir 
(b) lim Xx O) lim 54 
© im 1 © dim Ln 

15. (a) lim es 16. (a) lim i 
(b) jim v. (b) jim T 
© im 253207 m LEE 


mgg E Finding a Limit In Exercises 17-36, find the 


ES limit, if it exists. 
m] Fr 


17. lim (4 d J 18. lim (2 = z) 
xoo X Koo XX 3 
27x . 4°45 
19. lim 9—4 20. lim 343 
2x? c x 5x + 1 
21. lim —;,———5— — 22. lim ——5———5 — 
Prem -T2x2 +x wm 1o — 3x +7 
5x7 . 3—4 
23. xe X 3 44. EU x + 1 
x x 
25. lim ——— 26. lim ———— 
x>- /y2 — x x —oo JI 
2 
3 dug t 28. im t 
x> -0 /x?— x x2co J/y2 4 3 
2-] J4- 1 
29. lim Y= —— 30. lim Y2—— 
xoco 2x — | x -—oo x —1 
xctl : 2x 
31. lim qua ps 32. lim pe qu 
33. lim a 34. lim eut 
ae MR sin x x00 x 
35: lim MEOS 36. lim 1—2 


x200 X x2 oo X 


B Finding Horizontal Asymptotes Using Technology 
In Exercises 37—40, use a graphing utility to graph the function 
and identify any horizontal asymptotes. 


|x| [3x + 2| 
37. f(x) = ead 38. f (x) = a 
39. f (x) = sT 
40. f(x) = y9x -2 


2x * 1 


Finding a Limit In Exercises 41 and 42, find the limit. 
(Hint: Let x = 1/t and find the limit as t > 0*.) 


1 1 
41. lim x sin — 42. lim x tan — 
x CO X x00 X 


Finding a Limit In Exercises 43—46, find the limit. Use 
a graphing utility to verify your result. (Hint: Treat the 
expression as a fraction whose denominator is 1, and rationalize 
the numerator.) 


43. lim (x + Vx +3) 
45. lim (3x + /9x2 — x) 


44. lim. (x =r F x) 
46. lim (ax — /16x2 — x) 


f Numerical, Graphical, and Analytic Analysis In 
Exercises 47-50, use a graphing utility to complete the table 
and estimate the limit as x approaches infinity. Then use a 
graphing utility to graph the function and estimate the limit. 
Finally, find the limit analytically and compare your results 
with the estimates. 


x |10 | 10' | 10? |10 | 10* | 105 | 10° 
f(x) 


47. f(x) =x — Vx(x — 1) 


. i 
49. f(x) = xsin m 


xt 


50. f(x) = ne 


¢ 51. Engine Efficiency« «e«««e*sseeccecc oo 


48. f(x) = x? — x/x(x — 1) 


The efficiency (in percent) of an internal combustion engine is 


oe 1 
Efficiency 109} 1 m mi 
where v;/v, is the ratio 
of the uncompressed 
gas to the compressed 
gas and c is a positive 
constant dependent on 
the engine design. Find 
the limit of the efficiency 
as the compression ratio 
approaches infinity. 


Straight 8 Photography/Shutterstock.com 
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52. Physics Newton’s First Law of Motion and Einstein's 
Special Theory of Relativity differ concerning the behavior 
of a particle as its velocity approaches the speed of light c. 
In the graph, functions N and £ represent the velocity v, with 
respect to time f, of a particle accelerated by a constant force 
as predicted by Newton and Einstein, respectively. Write limit 
statements that describe these two theories. 


EXPLORING CONCEPTS 

53. Limits Explain the differences between limits at 
infinity and infinite limits. 

54. Horizontal Asymptote  Canthe graph of a function 
cross a horizontal asymptote? Explain. 


55. Using Symmetry to Find Limits If f is a 
continuous function such that lim f(x) — 5, find, if 


possible, lim f(x) for each specified condition. 
xo —oo 
(a) The graph of f is symmetric with respect to the y-axis. 


(b) The graph of f is symmetric with respect to the origin. 


56. 5 HOW DO YOU SEE IT? The graph shows 
the temperature T, in degrees Fahrenheit, of molten 
glass t seconds after it is removed from a kiln. 


Jr 
(0, 1700) 


pe 


>t 


a (a) Find lim T. What does this limit represent? 
t> 0* 


(b) Find lim T. What does this limit represent? 
t> oo 


57. Modeling Data The average typing speeds S (in words 
per minute) of a typing student after t weeks of lessons are 
shown in the table. 


t 5 | 10 | 15 | 20 | 25 | 30 


S | 28 | 56 | 79 | 90 | 93 | 94 


1002 
654 0? 


Ae (a) Use a graphing utility to plot the data and graph the model. 


A model for the data is $ = > 0. 


(b) Does there appear to be a limiting typing speed? Explain. 


208 Chapter 3 Applications of Differentiation 


PE ss. Modeling Data A heat probe is attached to the heat 


exchanger of a heating system. The temperature T (in degrees 
Celsius) is recorded t seconds after the furnace is started. The 
results for the first 2 minutes are recorded in the table. 


t 0 15 30 45 60 


T | 25.2 | 36.9 | 45.5 | 514 | 56.0 


t 75 90 105 120 


T | 59.6 | 62.0 | 64.0 | 652 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form T, = af? + bt + c for the data. 


(b) Use a graphing utility to graph T}. 
(c) A rational model for the data is 


_ 1451 + 86t 


T. 
a 58 +t 


Use a graphing utility to graph T,. 
(d) Find lim T}. 
t 00 
(e) Interpret the result in part (d) in the context of the problem. 
Is it possible to do this type of analysis using 7? Explain. 
59. Using the Definition of Limits at Infinity The graph of 


2x? 
x12 


fe) = 


is shown (see figure). 
(a) Find L = lim f(x). 
(b) Determine x, and x, in terms of e. 


(c) Determine M, where M > 0, such that | f(x) — L| < e for 
x > M. 


(d) Determine N, where N < 0, such that | f(x) — L| < e for 
x « N. 


Not drawn to scale 


Not drawn to scale 
Figure for 59 Figure for 60 


60. Using the Definition of Limits at Infinity The graph of 


i 6x 
f(x) = Jera 


(a) Find L = lim f(x) and K — lim f(x). 


is shown (see figure). 


(b) Determine x, and x, in terms of e. 


(c) Determine M, where M > 0, such that | f(x) — L| < e for 
x > M. 


(d) Determine N, where N < 0, such that | f(x) — K| < e for 
x «€ N. 


61. Using the Definition of Limits at Infinity Consider 
fp 
x00 | /y2 3 i 
(a) Use the definition of limits at infinity to find the value of 
M that corresponds to & = 0.5. 


(b) Use the definition of limits at infinity to find the value of 
M that corresponds to & = 0.1. 


62. Using the Definition of Limits at Infinity Consider 
3x 
x> -0 JL F3 
(a) Use the definition of limits at infinity to find the value of 
N that corresponds to & = 0.5. 


(b) Use the definition of limits at infinity to find the value of 
N that corresponds to & = 0.1. 


Proof In Exercises 63-66, use the definition of limits at 
infinity to prove the limit. 


63. lim + = 0 64. lim 2 =0 


x00 X xX 00 x 


65. lim T 0 


x —oo x 


66. lim € 0 


x —oo0X — 2 


67. Distance A line with slope m passes through the point 
(0, 4). 


(a) Write the distance d between the line and the point (3, 1) 
as a function of m. (Hint: See Section P.2, Exercise 77.) 


ee (b) Use a graphing utility to graph the equation in part (a). 
(c) Find lim d(m) and lim d(m). Interpret the results 
m- oo m —oo 
geometrically. 


68. Distance A line with slope m passes through the point 
(0, —2). 


(a) Write the distance d between the line and the point (4, 2) 
as a function of m. (Hint: See Section P.2, Exercise 77.) 


ee (b) Use a graphing utility to graph the equation in part (a). 
(c) Find lim d(m) and lim d(m). Interpret the results 
m- oo m —oo 
geometrically. 


69. Proof Prove that if 


p(x) = a,x" +++ ++ ax t+ dy 
and 
qx) = b,x" +++ + bix t+ by 


where a, # 0 and b,, # 0, then 


0, n<m 
a 
lim po) = n=m. 
x oo q(x) Dd, 


+00, n>m 


70. Proof Use the definition of infinite limits at infinity to 
prove that lim 3? = oo. 
xoo 
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200 


10 | 


| 30 


—1200 


Different viewing windows for the 


graph of f(x) = x? — 25x? 4 


Figure 3.44 


74x — 20 


liM Analyze and sketch the graph of a function. 


Analyzing the Graph of a Function 


It would be difficult to overstate the importance of using graphs in mathematics. 
Descartes's introduction of analytic geometry contributed significantly to the rapid 
advances in calculus that began during the mid-seventeenth century. In the words of 
Lagrange, “As long as algebra and geometry traveled separate paths their advance was 
slow and their applications limited. But when these two sciences joined company, they 
drew from each other fresh vitality and thenceforth marched on at a rapid pace toward 
perfection." 

So far, you have studied several concepts that are useful in analyzing the graph of 
a function. 


* x-intercepts and y-intercepts (Section P.1) 
e Symmetry (Section P.1) 
* Domain and range (Section P.3) 
* Continuity (Section 1.4) 
* Vertical asymptotes (Section 1.5) 
* Differentiability (Section 2.1) 
* Relative extrema (Section 3.1) 
* [ncreasing and decreasing functions (Section 3.3) 
* Concavity (Section 3.4) 
* Points of inflection (Section 3.4) 
* Horizontal asymptotes (Section 3.5) 
* [nfinite limits at infinity (Section 3.5) 


When you are sketching the graph of a function, either by hand or with a graphing 
utility, remember that normally you cannot show the entire graph. The decision as to 
which part of the graph you choose to show is often crucial. For instance, which of the 
viewing windows in Figure 3.44 better represents the graph of 


f(x) = x3 — 25x? + 74x — 20? 


By seeing both views, it is clear that the second viewing window gives a more complete 
representation of the graph. But would a third viewing window reveal other interesting 
portions of the graph? To answer this, you need to use calculus to interpret the first 
and second derivatives. To determine a good viewing window for a function, use these 
guidelines to analyze its graph. 


GUIDELINES FOR ANALYZING THE GRAPH OF A FUNCTION 


1. Determine the domain and range of the function. 


2. Determine the intercepts, asymptotes, and symmetry of the graph. 


3. Locate the x-values for which f'(x) and f"(x) either are zero or do not exist. 
Use the results to determine relative extrema and points of inflection. 


In these guidelines, note the importance of algebra (as well as calculus) 


for solving the equations f(x) = 0, f'(x) = 0, and f"(x) = 0. 
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E. E 
Be 88 
oa e g& 
28 Bea 
c 9I 
D Aa 0 3 
> 3 Par 
Relative 
Horizontal minimum 
asymptote: 


Using calculus, you can be certain that 
you have determined all characteristics 
of the graph of f. 

Figure 3.45 


lij FOR FURTHER INFORMATION 
For more information on the use 

of technology to graph rational 
functions, see the article “Graphs 
of Rational Functions for Computer 
Assisted Calculus” by Stan Byrd 
and Terry Walters in The College 
Mathematics Journal. To view this 
article, go to MathArticles.com. 


12 


-8 


By not using calculus, you may 
overlook important characteristics 
of the graph of g. 

Figure 3.46 


Sketching the Graph of a Rational Function 


Analyze and sketch the graph of 
2(x — 9) 


x2—4^" 


f(x) = 


Solution 
Domain: All real numbers except x = +2 


Range: (—09,2)U [3 oo) 
x-intercepts: (—3, 0), (3, 0) 
y-intercept: (0, 2) 
Vertical asymptotes: x = —2,x = 2 
Horizontal asymptote: y= 2 
Symmetry: With respect to y-axis 


vi. 20x 
f'Q) = (x2 m 4)? 
—20(3x? + 4) 
GP — 4) 


First derivative: 


Second derivative: — f"(x) = 


Critical number: x — 0 
Possible points of inflection: None 
Test intervals: (—0°©, —2), (—2, 0), (0, 2), (2, oo) 


The table shows how the test intervals are used to determine several characteristics of 
the graph. The graph of f is shown in Figure 3.45. 


f(x) Fee) Characteristic of Graph 
—oo«x«—2 — — Decreasing, concave downward 
x=-2 Undef. | Undef. | Undef. Vertical asymptote 
—-2«x«0 = F Decreasing, concave upward 
x= 2 0 uh Relative minimum 
O<x<2 + + Increasing, concave upward 
x= Undef. | Undef. | Undef. Vertical asymptote 
2<x< © F - Increasing, concave downward 


Be sure you understand all of the implications of creating a table such as that 
shown in Example 1. By using calculus, you can be sure that the graph has no relative 
extrema or points of inflection other than those shown in Figure 3.45. 


Without using the type of analysis outlined in 
Example 1, it is easy to obtain an incomplete view of the basic characteristics of a 
graph. For instance, Figure 3.46 shows a view of the graph of 


g- 2(x2 — 9)(x — 20) 
sw T Ae 20 


From this view, it appears that the graph of g is about the same as the graph of f shown 
in Figure 3.45. The graphs of these two functions, however, differ significantly. Try 
enlarging the viewing window to see the differences. 


=2 


(4, 6) 


Relative 


Vertical asymptote: x 
Z 
B: 
B 
E 
8 


[lese Nay eee aac pq 


J | C 
T T » X 


E 4 6 
<— Relative 
; maximum 
a+ \) 
i) 


Figure 3.47 
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A slant asymptote 
Figure 3.48 


3.6 A Summary of Curve Sketching 211 


Sketching the Graph of a Rational Function 


22x44 
Analyze and sketch the graph of f(x) — E 
rur 


Solution 
Domain: All real numbers except x = 2 


Range: (—oo, —2]U[6, co) 
x-intercepts: None 
y-intercept: (0, —2) 
Vertical asymptote: x = 2 
Horizontal asymptotes: None 


Symmetry: None 


End behavior: lim f(x) = —oo, lim f(x) = oo 
First derivative: f'(x) = D 


Second derivative: | f"(x) = ERI 
Critical numbers: x = 0,x = 4 
Possible points of inflection: None 
Test intervals: | ( — oo, 0), (0, 2), (2, 4), (4, oo) 


The analysis of the graph of f is shown in the table, and the graph is shown in 
Figure 3.47. 


f(x) f'x) f" (x) Characteristic of Graph 
—oocx«0 F = Increasing, concave downward 
x=0 —2 0 = Relative maximum 
O<x<2 = = Decreasing, concave downward 
x=2 Undef. | Undef. | Undef. Vertical asymptote 
2<x<4 = F Decreasing, concave upward 
x=4 6 F Relative minimum 
4<x< oo + 3E Increasing, concave upward 


Although the graph of the function in Example 2 has no horizontal asymptote, 
it does have a slant asymptote. The graph of a rational function (having no common 
factors and whose denominator is of degree 1 or greater) has a slant asymptote when 
the degree of the numerator exceeds the degree of the denominator by exactly 1. To 
find the slant asymptote, use long division to rewrite the rational function as the sum of 
a first-degree polynomial (the slant asymptote) and another rational function. 


x)?— 2x t4 
fec 2 


Write original equation. 


=xt 


Rewrite using long division. 


x2 


In Figure 3.48, note that the graph of f approaches the slant asymptote y — x as x 
approaches — OO or OO. 
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y 
À Horizontal 
asymptote: 


I 
(0, 0) 
Point of 
inflection 


Horizontal 


asymptote: 
yoo 
Figure 3.49 


y Relative 

A maximum 
(0,0) 
T 

4 8 12 (28 0) 

d, -3) 


Point of 


inflection 


(8, —16) 
Relative minimum 


Figure 3.50 
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Sketching the Graph of a Radical Function 


x 
Analyze and sketch the graph of f(x) = ————. 
y graph of f(x) JURE 
Solution 
j 2 m 
f (x) = ( 2l 2j 7 Find first derivative. 
X 
6x 


f'(x) = — G2 + 2572 Find second derivative. 

The graph has only one intercept, (0, 0). It has no vertical asymptotes, but it has two 
horizontal asymptotes: y = 1 (to the right) and y = — 1 (to the left). The function has 
no critical numbers and one possible point of inflection (at x = 0). The domain of the 
function is all real numbers, and the graph is symmetric with respect to the origin. The 
analysis of the graph of f is shown in the table, and the graph is shown in Figure 3.49. 


f(x) f'(x) f") Characteristic of Graph 
—oocx«0 F F Increasing, concave upward 
x= 0 2s Point of inflection 
0<x< 0 + = Increasing, concave downward 


Sketching the Graph of a Radical Function 


Analyze and sketch the graph of f(x) = 2x53 — 5x43, 


Solution 


Find first derivative. 


F(a) = ahis = 2) 


_ 20(x1 — 1) 


9 73 Find second derivative. 


f'() 
The function has two intercepts: (0, 0) and (235, 0). There are no horizontal or vertical 
asymptotes. The function has two critical numbers (x — 0 and x — 8) and two possible 
points of inflection (x — 0 and x — 1). The domain is all real numbers. The analysis of 
the graph of f is shown in the table, and the graph is shown in Figure 3.50. 


f(x) f'(x) f" (x) Characteristic of Graph 
—oocx«0 * = Increasing, concave downward 
x= 0 Undef. Relative maximum 
0c«x«1 = = Decreasing, concave downward 
x=1 =3 = 0 Point of inflection 
1«x«8 = T Decreasing, concave upward 
x= — 16 F Relative minimum 
8 <x< oo + + Increasing, concave upward 


» | f= x* —12x3 + 48x? m 


(0, 0) N 


-1 1 4 5 
28] (4, 0) 
Point of 
-10- inflection 
E (2, -16) 
óh Point of 
inflection 
aic. 
Relative minimum 


(a) 


Generated by Maple 


(b) 

A polynomial function of even 
degree must have at least one relative 
extremum. 


Figure 3.51 
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Sketching the Graph of a Polynomial Function 


ES p- SeeLarsonCalculus.com for an interactive version of this type of example. 


Analyze and sketch the graph of 


f(x) = x* — 12x? + 48x? — 64x. 


Solution Begin by factoring to obtain 
f(x) = x* — 12x + 48x? — 64x 


= x(x — 4)3. 


Then, using the factored form of f(x), you can perform the following analysis. 


Domain: 

Range: 

x-intercepts: 
y-intercept: 

Vertical asymptotes: 
Horizontal asymptotes: 
Symmetry: 

End behavior: 

First derivative: 
Second derivative: 


Critical numbers: 


Possible points of inflection: 


Test intervals: 


All real numbers 
[— 27, 00) 


(0, 0), (4, 0) 


(0, 0) 
None 
None 


None 


lim _f() oo, lim f(x) = oc 
f'(x) = 4(x — D(x - 4)? 
f) = 12(x — 4)(x — 2) 


x=1x=4 
x=2,x=4 


(— 9o, 1), (1, 2), (2, 4), (4, oo) 
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The analysis of the graph of f is shown in the table, and the graph is shown in Figure 
3.51(a). Using a computer algebra system such as Maple [see Figure 3.51(b)] can help 


you verify your analysis. 


f(x) f'(x) "(x) Characteristic of Graph 
-0 <x< 1 = + Decreasing, concave upward 
x=1 =21 0 F Relative minimum 
1«x«2 F a Increasing, concave upward 
x= — 16 + 0 Point of inflection 
2<x<4 + = Increasing, concave downward 
x= 0 0 0 Point of inflection 
4<x< oo + sb Increasing, concave upward 


The fourth-degree polynomial function in Example 5 has one relative minimum 
and no relative maxima. In general, a polynomial function of degree n can have at most 
n — | relative extrema and at most n — 2 points of inflection. Moreover, polynomial 
functions of even degree must have at least one relative extremum. 

Remember from the Leading Coefficient Test described in Section P.3 that the 
"end behavior" of the graph of a polynomial function is determined by its leading 
coefficient and its degree. For instance, because the polynomial in Example 5 has a 
positive leading coefficient, the graph rises to the right. Moreover, because the degree 
is even, the graph also rises to the left. 


214 


m 
2 


E 
e € 
I I 
A y R 
v A v 
2 Bi 
[e] ie} 
g g 
a a 
E E 
m m 
N n 
E] & 
"a 3 
Q Q 
E E 
[5 [^] 
> > 


(a) 


j 


Point of 
inflection 


Generated by Maple 


(b) 
Figure 3.52 
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EXAMPLE 6 Sketching the Graph of a Trigonometric Function 
Analyze and sketch the graph of f(x) = (cos x)/(1 + sin x). 


Solution Because the function has a period of 27, you can restrict the analysis of the 


graph to any interval of length 2T. For convenience, choose [— 12, 31/2]. 


+4 
Domain: All real numbers except x = 2 2 "a 
Range: All real numbers 
Period: 2n 
n Tt 
x-intercept: u o 
y-intercept: (0,1) 
; Tl 3n 
Vertical asymptotes: x = ——x-— E See Remark below. 
Horizontal asymptotes: None 
Symmetry: None 
: og tA 1 
First derivative: f'(x) = ETE 
M „ma  €ox 
Second derivative: — f"(x) Gana 
Critical numbers: None 
Possible points of inflection: x = 3 


Test intervals: (-5 n) (5 23 

i 22r 2 

The analysis of the graph of f on the interval [ —Tt/2, 3112] is shown in the table, and 
the graph is shown in Figure 3.52(a). Compare this with the graph generated by the 
computer algebra system Maple in Figure 3.52(b). 


f(x) f'G) f" (x) Characteristic of Graph 
x= A Undef. | Undef. | Undef. Vertical asymptote 
a eee 2 = =F Decreasing, concave upward 
Tt : . : 
x= 0 = 0 Point of inflection 
; «x« = — — Decreasing, concave downward 
3n ; 
x= Undef. | Undef. | Undef. Vertical asymptote 


By substituting —Tt/2 or 3/2 into the function, you obtain the 
indeterminate form 0/0, which you will study in Section 5.6. To determine that the 
function has vertical asymptotes at these two values, rewrite f as 

cos x (cos x)(1 — sin x) 


f(x) = = = 


1+sinx (1 + sinx)(1 — sin x) 


(cos x)(1 — sinx) | 1 — sinx 
cos? x COS X 


In this form, it is clear that the graph of f has vertical asymptotes at x = — T/2 and 37/2. 


3.6 Exercises 


co 
1. 


NCEPT CHECK 


Analyzing the Graph of a Function Name 
several of the concepts you have learned that are useful 
for analyzing the graph of a function. 


. Analyzing a Graph Explain how to create a table to 1 3 TES 
determine characteristics of a graph. What elements do x—2 EUG 
you include? E x4 
12. y= 
. Slant Asymptote Which type of function can have Ix dg um 
a slant asymptote? How do you determine the equation of x41 2x 
a slant asymptote? x)—4 Beg 9-5 
. Polynomial What are the maximum numbers of x x)-1 
relative extrema and points of inflection that a fifth-degree L3 16. y = 3-4 
polynomial can have? Explain. e 
4 18. f(x) =~ 
x x 
Matching In Exercises 5-8, match the graph of the function 32 4 
with the graph of its derivative. [The graphs of the derivatives 19. f(x) =x + E 20. y= 2 +1 
are labeled (a), (b), (c), and (d).] A 
3x x 
(a) , (b) y yS a P= p 
3T T x? — 6x 12 —x)—4x—7 
23. y= 24. y= 
Pun xX—4 J x43 
x x 
x 25. y = ———— 26. y — 
? r= ^ X= 
27. y - x /4—- x 28. (x) = x/9 — x? 
29. y = 32? — 2x 30. y = (x + 1)? — 3(x + 1^ 
N rudis ad ec dire 
(©) $ (d) $ 31. y -2—x-x 32. y 308 — 3x + 2) 
$ $ 33. y = 3x* + 4x? 34. y = -2x^ + 3x? 
+ 35. xy? = 9 36. Xy — 9 
x i-i —— ogro Analyzing the Graph of a Function In 
3-2-1 |123 EXT ty Exercises 37-44, analyze and sketch a graph of 
HE 3 the function over the given interval. Label any 
EN "^ intercepts, relative extrema, points of inflection, 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Analyzing the Graph of a Function In 
Exercises 9—36, analyze and sketch a graph of the 
function. Label any intercepts, relative extrema, 
points of inflection, and asymptotes. Use a graphing 
utility to verify your results. 


and asymptotes. Use a graphing utility to verify 


5. 6. y your results. 
n 
7 Function Interval 
a 37. f(x) = 2x — Asinx O<xs2n 
1 38. f(x) = —x + 2 cos x 0sxs2am 
lr 39. y = sin x — jg sin 3x Osx s 2m 
23 : 2 3 t 40. y = 2(x — 2) + cot x O<x<mT 
41. y = 2(csc x + sec x) ieee 
7. y 8. y 2 
| | Iu Iu 
IT zw 42. y = sec? 2 tan 1 -3«x«3 
a+ 2+ 8 8 
1 3n 3n 
à H ] pe 43. g(x) = x tanx ae Rr 
| P | | 44. g(x) = x cotx -2n«x«2am 
3 a 
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fe Analyzing the Graph of a Function Using Technology fe 57. Graphical Reasoning Consider the function 


In Exercises 45-50, use a computer algebra system to analyze 
cos? Tix 


and graph the function. Identify any relative extrema, points fà = —— =, 0<« «<4. 
of inflection, and asymptotes. VP +1 
20x 1 (a) Use a computer algebra system to graph the function and 
45. f(x) = qo ue use the graph to approximate the critical numbers visually. 
4 (b) Use a computer algebra system to find f’ and approximate 
46. f(x) =x + eP+1 the critical numbers. Are the results the same as the visual 
approximation in part (a)? Explain. 
47. f = — 2 — Graphical R i i i 
. Ji + AB 58. Graphical Reasoning Consider the function 
4 = i : 
48. f(x) = x f(x) = tan(sin rx) 
x? + 15 


1 (a) Use a graphing utility to graph the function. 
49. y = cosx — 3cos2x, Os xs 2n . 
(b) Identify any symmetry of the graph. 


T 
50. y — 2x — tan x, 2 <x< 2 (c) Is the function periodic? If so, what is the period? 


(d) Identify any extrema on (— 1, 1). 
Identifying Graphs In Exercises 51 and 52, the graphs of 
f. f', and f" are shown on the same set of coordinate axes. 
Identify each graph. Explain your reasoning. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


(e) Use a graphing utility to determine the concavity of the 
graph on (0, 1). 


EXPLORING CONCEPTS 


51. 52. ; 

59, Sketching a Graph Sketch a graph of a 
differentiable function f that satisfies the following 
conditions and has x — 2 as its only critical number. 
f(x) < 0Oforx «2 

> xX 

fx) > Oforx > 2 

lim f(x) = 6 

lim f(x) = 6 

x7 0O 
ogro Graphical Reasoning In Exercises 53-56, use . Points of Inflection Is it possible to sketch a graph 
EET $ the graph of f' to sketch a graph of f and the of a function that satisfies the conditions of Exercise 59 
oes 3 graph of f". To print an enlarged copy of the and has no points of inflection? Explain. 

EE 


graph, go to MathGraphs.com. . Using a Derivative Let f'(t) < 0 for all t in the 


53. y interval (2, 8). Explain why f(3) > f(5). 
n 
20- . Using a Derivative Let f(0) = 3and2 x f'(x) x 4 
164 for all x in the interval [—5, 5]. Determine the greatest 
12-4 and least possible values of f(2). 
84 . A Function and Its Derivative The graph of a 
44 function f is shown below. To print an enlarged copy of 
— the graph, go to MathGraphs.com. 
EET 
55. y 56. 
A 
3 he 
25m i — 2 -- 
1L f 
ENIN x I 
-9 + /3 6 32-1 
2 = 
3 d 


(a) Sketch f’. 
(Submitted by Bill Fox, Moberly Area Community College, 
Moberly, MO) 


(b) Use the graph to estimate lim f(x) and lim f'(x). 
xo9oo xoo 


(c) Explain the answers you gave in part (b). 


64.( )) HOW DO YOU SEE IT? The graph of f is 


shown in the figure. 


(a) For which values of x is f'(x) zero? Positive? 
Negative? What do these values mean? 


(b) For which values of x is f"(x) zero? Positive? 
Negative? What do these values mean? 


(c) On what open interval is f' an increasing 
function? 


(d) For which value of x is f'(x) minimum? For this 
value of x, how does the rate of change of f 
compare with the rates of change of f for other 
values of x? Explain. 


BB Horizontal and Vertical Asymptotes In Exercises 


65-68, use a graphing utility to graph the function. Use the 
graph to determine whether it is possible for the graph of 
a function to cross its horizontal asymptote. Do you think 
it is possible for the graph of a function to cross its vertical 
asymptote? Why or why not? 


_ 4(x - 10» |O3x* — 5x +3 
ege x?—4x-5 oi gie xtd 
Rig 68. f(x) = cont 


f Examining a Function In Exercises 69 and 70, use a 


graphing utility to graph the function. Explain why there is 
no vertical asymptote when a superficial examination of the 
function may indicate that there should be one. 

2x )Tx-2 


6 = 
69. h(x) m gx 70. g(x) E xx] 


BB Slant Asymptote In Exercises 71-76, use a graphing 


utility to graph the function and determine the slant asymptote 
of the graph analytically. Zoom out repeatedly and describe 
how the graph on the display appears to change. Why does 
this occur? 


x—3x—-1 2x? — 8x — 15 
icc MEM mE = ae 
2x3 —-OtxtAÀ4 

73. f(x) = e+ 74, h(x) = EE C ES 
xP — 3x7 +2 x3 — 2x7 +2 
75. f(x) €: ~ x(x — 3) 76. f = » o 


3.6 A Summary of Curve Sketching 217 


77. Investigation Let P(x,, yo) be an arbitrary point on the 
graph of f that f'(x) # 0, as shown in the figure. Verify each 
statement. 


(a) The x-intercept of the tangent line is 
(x 
s = oe o). 
(b) The y-intercept of the tangent line is 
(0, Fo) = xof'G)). 
(c) The x-intercept of the normal line is 
(xo + Fo) f Go), 0). 


(The normal line at a point is perpendicular to the tangent 
line at the point.) 


(d) The y-intercept of the normal line is 


(o. yo + a). 


E (x) 
RE f'G) 
fü). / 1 + Lf) P 
LM E 
(g) [AB | = fef '(xo)] 
(h) |AP| = FEl v L Lf'G) P 


78. Graphical Reasoning Identify the real numbers Xo, x4, 
X5, X4, and x, in the figure such that each of the following is 


true. 
(a) f'G) —0 
(b) f'a) = 0 


(c) f'(x) does not exist. 
(d) f has a relative maximum. 


(e) f has a point of inflection. 
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Think About |t In Exercises 79-82, create a function whose 
graph has the given characteristics. (There is more than one 
correct answer.) 
79. Vertical asymptote: x = 3 
Horizontal asymptote: y — 
80. Vertical asymptote: x = —5 
Horizontal asymptote: None 
81. Vertical asymptote: x = 
Slant asymptote: y = 3x + 2 
82. Vertical asymptote: x = 
Slant asymptote: y = —x 


True or False? In Exercises 83-86, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. If f'(x) > O for all real numbers x, then f increases without 
bound. 


84. If f"(x) « 0 for all real numbers x, then f decreases without 
bound. 


85. Every rational function has a slant asymptote. 


86. Every polynomial function has an absolute maximum and an 
absolute minimum on (— co, oo). 


87. Graphical Reasoning The graph of the first derivative of 
a function f on the interval [ —7, 5] is shown. Use the graph to 
answer each question. 


(a) On what interval(s) is f decreasing? 
(b) On what interval(s) is the graph of f concave downward? 
(c) At what x-value(s) does f have relative extrema? 


(d) At what x-value(s) does the graph of f have a point of 
inflection? 


Figure for 87 


Figure for 88 


88. Graphical Reasoning The graph of the first derivative of 
a function f on the interval [— 4, 2] is shown. Use the graph to 
answer each question. 


(a) On what interval(s) is f increasing? 
(b) On what interval(s) is the graph of f concave upward? 
(c) At what x-value(s) does f have relative extrema? 


(d) At what x-value(s) does the graph of f have a point of 
inflection? 


89. Graphical Reasoning Consider the function 


ax 


FG) = Gp 


Determine the effect on the graph of f as a and b are changed. 
Consider cases where a and b are both positive or both 
negative and cases where a and b have opposite signs. 


90. Graphical Reasoning Consider the function 


fe) = 3 (ax? ax, a O0. 


(a) Determine the changes (if any) in the intercepts, extrema, 
and concavity of the graph of f when a is varied. 


BO In the same viewing window, use a graphing utility to 


graph the function for four different values of a. 


Slant Asymptotes In Exercises 91 and 92, the graph of 
the function has two slant asymptotes. Identify each slant 
asymptote. Then graph the function and its asymptotes. 


91. y = V4 + 162 92. y = JX + 6x 


93. Investigation Consider the function 


f(x) = 


x^-1 
for nonnegative integer values of n. 


(a) Discuss the relationship between the value of n and the 
symmetry of the graph. 


(b) For which values of n will the x-axis be the horizontal 
asymptote? 
(c) For which value of n will y — 2 be the horizontal 
asymptote? 
(d) What is the asymptote of the graph when n — 5? 
Ae (e) Use a graphing utility to graph f for the indicated values 
of n in the table. Use the graph to determine the number 


of extrema M and the number of inflection points N of the 
graph. 


PUTNAM EXAM CHALLENGE 


94. Let f(x) be defined fora < x < b. Assuming appropriate 
properties of continuity and derivability, prove for 
a < x < b that 


f(b) — fla) 
x-a —a 1 


— =5/"). 


fœ) — fla) 


where £ is some number between a and b. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Open box with square base: 
S =x? + 4xh = 108 
Figure 3.53 


€ e e e o 09 6 0o 9 6 € ee € 6 6 6 6 6 


You can 
verify your answer in Example 1 
by using a graphing utility to 
graph the volume function 
3 
V = 27x 4 
Use a viewing window in which 
Osxs /108 = 10.4 and 
0 < y < 120, and use the 
maximum or trace feature to 
determine the value of x that 
produces a maximum volume. 
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3.7 Optimization Problems 


iM Solve applied minimum and maximum problems. 


Applied Minimum and Maximum Problems 


One of the most common applications of calculus involves the determination of 
minimum and maximum values. Consider how frequently you hear or read terms such as 
greatest profit, least cost, least time, greatest voltage, optimum size, least size, greatest 
strength, and greatest distance. Before outlining a general problem-solving strategy for 
such problems, consider the next example. 


EXAMPLE 1 Finding Maximum Volume 


A manufacturer wants to design an open box having a square base and a surface area 
of 108 square inches, as shown in Figure 3.53. What dimensions will produce a box 
with maximum volume? 


Solution Because the box has a square base, its volume is 
V= xh. Primary equation 


This equation is called the primary equation because it gives a formula for the 
quantity to be optimized. The surface area of the box is 
S = (area of base) + (area of four sides) 
108 = x? + 4xh. Secondary equation 
Because V is to be maximized, you want to write V as a function of just one variable. 


To do this, you can solve the equation x? + 4xh = 108 for h in terms of x to obtain 
h = (108 — x?)/(4x). Substituting into the primary equation produces 


V=xh Function of two variables 
»{ 108 — x2 
=x a Substitute for h. 
X 
x 
= 27x — FE Function of one variable 


Before finding which x-value will yield a maximum value of V, you should determine 
the feasible domain. That is, what values of x make sense in this problem? You know 
that V 2 0. You also know that x must be nonnegative and that the area of the base 
(A = x?) is at most 108. So, the feasible domain is 


Osxs 108. Feasible domain 
To maximize V, find its critical numbers on the interval (0, V 108). 
dV 3x DNE 
— = 2) Differentiate with respect to x. 
dx 4 
3x? 
27 = a = 0 Set derivative equal to 0. 
3x? = 108 Simplify. 
x= +6 Critical numbers 
So, the critical numbers are x = +6. You do not need to consider x = — 6 because it 


is outside the domain. Evaluating V at the critical number x = 6 and at the endpoints 
of the domain produces V(0) = 0, V(6) = 108, and VWfV 108) = 0. So, V is maximum 
when x = 6, and the dimensions of the box are 6 inches by 6 inches by 3 inches. gi 
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In Example 1, you should realize that there are infinitely many open boxes having 
108 square inches of surface area. To begin solving the problem, you might ask 
yourself which basic shape would seem to yield a maximum volume. Should the box 
be tall, squat, or nearly cubical? 

You might even try calculating a few volumes, as shown in Figure 3.54, to 
determine whether you can get a better feeling for what the optimum dimensions should 
be. Remember that you are not ready to begin solving a problem until you have clearly 
identified what the problem is. 


Volume = 744 Volume = 92 Volume = 1033 


3 
5 x5 X436 


4 X4 X53 


3x3 x84 


Volume = 108 Volume = 88 


6 X6 x3 8 x8 x1; 


Which box has the greatest volume? 
Figure 3.54 


Example 1 illustrates the following guidelines for solving applied minimum and 
maximum problems. 


GUIDELINES FOR SOLVING APPLIED MINIMUM AND 
MAXIMUM PROBLEMS 


1. Identify all given quantities and all quantities to be determined. If possible, 
make a sketch. 
. Write a primary equation for the quantity that is to be maximized 
or minimized. (A review of several useful formulas from geometry is 
presented on the formula card inside the back cover.) 


. Reduce the primary equation to one having a single independent variable. 
This may involve the use of secondary equations relating the independent 
variables of the primary equation. 


. Determine the feasible domain of the primary equation. That is, determine 
the values for which the stated problem makes sense. 

. Determine the desired maximum or minimum value by the calculus 
techniques discussed in Sections 3.1 through 3.4. 


S S REMARK For Step 5, recall that to determine the maximum or minimum value of 
a continuous function f on a closed interval, you should compare the values of f at its 
critical numbers with the values of f at the endpoints of the interval. 


The quantity to be minimized is 


distance: d = V(x — 0)? + (y — 2)?. 
Figure 3.55 
lin. ] in. 
1-91 — —— Y — — i1 
hi 
Y jin 
Å 
x 
i 
1. 
15in. 
Y 2 


The quantity to be minimized is area: 
A — (x + 3(y + 2). 
Figure 3.56 
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EXAMPLE 2 Finding Minimum Distance 


TP [> See LarsonCalculus.com for an interactive version of this type of example. 


Which points on the graph of y — 4 — x? are closest to the point (0, 2)? 


Solution Figure 3.55 shows that there are two points at a minimum distance from 
the point (0, 2). The distance between the point (0, 2) and a point (x, y) on the graph of 
y-4- xis 
d= (x — 0p + (y - 2)". 
Using the secondary equation y — 4 — x?, you can rewrite the primary equation as 
d= Se + (4 — x? — 2)? 
= J — 3x2 + 4. 


Primary equation 


Because d is smallest when the expression inside the radical is smallest, you need only 
find the critical numbers of f(x) = x^ — 3x? + 4. Note that the domain of f is the 
entire real number line. So, there are no endpoints of the domain to consider. Moreover, 
the derivative of f 


f(x) = 43 — 6x 
= 2x(2x* — 3) 


is zero when 


3 3 
TN Je 


Testing these critical numbers using the First Derivative Test verifies that x = 0 yields 
a relative maximum, whereas both x =- J3 /2 and x = =y 3/2 yield a minimum 
distance. So, the closest points are (/3/2, 5/2) and (— V372, 5/2). 


EXAMPLE 3 Finding Minimum Area 


A rectangular page is to contain 24 square inches of print. The margins at the top and 
bottom of the page are to be 1i inches, and the margins on the left and right are to be 
1 inch (see Figure 3.56). What should the dimensions of the page be so that the least 
amount of paper is used? 


Solution Let A be the area to be minimized. 


A = (x + 3)(y + 2) 


Primary equation 
The printed area inside the margins is 


24 = xy. 


Secondary equation 


Solving this equation for y produces y = 24/x. Substituting into the primary equation 
produces 


A- Ge 3 ez) 3e 242 


Function of one variable 
Because x must be positive, you are interested only in values of A for x > 0. To find 
the critical numbers, differentiate with respect to x 


and note that the derivative is zero when x? = 36, or x = +6. So, the critical numbers 
are x = +6. You do not have to consider x = — 6 because it is outside the domain. The 
First Derivative Test confirms that A is a minimum when x = 6. So, y = r3 — 4 and 


the dimensions of the page should be x + 3 = 9 inches by y + 2 = 6 inches. a 
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You can confirm the minimum value 
of W with a graphing utility. 
Figure 3.58 


CUIR Finding Minimum Length 


Two posts, one 12 feet high and the other 28 feet high, stand 30 feet apart. They are to 
be stayed by two wires, attached to a single stake, running from ground level to the top 
of each post. Where should the stake be placed to use the least amount of wire? 


Solution Let W be the wire length to be 
minimized. Using Figure 3.57, you can write 


W-2y-cz Primary equation 


In this problem, rather than solving for y in 
terms of z (or vice versa), you can solve for 
both y and z in terms of a third variable x, as 
shown in Figure 3.57. From the Pythagorean 
Theorem, you obtain 


2+ 12 = y 
(30 — x)? + 28 = 2 The quantity to be minimized is length. 
"E : From the diagram, you can see that x 
which implies that varies between 0 and 30. 
y= Je + 144 Figure 3.57 


z= J — 60x + 1684. 
So, you can rewrite the primary equation as 
W=ytz 
= J+ 144+ x? — 60x + 1684, 0 < x < 30. 


Differentiating W with respect to x yields 


dW _ x x— 30 
dx J2 +144 J£ — 60x + 1684 
By letting dW/dx = 0, you obtain 
X x — 30 
era Je — 6x 6M 
x i 30 — x 
JZ +144 Sx — 60x 1684 
xX — 60x + 1684 = (30 — x) Mx? + 144 
x(x? — 60x + 1684) = (30 — x)(x? + 144) 
x4 — 60x3 + 1684x2 = x^ — 60x3 + 1044x? — 8640x + 129,600 
640x2 + 8640x — 129,600 = 0 
320(x — 9)(2x + 45) = 0 
x = 9, —22.5. 


Because x = — 22.5 is not in the domain and 
W(0) ~ 53.04, W(9) = 50, and W(30) 60.31 


you can conclude that the wires should be staked at 9 feet from the 12-foot pole. jj 


From Example 4, you can see that applied optimization 
problems can involve a lot of algebra. If you have access to a graphing utility, you 
can confirm that x — 9 yields a minimum value of W by graphing 


W = Jet 1444+ J2 — 60x + 1684 


. 
e 
. 
. 
. 
5 
EI 
9 


as shown in Figure 3.58. 


X Area: x? 


` 


— š 

NS A Perimeter: 4x 
S Z ? 

SS Z. ` 

S 2 

= 3y 


: 


4 feet 


Circumference: 2rtr 


The quantity to be maximized is area: 
Ax + Tr. 
Figure 3.59 


Exploration 


What would the answer 
be if Example 5 asked for 


the dimensions needed to 
enclose the minimum total 
area? 
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In each of the first four examples, the extreme value occurred at a critical number. 
Although this happens often, remember that an extreme value can also occur at an 
endpoint of an interval, as shown in Example 5. 


EXAMPLE 5 An Endpoint Maximum 


Four feet of wire is to be used to form a square and a circle. How much of the wire 
should be used for the square and how much should be used for the circle to enclose 
the maximum total area? 


Solution The total area (see Figure 3.59) is 

A = (area of square) + (area of circle) 

A — x? t Tr’. Primary equation 
Because the total length of wire is 4 feet, you obtain 


4 = (perimeter of square) + (circumference of circle) 
4 = 4x + 27r. Secondary equation 
So, r = 2(1 — x)/Tt and by substituting into the primary equation you have 
A= 2i 
T 
4(1— x)? 
T 


Ac en| 


=x + 
(Tx? + 4 — 8x + 4x?) 


= —[(mn + 4) — 8x + 4]. 


The feasible domain is 0 S x < 1, restricted by the square's perimeter. Because 


dA 2(n*4x-8 
dx T 


the only critical number in (0, 1) is x = 4/( + 4) = 0.56. So, using 
A(0) = 1.27, A(0.56) = 0.56, and A(1) =1 


you can conclude that the maximum area occurs when x = 0. That is, all the wire is 
used for the circle. H 


Before doing the section exercises, review the primary equations developed in 
Examples 1-5. As applications go, these five examples are fairly simple, and yet the 
resulting primary equations are quite complicated. 


3 


V = 27x — s Example 1 
d= {A -32L +4 Example 2 
A = 30 + 2x + 2 Example 3 
W = Se + 144 + So? — 60x + 1684 Example 4 
A- C bay = ata Example 5 


You must expect that real-life applications often involve equations that are at least as 
complicated as these five. Remember that one of the main goals of this course is to 
learn to use calculus to analyze equations that initially seem formidable. 
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3.7 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Writing In yourown words, describe primary equation, 
secondary equation, and feasible domain. 


2. Optimization Problems In your own words, 
describe the guidelines for solving applied minimum and 
maximum problems. 


3. Numerical, Graphical, and Analytic Analysis Find 
two positive numbers whose sum is 110 and whose product is 
a maximum. 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) Use the table to 
guess the maximum product. 


Product, P 


First Number, x | Second Number 


10 110 — 10 10(110 — 10) — 1000 


20 110 — 20 20(110 — 20) = 1800 


(b) Write the product P as a function of x. 


(c) Use calculus to find the critical number of the function in 
part (b). Then find the two numbers. 


Ae (d) Use a graphing utility to graph the function in part (b) and 
verify the solution from the graph. 

4. Numerical, Graphical, and Analytic Analysis An 
open box of maximum volume is to be made from a square 
piece of material, 24 inches on a side, by cutting equal squares 
from the corners and turning up the sides (see figure). 


X 
A 


24 —2x 


HK 24 —2x > 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) Use the table to 
guess the maximum volume. 


Height, x | Length and Width Volume, V 


1 24 — 2(1) 1[24 — 2(1) P = 484 


2 24 — 202) 2[24 — 2(2)P = 800 


(b) Write the volume V as a function of x. 


(c) Use calculus to find the critical number of the function in 
part (b). Then find the maximum volume. 
fe (d) Use a graphing utility to graph the function in part (b) and 
verify the maximum volume from the graph. 


oprig Finding Numbers In Exercises 5-10, find 
sakh two positive numbers that satisfy the given 
oes 7 requirements. 

z 


5. The sum is S and the product is a maximum. 
6. The product is 185 and the sum is a minimum. 


7. The product is 147 and the sum of the first number plus three 
times the second number is a minimum. 


8. The sum of the first number squared and the second number is 
54 and the product is a maximum. 


9. The sum of the first number and twice the second number is 
108 and the product is a maximum. 


10. The sum of the first number cubed and the second number is 
500 and the product is a maximum. 


mge Maximum Area In Exercises 11 and 12, find 


‘Hee ty the length and width of a rectangle that has the 
DE given perimeter and a maximum area. 
k 


11. Perimeter: 80 meters 12. Perimeter: P units 


matm] Minimum Perimeter In Exercises 13 and 14, 
H RA find the length and width of a rectangle that has 


m] the given area and a minimum perimeter. 


13. Area: 49 square feet 14. Area: A square centimeters 


mgm] Minimum Distance In Exercises 15 and 16, 
m nA find the points on the graph of the function that are 
E . closest to the given point. 


15. y = x?, (0,3) 16. y =x — 2, (0, - 1) 

17. Minimum Area A rectangular poster is to contain 
648 square inches of print. The margins at the top and bottom 
of the poster are to be 2 inches, and the margins on the left 
and right are to be 1 inch. What should the dimensions of the 
poster be so that the least amount of poster is used? 


18. Minimum Area A rectangular page is to contain 
36 square inches of print. The margins on each side are to be 
14 inches. Find the dimensions of the page such that the least 
amount of paper is used. 


19. Minimum Length A farmer plans to fence a rectangular 
pasture adjacent to a river (see figure). The pasture must 
contain 405,000 square meters in order to provide enough 
grass for the herd. No fencing is needed along the river. What 
dimensions will require the least amount of fencing? 


20. 


21. 


22. 


Maximum Volume A rectangular solid (with a square 
base) has a surface area of 337.5 square centimeters. Find the 
dimensions that will result in a solid with maximum volume. 


Maximum Area A Norman window is constructed by 
adjoining a semicircle to the top of an ordinary rectangular 
window (see figure). Find the dimensions of a Norman 
window of maximum area when the total perimeter is 16 feet. 


Maximum Area A rectangle is bounded by the x- and 
y-axes and the graph of y — (6 — x)/2 (see figure). What 
length and width should the rectangle have so that its area is 
a maximum? 


Figure for 22 


23. 


Figure for 23 


Minimum Length and Minimum Area A right 
triangle is formed in the first quadrant by the x- and y-axes and 
a line through the point (1, 2) (see figure). 


(a) Write the length L of the hypotenuse as a function of x. 


&e (b) Use a graphing utility to approximate x graphically such 


24. 


A LN 


Figure for 24 


that the length of the hypotenuse is a minimum. 


(c) Find the vertices of the triangle such that its area is a 
minimum. 


Maximum Area Find the area of the largest isosceles 
triangle that can be inscribed in a circle of radius 6 (see figure). 


(a) Solve by writing the area as a function of h. 
(b) Solve by writing the area as a function of u. 


(c) Identify the type of triangle of maximum area. 


Figure for 25 


25. 


26. 


27. 


3.7 Optimization Problems 225 


Maximum Area 
the semicircle 


y= J/B-# 


(see figure). What length and width should the rectangle have 
so that its area is a maximum? 


A rectangle is bounded by the x-axis and 


Maximum Area Find the dimensions of the largest 
rectangle that can be inscribed in a semicircle of radius r (see 
Exercise 25). 


Numerical, Graphical, and Analytic Analysis An 
exercise room consists of a rectangle with a semicircle on each 
end. A 200-meter running track runs around the outside of 
the room. 


(a) Draw afigure to represent the problem. Let x and y represent 
the length and width of the rectangle, respectively. 


(b) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) Use the table to 
guess the maximum area of the rectangular region. 


Length, x Width, y Area, xy 
2 2 
10 =(100 — 10) (10)=(100 — 10) = 573 
Tt Tt 
2 2 
20 7100 — 20) (20) = (100 — 20) ~ 1019 


(c) Write the area A of the rectangular region as a function of x. 


(d) Use calculus to find the critical number of the function in 
part (c). Then find the maximum area and the dimensions 
that yield the maximum area. 


f (e) Use a graphing utility to graph the function in part (c) and 


verify the maximum area from the graph. 


BB 28. Numerical, Graphical, and Analytic Analysis A 


right circular cylinder is designed to hold 22 cubic inches of a 
soft drink (approximately 12 fluid ounces). 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


Radius, r Height Surface Area, S 
22 22 
0.2 i027 n2) 02 + xe 220.3 
22 22 
0.4 0.4? amos] 04 + won| =~ 111.0 


(b) Use a graphing utility to generate additional rows of the 
table. Use the table to estimate the minimum surface area. 


(c) Write the surface area S as a function of r. 


(d) Use calculus to find the critical number of the function 
in part (c). Then find the minimum surface area and the 
dimensions that yield the minimum surface area. 


(e) Use a graphing utility to graph the function in part (c) and 
verify the minimum surface area from the graph. 
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29 


30 


33. 


34. 


35. 


36. 


37. 
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. Maximum Volume A rectangular package to be sent by 


a postal service can have a maximum combined length and 
girth (perimeter of a cross section) of 108 inches (see figure). 
Find the dimensions of the package of maximum volume that 
can be sent. (Assume the cross section is square.) 


La. — 


. Maximum Volume Rework Exercise 29 for a cylindrical 


package. (The cross section is circular.) 


EXPLORING CONCEPTS 

31. Surface Area and Volume A shampoo bottle is 
a right circular cylinder. Because the surface area of the 
bottle does not change when it is squeezed, is it true that 
the volume remains the same? Explain. 


. Area and Perimeter 


The perimeter of a rectangle 
is 20 feet. Of all possible dimensions, the maximum 
area is 25 square feet when its length and width are both 
5 feet. Are there dimensions that yield a minimum area? 
Explain. 


Minimum Surface Area A solid is formed by adjoining 
two hemispheres to the ends of a right circular cylinder. The 
total volume of the solid is 14 cubic centimeters. Find the 
radius of the cylinder that produces the minimum surface area. 


Minimum Cost An industrial tank of the shape described 
in Exercise 33 must have a volume of 4000 cubic feet. 
The hemispherical ends cost twice as much per square foot 
of surface area as the sides. Find the dimensions that will 
minimize cost. 


Minimum Area The sum of the perimeters of an 
equilateral triangle and a square is 10. Find the dimensions of 
the triangle and the square that produce a minimum total area. 


Maximum Area Twenty feet of wire is to be used to form 
two figures. In each of the following cases, how much wire 
should be used for each figure so that the total enclosed area is 
maximum? 


(a) Equilateral triangle and square 

(b) Square and regular pentagon 

(c) Regular pentagon and regular hexagon 
(d) Regular hexagon and circle 


What can you conclude from this pattern? (Hint: The 
area of a regular polygon with n sides of length x is 
A = (n/4)[cot(t/n)]x?.} 

Beam Strength A wooden beam has a rectangular cross 
section of height and width w (see figure). The strength S of 
the beam is directly proportional to the width and the square 
of the height. What are the dimensions of the strongest beam 
that can be cut from a round log of diameter 20 inches? (Hint: 
S = kh’w, where k is the proportionality constant.) 


Kanok Sulaiman/Shutterstock.com 


y 
(0, h) 
(0, y) 
> x 
C0) | (,0) 
Figure for 37 Figure for 38 


38. Minimum Length Two factories are located at the 


ee 39. Minimum Cost 


coordinates (—x, 0) and (x, 0), and their power supply is at 
(0, A), as shown in the figure. Find y such that the total length 
of power line from the power supply to the factories is a 
minimum. 


An offshore oil well is 
2 kilometers off the 
coast. The refinery is 
4 kilometers down the 
coast. Laying pipe in 
the ocean is twice as 
expensive as laying it 
on land. What path 
should the pipe follow 
in order to minimize 
the cost? 


40. Illumination A light source is located over the center of a 


41. 


circular table of diameter 4 feet (see figure). Find the height h 
of the light source such that the illumination / at the perimeter 
of the table is maximum when 


k sin Q 
I= 2 


S 


where s is the slant height, Qt is the angle at which the light 
strikes the table, and k is a constant. 


Figure for 40 


Figure for 41 


Minimum Time A man is in a boat 2 miles from the 
nearest point on the coast. He is traveling to a point Q, located 
3 miles down the coast and 1 mile inland (see figure). He can 
row at 2 miles per hour and walk at 4 miles per hour. Toward 
what point on the coast should he row in order to reach point 
Q in the least time? 


42. 


43. 


44. 


45. 


Minimum Time The conditions are the same as in 
Exercise 41 except that the man can row at v, miles per hour 
and walk at v, miles per hour. If 6, and O, are the magnitudes 
of the angles, show that the man will reach point Q in the least 


time when 
sinO, — sin 9, 


Yi Vo 


Minimum Distance Sketch the graph of 
f(x) =2 — 2sinx 
on the interval [0, 11/2]. 


(a) Find the distance from the origin to the y-intercept and the 
distance from the origin to the x-intercept. 


(b) Write the distance d from the origin to a point on the graph 
of f as a function of x. 


(c) Use calculus to find the value of x that minimizes the 
function d on the interval [0, 1/2]. What is the minimum 
distance? Use a graphing utility to verify your results. 


(Submitted by Tim Chapell, Penn Valley Community 
College, Kansas City, MO) 


Minimum Time When light waves traveling in a 
transparent medium strike the surface of a second transparent 
medium, they change direction. This change of direction is 
called refraction and is defined by Snell’s Law of Refraction, 


sinO,  sinO, 


Yi Vo 


where 9, and 0, are the magnitudes of the angles shown in the 
figure and v, and v, are the velocities of light in the two media. 
Show that this problem is equivalent to that in Exercise 42, 
and that light waves traveling from P to Q follow the path of 
minimum time. 


Pe 1 
a Medium 1 
a) Og! 
Ne 
x M 
Medium 2 rise m 


Maximum Volume A sector with central angle 0 is cut 
from a circle of radius 12 inches (see figure), and the edges 
of the sector are brought together to form a cone. Find the 
magnitude of O such that the volume of the cone is a maximum. 


H—— 8 ft — 


Figure for 45 


Figure for 46 


His 46. 


47. 
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Numerical, Graphical, and Analytic Analysis The 
cross sections of an irrigation canal are isosceles trapezoids of 
which three sides are 8 feet long (see figure). Determine the 
angle of elevation 0 of the sides such that the area of the cross 
sections is a maximum by completing the following. 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


Ə Base 1 Base 2 Altitude Area 
10° 8 8 + 16cos 10° | 8 sin 10? = 22.1 
20° 8 8 + 16 cos 20° | 8 sin 20° = 42.5 


(b) Use a graphing utility to generate additional rows 
of the table. Use the table to estimate the maximum 
cross-sectional area. 


(c) Write the cross-sectional area A as a function of 8. 


(d) Use calculus to find the critical number of the function in 
part (c). Then find the angle that will yield the maximum 
cross-sectional area. What is the maximum area? 


(e) Use a graphing utility to graph the function in part (c) and 
verify the maximum cross-sectional area. 


Maximum Profit Assume that the amount of money 
deposited in a bank is proportional to the square of the interest 
rate the bank pays on this money. Furthermore, the bank can 
reinvest this money at 896. Find the interest rate the bank 
should pay to maximize profit. (Use the simple interest formula.) 


HOW DO YOU SEE IT? The graph shows 
the profit P (in thousands of dollars) of a 
company in terms of its advertising cost x (in 
thousands of dollars). 


Profit of a Company 


a 
n 
E 
= 
© 
3 
oe 
© 
n 
3 
E 
E 
3 
8 
S 
g 
c 
= 
E 
£ 


Advertising cost (in thousands of dollars) 


(a) Estimate the interval on which the profit is 
increasing. 


(b) Estimate the interval on which the profit is 
decreasing. 


(c) Estimate the amount of money the company 
should spend on advertising in order to yield a 
maximum profit. 

(d) The point of diminishing returns is the point at which 
the rate of growth of the profit function begins to 
decline. Estimate the point of diminishing returns. 
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Minimum Distance In Exercises 49-51, consider a fuel 
distribution center located at the origin of the rectangular 
coordinate system (units in miles; see figures). The center 
supplies three factories with coordinates (4, 1), (5, 6), and 
(10, 3). A trunk line will run from the distribution center along 
the line y — mx, and feeder lines will run to the three factories. 
The objective is to find m such that the lengths of the feeder 
lines are minimized. 


49. Minimize the sum of the squares of the lengths of the vertical 
feeder lines (see figure) given by 


S, = (4m 6)? + (10m — 3). 


Find the equation of the trunk line by this method and then 
determine the sum of the lengths of the feeder lines. 


a 50. Minimize the sum of the absolute values of the lengths of the 


vertical feeder lines (see figure) given by 


6| + [10m — 3]. 


Find the equation of the trunk line by this method and 
then determine the sum of the lengths of the feeder lines. 
(Hint: Use a graphing utility to graph the function S, and 
approximate the required critical number.) 


g+ (10, 10m) 8+ 


Figure for 49 and 50 Figure for 51 


A 51. Minimize the sum of the lengths of the perpendicular feeder 


lines (see figure above and Exercise 77 in Section P.2) from 
the trunk line to the factories given by 
|4Am — 1| , |5m- 6| , |10m — 3| 
$4 = T T A 
m-1 Vwe+Hl 


m? +1 


Find the equation of the trunk line by this method and then 
determine the sum of the lengths of the feeder lines. (Hint: Use 
a graphing utility to graph the function S, and approximate the 
required critical number.) 


52. Maximum Area Consider y 
a symmetric cross inscribed in a 
circle of radius r (see figure). 


(a) Write the area A of the 
cross as a function of x 
and find the value of x that 
maximizes the area. 


(b) Write the area A of the cross 
as a function of 0 and find the value of O that maximizes 
the area. 


(c) Show that the critical numbers of parts (a) and (b) yield the 
same maximum area. What is that area? 


53. Minimum Distance Find the point on the graph of the 
equation 


16x = y? 
that is closest to the point (6, 0). 


54. Minimum Distance Find the point on the graph of the 
function 


x = ./10y 


that is closest to the point (0, 4). (Hint: Consider the domain 
of the function.) 


PUTNAM EXAM CHALLENGE 


55. Find, with explanation, the maximum value of 
f(x) = x? — 3x on the set of all real numbers x satisfying 
x^ + 36 € 13x". 


56. Find the minimum value of 


(x + 1/3)6 — (x6 + 1/3 — 2 
(x + 1/xP + (x3  1/x)) 


for x > 0. 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 


" SECTION PROJECT IMMER! 


Minimum Time 


A woman is at point A on the shore of a circular lake of radius 
2 kilometers (see figure). She wants to walk around the lake to 
point B and then swim to point C in the least amount of time. 
Point C lies on the diameter through point A. Assume that she can 
walk at v, kilometers per hour and swim at v, kilometers per hour, 
and that O < O < T. 


(a) Find the distance walked from point A to point B in terms of 0. 
(b) Find the distance swam from point B to point C in terms of 0. 


(c) Write the function f(O) that represents the total time to move 
from point A to point C. 


(d) Find f'(0). 

(e) If v, = 5 and v, = 2, approximate the critical number(s) of f. 
Does the critical number(s) correspond to a relative maximum 
or a relative minimum? Where should point B be located in 


order to minimize the time for the trip from point A to point C? 
Explain. 


(f) Repeat part (e) for v, = 3 and v, = 2. 
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3.8 Newton's Method 


(x,, fap) 


eS ates. Ense T EE m 


(a) 


(x,, fap) 


CS bees ieri SEE Ede. ced 


(b) 

The x-intercept of the tangent line 
approximates the zero of f. 
Figure 3.60 


NEWTON'S METHOD 


Isaac Newton first described 
the method for approximating 
the real zeros of a function 

in his text Method of Fluxions. 
Although the book was written 
in 1671, it was not published 
until 1736. Meanwhile, in 1690, 
Joseph Raphson (1648-1715) 
published a paper describing a 
method for approximating the 
real zeros of a function that 
was very similar to Newton's. 
For this reason, the method 

is often referred to as the 
Newton-Raphson method. 


E Approximate a zero of a function using Newton’s Method. 


Newton's Method 


In this section, you will study a technique for approximating the real zeros of a function. 
The technique is called Newton's Method, and it uses tangent lines to approximate the 
graph of the function near its x-intercepts. 

To see how Newton's Method works, consider a function f that is continuous on 
the interval [a, b] and differentiable on the interval (a, b). If f(a) and f(b) differ in sign, 
then, by the Intermediate Value Theorem, f must have at least one zero in the interval 
(a, b). To estimate this zero, you choose 


x= X, First estimate 


as shown in Figure 3.60(a). Newton’s Method is based on the assumption that the 
graph of f and the tangent line at (x,, f(x,)) both cross the x-axis at about the same 
point. Because you can easily calculate the x-intercept for this tangent line, you can use 
it as a second (and, usually, better) estimate of the zero of f The tangent line passes 
through the point (x, f(x,)) with a slope of f’(x,). In point-slope form, the equation of 
the tangent line is 


y — f(x) =f’) — x) 
y = fix) = xj) fu. 


Letting y — 0 and solving for x produces 


f(x) 
X= xX, - . 
f '() 
So, from the initial estimate x,, you obtain a new estimate 
FO Second estimate [See Figure 3.60(b).] 
X5 = X1 LS " econd estimate ee Figure 3. k 
f (x) 
You can improve on x, and calculate yet a third estimate 
Xa = X Fo) Third estimat 
e 2 = ^ ird estimate 
fo) 


Repeated application of this process is called Newton's Method. 


Newton's Method for Approximating the Zeros of a Function 
Let f(c) = 0, where f is differentiable on an open interval containing c. 
Then, to approximate c, use these steps. 

1. Make an initial estimate x, that is close to c. (A graph is helpful.) 


2. Determine a new approximation 


(x) 


"o foy 


3. When |x, — x, | is within the desired accuracy, let x, , , serve as the 
final approximation. Otherwise, return to Step 2 and calculate a new 
approximation. 


Each successive application of this procedure is called an iteration. 
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EXAMPLE 1 Using Newton's Method 


For many 
functions, just a few iterations 
of Newton's Method will 
produce approximations having 
very small errors, as shown in 
Example 1. 


The first iteration of Newton's Method 


Figure 3.61 


y 
A 


fe) = 2x3 +x? —x 41 | 2+ 


Calculate three iterations of Newton's Method to approximate a zero of f(x) = x? — 2. 


Use x, = 1 as the initial guess. 


Solution Because f(x) = x? — 2, you have f'(x) = 2x, and the iterative formula is 


After three iterations of Newton's 
Method, the zero of f is approximated 


to the desired accuracy. 


Figure 3.62 


fx) x2 
LN M CR oe 
The calculations for three iterations are shown in the table. 
[ox | ro) | rey | FR [xx 
1 | 1.000000 | — 1.000000 | 2.000000 | —0.500000 1.500000 
2 | 1.500000 | 0.250000 | 3.000000 | 0.083333 1.416667 
3 | 1.416667 | 0.006945 | 2.833334 | 0.002451 1.414216 
4 | 1.414216 


Of course, in this case you know that the two zeros of the function are + V2. To six 
decimal places, J 2 = 1.414214. So, after only three iterations of Newton’s Method, 
you have obtained an approximation that is within 0.000002 of an actual root. The first 
iteration of this process is shown in Figure 3.61. 


EXAMPLE 2 Using Newton's Method 


teri [> See LarsonCalculus.com for an interactive version of this type of example. 
Use Newton's Method to approximate the zeros of 
f(x) = 28 +x? -—x4+ 1. 
Continue the iterations until two successive approximations differ by less than 0.0001. 


Solution Begin by sketching a graph of f, as shown in Figure 3.62. From the graph, 


you can observe that the function has only one zero, which occurs near x = — 1.2. 
Next, differentiate f and form the iterative formula 
7 fG) 2x x2 — x o 
Ul T P) "6x2 + 2x, — 1 
The calculations are shown in the table. 
] f) fs) 
n Xn f(x,) ive) f Mp fix) 
1 | —1.20000 0.18400 5.24000 0.03511 — 1.23511 
2 | —1.23511 | —0.00771 | 5.68276 | —0.00136 — 1.23375 
3 | —1.23375 0.00001 5.66533 0.00000 — 1.23375 
4 | —1.23375 


Because two successive approximations differ by less than the required 0.0001, you can 
estimate the zero of f to be — 1.23375. 


liM FOR FURTHER INFORMATION 
For more on when Newton's 
Method fails, see the article 

“No Fooling! Newton's Method 
Can Be Fooled" by Peter Horton 
in Mathematics Magazine. To 
view this article, go to 
MathArticles.com. 


In Example 3, the 
initial estimate x, = 0.1 fails to 
produce a convergent sequence. 
Try showing that Newton’s 
Method also fails for every 
other choice of x, (other than 
the actual zero). 
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When, as in Examples 1 and 2, the approximations approach a limit, the sequence 
of approximations 


Dots: 35$ Ya ey ace 


is said to converge. Moreover, when the limit is c, it can be shown that c must be a 
zero of f. 

Newton's Method does not always yield a 
a convergent sequence. One way it can fail to do 
so is shown in Figure 3.63. Because Newton's 
Method involves division by f"(x,), it is clear 
that the method will fail when the derivative is 
zero for any x, in the sequence. When you 
encounter this problem, you can usually overcome 
it by choosing a different value for x,. Another 
way Newton's Method can fail is shown in the 
next example. 


y 


Newton’s Method fails to converge 
when f'(x,) = 0. 
Figure 3.63 


An Example in Which Newton's Method Fails 


The function f(x) = x!/? is not differentiable at x = 0. Show that Newton’s Method 
fails to converge using x, = 0.1. 
Solution Because f'(x) = 4x~2/3, the iterative formula is 


fox) L^ 

—X,— =x, — 3x, = —2x,. 
n fx) n ty 2/3 n n 
The calculations are shown in the table. This table and Figure 3.64 indicate that x, 
continues to increase in magnitude as n> OO, and so the limit of the sequence does 
not exist. 


Xn+1 — %, 


Flx,) Flx,) 
n à, fe) Vu eme. pos a 
1 0.10000 0.46416 1.54720 0.30000 — 0.20000 
2 — 0.20000 — 0.58480 0.97467 — 0.60000 0.40000 
3 0.40000 0.73681 0.61401 1.20000 — 0.80000 
4 — 0.80000 — 0.92832 0.38680 — 2.40000 1.60000 


Newton's Method fails to converge for every 
x-value other than the actual zero of f. 


Figure 3.64 
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NIELS HENRIK ABEL (1802-1829) 


EVARISTE GALOIS (1811—1832) 


Although the lives of both 
Abel and Galois were brief, 
their work in the fields of 
analysis and abstract algebra 
was far-reaching. 


See LarsonCalculus.com to read 
a biography about each of these 
mathematicians. 


It can be shown that a condition sufficient to produce convergence of Newton's 
Method to a zero of f is that 


FF") 


LFP 


< ] Condition for convergence 


on an open interval containing the zero. For instance, in Example 1, this test would 
yield 
fo)-2-2, fe) = 2x, f'()-2, 
and 
FOF") 
LOP 


On the interval (1, 3), this quantity is less than 1 and therefore the convergence of 
Newton’s Method is guaranteed. On the other hand, in Example 3, you have 


d 2 2|: Example 1 
X X 


(x2 -— my B E 


2 Example 3 


MAS x'(-2/9)a79?)| _ 
[/G)F (1/9)(x-*9) 
which is not less than 1 for any value of x, so you cannot conclude that Newton's 
Method will converge. 

You have learned several techniques for finding the zeros of functions. The zeros 
of some functions, such as 


f(x) =r- 2x7 -x+2 


can be found by simple algebraic techniques, such as factoring. The zeros of other 
functions, such as 


f(xy) =e -xt1 


cannot be found by elementary algebraic methods. This particular function has only 
one real zero, and by using more advanced algebraic techniques, you can determine 
the zero to be 


E =r Ze 
6 6 ‘ 


Because the exact solution is written in terms of square roots and cube roots, it is called 
a solution by radicals. 

The determination of radical solutions of a polynomial equation is one of the 
fundamental problems of algebra. The earliest such result is the Quadratic Formula, 
which dates back at least to Babylonian times. The general formula for the zeros 
of a cubic function was developed much later. In the sixteenth century, an Italian 
mathematician, Jerome Cardan, published a method for finding radical solutions to 
cubic and quartic equations. Then, for 300 years, the problem of finding a general 
quintic formula remained open. Finally, in the nineteenth century, the problem was 
answered independently by two young mathematicians. Niels Henrik Abel, a Norwegian 
mathematician, and Evariste Galois, a French mathematician, proved that it is not 
possible to solve a general fifth- (or higher-) degree polynomial equation by radicals. 
Of course, you can solve particular fifth-degree equations, such as x? — 1 = 0, but Abel 
and Galois were able to show that no general radical solution exists. 


The Granger Collection, NYC 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Newton's Method In your own words and using a 
sketch, describe Newton’s Method for approximating the 
zeros of a function. 


. Failure of Newton's Method Why does Newton's 
Method fail when f'(x,) — 0? What does this mean 
graphically? 


[s]iz?[s] Using Newton's Method In Exercises 3-6, 

Ax F E calculate two iterations of Newton’s Method to 

oes 3 approximate a zero of the function using the given 
initial guess. 


tanx, x, =0.1 


Using Newton's Method In Exercises 7-16, 
use Newton’s Method to approximate the zero(s) 
of the function. Continue the iterations until two 
successive approximations differ by less than 0.001. 
Then find the zero(s) using a graphing utility and 
compare the results. 


7. fx) =P +4 
9. f(x) 29 *x—-1 


8. f(x) 22-5 

10. f(y) =P +x-1 
12. fx) 2x -2Jx * 1 
= x3 — 3.9 + 4.79x — 1.881 

= —x3 + 2.7x? + 3.55x — 2.422 

15. f(x) = 1 — x + sin x 16. f(x) = ? — cos x 


Points of Intersection In Exercises 17-20, apply Newton's 
Method to approximate the x-value(s) of the indicated point(s) 
of intersection of the two graphs. Continue the iterations 
until two successive approximations differ by less than 0.001. 
[Hint: Let h(x) = f(x) — g(x).] 


17. f(x) = 2x +1 18. f(x) =3 -—x 
g0) = Vd a) = = 
8 
ł |x 
2 3 


20. f(x) = x? 


g(x) = cos x 


Mij-J---N-------—— 


21. Using Newton's Method Consider the function 

f(x) = xL — 3x? + 3. 

AL (a) Use a graphing utility to graph f. 

(b) Use Newton’s Method to approximate a zero with x, = 1 
as the initial guess. 

(c) Repeat part (b) using x, = h as the initial guess and 
observe that the result is different. 

(d) To understand why the results in parts (b) and (c) are 
different, sketch the tangent lines to the graph of f at the 
points (1, f(1)) and (4 f (4). Describe why it is important 
to select the initial guess carefully. 


22. Using Newton's Method Repeat the steps in 
Exercise 21 for the function f(x) = sin x with initial guesses 
of x, — 1.8 and x, — 3. 


[n] s [m] Failure of Newton's Method In Exercises 23 


KR Hi 1 and 24, apply Newton's Method using the given 
ole initial guess, and explain why the method fails. 


23. y = 2 


I 

A 
I 
| T 
X 


1 2 


Figure for 23 Figure for 24 


24. y 29 2x - 2, x, =0 


Fixed Point In Exercises 25 and 26, approximate the fixed 
point of the function to two decimal places. [A fixed point of a 
function f is a real number c such that f(c) = c.] 


25. f(x) = cos x 
26. f(x) = cot, 0«x«n 
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EXPLORING CONCEPTS 


27. Newton's Method What will be the values of 
future guesses for x if your initial guess is a zero of f? 
Explain. 


28. Newton's Method Does Newton's Method fail 
when the initial guess is a relative maximum of f? 
Explain. 


Using Newton's Method Exercises 29-31 present 
problems similar to exercises from the previous sections of this 
chapter. In each case, use Newton's Method to approximate 
the solution. 


29. Minimum Distance Find the point on the graph of 
f(x) = 4 — x? that is closest to the point (1, 0). 


30. Medicine The concentration C of a chemical in the 
bloodstream ft hours after injection into muscle tissue is 
given by 


_ 3r +t 
50 + £ 


When is the concentration the greatest? 


31. Minimum Time You are in a boat 2 miles from the 
nearest point on the coast. You are traveling to a point Q that 
is 3 miles down the coast and 1 mile inland (see figure). You 
can row at 3 miles per hour and walk at 4 miles per hour. 
Toward what point on the coast should you row in order to 
reach point Q in the least time? 


32. 5 HOW DO YOU SEE IT? For what value(s) 


will Newton's Method fail to converge for the 


function shown in the graph? Explain your 
reasoning. 


33. Mechanic’s Rule The Mechanic’s Rule for approximating 


a, a > 0, is 


1 
Xa A(x, 2) n=1,2,3,... 


where x, is an approximation of Ja. 


(a) Use Newton’s Method and the function f(x) = x? — a to 
derive the Mechanic’s Rule. 


(b) Use the Mechanic’s Rule to approximate J5 and 4/7 to 
three decimal places. 


34. Approximating Radicals 


(a) Use Newton’s Method and the function f(x) = x" — ato 
obtain a general rule for approximating x = Ya. 


(b) Use the general rule found in part (a) to approximate 4/6 
and 3/15 to three decimal places. 


35. Approximating Reciprocals Use Newton’s Method 
to show that the equation x, ,, = x,(2 — ax,) can be used to 
approximate 1/a when x, is an initial guess of the reciprocal 
of a. Note that this method of approximating reciprocals 
uses only the operations of multiplication and subtraction. 
(Hint: Consider 


1 
f@) = - a.) 
36. Approximating Reciprocals Use the result of Exercise 
35 to approximate (a) 4 and (b) u to three decimal places. 


True or False? In Exercises 37-40, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


37. The zeros of f(x) — E coincide with the zeros of p(x). 
38. If the coefficients of a polynomial function are all positive, 
then the polynomial has no positive zeros. 


39. If f(x) is a cubic polynomial such that f'(x) is never zero, then 
any initial guess will force Newton's Method to converge to 
the zero of f. 


40. Newton's Method fails when the initial guess x, corresponds 
to a horizontal tangent line for the graph of f at x,. 


41. Tangent Lines The graph of f(x) = —sin x has infinitely 
many tangent lines that pass through the origin. Use Newton's 
Method to approximate to three decimal places the slope of the 
tangent line having the greatest slope. 


42. Point of Tangency The graph of f(x) = cosx and 
a tangent line to f through the origin are shown. Find the 
coordinates of the point of tangency to three decimal places. 
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3.9 Differentials 


Exploration 


Tangent Line Approximation 
Use a graphing utility to 
graph f(x) = x?. In the same 
viewing window, graph the 
tangent line to the graph 

of f at the point (1, 1). 
Zoom in twice on the point 
of tangency. Does your 
graphing utility distinguish 
between the two graphs? Use 
the trace feature to compare 
the two graphs. As the 
x-values get closer to 1, 
what can you say about the 
y-values? 


y P 
n Tangent line 


iM Understand the concept of a tangent line approximation. 

li Compare the value of the differential, dy, with the actual change in y, Ay. 
E Estimate a propagated error using a differential. 

E Find the differential of a function using differentiation formulas. 


Tangent Line Approximations 


Newton's Method (see Section 3.8) is an example of the use of a tangent line to 
approximate the graph of a function. In this section, you will study other situations in 
which the graph of a function can be approximated by a straight line. 

To begin, consider a function f that is differentiable at c. The equation for the 
tangent line at the point (c, f(c)) is 


y = fle) =f’) = c) 
y = f(c) + fz — c) 


and is called the tangent line approximation (or linear approximation) of f at c. 
Because c is a constant, y is a linear function of x. Moreover, by restricting the values 
of x to those sufficiently close to c, the values of y can be used as approximations (to 
any desired degree of accuracy) of the values of the function f In other words, as x 
approaches c, the limit of y is f(c). 


EXAMPLE 1 Using a Tangent Line Approximation 


e eœ See LarsonCalculus.com for an interactive version of this type of example. 


Find the tangent line approximation of f(x) = 1 + sin x at the point (0, 1). Then use 
a table to compare the y-values of the linear function with those of f(x) on an open 
interval containing x = 0. 


Solution The derivative of f is 
f'(x) = cos x. First derivative 

So, the equation of the tangent line to the graph of f at the point (0, 1) is 
y = f(0) + f'(0)x — 0) 
y=1+()@- 0) 
y=1+x. 


Tangent line approximation 


The table compares the values of y given by this linear approximation with the values 
of f(x) near x = 0. Notice that the closer x is to 0, the better the approximation. This 


The tangent line approximation of f at 
the point (0, 1) 


Figure 3.65 conclusion is reinforced by the graph shown in Figure 3.65. 
x —0.5 | —0.1 —0.01 0 0.01 0.1 0.5 
f(x) = 1+ sinx | 0.521 | 0.9002 | 0.9900002 | 1 | 1.0099998 | 1.0998 | 1.479 
y=1+x 0.5 0.9 0.99 1 1.01 1.1 1.5 
a 


Be sure you see that this linear approximation of f(x) = 1 + sinx 
depends on the point of tangency. At a different point on the graph of f, you would 
obtain a different tangent line approximation. 
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| f (ax 


i f(c + Ax) 
CHO 


When Ax is small, 

Ay = f(c + Ax) — f(c) is 
approximated by f’(c)Ax. 
Figure 3.66 


Se 
Ax =0.01 


The change in y, Ay, is approximated 
by the differential of y, dy. 
Figure 3.67 


Differentials 
When the tangent line to the graph of f at the point (c, f(c)) 

y = f(e) + f(x — c) Tangent line at (c, f(c)) 
is used as an approximation of the graph of f, the quantity x — c is called the change 
in x, and is denoted by Ax, as shown in Figure 3.66. When Ax is small, the change in 
y (denoted by Ay) can be approximated as shown. 

Ay = f(c + Ax) — f(c) Actual change in y 

= f'(c)Ax Approximate change in y 

For such an approximation, the quantity Ax is traditionally denoted by dx and is 


called the differential of x. The expression f'(x) dx is denoted by dy and is called the 
differential of y. 


Definition of Differentials 


Let y — f(x) represent a function that is differentiable on an open interval 
containing x. The differential of x (denoted by dx) is any nonzero real number. 


The differential of y (denoted by dy) is 
dy — f'(x) dx. 


In many types of applications, the differential of y can be used as an approximation 
of the change in y. That is, 


Ay=dy or Ay = f'(x) dx. 


Comparing Ay and dy 


Let y — x?. Find dy when x — 1 and dx — 0.01. Compare this value with Ay for x — 1 
and Ax = 0.01. 


Solution Because y = f(x) = x”, you have f'(x) = 2x, and the differential dy is 
dy = f'(x) dx = f'(1)(0.01) = 2(0.01) = 0.02. Differential of y 

Now, using Ax = 0.01, the change in y is 
Ay = f(x + Ax) — f(x) = f(1.01) — f(1) = (1.01? — 12 = 0.0201. 


Figure 3.67 shows the geometric comparison of dy and Ay. Try comparing other values 
of dy and Ay. You will see that the values become closer to each other as dx (or Ax) 
approaches 0. a 


In Example 2, the tangent line to the graph of f(x) = x? at x = 1 is 
y-72x- l. Tangent line to the graph of f at x — 1. 


For x-values near 1, this line is close to the graph of f, as shown in Figure 3.67 and in 
the table. 


x 0.5 0.9 0.99 1 1.01 1.1 1.5 
f(x) = x 0.25 | 0.81 | 0.9801 | 1 | 1.0201 | 1.21 | 225 
y= ee = dl 0 0.8 0.98 1 1.02 1.2 2 


Ball bearings are used to reduce 
friction between moving machine 
parts. 


3.9 Differentials 237 


Error Propagation 


Physicists and engineers tend to make liberal use of the approximation of Ay by dy. 
One way this occurs in practice is in the estimation of errors propagated by physical 
measuring devices. For example, if you let x represent the measured value of a variable 
and let x + Ax represent the exact value, then Ax is the error in measurement. Finally, 
if the measured value x is used to compute another value f(x), then the difference 
between f(x + Ax) and f(x) is the propagated error. 


Measurement Propagated 
error error 
“oN £F 
f(x + Ax) — f(x) = Ay 
—S—" Tapt 
Exact Measured 
value value 


EXAMPLE 3 Estimation of Error 


The measured radius of a ball bearing is 0.7 inch, 
as shown in the figure. The measurement is 
correct to within 0.01 inch. Estimate the 
propagated error in the volume V of the 


ball bearing. 
Solution The formula for the volume of » 
a sphere is 0.7 


4 Ball bearing with measured radius that 
ye Qm is correct to within 0.01 inch. 


where r is the radius of the sphere. So, you can write 
r=0.7 Measured radius 
and 
—0.01 < Ar < 0.01. Possible error 


To approximate the propagated error in the volume, differentiate V to obtain 
dV/dr = 4ttr? and write 


AV = dV Approximate AV by dV. 
= 4m? dr 
= 4n(0.7)2(+0.01) Substitute for r and dr. 


t 


+0.06158 cubic inch. 


So, the volume has a propagated error of about 0.06 cubic inch. a 


Would you say that the propagated error in Example 3 is large or small? The 
answer is best given in relative terms by comparing dV with V. The ratio 


dV _ 4T? dr 


Ratio of dV to V 


V án? 
= Bor Simplify. 
r 
+0.01 
axi (0.01) Substitute for dr and r. 
0.7 
= +0.0429 


is called the relative error. The corresponding percent error is approximately 4.29%. 


Christian Lagerek/Shutterstock.com 
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GOTTFRIED WILHELM LEIBNIZ 
(1646-1716) 


Both Leibniz and Newton are 


credited with creating calculus. 
It was Leibniz, however, who 
tried to broaden calculus by 
developing rules and formal 
notation. He often spent 

days choosing an appropriate 
notation for a new concept. 
See LarsonCalculus.com to read 
more of this biography. 


Calculating Differentials 


Each of the differentiation rules that you studied in Chapter 2 can be written in 
differential form. For example, let u and v be differentiable functions of x. By the 
definition of differentials, you have 


du — u' dx 
and 
dv = v' dx. 


So, you can write the differential form of the Product Rule as shown below. 


d [uv] = pat dx Differential of uv 


= [uv' + vu'] dx 
= uv' dx + vu' dx 
udv + v du 


Product Rule 


Differential Formulas 


Let u and v be differentiable functions of x. 


Constant multiple: | d|cu| = c du 


Sum or difference:  d|u + v] = du + dv 


Product: d[uv] = u dv + v du 


4*| _ vdu — udv 


v v? 


Quotient: 


Finding Differentials 


Function Derivative Differential 
d 
a y =x? P. dy — 2x dx 
— dy 1 dx 
b. y= yx = dy = = 
d Y dx 2x d 2x 
: dy 
C. y = 2sinx d; 2008 dy = 2 cos x dx 
dy . . 
d. y = xcosx di^ x Sina + cosx dy = (—x sin x + cos x) dx 
1 dy 1 dx 
eyes à a aya — 2 E 


The notation in Example 4 is called the Leibniz notation for derivatives and 
differentials, named after the German mathematician Gottfried Wilhelm Leibniz. The 
beauty of this notation is that it provides an easy way to remember several important 
calculus formulas by making it seem as though the formulas were derived from algebraic 
manipulations of differentials. For instance, in Leibniz notation, the Chain Rule 


dy _ dy du 
dx | dudx 
would appear to be true because the du’s divide out. Even though this reasoning is 


incorrect, the notation does help one remember the Chain Rule. 
Mary Evans Picture Library/The Image Works 


This formula is 
equivalent to the tangent line 
approximation given earlier in 
this section. 


Figure 3.68 
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EXAMPLE 5 Finding the Differential of a Composite Function 


y= f(x) = sin 3x Original function 
fx) = 3 cos 3x Apply Chain Rule. 
dy = f'() dx — 3cos 3x dx Differential form 


EXAMPLE 6 Finding the Differential of a Composite Function 


y= f(x) = (x° + 1}? Original function 
1 
f'a) = 3? + 10)712(3) = TT Apply Chain Rule. 
dy =f '(x) dx — T dx Differential form 
X 


Differentials can be used to approximate function values. To do this for the 
function given by y = f(x), use the formula 


f(x + Ax) = f(x) + dy = f(x) + f'(x) dx 


which is derived from the approximation 
Ay = f(x + Ax) — f(x) = dy. 


The key to using this formula is to choose a value for x that makes the calculations 
easier, as shown in Example 7. 


EXAMPLE 7 Approximating Function Values 


Use differentials to approximate V 16.5. 
Solution Using f(x) = \/x, you can write 
1 
f(x + Ax) = f(x) + f'(x) dx = Jx + — dx. 
9. X 


Now, choosing x — 16 and dx — 0.5, you obtain the following approximation. 


fu RO =f 168 2/16 % ES) eu (S3) = 4.0625 


So, /16.5 ~ 4.0625. i 


The tangent line approximation to f(x) = \/x at x = 16 is the line g(x) = gx + 2. 
For x-values near 16, the graphs of f and g are close together, as shown in Figure 3.68. 
For instance, 


f(16.5) = /16.5 = 4.0620 


and 
1 
g(16.5) = g (16:5) + 2 = 4.0625. 
In fact, if you use a graphing utility to zoom in near the point of tangency (16, 4), you 


will see that the two graphs appear to coincide. Notice also that as you move farther 
away from the point of tangency, the linear approximation becomes less accurate. 
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3.9 Exercises 


CONCEPT CHECK 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


1. Tangent Line Approximations What is the 
equation of the tangent line approximation to the graph of 

a function f at the point (c, f(c))? 
. Differentials What do the differentials of x and y 


mean? 


. Describing Terms When using differentials, what is 
meant by the terms propagated error, relative error, and 
percent error? 


. Finding Differentials Explain how to find a 
differential of a function. 


ll Using a Tangent Line Approximation In 

Ey Exercises 5-10, find the tangent line approximation 

[s]: j T to the graph of f at the given point. Then 
complete the table. 


x 1.9 1.99 | 2 | 2.01 2.1 


f(x) 
T(x) 


5. f(x) =x, (2,4) 6. f(x) = 5 (2, 5) 


7. fx) — 3, (2,32) 8. f(x) = Vx, (2, 2) 
9. f(x) = sinx, (2, sin 2) 


10. f(x) =cscx, (2, csc 2) 


B Verifying a Tangent Line Approximation In Exercises 


11 and 12, verify the tangent line approximation of the function 
at the given point. Then use a graphing utility to graph the 
function and its approximation in the same viewing window. 


Function Approximation Point 
11. f() = /x*4 y-2*2 (0, 2) 
12. f(x) = tanx y=x (0, 0) 


[s]-:2[m] Comparing Ay and dy In Exercises 13-18, 
E E use the information to find and compare Ay and dy. 


[s] 


Function x-Value Differential of x 
13. y = 0.52 x71 Ax = dx = 0.1 
14. y = 6 — 2x? x=-2 Ax = dx = 0.1 
15. y=x7+1 x=-l Ax = dx = 0.01 
16. y= 2 — x4 x=2 Ax = dx = 0.01 
17. y = x — 2 x=3 Ax = dx = 0.001 
18. y = 732 — 5x x=—-4 Ax = dx = 0.001 


20. y = 3x2 

21. y = xtanx 22. y = csc 2x 
xc 1 
. y= ya = 
23 MER 24. y= /x y 
25. y= J/9 — x? 26. y= xJ/1 — x? 

pr _ sec? x 

27. y = 3x — sin? x 28. y 24] 


Using Differentials In Exercises 29 and 30, use differentials 
and the graph of f to approximate (a) f (1.9) and (b) f (2.04). 
To print an enlarged copy of the graph, go to MathGraphs.com. 


29. > 30. » 


> 
> 


Using Differentials In Exercises 31 and 32, use differentials 
and the graph of g' to approximate (a) g(2.93) and (b) g(3.1) 
given that g(3) — 8. 


31. 32. ? 


33. Area The measurement of the side of a square floor tile is 
10 inches, with a possible error of i inch. 


(a) Use differentials to approximate the possible propagated 
error in computing the area of the square. 


(b) Approximate the percent error in computing the area of 
the square. 


34. Area The measurements of the base and altitude of a 
triangle are found to be 36 and 50 centimeters, respectively. 
The possible error in each measurement is 0.25 centimeter. 


(a) Use differentials to approximate the possible propagated 
error in computing the area of the triangle. 


(b) Approximate the percent error in computing the area of 
the triangle. 


35 


36. 


37. 


39. 


. Volume and Surface Area The measurement of the 


edge of a cube is found to be 15 inches, with a possible error 
of 0.03 inch. 


(a) Use differentials to approximate the possible propagated 
error in computing the volume of the cube. 


(b) Use differentials to approximate the possible propagated 
error in computing the surface area of the cube. 


(c) Approximate the percent errors in parts (a) and (b). 


Volume and Surface Area The radius of a spherical 
balloon is measured as 8 inches, with a possible error of 
0.02 inch. 


(a) Use differentials to approximate the possible propagated 
error in computing the volume of the sphere. 


(b) Use differentials to approximate the possible propagated 
error in computing the surface area of the sphere. 


(c) Approximate the percent errors in parts (a) and (b). 
Stopping Distance The total stopping distance T of a 
vehicle is 


T = 2.5x  0.5x? 


where T is in feet and x is the speed in miles per hour. 
Approximate the change and percent change in total stopping 
distance as speed changes from x — 25 to x — 26 miles per hour. 


38. 5 HOW DO YOU SEE IT? The graph shows 
the profit P (in dollars) from selling x units of an 
item. Use the graph to determine which is greater, 
the change in profit when the production level 
changes from 400 to 401 units or the change in 
profit when the production level changes from 
900 to 901 units. Explain your reasoning. 


Profit (in dollars) 


SSS SS (7 d 
100 200 300 400 500 600 700 800 900 1000 
Number of units 


Pendulum The period of a pendulum is given by 


r=on/ 
8 


where L is the length of the pendulum in feet, g is the 
acceleration due to gravity, and T is the time in seconds. The 
pendulum has been subjected to an increase in temperature 
such that the length has increased by 1o. 


(a) Find the approximate percent change in the period. 


(b) Using the result in part (a), find the approximate error in 
this pendulum clock in 1 day. 


40. 


41. 


42. 


[n] 


= 


Lua 


E] 


43. 
44. 
45. 
46. 
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Ohm's Law A current of / amperes passes through a 
resistor of R ohms. Ohm’s Law states that the voltage E 
applied to the resistor is 


E = IR. 


The voltage is constant. Show that the magnitude of the relative 
error in R caused by a change in / is equal in magnitude to the 
relative error in J. 


Projectile Motion The range R of a projectile is 
= vo. 
R= 32 (sin 20) 


where v, is the initial velocity in feet per second and @ is the 
angle of elevation. Use differentials to approximate the change 
in the range when v, = 2500 feet per second and 0 is changed 
from 10° to 11°. 


Surveying A surveyor standing 50 feet from the base of a 
large tree measures the angle of elevation to the top of the tree 
as 71.5°. How accurately must the angle be measured if the 
percent error in estimating the height of the tree is to be less 
than 696? 


Ps [m] Approximating Function Values In 

r 1 Exercises 43—46, use differentials to approximate 

Ris the value of the expression. Compare your answer 
^ with that of a calculator. 

vV 99.4 

3/26 

3/624 

(2.99)? 


EXPLORING CONCEPTS 

47. Comparing ^y and dy Describe the change in 
accuracy of dy as an approximation for Ay when Ax 
approaches 0. Use a graph to support your answer. 


. Using Differentials 
why each approximation is valid. 


(a) J/4.02 = 2 + 1(0.02) 
(b) tan 0.05 ~ 0 + 1(0.05) 


Give a short explanation of 


True or False? In Exercises 49-53, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


49. 


50. 


51. 
52. 


53. 


Ify = x + c, then dy = dx. 
— Ay _ dy 
If y = ax + b, then A: de 
If y is differentiable, then Jim, (Ay — dy) = 0. 


If y = f(x), f is increasing and differentiable, and Ax > 0, 
then Ay = dy. 


The tangent line approximation at any point for any linear 
equation is the linear equation itself. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Finding Extrema on a Closed Interval In Exercises 1—8, 
find the absolute extrema of the function on the closed interval. 


1. f(x) =x? + 5x, [-4,0] 2. f(x) = x + 628, [-6, 1] 
3. f(x) = /x- 2, [0,4] 4. h(x) =x —3/x, [0,9] 
5. =z [-44] 6 f= "2 


7. g(x) 2 2x + 5cosx, [0, 2m] 


8. f(x) = sin2x, [0,2rt] 


Using Rolle's Theorem In Exercises 9-12, determine 
whether Rolle's Theorem can be applied to f on the closed 
interval [a,b]. If Rolle’s Theorem can be applied, find all 
values of c in the open interval (a, b) such that f'(c) = 0. If 
Rolle's Theorem cannot be applied, explain why not. 


9. f(x) = -3x-6, [-1,2] 
10. f(x) = (x - 2)(x + 32, [-3, 2] 


x2 
11. f(x) = To [-2. 2] 
12. f(x) = sin2x, [-n, n] 
Using the Mean Value Theorem In Exercises 13-18, 
determine whether the Mean Value Theorem can be applied to 


f on the closed interval [a, b]. If the Mean Value Theorem can 
be applied, find all values of c in the open interval (a, b) such that 


fic) = = f(b) F9) - fe 


If the Mean Value Theorem cannot be applied, explain why not. 


13. f(x) = x, [1,8] 
14. S L [1,4] 


15. f(x) = | [2, 6] 
16. f(x) = 2x - 3/x, [-1,1] 


17. f(x) = x — cos x, E d 
18. f(x) = /x —2x, [0,4] 


19. Mean Value Theorem Can the Mean Value Theorem be 
applied to the function 


fe) = 


on the interval [—2, 1]? Explain. 
20. Using the Mean Value Theorem 


(a) For the function f(x) = Ax? + Bx + C, determine the 
value of c guaranteed by the Mean Value Theorem on the 
interval [x,, x5]. 

(b) Demonstratetheresultofpart(a)for f(x) = 2x7 — 3x + 1 
on the interval [0, 4]. 


Intervals on Which a Function Is Increasing or 
Decreasing In Exercises 21—26, find the open intervals on 
which the function is increasing or decreasing. 

21. f(x) 232 + 3x — 12 

23. f(x) = (x — 1)?(2x — 5) 
25. A(x) = /x(x — 3), x >0 
26. f(x) = sinx + cosx, 0«x«2n 


22. h(x) = (x + 2) + 8 
24. g(x) = (x + 1} 


Applying the First Derivative Test In Exercises 27-34, 
(a) find the critical numbers of f, if any, (b) find the open 
intervals on which the function is increasing or decreasing, 
(c) apply the First Derivative Test to identify all relative 
extrema, and (d) use a graphing utility to confirm your results. 


27. fx) =x - 6x + 5 28. f(x) = 4x3 — 5x 


29. f() = rà - 8t 30. f(x) = C 
2 = 
31. f(x) =~ E 4 32. f(x) = fL 


33. f(x) = cos x —sinx, (0, 2m) 


34. f(x) = > sin E i), (0, 4) 


Motion Along a Line In Exercises 35 and 36, the function 
s(t) describes the motion of a particle along a line. (a) Find the 
velocity function of the particle at any time ¢ 2 0. (b) Identify 
the time interval(s) on which the particle is moving in a positive 
direction. (c) Identify the time interval(s) on which the particle 
is moving in a negative direction. (d) Identify the time(s) at 
which the particle changes direction. 


35. s(t) = 3t — 29° 36. s(t) = 6? — 8t + 3 


Finding Points of Inflection In Exercises 37—42, find the 
points of inflection and discuss the concavity of the graph of 
the function. 

37. f(x) = x8 — 9x? 

38. f(x) = 6x4 — x 


39. g(x) =xJ/xt5 
40. f(x) = 3x — 5x3 
41. f(x) 2» x * cosx, [0,2n] 


42. f(x) — tan " (0, 2m) 


Using the Second Derivative Test In Exercises 43-48, 
find all relative extrema of the function. Use the Second 
Derivative Test where applicable. 


43. f(x) = (x 9? 
44. f(x) x^ 2x7 +6 
45. g(x) = 2x1 — x?) 


46. h(t) - t - At 1 


47. f(x) = 2x + 5 


48. h(x) =x ^2cosx, [0, 4n] 


Think About It In Exercises 49 and 50, sketch the graph of 
a function f having the given characteristics. 


49. f(0) = f(6) = 0 50. f(0) = 4, f(6) = 0 
f(3) = f) = 0 f(x) < 0Oforx < 2or 
f) > 0forx < 3 x»4 
f) > 0for3«x«5 f'(2) does not exist. 
f'G) < Oforx > 5 f'4) =0 
f'() < Oforx < 30rx > 4 f(x) > Ofor2<x<4 
f(x) > Ofor3 <x <4 f'(x) < 0 for x £2 


51. Writing A newspaper headline states that “The rate of 
growth of the national deficit is decreasing.” What does this 
mean? What does it imply about the graph of the deficit as a 
function of time? 


52. Inventory Cost The cost of inventory C depends on the 
ordering and storage costs according to the inventory model 


c- (b= 


Determine the order size that will minimize the cost, assuming 
that sales occur at a constant rate, Q is the number of units sold 
per year, r is the cost of storing one unit for one year, s is the 
cost of placing an order, and x is the number of units per order. 


Bg ss. Modeling Data Outlays for national defense D (in 


billions of dollars) for 2006 through 2014 are shown in the 
table, where ż is the time in years, with t = 6 corresponding to 
2006. (Source: U.S. Office of Management and Budget) 


t 6 7 8 9 10 


D | 521.8 | 551.3 | 616.1 | 661.0 | 693.5 


t 11 12 13 14 


D | 705.6 | 677.9 | 633.4 | 603.5 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form 


D — at^ +b? + c?+ dtt+e 


for the data. 
(b) Use a graphing utility to plot the data and graph the model. 


(c) For the years shown in the table, when does the model 
indicate that the outlay for national defense was at a 
maximum? When was it at a minimum? 


(d) For the years shown in the table, when does the model 
indicate that the outlay for national defense was increasing 
at the greatest rate? 
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ee 54. Modeling Data The manager of a store recorded the 
annual sales S (in thousands of dollars) of a product over a 
period of 7 years, as shown in the table, where t is the time in 
years, with t = 8 corresponding to 2008. 


t 8 9 10 | 11 12 13 14 


S | 8.1 | 7.3 | 7.8 | 9.2 | 11.3 | 12.8 | 12.9 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form 


S — a? * b? t ctt d 
for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use calculus and the model to find the time t when sales 
were increasing at the greatest rate. 


(d) Do you think the model would be accurate for predicting 
future sales? Explain. 


Finding a Limit In Exercises 55-64, find the limit, if it 


exists. 
55. lim (s $ 1) Cie 
x> oo x x2-oo X 1 
. x? . 9345 
57. lim 1-— 8 58. lim T 
3x? Se +x 
59. xe-ox +5 60. EUN —2x 
5 cos x P 
61. li 62. lim —— 
x00 X x00 /x2 +2 
jd lim c9 - 64. lim — 
x2 —oo X + COS X x>- 2 sin x 


fp Finding Horizontal Asymptotes Using Technology 
In Exercises 65-68, use a graphing utility to graph the function 
and identify any horizontal asymptotes. 


23 2 Sx 
65. f(x) = " +4 66. g(x) = ped 
PM 
ij = eo — 
Jx? c6 8x + 1 


Analyzing the Graph of a Function In Exercises 69-78, 
analyze and sketch a graph of the function. Label any intercepts, 
relative extrema, points of inflection, and asymptotes. Use a 
graphing utility to verify your results. 


69. f(x) = 4x — x 70. f(x) = x+ - 222 +6 
71. f(x) = x/16 — x? 72. f(x) = (x? — 4)? 

73. f(x) = F(x + 32/5 74. f(x) = (x — 3)(x + 2? 
75. f(x) = LR 76. f(x) = os 


77. f(x) tx 1 78. f(x) = x2 + L 
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79. Finding Numbers Find two positive numbers such that 
the sum of twice the first number and three times the second 
number is 216 and the product is a maximum. 


80. Minimum Distance Find the point on the graph of 
f(x) = x that is closest to the point (6, 0). 


81. Maximum Area A rancher has 400 feet of fencing with 
which to enclose two adjacent rectangular corrals (see figure). 
What dimensions should be used so that the enclosed area will 
be a maximum? 


82. Maximum Area Find the dimensions of the rectangle of 
maximum area, with sides parallel to the coordinate axes, that 
can be inscribed in the ellipse given by 


x y 
—+—=1, 
144 16 : 

83. Minimum Length A right triangle in the first quadrant 
has the coordinate axes as sides, and the hypotenuse passes 
through the point (1, 8). Find the vertices of the triangle such 


that the length of the hypotenuse is minimum. 


84. Minimum Length The wall of a building is to be braced 
by a beam that must pass over a parallel fence 5 feet high and 
4 feet from the building. Find the length of the shortest beam 
that can be used. 


85. Maximum Length Find the length of the longest pipe 
that can be carried level around a right-angle corner at the 
intersection of two corridors of widths 4 feet and 6 feet. 


86. Maximum Length A hallway of width 6 feet meets a 
hallway of width 9 feet at right angles. Find the length of the 
longest pipe that can be carried level around this corner. [Hint: 
If L is the length of the pipe, show that 


L — 6csc 84 TU o) 


where O is the angle between the pipe and the wall of the 
narrower hallway.] 


87. Maximum Volume Find the volume of the largest right 
circular cone that can be inscribed in a sphere of radius r. 


| 
| 


88. Maximum Volume Find the volume of the largest right 
circular cylinder that can be inscribed in a sphere of radius r. 


BB Using Newton's Method In Exercises 89-92, use 


Newton’s Method to approximate the zero(s) of the function. 
Continue the iterations until two successive approximations 
differ by less than 0.001. Then find the zero(s) using a graphing 
utility and compare the results. 


89. f(x) =x 3x — 1 

90. f(x) =x *2x * 1 

91. f(x) = x4 -*ió-32 +2 

92. f(x) - 3x —1-x 
Points of Intersection In Exercises 93 and 94, apply 
Newton's Method to approximate the x-value(s) of the 
indicated point(s) of intersection of the two graphs. Continue 
the iterations until two successive approximations differ by less 
than 0.001. [Hint: Let h(x) = f(x) — g(x).] 

93. f(x) 21- x 

gea) =x +2 


94. f(x) = sinx 
g(x) =x? — 2x4 1 


Comparing Ay and dy In Exercises 95 and 96, use the 
information to find and compare Ay and dy. 


Function x-Value Differential of x 
95. y = 4 x=2 Ax = dx = 0.1 
96. y = x? — 5x x=-3 Ax = dx = 0.01 


Finding a Differential In Exercises 97 and 98, find the 
differential dy of the given function. 


98. y = /36 — x? 


Approximating Function Values In Exercises 99 
and 100, use differentials to approximate the value of the 
expression. Compare your answer with that of a calculator. 


99. ./63.9 


101. Volume and Surface Area The radius of a sphere 
is measured as 9 centimeters, with a possible error of 
0.025 centimeter. 


97. y — x(1 — cos x) 


100. (2.02) 


(a) Use differentials to approximate the possible propagated 
error in computing the volume of the sphere. 


(b) Use differentials to approximate the possible propagated 
error in computing the surface area of the sphere. 


(c) Approximate the percent errors in parts (a) and (b). 
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See CalcChat.com for tutorial help and 


worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Relative Extrema Graph the fourth-degree polynomial 


p(x) = x4 + ax? +1 


for various values of the constant a. 


(a) Determine the values of a for which p has exactly one 
relative minimum. 


(b) Determine the values of a for which p has exactly one 


relative maximum. 


(c) Determine the values of a for which p has exactly two 
relative minima. 


(d) Show that the graph of p cannot have exactly two relative 
extrema. 


. Relative Extrema 
(a) Graph the fourth-degree polynomial p(x) = ax* — 6x? 
for a = —3, —2, —1, 0, 1, 2, and 3. For what values of 


the constant a does p have a relative minimum or relative 
maximum? 


(b) Show that p has a relative maximum for all values of the 
constant a. 


(c) Determine analytically the values of a for which p has a 
relative minimum. 


(d 


— 


Let (x, y) = (x, p(x)) be a relative extremum of p. Show 
that (x, y) lies on the graph of y = —3x?. Verify this result 
graphically by graphing y = — 3x? together with the seven 
curves from part (a). 


. Relative Minimum Let 


f(x) = © + x2, 


x 


Determine all values of the constant c such that f has a relative 
minimum, but no relative maximum. 


. Points of Inflection 


(a) Let f(x) = ax? + bx + c,a # 0, be a quadratic polynomial. 
How many points of inflection does the graph of f have? 

(b) Let f(x) = a + bx? + cx - d, a#0, be a cubic 
polynomial. How many points of inflection does the graph 
of f have? 


(c) Suppose the function y — f(x) satisfies the equation 


ama 


where k and L are positive constants. Show that the graph of 
f has a point of inflection at the point where y = L/2. (This 
equation is called the logistic differential equation.) 


. Extended Mean Value Theorem Prove the Extended 
Mean Value Theorem: If f and f' are continuous on the 
closed interval [a, b], and if f” exists in the open interval (a, b), 
then there exists a number c in (a, b) such that 


f(b) = fla) + FA — a) + SFO — ay. 


10. 


. Illumination The amount of illumination of a surface 


is proportional to the intensity of the light source, inversely 
proportional to the square of the distance from the light source, 
and proportional to sin O, where O is the angle at which the 
light strikes the surface. A rectangular room measures 10 feet 
by 24 feet, with a 10-foot ceiling (see figure). Determine the 
height at which the light should be placed to allow the corners 
of the floor to receive as much light as possible. 


. Minimum Distance Consider a room in the shape of a 


cube, 4 meters on each side. A bug at point P wants to walk 
to point Q at the opposite corner, as shown in the figure. Use 
calculus to determine the shortest path. Explain how you can 
solve this problem without calculus. (Hint: Consider the two 
walls as one wall.) 


M Q 
4m PR 
d 
Figure for 7 Figure for 8 


. Areas of Triangles The line joining P and Q crosses 


the two parallel lines, as shown in the figure. The point R is 
d units from P. How far from Q should the point S be 
positioned so that the sum of the areas of the two shaded 
triangles is a minimum? So that the sum is a maximum? 


. Mean Value Theorem Determine the values a, b, and c 


such that the function f satisfies the hypotheses of the Mean 
Value Theorem on the interval [0, 3]. 


1, x=0 
f(x) = 4ax + b, O0<x<l 
et 4xt+e, L<xs3 


Mean Value Theorem Determine the values a, b, c, and 
d such that the function f satisfies the hypotheses of the Mean 
Value Theorem on the interval [— 1, 2]. 


a, x=-l 

2, -l1<x<0 
fa) = bet+te 0<x<1 

dx + 4, 1«xsz2 
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11. 


12. 


13. 


BB 14. 
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Proof Let f and g be functions that are continuous on [a, b] 
and differentiable on (a, b). Prove that if f(a) = g(a) and 
g'(x) > f'(x) for all x in (a, b), then g(b) > f(b). 


Proof 


(a) Prove that lim x? = oo. 
xoo 


1 
(b) Prove that lim — = 0. 


x00 X 


(c) Let L be a real number. Prove that if lim f(x) = L, then 


1\_ 
tim £(7) as 


Tangent Lines Find the point on the graph of 
zi tne 
GEET 


(see figure) where the tangent line has the greatest slope, and 
the point where the tangent line has the least slope. 


y 


Stopping Distance The police department must 
determine the speed limit on a bridge such that the flow 
rate of cars is maximum per unit time. The greater the speed 
limit, the farther apart the cars must be in order to keep a safe 
stopping distance. Experimental data on the stopping distances 
d (in meters) for various speeds v (in kilometers per hour) are 
shown in the table. 


v | 20 40 60 80 100 


d | 5.1 | 13.7 | 27.2 | 44.2 | 664 


(a) Convert the speeds v in the table to speeds s in meters 
per second. Use the regression capabilities of a graphing 
utility to find a model of the form d(s) = as? + bs + c for 
the data. 


(b) Consider two consecutive vehicles of average length 
5.5 meters, traveling at a safe speed on the bridge. Let T 
be the difference between the times (in seconds) when 
the front bumpers of the vehicles pass a given point on 
the bridge. Verify that this difference in times is given by 


_ As), 55 


T ; 
s s 


(c) Use a graphing utility to graph the function T and estimate 
the speed s that minimizes the time between vehicles. 


(d) Use calculus to determine the speed that minimizes T. 
What is the minimum value of T? Convert the required 
speed to kilometers per hour. 


(e) Find the optimal distance between vehicles for the speed 
found in part (d). 


15. 


16. 


17. 


18. 


19. 


Darboux's Theorem Prove Darboux's Theorem: Let 
f be differentiable on the closed interval [a, b] such that 
f'(a) = y, and f'(b) = yp. If d lies between y, and y,, then 
there exists c in (a, b) such that f'(c) = d. 


Maximum Area The figures show a rectangle, a circle, 
and a semicircle inscribed in a triangle bounded by the 
coordinate axes and the first-quadrant portion of the line 
with intercepts (3, 0) and (0, 4). Find the dimensions of each 
inscribed figure such that its area is maximum. State whether 
calculus was helpful in finding the required dimensions. 
Explain your reasoning. 


y » n 
A 
4 4 
3 3 3-5 
2 2 2 
1 1 1- 
i |» x t |x i Ix 
1234 1234 1234 


Point of Inflection Show that the cubic polynomial 
p(x) = ax? + bx? + cx + d has exactly one point of inflection 


(xo, Yo), where 
—b 2b? bc 
= =£- +d 
mu, Pi Tua ca l 


Use these formulas to find the point of inflection of 
p(x) = x3 — 3x? + 2. 
Minimum Length A legal-sized sheet of paper (8.5 inches 


by 14 inches) is folded so that corner P touches the opposite 
14-inch edge at R (see figure). (Note: PQ = JC? — xi) 


m 14 in. > 


8.5 in. 


2x3 
2x — 8.5 
(b) What is the domain of C? 


(a) Show that C? — 


(c) Determine the x-value that minimizes C. 
(d) Determine the minimum length C. 


Quadratic Approximation The polynomial 
a) + 


is the quadratic approximation of the function f at (a, f(a)) 
when P(a) = f(a), P'(a) = f'(a), and P"(a) = f"(a). 


(a) Find the quadratic approximation of 


P(x) = co + ex C(x — ap 


x 
xctl 


fœ) = 


at (0, 0). 


f (b) Use a graphing utility to graph P(x) and f(x) in the same 


viewing window. 


d Integration 


H8 E HH HH HH HH SH HH HH SH SH HH E 


aed xar Y 4.1 Antiderivatives and Indefinite Integration 
S Aai 4.2 Area 
P 4.3 Riemann Sums and Definite Integrals 


: : : III ag The Fundamental Theorem of Calculus 
4.5 Integration by Substitution 


Amount of Chemical 
Flowing into a Tank 
(Example 9, p. 290) 


Seating Capacity 
(Exercise 77, p. 269) 


Grand Canyon (Exercise 62, p. 257) 
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4.1 Antiderivatives and Indefinite Integration 


Exploration 


Finding Antiderivatives 
For each derivative, describe 
the original function F. 


What strategy did you use to 
find F? 


E Write the general solution of a differential equation and use indefinite integral 
notation for antiderivatives. 

E Use basic integration rules to find antiderivatives. 

E Find a particular solution of a differential equation. 


Antiderivatives 


To find a function F whose derivative is f(x) = 33?, you might use your knowledge of 
derivatives to conclude that 


The function F is an antiderivative of f. 


Definition of Antiderivative 


A function F is an antiderivative of f on an interval J when F'(x) = f(x) for 
all x in Z. 


Note that F is called an antiderivative of f rather than the antiderivative of f. To 
see why, observe that 


F(x) =x, F(x) =x3 — 5, and F,(x) =x + 97 


are all antiderivatives of f(x) = 3x. In fact, for any constant C, the function 
F(x) = x? + C is an antiderivative of f. 


THEOI Representation of Antiderivatives 


If F is an antiderivative of f on an interval Z, then G is an [m] : i: [m] 
antiderivative of f on the interval / if and only if G is of the Rath 
form G(x) = F(x) + C for all x in J, where C is a constant. olii | 


Proof The proof of Theorem 4.1 in one direction is straightforward. That is, if 
G(x) = F(x) + C, F'(x) = f(x), and C is a constant, then 


eus FG) p= FeO pa). 


To prove this theorem in the other direction, assume that G is an antiderivative of f. 
Define a function H such that 


A(x) = G(x) — F(x). 


For any two points a and b (a < b) in the interval, H is continuous on [a, b] and 
differentiable on (a, b). By the Mean Value Theorem, 


H(b) — H(a) 


Ho) = b-a 


for some c in (a, b). However, H'(c) = 0, so H(a) = H(b). Because a and b are 
arbitrary points in the interval, you know that H is a constant function C. So, 
G(x) — F(x) = C and it follows that G(x) = F(x) + C. i 
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Using Theorem 4.1, you can represent the entire family of antiderivatives of a 
function by adding a constant to a known antiderivative. For example, knowing that 


D [x2] = 2x 
you can represent the family of all antiderivatives of f(x) = 2x by 
G(x) —x-C Family of all antiderivatives of f(x) — 2x 


where C is a constant. The constant C is called the constant of integration. The 
family of functions represented by G is the general antiderivative of f, and 
G(x) = x? + C is the general solution of the differential equation 


G'(x) = 2x. Differential equation 


A differential equation in x and y is an equation that involves x, y, and derivatives 
of y. For instance, 


y 3x and y’=x+4+1 


y are examples of differential equations. 


EXAMPLE 1 Solving a Differential Equation 


Find the general solution of the differential equation dy/dx — 2. 


Solution To begin, you need to find a function whose derivative is 2. One such 
function is 


> xX 


y = 2x. 2x is an antiderivative of 2. 


Now, you can use Theorem 4.1 to conclude that the general solution of the differential 
equation is 


: = 2x C. G ] soluti 
Functions of the form y = 2x + C y P R 


Figure 4.1 The graphs of several functions of the form y = 2x + C are shown in Figure 4.1. W 


When solving a differential equation of the form 
d 
Z= fl) 
it is convenient to write it in the equivalent differential form 


dy = f(x) dx. 


The operation of finding all solutions of this equation is called antidifferentiation (or 
indefinite integration) and is denoted by an integral sign f. The general solution is 
denoted by 


Variable of Constant of 
integration integration 


[| 


ee In this text, the | | 
notation f fi (x) dx = F(x) + C Integrand An antiderivative 


means that F is an antiderivative of f(x) 
of f on an interval. 


The expression f f(x) dx is read as the antiderivative of f with respect to x. So, the 
differential dx serves to identify x as the variable of integration. The term indefinite 
integral is a synonym for antiderivative. 
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Basic Integration Rules 


Differentiation Formula 


d 
a.c] 7 9 
d 
quidc 


d I 
FIK] = kf'G) 


sec x tan x 
— csc? x 


— csc x cot x 


Basic Integration Rules 


The inverse nature of integration and differentiation can be verified by substituting 
F'(x) for f(x) in the indefinite integration definition to obtain 


Í F '(x) dx= F (x) HE. Integration is the “inverse” of differentiation. 
Moreover, if f f(x) dx = F(x) + C, then 
a f(x) dx| = f(x). Differentiation is the "inverse" of integration. 


These two equations allow you to obtain integration formulas directly from 
differentiation formulas, as shown in the following summary. 


Integration Formula 


foar=e 


Jesi c 

Í Ta Í "ees 

treo = actas - fjae [atn 
fea = +C, n#-1 Power Rule 
feos xax = sinx + c 


sec? x dx = tanx + C 


esc? x dx = —cotx + C 


fec xian xar = secx + C 


[esexcot ray = —csex + C 


Note that the Power Rule for Integration has the restriction that n  —1. The 
integration formula for 


[ia 
x 


must wait until the introduction of the natural logarithmic function in Chapter 5. 


In Example 2, 
note that the general pattern of 
integration is similar to that of 
differentiation. 


Original integral 


Rewrite 


Integrate 


Ü 


Simplify 


Some 
software programs, such as 
Maple and Mathematica, 
are capable of performing 
integration symbolically. If 
you have access to such a 
symbolic integration utility, 
try using it to find the indefinite 
integrals in Example 3. 


The basic 
integration rules allow you 
to integrate any polynomial 
function. 


4.1 
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EXAMPLE 2 Describing Antiderivatives 


[car - JS 
= JE dx 
32 
=3(5) 
3 


E tC 


+C 


The antiderivatives of 3x are of the form 3x2 + C, where C is any constant. 


Constant Multiple Rule 


Rewrite x as x!. 


Power Rule (n = 1) 


Simplify. 


When finding indefinite integrals, a strict application of the basic integration rules 
tends to produce complicated constants of integration. For instance, in Example 2, the 
solution could have been written as 


x? 3 
3x dx = 3|xdx = 3 zC -3* t3C 


Because C represents any constant, it is both cumbersome and unnecessary to write 
3C as the constant of integration. So, à + 3C is written in the simpler form 3x2 FC. 


EXAMPLE 3 Rewriting Before Integrating 


T [> See LarsonCalculus.com for an interactive version of this type of example. 


Original Integral 


1 
a. IS 
b. [Via 


c. IE sin x dx 


Rewrite 


IE 
[rea 
JE 


Integrate Simplify 

x^? 1 

E =F 

=2 E 2x? ç 
x? 2 

= 3/2. + 

3/2 C 3* C 
2(—cos x) + C —2 cosx + C 


EXAMPLE 4 Integrating Polynomial Functions 


a. fas fia 


Integrand is understood to be 1. 


=x+C Integrate. 
b. IL + 2) dx = fra + fra 
x2 
= P3 PCy + 2x C6, Integrate. 
x 
—3T2x*€ C-0,-C, 


The second line in the solution is usually omitted. 


X 


5 


2 


+C 


c. [ow — 5x? + x) dx ( 


5 


5 


| 


x3 x 
(5) +3 


X 


5 


3 


2d + Pe +C 
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eee 


Before you begin 
the exercise set, be sure you 
realize that one of the most 
important steps in integration 
is rewriting the integrand in 
a form that fits one of the 
basic integration rules. 


EXAMPLE 5 Rewriting Before Integrating 


x+1 x 1 
— dx = Exe =} dx Rewrite as two fractions. 
Ju JA xx 


= IL V2 + x-V 2) dx Rewrite with fractional exponents. 
= =a + a +C Integrat 
3/2 1/2 ntegrate. 
2 
= 3^ + 2x2 + C Simplify. 
= ets) ee 
3 a 


When integrating quotients, do not integrate the numerator and denominator 
separately. This is no more valid in integration than it is in differentiation. For instance, 
in Example 5, be sure you understand that 


xctl 
Jt 
is not the same as 
Sixt ae ge + eC, 
S Sx dx Ax x ro 


EXAMPLE 6 Rewriting Before Integrating 


ENTE 3)+C 


sin x 1 sin x 
2 dx — dx Rewrite as a product. 

COS^ X COS X/NCOS X 
= | sec x tan x dx Rewrite using trigonometric identities. 
= secx + C Integrate. 

EXAMPLE 7 Rewriting Before Integrating 
Original Integral Rewrite Integrate Simplify 
1/2 
a. [5 JE (=) +C 4x? + C 


5 3 
b fie +1 1)? dt Jesze ena Sex) eie ieedesrec 


+ 3 -2 x (= =) 15 3 
Ji 2 dx Je ) dx 3 T3 1 +C * tC 
3/x 4/3 1/3 ee ee 3 ay 4/3 
š N = = E = T = = gen 
d Í x(x — 4) dx IL 4x"/3) dx JE (2) C 7 3x C 


As you do the exercises, note that you can check your answer to an 
antidifferentiation problem by differentiating. For instance, in Example 7(a), you can 
check that 4x? + C is the correct antiderivative by differentiating the answer to obtain 


1 2 
D, [4x 2+ C] = 4( Deu z= Je Use differentiation to check antiderivative. 
X 


HQ, 4) 


c=44 


F(x) =x? —x+C 


The particular solution that satisfies 
the initial condition F(2) = 4 is 
F(x) = x3 — x-2. 

Figure 4.2 


Bie +e 
x 


The particular solution that satisfies 
the initial condition F(1) = 0 is 
F(x) = -(1/x) + 1,x > 0. 

Figure 4.3 
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Initial Conditions and Particular Solutions 


You have already seen that the equation y = f f(x) dx has many solutions (each differing 
from the others by a constant). This means that the graphs of any two antiderivatives of 
f are vertical translations of each other. For example, Figure 4.2 shows the graphs of 
several antiderivatives of the form 


y= [ow Idx=x-x+C General solution 


for various integer values of C. Each of these antiderivatives is a solution of the 
differential equation 


a. 


2 — ]. 
d. 3x 


In many applications of integration, you are given enough information to determine 
a particular solution. To do this, you need only know the value of y — F(x) for one 
value of x. This information is called an initial condition. For example, in Figure 4.2, 
only one curve passes through the point (2, 4). To find this curve, you can use the 
general solution 


F(x) = -x+C General solution 

and the initial condition 
F(2) = 4. Initial condition 

By using the initial condition in the general solution, you can determine that 
F(2)=8-2+C=4 

which implies that C = —2. So, you obtain 


F(x) = x3 —x - 2. Particular solution 


CT 1482 Finding a Particular Solution 


Find the general solution of 


and find the particular solution that satisfies the initial condition F(1) = 0. 


Solution To find the general solution, integrate to obtain 


1 
F(x) = | = dx F(x) = SF'(x) dx 
X 
= fre dx Rewrite as a power. 
=1 
X 
= —1 TC Integrate. 
1 
=--+C, x>0. General solution 
X 


Using the initial condition F(1) — 0, you can solve for C as follows. 


F)=-7+C=0 m C-1 


So, the particular solution, as shown in Figure 4.3, is 


1 
F(x) =--+1, x»0. Particular solution a 
X 
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| s(f) = —16t? + 64t + 80 
S 


Height (in feet) 
3 


1 2 3 4 
Time (in seconds) 


Height of a ball at time t 


Figure 4.4 


So far in this section, you have been using x as the variable of integration. In 


applications, it is often convenient to use a different variable. For instance, in the next 
example, involving time, the variable of integration is f. 


C41 148::20 Solving a Vertical Motion Problem 


A ball is thrown upward with an initial velocity of 64 feet per second from an initial 
height of 80 feet. [Assume the acceleration is a(t) 


— 32 feet per second per second.] 
a. Find the position function giving the height s as a function of the time f. 
b. When does the ball hit the ground? 


Solution 


a. Let t = 0 represent the initial time. The two given initial conditions can be written 


as follows. 
s(0) = 80 Initial height is 80 feet. 
s'(0) — 64 Initial velocity is 64 feet per second. 
Recall that a(t) = s”(t). So, you can write 
s"(t) = —32 


s(t) = [oro dt = [-2 dt = —32t+ C,. 


Using the initial velocity, you obtain s'(0) = 64 = —32(0) + C,, which implies 
that C, = 64. Next, by integrating s'(r), you obtain 


s(t) = [vo dt = Jc + 64) dt = — 161? + 64t + O. 


Using the initial height, you obtain 
s(0) = 80 = —16(0?) + 64(0) + C; 
which implies that C, = 80. So, the position function is 


s(t) = — 161? + 64t + 80. See Figure 4.4. 


Using the position function found in part (a), you can find the time at which the ball 
hits the ground by solving the equation s(t) = 0. 


— 16r? + 64t + 80 =0 
—16(t + )(t— 5) =0 
t= -1,5 


Because f must be positive, you can conclude that the ball hits the ground 5 seconds 
after it was thrown. a 


In Example 9, note that the position function has the form 


1 
s(t) = — 380 + vot + sg 


where g is the acceleration due to gravity, v, is the initial velocity, and sọ is the initial 
height, as presented in Section 2.2. 


Example 9 shows how to use calculus to analyze vertical motion problems in which 


the acceleration is determined by a gravitational force. You can use a similar strategy to 
analyze other linear motion problems (vertical or horizontal) in which the acceleration 
(or deceleration) is the result of some other force, as you will see in Exercises 65-72. 
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4 n 1 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 
CONCEPT CHECK 21. [ora 22. [wes 1) dx 
1. Antiderivative What does it mean for a function F to 
Pipe: 1 3 
be an antiderivative of a function f on an interval 7? 23. E dx 24. 2 dx 
. Antiderivatives Can two different functions both be x46 x4 — 3x2 +5 
antiderivatives of the same function? Explain. 25. Ax dx 26. x * 


. Particular Solution What is a particular solution of 
a differential equation? 27. |(x + DGx — 2) dx 28. |(4 + 3? dt 


. General and Particular Solutions Describe the 
difference between the general solution and a particular 
solution of a differential equation. 


29. IL cos x + 4 sin x) dx 30. [E — 6 cos x) dx 


31. Jes x cot x — 2x) dx 32. Je + sec? 0) dO 


Integration and Differentiation In Exercises 5 and 6, 5 . 
verify the statement by showing that the derivative of the right 33. | (sec? @ — sin 8) 48 34. | (sec y)(tan y — sec y) dy 
side equals the integrand on the left side. 

Í (tan2y + 


35. 36. Í (4x — csc? x) dx 


Pea Finding a Particular Solution In Exercises 
37-44, find the particular solution of the differential 
[s]! j equation that satisfies the initial condition(s). 
Pli 


oles [s] Solving a Differential Equation In Exercises 37. f'(x) = 6x, f(0) = 8 38. g'(x) = 4x2, g(-1) = 3 


qi 7-10, find the general solution of the differential "P u 
EX equation and check the result by differentiation. 39. h'(x) = 7x° + 5, ACA) ! 
> 40. f(s) = 10s — 128, f(3) = 2 


dy d 

7. e = 97 8. = 5 41. f"(x) = 2, f(2) = 5, f2) = 10 
by. Bie ace 42. f"() = 3x2, f(—1) = -2, f(2) =3 

9, dx =y /2 10. pm = 2x 43. f'(9) = x3, f'(4) = 2, f(0) =0 


an Rewriting Before Integrating In Exercises t o= PO) = Ley ese 


11-14, complete the table to find the indefinite f Slope Field In Exercises 45 and 46, a differential equation, a 
iei 


point, and a slope field are given. A slope field (or direction field) 
consists of line segments with slopes given by the differential 
equation. These line segments give a visual perspective of the 


integral. 


Odglnil Integral Rewrite Integrate Simplify 


11. - Yx dx slopes of the solutions of the differential equation. (a) Sketch 
two approximate solutions of the differential equation on the 
1 slope field, one of which passes through the indicated point. (To 
12. E 4x2 dx print an enlarged copy of the graph, go to MathGraphs.com.) 
(b) Use integration and the given point to find the particular 
13. IE —— dx solution of the differential equation and use a graphing utility 
vx to graph the solution. Compare the result with the sketch in 
14. lar ay part (a) that passes through the given point. 
4s, @ = 2-1, (-1,3) ak ect xs (1,3) 
Des) Finding an Indefinite Integral In Exercises dx dx x 


sot ty 15-36, find the indefinite integral and check the 


y 
= . ar, A 
me result by differentiation. | PdWCeagaes1. 
MII a ESSA 
| 444 ew 
15. | (x + 7) dx 16. | (13 — x) dx Iq ges wey 
ELLA wg qu 
RSA ere ae 
» X x 
17. | GO? + D) dx 18. | (9x8 — 2x — 6) dx =3 bd a ASA 13 
fd J =e RN 
1 AE 
ge ON Sm 
19. | (x32 + 2x + 1) dx 20. (ve+ zx) dx Pb 4x—— x9 T 
2/x 1122735 111 


256 Chapter4 Integration 


fe Slope Field In Exercises 47 and 48, (a) use a graphing 


utility to graph a slope field for the differential equation, 
(b) use integration and the given point to find the particular 
solution of the differential equation, and (c) graph the particular 
solution and the slope field in the same viewing window. 
dy 
47. 

d. 


X 


= 2x, (-2, —2) 


48. Z = 2. J/x, (4, 12) 
dx 


EXPLORING CONCEPTS 


Sketching a Graph In Exercises 49 and 50, the graph 
of the derivative of a function is given. Sketch the graphs 
of two functions that have the given derivative. (There is 
more than one correct answer.) To print an enlarged copy 
of the graph, go to MathGraphs.com. 


51. Comparing Functions Consider f(x) = tan? x and 
g(x) = sec? x. What do you notice about the derivatives 
of f and g? What can you conclude about the relationship 
between f and g? 


52. 5 HOW DO YOU SEE IT? Use the graph of 


f' shown in the figure to answer the following. 


(a) Approximate the slope of f at x — 4. Explain. 

(b) Is f(5) — f(4) > 0? Explain. 

(c) Approximate the value of x where f is maximum. 
Explain. 

(d) Approximate any open intervals on which the 
graph of f is concave upward and any open 
intervals on which it is concave downward. 
Approximate the x-coordinates of any points 
of inflection. 


53. Horizontal Tangent Find a function f such that the 
graph of f has a horizontal tangent at (2, 0) and f"(x) = 2x. 


54. Sketching Graphs The graphs of f and f' each pass 
through the origin. Use the graph of f" shown in the figure to 
sketch the graphs of f and f’. To print an enlarged copy of the 
graph, go to MathGraphs.com. 


55. Tree Growth An evergreen nursery usually sells a certain 
type of shrub after 6 years of growth and shaping. The growth 
rate during those 6 years is approximated by dh/dt = 1.5t + 5, 
where ft is the time in years and A is the height in centimeters. 
The seedlings are 12 centimeters tall when planted (t = 0). 


(a) Find the height after t years. 
(b) How tall are the shrubs when they are sold? 


56. Population Growth The rate of growth dP/dt of a 
population of bacteria is proportional to the square root of 
t, where P is the population size and t is the time in days 
(0 x t x 10). That is, 


dP - 

— = kyt. 

dt v 

The initial size of the population is 500. After 1 day, the 
population has grown to 600. Estimate the population after 
7 days. 


Vertical Motion In Exercises 57—59, assume the accleration 
of the object is a(t) = —32 feet per second per second. (Neglect 
air resistance.) 


57. A ball is thrown vertically upward from a height of 6 feet with an 
initial velocity of 60 feet per second. How high will the ball go? 


58. With what initial velocity must an object be thrown upward 
(from ground level) to reach the top of the Washington 
Monument (approximately 550 feet)? 


59. A balloon, rising vertically with a velocity of 16 feet per 
second, releases a sandbag at the instant it is 64 feet above the 
ground. 


(a) How many seconds after its release will the bag strike the 
ground? 


(b) At what velocity will the bag hit the ground? 


Vertical Motion In Exercises 60—62, assume the accleration 
of the object is a(¢) = —9.8 meters per second per second. 
(Neglect air resistance.) 


60. A baseball is thrown upward from a height of 2 meters with 
an initial velocity of 10 meters per second. Determine its 
maximum height. 


61. With what initial velocity must an object be thrown upward 
(from a height of 2 meters) to reach a maximum height of 
200 meters? 


.62. Grand Canyon « ««eeeeeeecececceccc 


The Grand Canyon is 
1800 meters deep at 
its deepest point. A 
rock is dropped from 
the rim above this 
point. How long will it 
take the rock to hit the 
canyon floor? 


63. Lunar Gravity On the moon, the acceleration of a 
free-falling object is a(t) = —1.6 meters per second per 
second. A stone is dropped from a cliff on the moon and hits 
the surface of the moon 20 seconds later. How far did it fall? 
What was its velocity at impact? 


64. Escape Velocity The minimum velocity required for an 
object to escape Earth's gravitational pull is obtained from the 
solution of the equation 


fw- -om | 5o 


where v is the velocity of the object projected from Earth, y 
is the distance from the center of Earth, G is the gravitational 
constant, and M is the mass of Earth. Show that v and y are 
related by the equation 


1 1 
2, 2 4 
v vo t ow: 3) 


where v, is the initial velocity of the object and R is the radius 
of Earth. 


Rectilinear Motion In Exercises 65-68, consider a particle 
moving along the x-axis, where x(/) is the position of the 
particle at time t, x (f) is its velocity, and x"(f) is its acceleration. 
65. x) =P —6? 4-9: —2, 0xtx5 

(a) Find the velocity and acceleration of the particle. 


(b) Find the open r-intervals on which the particle is moving 
to the right. 


(c) Find the velocity of the particle when the acceleration is 0. 


66. Repeat Exercise 65 for the position function 
x)= t- )E—3,0s 7s 5, 


67. A particle moves along the x-axis at a velocity of v(t) = 1/ Vt, 
t > 0. Attimet = 1, its position is x = 4. Find the acceleration 
and position functions for the particle. 


68. A particle, initially at rest, moves along the x-axis such that 
its acceleration at time t > 0 is given by a(t) = cos t. At time 
t = 0, its position is x = 3. 


(a) Find the velocity and position functions for the particle. 
(b) Find the values of t for which the particle is at rest. 
69. Acceleration The maker of an automobile advertises that 


it takes 13 seconds to accelerate from 25 kilometers per hour 
to 80 kilometers per hour. Assume the acceleration is constant. 


(a) Find the acceleration in meters per second per second. 


(b) Find the distance the car travels during the 13 seconds. 


Francesco R. lacomino/Shutterstock.com 
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70. Deceleration A car traveling at 45 miles per hour is 


71. 


72. 


brought to a stop, at constant deceleration, 132 feet from 
where the brakes are applied. 


(a) How far has the car moved when its speed has been 
reduced to 30 miles per hour? 


(b) How far has the car moved when its speed has been 
reduced to 15 miles per hour? 


(c) Draw the real number line from 0 to 132. Plot the points 
found in parts (a) and (b). What can you conclude? 


Acceleration At the instant the traffic light turns green, 
a car that has been waiting at an intersection starts with a 
constant acceleration of 6 feet per second per second. At the 
same instant, a truck traveling with a constant velocity of 
30 feet per second passes the car. 


(a) How far beyond its starting point will the car pass the 
truck? 


(b) How fast will the car be traveling when it passes the truck? 


Acceleration Assume that a fully loaded plane starting 
from rest has a constant acceleration while moving down a 
runway. The plane requires 0.7 mile of runway and a speed 
of 160 miles per hour in order to lift off. What is the plane’s 
acceleration? 


True or False? In Exercises 73-78, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


73. 
74. 


75. 


76. 


77. 


78. 


79. 


80. 


The antiderivative of f(x) is unique. 


Each antiderivative of an nth-degree polynomial function is an 
(n + 1)th-degree polynomial function. 


If p(x) is a polynomial function, then p has exactly one 
antiderivative whose graph contains the origin. 


If F(x) and G(x) are antiderivatives of f(x), then 
F(x) = G(x) + C. 

If f'(x) = g(x), then f g(x) dx = f(x) + C. 
JEWO) dx = (£6) dx)(J 80) dx) 


Proof Let s(x) and c(x) be two functions satisfying 
s'(x) = c(x) and c'(x) = —s(x) for all x. If s(0) = O and 
c(0) = 1, prove that [sG)P. + [eP = 1. 


Think About It Find the general solution of 


f(x) = —2x sin x’. 


PUTNAM EXAM CHALLENGE 


81. Suppose f and g are non-constant, differentiable, real- 


valued functions defined on (—©, oo). Furthermore, 
suppose that for each pair of real numbers x and y, 


f(x + y) = fo) fly) — g@)g(y) and 
g(x + y) = faso) + gf). 


If f'(0) = 0, prove that (f(x)? + (g(x) = 1 for all x. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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E Use sigma notation to write and evaluate a sum. 
E Understand the concept of area. 

E Approximate the area of a plane region. 

E Find the area of a plane region using limits. 


Sigma Notation 


In the preceding section, you studied antidifferentiation. In this section, you will look 
further into a problem introduced in Section 1.1—that of finding the area of a region in 
the plane. At first glance, these two ideas may seem unrelated, but you will discover in 
Section 4.4 that they are closely related by an extremely important theorem called the 
Fundamental Theorem of Calculus. 

This section begins by introducing a concise notation for sums. This notation is 
called sigma notation because it uses the uppercase Greek letter sigma, written as X. 


Sigma Notation 
The sum of n terms a}, az, d4,. . ., a, is written as 


n 


Sd —d d + ta 


i-1 


n 


where i is the index of summation, a; is the ith term of the sum, and the 
upper and lower bounds of summation are n and 1. 


The upper and lower bounds must be constant with respect to the index 
of summation. However, the lower bound does not have to be 1. Any integer less than 
or equal to the upper bound is legitimate. 


EXAMPLE 1 Examples of Sigma Notation 


a. i=1+2+3+4+4+5+6 
i=1 


an 


D 


b. V(i-121-94-29-3-44-45-46 


Me 


i 
o 


3-242-:59246047 


- 
ll 
Uu 


o 
IMs 
ms. 
N 

l 


Qu 
UL 
l- 

| 
^- 
"EE. 
e 
N 

+ 
lee 
w 

+ 
z 

+ 
MS 
CA 


e 
= 
EAE 
Sle 
= 
^D 
+ 
— 
x 
Il 
3| 
~ 
fan 
N 
+ 
— 
xr 
+ 
Le 
N 
N 
+ 
— 
— 
+ 
+ 
S|— 
— 
3 
N 
+ 
— 
— 


f. ) fx) Ax = f(x,) Ax + foo) Ax + + + + + fi) Ax 


1 


t 


From parts (a) and (b), notice that the same sum can be represented in different ways 
using sigma notation. | 


Although any variable can be used as the index of summation, i, j, and k are often 
used. Notice in Example 1 that the index of summation does not appear in the terms of 
the expanded sum. 


THE SUM OF THE FIRST 
100 INTEGERS 


A teacher of Carl Friedrich 
Gauss (1777-1855) asked him 
to add all the integers from | 
to 100. When Gauss returned 
with the correct answer after 
only a few moments, the 
teacher could only look at him 
in astounded silence. This is 
what Gauss did. 


| 2 3 
100 99 98 
101 101 101 


100 x 101 
2 


= 5050 


This is generalized by Theorem 
4.2, Property 2, where 


100 
Zi = 10001) L soso, 
i=1 2 


E FOR FURTHER INFORMATION 
For a geometric interpretation 
of summation formulas, see the 


article "Looking at > k and > k? 


Geometrically” by Pc Hesbon 
in Mathematics Teacher. To view 


this article, go to MathArticles.com. 
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The properties of summation shown below can be derived using the Associative 
and Commutative Properties of Addition and the Distributive Property of Addition over 
Multiplication. (In the first property, k is a constant.) 

1. Sika; = kX a; 2. X (a, + b) = Xa Sd; 


i-1 i-1 i=1 i=l i-l 


The next theorem lists some useful formulas for sums of powers. 


THEOREM 4.2 Summation Formulas | 


"^ n(n + 1) 
1. = is a constant 2. EI 
Ses cn, c 2! 2 
^ — n(n 4 1)(2n + 1) Ba rod lr gu 
3. b» = 6 4. 5’ LM [s] rd [a] 
i=1 i=l ^ e TU 
A proof of this theorem is given in Appendix A. [n] €: mY 
CT 1482"23 Evaluating a Sum 
= 
Evaluate Y for n — 10, 100, 1000, and 10,000. 
i=1 
Solution 
nicl 1 
5 wz = 2h (i + 1) Factor the constant 1/72 out of sum. 
i= £a 
1 n . n 
= al i + 1) Write as two sums. 
i=1 ica 
1 [n(n + 1) 
= E » tn Apply Theorem 4.2. 
.1[n* + 2| saai 
x 3 implify. 
E =o Simplif 
ES s implify. 


Now you can evaluate the sum by substituting the appropriate values of n, as shown in 
the table below. 


n 10 100 1000 10,000 


SEI gr. 
eg v 


0.65000 | 0.51500 | 0.50150 | 0.50015 


In the table, note that the sum appears to approach a limit as n increases. Although 
the discussion of limits at infinity in Section 3.5 applies to a variable x, where x can be 
any real number, many of the same results hold true for limits involving the variable n, 
where 7 is restricted to positive integer values. So, to find the limit of (n + 3)/2n as n 
approaches infinity, you can write 


lim "3 tim (2 + 3) = sim (E+ 2) -t+0=4 
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ARCHIMEDES (287-212 s.c.) 


Archimedes used the method 
of exhaustion to derive 
formulas for the areas of 
ellipses, parabolic segments, 
and sectors of a spiral. He is 
considered to have been the 
greatest applied mathematician 
of antiquity. 

See LarsonCalculus.com to read 
more of this biography. 


liM FOR FURTHER INFORMATION 
For an alternative development of 
the formula for the area of a circle, 
see the article “Proof Without 
Words: Area of a Disk is TUR?" by 
Russell Jay Hendel in Mathematics 
Magazine. To view this article, go 
to MathArticles.com. 


Area 


In Euclidean geometry, the simplest type of plane region is a rectangle. 
Although people often say that the formula for the area of a rectangle is 


A= bh 


it is actually more proper to say that this is the definition 
of the area of a rectangle. 

From this definition, you can develop formulas for 
the areas of many other plane regions. For example, to 
determine the area of a triangle, you can form a rectangle 
whose area is twice that of the triangle, as shown in 
Figure 4.5. Once you know how to find the area of a Triangle: A = bh 
triangle, you can determine the area of any polygon by Figure 4.5 
subdividing the polygon into triangular regions, as 
shown in Figure 4.6. 


EE EZ 


Parallelogram Hexagon Polygon 
Figure 4.6 


b 


Finding the areas of regions other than polygons is more difficult. The ancient 
Greeks were able to determine formulas for the areas of some general regions 
(principally those bounded by conics) by the exhaustion method. The clearest 
description of this method was given by Archimedes. Essentially, the method is a 
limiting process in which the area is squeezed between two polygons—one inscribed 
in the region and one circumscribed about the region. 

For instance, in Figure 4.7, the area of a circular region is approximated by an 
n-sided inscribed polygon and an n-sided circumscribed polygon. For each value of n, 
the area of the inscribed polygon is less than the area of the circle, and the area of the 
circumscribed polygon is greater than the area of the circle. Moreover, as n increases, 
the areas of both polygons become better and better approximations of the area of 
the circle. 


The exhaustion method for finding the area of a circular region 
Figure 4.7 


A process that is similar to that used by Archimedes to determine the area of a 
plane region is used in the remaining examples in this section. 


Mary Evans Picture Library / Alamy Stock Photo 
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The Area of a Plane Region 


Recall from Section 1.1 that the origins of calculus are connected to two classic 
problems: the tangent line problem and the area problem. Example 3 begins the 
investigation of the area problem. 


Approximating the Area of a Plane Region 


y Use the five rectangles in Figures 4.8(a) and (b) to find two approximations of the area 
oes 45 of the region lying between the graph of 
(ey eren sg 


and the x-axis between x = 0 and x = 2. 
Solution 


a. The right endpoints of the five intervals are 


2 
zÍ Right endpoints 
2 4 6 8 10 where i = 1, 2,3,4,5. The width of each rectangle is A and the height of each 


5 5 5 5 5 
rectangle can be obtained by evaluating f at the right endpoint of each interval. 
(a) The area of the parabolic region is 


greater than the area of the rectangles. [o d E d |: s| E z] E 2| 
3 5 , 5 5 , 5 5 3 5 5 , 5 5 


Evaluate f at the right endpoints of these intervals. 


The sum of the areas of the five rectangles is 


Height Width 
qe em ets 


$009 - SEY O- 2- 


Because each of the five rectangles lies inside the parabolic region, you can conclude 
2 4 6 8 10 that the area of the parabolic region is greater than 6.48. 


b. The left endpoints of the five intervals are 
(b) The area of the parabolic region is less 
than the area of the rectangles. 26 = 1) 


. Left endpoints 
Figure 4.8 5 


where i — 1, 2, 3, 4, 5. The width of each rectangle is z and the height of each rectangle 
can be obtained by evaluating f at the left endpoint of each interval. So, the sum is 


Height Width 
a 


o9 - SEG) + 5](2) -2 - so 


Because the parabolic region lies within the union of the five rectangular regions, 
you can conclude that the area of the parabolic region is less than 8.08. 


By combining the results in parts (a) and (b), you can conclude that 
6.48 < (Area of region) < 8.08. E 
By increasing the number of rectangles used in Example 3, you can obtain closer 


and closer approximations of the area of the region. For instance, using 25 rectangles 
EP 
of width 55 each, you can conclude that 


7.1712 « (Area of region) « 7.4912. 
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The region under a curve 


Figure 4.9 
y 
A 
f 
fim) fM) 
<7 m 
a "e b 


The interval [a, b] is divided into n 
b—a 


subintervals of width Ax — 


Figure 4.10 


Finding Area by the Limit Definition 


The procedure used in Example 3 can be generalized as follows. Consider a plane 
region bounded above by the graph of a nonnegative, continuous function 


y = f(x) 


as shown in Figure 4.9. The region is bounded below by the x-axis, and the left and 
right boundaries of the region are the vertical lines x = a and x = b. 

To approximate the area of the region, begin by subdividing the interval [a, b] into 
n subintervals, each of width 


_b-a 


n 


Ax 


as shown in Figure 4.10. The endpoints of the intervals are 


a= xo X X, x, =b 
SS 
a + O(Ax) < at 1(Ax) < a + 2(Ax) < +++ < a + n(Ax). 


Because f is continuous, the Extreme Value Theorem guarantees the existence of a 
minimum and a maximum value of f(x) in each subinterval. 

f(m;) = Minimum value of f(x) in ith subinterval 

f{(M,) = Maximum value of f(x) in ith subinterval 
Next, define an inscribed rectangle lying inside the ith subregion and a circumscribed 
rectangle extending outside the ith subregion. The height of the ith inscribed rectangle 


is f(m,) and the height of the ith circumscribed rectangle is f(M,). For each i, the area 
of the inscribed rectangle is less than or equal to the area of the circumscribed rectangle. 


Area of inscribed \ _ _ [ Area of circumscribed 
( rectangle ) = fim) Ax = f(Mj) Ax = ( rectangle ) 


The sum of the areas of the inscribed rectangles is called a lower sum, and the sum of 
the areas of the circumscribed rectangles is called an upper sum. 
n 
Lower sum = s(n) = Y fm) Ax Area of inscribed rectangles 
= 


n 
Upper sum = S(n) = Y AM, j) Ax Area of circumscribed rectangles 


i-l 


From Figure 4.11, you can see that the lower sum s(n) is less than or equal to the upper 
sum S(n). Moreover, the actual area of the region lies between these two sums. 


s(n) < (Area of region) < S(n) 


à EN à i 
A 
s(n) S(n) 


x > xX x 
a b a b a b 
Area of inscribed rectangles Area of region Area of circumscribed 
is less than area of region. rectangles is greater than 


area of region. 
Figure 4.11 


Inscribed rectangles 


y 


x! 1 


Circumscribed rectangles 
Figure 4.12 
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Finding Upper and Lower Sums for a Region 


Find the upper and lower sums for the region bounded by the graph of f(x) = x? and 
the x-axis between x = 0 and x = 2. 


Solution To begin, partition the interval [0, 2] into n subintervals, each of width 


b-a 2-0 2 


n n n 


Ax 


Figure 4.12 shows the endpoints of the subintervals and several inscribed and 
circumscribed rectangles. Because f is increasing on the interval [0, 2], the minimum 
value on each subinterval occurs at the left endpoint, and the maximum value occurs 
at the right endpoint. 


Left Endpoints Right Endpoints 
m =0+ G- v2) - 69 M,- oi) - 2 
n n n 


n 


Using the left endpoints, the lower sum is 


f(m;) Ax 


Me: 


a= 


m 
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Lower sum 


Using the right endpoints, the upper sum is 


> SM) Ax 
C 
ale, 
2i 
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S(n) 


Il 
EA oo IMs IMs IMs T 
FT RS 


AES 


= SQ + 3m +n) 


|> 


Upper sum H 


W]oo Ww 
+ 
SIA 
+ 


Y 
3 
ir 


264 


Chapter4 Integration 


Exploration 


For the region given in 
Example 4, evaluate the 
lower sum 


s(n) = = 


EA 
3 n 


and the upper sum 
for n — 10, 100, and 1000. 


Use your results to determine 
the area of the region. 


Example 4 illustrates some important things about lower and upper sums. First, 
notice that for any value of n, the lower sum is less than (or equal to) the upper sum. 
4 4 8 4 4 


8 
- > eles ye 
s(n) 3 n 3] 3 n 3n 


im S(n) 


Second, the difference between these two sums lessens as n increases. In fact, when you 
take the limits as n — oo, both the lower sum and the upper sum approach z 


lim s(n) = lim ($ -44 2)- 


Lower sum limit 


n oo n2999.43 n 3m 3 
and 
: i 8 4 4 8 
= sc ene = imi 
]im S(n) ]im ( 3 m 4) 3 Upper sum limit 


The next theorem shows that the equivalence of the limits (as n — oo) of the upper 
and lower sums is not mere coincidence. It is true for all functions that are continuous 
and nonnegative on the closed interval [a, b]. The proof of this theorem is best left to 
a course in advanced calculus. 


1 4.3 Limits of the Lower and Upper Sums 


Let f be continuous and nonnegative on the interval [a, b]. The limits as 
n OO of both the lower and upper sums exist and are equal to each other. 
That is, 


lim s(n) = 


n> co 


lim Y fm) Ax 
1 


n2 co je 


n 


lim X f(M;) Ax 


= 


= lim S(n) 


where Ax = (b — a)/n and f(m,) and f(M,) are the minimum and maximum 
values of f on the ith subinterval. 


———— 


In Theorem 4.3, the same limit is attained for both the minimum value f(m,) and 
the maximum value f(M,). So, it follows from the Squeeze Theorem (Theorem 1.8) that 
the choice of x in the ith subinterval does not affect the limit. This means that you are 
free to choose an arbitrary x-value in the ith subinterval, as shown in the definition of 
the area of a region in the plane. 


Definition of the Area of a Region in the Plane 


Let f be continuous and nonnegative on the y 
interval [a, b]. (See Figure 4.13.) The area | 
of the region bounded by the graph of f, 
the x-axis, and the vertical lines x = a and 
x = bis 


Area = lim V f(c;) Ax 
ROO T=] 


where x; , € c; € x, and 
The width of the ith subinterval 
is Ax = x; — x; ,. 
Figure 4.13 


d, 1) 


The area of the region bounded by 
the graph of f, the x-axis, x — 0, and 
x= lis E 

Figure 4.14 


The area of the region bounded by 
the graph of f, the x-axis, x = 1, and 
x — 21s 2. 

Figure 4.15 
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Finding Area by the Limit Definition 


Find the area of the region bounded by the graph of f(x) = x3, the x-axis, and the 
vertical lines x = 0 and x = 1, as shown in Figure 4.14. 


Solution Begin by noting that f is continuous and nonnegative on the interval 
[0, 1]. Next, partition the interval [0, 1] into n subintervals, each of width Ax = 1/n. 
According to the definition of area, you can choose any x-value in the ith subinterval. 
For this example, the right endpoints c; = i/n are convenient. 


Area — lim Y fc) Ax 
ntes 


Eo 


Right endpoints: c; — £ 
n 


— lim 1 E + =| 
noo nt 4 

= lim E + : l ) 
noo 2n 4n? 

|. 1l 

(4 


The area of the region is L, 


Finding Area by the Limit Definition 


tee > See LarsonCalculus.com for an interactive version of this type of example. 


Find the area of the region bounded by the graph of f(x) = 4 — x?, the x-axis, and the 
vertical lines x — 1 and x — 2, as shown in Figure 4.15. 


Solution Note that the function f is continuous and nonnegative on the interval 
[1,2]. So, begin by partitioning the interval into n subintervals, each of width 
Ax — 1/n. Choosing the right endpoint 
i 
c;=at iAx=1+— Right endpoints 
n 


of each subinterval, you obtain 


Area = lim V f(c;) Ax 
nofi 


1 
— —]-- 
i 3 
= 
3 


The area of the region is 5, au 
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1 (1, 1) 


i »— X 


(0, 0) 1 


The area of the region bounded by 
the graph of f and the y-axis for 
0< y< lis; 

Figure 4.16 


You will study 
other approximation methods 
in Section 8.6. One of the 
methods, the Trapezoidal 

. Rule, is similar to the 
* Midpoint Rule. 


an “4 m 


m ^3 
4 2 4 


w 
w 


The area of the region bounded by the 
graph of f(x) = sin x and the x-axis for 
O < x < T is about 2.052. 

Figure 4.17 


The next example looks at a region that is bounded by the y-axis (rather than by 
the x-axis). 


A Region Bounded by the y-axis 


Find the area of the region bounded by the graph of f(y) = y? and the y-axis for 
0 < y < 1, as shown in Figure 4.16. 


Solution When f is a continuous, nonnegative function of y, you can still use the 
same basic procedure shown in Examples 5 and 6. Begin by partitioning the interval 
[0, 1] into n subintervals, each of width Ay = 1/n. Then, using the upper endpoints 
c; = i/n, you obtain 


Area = lim Y f(cj) Ay 
nono 

n i 2 1 

= li —|(= 

i ECC 

= lim lys 

noo nme 


= ia JE + VEn + 2 


Upper endpoints: c; — - 


(i 1 " L) 
n>% \3 2n 6r 


The area of the region is s. | 


In Examples 5, 6, and 7, c; is chosen to be a value that is convenient for calculating 
the limit. Because each limit gives the exact area for any c,, there is no need to find 
values that give good approximations when n is small. For an approximation, however, 
you should try to find a value of c; that gives a good approximation of the area of the 
ith subregion. In general, a good value to choose is the midpoint of the interval, 
c; = (x; , + x)/2, and apply the Midpoint Rule. 

no [Xiz + X 

Area ~ p f ( 2 Ax. 


Midpoint Rule 


Approximating Area with the Midpoint Rule 


Use the Midpoint Rule with n — 4 to approximate the area of the region bounded by the 
graph of f(x) = sin x and the x-axis for 0 < x < TL, as shown in Figure 4.17. 


Solution Forn = 4, Ax = 11/4. The midpoints of the subregions are shown below. 
 O-(n4) nm _ (1/4) + (r/2) 3m 
7 2 8 " 2 8 
_ (n/2) + Gn/4) 5n _ Qn/4A-*m 7n 
^5 2 8 s4 2 8 


So, the area is approximated by 


n 4 . n) i .T : 3n P 5n m) 
Area ; fe) Ax ; m ail sin 8 sin 8 sin 8 8 


+ sin 


which is about 2.052. H 
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4.2 Area 267 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Sigma Notation What are the index of summation, 
the upper bound of summation, and the lower bound of 
8 
summation for 5 (i — 4)? 
íz5 
. Sums What is the value of n? 


e 5(5 + 1) 20(20 + 1)[2(20) + 1] 


© P= 2 


E TR and Lower Sums In your own words and 
using appropriate figures, describe the methods of upper 
sums and lower sums in approximating the area of a region. 


. Finding Area by the Limit Definition Explain 
how to find the area of a plane region using limits. 


[s]: [a] Finding a Sum In Exercises 5-10, find the sum 
US ty by adding each term together. Use the summation 
[s] En FA capabilities of a graphing utility to verify your result. 


5. Y Gi 2) 6. Se +1) 
i=1 k=3 

7 S : 8 X 

` 2 e+ P 2j 


LG — 1} + (i + 1)] 


© 
Ms 

oO 

—_ 

= 
iM» 


~ 
ll 

c 
ll 


Using Sigma Notation In Exercises 11-16, use sigma 
notation to write the sum. 


ee eee oe 4.2 qul 
51)  5( 50) ` " 5(11) 

6 6 6 6 
i ss 2 2-43 241 


|: po^ j« 6o) +9] 
Ha en] 

T ases j dp 
tJa eTe 

ERR. the properdes of summation and Theorem 42 to 


eet evaluate the sum. Use the summation capabilities 
"^ ofa graphing utility to verify your result. 


12 20 
17. X7 18. X -8 
i-l i-l 
24 16 
19. Y 4i 20. Y (i — 4) 
i i=1 


10 
22, X (i? — 1) 
i=l 


7 25 
23. V iG + 3) 24. M (P — 2i) 
i=1 i=l 


EET Evaluating a Sum In Exercises 25-28, use 


a the summation formulas to rewrite the expression 
[a] ‘fy without the summation notation. Use the result to 
-"Z'* find the sums for n = 10, 100, 1000, and 10,000. 


22i t1 e 7jt4 
25. YS 26. Yo 

i=1 n j=l n 

n 6k(k — 1) 5 2i? —3i 
27. 3 28. Ya 

k=1 í 


[n] 7 Approximating the Area of a Plane 

EE 3 Region In Exercises 29-34, use left and right 

: da endpoints and the given number of rectangles to 
=E find two approximations of the area of the region 

between the graph of the function and the x-axis 

over the given interval. 

29. f(x) = 2x + 5, [0, 2], 4 rectangles 

30. f(x) = 9 — x, [2, 4], 6 rectangles 

31. g(x) = 2x? — x — 1, [2, 5], 6 rectangles 

32. g(x) = x? + 1, [1, 3], 8 rectangles 


33. f(x) = cos x, |o. zl 4 rectangles 
34. g(x) = sin x, [0, rt], 6 rectangles 
Using Upper and Lower Sums In Exercises 35 and 36, 


bound the area of the shaded region by approximating the 
upper and lower sums. Use rectangles of width 1. 


35. » 36. » 
A 
54 5 
44 4 
34 3 
24 2 
1 1 
pojoj | i. x 
t Ó 34 3$ 


[s] [m] Finding Upper and Lower Sums for a 


aA 3» Region In Exercises 37-40, use upper and lower 
iT 2 sums to approximate the area of the region using 
the given number of subintervals (of equal width). 


37. y= x 38. y= J/x+2 


» X 
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-1 =- Aaa 
Tae 40. y - /1—-x 


y y 
A A 


zz] Finding Upper and Lower Sums for a 
Hs Region In Exercises 41—44, find the upper and 
^ lower sums for the region bounded by the graph of 
" the function and the x-axis on the given interval. 
Leave your answer in terms of n, the number of 


subintervals. 
Function Interval 
41. f(x) = 3x [0, 4] 
42. f(x) = 6 — 2x [1, 2] 
43. f(x) = 5x? [0, 1] 
44. f(x) -9— x? [0, 2] 


45. Numerical Reasoning Consider a triangle of area 2 
bounded by the graphs of y = x, y = 0, and x = 2. 


(a) Sketch the region. 


(b) Divide the interval [0, 2] into n subintervals of equal width 
and show that the endpoints are 


o<?) < 
n 


(c) Show that s(n) Y L »(2)|(2). 


i=1 


(d) Show that S(n) = SLOG 


(e) Find s(n) and S(n) for n = 5, 10, 50, and 100. 
(f) Show that lim s(n) = lim S(n) = 2. 


46. Numerical Reasoning Consider a trapezoid of area 4 
bounded by the graphs of y = x, y = 0, x = 1, and x = 3. 


(a) Sketch the region. 


(b) Divide the interval [1, 3] into n subintervals of equal width 
and show that the endpoints are 


reas (D)... 
n 


(c) Show that s(n) 


(d) Show that S(n) S 14 (S) 


i=1 


(e) Find s(n) and S(n) for n = 5, 10, 50, and 100. 
(f) Show that lim s(n) = lim S(n) = 4. 


Exercises 47—56, use the limit process to find the 
area of the region bounded by the graph of the 
function and the x-axis over the given interval. 
Sketch the region. 


ORO Finding Area by the Limit Definition In 
3 


47. y 2 -Ax +5, [0,1] 48. y - àx - 2, [2,5] 


49. y 2 x* € 2, [0,1] 50. y 2 532 + 1, [0,2] 
51. y=25- x°, [1,4] 52. y=4- x, [-2,2] 
53. y = 27 — x3, [1,3] 54. y= 2x — x5, [0,1] 


55.y —x?— x3, [-1,1] 56.y = 2x3 —x? [L2] 


[m] E] Finding Area by the Limit Definition In 
DEN "? Exercises 57-62, use the limit process to find the 


ol T 1 *3 area of the region bounded by the graph of the 
7 7'* function and the y-axis over the given y-interval. 
Sketch the region. 


57. fly) =4y, Os ys2 


58. (y) =4y, 2<y<4 

59. f(y =y?, Os ys5 

60. y=3y- y, 25 ys3 
61. gy) = 4? — y», lsys<3 
62. hy) =y +1, lsy<2 


i's] Approximating Area with the Midpoint 

zs M Rule In Exercises 63-66, use the Midpoint Rule 

"| with n = 4 to approximate the area of the region 
bounded by the graph of the function and the 
x-axis over the given interval. 


63. f(x) =x? + 3, [0,2] 64. f(x) =x? + 4x, [0,4] 


65. f(x) = tan x, |o. z] 66. f(x) = cos x, |o. z] 


EXPLORING CONCEPTS 

67. Approximation Determine which value best 
approximates the area of the region bounded by the 
graph of f(x) = 4 — x? and the x-axis over the interval 
[0, 2]. Make your selection on the basis of a sketch of the 
region, not by performing calculations. 


(a) -2 (@b)6 (œ) 10 (d 3 (e)8 


. Approximation A function is continuous, 
nonnegative, concave upward, and decreasing on the 


interval [0, a]. Does using the right endpoints of the 
subintervals produce an overestimate or an underestimate 
of the area of the region bounded by the function and the 
x-axis? 


. Midpoint Rule Explain why the Midpoint Rule 
almost always results in a better area approximation in 
comparison to the endpoint method. 


. Midpoint Rule Does the Midpoint Rule ever give 
the exact area between a function and the x-axis? Explain. 
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71. Graphical Reasoning Consider the region bounded by True or False? In Exercises 73 and 74, determine whether 
the graphs of f(x) = 8x/(x + 1), x = 0, x = 4, and y = 0, as the statement is true or false. If it is false, explain why or give 
shown in the figure. To print an enlarged copy of the graph, go an example that shows it is false. 
to MathGraphs.com. . ""- . 

73. The sum of the first n positive integers is n(n + 1)/2. 

(a) Redraw the figure, and y . . . -- 
complete and shade the ó A 74. If f is continuous and nonnegative on [a, b], then the limits as 
rectangles representing the n oo of its lower sum s(n) and upper sum S(n) both exist and 
lower sum when n — 4. are equal. 


Find this 1 : 2i i ; T 
a 75. Writing Use the figure to write a short paragraph explaining 


(b) Redraw the figure, and why the formula 1 + 2 +- + + + n = $n(n + 1) is valid for 
complete and shade the all positive integers n. 
rectangles representing the £ 
upper sum when n = 4. I x 
Find this upper sum. xu x 
(c) Redraw the figure, and complete and shade the rectangles X oo ox 
whose heights are determined by the function values at the Les s o 
midpoint of each subinterval when n — 4. Find this sum Xo ox xl 
using the Midpoint Rule. Figure for 75 Figure for 76 
(d) Verify the following formulas for approximating the area 76. Graphical Reasoning Consider an n-sided regular 
of the region using n subintervals of equal width. polygon inscribed in a circle of radius r. Join the vertices of 
n f 41/4 the polygon to the center of the circle, forming n congruent 
Lower sum: s(n) — b G- D7 m triangles (see figure). 
fal 


(a) Determine the central angle 0 in terms of n. 


eso Sf 


(b) Show that the area of each triangle is $r? sin 0. 


Midpoint Rule: Min) = $ Al = z) dH (c) Let A, be the sum of the areas of the n triangles. Find 
Él 2/nj\n ]im A, 


ee (e) Use a graphing utility to create a table of values of s(n), 


S(n), and M(n) for n — 4, 8, 20, 100, and 200. * 77. Seating Capacitys e e seeeeccecececeeees 


e 
A teacher places n seats ° 


to form the back row 

of a classroom layout. 
Each successive row 
contains two fewer 

seats than the preceding 
row. Find a formula for 
the number of seats used 
in the layout. (Hint: The 
number of seats in the 
layout depends on whether n is odd or even.) 


(f) Explain why s(n) increases and S(n) decreases for 
increasing values of n, as shown in the table in part (e). 


72( )) HOW DO YOU SEE IT? The function 
shown in the graph below is increasing on the 
interval [1, 4]. The interval will be divided into 
12 subintervals. 


78. Proof Prove each formula by mathematical induction. (You 
may need to review the method of proof by induction from a 
precalculus text.) 


(a) Yoi =nn+1) (b 5i = 
i=1 


i=1 


n(n + 1)? 
4 


(a) What are the left endpoints of the first and last 
subintervals? 


PUTNAM EXAM CHALLENGE 


79. A dart, thrown at random, hits a square target. Assuming 
that any two parts of the target of equal area are equally 
likely to be hit, find the probability that the point hit is 


(b) What are the right endpoints of the first two 
subintervals? 


(c) When using the right endpoints, do the rectangles 


B d 3) . . 
lie above or below the graph of the function? nearer to the center than to any edge. Write your answer in 


the form (a/b + c)/d, where a, b, c, and d are integers. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


(d) What can you conclude about the heights of the 
rectangles when the function is constant on the 
given interval? 


PongMoji/Shutterstock.com 
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2. — (n-1y | 
n n n? 
The subintervals do not have equal 
widths. 
Figure 4.18 


ad, 1) 


» X 


The area of the region bounded by 
the graph of x — y? and the y-axis 
fr0 < y< 1 is 4. 

Figure 4.19 


i Understand the definition of a Riemann sum. 
E Evaluate a definite integral using limits and geometric formulas. 
E Evaluate a definite integral using properties of definite integrals. 


Riemann Sums 


In the definition of area given in Section 4.2, the partitions have subintervals of equal 
width. This was done only for computational convenience. The next example shows 
that it is not necessary to have subintervals of equal width. 


A Partition with Subintervals of Unequal Widths 


Consider the region bounded by the graph of f(x) — Jx and the x-axis for0 < x < 1, 
as shown in Figure 4.18. Evaluate the limit 


lim V f(c;) Ax; 


00 ; 
n i=1 


where c; is the right endpoint of the partition given by c; = i7/n? and Ax; is the width 
of the ith interval. 


Solution The width of the ith interval is 


°? (i—1y 
nr ae 
| P-P?-r-2i-1 
m 
|.2i-1 
SUL 


So, the limit is 


n n ;2 = 
lim Y f(c) Ax, = lim Y 5G ; j 


n> f n> f=) n n 
= lim LY (2i? — i) 
ASO gy 
. 1 n(n + D(2n + 1 n(n + 1) 
djs) c 
— i 4m + 3n? -—n 
n>% 6n? 
= lim (2 + Lad ) 
n>% \3 2n 6m 
2 
x a 


From Example 7 in Section 4.2, you know that the region shown in Figure 4.19 has 
an area of d Because the square bounded by 0 < x x 1 andO < y < 1 has an area of 1, 
you can conclude that the area of the region shown in Figure 4.18 has an area of A This 
agrees with the limit found in Example 1, even though that example used a partition 
having subintervals of unequal widths. The reason this particular partition gave the 
proper area is that as n increases, the width of the largest subinterval approaches zero. 
This is a key feature of the development of definite integrals. 


GEORG FRIEDRICH BERNHARD 
RIEMANN (1826-1866) 


German mathematician 


Riemann did his most famous 
work in the areas of 
non-Euclidean geometry, 
differential equations, and 
number theory. It was 
Riemann's results in physics 
and mathematics that formed 
the structure on which 
Einstein's General Theory of 
Relativity is based. 

See LarsonCalculus.com to read 
more of this biography. 
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In Section 4.2, the limit of a sum was used to define the area of a region in the 
plane. Finding area by this method is only one of many applications involving the limit of 
a sum. A similar approach can be used to determine quantities as diverse as arc lengths, 
average values, centroids, volumes, work, and surface areas. The next definition is 
named after Georg Friedrich Bernhard Riemann. Although the definite integral had been 
defined and used long before Riemann’s time, he generalized the concept to cover a 
broader category of functions. 

In the definition of a Riemann sum below, note that the function f has no restrictions 
other than being defined on the interval [a, b]. (In Section 4.2, the function f was assumed 
to be continuous and nonnegative because you were finding the area under a curve.) 


Definition of Riemann Sum 
Let f be defined on the closed interval [a, b], and let A be a partition of [a, b] 
given by 


A=X< xX, < X, X X, 


<x, =b 
where Ax; is the width of the ith subinterval 
[x;_ p xj]. ith subinterval 


If c; is any point in the ith subinterval, then the sum 


n 
Y, Fle) Ax, Xii SG € x; 


i=1 


is called a Riemann sum of f for the partition A. (The sums in Section 4.2 are 
examples of Riemann sums, but there are more general Riemann sums than 
those covered there.) 


The width of the largest subinterval of a partition A is the norm of the partition and 
is denoted by ||A|. If every subinterval is of equal width, then the partition is regular 
and the norm is denoted by 


(Alana 


Regular partition 


For a general partition, the norm is related to the number of subintervals of [a, b] in 
the following way. 


zn General partition 


So, the number of subintervals in a partition approaches infinity as the norm of the 
partition approaches 0. That is, || A|| ^ 0 implies that n — oo. 

The converse of this statement is not true. For example, let A, be the partition of 
the interval [0, 1] given by 


As shown in Figure 4.20, for any positive value of n, the norm of the partition A, is L 
So, letting n approach infinity does not force ||A|| to approach 0. In a regular partition, 
however, the statements 


|All 0 and noo 


n> oo does not imply that ||A|| 5 0. 


Figure 4.20 are equivalent. 


Interfoto/Alamy Stock Photo 
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Definite Integrals 


E FOR FURTHER INFORMATION To define the definite integral, consider the limit 
For insight into the history of the 


n 


definite integral, see the article 2e ) Ax; = L. 

“The Evolution of Integration” by ilo = 

A. Shenitzer and J. Steprans in To say that this limit exists means there exists a real number L such that for each e > 0, 
The American Mathematical there exists a O > 0 such that for every partition with |A|| < 6, it follows that 
Monthly. To view this article, 

go to MathArticles.com. L- Y fc) Ax 


regardless of the choice of c; in the ith subinterval of each partition A. 


Definition of Definite Integral 


If f is defined on the closed interval [a, b] and the limit of Riemann sums over 
partitions A 


Er m 3.) an 


exists (as described above), then f is said to be integrable on [a, b] and the 
limit is denoted by 


m Y f(c) Ax, = i f(x) dx. 


ney 0 


Later in this 
chapter, you will learn 
convenient methods for 
calculating f^ f(x) dx for 
continuous functions. For now, 
you must use the limit definition. 


The limit is called the definite integral of f from a to b. The number a is the 
lower limit of integration, and the number b is the upper limit of integration. 


It is not a coincidence that the notation for definite integrals is similar to that used 
for indefinite integrals. You will see why in the next section when the Fundamental 
Theorem of Calculus is introduced. For now, it is important to see that definite integrals 
and indefinite integrals are different concepts. A definite integral is a number, whereas 
an indefinite integral is a family of functions. 

Though Riemann sums were defined for functions with very few restrictions, a 
sufficient condition for a function f to be integrable on [a, b] is that it is continuous on 
[a, b]. A proof of this theorem is beyond the scope of this text. 


Continuity Implies Integrability 


If a function f is continuous on the closed interval [a, b], then f is integrable 
on [a, b]. That is, f^ f(x) dx exists. 


Exploration 


The Converse of Theorem 4.4 Is the converse of Theorem 4.4 true? That 
is, when a function is integrable, does it have to be continuous? Explain your 


reasoning and give examples. 

Describe the relationships among continuity, differentiability, and 
integrability. Which is the strongest condition? Which is the weakest? Which 
conditions imply other conditions? 
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EXAMPLE 2 Evaluating a Definite Integral as a Limit 


1 
Evaluate the definite integral i 


2x dx. 
2 


Solution The function f(x) = 2x is integrable on the interval [—2, 1] because it 
is continuous on [—2, 1]. Moreover, the definition of integrability implies that any 
partition whose norm approaches 0 can be used to determine the limit. For computational 
y convenience, define A by subdividing [— 2, 1] into n subintervals of equal width 
b = 
Ax, = Ax = E 


n n 


Choosing c; as the right endpoint of each subinterval produces 


c= a+ (Ax) = -2 3. 


So, the definite integral is 


1 n 
| 2x dx = lim Y fle) Ax; 


=2 al> 0 i=1 


l 
B 
M 
> 
G 
> 
= 


. 6 < 3A. 
Because the definite integral is = lim n (- 2) 1+ n 2. i) 
negative, it does not represent the 6 


area of the region. = im { 2n + E n 2n 
Figure 4.21 


Il 
| 
ee) 


Because the definite integral in Example 2 is negative, it does not represent the 
y area of the region shown in Figure 4.21. Definite integrals can be positive, negative, or 
zero. For a definite integral to be interpreted as an area (as defined in Section 4.2), the 
f function f must be continuous and nonnegative on [a, b], as stated in the next theorem. 
The proof of this theorem is straightforward—you simply use the definition of area 

given in Section 4.2, because it is a Riemann sum. 


THEOREM 4.5 The Definite Integral as the Area of a Region 


>x If f is continuous and nonnegative on the closed interval [a, b], then the area 
of the region bounded by the graph of f, the x-axis, and the vertical lines x = a 
and x = b is 


a b 


You can use a definite integral to find 


the area of the region bounded by b 
the graph of f, the x-axis, x = a, and Area = | f(x) dx. 
x=b. : 


Figure 4.22 (See Figure 4.22.) 
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4 
Area — Í (4x — x?) dx 
c 


) 


Figure 4.23 


As an example of Theorem 4.5, consider the region bounded by the graph of 
fG) = 4x - x? 


and the x-axis, as shown in Figure 4.23. Because f is continuous and nonnegative on 
the closed interval [0, 4], the area of the region is 


4 
Area — f (Ax — x2) dx. 


0 


A straightforward technique for evaluating a definite integral such as this will be 
discussed in Section 4.4. For now, however, you can evaluate a definite integral in two 
ways—you can use the limit definition or you can check to see whether the definite 
integral represents the area of a common geometric region, such as a rectangle, triangle, 
or semicircle. 


201E Areas of Common Geometric Figures 


Sketch the region corresponding to each definite integral. Then evaluate each integral 
using a geometric formula. 


3 3 2 
a. f 4 dx b. f (x + 2) dx c. f J4- x dx 
1 0 -2 


Solution A sketch of each region is shown in Figure 4.24. 


a. This region is a rectangle of height 4 and width 2. 


3 
f 4 dx = (Area of rectangle) = 4(2) = 8 
1 


b. This region is a trapezoid with an altitude of 3 and parallel bases of lengths 2 and 
5. The formula for the area of a trapezoid is $h(b, + b). 


3 
f (x + 2) dx = (Area of trapezoid) = jo + 5)= a 
0 


c. This region is a semicircle of radius 2. The formula for the area of a semicircle is 
12 
amr . 


2 
— —$ 1 
/4 — x? dx = (Area of semicircle) = M2”) = 2m 


=2 


j jm — 3 


à o e a‘ ——— + + + 
1 2 3 4 123 4 5 

(a) (b) 

Figure 4.24 


The variable of integration in a definite integral is sometimes called a dummy 
variable because it can be replaced by any other variable without changing the value of 
the integral. For instance, the definite integrals 


EET and f eraa 


have the same value. 


f frou 
E A 
i "T 
a c b 


[ a dx + f fœ) dx 


Figure 4.25 
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Properties of Definite Integrals 


The definition of the definite integral of f on the interval [a, b] specifies that a < b. 
Now, however, it is convenient to extend the definition to cover cases in which a = b 
or a > b. Geometrically, the next two definitions seem reasonable. For instance, it 
makes sense to define the area of a region of zero width and finite height to be 0. 


Definitions of Two Special Definite Integrals 


1. If f is defined at x = a, then Í f(x) dx = 0. 


b 


2. If f is integrable on [a, b], then [ro dx — -Í f(x) dx. 
b 


a 


ZUTE Evaluating Definite Integrals 


Rubus [> See LarsonCalculus.com for an interactive version of this type of example. 


Evaluate each definite integral. 


ui 0 
«| sin x dx » | (x + 2) dx 
3 


Tl 


Solution 


a. Because the sine function is defined at x = rt, and the upper and lower limits of 
integration are equal, you can write 


Tt 
Í sin x dx = 0. 


T 
b. The integral IN (x + 2) dx is the same as that given in Example 3(b) except that the 


upper and lower limits are interchanged. Because the integral in Example 3(b) has 
a value of A you can write 


[ e«24--| eta -2 aj 


In Figure 4.25, the larger region can be divided at x = c into two subregions whose 
intersection is a line segment. Because the line segment has zero area, it follows that 
the area of the larger region is equal to the sum of the areas of the two smaller regions. 


(4.6 Additive Interval Property | 


If f is integrable on the three closed intervals determined by a, b, and c, then 


b c b 
f f(x) dx = f f(x)dx + i f(x) dx. See Figure 4.25. 


EXAMPLE 5 Using the Additive Interval Property 
1 0 1 
f |x| dx = f —xdx + Í x dx Theorem 4.6 
= —1 0 


Area of a triangle 
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Because the definite integral is defined as the limit of a sum, it inherits the 
properties of summation given at the top of page 259. 


THEOREM 4.7 Properties of Definite Integrals 


If f and g are integrable on [a, b] and k is a constant, then the functions kf and 
f = g are integrable on [a, b], and 


1. Í kf(x) dx = ef f(x) dx 


b 


ae a ee a ee err a: | Lr) = eue | rode [ato a 


* a 


ss Property 2 of 
Theorem 4.7 can be extended 
to cover any finite number of 


functions (see Example 6). EXAMPLE 6 Evaluation of a Definite Integral 


3 


Evaluate f (—x? + 4x — 3) dx using each of the following values. 
1 


3 3 3 
[ ea% f| rasa f a= 
1 3 1 1 


Solution 


[ C224 [ Codes [enden [eae 


3 3 3 
-Í ar +4 vax ~ 3] dx 
1 1 1 


- -(& + 4(4) — 3(2) 


4 
3 a 


y If f and g are continuous on the closed interval [a, b] and 0 < f(x) < g(x) for 


a € x € b, then the following properties are true. First, the area of the region bounded 
T by the graph of f and the x-axis (between a and b) must be nonnegative. Second, this 
s area must be less than or equal to the area of the region bounded by the graph of g 


and the x-axis (between a and b), as shown in Figure 4.26. These two properties are 
J» D f generalized in Theorem 4.8. 


THEOREM 4.8 Preservation of Inequality 


1. If f is integrable and nonnegative on the closed interval [a, b], then 


Os f f(x) dx. 


» X 


a b 


b b 
dx < d 
Í Jla Í gla) dx 2. If f and g are integrable on the closed interval [a, b] and f(x) < g(x) for 
Figure 4.26 every x in [a, b], then 


Í | f(x) dx € Í : a(x) dx. ae F 


4 
A proof of this theorem is given in Appendix A. RE 


4.3 Exercises 


CONCEPT CHECK 


1. Riemann Sum What does a Riemann sum represent? 


2. Definite Integral Explain how to find the area of a 
region using a definite integral in your own words. 


[s] T [u] Evaluating a Limit In Exercises 3 and 4, use 


ms d Example 1 as a model to evaluate the limit 

um he n 

ENA: lim X f(c;) Ax, 
note FS 
over the region bounded by the graphs of the 
equations. 


n? 


;2 
3. f(x) = Vx, y=0, x=0, x=3 (Hint: Let -3 ) 


;3 
ASH Jx, y=0, xe x=1 (tim: Let c; — Z) 


n? 


the limit definition. 


3 
5. Í 8 dx 6. Í x dx 
2 -2 
1 4 
Ts Í x? dx 8. Í 4x? dx 
=i! 1 


2 
9 | ene 
1 


[s]£ [s] Evaluating a Definite Integral as a Limit In 
NE f Exercises 5-10, evaluate the definite integral by 
: ae 
[n] oe 

6 


il 
10. Í (2x2 + 3) dx 
=2, 


Writing a Limit as a Definite Integral In Exercises 
11 and 12, write the limit as a definite integral on the given 
interval, where c; is any point in the ith subinterval. 


Limit Interval 


11. Jim, > (3c; * 10) Ax; [- 1, 5] 


12. lim Jc? + 4 Ax; [0, 3] 
=1 


|All 0 ; 


Writing a Definite Integral In Exercises 13-22, write a 
definite integral that represents the area of the region. (Do not 
evaluate the integral.) 


13. f(x) =5 14. f(x) = 6 — 3x 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


19. f(x) = cos x 


20. f(x) = tanx 


y y 
A A 
1 1+ 
i » X i i »- X 
T T m T 
4 2 4 2 
21. g(y) = y? 22. f(y) = (y - 2 
y y 
A A 
4+ 4+ 
3+ 3+ 
2T 2: 
i+ 1 
}—+ + 4 > x r— =x 
2 4 6 1 2 3 4 


Evaluating a Definite Integral Using a 
Geometric Formula In Exercises 23-32, 
sketch the region whose area is given by the 
definite integral. Then use a geometric formula to 
evaluate the integral (a > 0,r > 0). 


4 
24. Í 9 dx 


=3 


8 

x 
26. Í — dx 

o4 
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2 : 44. Using Properties of Definite Integrals Given 
27. | (3x + 4) dx 28. (8 — 2x) dx 

0 0 

1 a Í f(x) dx — 0 and Í f(x) dx = 5 
29. Í (1 — |x|) dx 30. Í (a — |x|) dx zs 0 

Ri ny evaluate 
31. Í J49 — x? dx 32. Í Jr? — x? dx 9 1 D 

-7 -r (a) f(x) dx. (b) Í f(x) dx — Í f(x) dx. 

=t 0 zu 


altel Using Properties of Definite Integrals In 1 : 
vh Exercises 33-40, evaluate the definite integral (c) » 3f(x) dx. (d) ; 3f(x) dx. 


Sey 1 
i SEI using the values below. 
[n] 77954 P 45 


- . Estimating a Definite Integral Use the table of values 
6 6 6 
| sax = 20, [ vax =16, [ana 
2 2 2 


to find lower and upper estimates of 


10 
2 2 Í f(x) dx. 

33. Í X dx 34. Í xdx ° 
a A Assume that f is a decreasing function. 

35. Í n dx 36. Í — 3x dx 
2 2 x 0 2 4 6 8 10 
6 6 1 

37. Í (x — 14) dx 38. Í (6: — Es) dx f(x) | 32 | 24 | 12 | -4| -20 | -36 
a A 

39. Í (2x3 — 10x + 7) dx 40. Í (21 — 5x — x?) dx 46. Estimating a Definite Integral Use the table of values 
2 2 


to estimate 


41. Using Properties of Definite Integrals Given 


2 7 i f(x) dx. 
[ 0d - 10 and [sass 0 


Use three equal subintervals and the (a) left endpoints, 
(b) right endpoints, and (c) midpoints. When f is an increasing 


evaluate : x A 

" 0 function, how does each estimate compare with the actual 
(a) Í fx) dx. (b) Í Fx) dx. value? Explain your reasoning. 

0 3 

5 5 
©) Í fO) dx. (d) Í 3fla) dx. BN 0 

id . n f(x) | -6 | 0 | 8 | 18 | 30 | 50 | 80 
42. Using Properties of Definite Integrals Given 


47. Think About It The graph of f consists of line segments 
and a semicircle, as shown in the figure. Evaluate each definite 
integral by using geometric formulas. 


[ (a - 4 and |a=- 


evaluate 
6 3 y 

(a) Í f(x) dx. (b) | f(x) dx. A (4, 2) 
0 6 
3 6 

(c) Í f(x) dx. @ | — 5f(x) dx. 


43. Using Properties of Definite Integrals Given 


6 6 

Í f(x) dx = 10 and Í g(x) dx = —2 
2 2 

evaluate 


i @ [ma t | pac 
(a) Í T EMO. s 
ie (c) [1 dx 
(b) Í l= ; 
ie (d) INE 
(c) Í 2g(x) dx. 6 
js (e) Í IF| dx 
(d) Í 3f(x) dx. %6 
; © [ Ut) « 1d 


48. Think About It The graph of f consists of line segments, 
as shown in the figure. Evaluate each definite integral by using 
geometric formulas. 


3T 3,2) (42 


EX (8, 2) 


(b) Í 3f(x) dx 


(c) Í fx) dx (d) Í fx) dx 


11 10 
(e) Í fx) dx (f) Í fx) dx 


49. Think About It Consider a function f that is continuous 
on the interval [ —5, 5] and for which 


5 
Í f(x) dx = 4. 

0 
Evaluate each integral. 


(a) f Lf(x) + 2] dx (b) IMS + 2) dx 


5 5 

(c) Í f(x)dx, fiseven (d) Í f(x) dx, f is odd 
-5 -5 

50. 5 HOW DO YOU SEE IT? Use the figure to 


fill in the blank with the symbol <, >, or =. 
Explain your reasoning. 


i 2 3 4 3 6 


(a) The interval [1, 5] is partitioned into n 
subintervals of equal width Ax, and x, is the left 
endpoint of the ith subinterval. 


[ 10 dx 


» f(x) Ax 


(b) The interval [1, 5] is partitioned into n 
subintervals of equal width Ax, and x; is the right 
endpoint of the ith subinterval. 


> fe) Ax Í f(x) dx 
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51. Think About It A function f is defined below. Use 
geometric formulas to find fis f(x) dx. 


4 x«4 
X, x24 


fe) = | 
52. Think About It A function f is defined below. Use 


geometric formulas to find I f(x) dx. 


6, x26 
fà - T x <6 


EXPLORING CONCEPTS 


Approximation In Exercises 53 and 54, determine 
which value best approximates the definite integral. 
Make your selection on the basis of a sketch. 


4 
53. Í x dx 
0 


(a) 5 (b -3 (0910 (02 (e) 8 


1/2 
s Í 4 cos Tix dx 
0 


(a) 4 (b) $ (c) 16 (d)2n (e) -6 


. Verifying a Rule Use a graph to explain why 


MITTEN 


if f is defined at x — a. 


. Verifying a Property Use a graph to explain why 


[ #109 ax - i f(x)dx 


if f is integrable on [a, b] and k is a constant. 


. Using Different Methods Describe two ways to 
evaluate 


li (x + 2) dx. 


Verify that each method gives the same result. 


. Finding a Function Give an example of a function 
that is integrable on the interval [—1, 1] but not 
continuous on [- 1, 1]. 


Finding Values In Exercises 59—62, find possible values of 
a and b that make the statement true. If possible, use a graph 
to support your answer. (There may be more than one correct 
answer.) 


59. [ro dx + i f(x) dx = Í f(x) dx 


60. [1 dx + Í f(x) dx — Í f(x) dx = MIS dx 


b 
a. | sinxdx « 0 62. I cos x dx = 0 
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True or False? In Exercises 63—68, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


63. 


6 


A 


65. 


66. 


67. 


68. 


69. 


70. 


[ tr + ana f at [atas 


[ sore ac | fre ae] [ 2] 


If the norm of a partition approaches zero, then the number of 
subintervals approaches infinity. 


If f is increasing on [a, b], then the minimum value of f on 
[a, b] is f(a). 


The value of 


Í f(x) dx 


must be positive. 


The value of 


2 
Í sin x? dx 
2 


is 0. 


Finding a Riemann Sum Find the Riemann sum for 
f(x) = x? + 3x over the interval [0, 8], where 


x70, x0,7L x»-3, x«-—1, 


and x,—8 


and where 


Gp —1, 642, 5 = 5, 


—— — 
Tom o or 
= 2 4 6 8 10 


Finding a Riemann Sum Find the Riemann sum for 
f(x) = sin x over the interval [0, 2rt], where 


X970, x, poR7y BT Mb and x, = 2m 
and where 
c L c IE c 2m and c,= am 

1 6 2 2 3 3 , 4 


71. 


72. 


73. 


74. 


75. 


76. 


TT. 


78. 


79. 


b b2 — @ 
Proof Prove iat f xdx = y 


a 


b 3 


Proof Prove tat f x? dx = b z g 


Think About It Determine whether the Dirichlet function 


1, xis rational 


fla) = k 


x is irrational 


is integrable on the interval [0, 1]. Explain. 


Finding a Definite Integral The function 


0 x=0 


f(x) = 


1 
— O<x<l 
x 


is defined on [0, 1], as shown in the figure. Show that 


Í f(x) dx 


does not exist. Does this contradict Theorem 4.4? Why or 
why not? 


} |—e 1 j! 1 | yx 


T ji T T 
| 05 L0 L5 2.0 


Finding Values Find the constants a and b that maximize 
the value of 


b 
Í (1 — x?) dx. 


Explain your reasoning. 


Finding Values Find the constants a and b, where 
a < 4 < b, such that 


[a-da 


Think About It When is 


b 
= 16 and Í |x — 4| dx = 20. 


[ sera | | f(x)| dx? 


Explain. 
Step Function Evaluate, if possible, the integral 


Í [x] dx. 


Using a Riemann Sum Determine 


lim La } 


nooo M 


3 +++ ne) 


by using an appropriate Riemann sum. 
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4.4 The Fundamental Theorem of Calculus 


E Evaluate a definite integral using the Fundamental Theorem of Calculus. 
E Understand and use the Mean Value Theorem for Integrals. 

E Find the average value of a function over a closed interval. 

i Understand and use the Second Fundamental Theorem of Calculus. 

E Understand and use the Net Change Theorem. 


The Fundamental Theorem of Calculus 


You have now been introduced to the two major branches of calculus: differential 
calculus (introduced with the tangent line problem) and integral calculus (introduced 
with the area problem). So far, these two problems might seem unrelated— but there is a 
very close connection. The connection was discovered independently by Isaac Newton 
and Gottfried Leibniz and is stated in the Fundamental Theorem of Calculus. 

Informally, the theorem states that differentiation and (definite) integration are 
inverse operations, in the same sense that division and multiplication are inverse 
operations. To see how Newton and Leibniz might have anticipated this relationship, 
consider the approximations shown in Figure 4.27. The slope of the tangent line was 
defined using the quotient Ay/ Ax (the slope of the secant line). Similarly, the area of a 
region under a curve was defined using the product AyAx (the area of a rectangle). So, 
at least in the primitive approximation stage, the operations of differentiation and definite 
integration appear to have an inverse relationship in the same sense that division and 
multiplication are inverse operations. The Fundamental Theorem of Calculus states 
that the limit processes (used to define the derivative and definite integral) preserve 
this inverse relationship. 


Tangent 


. Ay, 
line 


Area of 
region 
under 
curve 


y 
Slope Ax Area = AyAx Area ~AyAx 
(a) Differentiation (b) Definite integration 
Differentiation and definite integration have an “inverse” relationship. 


Figure 4.27 


ANTIDIFFERENTIATION AND DEFINITE INTEGRATION 


Throughout this chapter, you have been using the integral sign to denote an 
antiderivative (a family of functions) and a definite integral (a number). 


b 
Antidifferentiation: ILC dx Definite integration: Í f(x) dx 
a 


The use of the same symbol for both operations makes it appear that they are related. 
In the early work with calculus, however, it was not known that the two operations 

were related. The symbol f was first applied to the definite integral by Leibniz and was 
derived from the letter S (Leibniz calculated area as an infinite sum, thus, the letter S) 
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THEOREM 4.9 The Fundamental Theorem of Calculus 


If a function f is continuous on the closed interval [a, b] and F is an 
antiderivative of f on the interval [a, b], then 


[ 10) ax = rt) - ro. 


Proof The key to the proof is writing the difference F(b) — F(a) in a convenient 
form. Let A be any partition of [a, b]. 

A=X%) <x, <x <6 <x, <x, Hd 
By pairwise subtraction and addition of like terms, you can write 


F(b) — F(a) = F(x,) — fis. 4) + F(x, ) Satie ais F(x,) + F(x,) — F(xy) 


= Po) - FG 


By the Mean Value Theorem, you know that there exists a number c; in the ith 
subinterval such that 


Fc) _ F(x;) — Foi) 


Xj 7 Xi-| 


Because F'(c;) = f(c;), you can let Ax; = x; — x;_, and obtain 


F(b) — F(a) = > flc) Ax 


This important equation tells you that by repeatedly applying the Mean Value Theorem, 
you can always find a collection of c;'s such that the constant F(b) — F(a) is a Riemann 
sum of f on [a, b] for any partition. Theorem 4.4 guarantees that the limit of Riemann 
sums over the partition with ||A|| 5 0 exists. So, taking the limit (as || A|| > 0) produces 


- | reac wl 


GUIDELINES FOR USING THE FUNDAMENTAL THEOREM OF 
CALCULUS 


1. Provided you can find an antiderivative of f, you now have a way to 
evaluate a definite integral without having to use the limit of a sum. 


. When applying the Fundamental Theorem of Calculus, the notation shown 
below is convenient. 


NM dx = 


. 3 " 
For instance, to evaluate f | x? dx, you can write 


34 P 81 1 
4 4 4 4 


— 20. 
. It is not necessary to include a constant of integration C in the antiderivative. 


[ne Sf) F(x) + cl = [F(b) + C] - [F(a) + C] = F(b) — F(a) 


ys-Qx-1) y-2x-1 


The definite integral of y on [0, 2] is 5. 
Figure 4.28 


t H I rx 


1 2 
The area of the region bounded by the 
graph of y, the x-axis, x = 0, and 
x =2is D 
Figure 4.29 
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EXAMPLE 1 Evaluating a Definite Integral 


P EX [> See LarsonCalculus.com for an interactive version of this type of example. 


Evaluate each definite integral. 


2 M n/4 
a. f (x? — 3) dx b. I 3. /x dx c. Í sec?x dx 
1 1 0 


Solution 


a| e-»e-[-9]-6-9-6-3-5 


4 4 3/274 
b. li 3. /x dx = of x!/2 dx = l = 2(4)3/2 — 2(1)3/2 = 14 
1 1 


3/25 


T/A 7i 
c. f sec? x dx = tan | =1-0=1 
0 0 


TST ta A Definite Integral Involving Absolute Value 


2 


Evaluate f |2x — 1| dx. 
0 


283 


Solution Using Figure 4.28 and the definition of absolute value, you can rewrite the 


integrand as shown. 


—(2x— 1) x< 
i-a] ( ) 


2x — 1, x= 


Nie Nie 


From this, you can rewrite the integral in two parts. 


2 1/2 2 
i 2- ipae [ -ex- nas | (2x — 1) dx 
0 0 1 


2 


1/2 2 
= E + x| + |^ — x 
0 1/2 


=(-}+3)-@+0+4-2)-(}-3) 
5 
2 


EXAMPLE 3 Using the Fundamental Theorem to Find Area 


Find the area of the region bounded by the graph of 
y = 2x7 — 3x +2 
the x-axis, and the vertical lines x = 0 and x = 2, as shown in Figure 4.29. 


Solution Note that y > 0 on the interval [0, 2]. 


2 
Area = f (2x? — 3x + 2) dx Integrate between x — 0 and x — 2. 

0 
2x. 3x? 2 eee 

=| Find antiderivative. 
3 2 0 
16 

= 3 —6-44|—(0—02-4 0) Apply Fundamental Theorem. 


= Simplify. 
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The Mean Value Theorem for Integrals 


y In Section 4.2, you saw that the area of a region under a curve is greater than the area 
of an inscribed rectangle and less than the area of a circumscribed rectangle. The 
Mean Value Theorem for Integrals states that somewhere "between" the inscribed and 
circumscribed rectangles, there is a rectangle whose area is precisely equal to the area 
of the region under the curve, as shown in Figure 4.30. 


fc) 


A 4.10 Mean Value Theorem for Integrals 


9 aS 
> 


a 
If f is continuous on the closed interval [a, b], then there exists a number c in 


Mean value rectangle: the closed interval [a, b] such that A 
[m] rs [n] 


f06-23-]| fe) ax p p 
fit - a - | ro f messa E 


Figure 4.30 


Proof 


Case 1: If f is constant on the interval [a, b], then the theorem is clearly valid because 
c can be any point in [a, b]. 

Case 2: If f is not constant on [a, b], then, by the Extreme Value Theorem, you can 
choose f(m) and f(M) to be the minimum and maximum values of f on [a, b]. Because 


f(m) < fx) s fM) 


for all x in [a, b], you can apply Theorem 4.8 to write the following. 


b b b 
f f(m) dx < f(x) dx = f f(M) dx See Figure 4.31. 
b 
f(m)(b = a) sz f(x) dx =. (M)(b = a) Apply Fundamental Theorem. 
b 
f(m) < pal (x) dx < f(M) Divide by b — a. 


From the third inequality, you can apply the Intermediate Value Theorem to conclude 
that there exists some c in [a, b] such that 


1 b b 
fo zi tes or noo a) = [ fex 
f f f fM) 
LA 
a b a b a b 

Inscribed rectangle Mean value rectangle Circumscribed rectangle 
(less than actual area) (equal to actual area) (greater than actual area) 

b b b 
[ f(m) dx = f(m)(b — a) Í f) dx Í (M) dx = f(M)(b — a) 
Figure 4.31 F| 


Notice that Theorem 4.10 does not specify how to determine c. It merely guarantees 
the existence of at least one number c in the interval. 


Average value 


x 


a b 


1 f 
A lue = —— dx 
verage value = ——- f f(x) 

Figure 4.32 


a6 (4, 40) 
] 
20 
10 Average 
value = 16 
(1, 1) 
jj } 1 =x 
1 2 3 4 
Figure 4.33 
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Average Value of a Function 


The value of f(c) given in the Mean Value Theorem for Integrals is called the average 
value of f on the interval [a, b]. 


Definition of the Average Value of a Function on an Interval 
If f is integrable on the closed interval [a, b], then the average value of f on the 
interval is 


1 
See Figure 4.32. 


v | f(x) dx. 


To see why the average value of f is defined in this way, partition [a, b] into n 
subintervals of equal width Ax = (b — a)/n. If c; is any point in the ith subinterval, 
then the arithmetic average (or mean) of the function values at the c;'s is 

1 
a, = fle) + fle) +--+ fle) Average of fle). Mle) 


By writing the sum using summation notation and then multiplying and dividing by 
(b — a), you can write the average as 


1 n 
a, = pi ffe) Rewrite using summation notation. 
n f 
1% b-a 
= =) fo = J Multiply and divide by (b — a). 
1 n b-a 
= C; Rewrite. 
Deme > ( X : ) ewrite 
= 1 : b—a 
irem PO Ax. Ax = : 


Finally, taking the limit as n > oo produces the average value of f on the interval [a, b], 
as given in the definition above. In Figure 4.32, notice that the area of the region under 
the graph of f is equal to the area of the rectangle whose height is the average value. 

This development of the average value of a function on an interval is only one 
of many practical uses of definite integrals to represent summation processes. In 
Chapter 7, you will study other applications, such as volume, arc length, centers of 
mass, and work. 


EXAMPLE 4 Finding the Average Value of a Function 


Find the average value of f(x) = 3x? — 2x on the interval [1, 4]. 
Solution The average value is 


p. P 1 f 
f waf (3x? — 2x) dx 


1 4 
ded 


1 
= == =i] 


$ 
3 


= 16. See Figure 4.33. | 
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The Speed of Sound 


At different altitudes in Earth's atmosphere, sound travels at different speeds. The 
speed of sound s(x), in meters per second, can be modeled by 


—4x*344, O<x< 115 
295, 11.5 < x < 22 

s(x) = { $x + 278.5, 22 < x< 32 
2x + 254.5, 32 < x< 50 
—3x + 404.5, 50 < x « 80 


where x is the altitude in kilometers (see Figure 4.34). What is the average speed of 
sound over the interval [0, 80]? 


The first person to fly at a speed 
greater than the speed of sound 
was Charles Yeager. On October 
14, 1947, Yeager was clocked 

at 295.9 meters per second at 

an altitude of 12.2 kilometers. If 
Yeager had been flying at an 
altitude below 11.275 kilometers, 
this speed would not have 
“broken the sound barrier.” The 
photo shows an F/A-18F Super 
Hornet, a supersonic twin-engine 
strike fighter. A “green Hornet” 
using a 50/50 mixture of biofuel 
made from camelina oil became 
the first U.S. naval tactical Altitude (in km) 


aircraft to exceed 1 mach (the Speed of sound depends on altitude. 
speed of sound). Figure 4.34 


S 


Speed of sound (in m/sec) 


Solution Begin by integrating s(x) over the interval [0, 80]. To do this, you can 
break the integral into five parts. 
115 


11.5 11.5 
Í s(x) dx — f (—4x + 341) dx = |-2 + 341x] = 3657 
0 0 0 


22 22 22 
i s(x) dx = Í 295 dx = E — 3097.5 
11.5 11.5 11.5 

32 


32 32 
f s(x) dx = f (àx + 278.5) dx = E + 278.5x| = 2987.5 
2 22 


2 22 
30 


50 50 
[ s(x) dx = Í (àx + 254.5) dx = E + 254.54 = 5688 
3 3 


2 2 32 


80 80 80 
[ s(x) dx = Í (—3x + 404.5) dx = |-i + 404.5 = 9210 
5 5 50 


0 0 


By adding the values of the five integrals, you have 
80 
Í s(x) dx = 24,640. 
0 


So, the average speed of sound from an altitude of 0 kilometers to an altitude of 

80 kilometers is 

_ 24,640 
80 


1 (2 
Average speed = — i s(x) dx 
0 


80 = 308 meters per second. F| 


Anatoliy Lukich/Shutterstock.com 


Exploration 
Use a graphing utility to graph 
the function 


F(x) -Í cos t dt 
0 


forO < x < 2m. Do you 
recognize this graph? Explain. 
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The Second Fundamental Theorem of Calculus 


Earlier you saw that the definite integral of f on the interval [a, b] was defined using the 
constant b as the upper limit of integration and x as the variable of integration. However, 
a slightly different situation may arise in which the variable x is used in the upper limit 
of integration. To avoid the confusion of using x in two different ways, t is temporarily 
used as the variable of integration. (Remember that the definite integral is not a 
function of its variable of integration.) 


The Definite Integral as a Number The Definite Integral as a Function of x 


Constant F is a function of x. 


M 
[ noe ra) = [na 


b 
a 
fisa fisa 
Constant function of x. Constant function of f. 


C1 142-2: The Definite Integral as a Function 


Evaluate the function 


F(x) -| cos t dt 


0 


IU TIU IL ait 
'6 43 2 


atx = 0 


Solution You could evaluate five different definite integrals, one for each of the 
given upper limits. However, it is much simpler to fix x (as a constant) temporarily 
to obtain 


x x 
| cos f dt = sin | 
0 0 


= sin x — sin 0 


sin x. 


Now, using F(x) — sin x, you can obtain the results shown in Figure 4.35. 


F(x) = Í cos £ dt is the area under the curve f(t) = cos t from 0 to x. 
0 


Figure 4.35 


You can think of the function F(x) as accumulating the area under the curve 
f(t) = cos t from t = 0 to t = x. For x = 0, the area is 0 and F(0) = 0. For x = 11/2, 
F(r/2) = 1 gives the accumulated area under the cosine curve on the entire interval 
[0, 1/2]. This interpretation of an integral as an accumulation function is used often 
in applications of integration. 
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In Example 6, note that the derivative of F is the original integrand (with only the 
variable changed). That is, 


B [F(x)] = < {sin x] = A| P cos a| = cos x. 


dx 0 


This result is generalized in the next theorem, called the Second Fundamental 
Theorem of Calculus. 


THEOREM 4.11 The Second Fundamental Theorem of Calculus 


If f is continuous on an open interval / containing a, then, for every x in the 


interval, m] zm] 
ral Í A | = 0". E k 


Proof Begin by defining F as 


F(x) = f f(t) at. 
Then, by the definition of the derivative, you can write 


FQ)- dim. F(x + 2» — F(x) 


x + Ax x 
= im ll f(t) dt — l f(t) a 
1 xc Ax a 
= jim | Í f(t) dt + Í fÀ a| 
: 1 xc Ax 
- jim, zl f) a| 


X 


From the Mean Value Theorem for Integrals (assuming Ax > 0), you know there exists 
a number c in the interval [x, x + Ax] such that the integral in the expression above is 
equal to f(c) Ax. Moreover, because x < c < x + Ax, it follows that c > x as Ax 0. 
So, you obtain 


FO) = lim. Feo A = lim fle) = fl). 


A similar argument can be made for Ax < 0. a 


Using the area model for definite integrals, fO 
the approximation { Ax 


xt Ax | 
f(x) Ax = f f(0 dt 

can be viewed as saying that the area of the 

rectangle of height f(x) and width Ax is fe) 

approximately equal to the area of the region 

lying between the graph of f and the x-axis 

on the interval x x+Ax 


[x, x + Ax] Ji) Ax = Í i 


x 


as shown in the figure at the right. 
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Note that the Second Fundamental Theorem of Calculus tells you that when a 
function is continuous, you can be sure that it has an antiderivative. This antiderivative 
need not, however, be an elementary function. (Recall the discussion of elementary 
functions in Section P.3.) 


EXAMPLE 7 The Second Fundamental Theorem of Calculus 


Evaluate | | JP 1 a 
dx! Jo 


Solution Note that f(t) = x t? + 1 is continuous on the entire real number line. So, 
using the Second Fundamental Theorem of Calculus, you can write 


daj [| exse emu 
zl 1a] J +1. a 


The differentiation shown in Example 7 is a straightforward application of the 
Second Fundamental Theorem of Calculus. The next example shows how this theorem 
can be combined with the Chain Rule to find the derivative of a function. 


| EXAMPLE 8 The Second Fundamental Theorem of Calculus 


x? 


Find the derivative of F(x) = f cos t dt. 
n2 


Solution Using u = x?, you can apply the Second Fundamental Theorem of 
Calculus with the Chain Rule as shown. 


. dF du 


F'(x) = Tu dx Chain Rule 
d du dF 
= —|F(x)|— Definition of — 
a Vy E 
= | 
d| [> du . 2i 
= cos f£ dt | — Substitute cos t dt for F(x). 
du T/2 dx T/2 
d[[" du 
= cos t dt | — Substitute u for x°. 
du T/2 dx 
= (cos u) (3x?) Apply Second Fundamental Theorem of Calculus. 
= (cos x?) (3x?) Rewrite as function of x. a 


Because the integrand in Example 8 is easily integrated, you can verify the 
derivative as follows. 


F(x) ET cos t dt 


v2 


x3 
— sin ] 
n2 


WINE. 
sin x” — Sin — 
2 


= sin x? — 1 


In this form, you can apply the Chain Rule to verify that the derivative of F is the same 
as that obtained in Example 8. 


d 
4, 5n p= 1] = (cos x3) (3x2) Derivative of F 
X 
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Net Change Theorem 


The Fundamental Theorem of Calculus (Theorem 4.9) states that if f is continuous on 
the closed interval [a, b] and F is an antiderivative of f on [a, b], then 


ll f(x) dx = F(b) — F(a). 


But because F'(x) = f(x), this statement can be rewritten as 


i F'(x) dx = F(b) — F(a) 


a 


where the quantity F(b) — F(a) represents the net change of F(x) on the interval [a, b]. 


THEOREM 4.12 The Net Change Theorem 


If F (x) is the rate of change of a quantity F(x), then the definite integral of 
F (x) from a to b gives the total change, or net change, of F(x) on the 


interval [a, b]. 


b 
| F'(x) dx = F(b) — F(a) Net change of F(x) 


Using the Net Change Theorem 


A chemical flows into a storage tank at a rate — 
of (180 + 31) liters per minute, where f is the 
time in minutes and 0 < ¢t < 60. Find the 
amount of the chemical that flows into the 
tank during the first 20 minutes. 


Solution Let c(t) be the amount of the 
chemical in the tank at time f. Then c'(r) 
represents the rate at which the chemical 
flows into the tank at time f. During the 
first 20 minutes, the amount that flows 
into the tank is 


20 20 
f c'(t) dt = Í (180 + 37) dt 
0 0 


3 20 
= [180r + =? 
iso + 3 


0 


= 3600 + 600 
= 4200. 


So, the amount of the chemical that flows 
into the tank during the first 20 minutes is 4200 liters. a 


Another way to illustrate the Net Change Theorem is to examine the velocity of 
a particle moving along a straight line, where s(t) is the position at time f. Then its 
velocity is v(t) = s'(f) and 


f v(t) dt = s(b) — s(a). 


This definite integral represents the net change in position, or displacement, of the 
particle. 


Christian Lagerek/Shutterstock.com 


v(t) 
A 


A,, A>, and A, are the areas of the 
shaded regions. 
Figure 4.36 


422+ 


Figure 4.37 
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When calculating the total distance traveled by the particle, you must consider 
the intervals where v(t) < O and the intervals where v(t) = 0. When v(t) x 0, the 
particle moves to the left, and when v(t) = 0, the particle moves to the right. To 
calculate the total distance traveled, integrate the absolute value of velocity |v(z)|. So, 
the displacement of the particle on the interval [a, b] is 


b 
Displacement on [a, b] = | v(t) dt = A, — A, + A, 
and the total distance traveled by the particle on [a, b] is 
b 
Total distance traveled on [a, b] = f |v(t)| dt = A, + A, + Ag. 


(See Figure 4.36.) 


SC RSe0 Solving a Particle Motion Problem 


The velocity (in feet per second) of a particle moving along a line is 
v(t) = 2 — 10¢2 + 29t — 20 
where t is the time in seconds. 


a. What is the displacement of the particle on the time interval 1 x t < 5? 
b. What is the total distance traveled by the particle on the time interval 1 < t x 5? 


Solution 


a. By definition, you know that the displacement is 


2 5 
| v(t) dt = Í (t? — 102 + 29t — 20) dt 
1 1 


4 
_ E = 10, , 29 
4 3 2 


5 


p]- 20r 


1 


So, the particle moves 2 feet to the right. 


b. To find the total distance traveled, calculate j;|v(r)| dt. Using Figure 4.37 
and the fact that v(t) can be factored as (t — 1)(t — 4)(t — 5), you can determine 
that v(t) = 0 on [1, 4] and v(t) < 0 on [4, 5]. So, the total distance traveled is 


f (0| dt = [oa- f oa 


=| (e = 102 + 297 = 20) dr = | (B — 102 + 29t — 20) dt 
1 


4 


4 4 4 5 
E DU NR T 204 E uU NEUE 204 
| [4 3 2 E 
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4.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Fundamental Theorem of Calculus Explain how 
to evaluate a definite integral using the Fundamental 
Theorem of Calculus. 


. Mean Value Theorem Describe the Mean Value 
Theorem for Integrals in your own words. 


. Average Value of a Function Describe the average 
value of a function on an interval in your own words. 


. Accumulation Function Why is 


F(x) = fro dt 


considered an accumulation function? 


ee Graphical Reasoning In Exercises 5-8, use a graphing 


utility to graph the integrand. Use the graph to determine 
whether the definite integral is positive, negative, or zero. 


T 
4 
5. Í 2.19 


2 
7. | xvx + ldx 
—2 


Tt 
6. Í cos x dx 
0 


2 
8. Í xJ/2 — x dx 
= 


TNE Evaluating a Definite Integral In Exercises 


9-36, evaluate the definite integral. Use a graphing 
= utility to verify your result. 


2, 
E — D dx 10. Í (7 — 3t) dt 
—1 —1 
1 2 
11. (£ — 5) dt 12. Í (6x? — 3x) dx 
=i! 1 
1 4 
13. Í (2t — 1)? dt 14. Í (8x3 — x) dx 
0 1 
2 E 
15. i (3 = 1) dx 16. Í (u = 4) du 
1 \x - u 
4 ps 2 8 
17. du 18. Í x! dx 
1 Ju -8 
T 8 2 
19. Í (3/t — 2) at 20. Í = dx 
-" i x 
1 2 
21. Í = Aa 22. Í (6 — 0). t dt 
0 
: Tx- X h 
23. [5 — 72/3) dt 24. [. 
K l a MAC 
5 
25. Í [2x — 5| dx 26. li (3 — |x — 3|) dx 
0 1 
4 4 
27. Í |x? — 9| dx 28. Í |x? — 4x + 3| dx 
0 0 


Tt 
29. Í (sin x — 7) dx 
0 


T/A. — 2 
ac Í l- sime 9 
0 


Tt 
30. Í (2 + cos x) dx 
0 


n/4 2 
32. Í M g 
0 


cos? 0 tan?0 + 1 
T/6 11/2 
33. Í sec? x dx 34. Í (2 — csc? x) dx 
—n/6 11/4 
n/3 11/2 
35. Í 4 sec O tan O dO 36. I (2t + cos t) dt 
—n/3 -n/2 
T Finding the Area of a Region In Exercises 
is 37—40, find the area of the given region. 
1 
37. y=x-— x? 38. y= -5 
X 
y y 
A 
1 
i IT NV 
x 
1 —L————À—x 
1 2 


39. y — cosx 


AIA 
ES 
SES 


msa E Finding the Area of a Region In Exercises 
41-46, find the area of the region bounded by the 


CE graphs of the equations. 

41. y= 5? +2, x40, x22, y=0 
42. y= x + 6x, x=2, y=0 

43. y=1+ Yx x=0, x28, y=0 
44. y=2/x-x, y=0 
45. y = =x? + 4x, y=0 


46. y=1-—x*, y=0 


aie Using the Mean Value Theorem for 

Integrals In Exercises 47-52, find the value(s) 

ES T of c guaranteed by the Mean Value Theorem for 
Integrals for the function over the given interval. 


47. f(x) =x, [0,3] 48. f(x) = Vx, [4.9] 


49. y - —— [0,6] 50. f(x) = = [1, 3] 


2 
T 


migm 


Finding the Average Value of a Function 
In Exercises 53-58, find the average value of the 
function over the given interval and all values of 
x in the interval for which the function equals its 
average value. 


4(x? + 1 
53. f) 24-3, [-2,2] 54 f@) = ae [1,3] 
55. f(x) 2 x* +7, [0,2] 56. f(x) = 4x3 — 3x2, [0,1] 
57. f(x) ^ sinx, [0, n] 58. f(x) = cos x, |o. 2| 
59. Force The force F (in newtons) of a hydraulic cylinder in 


60. 


61. 


a press is proportional to the square of sec x, where x is the 
distance (in meters) that the cylinder is extended in its cycle. 
The domain of F is [0, 1/3], and F(0) = 500. 


(a) Find F as a function of x. 


(b) Find the average force exerted by the press over the 
interval [0, 11/3]. 


Respiratory Cycle The volume V, in liters, of air in the 
lungs during a five-second respiratory cycle is approximated 
by the model V = 0.1729t + 0.152277 — 0.0374P, where t is 
the time in seconds. Approximate the average volume of air in 
the lungs during one cycle. 


Buffon's Needle Experiment A horizontal plane is 
ruled with parallel lines 2 inches apart. A two-inch needle 
is tossed randomly onto the plane. The probability that the 
needle will touch a line is 


2 n/2 
pu zf sin 0 dO 
0 


where © is the acute angle between the needle and any one of 
the parallel lines. Find this probability. 


62.{ ) HOW DO YOU SEE IT? The graph of f is 
shown in the figure. The shaded region A has 
an area of 1.5, and Sef dx = 3.5. Use this 
information to fill in the blanks. 


2 y 
(a) [5o dx — 


6 
(b) [ro dx — 


(c) [ |f(x)| dx = 


(d) | —2 f(x) dx = 
0 


6 
© [2 «olas - 


(f) The average value of f over the interval [0, 6] is 
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[n]4"T[u] Evaluating a Definite Integral In Exercises 63 
TLF f and 64, find F as a function of x and evaluate it at 
ro Dir i 2 "i = 

mAH x = 2, x = 5, and x = 8. 


63. F(x) = Í Za 64. F(x) = | (E + 2t — 2) dt 
1 2 


Evaluating a Definite Integral In Exercises 65 and 66, 
find F as a function of x and evaluate it at x = 0, x = 11/4, and 


x = T2. 


65. F(x) = | cos 0 dO 66. F(x) = Í sin 0 dð 
0 


=R 
67. Analyzing a Function Let 
2a) = [004 
0 
where f is the function whose graph is shown in the figure. 


(a) Estimate g(0), g(2), g(4), g(6), and g(8). 


(b) Find the largest open interval on which g is increasing. 
Find the largest open interval on which g is decreasing. 


(c) Identify any extrema of g. 
(d) Sketch a rough graph of g. 


Figure for 67 


Figure for 68 


68. Analyzing a Function Let 


aa) = f roa 


where f is the function whose graph is shown in the figure. 


(a) Estimate g(0), 2(2), e(4), 2(6), and g(8). 


(b) Find the largest open interval on which g is increasing. 
Find the largest open interval on which g is decreasing. 


(c) Identify any extrema of g. 


(d) Sketch a rough graph of g. 


Finding and Checking an Integral In 
#č Exercises 69-74, (a) integrate to find F as a function 
of x, and (b) demonstrate the Second Fundamental 
Theorem of Calculus by differentiating the result 
in part (a). 


69. F(x) = ie (t + 2) dt 70. F(x) = | t(t? + 1) dt 


7i. F(x) = Í Midi 72. F(x) = Í gh dt 
8 


4 


sec t tan t dt 


73. F(x) = Í sec? t dt 74. F(x) = | 


n/3 
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[s] f [m] Using the Second Fundamental Theorem 
tc ie of Calculus In Exercises 75-80, use the Second 


rod Fundamental Theorem of Calculus to find F'(x). 


Ob 


eA X 2 
75. F(x) = Í (?—20dt 76. F(x) = Í — at 
" Pri 
TL. F(x) = Í Jüxid 78. Fx) = Í didt 
-1 1 


79. F(x) — i t esc t dt 80. F(x) = i sec? t dt 
1 0 


Finding a Derivative In Exercises 81-86, find F'(x). 


xD Xx 
81. F(x) = Í (4t + 1)dt 82. F(x) = Í P dt 


sin x 


83. F(x) = Vr 84. F(x) = Í l = at 
2 


0 


a? 2x 
85. F(x) — Í sin f? dt 86. F(x) = Í cos t^ dt 


0 0 


87. Graphical Analysis Sketch an approximate graph of g on 
the interval 0 € x < 4, where 


ie f E 


Identify the x-coordinate of an extremum of g. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


y 
Á 
es 

1 aS f 

[4 
2 4 

ae 
=O a 


88. Area The area A between the graph of the function 
4 
&0-4-5 


and the f-axis over the interval [1, x] is 


A = fl = 2 dt. 


(a) Find the horizontal asymptote of the graph of g. 


(b) Integrate to find A as a function of x. Does the graph of A 
have a horizontal asymptote? Explain. 


89. Water Flow Water flows from a storage tank at a rate of 
(500 — 57) liters per minute. Find the amount of water that 
flows out of the tank during the first 18 minutes. 


90. Oil Leak At 1:00 P.M., oil begins leaking from a tank at a 
rate of (4 + 0.751) gallons per hour. 


(a) How much oil is lost from 1:00 P.M. to 4:00 P.M.? 
(b) How much oil is lost from 4:00 P.M. to 7:00 P.M.? 


(c) Compare your answers to parts (a) and (b). What do you 
notice? 


91. Velocity The graph shows the velocity, in feet per second, 
of a car accelerating from rest. Use the graph to estimate the 
distance the car travels in 8 seconds. 


Velocity (in feet per second) 


T rer rp 
4 8 1 16 20 
Time (in seconds) 
92. Velocity The graph shows the velocity, in feet per second, 
of a decelerating car after the driver applies the brakes. Use 
the graph to estimate how far the car travels before it comes 
to a stop. 


Velocity (in feet per second) 
I 


++++++44 
1 2 3 4 5 
Time (in seconds) 


[s]z;z*[m] Particle Motion In Exercises 93-98, the 
ats velocity function, in feet per second, is given for a 
zd 


Fa 


ms particle moving along a straight line, where ¢ is the 
time in seconds. Find (a) the displacement and (b) 
the total distance that the particle travels over the 
given interval. 


93. (t) 251 — 7, Ox t3 

94. (t - 2 —1—12, 1<t<5 

95. v(t) = P —102 -27t 18, 1<t<7 
96. v(t) = Ë —8? + 15t O<t <5 


97. v(t) = 1<r<4 98. Wt)=cost, 0<t< 3m 


E 
Jt 


EXPLORING CONCEPTS 


99, Particle Motion Describe a situation where the 
displacement and the total distance traveled for a 
particle are equal. 


. Rate of Growth Let r'(f) represent the rate of 
growth of a dog, in pounds per year. What does r(t) 
represent? What does f$ r'(r) dt represent about the dog? 


. Fundamental Theorem of Calculus Explain 
why the Fundamental Theorem of Calculus cannot be 
used to integrate 


fa) =— 


X—cC 


on any interval containing c. 


e 102. Modeling Data An experimental vehicle is tested on 


a straight track. It starts from rest, and its velocity v (in 
meters per second) is recorded every 10 seconds for 1 minute 
(see table). 


t | O| 10 | 20 | 30 | 40 | 50 | 60 


v | Oj} 5 | 21 | 40 | 62 | 78 | 83 


(a) Use a graphing utility to find a model of the form 
v = at? + bt? + ct + d for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Approximate the distance traveled by the vehicle during 
the test. 


103. Particle Motion A particle is moving along the x-axis. 
The position of the particle at time t is given by 


x(t) =P —6? -9:—2, 0xtsz5. 


Find the total distance the particle travels in 5 units of time. 


104. Particle Motion Repeat Exercise 103 for the position 
function given by 


x(t) = (t- Yt - 3), 0x:«5. 


Error Analysis In Exercises 105-108, describe why the 
statement is incorrect. 


1 
us. | x? dx =|- = (70-7 12 -2 x 
-1 
1 1 
2 1 3 
106. | 5a EIN 4 X 


370/4 3n/4 
107. Í sec? x dx = [tan xu == X 


T/4 
3n/2 ^ 

108. Í csc x cot x dx = [-csc abs E X 
n/2 


True or False? In Exercises 109 and 110, determine 
whether the statement is true or false. If it is false, explain why 
or give an example that shows it is false. 


109. If F'(x) = G'(x) on the interval [a, b], then 
F(b) — F(a) = G(b) — G(a). 


110. If F(b) — F(a) = G(b) — G(a), then F'(x) = G'(x) on the 
interval [a, b]. 


111. Analyzing a Function Show that the function 


1/x 1 x 1 
w= Page [ae 


is constant for x > 0. 


112. Finding a Function Find the function f(x) and all 
values of c such that 


fazes- 
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113. Finding Values Let 


G() = Í I | fü) «| ds 


where f is continuous for all real t. Find (a) G(0), (b) G'(0), 
(c) G"(x), and (d) G"(0). 


114. Proof Prove that 


v(x) 
L| S fid a| = foro ~ futu 


u(x) 


PUTNAM EXAM CHALLENGE 


115. For each continuous function f: [0, 1] R, let 


If) = Í Fs) dx 


and 


m Í x(fG)). dx 


Find the maximum value of /(f) — J( f) over all such 
functions f. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


SECTION PROJECT e oe oo ooooooooo 


Demonstrating the Fundamental Theorem 


Use a graphing utility to graph the function 
y, = sin?t 
on the interval 0 x t < T. Let F be the following function of x. 


F(x) = Í sin? t dt 
0 


(a) Complete the table. Explain why the values of F are increasing. 


Tm | IL 
$8 gs a 


N 
[m 
e| 


F(x) 


(b) Use the integration capabilities of a graphing utility to graph F. 


(c) Use the differentiation capabilities of a graphing utility to 
graph F’. How is this graph related to the graph in part (b)? 


(d) Verify that the derivative of 


1 l. 
y — 31 — 4sin2t 


is sin? t. Graph y and write a short paragraph about how this 
graph is related to those in parts (b) and (c). 
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4.5 Integration by Substitution 


The statement of 
Theorem 4.13 does not tell how 
to distinguish between f(g(x)) 
and g'(x) in the integrand. As 
you become more experienced 
at integration, your skill in 
doing this will increase. Of 
course, part of the key is 
familiarity with derivatives. 


E Use pattern recognition to find an indefinite integral. 

E Use a change of variables to find an indefinite integral. 

liM Use the General Power Rule for Integration to find an indefinite integral. 
liM Use a change of variables to evaluate a definite integral. 

E Evaluate a definite integral involving an even or odd function. 


Pattern Recognition 


In this section, you will study techniques for integrating composite functions. The 
discussion is split into two parts—pattern recognition and change of variables. 
Both techniques involve a u-substitution. With pattern recognition, you perform the 
substitution mentally, and with change of variables, you write the substitution steps. 

The role of substitution in integration is comparable to the role of the Chain Rule 
in differentiation. Recall that for the differentiable functions 


y= F(u) and u= g(x) 
the Chain Rule states that 
d U7 Yd 
Geils] = Fle)’. 
x 
From the definition of an antiderivative, it follows that 


f F(e(X)e 0) dx = Fle(s)) + C. 


These results are summarized in the next theorem. 


Antidifferentiation of a Composite Function 


Let g be a function whose range is an interval Z, and let f be a function that is 
continuous on /. If g is differentiable on its domain and F is an antiderivative 
of f on J, then 


| f(g(a))g'(x) dx = F(g(x)) + C. 
Letting u = g(x) gives du = g'(x) dx and 


fro du = F(u) + C. 


Examples 1 and 2 show how to apply Theorem 4.13 directly, by recognizing the 
presence of f(g(x)) and g'(x). Note that the composite function in the integrand has an 
outside function f and an inside function g. Moreover, the derivative g'(x) is present as 
a factor of the integrand. 


Outside function 


i Hlels))e") dx = Fle(x) + € 


Derivative of 
inside function 


Inside function 


Try using 
a computer algebra system, 
such as Maple, Mathematica, 
or the TI-Nspire, to find the 
integrals given in Examples 1 
and 2. Do you obtain the same 
antiderivatives that are listed in 
the examples? 
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Recognizing the f(g(x))g'(x) Pattern 


Find f (x? + 1)?(2x) dx. 


Solution Letting g(x) = x? + 1, you obtain 
g'(x) = 2x 

and 
Fea) =f + De I. 


From this, you can recognize that the integrand follows the f(g(x))g'(x) pattern. Using 
the Power Rule for Integration and Theorem 4.13, you can write 


f(gG)) g'e) 
n 


f 68 + pO dx = ie E qa c. 


Try using the Chain Rule to check that the derivative of iQ + 1)? + Cis the integrand 
of the original integral. 


Recognizing the f(g(x))g'(x) Pattern 


Find Í 5 cos 5x dx. 


Solution Letting g(x) = 5x, you obtain 
gx) =5 

and 
f(g(x)) = f(5x) = cos 5x. 


From this, you can recognize that the integrand follows the f(g(x))g'(x) pattern. Using 
the Cosine Rule for Integration and Theorem 4.13, you can write 


f(gG)) g’@) 
qe T i 


Jes 5x)(5) dx = sin 5x + C. 


You can check this by differentiating sin 5x + C to obtain the original integrand. 


Exploration 


Recognizing Patterns The integrand in each of the integrals labeled (a)—(c) 
fits the pattern f(g(x))g'(x). Identify the pattern and use the result to find the 
integral. 


a. [ow + 1)4 dx b. Jae e + 1 dx c. Jie x)(tan x + 3) dx 


The integrals labeled (d)—(f) are similar to (a)- (c). Show how you can multiply 
and divide by a constant to find these integrals. 


d. Je + 1) dx e. [eve + ldx f. fe sec? x)(tan x + 3) dx 
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Integration 


The integrands in Examples 1 and 2 fit the f(g(x))g'(x) pattern exactly—you only 
had to recognize the pattern. You can extend this technique considerably with the 
Constant Multiple Rule 


frw dx = efr dx. 


Many integrands contain the essential part (the variable part) of g'(x) but are missing a 
constant multiple. In such cases, you can multiply and divide by the necessary constant 
multiple, as shown in Example 3. 


Multiplying and Dividing by a Constant 


Find the indefinite integral. 


[re + 1)? dx 


Solution This is similar to the integral given in Example 1, except that the integrand 
is missing a factor of 2. Recognizing that 2x is the derivative of x? + 1, you can let 


g(x) =x? 4+ 1 
and supply the 2x as shown. 
1 
ES + 1? dx = [oe + 1)? (je dx Multiply and divide by 2. 
f(g) g'a) 
maa 
=> Í (x? + 1)?(2x) dx Constant Multiple Rule 
1| (x2 + =| 
= -| |] + grate. 
l 3 C Integrate 
1 
= sv +17+4+C Simplify. au 


In practice, most people would not write as many steps as are shown in Example 3. 
For instance, you could evaluate the integral by simply writing 


E + 1} dx = IG + 1)? (2x) dx 


es. 


= «Ge TFC. 


Be sure you see that the Constant Multiple Rule applies only to constants. You 
cannot multiply and divide by a variable and then move the variable outside the integral 
sign. For instance, 


1 
[oe + 1)? dx + a + 1)? (2x) dx. 
x 
After all, if it were legitimate to move variable quantities outside the integral sign, 


you could move the entire integrand out and simplify the whole process. But the result 
would be incorrect. 


Because 
integration is usually more 
difficult than differentiation, 
you should always check your 
answer to an integration 
problem by differentiating. 

For instance, in Example 4, 
you should differentiate 
ix — 1)? + C to verify that 


you obtain the original integrand. 
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Change of Variables for Indefinite Integrals 


With a formal change of variables, you completely rewrite the integral in terms of u 
and du (or any other convenient variable). Although this procedure can involve more 
written steps than the pattern recognition illustrated in Examples 1 through 3, it is 
useful for complicated integrands. The change of variables technique uses the Leibniz 
notation for the differential. That is, if u = g(x), then du = g'(x) dx, and the integral in 
Theorem 4.13 takes the form 


Í Coa Í E 


EXAMPLE 4 Change of Variables 
Find Í J2x — 1 dx. 


Solution First, let u be the inner function, u = 2x — 1. Then calculate the differential 
du to be du = 2 dx. Now, using /2x — 1 = "i u and dx — du/2, substitute to obtain 


[vz —ldx- [ (+ Integral in terms of u 


1 
= a du Constant Multiple Rule 
1 75) é 
=- a] t Antiderivative in terms of u 
2\3/2 
1 3/2 true 
= 3” +C Simplify. 
1 3/2 ETETA . 
= z2x — 1) +G.: Antiderivative in terms of x 


Change of Variables 


sena > See LarsonCalculus.com for an interactive version of this type of example. 


Find [uve — ] dx. 


Solution As in the previous example, let u = 2x — 1 and obtain dx = du/2. 
Because the integrand contains a factor of x, you must also solve for x in terms of u, 
as shown. 


ut 1 


u=2x—1 > x= 2 


Solve for x in terms of u. 


Now, using substitution, you obtain 


Br— c DET us (25 
fva 1 dx N 2 Ju 2 
= je? + ul?) du 
ife e) 
=-(2 +] + 
rea 372) * € 
1 1 


= — = 5/2 a o = 3/2 4C. 
10 (2x — 1) 6 (2x — 1) C a 
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When making a 
change of variables, be sure that 
your answer is written using 
the same variables as in the 
original integrand. For instance, 
in Example 6, you should not 
leave your answer as 


e *c 


but rather, you should replace u 
by sin 3x. 


To complete the change of variables in Example 5, you solved for x in terms of u. 
Sometimes this is very difficult. Fortunately, it is not always necessary, as shown in 
the next example. 


Change of Variables 


Find i sin? 3x cos 3x dx. 


Solution Because sin? 3x = (sin 3x)?, you can let u = sin 3x. Then 
du = (cos 3x)(3) dx. 


Now, because cos 3x dx is part of the original integral, you can write 


K = cos 3x dx. 


Substituting u and du/3 in the original integral yields 
Jv 3x cos 3x dx = fe “ 

= i i u du 
1 £) 

==-(—}+ 
Al 3 = 

ad sin? 3x + C 
9 : 


You can check this by differentiating. 


1 1 
E sin? 3x + c| = IS 3x)*(cos 3x)(3) 
dx| 9 9 

= sin? 3x cos 3x 
Because differentiation produces the original integrand, you know that you have 
obtained the correct antiderivative. | 


The steps used for integration by substitution are summarized in the following 
guidelines. 


GUIDELINES FOR MAKING A CHANGE OF VARIABLES 
1. Choose a substitution u = g(x). Usually, it is best to choose the inner part 
of a composite function, such as a quantity raised to a power. 
. Compute du — g'(x) dx. 
. Rewrite the integral in terms of the variable u. 


. Find the resulting integral in terms of u. 


. Replace u by g(x) to obtain an antiderivative in terms of x. 


. Check your answer by differentiating. 


So far, you have seen two techniques for applying substitution, and you will 
see more techniques in the remainder of this section. Each technique differs slightly 
from the others. You should remember, however, that the goal is the same with each 
technique —you are trying to find an antiderivative of the integrand. 
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The General Power Rule for Integration 


One of the most common u-substitutions involves quantities in the integrand that are 
raised to a power. Because of the importance of this type of substitution, it is given a 
special name—the General Power Rule for Integration. A proof of this rule follows 
directly from the (simple) Power Rule for Integration, together with Theorem 4.13. 


The General Power Rule for Integration 


If g is a differentiable function of x, then 


ny [sGOT 
fio g'(x) dx »crj oe ee 
Equivalently, if u = g(x), then 


un*! 


[udu = +C, n* -—1. 


nol 


| EXAMPLE 7 Substitution and the General Power Rule 


u* du u5/5 
à pr 2 ^ A a 7 
a. 3(3x — D* dx = i Gr - 113) d= P= c 
i du w/o 
SS, 1 ^ E ~ 
(x? + x)? 
b. | (2x + DG2 + x) dx = | (x? + x)!(2x + 1) dx = ae qe 
u2 du u?/(3/2) 
£^ N ^i i^ M 
——— (x3 — 2)3/2 2 
e [332/33 — 2dx = | (x3 — 2)2(3:2) dx = p (e 30° - 29 + € 
uw? du uti) 
4 = 2)-2 = +C= 4 
d fa T dx fo 2x2) ?(— 4x) dx Zi C 1-23 C 
u? du u3/3 
ia | m 
. . (cos x)? 
e. | cos? x sin x dx = — | (cos x)?(— sin x) dx = m ux +C E 


Some integrals whose integrands involve quantities raised to powers cannot be 
found by the General Power Rule. Consider the two integrals 


ae + 1)? dx and [oe + 1)? dx. 


The substitution 
u=x +1 


works in the first integral but not in the second. In the second, the substitution fails 
because the integrand lacks the factor x needed for du. Fortunately, for this particular 
integral, you can expand the integrand as 


(x? + 1} = xt + 2x? + 1 


and use the (simple) Power Rule to integrate each term. 
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Change of Variables for Definite Integrals 


When using u-substitution with a definite integral, it is often convenient to determine 
the limits of integration for the variable u rather than to convert the antiderivative back 
to the variable x and evaluate at the original limits. This change of variables is stated 
explicitly in the next theorem. The proof follows from Theorem 4.13 combined with 
the Fundamental Theorem of Calculus. 


Change of Variables for Definite Integrals 


If the function u = g(x) has a continuous derivative on the closed interval 
[a, b] and f is continuous on the range of g, then 


g(b) 


f KORE dx= | f(u) du. 


g(a) 


Change of Variables 


1 
Evaluate | x(x? + 1} dx. 
0 
Solution To evaluate this integral, let u = x? + 1. Then, you obtain 
du — 2x dx. 
Before substituting, determine the new upper and lower limits of integration. 


Lower Limit Upper Limit 
When x = 0, u= 0? -1- I. When x = 1, u= ? +1 =2. 


Now, you can substitute to obtain 
1 1 1 AAT CER 
Í x(x? + 1)3 dx = Al (x2 + 1)3(2x) dx Integration limits for x 
0 0 


LC MERE di 


A f w du Integration limits for u 
1 


1 1 
= > 
4-1 
-Ï 
E 
Notice that you obtain the same result when you rewrite the antiderivative S(ut/ 4) 


in terms of the variable x and evaluate the definite integral at the original limits of 
integration, as shown below. 


DRE! 


The region before substitution has an 
area of E 
Figure 4.38 


fan 
A 
" (3, 5) 


The region after substitution has an 
area of E 
Figure 4.39 
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EXAMPLE 9 Change of Variables 
Evaluate the definite integral. 
5 x 
———— d 
| Juel” 
Solution To evaluate this integral, let u = „/2x — 1. Then, you obtain 
u = 2x-— 1 
u? + 1 = 2x 
TL). 
2 x 
udu = dx. Differentiate each side. 
Before substituting, determine the new upper and lower limits of integration. 
Lower Limit Upper Limit 
When x = 1, u= /2-1=1. When x = 5, u = V10- 1 =3. 
Now, substitute to obtain 
5 3 
x 1/4? +1 
m dx = ( ) d 
Í SERT x Í 7 z judu 
if? 
= 2+ 1d 
7 Í (u ) du 
iu 3 
=-~|—+ 
al 3 “| 
1 1 
=-|9+3-=-1 
0 +3- 3-1) 
16 
x | 


Geometrically, you can interpret the equation 


: x 5a x1 

Í ET dx Í 2 du 
to mean that the two different regions shown in Figures 4.38 and 4.39 have the same 
area. 

When evaluating definite integrals by substitution, it is possible for the upper 
limit of integration of the u-variable form to be smaller than the lower limit. When 
this happens, do not rearrange the limits. Simply evaluate as usual. For example, after 
substituting u = J1 — x in the integral 


1 
| x*(1 — x)? dx 
0 


you obtain u — e — 0 = 1 when x = 0, and u = Ni — 1 = 0 when x = 1. So, the 
correct u-variable form of this integral is 


0 
-2f (1 — WY du. 
1 


Expanding the integrand, you can evaluate this integral as shown. 


© Be w= -o(-242-1)- 
1 3 5 7 


0 
—2 2 — 2y4 + y6 2-2 
[ u uô) du E 5 7 
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Even function 


Odd function 
Figure 4.40 


Jos sin? x cos x + sin x cos x | 


Because f is an odd function, 
n/2 
f(x) dx = 0. 
-n/2 
Figure 4.41 


Integration of Even and Odd Functions 


Even with a change of variables, integration can be difficult. Occasionally, you can 
simplify the evaluation of a definite integral over an interval that is symmetric about 
the y-axis or about the origin by recognizing the integrand to be an even or odd function 
(see Figure 4.40). 


THEOREM 4.16 


Let f be integrable on the closed interval [— a, a]. 


Integration of Even and Odd Functions 


1. If f is an even function, then i f(x) dx = 2 | f(x) dx. 
—a 0 


2. If f is an odd function, then i f(x) dx = 0. tn 


n 


Proof Here is the proof of the first property. (The proof of the second property is left 
to you [see Exercise 101].) Because f is even, you know that 


F(x) = fx). 


Using Theorem 4.13 with the substitution u = — x produces 


[jac [uta = - [ au - [pa du = [0 


Finally, using Theorem 4.6, you obtain 


J f(x) dx = | f(x) dx + M dx 
= [roa + [roa 


= 2f sŒ dx. E 


0 
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Evaluate the definite integral. 
n/2 
| (sin? x cos x + sin x cos x) dx 
—n/2 


Solution Letting f(x) = sin? x cos x + sin x cos x produces 
f(—x) = sin3(—x) cos(—x) + sin(—x) cos(— x) 
— sin? x cos x — sin x cos x 


= - f(x). 


So, f is an odd function, and because f is symmetric about the origin over [ — 11/2, 11/2], 
you can apply Theorem 4.16 to conclude that 


n/2 
Í (sin? x cos x + sin x cos x) dx = 0. 
-n/2 

From Figure 4.41, you can see that the two regions on either side of the y-axis have the 
same area. However, because one lies below the x-axis and one lies above it, integration 
produces a cancellation effect. (More will be said about areas below the x-axis in 
Section 7.1.) 


4.5 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Constant Multiple Rule Explain how to use the 
Constant Multiple Rule when finding an indefinite integral. 


. Change of Variables In your own words, summarize 
the guidelines for making a change of variables when 
finding an indefinite integral. 


. The General Power Rule for Integration 
Describe the General Power Rule for Integration in your 
own words. 


. Analyzing the Integrand Without integrating, 
explain why 


2 
x(x? + 1)? dx = 0. 


[s]ifT[m] Recognizing Patterns In Exercises 5-8, 
Hm Y complete the table by identifying u and du for the 
Hs integral. 

E" 


u = g(x) du = g'(x) dx 


i S(g(x))g' (x) dx 
5; foe + 1)?(10x) dx 
6. Í xx) ldx 
7. i tan? x sec? x dx 
s = aid 


"aL Finding an Indefinite Integral In Exercises 
ET 9-30, find the indefinite integral and check the 


result by differentiation. 


9. Bí + 6x)*(6) dx 10. [oe — 9)3(2x) dx 
11. [5-7 c2 dx 12. [ 483989 dx 
13. [rc + 3)? dx 14. [xe — xp dx 
15. [ee — 1^ dx 16. ES + 4} dx 
17. Í t/t? +2dt 18. Í P214 + 3 dt 
19. Í 5x3/1 = x? dx 20. Í 6uS /ul + 8 du 
21. | ce 22. [axe 


x? 6x? 
23. [rt 24. [E 


afte fea 


dx 


x 
30. | —— 
Í 3/ 5x2 


op ie Differential Equation In Exercises 31-34, find 
ite the general solution of the differential equation. 
rata u 


dy 4x dy 10x? 
31. Z = ay + 32, Z = 1 

dx * Jiu a J/l+x3 

dy x1 dy 18 — 68 
33. dx (x2 + 2x — 3} eh dx Sf8—9Ox +7 


AL Slope Field In Exercises 35 and 36, a differential equation, a 


point, and a slope field are given. A slope field (or direction field) 
consists of line segments with slopes given by the differential 
equation. These line segments give a visual perspective of the 
slopes of the solutions of the differential equation. (a) Sketch 
two approximate solutions of the differential equation on the 
slope field, one of which passes through the given point. (To 
print an enlarged copy of the graph, go to MathGraphs.com.) 
(b) Use integration and the given point to find the particular 
solution of the differential equation and use a graphing utility 
to graph the solution. Compare the result with the sketch in 
part (a) that passes through the given point. 


35. Z ua (2, 2) 36. Z = 03 — 1y, (1,0) 
dx dx 
y y 
A 
—-\\ 3477/7 7/ - | | 2+t--1 | 
-\\NE74/7/-— |l1-t1--—1| 
-\\\+7//¢4 I 1—-c---—1 1] 
di he St f= | creen pu 
—N NN E Weg +—} $+ x 
cx A CR chow ur poe 232i y-+--1 2 
LAMP t+ > x | E en | 
Prunanters2 bl-t+--1 1 
-\\4+77/77/- | }/2+--1 1 


Differential Equation In Exercises 37 and 38, the graph 
of a function f is shown. Use the differential equation and the 
given point to find an equation of the function. 

—48 


37. " = 18x°(2x3 + 1)? as, 2 


dx (3x + 5)3 
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iiie Finding an Indefinite Integral In Exercises 
Ca aces 39— 48, find the indefinite integral. 


39. Pd 

41. [o 6x dx 
1 1 

43. g o 49 


di 
45. [sn 2x cos 2x dx 


40. Í sin 4x dx 


42. Jo Jo 


44. f sin x? dx 


46. Í 3/tan x sec? x dx 


48. Í DUET dy 
COS X 


[n] 4 [s] Finding an Equation In Exercises 49-52, find 
E 


derivative and whose graph passes through the 


uM d an equation for the function f that has the given 
Pe 


given point. 


Derivative 


49. f'(x) = ~sin 5 


50. f'(x) = sec? 2x 


51. f'(x) = 2x(4x? — 10)? 
52. f'(x) = —2x/8 = x? 


Point 


(0, 6) 


(2, 10) 
(2, 7) 


mge Change of Variables In Exercises 53-60, find 
T*rryg the indefinite integral by making a change of 
ERIS iu 

i: variables 


53. Iz 6 dx 
55. fev — x dx 


PM 
a |l a 


J2x — 1 


59. Í cos? 2x sin 2x dx 


54. [re — 4 dx 


56. IE + 1) /2 — xdx 


2x +1 
58. dx 
[== 


60. Í sec? 7x tan 7x dx 


oppio Evaluating a Definite Integral In Exercises 


1 
a. | x(x? + 1)3 dx 


=1 


2 
63. Í 2x? Vx? + 1 dx 
1 


To i 
65. ——— dx 
Í J2x +] 


1 
7 Jeu 


ty 61-68, evaluate the definite integral. Use a 
graphing utility to verify your result. 


1 
62. Í x3(2x4 + 1)? dx 
0 


0 
sa. | xJ/1 — x2 dx 
-1 


X 
66: | —* ag 
Í Jrxag 
5 


x 
68. ————— dx 
Í J2x —6 


[n]: ELI Finding the Area of a Region In Exercises 
LS ty 69-72, find the area of the region. Use a graphing 
ree y utility to verify your result. 


7 6 
69. Í x3/x + 1dx 70. Í x? J/x + 2 dx 
0 


-2 2 4 6 
2n/3 z 11/4 
71. Í se(2) dx 72. Í csc 2x cot 2x dx 
n/2 2 T/12 


n 
8 


Sis 


ala 
AIA 


m Even and Odd Functions In Exercises 73-76, 
FEN 4& evaluate the integral using the properties of even 
[a]: ont and odd functions as an aid. 

Pus 


2 2 

73. Í x? (x? + 1) dx 74. Í x(x? + 1)3 dx 
-2 -2 
T/2 T/2 

75. Í sin x cos x dx 76. Í sin? x cos x dx 
—n/2 —n/2 


77. Using an Even Function Use f? x? dx = 72 to evaluate 
each definite integral without using the Fundamental Theorem 


of Calculus. 
0 
(b) Í x? dx 
-6 
6 


6 

(a) Í x? dx 

-6 

6 

© | — 2x? dx o f 3x? dx 
0 -6 


78. Using Symmetry Use the symmetry of the graphs of the 
sine and cosine functions as an aid in evaluating each definite 


integral. 
11/4 n/4 
(a) sin x dx (b) cos x dx 
—T/4 -n/4 
n/2 n/2 
(c) cos x dx (d) sin x cos x dx 
-—n/2 -n/2 


Even and Odd Functions In Exercises 79 and 80, write the 
integral as the sum of the integral of an odd function and the 
integral of an even function. Use this simplification to evaluate 
the integral. 

3 11/2 
79. Í (x3 + 4x? — 3x — 6) dx 80. Í (sin 4x + cos 4x) dx 


-n/2 


EXPLORING CONCEPTS 


81. Choosing an Integral You are asked to find one of 


the integrals. Which one would you choose? Explain. 


(a) IE +1dx or [eve + 1ldx 


(b) Í cot2xdx or Í cot? 2x csc? 2x dx 


82. Comparing Methods Find the indefinite integral 
in two ways. Explain any difference in the forms of the 
answers. 


(a) Je: — 1 dx (b) Í sin x cos x dx 


83. Depreciation The rate of depreciation dV/dt of a machine 


85. 


is inversely proportional to the square of (t + 1), where V 
is the value of the machine * years after it was purchased. 
The initial value of the machine was $500,000, and its value 
decreased $100,000 in the first year. Estimate its value after 
4 years. 


84. 5 HOW DO YOU SEE IT? The graph shows 


the flow rate of water at a pumping station for 


Flow rate (in thousands 
of gallons per hour) 


fi fi | jy f 


T T t t H T T T T 
6 8 10 12 14 16 18 20 22 24 
Hour (0 & midnight) 


Approximate the maximum flow rate at the 
pumping station. At what time does this occur? 


Explain how you can find the amount of water 
used during the day. 


Approximate the two-hour period when the least 
amount of water is used. Explain your reasoning. 


Sales The sales S (in thousands of units) of a seasonal 
product are given by the model 


S = 74,50 + 43.75 sin > 


where ¢ is the time in months, with t = 1 corresponding to 
January. Find the average sales for each time period. 


(a) The first quarter (0 < t < 3) 
(b) The second quarter (3 « t < 6) 
(c) The entire year (0 < t < 12) 


Stephan Zabel/E+/Getty Images 


88. Finding a Limit Using a Definite Integral 
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«86. Electricity ««e««e«e«e«cecccccccice 
The oscillating current in an electrical circuit is 
I = 2 sin(60rt/) + cos(120mi) 


where / is measured in amperes and t is measured in seconds. 
Find the average current for each time interval. 


IA 
| 


(a) 0xt 


(b 0 <t 


IA 


() 0x t 


IA 
| 


f 87. Graphical Analysis Consider the functions f and g, where 


f(x) = 6sinxcos?x and g(t) = [x dx. 


(a) Use a graphing utility to graph f and g in the same viewing 
window. 


(b) Explain why g is nonnegative. 


(c) Identify the points on the graph of g that correspond to the 
extrema of f. 


(d) Does each of the zeros of f correspond to an extremum of 
g? Explain. 


(e) Consider the function 


h(t) = [6 dx. 


Use a graphing utility to graph h. What is the relationship 
between g and h? Verify your conjecture. 


Find 


im $ Sinna) 


noo fe^ n 


by evaluating an appropriate definite integral over the interval 
[0, 1]. 


89. Rewriting Integrals 


1 1 


(a) Show zl x8(1 — x? dx 


0 


x1 — x)? dx = Í 
0 
1 


1 
(b) Show tat f x1 — x)? dx = Í x^(1 — x)* dx. 
0 0 


90. Rewriting Integrals 


T/2 1/2 
(a) Show that Í sin? x dx = Í cos? x dx. 
0 0 


(b) Show that 
T/2 T/2 
Í sin” x dx = Í cos” x dx 
0 0 


where n is a positive integer. 
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Probability In Exercises 91 and 92, the function 
fœ) = kx”(1 — x)", O<x<1 


where n > 0, m > 0, and k is a constant, can be used to 
represent various probability distributions. If k is chosen such 
that 


1 
Í f(x) dx 21 
0 


then the probability that x will fall between a and b 
(0xazbzczl)is 


b 
Pap = Í f(x) dx. 


91. The probability that a person will remember between 100a% 
and 100b% of material learned in an experiment is 


b 
Pop Di — x dx 


ü 


where x represents the proportion remembered. (See figure.) 


(a) For a randomly chosen individual, what is the probability 
that he or she will recall between 50% and 75% of the 
material? 


(b) What is the median percent recall? That is, for what value 
of b is it true that the probability of recalling 0 to b is 0.5? 


92. The probability that ore samples taken from a region contain 
between 100a% and 100b% iron is 


b 
Pap = Í ax — x)? dx 


where x represents the proportion of iron. (See figure.) 


(a) What is the probability that a sample will contain between 
0% and 25% iron? 


(b) What is the probability that a sample will contain between 
50% and 100% iron? 


True or False? In Exercises 93-98, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


93. faee + 5)? dx = — (£ + 5)! + C 


94. E + 1) dx = h(x + x) + C 


10 10 
ss. | (ax? + bx? + cx à aa=a| (bx? + d) dx 


—10 0 


b b+2n 
s. | sinxax = | sin x dx 


a 


97. a sin xcosxar = —cos2x + C 
98. E 2x cos 2x dx = $ sin? 2x + C 


99. Rewriting Integrals Assume that f is continuous 
everywhere and that c is a constant. Show that 


cb b 
Í f(x)dx = ef f(cx) dx. 
100. Integration and Differentiation 


(a) Verify that sin u — u cos u + C = fe sin u du. 


m 


m 
(b) Use part (a) to show that Í sin /x dx = 27. 


0 
101. Proof Prove the second property of Theorem 4.16. 


102. Rewriting Integrals Show that if f is continuous on the 
entire real number line, then 


b b+h 
Í f(x + h) dx = Í f(x) dx. 


+h 


PUTNAM EXAM CHALLENGE 


103. If ay, a,,. . ., a, are real numbers satisfying 


a, 


dep 


show that the equation 


dy + ax tax? bec 


has at least one real root. 


. Find all the continuous positive functions f(x), for 
0 < x < 1, such that 


[a= 


[ora =q 


1 
Í f(x)x? dx = o 
0 


where u is a given real number. 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 


Review Exercises 


Review Exercises 309 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Finding an Indefinite Integral In Exercises 1-8, find the 
indefinite integral. 


SERT. 2. Je «4 
3. [ae +x + aya 4. Sp 
E 
4 2 E 
5. [ea 6. [^ 2-52 


Te f Cosa- osina) ar 8. [cos - 2 sect.) ax 


Finding a Particular Solution In Exercises 9-12, find the 
particular solution of the differential equation that satisfies the 
initial condition(s). 

9. f'G&) = —6x, f(1) = -2 10. f(x) = 92 + 1, f(0) = 7 
11. f"(x) = 24x, f(—1) = 7, f(1) = —4 
12. f"(x) = 2 cos x, f'(0) = 4, f(0) = —5 


13. Vertical Motion A ball is thrown vertically upward from 
ground level with an initial velocity of 96 feet per second. 
Assume the acceleration of the ball is a(t) = —32 feet per 
second per second. (Neglect air resistance.) 


(a) How long will it take the ball to rise to its maximum 
height? What is the maximum height? 


(b) After how many seconds is the velocity of the ball one-half 
the initial velocity? 


(c) What is the height of the ball when its velocity is one-half 
the initial velocity? 


14. Vertical Motion With what initial velocity must an 
object be thrown upward (from a height of 3 meters) to reach 
a maximum height of 150 meters? Assume the acceleration of 
the object is a(f) — 9.8 meters per second per second. (Neglect 
air resistance.) 


Finding a Sum In Exercises 15 and 16, find the sum by 
adding each term together. Use the summation capabilities of 
a graphing utility to verify your result. 


5 3 
15. V (5i — 3) 16. V (k + 1) 
i=1 k=0 


Using Sigma Notation In Exercises 17 and 18, use sigma 
notation to write the sum. 


1 2 3 10 


17. 58) 54) 565) ' ^" *502 


«Qe ez ez] 


Evaluating a Sum In Exercises 19-24, use the properties 
of summation and Theorem 4.2 to evaluate the sum. Use the 
summation capabilities of a graphing utility to verify your 
result. 


24 
19. Y8 
i-1 


75 
20. X 5i 
i=1 


20 
21. > 2i 
i-l 


20 


12 
23. Y (i+ 1)? 24. Sil? — 1) 
i=1 i=l 


Finding Upper and Lower Sums for a Region In 
Exercises 25 and 26, use upper and lower sums to approximate 
the area of the region using the given number of subintervals 
(of equal width.) 


10 
x? +1 


y y 
A A 
107 


30 
22. X (8i — 4) 
i=1 


1 
26. y= 9 — 4x 


25. y= 


8d 


6+- 
4+- 


2 -+ 


Finding Upper and Lower Sums for a Region In 
Exercises 27 and 28, find the upper and lower sums for the 
region bounded by the graph of the function and the x-axis 
on the given interval. Leave your answer in terms of n, the 
number of subintervals. 


Function Interval 
27. fx) =4x4+ 1 [2, 3] 
28. f(x) = 7 [0, 3] 


Finding Area by the Limit Definition In Exercises 
29-32, use the limit process to find the area of the region 
bounded by the graph of the function and the x-axis over the 
given interval. Sketch the region. 


29. y=8—2x, [0,3] 
31.» -5— x, [-2,1] 


30. y 2x? +3, [0,2] 
32. y= x, [2, 4] 


Approximating Area with the Midpoint Rule In 
Exercises 33 and 34, use the Midpoint Rule with n = 4 to 
approximate the area of the region bounded by the graph of 
the function and the x-axis over the given interval. 


33. f(x) = 16 — 3, [0,4] 34. f(x) = sinmy, [0, 1] 


Evaluating a Definite Integral as a Limit In Exercises 
35 and 36, evaluate the definite integral by the limit definition. 


3 
35. Í 6x dx 


=J 


3 
36. Í (1 — 2x2) dx 
0 


Evaluating a Definite Integral Using a Geometric 
Formula In Exercises 37 and 38, sketch the region whose 
area is given by the definite integral. Then use a geometric 
formula to evaluate the integral. 


5 6 
37. Í (5 — |x — 5|) dx 38. Í /36 — x? dx 
0 -6 
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39. Using Properties of Definite Integrals Given 


Í f(x) dx = 12 and i g(x) dx = 5, evaluate 
@ [La aede [Lr ~ gaia 


© f [2/(9) — 3e(a)] dx. (a) f 7f(9 de. 


40. Using Properties of Definite Integrals Given 


2 5 
Í f(x)dx =2 and Í f(x) = —5, evaluate 
0 2 


5 2 
(a) Í f(x) dx. (b) Í f(x) dx. 
0 5 


3 5 
(c) Í f(x) dx. (d) Í —8f(x) dx. 
3 2 


Evaluating a Definite Integral In Exercises 41-46, use 
the Fundamental Theorem of Calculus to evaluate the definite 
integral. Use a graphing utility to verify your result. 


1 
42. Í (4x4 — x) dx 
-2 


d 
u. | (5) 
KAX 


n/4 
46. Í sec? t dt 
—n/4 


6 
41. Í (x — 1) dx 
0 
9 
43. Í x /x dx 
4 
3/4 
45. Í sin 0 dO 
0 


Finding the Area of a Region In Exercises 47 and 48, 
find the area of the given region. 


47. y = sinx 48. y =x + cosx 


Finding the Area of a Region In Exercises 49-52, find 
the area of the region bounded by the graphs of the equations. 


49. y=8-x,x=0,x=6,y=0 
50. y= -x +x+6,y=0 
ex =0,x=l1y=0 


51. y=x 
52. y= /x(1 -— x), y =0 

Using the Mean Value Theorem for Integrals In 
Exercises 53 and 54, find the value(s) of c guaranteed by the 
Mean Value Theorem for Integrals for the function over the 
given interval. 

53. f(x) = 3x, [1,3] 

54. f(x) = sinx, [0, n] 


Finding the Average Value of a Function In Exercises 
55 and 56, find the average value of the function over the 
given interval and all values of x in the interval for which the 
function equals its average value. 


55. fa) =}, [4,9] 56. f(x) =x, [0,2] 


JE 
Using the Second Fundamental Theorem of Calculus 
In Exercises 57 and 58, use the Second Fundamental Theorem 
of Calculus to find F'(x). 


57. F(x) = i Dl P dt 
C 


) 


58. F(x) = f Zar 
1 


Finding an Indefinite Integral In Exercises 59-66, find 
the indefinite integral. 


59, IET — 3x?)4 dx 60. Josse T 2dx 


61. [sm x cos x dx 62. f sin 3x? dx 


cos 0 sin x 
63. | —————«d 64. d 
V1 — sinO /cos X x 


6s, [8 as 66. IESUS 


Evaluating a Definite Integral In Exercises 67-72, 
evaluate the definite integral. Use a graphing utility to verify 
your result. 


1 1 
67. Í (3x + 1) dx 68. Í x(x — 2)3 dx 
0 0 


3 6 
1 x 
69. d 70. | — ———z d. 
| J^ | aV a 


1 0 
71. an| (y* D/1—-ydy 72. | x3 /x + 1 dx 
0 —1 


Finding the Area of a Region In Exercises 73 and 74, 
find the area of the region. Use a graphing utility to verify 
your result. 


9 
73. [35 — ] dx 
1 


n/2 
74. Í (cos x + sin 2x) dx 
0 


4 
T 
-6 3 3 6 9 12 


Even and Odd Functions In Exercises 75 and 76, evaluate 
the integral using the properties of even and odd functions as 
an aid. 


2 n 
75. Í (x? — 2x) dx 76. Í (cos x + x?) dx 
2 


—n 
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See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Using a Function Let L(x) = Í Las x>0. 
1 


(a) Find L(1). 
(b) Find L'(x) and L'(1). 
f (c) Use a graphing utility to approximate the value of x (to three 
decimal places) for which L(x) = 1. 


(d) Prove that L(x,x,) = L(x,) + L(x) for all positive values 
of x, and x,. 


2. Parabolic Arch Archimedes showed that the area of a 
parabolic arch is equal to 2 the product of the base and the 
height (see figure). 


He b »1 
(a) Graph the parabolic arch bounded by y = 9 — x? and the 
x-axis. Use an appropriate integral to find the area A. 


(b) Find the base and height of the arch and verify Archimedes’ 
formula. 


(c) Prove Archimedes' formula for a general parabola. 


Evaluating a Sum and a Limit In Exercises 3 and 4, 
(a) write the area under the graph of the given function defined 
on the given interval as a limit. Then (b) evaluate the sum in 
part (a), and (c) evaluate the limit using the result of part (b). 


3.y-x^—4 + 4x", [0,2] 


(tim: b a n(n + 1)(2n 4 por + 3n D) 


4 y= s + 2x3, [0,2] 


. Bo. n(n + 1)?(2n? + 2n — 2) 
. 5-— 
(tim. 2 i 12 


5. Fresnel Function The Fresnel function S is defined by 
the integral 


X P) 
S(x) = Í sin at. 
0 2 


2 
(a) Graph the function y — sin > on the interval [0, 3]. 


(b) Use the graph in part (a) to sketch the graph of S on the 
interval [0, 3]. 
(c) Locate all relative extrema of S on the interval (0, 3). 


(d) Locate all points of inflection of S on the interval (0, 3). 


6. Approximation The Two-Point Gaussian Quadrature 
Approximation for f is 


[jo dx (3 +=) 


(a) Use this formula to approximate 


1 
Í cos x dx. 
-1 


Find the error of the approximation. 


(b) Use this formula to approximate 


1 
1 
——; dX; 
| x 


(c) Prove that the Two-Point Gaussian Quadrature 
Approximation is exact for all polynomials of degree 3 
or less. 


7. Extrema and Points of Inflection The graph of the 
function f consists of the three line segments joining the 
points (0, 0), (2, —2), (6, 2), and (8, 3). The function F is 
defined by the integral 


rm Í EY 


(a) Sketch the graph of f. 
(b) Complete the table. 


x 10/1[2|3/|4/|5]6 7.8 


F(x) 


(c) Find the extrema of F on the interval [0, 8]. 
(d) Determine all points of inflection of F on the interval 
(0, 8). 
8. Falling Objects Galileo Galilei (1564—1642) stated the 


following proposition concerning falling objects: 


The time in which any space is traversed by a uniformly 
accelerating body is equal to the time in which that same 
space would be traversed by the same body moving at 
a uniform speed whose value is the mean of the highest 
speed of the accelerating body and the speed just before 
acceleration began. 


Use the techniques of this chapter to verify this proposition. 


9. Proof Prove [ra (x—10dt- f (f f) D dt. 


10. Proof Prove [| fG)f' G9) dx = AON — [f(a)p). 


11. Riemann Sum Use an appropriate Riemann sum to 
evaluate the limit 


VI+ StSt: n 


PEZ 


lim 


noco 
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12. 


13. 


14. 


15. 


16. 


Chapter4 Integration 
Riemann Sum Use an appropriate Riemann sum to 
evaluate the limit 
S42 49s Fm 
lim " 
noo n 


Proof Suppose that f is integrable on [a,b] and 
0 < m < f(x) < M for all x in the interval [a, b]. Prove that 


m(a — b) < Í f(x) dx < M(b — a). 


1 
Use this result to estimate Í J1 + x? dx. 
0 


Using a Continuous Function Let f be continuous on 
the interval [0, b], where f(x) + f(b — x) # 0 on [0, b]. 


b 
f(x) _b 
(a) Show iat | FEE dx > 


(b) Use the result in part (a) to evaluate 


i sin x d 
anys Gy a / P^ 
o sin(l — x) + sin x 
(c) Use the result in part (a) to evaluate 


Velocity and Acceleration A car travels in a straight 
line for 1 hour. Its velocity v in miles per hour at six-minute 
intervals is shown in the table. 


t(hours) | 0 0.1 | 0.2 | 0.3 | 0.4 | 0.5 


v (mi/h) 0 10 | 20 | 40 | 60 | 50 


t (hours) | 0.6 | 0.7 | 0.8 | 0.9 | 1.0 


v(mi/h) | 40 | 35 | 40 | 50 | 65 


(a) Produce a reasonable graph of the velocity function v b 
grap y y 
graphing these points and connecting them with a smooth 
curve. 


(b) Find the open intervals over which the acceleration a is 
positive. 


(c) Find the average acceleration of the car (in miles per hour 
per hour) over the interval [0, 0.4]. 


(d) What does the integral 


[ v(t) dt 


signify? Approximate this integral using the Midpoint 
Rule with five subintervals. 


(e) Approximate the acceleration at t = 0.8. 


Proof Prove that if f is a continuous function on a closed 
interval [a, b], then 


[ ie < f rola 


17. 


18. 


Verifying a Sum Verify that 


n(n + 1)(2n + 1) 


n 2 
2j 6 


by showing the following. 
(a) 1+ iP —P-3i? -3i 1 


(b) (n 


n n(n " 1)2n + 1) 


(e) >? = 6 


Sine Integral Function The sine integral function 
X t t 

Si(x) = Í Sg 
o t€ 


is often used in engineering. The function 


sin f 


f) SEE 


is not defined at t = 0, but its limit is 1 as £> 0. So, define 
f(0) = 1. Then f is continuous everywhere. 


f (a) Use a graphing utility to graph Si(x). 


19. 


20. 


21. 


(b) At what values of x does Si(x) have relative maxima? 


(c) Find the coordinates of the first inflection point where 
x > 0. 


(d) Decide whether Si(x) has any horizontal asymptotes. If so, 
identify each. 


Upper and Lower Sums Consider the region bounded 

by y = mx, y = 0,x = 0, and x = b. 

(a) Find the upper and lower sums to approximate the area of 
the region when Ax = b/4. 


(b) Find the upper and lower sums to approximate the area of 
the region when Ax = b/n. 


(c) Find the area of the region by letting n approach infinity in 
both sums in part (b). Show that, in each case, you obtain 
the formula for the area of a triangle. 


Minimizing an Integral Determine the limits of 


integration where a < b such that 


b 
Í (x? — 16) dx 


has minimal value. 


Finding a Function The graph of f' is shown. Find and 
sketch the graph of f given that f is continuous and f(0) = 1. 


eccc20(299 
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5.1 The Natural Logarithmic Function: Differentiation 


E Develop and use properties of the natural logarithmic function. 
iM Understand the definition of the number e. 
E Find derivatives of functions involving the natural logarithmic function. 


The Natural Logarithmic Function 


Recall that the General Power Rule 


xn*! 
x” dx = +C, n*-1 General Power Rule 
ntl 
has an important disclaimer—it does not apply when n — — 1. Consequently, you 


have not yet found an antiderivative for the function f(x) = 1/x. In this section, you 
will use the Second Fundamental Theorem of Calculus to define such a function. This 
antiderivative is a function that you have not encountered previously in the text. It 
is neither algebraic nor trigonometric but falls into a new class of functions called 
logarithmic functions. This particular function is the natural logarithmic function. 


JOHN NAPIER (1550-1617) 


Logarithms were invented by 
the Scottish mathematician 
John Napier. Napier coined the 
term logarithm, from the two 
Greek words logos (or ratio) 
and arithmos (or number), to 
describe the theory that he 
spent 20 years developing and 
that first appeared in the book 
Mirifici Logarithmorum canonis 
descriptio (A Description of the 
Marvelous Rule of Logarithms). From this definition, you can see that In x is positive for x > 1 and negative for 
Although he did not introduce 0 < x < 1, as shown in Figure 5.1. Moreover, In 1 = 0, because the upper and lower 


ihe natural logarithmic function, limits of integration are equal when x = 1. 
it is sometimes called the 


Napierian logarithm. 
See LarsonCalculus.com to read 
more of this biography. 


Definition of the Natural Logarithmic Function 


The natural logarithmic function is defined by 
“1 
Inx = | —dt, x>0. 
1 É 


The domain of the natural logarithmic function is the set of all positive real 
numbers. 


> t 


1 2 3 


= 


A 
If x > 1, then In x > 0. IfO < x < 1, then lnx < 0. 
Figure 5.1 


Exploration 
Graphing the Natural Logarithmic Function Using only the definition of 


the natural logarithmic function, sketch a graph of the function. Explain your 
reasoning. 


The Granger Collection, NYC 


The natural logarithmic function is 
increasing, and its graph is concave 
downward. 
Figure 5.3 
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To sketch the graph of y — In x, you can think of the natural logarithmic function 
as an antiderivative given by the differential equation 


Figure 5.2 is a computer-generated graph, called a slope field (or direction field), 
showing small line segments of slope 1/x. The graph of y — In x is the solution that 
passes through the point (1, 0). (You will study slope fields in Section 6.1.) 


1 
Each small line segment has a slope of X 


Figure 5.2 


THEOREM 5.1 Properties of the Natural Logarithmic Function 


The natural logarithmic function has the following properties. 


1. The domain is (0, oo) and the range is (— 00, oo). Ciis TID 
2. The function is continuous, increasing, and one-to-one. MES upra 


3. The graph is concave downward. Ugo EM 


Proof The domain of f(x) = In x is (0, co) by definition. Moreover, the function is 
continuous because it is differentiable. It is increasing because its derivative 


1 
f (x) = First derivative 
X 


is positive for x > 0, as shown in Figure 5.3. It is concave downward because its 
second derivative 


1 
"x)= —— Second derivati 
f ( ) 2 econ erivative 


is negative for x > 0. The proof that f is one-to-one is given in Appendix A. The 
following limits imply that its range is the entire real number line. 


lim In x = —oo 
x20* 
and 
lim In x = oo 
x- Oo. 
Verification of these two limits is given in Appendix A. | 


Using the definition of the natural logarithmic function, you can prove several 
important properties involving operations with natural logarithms. If you are already 
familiar with logarithms, you will recognize that the properties listed on the next page 
are characteristic of all logarithms. 
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Figure 5.4 


Logarithmic, Exponential, and Other Transcendental Functions 


THEOREM 5.2 Logarithmic Properties 
If a and b are positive numbers and n is rational, then the following properties 
are true. 


1. nl =0 2. In(ab) = Ina + Inb magm 
ENF 
3. In(a") = nlna 4. (4) = Ina — Inb un 


Proof The first property has already been discussed. The proof of the second 
property follows from the fact that two antiderivatives of the same function differ 
at most by a constant. From the Second Fundamental Theorem of Calculus and the 
definition of the natural logarithmic function, you know that 


d d| [%1 1 
da x] all t a x 


So, consider the two derivatives 


Gd Bo 


dx ax x 


and 


ha + Inx] =0O+ ne X. 

dx X x 
Because In(ax) and (In a + In x) are both antiderivatives of 1/x, they must differ at most 
by aconstant, In(ax) = In a + In x + C. By letting x = 1, you can see that C = 0. The 
third property can be proved similarly by comparing the derivatives of In(x") and n Inx. 
Finally, using the second and third properties, you can prove the fourth property. 


(2) = In[a(b-!)] = Ina + In(b-) = Ina — Inb | 
EXAMPLE 1 Expanding Logarithmic Expressions 
a. In N = ]n 10 — In 9 Property 4 
b. In J/3x + 2 = In(3x + 2)7? Rewrite with rational exponent. 
= 5 Ins + 2) Property 3 
6x 
c. M = In(6x) — In 5 Property 4 
= ]n6 + Inx — In 5 Property 2 
(x? + 3)? _ 


d. In In(x? + 3? — In(x3/x? + 1 
xd/x?4 1 l ) 


= 2 ln(x? + 3) — [Inx + In(x? + 1)!/3] 
= 2 In(x? + 3) — Inx — In(x? + 1)? 


1 
= 2In(x? + 3) - Inx — 3 InG? + 1) au 


When using the properties of logarithms to rewrite logarithmic functions, you must 
check to see whether the domain of the rewritten function is the same as the domain of 
the original. For instance, the domain of f(x) = In x? is all real numbers except x = 0, 
and the domain of g(x) — 2 In x is all positive real numbers. (See Figure 5.4.) 
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The Number e 


It is likely that you have studied logarithms in an y 
THE NUMBER e algebra course. There, without the benefit of calculus, 
The symbol e was first used logarithms would have been defined in terms of a 3T 
by mathematician Leonhard base number. For example, common logarithms 
Euler corepresent ie base of have a base of 10 and therefore log,,)10 = 1. (You 24 
natural logarithms in a letter s . 
to another mathematician, will learn more about this in Section 5.5.) 
Christian Goldbach, in 1731. The base for the natural logarithm is defined 
using the fact that the natural logarithmic function 
is continuous, is one-to-one, and has a range of 
(— oo, oo). So, there must be a unique real number 
x such that In x — 1, as shown in Figure 5.5. This 
number is denoted by the letter e. It can be shown 
that e is irrational and has the following decimal 
approximation. 


€ is the base for the natural 
logarithm because In e — 1. 
Figure 5.5 


e ~ 2.71828182846 


Definition of e 


The letter e denotes the positive real number such that 


ne- [ tar=1. 
if 


E FOR FURTHER INFORMATION To learn more about the number e, see the article 
"Unexpected Occurrences of the Number e" by Harris S. Shultz and Bill Leonard in 
Mathematics Magazine. To view this article, go to MathArticles.com. 


Once you know that In e — 1, you can use logarithmic properties to evaluate the 
natural logarithms of several other numbers. For example, by using the property 


In(e”) = nIne 
= n(1) 


— n 


you can evaluate In(e") for various values of n, as shown in the table and in Figure 5.6. 


1 1 1 
x A = 0.050 2 = 0.135 z = 0.368 | e0 = 1 | e = 2.718 | e? = 7.389 


In x -3 =2 =l 0 1 2 


The logarithms shown in the table above are convenient because the x-values are 
integer powers of e. Most logarithmic expressions are, however, best evaluated with a 


If x = e", then In x 7 n. calculator. 
Figure 5.6 : 
EXAMPLE 2 Evaluating Natural Logarithmic Expressions 
a. In 2 ~ 0.693 


b. In 32 — 3.466 
c. In 0.1 ~ —2.303 a 
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The Derivative of the Natural Logarithmic Function 


The derivative of the natural logarithmic function is given in Theorem 5.3. The first 
part of the theorem follows from the definition of the natural logarithmic function as 
an antiderivative. The second part of the theorem is simply the Chain Rule version of 
the first part. 


Derivative of the Natural Logarithmic Function 


Let u be a differentiable function of x. 


i tne qud 

dx X 

d ldu uw 
. -———-— u> 
2 4, Un «] "E EE 0 


EXAMPLE 3 Differentiation of Logarithmic Functions 


«e +> See LarsonCalculus.com for an interactive version of this type of example. 


d u 2 1 
a. dx [In 2x] m 2x x u = 2x 
d j u 2x m 
b. zre + 1)]= L ari u=x +1 
e Sez «(Ltn 5 oti »( £03) edocs 
dx dx dx 


(2 + (Inx)(1) 


=1+Inx 
d d 
d. —[(n x)?] = 3(In x)? — [In x] Chain Rule 
dx dx 
1 
= 2 e 
3(In x)? — a 


Napier used logarithmic properties to simplify calculations involving products, 
quotients, and powers. Of course, given the availability of calculators, there is now 
little need for this particular application of logarithms. However, there is great value in 
using logarithmic properties to simplify differentiation involving products, quotients, 
and powers. 


EXAMPLE 4 Logarithmic Properties as Aids to Differentiation 
Differentiate 


f(x) = In x + 1. 


Solution Because 
1 
f(x) = In/x + 1 = ln(x + 1)72 = jm (x + 1) Rewrite before differentiating. 


you can write 


" 1 1 1 z , 
f (x) = A ) = 2(x ly Differentiate. a 


You could also 
solve the problem in Example 6 
without using logarithmic 
differentiation by using the 
Power and Quotient Rules. 
Use these rules to find the 
derivative and show that the 
result is equivalent to the one in 
Example 6. Which method do 
you prefer? 
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EXAMPLE 5 Logarithmic Properties as Aids to Differentiation 
x(x? + 1)? 


Differentiate f(x) = In ; 
J2x3—1 
Solution Because 

x(x? + 1)? 
oe 

J2x3 — 1 


Sneton d 5 nuo E 


fe) =1 


Write original function. 


Rewrite before differentiating. 


you can write 


1 2 1 2 
f(x) == + 2 7 : ;) i A z) Differentiate. 
X A e 
1 4x 3x? 
X x? +1 x 2x3 = Í Simplify. a 


In Examples 4 and 5, be sure you see the benefit of applying logarithmic properties 
before differentiating. Consider, for instance, the difficulty of direct differentiation of 
the function given in Example 5. 

On occasion, it is convenient to use logarithms as aids in differentiating 
nonlogarithmic functions. This procedure is called logarithmic differentiation. In 
general, use logarithmic differentiation when differentiating (1) a function involving 
many factors or (2) a function having both a variable base and a variable exponent [see 
Section 5.5, Example 5(d)]. 


GC AS Logarithmic Differentiation 


(x — 2)? 
Sx? + T 
Solution Note that y > O for all x # 2. So, In y is defined. Begin by taking the 


natural logarithm of each side of the equation. Then apply logarithmic properties and 
differentiate implicitly. Finally, solve for y’. 


2. 


Find the derivative of y — 


y= : = 2 x 2 Write original equation. 
JFT 
(x — 2)? l | 
my =n Take natural log of each side. 
J +1 
Iny=2 In(x 2) ; In(x? + 1) Logarithmic properties 
: i - + -) e ; x -) Differentiate. 
y. xA v 
y 6-301 Simply. 
, X +2x+2 
»7 |z EC UPS 5 Solve for y". 
p =D] oP 2x3 "m" 
= ere = 2) + 5 | Substitute for y. 


ban (x — 2)(x? + 2x + 2) 
= (x? + 12 


Simplify. a 
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Logarithmic, Exponential, and Other Transcendental Functions 


Because the natural logarithm is undefined for negative numbers, you will 
often encounter expressions of the form In|u|. The next theorem states that you can 
differentiate functions of the form y — In|u| as though the absolute value notation was 


not present. 


THEOREM 5.4 Derivative Involving Absolute Value 
If u is a differentiable function of x such that u # 0, then [n] 73 iE 
E 


d u' aE 
ahula EA 


Proof If u > 0, then |u| = u, and the result follows from Theorem 5.3. If u < 0, 


then |u| = —u, and you have 


d d 
ET [In|u|] = p [In(— u)] 


— u! 


Tu 


u’ 


EXAMPLE 7 Derivative Involving Absolute Value 


Find the derivative of 
f(x) = In|cos x]. 


Solution Using Theorem 5.4, let u = cos x and write 


d u u d u' 
4, in|cos x|] = E gills 7 
| —sinx 
m u = cos x 
COS X 
— —tan x. Simplify. 
EXAMPLE 8 Finding Relative Extrema 
y 
Locate the relative extrema of A 


y = In(x? + 2x + 3). 


Solution Differentiating y, you obtain 
dy 2xt+2 


dx x T2x-43 


Because dy/dx = 0 when x = —1, you 
can apply the First Derivative Test and 


conclude that a relative minimum occurs | | >a 


at the point (— 1, In 2). Because there are 
no other critical points, it follows that 

this is the only relative extremum, as shown The derivative of y changes from 
in the figure. negative to positive at x = — 1. a 
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5 n 1 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Using Properties of  Logarithms In 
Exercises 19 and 20, use the properties of logarithms 
to approximate the indicated logarithms, given 
that In 2 ~0.6931 and In 3 ~1.0986. 


CONCEPT CHECK 


1. Natural Logarithmic Function Explain why In x 
is positive for x > 1 and negative for 0 < x < 1. 


. Logarithmic Properties What is the value of n? 19. (a) In 6 (b) In? (c) In 81 (d) In /3 
In4 + In(n^)) = In4 — In 7 20. (a) I1n0.25. (b) In24. (c) InZ/12 (d) In + 
3. The Number e How is the number e defined? Ops Expanding a Logarithmic Expression In 
4. Differentiation of Logarithmic Functions State egt ij Exercises 21-30, use the properties of logarithms 
the Chain Rule version of the derivative of the natural [s] zx? to expand the logarithmic expression. 
logarithmic function in your own words. " 
21. In? 22. In / 5 
B Evaluating a Logarithm Using Technology In 23. In 2. 1 
Exercises 5-8, use a graphing utility to evaluate the logarithm bo z - InGyz) 


by (a) using the natural logarithm key and (b) using the 5 
25. Inix/x? + 26. xIn./x — 4 
integration capabilities to evaluate the integral f; (1/f) dt. a(x a 5) DRE 


x—1 


5. In 45 6. In 83 27. In 28. In(3e?) 
7. In 0.8 8. In 0.6 z 
29. In z(z — 1)? 30. In 
Matching In Exercises 9-12, match the function with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] opo Condensing a Logarithmic Expression In 
@) » b) » Xezxégka Exercises 31-36, write the expression as a logarithm 
A n th of a single quantity. 
2-r 4+ H e 
1+ 34 31. In(x — 2) — In(x + 2) 32. 3Inx + 2Iny — 4Inz 


33. 3[2 In(x + 3) + Inx — In(x? — 1)] 
34. 2[In x — In(x + 1) — In(x — 1)] 


2 “a 
34 35. 4In2 — 1 In? + 6x) 
36. 3[InG? + 1 In(x 1 In(x — 1 
©) ; © v sLin( ) = In( ) - In¢ )] 
24 ee Verifying Properties of Logarithms In Exercises 37 and 
n 38, (a) verify that f — g by using a graphing utility to graph 
ppp P x f and g in the same viewing window and (b) verify that f — g 
ei. d 345 algebraically. 
2+ 42 
ES 37. f(x) = In 75 x»0, g(x) 22Inx — In4 
10. f(x) = -lnx 38. f(x) = In/x(x? + 1, g(x) = Hin x + In(x? + 1)] 
12. f(x) = —In(-3) Finding a Limit In Exercises 39-42, find the limit. 
[s]:2[m] Sketching a Graph In Exercises 13-18, sketch 39. lim, In(x — 3) 40. lim In(6 — x) 
HEN the graph of the function and state its domain. T : 
Een 41. lim In[x?(3 — x)] 42. lim In 
Os x12 sra xcd 
13. fx) = 31nx '[s] Finding a Derivative In Exercises 43-66, find 
14. f(x) = —2Inx raat & the derivative of the function. 
15. f(x) = In 2x oes 
16. f(x) = In|x| 43. f(x) = In 3x 44. f(x) = In(x — 1) 
17. f(x) = In(x — 3) 45. f(x) = In(x? + 3) 46. h(x) = In(2x? + 1) 
18. f(x) = Inx — 4 47. y = (Inx)* 48. y = x? Inx 


49. y = In(t + 1)? 50. y = In/x? — 4 
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51. y= In(x /x? — 1) 52. y = In[r(? + 3)°] 
x 2x 
53. f(x) = In EE 54. f(x) = In - Ta 
Int Int 
55. e(t) : P 56. h(t) = Pes 
57. y = In(In x?) 58. y — In(In x) 
" xc _ a4 x 
59. y — In Scop 60. y — In FT] 
/ 2 
61. f(x) — fe 62. f(x) = In(x + /4+ x1) 
ï 
63. y = In|sin x| 64. y = In|csc x| 
COS X 
.y = dn —À———— .y= + 
65. y = In nem ; 66. y = In|sec x + tan x| 


B Finding an Equation of a Tangent Line In Exercises 
67—74, (a) find an equation of the tangent line to the graph 
of the function at the given point, (b) use a graphing utility 
to graph the function and its tangent line at the point, and 
(c) use the tangent feature of a graphing utility to confirm your 
results. 


67. y = Inx^, (10) 

68. y = nX, (—1,0) 

69. f(x) = 3x2 — Inx, (1,3) 

70. f(x) = 4 x? - Inx + 1), (0,4) 


71. f(x) = In /1 + sin? x, u In 5) 


72. f(x) = sin2xInx?, (1,0) 


73. y - xX lnx, (—1,0) 


74. f(x) = bx Inx?, (—1,0) 
Logarithmic Differentiation In Exercises 


75-80, use logarithmic differentiation to find 
dy/dx. 


EE) 


Erea 
[n] i: ee 
75. y - xx +1, x>0 

76. y= Vex + D(x-*2, x»0 


xM/3x—2 2 xe 1 
77. y= 7 > 78. y= A 21 
y (x + 1)? uidit" 3 err * 
— 43/2 = 
mpa U ooi pg DU id 
x41 (x — Dx + 2) 


Implicit Differentiation In Exercises 81—84, 
use implicit differentiation to find dy/dx. 


afao 


sU a: 
olt- 

81. x? — 3 lny + y? = 10 
83. 4x7 + In y? + 2y = 2x 


82. In xy + 5x = 30 
84. 4xy + Inx2y =7 


Differential Equation In Exercises 85 and 86, verify that 
the function is a solution of the differential equation. 


Function 
85. y = 2Inx + 3 


Differential Equation 
xy" +y'=0 


86. y = xInx — 4x xty—xy’=0 


Logarithmic, Exponential, and Other Transcendental Functions 


Relative Extrema and Points of Inflection 


Pipa Fi In Exercises 87-92, locate any relative extrema 
= 1s "| and points of inflection. Use a graphing utility to 


confirm your results. 


2 


87. y=% -Inx 88. y = 2x — ln 2x 


89. y= xInx 90. y = T 
zoe =o 
91. y E 92. y = x° ln 


Using Newton's Method In Exercises 93 and 94, use 
Newton’s Method to approximate, to three decimal places, the 
x-coordinate of the point of intersection of the graphs of the 
two equations. Use a graphing utility to verify your result. 


93. y= lnx, y= —x 94. y= lnx, y=3-x 


EXPLORING CONCEPTS 

Comparing Functions In Exercises 95 and 96, let 
f be a function that is positive and differentiable on the 
entire real number line and let g(x) = In f (x). 

95. When g is increasing, must f be increasing? Explain. 


96. When the graph of f is concave upward, must the graph 
of g be concave upward? Explain. 


. Think About It Is In xy = In x n y a valid property 
of logarithms, where x > 0 and y > 0? Explain. 


98. 5 HOW DO YOU SEE IT? The graph shows 
the temperature T (in degrees Celsius) of an 
object A hours after it is removed from a furnace. 


Temperature (in °C) 


Hours 


(a) Find jim T. What does this limit represent? 
—00 


(b) When is the temperature changing most rapidly? 


True or False? In Exercises 99—102, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


99, In(a"*") = nlna + mna, where a > 0 and m and n are 
rational. 


d d 
100. a4, Une] = qn x], where c > 0 


101. If y = ln T, then y'= 1l/r. 102. If y = Ine, then y' = 1. 


5.1 


Bis 103. Home Mortgage The term ¢ (in years) of a $200,000 PH 106. 
home mortgage at 7.5% interest can be approximated by 


t = 13.375 in x > 1250 


=) 
x — 12507 
where x is the monthly payment in dollars. 

(a) Use a graphing utility to graph the model. 


(b) Use the model to approximate the term of a home 
mortgage for which the monthly payment is $1398.43. 
What is the total amount paid? 


(c) Use the model to approximate the term of a home 
mortgage for which the monthly payment is $1611.19. 
What is the total amount paid? 


(d) Find the instantaneous rates of change of t with respect 
to x when x — $1398.43 and x — $1611.19. 


(e) Write a short paragraph describing the benefit of the 
higher monthly payment. 


e 104. Sound Intensity» « e ee e e>» cooo oo oo 


The relationship between 
the number of decibels 

B and the intensity of 

a sound 7 in watts per 
centimeter squared is 


10 I 
B= w:o.) 


In 10 

(a) Use the properties of 
logarithms to write 
the formula in simpler form. 


107. 


intensity of 1075 watt per square centimeter. 


e. 
(b) Determine the number of decibels of a sound with an . 
e 
e 


fe 105. Modeling Data The table shows the temperatures T (in 
degrees Fahrenheit) at which water boils at selected pressures 
p (in pounds per square inch). (Source: Standard Handbook 


of Mechanical Engineers) 108 


5 10 14.696 (1 atm) 20 
162.24 | 193.21 212.00 227.96 

30 40 60 80 100 
250.33 | 267.25 | 292.71 | 312.03 | 327.81 


A model that approximates the data is 
T = 87.97 + 34.96 In p + 7.91\/p. 


(a) Use a graphing utility to plot the data and graph the za 109 
model. 


(b) Find the rates of change of T with respect to p when 
p = 10 and p = 70. 


(c) Use a graphing utility to graph T’. Find lim T'(p) and 
pco 


interpret the result in the context of the problem. 


Aceshot1/Shutterstock.com 
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Modeling Data The atmospheric pressure decreases 
with increasing altitude. At sea level, the average air pressure 
is one atmosphere (1.033227 kilograms per square centimeter). 
The table shows the pressures p (in atmospheres) at selected 
altitudes A (in kilometers). 


h | 0 5 10 15 20 25 


0.55 | 0.25 | 0.12 | 0.06 | 0.02 


p 1 


(a) Use a graphing utility to find a model of the form 
p =a + bln h for the data. Explain why the result is an 
error message. 


(b) Use a graphing utility to find the logarithmic model 
h =a + bln p for the data. 


(c) Use a graphing utility to plot the data and graph the 
model from part (b). 


(d) Use the model to estimate the altitude when p = 0.75. 
(e) Use the model to estimate the pressure when h = 13. 


(f) Use the model to find the rates of change of pressure 
when h = 5 and h = 20. Interpret the results. 


Tractrix A person walking along a dock drags a boat by 
a 10-meter rope. The boat travels along a path known as a 
tractrix (see figure). The equation of this path is 


10 + /100 — x 
y= 10 n( 0 ML a 100 — x2. 
B (a) Use a graphing utility to y 
graph the function. A 
10+ 


(b) What are the slopes of 
this path when x = 5 and 
x=9? P 


Y : 
` Tractrix 


5+ " 
(c) What does the slope of | N 
the path approach as S 
———————— 
x approaches 10 from 5 10 i 


the left? 


Prime Number Theorem There are 25 prime numbers 
less than 100. The Prime Number Theorem states that the 
number of primes less than x approaches 


X 
D(x) ~= hx 


Use this approximation to estimate the rate (in primes per 
100 integers) at which the prime numbers occur when 

(a) x = 1000. 

(b) x — 1,000,000. 

(c) x = 1,000,000,000. 


Conjecture Use a graphing utility to graph f and g in the 
same viewing window and determine which is increasing at 
the greater rate for large values of x. What can you conclude 
about the rate of growth of the natural logarithmic function? 


(a) f(x) =Inx, g(x) = Vx 
(b fœ) =Inx, g(x) = Yx 
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5.2 The Natural Logarithmic Function: Integration 


Exploration 


Integrating Rational 
Functions 

Early in Chapter 4, you 
learned rules that allowed 
you to integrate any 
polynomial function. The 
Log Rule presented in this 
section goes a long way 
toward enabling you to 
integrate rational functions. 
For instance, each of the 
following functions can be 
integrated with the 

Log Rule. 


Example 1 
Example 2 
Example 3 
Example 4(a) 
Example 4(c) 
Example 4(d) 
Example 5 


Example 6 


(x + 1)? 


There are still some rational 
functions that cannot be 
integrated using the 

Log Rule. Give examples 
of these functions and 
explain your reasoning. 


E Use the Log Rule for Integration to integrate a rational function. 
E Integrate trigonometric functions. 


Log Rule for Integration 
The differentiation rules 
d 1 d u' 
4, Unbd] = " and zelel] = 3 
that you studied in the preceding section produce the following integration rule. 


THEOREM 5.5 Log Rule for Integration 


Let u be a differentiable function of x. 


1. fa- In|x| + C 2. [Lu = In|u| + C 


Because du = u' dx, the second formula can also be written as 


, 

u 
Í dx = In|u| +C. Alternative form of Log Rule 

u 


EXAMPLE 1 Using the Log Rule for Integration 


2 1 
Í —dx = 2| — dx Constant Multiple Rule 
X X 
=2 In|x| +C Log Rule for Integration 
=]nx +C Property of logarithms 


Because x? cannot be negative, the absolute value notation is unnecessary in the final 
form of the antiderivative. 


Using the Log Rule with a Change of Variables 


. 1 
Find IE = 14* 


Solution If you let u = 4x — 1, then du = 4 dx. 


1 1 1 . M 
fz - dx jJ — j^ dx Multiply and divide by 4. 
1/1 
x Í du Substitute: u = 4x — 1. 
4Ju 
1 
= 4 In|u| TC Apply Log Rule. 


1 
= "i In|4x = 1| + C Back-substitute. a 


3 
x 

Area — E EE 1% 

The area of the region bounded by the 

graph of y, the x-axis, and x = 3 is 

} In 10. 

Figure 5.7 
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Example 3 uses the alternative form of the Log Rule. To apply this rule, look for 
quotients in which the numerator is the derivative of the denominator. 


Finding Area with the Log Rule 


Find the area of the region bounded by the graph of 


o x 
x7 +1 


y 


the x-axis, and the line x — 3. 


Solution In Figure 5.7, you can see that the area of the region is given by the 
definite integral 


3 
X 
[| ze 


If you let u = x? + 1, then u' = 2x. To apply the Log Rule, multiply and divide by 2 
as shown. 


3 3 
i d l a d. Multiply and divide by 2 
Wy i! X t Ze 
TE 2],x3 41 ultiply and divide by 


[co = In|u| + C 
u 


= `| ince? + D) 


0 


= 5n 10 — In 1) 


1 
- 5ln 10 lul 
= ].151 


EXAMPLE 4 Recognizing Quotient Forms of the Log Rule 


24 ] 
a. IE dx = In|x? + x| + C u=xŻ +x 
XFA 
2 
b. IE: X dx = In|tan x| +C u = tanx 
tan x 
x+1 1/[2x+2 : 
c. [|3tze-1|Efia u=x* + 2x 
1 
= z Inj? + 2x| + C 
1 1 3 
: = =3x+2 
a [e PE dii d 
1 
= 3lnlàx + 2| + C i 


With antiderivatives involving logarithms, it is easy to obtain forms that look quite 
different but are still equivalent. For instance, both 


In|(3x + 2)/5| + C 
and 
In|3x + 2|/5 + C 


are equivalent to the antiderivative listed in Example 4(d). 
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If you 
have access to a computer 
algebra system, use it to find 
the indefinite integrals in 
Examples 5 and 6. How does 
the form of the antiderivative 
that it gives you compare with 
that given in Examples 5 and 6? 


Integrals to which the Log Rule can be applied often appear in disguised form. For 
instance, when a rational function has a numerator of degree greater than or equal to 
that of the denominator, division may reveal a form to which you can apply the Log 
Rule. This is shown in Example 5. 


EXAMPLE 5 Using Long Division Before Integrating 


ere p- See LarsonCalculus.com for an interactive version of this type of example. 


Find the indefinite integral. 


2+ x+ 
ra l x 
x7 +1 


Solution Begin by using long division to rewrite the integrand. 


1 
24x41 
TAT mm iett WR d —— 


2 +1 2 +1 
T x +1 " 
x 
Now, you can integrate to obtain 
Crary ia Ja Rewrite using long divisi 
=r dir= = dX sion. 
x2 + 1 e + 1 ewrite using long division 
1 2x 
= [a T JE t1 dx Rewrite as two integrals. 
1 
=xt+ 5 InG* +14+C. Integrate. 
Check this result by differentiating to obtain the original integrand. a 


The next example presents another instance in which the use of the Log Rule is 
disguised. In this case, a change of variables helps you recognize the Log Rule. 


Change of Variables with the Log Rule 


Find the indefinite integral. 


2% 
| erie” 
Solution If you let u = x + 1, then du = dx and x = u — 1. 
2x _ [2(u — 1) : 
[c rf 12 dx Í T du Substitute. 
u 1 . p 
= Ma nnd 4) du Rewrite as two fractions. 
= JE — 2|u ?du Rewrite as two integrals. 
u 
u`! 
=2 In|u| — xt) FC Integrate. 
2 : 
=2 In|u| FFC Simplify. 
u 
2 
=2 In|x + 1| So Be Back-substitute. 
xctl 


Check this result by differentiating to obtain the original integrand. a 


ec 90092906 


Keep in mind 
that you can check your answer 
to an integration problem by 
differentiating the answer. For 
instance, in Example 7, the 
derivative of y = In|In x| + C 
is y' = l/(x In x). 


€ 6 6 9 6 96 6 6 9 6 9 eee 9 9 6 
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As you study the methods shown in Examples 5 and 6, be aware that both 
methods involve rewriting a disguised integrand so that it fits one or more of the basic 
integration formulas. Throughout the remaining sections of Chapter 5 and in Chapter 8, 
much time will be devoted to integration techniques. To master these techniques, you 
must recognize the “form-fitting” nature of integration. In this sense, integration is not 
nearly as straightforward as differentiation. Differentiation takes the form 


"Here is the question; what is the answer?" 
Integration is more like 
"Here is the answer; what is the question?" 


Here are some guidelines you can use for integration. 


GUIDELINES FOR INTEGRATION 


1. Learn a basic list of integration formulas. 


Find an integration formula that resembles all or part of the integrand and, 
by trial and error, find a choice of u that will make the integrand conform to 
the formula. 


When you cannot find a u-substitution that works, try altering the integrand. 
You might try a trigonometric identity, multiplication and division by the 
same quantity, addition and subtraction of the same quantity, or long division. 
Be creative. 


If you have access to computer software that will find antiderivatives 
symbolically, use it. 


Check your result by differentiating to obtain the original integrand. 


EXAMPLE 7 u-Substitution and the Log Rule 


Solve the differential equation 


Solution The solution can be written as an indefinite integral. 


1 
y= [axe 


Because the integrand is a quotient whose denominator is raised to the first power, you 
should try the Log Rule. There are three basic choices for u. The choices 


u=x and u=xInx 


fail to fit the u'/u form of the Log Rule. However, the third choice does fit. Letting 
u = ln x produces u’ = 1/x, and you obtain the following. 


1 1/x - 
—— dx = | —dx Divide numerator and denominator by x. 
xInx In x 
u' . 
ES Í dx Substitute: u = In x. 
u 
= In| u| +C Apply Log Rule. 
= In|In x| +C Back-substitute. 


So, the solution is y = In|In x| + C. iu 
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Integrals of Trigonometric Functions 


In Section 4.1, you looked at six trigonometric integration rules—the six that correspond 
directly to differentiation rules. With the Log Rule, you can now complete the set of 
basic trigonometric integration formulas. 


EXAMPLE 8 Using a Trigonometric Identity 


Find f tan x dx. 


Solution This integral does not seem to fit any formulas on our basic list. However, 
by using a trigonometric identity, you obtain 


sin x 
fina dx = | dx 
COS X 


Knowing that D,[cos x] = —sin x, you can let u = cos x and write 


fonzar = 


Apply trigonometric identity and 
multiply and divide by — 1. 


| 
| 
= 
o|l 
2g. 
5 
aae 


Substitute: u = cos x. 


I 
| 
— 
SJS 
= 


= In|u| +C Apply Log Rule. 


— In|cos x| TC. Back-substitute. a 


Example 8 used a trigonometric identity to derive an integration rule for the tangent 
function. The next example takes a rather unusual step (multiplying and dividing by the 
same quantity) to derive an integration rule for the secant function. 


EXAMPLE 9 Derivation of the Secant Formula 


Find f sec x dx. 


Solution Consider the following procedure. 


sec x + tan x 
sec x dx = (sec x) — | dx Multiply and divide by sec x + tan x. 
sec x + tan x 


| [sec? x + sec x tan x 
sec x + tan x 


Letting u be the denominator of this quotient produces 
u = secx + tanx 

and 
u' = sec x tan x + sec? x. 


So, you can conclude that 


sec? x + sec x tan x uu 
sec x dx — dx Rewrite integrand. 
sec x + tan x 


u' . 
= — dx Substitute: u = sec x + tan x. 
u 


= In|u| PC Apply Log Rule. 
= In|sec x + tan x| + C. Back-substitute. au 
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With the results of Examples 8 and 9, you now have integration formulas for 
sin x, COS x, tan x, and sec x. The integrals of the six basic trigonometric functions are 
summarized below. (For proofs of cot u and csc u, see Exercises 85 and 86.) 


ibd d d: ab E INTEGRALS OF THE SIX BASIC TRIGONOMETRIC FUNCTIONS 
m Using 

trigonometric identities and f sin u du = — cosu + C E udu = sinu + C 

properties of logarithms, 


you could rewrite these six 
integration rules in other forms. 
For instance, you could write 


ES u du 


= In|esc u — cot u| + C. 


(See Beerens 81-005 SCYTHIA Integrating Trigonometric Functions 


1/4 
Evaluate f J1 + tan? x dx. 
0 


[anu du = —In|cos u| + C [eotuau In|sin u| + C 


[cuan = In|sec u + tan u| + C feseuau = —]n|esc u + cot u| + C 


Solution Using 1 + tan?x = sec? x, you can write 
8 y 


T/4 11/4 ME 
| JTF atx | sec? x dx 
0 

TL, 


0 


/4 
2 sec x dx secx = Ofor0 <x < 7. 
0 


1/4 
= In|sec x + tan a| 
0 


= Inf /2 + 1) - In1 
~ 0.881, 


ON" R See Finding an Average Value 


Find the average value of 
f(x) = tan x 

on the interval [0, 11/4]. 

Solution 


T/A 


Average value — l tan x d. A l i I (x) d. 
= — x dx 1 = x) d 
g (n/4) 0 : verage value $3), f£) dx 


n/4 


RE tan x dx Simplify. 
T 0 


fag, 


4 T/4 
2 = 3 = In|cos J Integrate. 
+ n " 


4| sz 
Average value 20.441 x "Rn In EN — ]n1 


= 0.441 


AIAG 


Figure 5.8 The average value is about 0.441, as shown in Figure 5.8. a 
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5 n 2 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


pe Finding an Indefinite Integral of a 
CONCEPT CHECK a Trigonometric Function In Exercises 33-42, 
1. Log Rule for Integration Can you use the Log Rule RED find the indefinite integral. 

to find the integral below? Explain. 


x 33. IE cot = dO 34. Í 0 tan 2€? 40 
a5 an 
mE . m 35. E 2x dx 36. E sdy 
. Long Division Explain when to use long division 2 
before applying the Log Rule. 
i PE a a : 37. Í (5 — cos 30) dO 38. le — tan 2) dO 
. Guidelines for Integration Describe two ways to 4 
alter an integrand so that it fits an integration formula. 39 Í COS f à Í csc? t 4 
ao ee t 
. Trigonometric Functions Integrating which | + sint cot f 
trigonometric function results in In|sin x| + C? 
B | | 41 En dx 42 LS 2x + tan 2x) d 


Eie Finding an Indefinite Integral In Exercises 
5-28, find the indefinite integral. 


Bis Differential Equation In Exercises 43-46, find the general 


ER ty I: solution of the differential equation. Use a graphing utility 
$. dz to graph three solutions, one of which passes through the 
5 1 given point. 
5. x dx 6. E 5 dx 
» dy... 3 dy x-2 (_ 
| 1 " " | 9 43. à os (1, 0) 44. PN (-1, 0) 
2x + 5 5- 4x dy 2% sec? t 
" 45. ==- , (0,4) 46. — = — ——, (1,4) 
9 X — de 10 E. od dx x*—9 5 tanf + 1 
jx3-3 "15-3 
AP +3 — oy Finding a Particular Solution In Exercises 47 and 48, 
11 Pee 12. T find the particular solution of the differential equation that 
satisfies the initial conditions. 
| =y ii |e 2 
"Jom a7. f')-5 fü)-L fü)-L x»0 
x? T 2x -3 x? + Ax " , 
pud oe 48. f") = ————5-2, f(2)=0, fQ)-23, x>1 
I5 [35226 e EM fe) (x — 1? ft FQ) 
2 — 2 = 
17. [eme dx 18. NX a Rat. dx B Slope Field In Exercises 49 and 50, a differential equation, 
x*1 x-2 a point, and a slope field are given. (a) Sketch two approximate 
19 x3 — 3x7 + 5 di 20. — 6x — 20 x — 6x = 20 yy solutions of the differential equation on the slope field, one of 
` 4 3 XES which passes through the given point. (To print an enlarged 
x^^4tx—4 — Ax? — 4x + 20 copy of the graph, go to MathGraphs.com.) (b) Use integration 
21. i 3842 4 22. E B5 dx and the given point to find the particular solution of the 
5 differential equation and use a graphing utility to graph the 
23. Je (In D 24. IE. solution. Compare the result with the sketch in part (a) that 
x(In x?) passes through the given point. 
1 
25. E dx 26. [xm dx dy 1 dy lnx 
i /3 1/3 = as oe = 
Vat — 3 x) x E ) 49. aU 50. =—, (1,-2) 
6x x(x — 2 
27. d. 28. |. ——— d y y 
ne *je-ip^ 4 4 
ah dale eee 34+\--------- 
list Change of Variables In Exercises 29-32, find ee co nas 
the indefinite integral by making a change of j oe ete tae m ^ Eri pe 
variables (Hint: Let u be the denominator of the JP d tm "-—-——— 
i St tp MÀ x 
integrand.) EL A UMOR d C een plese eh ae 
doy i cea en co ad -l+\---------—- 
29 a l d. 30 Í 3 dx ELE ecco reco 
. | — dx ; ———— Ve AAR Q+\e-------- 
1+ 2x ] 4 Sx ee tee Msc qiu dde cai 
En /|4M—Mm——————--—--— —-LNA————————- 


x 
31. Í dx 32. dx 
yx -3 35-4 


m: 2 Evaluating a Definite Integral In Exercises 
51-58, evaluate the definite integral. Use a 
E a graphing utility to verify your result. 


* 2a ~ at 
oes 3x ri 52. | sue 


4 
58. Í (csc 20 — cot 20) dO 


ee Finding an Integral Using Technology In Exercises 59 


and 60, use a computer algebra system to find or evaluate the 
integral. 


E E 2 
59. E x 60. Í sin^ x — cos X ix 
1+ x -n/4 COS X 


Finding a Derivative In Exercises 61—64, find F'(x). 


61. F(x) = Í l La 62. F(x) = Í tant dt 
1 0 


64. F(x) af 3» d 


4x 
63. F(x) -| cot t dt | $253 


[m] p [m] Area In Exercises 65-68, find the area of the 


RECTA 3 given region. Use a graphing utility to verify your 
result. 
[n] je 
6 1+ In 
65 y =~ 66. y = — 


[m]; ENA Area In Exercises 69-72, find the area of the 
region bounded by the graphs of the equations. Use 


d 
[s^ 3 agraphing utility to verify your result. 
Ee rn 
69. y EIU xl, x4, y=0 
5x 
70. y ary * 1, x5 y=0 
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71. y = 2sec 7. x = 0, 


72. y = 2x — tan 0.3x, x=1, x=4, y=0 


x=2, y=0 


mJ [=] Finding the Average Value of a Function 
men In Exercises 73-76, find the average value of the 


K: function over the given interval. 


73. f(x) = z [2,4] 74. f(x) = D, [2. 4] 
78. fs) = 225, [1] 
76. f(x) = sec = [0, 2] 


6° 


Midpoint Rule In Exercises 77 and 78, use the Midpoint 
Rule with n = 4 to approximate the value of the definite 
integral. Use a graphing utility to verify your result. 


11/4 
77. [3 — dx 78. Í sec x dx 
0 


EXPLORING CONCEPTS 

Approximation In Exercises 79 and 80, determine 
which value best approximates the area of the region 
between the x-axis and the graph of the function over the 
given interval. Make your selection on the basis of a sketch 
of the region, not by performing calculations. 


9. f(x) = sec x, [0,1] 
(a) 6 (b -6 (o 


(d 1.25 (e) 3 


2x 
80. f (x) = Yar 


(3 (57 (c) -2 (d)5 (e) 1 


[0, 4] 


81. Napier's Inequality For0 < x < y, use the Mean Value 
Theorem to show that 


1] Iny-Inx 1 
< oS 
y y-x x 


82. Think About It Is the function 


2x 1 
F(x) -Í 7“ 


constant, increasing, or decreasing on the interval (0, o0)? 
Explain. 


83. Finding a Value Find a value of x such that 


[Ba- | La 
ıt vat 


84. Finding a Value Find a value of x such that 


[ia 
it 


is equal to (a) In 5 and (b) 1. 
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85. Proof Prove that 
[ cota = In|sinu| + C. 


86. Proof Prove that 


[ eseuau In|csc u + cot u| + C. 


Using Properties of Logarithms and Trigonometric 
Identities In Exercises 87-90, show that the two formulas 
are equivalent. 


87. fonxa = —In|cos x| + C 


tan x dx = In|sec x| + C 
88. | cot x dx = In|sinx| + C 
cot x dx = —In|esc x| + C 


89. 


sec x dx = In|sec x + tan x| + C 


sec x dx In|sec x — tan x| + C 


90. | csc x dx In|csc x + cotx| + C 


esc x dx = In|csc x — cot x| + C 


—————— 


91. Population Growth A population of bacteria P is 
changing at a rate of 


dP E 3000 
dt 1 + 0.25t 


where t is the time in days. The initial population (when t = 0) 
is 1000. 


(a) Write an equation that gives the population at any time f. 
(b) Find the population when t — 3 days. 


92. Sales The rate of change in sales S is inversely proportional 
to time £ (t > 1), measured in weeks. Find S as a function of t 
when the sales after 2 and 4 weeks are 200 units and 300 units, 
respectively. 


e 93, Heat Transfer (r r e E E E E E E E S E E E E a 


Find the time required 


for an object to cool 
from 300°F to 250°F 
by evaluating 


300 | 
10 NS 
luas 7-100 


where t is time in 
minutes. 


Marijus Auruskevicius/Shutterstock.com 
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94. Average Price The demand equation for a product is 


_ 90,000 
P = 400 + 3x 


where p is the price (in dollars) and x is the number of units 
(in thousands). Find the average price p on the interval 
40 < x < 50. 


95. Area and Slope Graph the function 


x 
14 


fe) = 


on the interval [0, oc). 

(a) Find the area bounded by the graph of f and the line 
y = 3. 

(b) Determine the values of the slope m such that the line 
y = mx and the graph of f enclose a finite region. 


(c) Calculate the area of this region as a function of m. 


96. 5 HOW DO YOU SEE IT? Use the graph of 


f' shown in the figure to answer the following. 


(a) Approximate the slope of f at x — — 1. Explain. 


(b) Approximate any open intervals on which the 
graph of f is increasing and any open intervals on 
which it is decreasing. Explain. 


True or False? In Exercises 97-100, determine whether the 
statement is true or false. If it is false, explain why or give an 


example that shows it is false. 
97. In|x^| = In x4 98. In|cos €?| = In(cos €) 


99. [io = In|cx|, c#0 


24 2 
100. Í dr LE] =In2—-—Inl =In2 
=i 


=% 


PUTNAM EXAM CHALLENGE 
101. Suppose that f is a function on the interval [1, 3] such 


3 
that — 1 < f(x) < 1 for at xana | f(x) dx = 0. How 
1 


3 
large can Í us dx be? 
1 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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5.3 Inverse Functions 


Although the 
notation used to denote an 
inverse function resembles 
exponential notation, it is 
a different use of —1 asa 
superscript. That is, in general, 


didt 
TOW FG 


Exploration 


Finding Inverse Functions 
Explain how to “undo” each 
of the functions below. Then 
use your explanation to write 
the inverse function of f. 


a flee) ex = 8 
b. f(x) = 6x 


d. f(x) = 3x +2 
e. f(x) =x 
f. f(x) = 4x — 2) 


Use a graphing utility to 
graph each function and its 
inverse function in the same 
“square” viewing window. 
What observation can you 
make about each pair of 
graphs? 


E Verify that one function is the inverse function of another function. 
E Determine whether a function has an inverse function. 
E Find the derivative of an inverse function. 


Inverse Functions 


Recall from Section P.3 that a function can be represented by a set of ordered pairs. 
For instance, the function f(x) = x + 3 from A = (1, 2, 3, 4} to B = (4, 5, 6, 7} can 
be written as 


F: 10, 4), (2, 5), (3, 6), (4, 7)]. 


By interchanging the first and second 
coordinates of each ordered pair, you can 
form the inverse function of f. This function 
is denoted by f—!. It is a function from B to A 
and can be written as 


F314, 1), 6,2), (6, 3), (7, 4} 


Note that the domain of f is equal to the range 
of f^, and vice versa, as shown in Figure 5.9. 
The functions f and f~! have the effect of 
“undoing” each other. That is, when you form 
the composition of f with f~! or the composition 
of f^! with f, you obtain the identity function. 


ff @) =x and Ff) =x 


Domain of f = range of f^! 
Domain of f^! = range of f 
Figure 5.9 


Definition of Inverse Function 
A function g is the inverse function of the function f when 


f(g(x)) = x for each x in the domain of g 


and 


g(f(x)) = x for each x in the domain of f. 


The function g is denoted by f~! (read “f inverse"). 


Here are some important observations about inverse functions. 


1. If g is the inverse function of f, then f is the inverse function of g. 


2. The domain of f^! is equal to the range of f, and the range of f^! is equal to the 
domain of f. 


3. A function need not have an inverse function, but when it does, the inverse function 
is unique (see Exercise 94). 


You can think of f^! as undoing what has been done by f. For example, subtraction 


can be used to undo addition, and division can be used to undo multiplication. So, 
f@®=x+t+e and f^?()-x-c 


Subtraction can be used to undo addition. 


are inverse functions of each other and 
Division can be used to undo multiplication. 


f(x) cx and f'(x) = - 


are inverse functions of each other. 
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e 6 6 6 6 6 6 6 6 6 9 6 6 ee 6 6 6 


e 


oe In Example 1, try 
comparing the functions f and g 
verbally. 
For f: First cube x, then 
multiply by 2, then subtract 1. 
For g: First add 1, then 
divide by 2, then take the 
cube root. 
Do you see the “undoing 
pattern"? 


The graph of f^! is a reflection of 
the graph of f in the line y = x. 
Figure 5.11 


EXAMPLE 1 Verifying Inverse Functions 


Show that the functions are inverse functions of each other. 


f(x) = 2x3 —1 and g(x) 4 E 


Solution Because the domains and ranges of both f and g consist of all real numbers, 
you can conclude that both composite functions exist for all x. The composition of f 
with g is 


f(g) = IR = » -1 


=X. 


The composition of g with f is 


gf 1E ,/2€ 3/3 
gene SO as 


Because f(g(x)) = x and g(f(x)) = x, you can conclude that f and g are inverse 
functions of each other (see Figure 5.10). 


y 
z 
"3 
v 
^ 
G 


f and g are inverse functions of each other. 
Figure 5.10 H 


In Figure 5.10, the graphs of f and g = f^! appear to be mirror images of each 


other with respect to the line y = x. The graph of f~! is a reflection of the graph of f 
in the line y — x. This idea is generalized in the next theorem. 


THEOREM 5.6 Reflective Property of Inverse Functions fia)" iin 
zu J5 


The graph of f contains the point (a, b) if and only if the graph Rak 
of f~! contains the point (b, a). 


Proof If (a, b) is on the graph of f, then f (a) = b, and you can write 
fb) = f) = a. 


So, (b, a) is on the graph of f^ !, as shown in Figure 5.11. A similar argument will prove 
the theorem in the other direction. | 


fa) =f) 


LS 


DM SEE NEW i 


If a horizontal line intersects the graph 
of f twice, then f is not one-to-one. 
Figure 5.12 


(a) Because f is increasing over its entire 
domain, it has an inverse function. 


x 


(b) Because f is not one-to-one, it does not 
have an inverse function. 


Figure 5.13 
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Existence of an Inverse Function 


Not every function has an inverse function, and Theorem 5.6 suggests a graphical test 
for those that do—the Horizontal Line Test for an inverse function. This test states 
that a function f has an inverse function if and only if every horizontal line intersects 
the graph of f at most once (see Figure 5.12). The next theorem formally states why 
the Horizontal Line Test is valid. (Recall from Section 3.3 that a function is strictly 
monotonic when it is either increasing on its entire domain or decreasing on its entire 
domain.) 


THEOREM 5.7 The Existence of an Inverse Function 
1. A function has an inverse function if and only if itis one-to-one. [m] AO 
a n , ` r , by i rh x. 
2. If f is strictly monotonic on its entire domain, then it is MSS t 
one-to-one and therefore has an inverse function. [n]: d 


Proof The proof of the first part of the theorem is left as an exercise (see Exercise 95). 
To prove the second part of the theorem, recall from Section P.3 that f is one-to-one 
when for x, and x, in its domain 


xX) FX, E> fa) # f(x). 


Now, choose x, and x, in the domain of f. If x,  x;, then, because f is strictly 
monotonic, it follows that either f(x,) < fx) or f(x,) > f(x). In either case, 
f(x) * f Ga). So, f is one-to-one on the interval. a 


EXAMPLE 2 The Existence of an Inverse Function 


a. From the graph of f(x) = x? + x — 1 shown in Figure 5.13(a), it appears that 
f is increasing over its entire domain. To verify this, note that the derivative, 
f'(x) = 3x? + 1, is positive for all real values of x. So, f is strictly monotonic, and 
it must have an inverse function. 


b. From the graph of f(x) = x? — x + 1 shown in Figure 5.13(b), you can see that 
the function does not pass the Horizontal Line Test. In other words, it is not 
one-to-one. For instance, f has the same value when x = — 1, 0, and 1. 


f 1) = f(1) = f(0) = 1 Not one-to-one 


So, by Theorem 5.7, f does not have an inverse function. a 


Often, it is easier to prove that a function has an inverse function than to find the 
inverse function. For instance, it would be difficult algebraically to find the inverse 
function of the function in Example 2(a). 


GUIDELINES FOR FINDING AN INVERSE FUNCTION 


Use Theorem 5.7 to determine whether the function y — f(x) has an inverse 
function. 


Solve for x as a function of y: x = g(y) = f (y). 


Interchange x and y. The resulting equation is y = f^ !(x). 


Define the domain of f~! as the range of f. 
Verify that f(f~'(x)) = x and f !(f(x)) = x. 
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The domain of f~!, [0, oo), is the 
range of f. 
Figure 5.14 


>) 
2 
f is one-to-one on the interval 


[- 7/2, n/2]. 
Figure 5.15 


EXAMPLE 3 Finding an Inverse Function 


Find the inverse function of f(x) = J/2x — 3. 


Solution From the graph of f in Figure 5.14, it appears that f is increasing over its 
entire domain, [3/2, 00). To verify this, note that 


1 
J2x — 3 
is positive on the domain of f So, f is strictly monotonic, and it must have an inverse 


function. To find an equation for the inverse function, let y = f(x), and solve for x in 
terms of y. 


fo = 


/2x —3=y Let y = f(x). 
2x — 3 = y? Square each side. 
y? +3 
x= Solve for x. 
2 
x? +3 
y= 2 Interchange x and y. 
2 
x^ +3 
fx) = 2 Replace y by f(x). 


The domain of f^! is the range of f, which is [0, oo). You can verify this result as 
shown. 


fF) = q (E J Bes pes. qudd 


No UTE +3 2x-3+3 3 
( B = 2 =X, x25 a 


F'G) = 


Theorem 5.7 is useful in the next type of problem. You are given a function that 
is not one-to-one on its domain. By restricting the domain to an interval on which the 
function is strictly monotonic, you can conclude that the new function is one-to-one on 
the restricted domain. 


CT 1412324 Testing Whether a Function Is One-to-One 


-— p- See LarsonCalculus.com for an interactive version of this type of example. 
Show that the sine function 
f(x) = sinx 


is not one-to-one on the entire real number line. Then show that [—T12, 11/2] is the 
largest interval, centered at the origin, on which f is strictly monotonic. 


Solution Itis clear that f is not one-to-one, because many different x-values yield 
the same y-value. For instance, 


sin 0 = 0 = sin TI. 
Moreover, f is increasing on the open interval (— 11/2, 11/2), because its derivative 
f'(x) = cos x 


is positive there. Finally, because the left and right endpoints correspond to relative 
extrema of the sine function, you can conclude that f is increasing on the closed 
interval [—1/2, 1/2] and that on any larger interval the function is not strictly 
monotonic (see Figure 5.15). au 
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Derivative of an Inverse Function 


The next two theorems discuss the derivative of an inverse function. The reasonableness 
of Theorem 5.8 follows from the reflective property of inverse functions, as shown in 
Figure 5.11. 


THEOREM 5.8 Continuity and Differentiability of 
Inverse Functions 


Let f be a function whose domain is an interval /. If f has an inverse function, 
then the following statements are true. 
1. If f is continuous on its domain, then f~! is continuous on its domain. 


. If f is increasing on its domain, then f~! is increasing on its domain. 


2 
3. If f is decreasing on its domain, then f^! is decreasing on its domain. 
4 


. If f is differentiable on an interval containing c and 
f'(c) * 0, then f^! is differentiable at f(c). 


A proof of this theorem is given in Appendix A. 


Exploration 


Graph the inverse functions f(x) = x? and g(x) = x!/3. Calculate the slopes of 
f at (1, 1), (2, 8), and (3, 27), and the slopes of g at (1, 1), (8, 2), and (27, 3). 
What do you observe? What happens at (0, 0)? 


THEOREM 5.9 The Derivative of an Inverse Function 


Let f be a function that is differentiable on an interval /. If f has an inverse 
function g, then g is differentiable at any x for which f'(g(x)) # 0. Moreover, 


I — 1 i X 


A proof of this theorem is given in Appendix A. 


EXAMPLE 5 Evaluating the Derivative of an Inverse Function 
Let f(x) = iX +x- 1. 


a. What is the value of f~!(x) when x = 3? 
b. What is the value of (f~')’(x) when x = 3? 


Solution Notice that f is one-to-one and therefore has an inverse function. 


a. Because f(x) = 3 when x = 2, you know that f !(3) = 2. 


b. Because the function f is differentiable and has an inverse function, you can apply 
Theorem 5.9 (with g = f^!) to write 


1 1 
=O) = a ara? 
YO 7 jr - FO 
Moreover, using f'(x) = 2x? + 1, you can conclude that 


"o NEN 
(FB) FQ ioi 4 


338 Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions 


The graphs of the inverse functions 
f and f~! have reciprocal slopes at 
points (a, b) and (b, a). 

Figure 5.16 


In Example 5, note that at the point (2, 3), the slope of the graph of f is m — 4, and 
at the point (3, 2), the slope of the graph of f^! is 


-1 
EA 
as shown in Figure 5.16. In general, if y = g(x) = f~!(x), then f(y) = xand f'(y) = T 


It follows from Theorem 5.9 that 
dy 1 1 1 


8) — qu 7 FG) TO iua 


This reciprocal relationship is sometimes written as 


Dose 
dx — dxldy 


EXAMPLE 6 Graphs of Inverse Functions Have Reciprocal Slopes 


Let f(x) = x? (for x = 0), and let f(x) = \/x. Show that the slopes of the graphs of 
f and f^! are reciprocals at each of the following points. 
a. (2, 4) and (4, 2) b. (3, 9) and (9, 3) 
Solution The derivatives of f and f^! are 
1 
f(x) =2e and (A =, 
2/x 
a. At (2, 4), the slope of the graph of f is f’(2) = 2(2) = 4. At (4, 2), the slope of the 
graph of f^! is 
1 1 1 
=1)'(4 = ; 
rye) 2/4 22) 4 


b. At (3, 9), the slope of the graph of f is f’(3) = 2(3) = 6. At (9, 3), the slope of the 
graph of f^! is 


e 1 1 1 
VEDO) 2J8^38)^ € 


So, in both cases, the slopes are reciprocals, as shown in Figure 5.17. 


At (0, 0), the derivative of f is 0, and 
the derivative of f^! does not exist. 
Figure 5.17 a 
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5 n 3 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


iig Verifying Inverse Functions In Exercises 
CONCEPT CHECK LENS 9-16, show that f and g are inverse functions 
1. Inverse Functions In your own words, describe Eu (a) analytically and (b) graphically. 

what it means to say that the function g is the inverse 


function of the function f. 9. f(x) = 5x + 1, g(x) = L— 
. Reflective Property of Inverse Functions gos 

Describe the relationship between the graph of a function 10. f(x) = 3 — 4x, g(x) = 4 

and the graph of its inverse function. 

= x3 — 3 

. Domain of an Inverse Function The function f 11. fh) = x, gha) = yx 

has an inverse function, f~ !. Is the domain of f the same 12. f(x) = 1- x°, ga) = y1 -x 

as the domain of f~ !? Explain. 13. f(x) = x — 4, g(x) =x2 +4, x20 
. Behavior of an Inverse Function The function f 14. f(x) 216— x), x 20, g(x) = vie — Xx 

is decreasing on its domain and has an inverse function, 1 

f X Is f^! increasing, decreasing, or constant on its 15. f(x) = =, g(x) =- 

domain? i = 

16. fo) = ——, x = 0, g(x) = ics —, 0<xsl 


Matching In Exercises 5-8, match the graph of the function 

with the graph of its inverse function. [The graphs of the B Using the Horizontal Line Test In Exercises 17-24, use a 

inverse functions are labeled (a), (b), (c), and (d).] graphing utility to graph the function. Then use the Horizontal 
Line Test to determine whether the function is one-to-one on 


(a) (b) í its entire domain and therefore has an inverse function. 
17. f(x) =łx+6 18. f(x) 21— » 
19. /(0) = sin 0 20. f(x) = xcosx 
x _ 1 FN ae 
"T 21. h(s) = =) 3 22. e(t) T1 
: 23. f(x) = Inx 24. h(x) = In x? 
(©) i (a) í m4 [s] Determining Whether a Function Has an 


the derivative to determine whether the function 
is strictly monotonic on its entire domain and 
therefore has an inverse function. 


x dr Inverse Function In Exercises 25-30, use 
ES y 
Lud 


25. f(x) -2- x - x2 26. f(x) = 33 — 62 + 12x 
27. f(x) = 88 + x2 - 1 28. f(x) = 1 — x3 — 66 
5. 29. f(x) = In(x — 3) 
30. f(x) = cos x 
[n] [s] Verifying a Function Has an Inverse 
ME Ey Function In Exercises 31-34, show that f is 
oe 3 strictly monotonic on the given interval and 
"E therefore has an inverse function on that interval. 
7. 


31. f(x) = (x — 4)”, [4, oo) 
32. f(x) = [—2, 0) 
33. f(x) = cotx, (0,1) 


34. f(x) = sec x, |o. x) 
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my Finding an Inverse Function In Exercises 

E 3: 35-46, (a) find the inverse function of f, (b) graph 
f and f^! on the same set of coordinate axes, 
(c) describe the relationship between the graphs, 
and (d) state the domains and ranges of f and f~t. 


zs mz 


35. f(x) = 2x - 3 36. f(x) = 9 — 5x 

37. f(x) = o 38. f(x) =x — 1 

39. f(x) = Jx 40. f(x) = x4, x20 

41. f() = /4— 3, 05x52 

42. f(x) = Jr? 4, xz 

43. f(x) = Jx- 1 44. f(x) =x, x 20 
x+2 

45. iQ) = = 46. f(x) = 


Finding an Inverse Function In Exercises 47 and 48, use 
the graph of the function f to make a table of values for the 
given points. Then make a second table that can be used to find 
f~ and sketch the graph of f ^!. To print an enlarged copy of 
the graph, go to MathGraphs.com. 


47. ? 48. ° 


4 
3 


24+- 


123456 


49. Cost You need a total of 50 pounds of two commodities 
costing $1.25 and $2.75 per pound. 


(a) Verify that the total cost is y = 1.25x + 2.75(50 — x), 
where x is the number of pounds of the less expensive 
commodity. 


(b) Find the inverse function of the cost function. What does 
each variable represent in the inverse function? 


(c) What is the domain of the inverse function? Validate or 
explain your answer using the context of the problem. 


(d) Determine the number of pounds of the less expensive 
commodity purchased when the total cost is $73. 


50. Temperature The formula C= (F — 32), where 
F = —459.6, represents Celsius temperature C as a function 
of Fahrenheit temperature F. 


(a) Find the inverse function of C. 
(b) What does the inverse function represent? 


(c) What is the domain of the inverse function? Validate or 
explain your answer using the context of the problem. 


(d) The temperature is 22?C. What is the corresponding 
temperature in degrees Fahrenheit? 


e gne Testing Whether a Function Is One-to-One 
Aros Ey In Exercises 51-54, determine whether the function is 
MER one-to-one. If it is, find its inverse function. 

Lg 


51. f(x) = /x - 2 
53. f(x) = 


52. f(x) = —3 
x<2 54. fx) =ax+b, a#0 
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Making a Function One-to-One In Exercises 55—58, the 
function is not one-to-one. Delete part of the domain so that the 
function that remains is one-to-one. Find the inverse function 
of the remaining function and give the domain of the inverse 
function. (Note: There is more than one correct answer.) 


55. f(x) = (x - 3? 56. f(x) = 
y y 


jx — 3] 


5-4 
44 
34 
24 
14 


123465 12 34 5 


57. f(x) = |x + 3| 58. f(x) = 16 — x* 


Think About lt In Exercises 59-62, decide whether the 
function has an inverse function. If so, describe what the 
inverse function represents. 


59. g(t) is the volume of water that has passed through a water line 
t minutes after a control valve is opened. 


60. A(t) is the height of the tide t hours after midnight, where 
0 s t « 24. 


61. C(t) is the cost of a long-distance phone call lasting t minutes. 


62. A(r) is the area of a circle of radius r. 


d Evaluating the Derivative of an Inverse 
TA Function In Exercises 63-70, verify that f has 
Sun an inverse function. Then use the function f and the 
given real number a to find ( f ^!)'(a). (Hint: See 


Example 5.) 

63. f(x) =5 — 2x3, a=7 64. f(x) - x2 + 3x-1, a= —5 
65. f(x) = G5 + 2x3), a = — MH 
66. f(x) = /x -4, a=2 
67. f(x) = sinx, CETE 
68. f(x) = cos 2x, 0 < x $471 
6». f() o 535 x» 2, a-3 
7. dye e x> cq qas 

f(x zi r * ,a 


[m]: [wm] Using Inverse Functions In Exercises 71-74, 
DE (a) find the domains of f and f~t, (b) find the 
|] ranges of f and f ^, (c) graph f and f^, and 
(d) show that the slopes of the graphs of f and f ^! 

are reciprocals at the given points. 


Functions Point 

1. f(x) 2 x? (3,8) 

F = Ax (& 2) 
72. f(x) 2 3 — 4x (1, —1) 
fX = 3 hi 


4 


Functions Point 
73. f(x) = Jx —4 (5, 1) 
f(x) =x? +4, x20 (1, 5) 
74. f(x) = DIT x20 (1, 2) 
Posy 21) 


Using Composite and Inverse Functions In Exercises 
75-78, use the functions f(x) = 1x — 3 and g(x) = x? to find 
the given value. 

75. (P! eg TN) 76. (gt «f )(-3) 

77. Af ef 2) 78. (g ! » g !)(8) 

Using Composite and Inverse Functions In Exercises 
79-82, use the functions f(x) = x + 4 and g(x) = 2x — 5 to 
find the given function. 

79. gto f-! 80. fg" 

81. (f*g)' 82. (gef)! 


EXPLORING CONCEPTS 
83. Inverse Function Consider the function f(x) = x", 
where n is odd. Does f ^! exist? Explain. 


84. Think About It Does adding a constant term to a 
function affect the existence of an inverse function? 
Explain. 


Explaining Why a Function Is Not One-to-One 
In Exercises 85 and 86, the derivative of the function has 
the same sign for all x in its domain, but the function is 
not one-to-one. Explain why the function is not one-to-one. 
85. f(x) = tanx 86. f(x) = - 


x2— 4 


87. Think About It The function f(x) = k(2 — x — x?) is 
one-to-one and f-!(3) = —2. Find k. 


88. 5 HOW DO YOU SEE IT? Use the 


information in the graph of f below. 


(a) What is the slope of the tangent line to the graph 
of f~! at the point (-4, = 1)? Explain. 


(b) What is the slope of the tangent line to the graph 
of f~! at the point (1, 2)? Explain. 
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True or False? In Exercises 89 and 90, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


89. 
90. 


91. 


92. 


93. 
94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


If f is an even function, then f~! exists. 

If the inverse function of f exists, then the y-intercept of f is 
an x-intercept of f~ !. 

Making a Function One-to-One 


(a) Show that f(x) = 2x3 + 3x? — 36x is not one-to-one on 
(— 00, oo). 


(b) Determine the greatest value c such that f is one-to-one 
on (—c, c). 


Proof Let f and g be one-to-one functions. Prove that 

(a) f° g is one-to-one. 

(b) (fe 8) a) = (g^! «f )G9). 

Proof Prove thatif f has an inverse function, then ( f!) ! = f. 


Proof Prove that if a function has an inverse function, then 
the inverse function is unique. 


Proof Prove that a function has an inverse function if and 
only if it is one-to-one. 


Using Theorem 5.7 Is the converse of the second part 
of Theorem 5.7 true? That is, if a function is one-to-one (and 
therefore has an inverse function), then must the function be 
strictly monotonic? If so, prove it. If not, give a counterexample. 


Derivative of an Inverse Function Show that 


f(x) = [vi + dt 


is one-to-one and find ( f )'(0). 


Derivative of an Inverse Function Show that 


~ dt 
f(x) = Í — 

2 J1l-4t* 
is one-to-one and find (f ^ !)'(0). 
Inverse Function Let 


x—2 
x- l’ 


f(x) = 


Show that f is its own inverse function. What can you 
conclude about the graph of f? Explain. 


Using a Function Let f(x) — - te 


ae d 

(a) Show that f is one-to-one if and only if bc — ad # 0. 
(b) Given bc — ad + 0, find f~!. 

(c) Determine the values of a, b, c, and d such that f = f^ !. 


Concavity Let f be twice-differentiable and one-to-one 
on an open interval /. Show that its inverse function g satisfies 


EZ 
86) = Tre) 


When f is increasing and concave downward, what is the 
concavity of g? 
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5.4 Exponential Functions: Differentiation and Integration 


The inverse function of the natural 
logarithmic function is the natural 
exponential function. 

Figure 5.18 


E Develop properties of the natural exponential function. 
E Differentiate natural exponential functions. 
E Integrate natural exponential functions. 


The Natural Exponential Function 


The function f(x) = In x is increasing on its entire domain, and therefore it has an 
inverse function f !. The domain of f~! is the set of all real numbers, and the range 
is the set of positive real numbers, as shown in Figure 5.18. So, for any real number x, 


FE) = In[ £7! (9)] = X. x is any real number. 


If x is rational, then 


In(e*) xlne x(1) X. x is a rational number. 


Because the natural logarithmic function is one-to-one, you can conclude that f~!(x) 
and e* agree for rational values of x. The next definition extends the meaning of e* to 
include all real values of x. 


Definition of the Natural Exponential Function 


The inverse function of the natural logarithmic function f(x) = In x is called 
the natural exponential function and is denoted by 


f = e. 
That is, 


y=e* ifandonlyif x= lny. 


The inverse relationship between the natural logarithmic function and the natural 
exponential function can be summarized as shown. 


me) =x and e™*= x Inverse relationship 


EXAMPLE 1 Solving an Exponential Equation 


Solve 7 = e**!, 


Solution You can convert from exponential form to logarithmic form by taking the 
natural logarithm of each side of the equation. 


7 = e**! Write original equation. 
In7 = In(e* t 1) Take natural logarithm of each side. 
ln7=x+1 Apply inverse property. 
—-1l+In7=x Solve for x. 


So, the solution is — 1 + In7 = 0.946. You can check this solution as shown. 


T= er Write original equation. 
? 

7 = gc iem Substitute —1 + In 7 for x in original equation. 
? 

T= Simplify. 


727v Solution checks. au 
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You can 
use a graphing utility to check 
a solution of an equation. One 
way to do this is to graph the 
left- and right-hand sides of 
the equation and then use the 
intersect feature. For instance, to 
check the solution to Example 2, 
enter y, = In(2x — 3) and 
y, = 5. The solution of the 
original equation is the x-value 
of each point of intersection (see 
figure). So the solution of the 
original equation is x ~ 75.707. 


8 


'| 150 


0 ioon 

| ntersecti on 
X=75. 70658 Y=5 
-2 
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Solving a Logarithmic Equation 


Solve In(2x — 3) = 5. 


Solution To convert from logarithmic form to exponential form, you can 
exponentiate each side of the logarithmic equation. 


In(2x = 3) =5 Write original equation. 
glnQx-3) = $5 Exponentiate each side. 
2x —3— e? Apply inverse property. 
x= Xe? + 3) Solve for x. 
x = 75.707 Use a calculator. a 


The familiar rules for operating with rational exponents can be extended to the 
natural exponential function, as shown in the next theorem. 


THEOREM 5.10 Operations with Exponential Functions 
Let a and b be any real numbers. 


1. efe? = ett? 2. >=e? 


Proof To prove Property 1, you can write 
In(e%e?) = In(e?) + In(e?) = a + b = In(e?*^). 


Because the natural logarithmic function is one-to-one, you can conclude that 


The proof of the other property is given in Appendix A. ai 


In Section 5.3, you learned that an inverse function f^! shares many properties 
with f. So, the natural exponential function inherits the properties listed below from the 
natural logarithmic function. 


Properties of the Natural Exponential Function 


1. The domain of f(x) = e* is 
(— oo, oo) 
and the range is 
(0, 20). 


. The function f(x) = e* is continuous, 
increasing, and one-to-one on its entire 
domain. 


The graph of f(x) — e* is concave 
upward on its entire domain. 


lim e* = 0 

T À The natural exponential function is 
* = oO : ; : : 

Eig increasing, and its graph is concave 


upward. 
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You can interpret 
this theorem geometrically by 
saying that the slope of the 
graph of f(x) — e* at any point 
(x, e*) is equal to the 
y-coordinate of the point. 


(1,87) 
Relative minimum 


The derivative of f changes from 
negative to positive at x = — 1. 
Figure 5.19 


Derivatives of Exponential Functions 


One of the most intriguing (and useful) characteristics of the natural exponential 
function is that it is its own derivative. In other words, it is a solution of the differential 
equation y' — y. This result is stated in the next theorem. 


THE 


M 5.11 Derivatives of the Natural Exponential Function 


Let u be a differentiable function of x. 


1. e] = e* 


mpm 
d u| = , du AEN d 
mg le tg EIE 


Proof To prove Property 1, use the fact that In e* = x and differentiate each side of 
the equation. 


Ine*=x Definition of exponential function 
d d : 
ms [In e*] = 5 [x] Differentiate each side with respect to x. 
dx dx 
ld 
—— [ex] 
e* dx e] 
DI | 
ae le ] =e Multiply each side by e". 
The derivative of e" follows from the Chain Rule. =] 
EXAMPLE 3 Differentiating Exponential Functions 
d pox-i du 2x-1 
MI X = ME Eee m = 2y — 
a [e^ !]- e dx 2e w= 2x = 1 
d du 3 3e73/* 3 
=3/x| — pi = 9x = zuo 
b. A [e3/*] =e dx (5). zi wet 
d 
Cc. are = x*(e*) + e*(2x) = xe*(x + 2) Product Rule and Theorem 5.11 
X 
d Al e* l oe PGE) = ele) se" + 3e™ — e^ QE + 3) 
"dx|e* 1 (e* + 1) (e* + 1) (e* + 1) 


EXAMPLE 4 Locating Relative Extrema 


Find the relative extrema of 


f(x) = xe. 


Solution The derivative of f is 


fx) = xe?) + el) Product Rule 
= e*(x + 1). 
Because e* is never 0, the derivative is 0 only when x = — 1. Moreover, by the First 


Derivative Test, you can determine that this corresponds to a relative minimum, as 
shown in Figure 5.19. Because the derivative f'(x) = e'(x + 1) is defined for all x, 
there are no other critical points. au 


Figure 5.20 


€ 6 6 6 06 9 6 6 9 6 6 6€ eee ee 6 


The general form 
of a normal probability density 
function (whose mean is 0) is 


= 1,208) 
o/27 


F(x) 


where o is the standard 
deviation (o is the lowercase 
Greek letter sigma). This 
“bell-shaped curve" has points 
of inflection when x = +O. 


liM FOR FURTHER INFORMATION 
To learn about derivatives of 
exponential functions of order 
1/2, see the article “A Child's 
Garden of Fractional Derivatives" 
by Marcia Kleinz and Thomas J. 
Osler in The College Mathematics 
Journal. 'To view this article, go to 
MathArticles.com. 
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Finding an Equation of a Tangent Line 


Find an equation of the tangent line to the graph of f(x) = 2 + e! * at the point (1, 3). 
Solution Begin by finding f'(x). 
f(x) =2+ e! 
f) = ex) 


= —el-x 


Write original function. 

v= 1% 

First derivative 

To find the slope of the tangent line at (1, 3), evaluate f’(1). 

Slope of tangent line at (1, 3) 


Now, using the point-slope form of the equation of a line, you can write 


y-y= m(x = xj) Point-slope form 
y-3=- l(x -= 1) Substitute for y,, m, and x,. 
y=-xt+4. Equation of tangent line at (1, 3) 


The graph of f and its tangent line at (1, 3) are shown in Figure 5.20. 


The Standard Normal Probability Density Function 


tre œ See LarsonCalculus.com for an interactive version of this type of example. 
Show that the standard normal probability density function 


ol 
fo) = Ta 


e 4/2 


has points of inflection when x = +1. 


Solution To locate possible points of inflection, find the x-values for which the 
second derivative is 0. 


1 2 
f(x) = ——e 2 Write original function. 
2" 
f= lijt First derivative 
Jn 
1 " n 
f") = ——[(-.x)(-x)e* 12 4 (- 1)e-*72] Product Rule 
Jn 
1 


—(e €? (x2 — 1) Second derivative 
Jon 
So, f"(x) = 0 when x = +1, and you can apply the techniques of Chapter 3 to 
conclude that these values yield the two points of inflection shown in the figure below. 


y 
Two points of A 
inflection 


1 i i >x 
2 4 1 
The bell-shaped curve given by a standard 


normal probability density function a 
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Integrals of Exponential Functions 


Each differentiation formula in Theorem 5.11 has a corresponding integration formula. 


Integration Rules for Exponential Functions 


Let u be a differentiable function of x. 


1. je&-esc 2. ferdu= er +c 


EXAMPLE 7 Integrating Exponential Functions 


Find the indefinite integral. 


Je 1 dx 


Solution If you let u = 3x + 1, then du = 3 dx. 


1 
Je ldx = je" 1(3) dx Multiply and divide by 3. 

1 

= 3 e" du Substitute: u = 3x + 1. 
1 , 

= 3€ +C Apply Exponential Rule. 
e** 1 

= 3 TC Back-substitute. a 


In Example 7, the missing constant factor 3 was introduced to create 
du — 3 dx. However, remember that you cannot introduce a missing variable factor in 
the integrand. For instance, 


Je dx # 1 [evo dx). 
X 
EXAMPLE 8 Integrating Exponential Functions 


Find the indefinite integral. 


| 5xe-* dx 


Solution If you let u = —x?, then du = —2x dx or x dx = —du/2. 


fse dx = f 5e" (x dx) Regroup integrand. 


du 
fse (- a Substitute: u = —x?. 


Constant Multiple Rule 


Il 

| 
CA NJU 
— 

~ 

a 

= 


i 
| 
| 

+ 

Q 


Apply Exponential Rule. 


+C Back-substitute. a 
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EXAMPLE 9 Integrating Exponential Functions 


Find each indefinite integral. 


el/x 
a. | -z dx b. | sin x e*95* dx 
X 


Solution 
e" du 
OS quem 
l/x 1 
e 
a. | 2 dx — -[e(-3) dx y= i 
X x x 
=-elk+C 
e" du 


aan e => 
b. [sina ax = - [esi dx u = cosx 


= —es* + C 


Finding Areas Bounded by Exponential Functions 


Evaluate each definite integral. 


1 looo 0 
a. i e^ dx b. f e dx c. f e* cos(e*) dx 
A olte t 


Solution 
1 1 
a. i e*dx= -e= See Figure 5.21 (a). 
0 0 
==! -(-1) 
-1-1 
e 
= 0.632 
1 e* 1 
b. l - dx = In(1 + e) See Figure 5.21(b). 
0 l + e 0 
= ]n(1 + e) — In2 
= 0.620 
0 0 
c. f e* cos(e*) dx = sine?) See Figure 5.21(c). 
=] —1l 
= sinl — sin(e !) 
= 0.482 
y y y 


A 
1 1 lF 


| 7 | n = ie 


1 1 =] 


(a) (b) (c) 
Figure 5.21 | 
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5.4 Exercises 


Logarithmic, Exponential, and Other Transcendental Functions 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Natural Exponential Function Describe the graph 
of f(x) = e*. 

2. A Function and Its Derivative Which of the 
following functions are their own derivative? 


Ax 


y=er+4 


y = e y-e y = 4e* 
[E] Solving an Exponential or Logarithmic 


ml 
[Eos y Equation In Exercises 3-18, solve for x accurate 
mje to three decimal places. 


3. enx — 4 4. elnx = 24 

5. e* — 12 6. 5e* = 36 

7.9 —2e*—7 8. 8e — 12 =7 
9. 50e™* = 30 10. 100e7™ = 35 
8 ny e s 
13. Inx = 14. Inx? = -8 

15. In(x — 3) = 2 16. In4x = 1 

17. n/x +2=1 18. In(x — 2)? = 12 


Sketching a Graph In Exercises 19-24, sketch the graph 
of the function. 


19. y=e* 20. y = ie* 
21. y - e** 1 22.y-—e! 
23. y = e” 24. y = ev? 


Matching In Exercises 25-28, match the equation with the 
correct graph. Assume that a and C are positive real numbers. 
[The graphs are labeled (a), (b), (c), and (d).] 


(a) A (b) M 


-2 
2 oe 
y y 
©) i (d) , 
2 2 
e 1 aes 
E x —+— x 
2 «A 1 -l 1 2 
—] Shs. —] es 
25. y = Ce” 26. y= Ce“ 
27. y= C(1 — e^*) 28. y= E 


Inverse Functions In Exercises 29-32, 
illustrate that the functions are inverse functions of 
each other by sketching their graphs on the same 
set of coordinate axes. 


29. f(x) = e? 


g(x) = In /x g(x) = Inx? 
31. f(x) =e*- 1 32. f(x) = e! 
g(x) = In(x + 1) g(x) = 14+ Inx 


ys [m] Finding a Derivative In Exercises 33-54, find 


iri 4 the derivative of the function. 
7 : à 


33. y = e* 34. y = e & 
35. y = ev“ 36. y= e 
37. y = e*^* 38. y = 5e *5 
39. y = e*Inx 40. y = xe* 
41. y = (x + 1)e* 42. y = xe * 
43. g(t) = (e + e!)? 44. g(t) = e-3/* 
+ X 
45. y = In(2 — e) 46. y — in(} — <) 
2 e'—e* 
yS s 48. y= —, 
e+] e» 
49. y - 50. y= x 
51. y = e*(sin x + cos x) 52. y = e™ tan 2x 
In x e2x 
53. F(x) — Í cos e' dt 54. F(x) - Í In(t + 1) dt 
n 0 


okulo Finding an Equation of a Tangent Line In 
eve Exercises 55-62, find an equation of the tangent 
Esp line to the graph of the function at the given point. 
55. f(x) =e, (0,1) 
57. y = e*^*, (3,1) 


56. f(x) =e™- 6, (0,—5) 
58. y = e-?**, (2,1) 
ere 


59. f(x) = e-*Inx, (1,0) 60. y — In > (0, 0) 


61. y = xe” — 2xe* + 2e*, (1,6) 
62. y = xe* — e, (1,0) 


Implicit Differentiation In Exercises 63 and 64, use 
implicit differentiation to find dy/dx. 


63. xe” — 10x + 3y = 0 64. e +x? — y? = 10 


Finding the Equation of a Tangent Line In Exercises 
65 and 66, use implicit differentiation to find an equation of 
the tangent line to the graph of the equation at the given point. 
65. xe” + ye* = 1, (0,1) 

66. 1 + Inxy -e* ^, (1,1) 


Be 81. Finding an Equation of a Tangent Line Find the 
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Finding a Second Derivative In Exercises 67 and 68, find ^ 

the second derivative of the function. 82. 5 HOW DO YOU SEE IT? The figure shows 
the graphs of f and g, where a is a positive real 
number. Identify the open interval(s) on which 
the graphs of f and g are (a) increasing or 
decreasing and (b) concave upward or concave 
downward. 


67. f(x) = (3 + 29e 68. g(x) = Vx + e*Inx 


Differential Equation In Exercises 69 and 70, show that 
the function y = f(x) is a solution of the differential equation. 


69. y = 4e^* 70. y = e* Fe 
gy ge y'—9y-0 


opro Relative Extrema and Points of Inflection 

Ei LP f In Exercises 71-78, find the relative extrema and 

one ; } the points of inflection (if any exist) of the function. 

777 Use a graphing utility to graph the function and 
confirm your results. 


X + -x ^ os =x 
71. f(x) = — 72. f(x) = EC 
73. oa) = 1 ,- 6-2 74. s) = 1 tay B 83. Depreciation The aed an item f years after it is 
. = . = i = —0. t <t< 
2n Jam purchased is V — 15,000e ,0sztsz IO. 
75. f(x) = (2 — xe* 76. f(x) = xe^* (a) Use a graphing utility to graph the function. 
77. et) =1+ (2+ de 78. f(x) = —2 + e3(4 — 2x) (b) Find the rates of change of V with respect to t when t = 1 
and t = 5. 
79. Area Find the area of the largest rectangle that can be (c) Use a graphing utility to graph the tangent lines to the 
inscribed under the curve y = e * in the first and second function when t = 1 and t = 5. 
drants. . : 
TU . . . fe 84. Harmonic Motion The displacement from equilibrium of 
ac 80. Area Perform the following Steps to find the maximum area a mass oscillating on the end of a spring suspended from a 
of the rectangle shown in the figure. ceiling is y = 1.56e 9?? cos 4.97, where y is the displacement 


(in feet) and t is the time (in seconds). Use a graphing utility 
to graph the displacement function on the interval [0, 10]. Find 
a value of t past which the displacement is less than 3 inches 
from equilibrium. 


e 85. Atmospheric Pressure «««e«esecececccc 


A meteorologist measures the atmospheric pressure P 
(in millibars) at altitude h (in kilometers). The data are 
shown below. 


h 0 5 10 15 20 


Ive for c in the equati = fle + x). 
a Fey fie au P | 10132 | 547.5 | 2330 | 121.6 | 50.7 


(b) Use the result in part (a) to write the area A as a function 
of x. [Hint: A = xf(c)] 


(a) Use a graphing 
utility to plot the 
points (A, In P). 
Use the regression 
capabilities of the 
graphing utility to 
find a linear model 
for the revised data 
points. 


(b) The line in part (a) has the form In P = ah + b. Write 
the equation in exponential form. 


(c) Use a graphing utility to graph the area function. Use the 
graph to approximate the dimensions of the rectangle of 
maximum area. Determine the maximum area. 


(d) Use a graphing utility to graph the expression for c found 
in part (a). Use the graph to approximate 


lim c and lim c. 

x0* x oo 

Use this result to describe the changes in dimensions and 
position of the rectangle for 0 < x « oo. 


(c) Use a graphing utility to plot the original data and graph 


point on the graph of the function f(x) = e™ such that the : Á 
the exponential model in part (b). 


tangent line to the graph at that point passes through the origin. 
Use a graphing utility to graph f and the tangent line in the 
same viewing window. 


(d) Find the rates of change of the pressure when h = 5 and 
h — 18. 


Robert Adrian Hillman/Shutterstock.com 
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fe 86. Modeling Data The table lists the approximate values 


V of a mid-sized sedan for the years 2010 through 2016. 
The variable ¢ represents the time (in years), with t = 10 
corresponding to 2010. 


t 10 11 12 13 
V | $23,046 | $20,596 | $18,851 | $17,001 
i 14 15 16 

V | $15,226 | $14,101 | $12,841 


(a) Use the regression capabilities of a graphing utility to fit 
linear and quadratic models to the data. Plot the data and 
graph the models. 


(b) What does the slope represent in the linear model in 
part (a)? 

(c) Use the regression capabilities of a graphing utility to fit 
an exponential model to the data. 

(d) Determine the horizontal asymptote of the exponential 


model found in part (c). Interpret its meaning in the 
context of the problem. 


(e) Use the exponential model to find the rates of decrease in 
the value of the sedan when t = 12 and t = 15. 


ee Linear and Quadratic Approximation In Exercises 87 


and 88, use a graphing utility to graph the function. Then 
graph 


P(x) = f(0) + f'(0)(x — 0) and 
P(x) = f(0) + f'(0)6: — 0) + 2f" (0) — 0)? 


in the same viewing window. Compare the values of f, P,, Pa, 
and their first derivatives at x — 0. 

87. f(x) =e 88. f(x) = e? 
Stirling's Formula For large values of n, 
n!-1*2*:3-:4:--:(n—-1)-:n 


can be approximated by Stirling's Formula, 


n! -(5J am. 


In Exercises 89 and 90, find the exact value of n! and then 
approximate n! using Stirling's Formula. 


89. n = 12 90. n — 15 


H [E] Finding an Indefinite Integral In Exercises 


ri er 91-108, find the indefinite integral. 


92. [ ec dx 


94. [ 


96. [ew + 1)? dx 


91. [ew dx 


93. Í e*-3 dx 


95. fe + Ler t* dx 


Logarithmic, Exponential, and Other Transcendental Functions 


ev* ex 
97 — dx 98 z dx 
Jx x 
e* e» 
99. Í Ded 100. E de 
101. »" — e dx 102. f: —£ dx 
ete” 
A e* 2e* —2e* 
=. px —3x 2x 
105. n 2E d 106. Í e di 
e? e 
107. Í e^* tan(e™*) dx 108. | e™ csc(e?*) dx 


TENE Evaluating a Definite Integral In Exercises 
is 109-118, evaluate the definite integral. Use a 
ERES graphing utility to verify your result. 


1 
" e dx uo. | el*^ dx 
=] 
0 
111. i xe-* dx 112. Í x2ex? dx 
—2 
3 gs V2 
us. [a ua. | xe*/2 dx 
0 
0 e 
115. [ie 116 [ee 
11/2 11/2 
us. | esin T€ cos Thy dx us. | ese ?* sec 2x tan 2x dx 
0 n/3 


Differential Equation In Exercises 119 and 120, find the 
general solution of the differential equation. 


119, Z = xe 120. » = (e* — e? 


Differential Equation In Exercises 121 and 122, find the 
particular solution of the differential equation that satisfies the 
initial conditions. 

121. f"(x) = 5(e* + e), f(0) = 1, f0) = x 

122. f"(x) = sin x + e^, f(0) = i, f'(0) = 

Pal aCe) Area In Exercises 123—126, find the area of the 
x] 46 region bounded by the graphs of the equations. Use 
fo patty a graphing utility to verify your result. 

123. y = e; y 20, x =0,x =6 

124. y = e? y 2 0, x 1x23 

125. y = xe-*/[4, y =0,x =0,x = 6 

126. y= e7% +2,y=0,x=0,x=2 


Midpoint Rule In Exercises 127 and 128, use the Midpoint 
Rule with n = 12 to approximate the value of the definite 
integral. Use a graphing utility to verify your result. 


4 2 
127. Í Jx e dx 128. Í 2xe-* dx 
0 0 
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EXPLORING CONCEPTS 

129. Asymptotes Compare the asymptotes of the 
natural exponential function with those of the natural 
logarithmic function. 


130. Comparing Graphs Use a graphing utility to 
fo graph f(x) = e* and the given function in the same 
viewing window. How are the two graphs related? 


(a) g(x) — e? (b) Ala) = ~Je* (©) gla) = e + 3 


True or False? In Exercises 131-134, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


131. If f(x) = ge", then f'(x) = g'(x)e*. 

132. If f(x) = In x, then f(e"*!) — f(e”) = 1 for any value of n. 
133. The graphs of f(x) = e* and g(x) = e~* meet at right angles. 
134. If f(x) = g(x)e’, then the only zeros of f are the zeros of g. 


fe 135. Probability A car battery has an average lifetime of 


48 months with a standard deviation of 6 months. The battery 
lives are normally distributed. The probability that a given 
battery will last between 48 months and 60 months is 

60 


0.0065 | g 001390 — 48)? qr. 
4 


8 


Use the integration capabilities of a graphing utility to 
approximate the integral. Interpret the resulting probability. 


136. Probability The median waiting time (in minutes) for 
people waiting for service in a convenience store is given by 
the solution of the equation 


i 1 
dtd. 
Í jis 


What is the median waiting time? 


f 137. Modeling Data A valve on a storage tank is opened for 


4 hours to release a chemical in a manufacturing process. The 
flow rate R (in liters per hour) at time f (in hours) is given 
in the table. 


t 0 1 2 3 4 


R | 425 | 240 | 118 | 71 36 


(a) Use the regression capabilities of a graphing utility to find 
a linear model for the points (7, In R). Write the resulting 
equation of the form In R = at + b in exponential form. 


(b) Use a graphing utility to plot the data and graph the 
exponential model. 


(c) Use a definite integral to approximate the number of 
liters of chemical released during the 4 hours. 


138. Using the Area of a Region Find the value of a such 
that the area bounded by y = e, the x-axis, x = — a, and 
x-—ais z 


139. Analyzing a Graph Consider the function 


2 
1 + e% 


f) = 


fe (a) Use a graphing utility to graph f. 
(b) Write a short paragraph explaining why the graph has a 
horizontal asymptote at y — 1 and why the function has 
a nonremovable discontinuity at x = 0. 


140. Analyzing a Function Let f(x) = zr 


(a) Graph f on (0, oo) and show that f is strictly decreasing 
on (e, oo). 

(b) Show that ife x A « B, then A? » B^. 

(c) Use part (b) to show that e" > rt*. 


141. Deriving an Inequality Given e* = 1 for x = 0, it 
follows that 


[eas fra 
0 0 


Perform this integration to derive the inequality 
ezlcx 


for x = 0. 


e 142. Solving an Equation Find, to three decimal places, the 


value of x such that e * = x. (Use Newton's Method or the 
zero or root feature of a graphing utility.) 


143. Analyzing a Graph Consider 
fla) = xen 


for k > 0. Find the relative extrema and the points of 
inflection of the function. 


144, Finding the Maximum Rate of Change Verify that 
the function 


L 


Cl ae b a>0O, b»0, L>O 


M 


: i L 
increases at a maximum rate when y = > 


PUTNAM EXAM CHALLENGE 


145. Let S be a class of functions from [0, oo) to [0, oc) that 
satisfies: 


(i) Thefunctions f,(x) = e* — land f(x) = In(x + 1) 
are in S; 


(ii) If f(x) and g(x) are in S, the functions f(x) + g(x) 


and f(g(x)) are in S; 


(iii) If f(x) and g(x) are in S and f(x) = g(x) for all 
x = 0, then the function f(x) — g(x) is in S. 
Prove that if f(x) and g(x) are in S, then the function 

f(x)g(x) is also in S. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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5.5 Bases Other than e and Applications 


Carbon dating uses the 
radioactive isotope carbon-14 to 
estimate the age of dead organic 
materials. The method is based 
on the decay rate of carbon-14 
(see Example 1), a compound 
organisms take in when they 

are alive. 


E Define exponential functions that have bases other than e 
E Differentiate and integrate exponential functions that have bases other than e 
liM Use exponential functions to model compound interest and exponential growth. 


Bases Other than e 


The base of the natural exponential function is e. This "natural" base can be used to 
assign a meaning to a general base a. 


Definition of Exponential Function to Base a 


If a is a positive real number (a # 1) and x is any real number, then the 
exponential function to the base a is denoted by a* and is defined by 


a= en ax 


If a = 1, then y = 1* = 1 is a constant function. 


Exponential functions obey the usual laws of exponents. For instance, here are 
some familiar properties. 


a* - 
1.a9-1 2. a*a? = a*t 3. p cupow 4. (a) = av 
a 


When modeling the half-life of a radioactive sample, it is convenient to use i as the 
base of the exponential model. (Half-life is the number of years required for half of the 
atoms in a sample of radioactive material to decay.) 


Radioactive Half-Life Model 


The half-life of carbon-14 is about 5715 years. A sample contains 1 gram of carbon-14. 
How much will be present in 10,000 years? 


Solution Let ¢ = 0 represent the present time and let y represent the amount (in 
grams) of carbon-14 in the sample. Using a base of 5, you can model y by the equation 


1 1/5715 
zi E 


Notice that when t = 5715, the amount is 
reduced to half of the original amount. 


1 5715/5715 1 
Mi (3 = 2 gram 


When t = 11,430, the amount is reduced to a 
quarter of the original amount and so on. To 
find the amount of carbon-14 after 10,000 years, 
substitute 10,000 for t. 


1 10,000/5715 | | 1| | | 
_ T T T T Toe 
y= 2 2,000 4,000 6,000 8,000 10,000 


Time (in years) 


Carbon-14 (in grams) 


= 0.30 gram r , 
The half-life of carbon-14 is about 


The graph of y is shown at the right. 5715 years. au 


Michal Ninger/Shutterstock.com 


eee 


e 


. 


In precalculus, 
you learned that log, x is the 
value to which a must be 
raised to produce x. This agrees 
with the definition at the right 
because 

q1084* = a /m a)ln x 
= (en a)(1/In aln x 
—e (In a/In a)In x 


= elnx 


=X. 
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Logarithmic functions to bases other than e can be defined in much the same way 
as exponential functions to other bases are defined. 


Definition of Logarithmic Function to Base a 


If a is a positive real number (a + 1) and x is any positive real number, then 
the logarithmic function to the base a is denoted by log, x and is defined as 


1 
log, x = hna In x. 


Logarithmic functions to the base a have properties similar to those of the natural 
logarithmic function given in Theorem 5.2. (Assume x and y are positive numbers and 
n is rational.) 


1. log,1 = 0 Log of 1 

2. log, xy = log, x + log, y Log of a product 

3. log, x" = nlog, x Log of a power 

4. log, f- log, x — log, y Log of a quotient 
M 


From the definitions of the exponential and logarithmic functions to the base a, it 
follows that f(x) = a* and g(x) = log, x are inverse functions of each other. 


Properties of Inverse Functions 
1. y = a* if and only if x = log, y 


2. ql?&* = x, forx > 0 


3. log, a = x, for all x 


The logarithmic function to the base 10 is called the common logarithmic 
function. So, for common logarithms, 


y= 10° ifandonlyif x = log, y. Property of inverse functions 


ST Tae Bases Other than e 


Solve for x in each equation. 


1 
a. v= I b. log, x = —4 
Solution 
a. To solve this equation, you can apply b. To solve this equation, you can apply 
the logarithmic function to the base 3 the exponential function to the base 2 
to each side of the equation. to each side of the equation. 
3x = d log; x = —4 
81 plog» = 2-4 
: 1 1 
log, 3* = log, 81 x= 
x = log, 374 1 


x=- 


x=—4 16 a 
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These 
differentiation rules are similar 
to those for the natural 
exponential function and the 
natural logarithmic function. 

In fact, they differ only by the 
constant factors In a and 1/In a. 
This points out one reason why, 
for calculus, e is the most 
convenient base. 


Try writing 2? 
as 8* and differentiating to see 
that you obtain the same result. 


Differentiation and Integration 


To differentiate exponential and logarithmic functions to other bases, you have three 
options: (1) use the definitions of a* and log, x and differentiate using the rules for the 
natural exponential and logarithmic functions, (2) use logarithmic differentiation, or 
(3) use the differentiation rules for bases other than e given in the next theorem. 


THEOREM 5.13 Derivatives for Bases Other than e 
Let a be a positive real number (a # 1), and let u be a differentiable function of x. 
d ; dy we 4 du 
1. pui ] = (naa 2. pa [a"] = (In a)a dx esu 
4 ns pl. ara 
* dy- Ea (In a)u dx D 


d 
uu dx log,x] = (In a)x 


Proof By definition, a* = e/^?*, So, you can prove the first rule by letting 
u — (In a)x and differentiating with base e to obtain 


du 


d 
ate = [e ax] = e = en àx(In a) = (In a)a*. 


To prove the third rule, you can write 


LN 1-4] Er ]- 1 (2) - 1 
dx. 8a! dina P" Ina Ax (In a)x 


The second and fourth rules are simply the Chain Rule versions of the first and third rules. 


M 
EXAMPLE 3 Differentiating Functions to Other Bases 
Find the derivative of each function. 
x 
a. y = 2 b. y = 2 c. y = logi cos x d. y= log; s 
Solution 
d 
. y = — [2] = (In 2)2* 
a. y = [27] = (In?) 
,_ a ' 
b. y'= 41 = (In 22*(3) = (3 In 2)2?* 
x 
c eae cos x] = ur E l tan x 
(y T dx 800 (Ini0)osx ‘In 10 
d. Before differentiating, rewrite the function using logarithmic properties. 
x 1 
= = + 
y = log; s5 3 log, x — log,(x + 5) 
Next, apply Theorem 5.13 to differentiate the function. 
, d|l 
yeu B — logj(x + 5)| 
1 1 
2(In 3)x  (In3)(x + 5) 
5 =x 
a 


— 2(In 3)x(x + 5) 


Be sure you 
see that there is no simple 
differentiation rule for calculating 
the derivative of y — x*. In 
general, when y = u(x)", 
you need to use logarithmic 
differentiation. 
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Occasionally, an integrand involves an exponential function to a base other than e. 
When this occurs, there are two options: (1) convert to base e using the formula 
a* = en a and then integrate, or (2) integrate directly, using the integration formula 


fea = (e ae (C 
Ina 


which follows from Theorem 5.13. 


EXAMPLE 4 Integrating an Exponential Function to Another Base 


Find E dx. 
Solution 
2d |» 4c a 
X = ; 
In 2 


When the Power Rule, D, [x^] = nx"-!, was introduced in Chapter 2, the exponent 
n was required to be a rational number. Now the rule is extended to cover any real value 
of n. Try to prove this theorem using logarithmic differentiation. 


THEOREM 5.14 The Power Rule for Real Exponents 
Let n be any real number, and let u be a differentiable function of x. 


du 


d n| = n-—i d n|— n-—1 
1. di [x^] = nx 2. E» [n] = nu p 


The next example compares the derivatives of four types of functions. Each 
function uses a different differentiation formula, depending on whether the base and the 
exponent are constants or variables. 


EXAMPLE 5 Comparing Variables and Constants 


d 
a. zle] =0 Constant Rule 
X 
d . 
b. ze] — e* Exponential Rule 
X 
d = 
c. a1 = ex Power Rule 
X 
d yox Use logarithmic differentiation. 


< 
Il 

= 
A 
x |= 
pO 
+ 

= 
— 

3 

ta 

— 
— 
— 

— 


1+ lnx 


y = y(1 + In x) 
y = x (1 + In x) a 
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in) 
A x 
10 2.59374 
100 2.70481 
1000 2.71692 
10,000 2.71815 
100,000 2.71827 
1,000,000 | 2.71828 


Applications of Exponential Functions 


An amount of P dollars is deposited in an account at an annual 


A 
interest rate r (in decimal form). What is the balance in the É 
account at the end of 1 year? The answer depends on the 1 $1080.00 
number of times n the interest is compounded according to the 2 $1081.60 
formula 
r\n 4 $1082.43 
A=P\1+— 
( 4] 12 | $1083.00 
For instance, the result for a deposit of $1000 at 8% interest 365 | $1083.28 
compounded n times a year is shown in the table at the right. 
As n increases, the balance A approaches a limit. To 
develop this limit, use the next theorem. To test the 
reasonableness of this theorem, try evaluating 
oa) 
x 
for several values of x, as shown in the table at the left. 
-OREM 5.15 A Limit Involving e 
iy +1Y : 
lim (1 + ) = iim (* j =e opo 
x> 00 x xX 00 x Hess fu 
A proof of this theorem is given in Appendix A. dd 2 


Given Theorem 5.15, take another look at the formula for the balance A in an 
account in which the interest is compounded n times per year. By taking the limit as n 
approaches infinity, you obtain 


; r\" 
A= lim P(t + z) Take limit as n > oc. 
noo n 
1 n/r]r 
= P lim [t + 2) | Rewrite. 
n>% n/r 
1 xjr 
= | iim 1+ 1) | Let x = n/r. Then x 2 œ as n> oo. 
x> 00 X 
— Per. Apply Theorem 5.15. 


This limit produces the balance after 1 year of continuous compounding. So, for a 
deposit of $1000 at 896 interest compounded continuously, the balance at the end of 
] year would be 


A = 10006998 ~ $1083.29. 


SUMMARY OF COMPOUND INTEREST FORMULAS 


Let P = amount of deposit, t = number of years, A = balance after t years, 
r = annual interest rate (in decimal form), and n = number of compoundings 
per year. 


nt 
1. Compounded n times per year: A = EU + z) 
n 


2. Compounded continuously: A = Pe” 


Weight of culture (in grams) 


je ATA EE 
Lbs rr d 
12345 


Time (in 


The limit of the weight of the culture 


as t OO is 1.25 grams. 
Figure 5.22 


iL 
T 
6 7 


hours) 
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Continuous, Quarterly, and Monthly Compounding 


e « «ef See LarsonCalculus.com for an interactive version of this type of example. 


A deposit of $2500 is made in an account that pays an annual interest rate of 5%. 
Find the balance in the account at the end of 5 years when the interest is compounded 
(a) quarterly, (b) monthly, and (c) continuously. 


r nt 
+3 
n 
os)" 
4 
= 2500(1.0125)2 


= $3205.09 
r nt 
T 
n 


= 2500(1 


Solution 


Compounded quarterly 


a. A=P(i 


= 2500(1 + 


b. A=P (1 Compounded monthly 


= 2500(1.0041667) 
= $3208.40 
C. A = Pe” 
= 2500 [e0056] 
= 2500e??5 
= $3210.06 


EXAMPLE 7 Bacterial Culture Growth 


A bacterial culture is growing according to the logistic growth function 


= 1.25 
1 + 0.25e 04" 


Compounded continuously 


y tz0 

where y is the weight of the culture in grams and f is the time in hours. Find the weight 
of the culture after (a) O hours, (b) 1 hour, and (c) 10 hours. (d) What is the limit as ft 
approaches infinity? 


Solution 
1.25 
a. When: 20, y= 1 + 025e-940) 
= | gram. 
1.25 
b. When: = 1, y= 1+ 0.25e 940) 
= 1.071 grams. 
1.25 
c. Whent= 10, y= 1 + 025e-9400) 
= 1.244 grams. 
d. Taking the limit as t approaches infinity, you obtain 
. 1.25 1.25 
Tose T pug opas 


The graph of the function is shown in Figure 5.22. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Derivatives for Bases Other than e What are the 
values of a and b? 


d 4x] — Ax 
4161 a(In b)6 


. Integration for Bases Other than e What are 
two options for finding the indefinite integral below? 


[oa 


. Logarithmic Differentiation Explain when it is 
necessary to use logarithmic differentiation to find the 
derivative of an exponential function. 


. Compound Interest Formulas Explain how to 
choose which compound interest formula to use to find 
the balance of a deposit. 


Evaluating a Logarithmic Expression In Exercises 5-10, 
evaluate the expression without using a calculator. 


5. log; $ 6. log, 81 

1 
7. log, 1 8. log, P 
9. log, 32 10. 1og;; 5 


Exponential and Logarithmic Forms of Equations In 
Exercises 11—14, write the exponential equation as a logarithmic 
equation or vice versa. 


11. (a) 23 = 12. (a) 2725 =9 
)3-tes (b) 164 = 8 

13. (a) log, 0.01 = —2 14. (a) log, 5 = —2 
(b) logy; 8 = —3 (b) 49/2 = 7 


Sketching a Graph In Exercises 15-20, sketch the graph 
of the function. 


15. y = 2° 16. y = 477! 
17. y = (4) 18. y = 2* 
19. h(x) = 5*7? 20. y = 3- Hl 


Solving an Equation In Exercises 21-26, solve for x. 
21. (a) logio 1000 = x 22. (a) log, d =x 
(b) logio 0.1 = x (b) log; 36 = x 
23. (a) log; x = —1 24. (a) log; x = -2 
(b) log, x = —4 (b) log; x = 3 
25. (a) x? — x = log, 25 
(b) 3x + 5 = log, 64 
26. (a) log; x + log,(x — 2) = 1 
(b) log, g(x + 3) 


— logiyx = 1 


[E] Solving an Equation In Exercises 27-36, solve 


dent ^ ty the equation accurate to three decimal places. 
[m] Er 
27. 3°* = 75 28.6 7 = 74 
29. 23-2 = 625 30. 3(5*-!) = 86 
0.09 ?' ( 205 
QR] = ~(1+—=] = 
= ( p] : Mee Ges ? 
33. log,(x — 1) = 5 34. logio(t — 3) = 2.6 
35. log, x? = 1.9 36. log;,/x 4 = 32 


Inverse Functions In Exercises 37 and 38, illustrate that 
the functions are inverse functions of each other by sketching 
their graphs on the same set of coordinate axes. 


37. f(x) = 4 38. f(x) = 3* 
g(x) = log, x g(x) = log, x 


[n] 37 [s] Finding a Derivative In Exercises 39-60, find 


d : hy the derivative of the function. 

[m]: Ore 

39. f(x) = 4* 40. f(x) = 3* 

4l. y-5* 42. y = 6-4 

43. f(x) =x% 44. y = —7x(8 ?9 
—2g 2i 

45. f() =F 46. f() — = 

47. h(0) = 27® cos nO 48. g(a) = 57%? sin 20 

49. y = log, (6x + 1) 50. y = log,(x? — 3x) 

51. h(t) = log.(4 — 1)? 52. g(t) = log,(t? + 7? 

53. y = log, Vx? — 1 54. f(x) = log; /2x + 1 

x? x= 
55. f(x) = log; —1 1 56. y = logi; ——— 
57. h(x) = log, muc 58. g(x) = log; M MN 
2 Jl-x 

10 log, t 


59. g(t) = : 


60. f(t) = t°? log, /t + 1 


Finding an Equation of a Tangent Line In Exercises 
61-64, find an equation of the tangent line to the graph of the 
function at the given point. 


61. y =2-*, (-1,2) 
63. y = log, x, (27, 3) 


62. y =5*-2, (2,1) 
64. y = logio 2x, (5, 1) 


EU Logarithmic Differentiation In Exercises 
hy 65-68, use logarithmic differentiation to find 


dy/dx. 
i d 
65. y = x?/* 
67. y = (x - 2y*! 


66. y = x! 
68. y = (1 + x)! 


nae [m] Finding an Indefinite Integral In Exercises 


70. [ona 


72. Í (x* + 59 dx 


74. Í (4 — x)64- dx 


76. Í 2sin * cos x dx 
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87. Inflation When the annual rate of inflation averages 5% 
over the next 10 years, the approximate cost C of goods or 
services during any year in that decade is 


C(t) = P(1.05) 


where f is the time in years and P is the present cost. 


(a) The price of an oil change for your car is presently $24.95. 
Estimate the price 10 years from now. 


(b) Find the rates of change of C with respect to t when t = 1 
and f = 8. 


(c) Verify that the rate of change of C is proportional to C. 
What is the constant of proportionality? 


Evaluating a Definite Integral In Exercises 77-80, Ae 88. Depreciation After ¢ years, the value of a car purchased 


evaluate the definite integral. Use a graphing utility to verify 


your result. 
4 
78. Í 34 dx 
—4 


2 
77. Í 2* dx 
3 
80. Í (4+1 + 29) dx 
1 


1 
1 
79. Í (5* — 3*) dx 
0 


Area In Exercises 81 and 82, find the area of the region 
bounded by the graphs of the equations. Use a graphing utility 
to verify your result. 


log, x 
84 ,y=0,x=1,x=5 


81. y= 


82. y = 3°*sinx,y =0,x =0,x = 


EXPLORING CONCEPTS 

83. Exponential Function What happens to the rate 
of change of the exponential function y = a* as a 
becomes larger? 


84. Logarithmic Function What happens to the rate 
of change of the logarithmic function y = log,x as a 
becomes larger? 


85. Analyzing a Logarithmic Equation Consider the 


function f(x) = log; x. 
(a) What is the domain of f? 
(b) Find f~!, 


(c) Let x be a real number between 1000 and 10,000. 
Determine the interval in which f(x) will be found. 


(d) Determine the interval in which x will be found if f(x) is 
negative. 


(e) When f(x) is increased by one unit, x must have been 
increased by what factor? 


(f) Find the ratio of x, to x, given that f(x,) = 3n and 
fæ) = n. 
86. Comparing Rates of Growth Order the functions 
f(x) = log; x, g(x) = x", h(x) = x^, and k(x) = 2* 


from the one with the greatest rate of growth to the one with 
the least rate of growth for large values of x. 


for $25,000 is 
V(t) = 25,000(2). 


(a) Use a graphing utility to graph the function and determine 
the value of the car 2 years after it was purchased. 


(b) Find the rates of change of V with respect to t when t = 1 
and t = 4. 


(c) Use a graphing utility to graph V'(t) and determine the 
horizontal asymptote of V'(f). Interpret its meaning in the 
context of the problem. 


ORO Compound Interest In Exercises 89-92, 

eens, Ey complete the table by determining the balance 

ok 2 A for P dollars invested at rate r for t years and 
"TU compounded z times per year. 


n 1 |2 | 4 | 12 | 365 | Continuous Compounding 


A 
89. P = $1000 90. P = $2500 
r = 35% r = 6% 
t = 10 years t = 20 years 
91. P = $7500 92. P = $4000 
r= 4.896 r — 496 
t = 30 years t = 15 years 


Compound Interest In Exercises 93-96, complete the 
table by determining the amount of money P (present value) 
that should be invested at rate r to produce a balance of 
$100,000 in ¢ years. 


P 
93. r = 496 94. r = 0.6% 
Compounded continuously Compounded continuously 
95. r = 5% 96. r = 2% 
Compounded monthly Compounded daily 
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97. Compound Interest Assume that you can earn 6% on B. »102. Modeling Data ««eeeeeeseecceccc 


an investment, compounded daily. Which of the following 
options would yield the greatest balance after 8 years? 


(a) $20,000 now (b) $30,000 after 8 years 
(c) $8000 now and $20,000 after 4 years 
(d) $9000 now, $9000 after 4 years, and $9000 after 8 years 


Compound Interest Consider a deposit of $100 placed 
in an account for 20 years at r% compounded continuously. 
Use a graphing utility to graph the exponential functions 
describing the growth of the investment over the 20 years for 
the following interest rates. Compare the ending balances. 


(a r=3% (b)r=5% (c)r=6% 
Timber Yield The yield V (in millions of cubic feet per 


acre) for a stand of timber at age t is V = 6.7e-^9-/', where 
t is measured in years. 


Bis 98. 


99. 


(a) Find the limiting volume of wood per acre as t approaches 
infinity. 

(b) Find the rates at which the yield is changing when t — 20 
and t — 60. 


HOW DO YOU SEE IT? The graph shows 


the proportion P of correct responses after n 
trials in a group project in learning theory. 


'8 
& 
S 

* 
8 
a 
£ 


correct responses 


! 
8 10 12 14 16 
Trials 


What is the limiting proportion of correct 
responses as n approaches infinity? 


(b) What happens to the rate of change of the 
proportion in the long run? 


(a) 


101. Population Growth A lake is stocked with 500 fish, 
and the population p is growing according to the logistic curve 


(s 10,000 
PE T+ 09e75 
where t is measured in months. 
fe (a) Use a graphing utility to graph the function. 


(b) Find the fish populations after 6 months, 12 months, 
24 months, 36 months, and 48 months. What is the 
limiting size of the fish population? 


(c) Find the rates at which the fish population is changing 
after 1 month and after 10 months. 


(d) After how many months is the population increasing 
most rapidly? 


pidjoe/iStock/Getty Images 
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: The breaking strengths B (in tons) of steel cables of various : 
diameters d (in inches) are shown in the table. . 
0.50 | 0.75 | 1.00 | 125 | 1.50 1.75 . 

B | 9.85 | 21.8 | 383 | 59.2 | 844 | 114.0 i 


(a) Use the regression 
capabilities of a 
graphing utility to 
fit an exponential 
model to the data. 


(b 


— 


Use a graphing 
utility to plot the 
data and graph the 
model. 


(c) Find the rates of . 
growth of the model when d — 0.8 and d — 1.5. : 


f 103. Comparing Models The total numbers y of AIDS cases 
by year of diagnosis in Canada for the years 2005 through 
2014 are shown in the table, with x = 5 corresponding to 
2005. (Source: Public Health Agency of Canada) 


x 5 6 7 8 9 


y | 434 | 398 | 371 | 367 | 296 


x 10 11 12 13 14 


y | 276 | 234 | 223 | 226 | 188 


(a) Use the regression capabilities of a graphing utility to 
find the following models for the data. 


y, =axt+b 
y =atbinx 
y, = ab* 

y, = ax? 


(b) Use a graphing utility to plot the data and graph each of 
the models. Which model do you think best fits the data? 


(c) Find the rate of change of each of the models in part 
(a) for the year 2012. Which model is decreasing at the 
greatest rate in 2012? 


104. An Approximation of e Complete the table to 


demonstrate that e can also be defined as 


lim, (1+)! 


107! | 10? | 107^ | 1076 


(1 + x) 


Modeling Data In Exercises 105 and 106, find an 
exponential function that fits the experimental data collected 
over time f. 


105. 


t 0 1 2 3 4 

y | 1200.00 | 720.00 | 432.00 | 259.20 | 155.52 
s t 0 1 2 3 4 

y | 600.00 | 630.00 | 661.50 | 694.58 | 729.30 


Using Properties of Exponents In Exercises 107-110, 
find the exact value of the expression. 


108. 6n 10)/In 6 
110. 32!/n? 


107. 51/15 
109. 91/13 


111. Comparing Functions 
(a) Show that (23)? # 20. 
(b) Are 
fa) = Ge and g(x) = x? 
the same function? Why or why not? 
(c) Find f'(x) and g'(x). 
112. Finding an Inverse Function Let 


a —1] 
a Fil 


F(x) = 


for a > 0, a # 1. Show that f has an inverse function. Then 
find f-!. 

113. Logistic Differential Equation Show that solving the 
logistic differential equation 


dy | 8 (5. = 


results in the logistic growth function in Example 7. 


Hu ee a 
x$-» 5 $-» 


114. Using Properties of Exponents Given the exponential 
function f(x) = a*, show that 


(a) fu + v) = flu) * fC). 
(b) fQx) = LFF. 
115. Tangent Lines 


(a) Determine y' given y* = x". 


(b) Find the slope of the tangent line to the graph of y* = x” 
at each of the following points. 


(i) (cc) GD (2,4) dii) (4,2) 


(c) At what points on the graph of y* — x" does the tangent 
line not exist? 
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PUTNAM EXAM CHALLENGE 
116. Which is greater 


(Vn) or (Vn FI) 


where n > 8? 


117. Show that if x is positive, then 


1 1 
EP ; 
los, (1 J 1+x 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 


SECTION PROJECT eoceoeoeoeeeoeee ee 


Using Graphing Utilities to Estimate Slope 


|x|, x #0 
1, x = 0. 


Let f(x) = | 


(a) Use a graphing utility to graph f in the viewing window 
—3 < x < 3, —2 < y x 2. What is the domain of f? 


(b) Use the zoom and trace features of a graphing utility to 
estimate 
lim f(x). 

(c) Write a short paragraph explaining why the function f is 
continuous for all real numbers. 

(d) Visually estimate the slope of f at the point (0, 1). 

(e) Explain why the derivative of a function can be approximated 


by the formula 


f(x Ax) — f(x — Ax) 
2Ax 


for small values of Ax. Use this formula to approximate the 
slope of f at the point (0, 1). 


ies — FO + Ax) - f0 = A 
Ps 2Ax 


_ f(x) — f(- Ax) 
2Ax 


What do you think the slope of the graph of f is at (0, 1)? 

(f) Find a formula for the derivative of f and determine f'(0). 
Write a short paragraph explaining how a graphing utility 
might lead you to approximate the slope of a graph incorrectly. 


(g) Use your formula for the derivative of f to find the relative 
extrema of f. Verify your answer using a graphing utility. 


liM FOR FURTHER INFORMATION For more information 
on using graphing utilities to estimate slope, see the article 
“Computer-Aided Delusions” by Richard L. Hall in The College 
Mathematics Journal. To view this article, go to MathArticles.com. 
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5.6 Indeterminate Forms and L'Hópital's Rule 


» X 


I 
T T T 
43-2 -1 12 3 4 


The limit as x approaches 0 appears to 
be 2. 
Figure 5.23 


E Recognize limits that produce indeterminate forms. 
liM Apply L'Hópital's Rule to evaluate a limit. 


Indeterminate Forms 


Recall from Chapters 1 and 3 that the forms 0/0 and 00/00 are called indeterminate 
because they do not guarantee that a limit exists, nor do they indicate what the limit is, 
if one does exist. When you encountered one of these indeterminate forms earlier in 
the text, you attempted to rewrite the expression by using various algebraic techniques. 


Indeterminate 
Form Limit Algebraic Technique 
0 lim 232 —2 lim 2( 1) Divide numerator and 
is = ons 
0 x-01xc4l o x denominator by (x + 1). 
=-4 
oo lim 32-1 jn 3 — (1/3) Divide numerator and 
oo xo 2x? + 1  x592 + (1/x?) ^ denominator by x?. 
e 
2 


Occasionally, you can extend these algebraic techniques to find limits of 
transcendental functions. For instance, the limit 


produces the indeterminate form 0/0. Factoring and then dividing produces 
(e* + 1)(e* — 1) 
req 739 el 


= lim (e* + 1) 


= 2. 


Not all indeterminate forms, however, can be evaluated by algebraic manipulation. 
This is often true when both algebraic and transcendental functions are involved. For 
instance, the limit 

. er—)] 

lim 

x20 X 


produces the indeterminate form 0/0. Rewriting the expression to obtain 


merely produces another indeterminate form, oo — oo. Of course, you could use 
technology to estimate the limit, as shown in the table and in Figure 5.23. From the 
table and the graph, the limit appears to be 2. (This limit will be verified in Example 1.) 


xX —] | —0.1 | —0.01 | — 0.001 | O | 0.001 | 0.01 0.1 1 


0.865 | 1.813 | 1.980 1.998 | ? | 2.002 | 2.020 | 2.214 | 6.389 


GUILLAUME L'HÓPITAL 
(1661-1704) 


L'Hópital's Rule is named after 
the French mathematician 


Guillaume François Antoine de 
L'Hópital. L'Hópital is credited 
with writing the first text on 
differential calculus (in 1696) 
in which the rule publicly 
appeared. It was recently 
discovered that the rule and 
its proof were written in a 
letter from John Bernoulli to 
L'Hópital. "... | acknowledge 
that | owe very much to the 
bright minds of the Bernoulli 
brothers. ... | have made free 
use of their discoveries ...," 
said L'Hópital. 

See LarsonCalculus.com to read 
more of this biography. 


liM FOR FURTHER INFORMATION 
To enhance your understanding of 
the necessity of the restriction that 
g'(x) be nonzero for all x in (a, b), 
except possibly at c, see the article 
"Counterexamples to L' Hópital's 
Rule" by R. P. Boas in The 
American Mathematical Monthly. 
To view this article, 

go to MathArticles.com. 
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L'Hópital's Rule 


To find the limit illustrated in Figure 5.23, you can use a theorem called L'Hópital's 
Rule. This theorem states that under certain conditions, the limit of the quotient 
f(x)/g(x) is determined by the limit of the quotient of the derivatives 


f£) 

&'G) 
To prove this theorem, you can use a more general result called the Extended Mean 
Value Theorem. 


THEOREM 5.16 The Extended Mean Value Theorem 


If f and g are differentiable on an open interval (a, b) and continuous on [a, b] 
such that g'(x) # 0 for any x in (a, b), then there exists a point c in (a, b) such 
that 


fc) _ fb) — fla) 
g(c)  g(b) — g(a) 


A proof of this theorem is given in Appendix A. 


To see why Theorem 5.16 is called the Extended Mean Value Theorem, consider 
the special case in which g(x) = x. For this case, you obtain the “standard” Mean Value 
Theorem as presented in Section 3.2. 


THEOREM 5.17 L’HO6pital’s Rule 

Let f and g be functions that are differentiable on an open interval (a, b) 
containing c, except possibly at c itself. Assume that g'(x) # 0 for all x in 
(a, b), except possibly at c itself. If the limit of f(x)/g(x) as x approaches c 
produces the indeterminate form 0/0, then 


is OD Ss fd 


m —— = lim 


xc g(x) xc g'(x) 


provided the limit on the right exists (or is infinite). This result also applies 
when the limit of f(x)/g(x) as x approaches c produces any one 

of the indeterminate forms 00/00, (— 00) /00, oo/(— oo), [n]: [a] 
or (—9)/(— co). zb 


ny: 
TT M 
A proof of this theorem is given in Appendix A. ied 


People occasionally use L'Hópital's Rule incorrectly by applying the Quotient 
Rule to f(x)/g(x). Be sure you see that the rule involves 


F'O) 

g'(x) 
not the derivative of f(x)/g(x). 

L'Hópital's Rule can also be applied to one-sided limits. For instance, if the 
limit of f(x)/g(x) as x approaches c from the right produces the indeterminate form 
0/0, then 

IO im £00 

xe g(x) ce g'(x) 


provided the limit exists (or is infinite). 
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Exploration 


Numerical and Graphical 
Approaches Usea 
numerical or a graphical 
approach to approximate 
each limit. 

e= 


. lim 
x20 X 


. 37-1 
. lim 
x20 X 


_ 46-1 
. lim 
x20 X 


"nam PM 

x20 x 
What pattern do you observe? 
Does an analytic approach 
have an advantage for 
determining these limits? If 
so, explain your reasoning. 


Logarithmic, Exponential, and Other Transcendental Functions 


EXAMPLE 1 Indeterminate Form 0/0 


ex — 1 


X 


Evaluate lim 
x20 


Solution Because direct substitution results in the indeterminate form 0/0 
lim (?* — 1) 20 
p d x20 


lim x = 0 


x20 


you can apply L'Hópital's Rule, as shown below. 


ex—] Fag = 
lim = lim Apply L'Hópital's Rule. 
x0 X x0 d [ ] 
|X 
dx 
Je2x 
= lim Differentiate numerator and denominator. 
x20 | 
=2 Evaluate the limit. a 


In the solution to Example 1, note that you actually do not know that the first limit 
is equal to the second limit until you have shown that the second limit exists. In other 
words, if the second limit had not existed, then it would not have been permissible to 
apply L’H6pital’s Rule. 

Another form of L'Hópital's Rule states that if the limit of f(x)/g(x) as x approaches 
oo (or — oo) produces the indeterminate form 0/0 or 00/00, then 


lim £9 = jim £69 


x> g(x) x> g'(x) 


provided the limit on the right exists. 


EXAMPLE 2 Indeterminate Form oc /oo 


Evaluate lim hiy 


x>0 X 


Solution Because direct substitution results in the indeterminate form 00/00, you 
can apply L'Hópital's Rule to obtain 


d 
— [In x] 
. lnx . dx 
lim = lim Apply L'Hópital's Rule. 
xcvoo X x00 d [ ] 
dX 
dx 
— lim — Differentiate numerator and denominator. 
xoc00X 
= 0. Evaluate the limit. a 


Use a graphing utility to graph y, — In x and y, — x in the 
same viewing window. Which function grows faster as x approaches 0o? How is this 
observation related to Example 2? 


E FOR FURTHER INFORMATION 
To read about the connection 
between Leonhard Euler and 
Guillaume L'Hópital, see the 
article “When Euler Met 

P Hôpital” by William Dunham in 
Mathematics Magazine. To 

view this article, go to 
MathArticles.com. 
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Occasionally it is necessary to apply L'Hópital's Rule more than once to remove 
an indeterminate form, as shown in Example 3. 


Applying L'Hópital's Rule More than Once 


2 
Evaluate lim —. 


x2-ooge * 


Solution Because direct substitution results in the indeterminate form 00/00, you 
can apply L'Hópital's Rule. 


This limit yields the indeterminate form (— 00)/(— oo), so you can apply L'Hópital's 
Rule again to obtain 


In addition to the forms 0/0 and 00/00, there are other indeterminate forms such as 
0 + co, 1%, 00°, 0°, and oo — oo. For example, consider the following four limits that 
lead to the indeterminate form 0 + oo. 


1 2 1 1 
lim B (x), lim (2) (x), lim (4) (x), lim B (e*) 
x70 \X x70 \X x> \e* x> \X 
= e— Pd Ns a 
Limit is 1. Limit is 2. Limit is 0. Limit is oc. 


& ET is 


Because each limit is different, it is clear that the form O + oo is indeterminate in the 
sense that it does not determine the value (or even the existence) of the limit. The 
remaining examples in this section show methods for evaluating these forms. Basically, 
you attempt to convert each of these forms to 0/0 or 00/00 so that L'Hópital's Rule 
can be applied. 


EXAMPLE 4 Indeterminate Form 0 - oo 


Evaluate lim e * J X. 
x-o0 


Solution Because direct substitution produces the indeterminate form 0 * oo, you 
should try to rewrite the limit to fit the form 0/0 or 00/00. In this case, you can rewrite 
the limit to fit the second form. 


lim e^*/x = lim 


x oo x2oo et 


Now, by L'Hópital's Rule, you have 


"M WM a WOE 
lim y: = lim A V ) Differentiate numerator and denominator. 
x00 e* I e* 
li l Simplif: 
— nm = implify. 
x> 0 2./xe* sd 


= 0. Evaluate the limit. a 
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Note that the 
solution to Example 5 is an 
alternate proof of Theorem 5.15. 


When rewriting a limit in one of the forms 0/0 or 00/00 does not seem to work, 
try the other form. For instance, in Example 4, you can write the limit as 


ee m 
which yields the indeterminate form 0/0. As it happens, applying L'Hópital's Rule to 
this limit produces 
e~* e~* 


Eod x2 = Ed = 1/(2x3/2) 


which also yields the indeterminate form 0/0. 

The indeterminate forms 1%, 00°, and 0° arise from limits of functions that have 
variable bases and variable exponents. When you previously encountered this type of 
function, you used logarithmic differentiation to find the derivative. You can use a 
similar procedure when taking limits, as shown in the next example. 


EXAMPLE 5 Indeterminate Form 1” 


Evaluate lim E + 1) " 


x0oo X 


Solution Because direct substitution yields the indeterminate form 1%, you can 
proceed as follows. To begin, assume that the limit exists and is equal to y. 


1\* 
y = lim (1 +4) 
x= 00 X 


Taking the natural logarithm of each side produces 


Iny = n lim (1 F 1) | 
x> o0 X 


Because the natural logarithmic function is continuous, you can write 


; 1 
lny = lim | xln|] + — Indeterminate form oo * 0 
x oo X 
ER 
— lim [2 aat Indeterminate form 0/0 
x> 00 1/x 
= 2 + 
= lim ( 1/x U/L cah L'Hópital's Rule 
x00 > 1/x? 
— lim ——L— 
x2oo ] + (1/x) 
= 1. 


Now, because you have shown that 


Iny=1 


you can conclude that 


and obtain 1 |a 
1 x L 
lim E +4) =e. -1 
x 00 X 
The limit of [1 + (1/x)]* as x 
You can use a graphing utility to confirm this approaches infinity is e. 


result, as shown in Figure 5.24. Figure 5.24 au 
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L’H6pital’s Rule can also be applied to one-sided limits, as demonstrated in 
Examples 6 and 7. 


~ EXAMPLE 6 Indeterminate Form 0° 


baks p- See LarsonCalculus.com for an interactive version of this type of example. 
Evaluate lim (sin x)*. 
x= 0F 


Solution Because direct substitution produces the indeterminate form 0°, you can 
proceed as shown below. To begin, assume that the limit exists and is equal to y. 


y= lim (sin x)* Indeterminate form 0? 
x20* 
In y = Inf lim (sin xy] Take natural log of each side. 
x20* 
— lim [In(sin x)*] Continuity 
x20* 
= lim [x In(sin x)] Indeterminate form 0 * (— 00) 
x20* 
In(sin x) 
= hm —— — Indeterminate form — 00/00 
x20" l/x 
li ERR L'Hópital's Rul 
= i "Hópital's Rule 
x20* —] / x? p 
"E s 
= lim Indeterminate form 0/0 
x20* tan x 
. —2x . 
= lim 2 L'Hópital's Rule 
x20* Ssec*^ x 
=0 
Now, because In y = 0, you can conclude that y = e? = 1, and it follows that 
lim (sin x)* = 1. a 
x20* 


When evaluating complicated limits such as the one in 
Example 6, it is helpful to check the reasonableness of the solution with a graphing 
utility. For instance, the calculations in the table and the graph in the figure (see 
below) are consistent with the conclusion that (sin x)* approaches 1 as x approaches 
O from the right. 


x 1 0.1 0.01 0.001 | 0.0001 | 0.00001 
(sin x)* | 0.8415 | 0.7942 | 0.9550 | 0.9931 | 0.9991 | 0.9999 


-1 
The limit of (sin x)* is 1 as x 
approaches 0 from the right. 


Use a graphing utility to estimate the limits lim (1 — cos x)* and lim (tan x)*. Then 
ə try to verify your estimates analytically. ili 
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x e 
linge asd 

2 0.44270 

1.5 0.46630 

1.1 0.49206 
1.01 0.49917 
1.001 0.49992 
1.0001 0.49999 
1.00001 0.50000 


You are asked 


to verify the last two forms in 
Exercises 110 and 111. 


EXAMPLE 7 Indeterminate Form oo — oc 


Evaluate lim (4 — z l 
xeolt\Inx x-1 


Solution Because direct substitution yields the indeterminate form oo — oo, 
you should try to rewrite the expression to produce a form to which you can apply 
L'Hópital's Rule. In this case, you can combine the two fractions to obtain 


lim (.- | 1 )- lim 217 nx 

xolt\Inx x- 1 xolt (x — 1) Inx^ 

Now, because direct substitution produces the indeterminate form 0/0, you can apply 
L'Hópital's Rule to obtain 


mit (x—Dinx xr d 


Lom — Lc 0/9 
x21* (x — D(1/x) + In x 


x—1 


= lim s 
x2l*x—1l1-4xlnx 


This limit also yields the indeterminate form 0/0, so you can apply L'Hópital's Rule 
again to obtain 

lim —~—* = tim : = 

xoltx—1T+xinx witl+x(1/x)+Inx 2 


You can check the reasonableness of this solution using a table, as shown at the left. 


The forms 0/0, 00/00, oo — oo, 0 + oo, 0°, 1%, and oo? have been identified as 
indeterminate. There are similar forms that you should recognize as "determinate." 


oo + oo — oO Limit is positive infinity. 

—00—00-— —OO Limit is negative infinity. 
07 > 0 Limit is zero. 

0 7? 2 co Limit is positive infinity. 


As a final comment, remember that L'Hópital's Rule can be applied only 
to quotients leading to the indeterminate forms 0/0 and oo/oo. For instance, the 
application of L'Hópital's Rule shown below is incorrect. 


X 


Eus T - 
lim — “lim — = 1 Incorrect use of L'Hópital' s Rule 
x20 x x90 1 


LE 


The reason this application is incorrect is that, even though the limit of the denominator 
is 0, the limit of the numerator is 1, which means that the hypotheses of L'Hópital's 
Rule have not been satisfied. 


Exploration 


In each of the examples presented in this section, L'Hópital's Rule is used to 


find a limit that exists. It can also be used to conclude that a limit is infinite. 
For instance, try using L'Hópital's Rule to show that lim e*/x = oo. 
xoo 
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5 n 6 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. L'Hopital's Rule Explain the benefit of L'Hópital's 
Rule. 


. Indeterminate Forms For each limit, use direct 
substitution. Then identify the form of the limit as either 
indeterminate or not. 

. x : 
(a) lim — (b) lim (e* + x?) 
x20 sin 2x x00 


(c) lim (lnx — e") (d) lim (in x — 1) 


Numerical and Graphical Analysis In Exercises 3-6, 

complete the table and use the result to estimate the limit. Use 

a graphing utility to graph the function to confirm your result. 
sin 4x 


3. lim 


x20 sin 3x 


x —0.1 | —0.01 | —0.001 | O | 0.001 | 0.01 | 0.1 


x —0.1 | —0.01 | —0.001 | O | 0.001 | 0.01 | 0.1 


f) ? 


5. lim »e7*/100 


x7 00 


x 1 | 10 | 10? | 10? | 10^ | 105 
F(x) 


x 1 | 10 | 10? | 103 | 10^ | 105 
F(x) 


matt) Using Two Methods In Exercises 7-14, 
ae T. "7 evaluate the limit (a) using techniques from 
ay Chapters 1 and 3 and (b) using L'Hópital's Rule. 


3(x — 4) 20232 + 13x + 20 

^ lim x? — 16 5 zu x+4 
"un Jx + 10-4 iù. im (15) 

x36 x—6 x2-1 x+1 
11. lim (? COEUR x) 12. lim PE 

x20 6x x20 4x 

VANS 3 

is lim a iá üm” 7 


opao Evaluating a Limit In Exercises 15-42, evaluate 
ru i A the limit, using L’Hôpital’s Rule if necessary. 
LES F 

E] 


[n] 5: er 


.x1—2x—3 . x —3x-— 10 
15. zn x-3 16. a x+2 
.o25—x?—5 . S25 — x? 
17. lim 18. lim 
x20 x x25. x-5 
Y o + 3 
i, um 09 20. lim 
x 0* x x1x2— 
11 .— 1 d s 1 
21. lim m 22. lim Él where a, b + 0 
x1x*—1 x»1x^—] 
ain 24. lim = where a, b + 0 
x20 sin 5x x20 sin bx 
. T0 —2x * 1 . 8—x 
25. lim G8 4 1 26. lim 3 
2 3 
mcg t E 28. lim 
x> x—6 x2coox + 2 
: x i x 
23. dim en 30. im | NEL P 
x x 
31. lim ———— 32. lim 
o NT po Ui 
33. lim 93 34. lim === 
x00 X x2oo X — TI 
4 
35. lim me 36. lim ae 
X 2x—9 
37. lim 5; 38. lim * 
x00 X x oo X 
39. lim 589^ 40. lim 2 
x20 tan Ox x21 sin Tx 
* In(e^7 !) dt * cos 0 dO 
41. lim fomes 42. lim JURE Bde 
xoo X x21* x—1 


+ ee [w] Evaluating a Limit In Exercises 43-62, 

ra E r (a) describe the type of indeterminate form (if any) 

M. that is obtained by direct substitution. (b) Evaluate 

alain the limit, using L'Hópital's Rule if necessary. 
(c) Use a graphing utility to graph the function and 
verify the result in part (b). 


43. lim xInx 44. lim, xX cot x 
i ERU . 1 
45. lim x sin — 46. lim x tan — 
x> 00 X. xoo X 
. . 1\* 
47. lim (e* + x)?/* 48. lim (1 + 1) 
x20* x20* X 
49. lim x'/* 50. lim, x/* 
51. lim (1+ x) 52. lim (1 + x)'/* 
x20* x oo 
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53. lim 3x2 54. lim [3(x — 4) -4 
55. lim (In x)*^! 56. lim cos( 5 = x) i 
x21* x20* 2 
. 8 x ; 1 Xx 
a Dn (a -4 x- ;) onm (s —4 x-4 ) 
59. lim (3 ae ) 60. lim (2 = 3) 
x>1>\lnx x—1 xo hx x 


61. lim (e* — x) 62. lim (x — VÆ + 1) 


x oo x oo 


EXPLORING CONCEPTS 
63. Finding Functions Find differentiable functions f 
and g that satisfy the specified condition such that 


lim f(x) =0 and lim g(x) = 0. 


Explain how you obtained your answers. (Note: There 
are many correct answers.) 
£0) _ 


© mig 


. Finding Functions Find differentiable functions f 
and g such that 


lim f(x) = lim g(x) = oo and lim [f(x) — g(x)] = 25. 


Explain how you obtained your answers. (Note: There 
are many correct answers.) 


. L'Hópital's Rule Determine which of the following 
limits can be evaluated using L'Hópital's Rule. Explain 
your reasoning. Do not evaluate the limit. 


. x)—4x 
(b) nac] 


ex — e 
= 3 

. 1+ x(Inx — 1) 
(f) lim (x — D) Inx 


© lim 


66. 5 HOW DO YOU SEE IT? Use the graph of 
f to find each limit. 


D 


(a) lim f(x) 


Jim £0) (©) lim FO) 


67. Numerical Analysis Complete the table to show that x 
eventually “overpowers” (In x)*. 


x 10 | 10? | 10% | 106 | 105 | 10! 


(In x)* 


x 


68. Numerical Analysis Complete the table to show that e* 
eventually “overpowers” x°. 


x 1} 5) 10 | 20 | 30 | 40 | 50 | 100 


Comparing Functions In Exercises 69-74, use L’H6pital’s 
Rule to determine the comparative rates of increase of the 
functions f(x) = x", g(x) =e”, and h(x) = (ln x)", where 
n >0,m >0,and x cc. 


2 3 
69. lim ~- 70. lim ^5 
x> o €" x00 e 
3 2 
vi; gs n 72. tim 224) 
x> 00 x x20 X 
73, tim 222)" 74. lim — 
x00 X xo00Q9" 


BIB Asymptotes and Relative Extrema In Exercises 75-78, 


find any asymptotes and relative extrema that may exist and 
use a graphing utility to graph the function. 


75. y =x, x> 0 76. y 2 x x ^0 


In x 


T]. y = 2xe* 78. y= Uu 


Think About lt In Exercises 79-82, L'Hópital's Rule is 
used incorrectly. Describe the error. 


. 3x7 + 4x41 . 6xt+4 . 6 X 
Bt eg) Mel eee 
2x 5 2x 
80. lim —— = lim 2€ 
x20 e x20 e` 
= lim 2e* 
x20 
. e* c =e 
m TTC eae 
= lim 1 


82. lim x cos ie lim cos(1/x) 
x oo X x oo 1/x 


lim EcSin/ 10/2") 


x> 00 —1/x? 


, zd 
— ]im sin — 
xoo X 


=0 


BIB Analytic and Graphical Analysis In Exercises 83 and 


84, (a) explain why L'Hópital's Rule cannot be used to find 
the limit, (b) find the limit analytically, and (c) use a graphing 
utility to graph the function and approximate the limit from 
the graph. Compare the result with that in part (b). 


83. lim ——— 84. lim e 


x00 /x2 +1 x2mn/2- Sec x 


Graphical Analysis In Exercises 85 and 86, graph f(x)/g(x) 
and f'(x)/g'(x) near x = 0. What do you notice about these 
ratios as x > 0? How does this illustrate L'Hópital's Rule? 


85. f(x) = sin 3x, g(x) = sin4dx 86. f(x) = e* — 1, g(x) =x 


87. Electric Circuit The diagram shows a simple electric 
circuit consisting of a power source, a resistor, and an 
inductor. If voltage V is first applied at time f = 0, then the 
current / flowing through the circuit at time f is given by 


I= *(1 eh 


where L is the inductance and R is the resistance. Use 
L'Hópital's Rule to find the formula for the current by fixing 
V and L and letting R approach 0 from the right. 


R 
VVV“ 


© : 


88. Velocity in a Resisting Medium The velocity v of an 
object falling through a resisting medium such as air or water 


is given by 
_ 32 PT oe) 
V k (1 e T 32 


where v, is the initial velocity, t is the time in seconds, and k is 
the resistance constant of the medium. Use L’ Hópital' s Rule to 
find the formula for the velocity of a falling body in a vacuum 
by fixing v, and ¢ and letting k approach zero. (Assume that the 
downward direction is positive.) 


89. The Gamma Function The Gamma Function T(n) 
is defined in terms of the integral of the function given by 
f(x) = x*-le^*, n > 0. Show that for any fixed value of n, 
the limit of f(x) as x approaches infinity is zero. 


90. Compound Interest The formula for the amount A in a 
savings account compounded n times per year for t years at an 
interest rate r and an initial deposit of P is given by 


nt 
A= (1 4 z) , 
n 


Use L’Hôpital’s Rule to show that the limiting formula as 
the number of compoundings per year approaches infinity is 
given by A = Pe”. 
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Extended Mean Value Theorem In Exercises 91-94, 
verify that the Extended Mean Value Theorem can be applied 
to the functions f and g on the closed interval [a, b]. Then find 
all values c in the open interval (a, b) such that 


£© _ fo) — fa) 
g(c) g(b) — g(a) 


Functions Interval 
91. f(x) =x, g(x) 2291 [0, 1] 
92. f(x) = gx)-x-4 [1, 2] 
93. f(x) = sinx, g(x) = cosx |o. 7] 
94. f(x) = Inx, g(x) = x? [1, 4] 


True or False? In Exercises 95-100, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


95. A limit of the form 00/0 is indeterminate. 
96. A limit of the form oo * oo is indeterminate. 


97. An indeterminate form does not guarantee the existence of 


a limit. 
2 
98. lip ——À l2 jim 2*1. 
x20 X x20 1 
99. If p(x) is a polynomial, then lim p9 =0. 


100. If lim 24 = ], then lim [f(x) — g(x)] = 0. 


101. Area Find the limit, as x approaches 0, of the ratio of the 
area of the triangle to the total shaded area in the figure. 


(—x, 1 —cos x) 


alt B 
2 2 


102. Finding a Limit In Section 1.3, a geometric argument 
(see figure) was used to prove that 


(a) Write the area of AABD in 
terms of 8. 


(b) Write the area of the shaded 
region in terms of 9. 


(c) Write the ratio R of the area 
of AABD to that of the 
shaded region. 


(d) Find lim R. 
020 
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Continuous Function In Exercises 103 and 104, find the 111. Proof Prove that if f(x) 2 0, lim f(x) =0, and 
value of c that makes the function continuous at x — 0. lim g(x) = —00, then lim f(949 = a 
4x — 2 sin 2x = d f ] 
x 3 , x*0 112. Think About lt Use two different methods to find the 
103. f(x) = 2x ss 
limit 
C, x=0 
| fle +x, x #0 .. Inx” 
104. f(x) = ls de pigs 


105. Finding Values Find the values of a and b such that where m > 0, n > 0, and x > 0. 


113. Indeterminate Forms Show that the indeterminate 


lim a — cos bx _ 9: forms 0°, 00°, and 1% do not always have a value of 1 by 
aay x evaluating each limit. 
fe 106. Evaluating a Limit Use a graphing utility to graph (a) lim (n 2)/(1 + In x) 
xk = {1 (b) lim (n 2)/(1 + In x) 
f) = — ae 


(c) lim (x + 1) (2 2/x 


ioc deel ane Then Evaluate tie: liri 114. Calculus History InL'Hópital's 1696 calculus textbook, 


i xk — 1 he illustrated his rule using the limit of the function 
im 
ENS cuf FG) = 2ax — xt — ad/a’x 
107. Finding a Derivative a — Yax3 
(a) Let f'(x) be continuous. Show that as x approaches a, a > 0. Find this limit. 
. f(x B) — f(x — h) 115. Finding a Limit Consider the function 
lim = f'(x). 
h20 2h s 
ha) = x + sinx 
(b) Explain the result of part (a) graphically. x 
y B (a) Use a graphing utility to graph the function. Then use the 
! f zoom and trace features to investigate lim h(x). 
(b) Find lim A(x) analytically by writing 
hax) 2 $4 0 
x x 
== (c) Can you use L’Hôpital’s Rule to find lim A(x)? Explain 
E dA your reasoning. EUM 
108. Finding a Second Derivative Let f"(x) be continuous. 116. Evaluating a Limit Let f(x)=x+ xsinx and 
Show that g(x) = x? — 4. 
fich) — fw tfh sa a) Show that lim Flo) =0. 
lim n f (x). ( ) x oo g(x) 
(b) Show that lim f(x) = oo and lim g(x) = oc. 
x7 00 x> 0O 


109. Evaluating a Limit Consider the limit lim. (—x In x). 


(a) Describe the type of indeterminate form that is obtained (c) Evaluate the limit 


by direct substitution. f'Q) 
(b) Evaluate the limit. Use a graphing utility to verify the 2 g'oy 
result. 


What do you notice? 
E FOR FURTHER INFORMATION For a geometric (d) 
approach to this exercise, see the article “A Geometric Proof 
of jim, (—dInd) = 0” by John H. Mathews in The College 


Mathematics Journal. To view this article, go to MathArticles.com. 


Do your answers to parts (a) through (c) contradict 
L’ H6pital’s Rule? Explain your reasoning. 


PUTNAM EXAM CHALLENGE 
110. Proof Prove that if f(x) 2 0, lim f(x) — 0, and 
lim g(x) = oo, then lim f(x) =0. *"* 


xoa xoa 


1 J 1/x 
117. Evaluate lim E . a l where a > 0,a # 1. 
x oo 


x 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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5.7 Inverse Trigonometric Functions: Differentiation 


E Develop properties of the six inverse trigonometric functions. 
E Differentiate an inverse trigonometric function. 
liM Review the basic differentiation rules for elementary functions. 


ERT Inverse Trigonometric Functions 
Domain: [—m/2, 1/2] : . . g és 2 ; ! ; 
Ree dni This section begins with a rather surprising statement: None of the six basic trigonometric 
" functions has an inverse function. This statement is true because all six trigonometric 
A \ functions are periodic and therefore are not one-to-one. In this section, you will examine 
14 these six functions to see whether their domains can be redefined in such a way that 


they will have inverse functions on the restricted domains. 
=x In Example 4 of Section 5.3, you saw that the sine function is increasing (and 
therefore is one-to-one) on the interval 


The sine function is one-to-one on 
[-7/2, n/2]. as shown in Figure 5.25. On this interval, you can define the inverse of the restricted 
Figure 5.25 sine function as 


y = arcsinx if and only if siny = x 


where —1 € x < l1 and —TĦ/2 < arcsin x < Tt/2. 

Under suitable restrictions, each of the six trigonometric functions is one-to-one 
and so has an inverse function, as shown in the next definition. (Note that the term “iff” 
is used to represent the phrase “if and only if.) 


Definitions of Inverse Trigonometric Functions 


Function Domain Range 


y = arcsin x iff sin y = x 
The term 
“arcsin x" is read as “the arcsine 
of x" or sometimes “the angle 
whose sine is x.” An alternative 
notation for the inverse sine y = arccot x iff cot y =x 


function is “sin7! x.” 


y = arccos x iff cos y= x 


y = arctan x iff tan y= x 


y = arcsec x iff sec y= x 


y = arccsc x iff csc y= x 


Exploration 


The Inverse Secant Function In the definitions of the inverse trigonometric 
functions, the inverse secant function is defined by restricting the domain of 
the secant function to the intervals [0, 1/2) U (r2, rt]. Most other texts and 


reference books agree with this, but some disagree. What other domains might 
make sense? Explain your reasoning graphically. Most calculators do not have 
a key for the inverse secant function. How can you use a calculator to evaluate 
the inverse secant function? 
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A y = arcsin x 


Domain: [— 1, 1] 
Range: [- 1/2, n/2] 


y 


A y = arccsc x 


Domain: (— 00, — 1] U[1, oo) 
Range: [—11/2, 0) U (0, m/2] 


Figure 5.26 


The graphs of the six inverse trigonometric functions are shown in Figure 5.26. 


y y 


A y = arccos x 


y = arctan x 


r 
2 2 
Domain: [—1, 1] Domain: (— ©, oo) 
Range: [0, rt] Range: (—11/2, 1/2) 
y 
| 
— PER | 
Sea ips IU NORMA RR m 
2 2 
t I E. x } t l jL—- x 
= =J 1 2 2 - 1 2 


Domain: (— 0o, oo) 
Range: (0, rt) 


Domain: (— 00, — 1] U[1, oo) 
Range: [0, 1/2) U (r2, m] 


When evaluating inverse trigonometric functions, remember that they denote 
angles in radian measure. 


EXAMPLE 1 Evaluating Inverse Trigonometric Functions 


Evaluate each function. 


a. acsin(- 3) b. arccos0 c. arctan /3 d. arcsin(0.3) 


Solution 


a. By definition, y — arcsin(— 1) implies that sin y = —1. In the interval [— 2, 1/2], 
the correct value of y is — Tt/6. 


arcsin( = z) € 
2 6 


b. By definition, y = arccos 0 implies that cos y = 0. In the interval [0, rt], you have 
y = m/2. 


Tl 
arccos 0 = — 
2 


c. By definition, y = arctan 4/3 implies that tan y = 3. In the interval (— T2, r2), 
you have y = 11/3. 
n 


arctan J3 = 3 


d. Using a calculator set in radian mode produces 


arcsin(0.3) = 0.305. ad 


5 
y = arcsec —— 
2 
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Inverse functions have the properties f(f-!(x)) = x and f!(f(x)) = x. When 
applying these properties to inverse trigonometric functions, remember that the 
trigonometric functions have inverse functions only in restricted domains. For x-values 
outside these domains, these two properties do not hold. For example, arcsin(sin TI) is 
equal to 0, not it. 


Properties of Inverse Trigonometric Functions 
If -1 <x < land—m/2 < y s 11/2, then 

sin(arcsin x) = x and arcsin(sin y) = y. 
If —n/2 < y < n/2, then 


tan(arctan x) = x and arctan(tan y) = y. 


If |x| 2 1 and 0 < y < r/20r r2 < y < T, then 


sec(arcsec x) = x and arcsec(sec y) = y. 


Similar properties hold for the other inverse trigonometric functions. 


EXAMPLE 2 Solving an Equation 


- 


arctan(2x = 3) = 4 Original equation 
IL 
tan[arctan(2x mi 3)] — tan a Take tangent of each side. 
2x -3=1 tan(arctan x) = x 
x=2 Solve for x. H 


Some problems in calculus require that you evaluate expressions such as 
cos(arcsin x), as shown in Example 3. 


Using Right Triangles 


a. Given y = arcsin x, where 0 < y < T2, find cos y. 
b. Given y — arcsec( J/5/2), find tan y. 
Solution 


a. Because y — arcsin x, you know that sin y — x. This 
relationship between x and y can be represented by 
a right triangle, as shown in the figure at the right. 


dj. 
cos y — cos(arcsin x) — A e J1- x 
hyp. y 
(This result is also valid for —Tt/2 < y < 0.) 
b. Use the right triangle shown in the figure at 
the left. 


] x 

y — arcsin x 
x 
tan y — tan| arcsec E 


Opp. 
adj. 
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There is no 
common agreement on the 
definition of arcsec x (or 
arccsc x) for negative values 
of x. When we defined the range 
of the arcsecant, we chose to 
preserve the reciprocal identity 


1 
arcsec x = arccos —. 
x 


One consequence of this 
definition is that its graph has a 
positive slope at every x-value 
in its domain. (See Figure 5.26.) 
This accounts for the absolute 
value sign in the formula for 
the derivative of arcsec x. 


If your 
graphing utility does not have 
the arcsecant function, you 
can obtain its graph using 


1 
f(x) = arcsec x = arccos — 
x 


Derivatives of Inverse Trigonometric Functions 


In Section 5.1, you saw that the derivative of the transcendental function f(x) = In x is 
the algebraic function f'(x) = 1/x. You will now see that the derivatives of the inverse 
trigonometric functions also are algebraic (even though the inverse trigonometric 


functions are themselves transcendental). 


The next theorem lists the derivatives of the six inverse trigonometric functions. 
Note that the derivatives of arccos u, arccot u, and arccsc u are the negatives of the 


derivatives of arcsin u, arctan u, and arcsec u, respectively. 


THEOREM 5.18 Derivatives of Inverse Trigonometric Functions 
Let u be a differentiable function of x. 


lå 


ouw eds u] = BE 
Jl- u dx JI — & 
ul , 


d 
d [arccot u] = 


"PN 
d [arcsin u] — 


Li ue 
dx ence ] ag 


F 


1+ wv 
ul 


ix [arcsec u] — = [arccsc u] = 
dx 


dx || vu? = 1 
Proofs for arcsin u and arccos u are given in Appendix A. [The rc p 
proofs for the other rules are left as an exercise (see Exercise 94). | Im 


EXAMPLE 4 Differentiating Inverse Trigonometric Functions 


d 2 2 
a. — [arcsin(2x)] = = 
dx JÁ1-Qy 1-44 
d 3 3 
b 7, Laretan(3x)] = Tp? = 13 og 
Geox. wm dia 39 1 1 
c. — larcsin \/x] = = E 
al J/1 —x 2J/x/1—-x 2/x—-x 
2e>* 2 


d 
d. — [arcsec e?*] = = 
dx e» (e =] Jes =] 


The absolute value sign is not necessary because e? > 0. 


A Derivative That Can Be Simplified 


2 


y = arcsinx + x//1 — x 


y = : exc 200 —-3)V24-41-3 
1 — x? 2 


sei yir 
/ÁA-2 J-e 

-/-224-JV/1- 

EU eg 


Ji - T psa 


From Example 5, you can see one of the benefits of inverse trigonometric 
functions—they can be used to integrate common algebraic functions. For instance, 


from the result shown in the example, it follows that 


[vi — x dx = 5 (aresin x +x/1— x1). 


EE 
Points of 


| inflection 


Relative 
T minimum 


The graph of y = (arctan x)? has a 
horizontal asymptote at y = 17/4. 
Figure 5.27 


ee In Example 7, you 
could also let O = arctan(5/x) 
and Q = arctan(1/x). Although 
these expressions are more 
difficult to use than those in 
Example 7, you should obtain the 
same answer. Try verifying this. 
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SONS Analyzing an Inverse Trigonometric Graph 


Analyze the graph of y — (arctan x)?. 


Solution From the derivative 


i 1 
y' = 2(arctan (45) 


. 2 arctan x 
1+ x 


you can see that the only critical number is x = 0. By the First Derivative Test, this 
value corresponds to a relative minimum. From the second derivative 


(+ a) — (2 arctan x)(2x) 
"P (x3 
2(1 — 2x arctan x) 

(1 + x’)? 


it follows that points of inflection occur when 2x arctan x = 1. Using Newton’s 
Method, these points occur when x ~ +0.765. Finally, because 


m 
lim (arctan x)? = — 

x- too 4 

it follows that the graph has a horizontal asymptote at y = 17/4. The graph is shown 
in Figure 5.27. 


EXAMPLE 7 Maximizing an Angle 


cake [> See LarsonCalculus.com for an interactive version of this type of example. 


A photographer is taking a picture of a 
painting hung in an art gallery. The height of 
the painting is 4 feet. The camera lens is | foot 
below the lower edge of the painting, as shown 
in the figure at the right. How far should the 
camera be from the painting to maximize the 
angle subtended by the camera lens? 


Solution In the figure, let B be the angle to 
be maximized. 


B=8-a 


Not drawn to scale 


= arccot x arccot x The camera should be 2.236 feet from 
5 the painting to maximize the angle B. 


Differentiating produces 


dB —1/5 = 
dx 1+ (x7/25) 1-2 
=5 1 
+e lte 
4(5 — x?) 


— (25 + 32) + x2)’ 


Because dB/dx — 0 when x — 3/5. you can conclude from the First Derivative Test 
that this distance yields a maximum value of B. So, the distance is x ~ 2.236 feet and 
the angle is B ~ 0.7297 radian ~ 41.81°. au 
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GALILEO GALILEI (1564-1642) 


Galileo's approach to science 
departed from the accepted 
Aristotelian view that nature 
had describable qualities such 
as "fluidity" and "potentiality." 
He chose to describe the 
physical world in terms of 
measurable quantities such as 
time, distance, force, and mass. 
See LarsonCalculus.com to read 
more of this biography. 


liM FOR FURTHER INFORMATION 
For more on the derivative of 

the arctangent function, see 

the article “Differentiating the 
Arctangent Directly” by Eric 

Key in The College Mathematics 
Journal. To view this article, 

go to MathArticles.com. 


Review of Basic Differentiation Rules 


In the 1600s, Europe was ushered into the scientific age by such great thinkers as 
Descartes, Galileo, Huygens, Newton, and Kepler. These men believed that nature 
is governed by basic laws—laws that can, for the most part, be written in terms of 
mathematical equations. One of the most influential publications of this period— 
Dialogue on the Great World Systems, by Galileo Galilei—has become a classic 
description of modern scientific thought. 

As mathematics has developed during the past few hundred years, a small number 
of elementary functions have proven sufficient for modeling most* phenomena in 
physics, chemistry, biology, engineering, economics, and a variety of other fields. An 
elementary function is a function from the following list or one that can be formed as 
the sum, product, quotient, or composition of functions in the list. 


Algebraic Functions Transcendental Functions 
Polynomial functions Logarithmic functions 
Rational functions Exponential functions 
Functions involving radicals Trigonometric functions 


Inverse trigonometric functions 


With the differentiation rules introduced so far in the text, you can differentiate any 
elementary function. For convenience, these differentiation rules are summarized below. 


BASIC DIFFERENTIATION RULES FOR ELEMENTARY FUNCTIONS 


d ; 
"a [cu] = cu 2. 


d 


. —[uv] = uv’ + vu' 


dx 


d 
. lel = 9 


d 
i pul = 1 
d u 
. aq Un u] E T 


u 
(In a)u B 


d 

. qx 108a u] = 
d,. ! 

. —[sin u] = (cos u)u 14. 
dx 


. S ran u] = (sec? u)ju' 16. E ieat u] = — (esc? uju' 
dx dx 


: S rase u] — (sec u tan u)u' 18. dp u] = — (csc u cot u)u' 
dx dx 


, 


—Hu 


? S ied u] = ——— 20. A o u] = 
dx dx 


d d 
; zeretan u] = 1-3 22. 7, reco u] = 
m" 


i X Trainee u] = ———— 24. £ [arccsc u] = 


dx |u| i — 1 d. 


* Some important functions used in engineering and science (such as Bessel functions and gamma 
functions) are not elementary functions. 
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5.7 Exercises 


Inverse Trigonometric Functions: Differentiation 379 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Inverse Trigonometric Function Describe the 
meaning of arccos x in your own words. 


. Restricted Domain What is a restricted domain? 
Why are restricted domains necessary to define inverse 
trigonometric functions? 


. Inverse Trigonometric Functions Which inverse 
trigonometric function has a range of 0 < y < T? 


. Finding a Derivative What is the missing value? 


d 3] = 
di [arcesc x3] = 


[x3] /x® — 1 


Finding Coordinates In Exercises 5 and 6, determine the 
missing coordinates of the points on the graph of the function. 


[=] Evaluating Inverse Trigonometric Functions 
Ey In Exercises 7-14, evaluate the expression without 
using a calculator. 


rs 
8. arcsin 0 


10. arccos(— 1) 


ul 
. arcsin 5 


. arccos 5 
11. arctan ES 12. arccot( -/3 ) 
13. arccsc — J2) 


Approximating Inverse Trigonometric Functions In 
Exercises 15-18, use a calculator to approximate the value. 
Round your answer to two decimal places. 


14. arcsec 2 


15. arccos(0.051) 
17. arcsec 1.269 


16. arcsin(— 0.39) 
18. arccsc(— 4.487) 


[=] Using a Right Triangle In Exercises 19-24, 


ai y y use the figure to write the expression in algebraic 
| k . form given y = arccos x, where 0 < y < ry2. 


19. cos y 
20. sin y 
21. tany 
22. cot y 


23. sec y x 
24. csc y 


E Evaluating an Expression In Exercises 25-28, 

fn evaluate each expression without using a calculator. 

REB (Hint: Sketch a right triangle, as demonstrated in 
Example 3.) 


25. (a) sin arctan z) 26. (a) tan( arccos 3 


(b) cos( aresin 2 


27. (a) cof arcsi(— 3] 28. (a) se| arctan{ - 2)| 
(b) ese artan( - 5) (b) tan] aresin( 2) 


Simplifying an Expression Using a Right Triangle In 
Exercises 29-36, write the expression in algebraic form. 
(Hint: Sketch a right triangle, as demonstrated in Example 3.) 


(b) sd arcsin J 


29. cos(arcsin 2x) 30. sec(arctan 6x) 


31. sin(arcsec x) 32. cos(arccot x) 


33. tan( arcsec z) 34. sec[arcsin(x — 1)] 


35. ese arctan z 36. cos arsin z = ") 


E 


DoD Solving an Equation In Exercises 37—40, solve 
E 


3 the equation for x. 
E 
2 


37. arcsin(3x — TD) = 5 


39. arcsin /2x = arccos /x 


Di Finding a Derivative In Exercises 41—56, find 
the derivative of the function. 


EO 


41. f(x) = arcsin(x — 1) 


38. arctan(2x — 5) = —1 


40. arccos x — arcsec x 


42. f(t) = arccsc(— t?) 
44. f(x) — arcsec 2x 
46. f(x) = arccot x 


48. h(x) — x? arctan 5x 


43. g(x) 2 3 arccos 7 


45. f(x) — arctan e* 


arcsin 3x 


47. g(x) = x 


49. h(t) = sin(arccos f) 50. f(x) = arcsin x + arccos x 


51. y = 2xarccos x — 2/1 — x? 


52. y = x arctan 2x — qnü + 4x?) 


1/1 +1 
53. y= iint 


t arctan x) 


1 
54. y= [v4 — x? + 4arcsin z 


.x x/16 — x? 
55. y = 8 arcsin | — 


56. y = arct + 
6. y = arctan x [33 
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mide Finding an Equation of a Tangent Line In 
ue 3e Exercises 57-62, find an equation of the tangent 
do line to the graph of the function at the given point. 


Tt 
ST. y-—2 
y arcsin x, (3 n) 


58. y = -t arccos x, (-3,-2) 
x Tl 
59. y = arctan 7 (2 m) 


60. y = arcsec 4x, (2 1j 


61. y = 4x arccos(x — 1), (1, 210 


' ]m 
62. y — 3x arcsin x, (5 n) 


Finding Relative Extrema In Exercises 63-66, find any 
relative extrema of the function. 


63. f(x) = arcsec x — x 
64. f(x) = arcsin x — 2x 
65. f(x) — arctan x — arctan(x — 4) 


66. h(x) — arcsin x — 2 arctan x 


[s]: 2[m] Analyzing an Inverse Trigonometric 
T Y Graph In Exercises 67-70, analyze and sketch 
Oo E a graph of the function. Identify any relative 
7—7* extrema, points of inflection, and asymptotes. Use 

a graphing utility to verify your results. 


67. f(x) = arcsin(x — 1) 
68. f(x) = arctan x + 2 
69. f(x) — arcsec 2x 


70. f(x) = arccos 7 


Implicit Differentiation In Exercises 71-74, use implicit 
differentiation to find an equation of the tangent line to the 
graph of the equation at the given point. 


71. x? + xarctany = y — 1, (-X 1) 
72. arctan(xy) = arcsin(x + y), (0,0) 


«(445 


73. arcsin x + arcsin y = » 2° 72 


74. arctan(x + y) = y? + 2 (1, 0) 


75. Finding Values 


Ba) Use a graphing utility to evaluate arcsin(arcsin 0.5) and 
arcsin(arcsin 1). 


(b) Let 
f(x) = arcsin(arcsin x). 


Find the values of x in the interval —1 < x < 1 such that 
f(x) is a real number. 
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76.{ ) HOW DO YOU SEE IT? The graph of 
g(x) = cos x is shown below. Explain whether 
the points 


1 2n T 1] m 
(-35) (o3) (5-3) 


lie on the graph of y — arccos x. 


EXPLORING CONCEPTS 
77. Inverse Trigonometric Functions Determine 
whether 
arcsin x 
— arctan x. 
arccos x 
. Inverse Trigonometric Functions Determine 
whether each inverse trigonometric function can be 
defined as shown. Explain. 


(a) y = arcsec x, Domain: x > l,Range: ems <y< 5 


(b) y = arccsc x, Domain: x > 1, Range: O< y « T 


. Inverse Trigonometric Functions Explain why 
sin 21 = 0 does not imply that arcsin 0 = 27. 


. Inverse Trigonometric Functions Explain why 
tan T = 0 does not imply that arctan 0 = T. 


Verifying Identities In Exercises 81 and 82, verify each 
identity. 


1 
81. (a) arccsc x = arcsin z, |x| = 1 
1 m 
(b) arctan x + arctan- = >, x»0 
x 2 
82. (a) arcsin(—x) = —arcsinx, |x| € 1 
(b) arccos(—x) = Tt — arccos x, |x| € 1 
True or False? In Exercises 83-86, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. The slope of the graph of the inverse tangent function is 
positive for all x. 


84. The range of y = arcsin x is [0, rt]. 
85. < [arctan(tan x)] = 1 for all x in the domain. 


86. arcsin? x + arccos? x = 1 
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87. Angular Rate of Change An airplane flies at an altitude 92. Angular Speed A patrol car is parked 50 feet from a 
of 5 miles toward a point directly over an observer. Consider long warehouse (see figure). The revolving light on top of the 
0 and x as shown in the figure. car turns at a rate of 30 revolutions per minute. Write 0 as a 
function of x. How fast is the light beam moving along the 
EDENDUM. com mmm. wall when the beam makes an angle of O = 45° with the line 
eat l | perpendicular from the light to the wall? 
— 93. Proof 
"m ý Í 5 mi x+y 
' (a) Prove that arctan x + arctan y = arctan ey. xy +l. 


(b) Use the formula in part (a) to show that 


Not drawn to scale 


1 1 Tl 
arctan — + arctan — = —. 


(a) Write Ə as a function of x. 2 dii: 
(b) The speed of the plane is 400 miles per hour. Find dO/df 94. Proof Prove each differentiation formula. 
when x — 10 miles and x — 3 miles. d u' 
u (a) —[arctan u] = T 
88. Writing Repeat Exercise 87 for an altitude of 3 miles and dx ptu 
describe how the altitude affects the rate of change of 9. d —u' 
(b) a, arccot u] = Id 


89. Angular Rate of Change In a free-fall experiment, an 
object is dropped from a height of 256 feet. A camera on the 
ground 500 feet from the point of impact records the fall of the 
object (see figure). 


(c) cece u] = == 

dx |u| vu? — 1 

d ai ]= HE 

(a) Find the position function that yields the height of the (d) dae SSSH |u| Ju -I1 
object at time t, assuming the object is released at time m . P" 

t = 0. At what time will the object reach ground level? nd 95. Describing a Graph Use a graphing utility to graph the 


. . function f(x) = arccos x + arcsin x on the interval [ — 1, 1]. 
(b) Find the rates of change of the angle of elevation of the 


camera when f = 1 and t = 2. (a) Describe the graph of f. 
a F (b) Verify the result of part (a) analytically. 
wi | A i f 96. Think About lt Use a graphing utility to graph 
"d Qu) | f(x) = sin x and g(x) = arcsin(sin x). 
"d i a E di | gh (a) Explain why the graph of g is not the line y — x. 
40 i | "à j i | (b) Determine the extrema of g. 
A e T REED] Fa E 97. Maximizing an Angle In the figure, find the value of 
Nor drawn to seale c in the interval [0, 4] on the x-axis that maximizes angle 9. 
Figure for 89 Figure for 90 P 
2 
90. Angular Rate of Change A television camera at ground | 12 
level is filming the lift-off of a rocket at a point 800 meters (0, 2) (4, 2) $ 
from the launch pad. Let 9 be the angle of elevation of the 3 E 
rocket and let s be the distance between the camera and the 
rocket (see figure). Write O as a function of s for the period | 
of time when the rocket is moving vertically. Differentiate the 0 tp 
result to find dO/dt in terms of s and ds/dt. ` >x 5 
91. Maximizing an Angle A billboard 85 feet wide is 
Figure for 97 Figure for 98 


perpendicular to a straight road and is 40 feet from the road 
(see figure). Find the point on the road at which the angle 0 


98. Finding a Distance In the fi , find PR h that 
subtended by the billboard is a maximum. a ae "s * 


0 x PR < 3 and mZO is a maximum. 


x 
alf ^S 99, Proof Prove that arcsin x — arctan( ——) x| « I. 
Sq) J1-x hI 
i 100. Inverse Secant Function Some calculus textbooks 
define the inverse secant function using the range 
x 
| [0, 1/2) u [ro 37/2). 
MA. — (a) Sketch the graph y — arcsec x using this range. 
1 
(b) Show that y' = ————— 


xx -—1l 


Figure for 91 Figure for 92 
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5.8 Inverse Trigonometric Functions: Integration 


liM FOR FURTHER INFORMATION 
For a detailed proof of rule 2 of 
Theorem 5.19, see the article 

“A Direct Proof of the Integral 
Formula for Arctangent" by 
Arnold J. Insel in The College 
Mathematics Journal. To view this 
article, go to MathArticles.com. 


E Integrate functions whose antiderivatives involve inverse trigonometric functions. 
liM Use the method of completing the square to integrate a function. 
E Review the basic integration rules involving elementary functions. 


Integrals Involving Inverse Trigonometric Functions 
The derivatives of the six inverse trigonometric functions fall into three pairs. In each 


pair, the derivative of one function is the negative of the other. For example, 


Ero x] = Y A 
dx JI — x 


and 


d = 1 

3i [arccos x] = ae 
When listing the antiderivative that corresponds to each of the inverse trigonometric 
functions, you need to use only one member from each pair. It is conventional to use 
arcsin x as the antiderivative of 1/./1 — x?, rather than — arccos x. The next theorem 
gives one antiderivative formula for each of the three pairs. The proofs of these 
integration rules are left to you (see Exercises 73-75). 


Integrals Involving Inverse Trigonometric 
Functions 


Let u be a differentiable function of x, and let a > 0. 


+C 


= arcsin 


1. | 


u 
a 

2. | ae zb ean eee 
a a 


a? +u 


1 
= — arcsec +C 


3 du 


EXAMPLE 1 Integration with Inverse Trigonometric Functions 


a | a2 arcsin Ž + C 2 
. E o M m 
J4 — x? 2 
dx 1 3 dx = 
» | = = 4-—35x,a- 2 
2-9 3 [ar + (3x)? 
1 3x 
= = arctan +C 
3/2 a 
A Í dx _ f 2 dx " ‘ 
A u = 2x,a = 
x./4x? — 9 2x/(2x)? — 32 
= a E) +C | 
3 3 


The integrals in Example 1 are fairly straightforward applications of integration 
formulas. Unfortunately, this is not typical. The integration formulas for inverse 
trigonometric functions can be disguised in many ways. 
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EXAMPLE 2 Integration by Substitution 


: dx 
Find |S 
J ex — 1 
Solution As it stands, this integral does not fit any of the three inverse trigonometric 
formulas. Using the substitution u — e*, however, produces 
du _ du 


u=e E> du=edx UD dx--— 
e u 


With this substitution, you can integrate as shown. 


f dx _ | dx Wieg ( y 
nice as (e*)^. 
Je —1 Jey — 1 


du/u 

= | —— Substitute. 

Jw —1 

du . : 

=. e Rewrite to fit Arcsecant Rule. 

ui? —1 

|u| 

= arcsec 1 +C Apply Arcsecant Rule. 
= arcsec e* + C Back-substitute. a 


A symbolic integration utility can be useful for 
integrating functions such as the one in Example 2. In some cases, however, the 
utility may fail to find an antiderivative for two reasons. First, some elementary 
functions do not have antiderivatives that are elementary functions. Second, every 
utility has limitations—you might have entered a function that the utility was not 
programmed to handle. You should also remember that antiderivatives involving 
trigonometric functions or logarithmic functions can be written in many different 
forms. For instance, one utility found the integral in Example 2 to be 


|S = arctan Ve% — 1 + C. 
Je* —1 


Try showing that this antiderivative is equivalent to the one found in Example 2. 


EXAMPLE 3 Rewriting as the Sum of Two Quotients 


Find Í Ae 
J/ 


4—x 


Solution This integral does not appear to fit any of the basic integration formulas. 
By splitting the integrand into two parts, however, you can see that the first part can be 
found with the Power Rule and the second part yields an inverse sine function. 


2 a=] E w+ |-> dx 
JA- xi J4 — x2 J4— xi 
1 1 
= —-— | (4 — x2)-!/2(— 2x) dx + 2 [a 
| J4 — x? 
drm 
2| 1/2 


| + 2aresin§ + c 


ufa co aane, dC au 
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The area of the region bounded by the 
graph of f, the x-axis, x — 3, and x = 
is T1/6. 

Figure 5.28 


4 


Completing the Square 


Completing the square helps when quadratic functions are involved in the integrand. 
For example, the quadratic x? + bx + c can be written as the difference of two squares 
by adding and subtracting (b/2)?. 


2 2 2 2 
et bx te =a? + bee (2) (2) +6 (x +3) (2) +e 


2411222724 Completing the Square 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


s dx 
Find f —4x- T 


Solution You can write the denominator as the sum of two squares, as shown. 


x — 4x +7 = (x2 -— 4x+ 4) -4+7 = (x23 SeH e 


Now, in this completed square form, let u = x — 2 and a = " 3. 


dx dx 1 x—2 
- E t * 
| [Sa a c a 


When the leading coefficient is not 1, it helps to factor before completing the 
square. For instance, you can complete the square of 2x? — 8x + 10 by factoring first. 


2x? — 8x + 10 = 2(x? — 4x + 5) 
= 2(x? — 4x +4- 4 + 5) 
= 2[(x — 2)? + 1] 


To complete the square when the coefficient of x? is negative, use the same factoring 
process shown above. For instance, you can complete the square for 3x — x? as shown. 


3 em cdd cdi-aep cp scd 


EXAMPLE 5 Completing the Square 


Find the area of the region bounded by the graph of 
LK 
J3x — x? 


; : 3 9 
the x-axis, and the lines x — 5 and x — 7. 


fœ) = 


Solution In Figure 5.28, you can see that the area is 


9/4 1 
Area — f dx 
3/2 /3x — x2 


9/4 dx 
= f Use completed square form derived above. 
3 


2 VBI- [x — (0/2)? 


x= mr 
3/2 3/2 


arcsin 


. 1 : 
arcsin 2 — arcsin 0 


Li 
6 


524. P| 
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Review of Basic Integration Rules 


You have now completed the introduction of the basic integration rules. To be 
efficient at applying these rules, you should have practiced enough so that each rule is 
committed to memory. 


BASIC INTEGRATION RULES (a > 0) 


1. Í kf(u) du = k f flu) du 


8. 
= sinu + C . —In|cos u| + C 
cot u du = In|sin u| + C . | sec u du = In|sec u + tan u| + C 
csc u du = —In|csc u + cot u| + C . | sec? u du = tanu + C 


csc? u du = —cotu + C | fsecutanudu = secu + c 


du . u 
csc u cot u du = —cscu + C s — arcsin — C 
Sa =y a 


1 u du 1 u 
= —arctan — + C i = — arcsec | 
a a uf/fw—a a a 


You can learn a lot about the nature of integration by comparing this list with the 
summary of differentiation rules given in the preceding section. For differentiation, you 
now have rules that allow you to differentiate any elementary function. For integration, 
this is far from true. 

The integration rules listed above are primarily those that were happened on 
during the development of differentiation rules. So far, you have not learned any rules 
or techniques for finding the antiderivative of a general product or quotient, the natural 
logarithmic function, or the inverse trigonometric functions. More important, you 
cannot apply any of the rules in this list unless you can create the proper du 
corresponding to the u in the formula. The point is that you need to work more on 
integration techniques, which you will do in Chapter 8. The next two examples should 
give you a better feeling for the integration problems that you can and cannot solve 
with the techniques and rules you now know. 
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Note in 
Examples 6 and 7 that the 
simplest functions are the ones 
that you cannot yet integrate. 


EXAMPLE 6 Comparing Integration Problems 


Find as many of the following integrals as you can using the formulas and techniques 
you have studied so far in the text. 


a | dx 
` xx? — 1 


x dx 


` Je -1 
è -= 
i Jx2 -1 


Solution 


b 


a. You can find this integral (it fits the Arcsecant Rule). 
|= = arcsec|x| + C 
xvx- 1 


b. You can find this integral (it fits the Power Rule). 
1 
= IG — 1)7!/2(2x) dx 


E eg 


syrlig 


c. You cannot find this integral using the techniques you have studied so far. (You 
should scan the list of basic integration rules to verify this conclusion.) 


EXAMPLE 7 Comparing Integration Problems 


Find as many of the following integrals as you can using the formulas and techniques 
you have studied so far in the text. 


s 

a. 

xInx 

b. jus 
X 

c. ILS 


Solution 


x dx 


Jx? — 1 


a. You can find this integral (it fits the Log Rule). 
dx 1 
ax _ [lx 
xInx Inx 
= In|Inx| + C 


b. You can find this integral (it fits the Power Rule). 


jus - f(B x)! dx 


(In x)? 
Sd. 
2 C 


c. You cannot find this integral using the techniques you have studied so far. a 


5.8 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Integration Rules Decide whether you can find 
each integral using the formulas and techniques you have 
studied so far. Explain. 


dx 
b E 
b) [j —9 


(&) [Zs JU qa 
. Completing the Square In your own words, 
describe the process of completing the square of a 
quadratic function. Explain when completing the square 
is useful for finding an integral. 


E Finding an Indefinite Integral In Exercises 
3-22, find the indefinite integral. 
ied 


3 dx 4 Í x 
` J9—-x "Jr 42 
1 12 
5. [—— 6. se 
1 7 
7. | —— dx 8. | ——————5 dx 
| lonis: 
t 1 
9. [we 10. |e 
J1-1*4 x/x4 —4 
t 1 
11. Í dt 12. Je 
t+ 25 x/1 — (In xy? 
13 IS 14. [e 
NLIS “J x/9x2 - n 


— csc x cot x sin x 


m J25 = cschx t in [; + cos? x e 


17. |e 18. | e 
JxJ/1 — x 2./x(1 + x) 
x—3 x8 

19. [zie 20. mmu 

co RS o. X—2 
21. 9— m — p^ 22. TENVUEWLS 


[m] 55 [n] Evaluating a Definite Integral In Exercises 


mu " 23-34, evaluate the definite integral. 


Wt 8 Z oq 
23 ——— dx 24 dx 
o /1 — 9x? 0 4 — x 
we a à 1 
25. — ——35 dx 26. —————— dx 
Í 1+ 4x? E / 4x2 — 9 
7 4 
1 1 
27. | ——— dx 28. | —— — 
su ix dim 


E sin x V? cos x 
31. 7z at 32. ~ a 
n/2 | + cos” x o 1 + sinx 
1v arcsin x Wwe arccos x 
33. —— —— dx 34. —— —— dx 
o A-r o A-r 


mim Completing the Square In Exercises 35-42, 
4€ find or evaluate the integral by completing the 


square. 
rus 


2 
dx 
s. | 2 


37. — 
J- 2x7 + 8x + 4 


i dx 

ate f. xb +4x +8 
dx 

m lx — 6x + 12 


1 2 
39. Í ————— dx 40. Í — dx 


3 
al ete 2. [ o D EË 
2 J4x— x? TEN J? — 2x 


poe Integration by Substitution In Exercises 
e 43-46, use the specified substitution to find or 
evaluate the integral. 


43. ae dg3d 44. Í s dx 
u= ve -—3 u= /x-2 
3 


1 

ss. [| —2— 46. [| — 5 — 
1 X(1 + x) 0 2/3 —xJ/xt1 
u= x u= /xt+1 


aa Comparing Integration Problems In 
it 44, Exercises 47-50, find the indefinite integrals, if 
raters possible, using the formulas and techniques you 
25 have studied so far in the text. 


48. (a) 5 dx 


(b) Í xe* dx 


(c) [Len 
x 


47. (a) [FAR 
J1 — x? 
(b) |S 
J1 — x? 
1 
——— dx 
e I — x? 
49. (a) IE — ldx 
(b) [rvs — ldx 


x 
d. 
" | i 
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EXPLORING CONCEPTS 
Comparing Antiderivatives In Exercises 51 and 52, 
show that the antiderivatives are equivalent. 


= arcsin x? + C or arccos \/1 — x 4 


51 [as 
“J I - 3 


6 3x , 4 + 9x? 
52. i 44 9d dx — arctan 2^ C or arccsc zm 


53. Inverse Trigonometric Functions The 


antiderivative of 


1 
————— d 
|S i 


can be either arcsin x + C or — arccos x + C. Does this 
mean that arcsin x = — arccos x? Explain. 


HOW DO YOU SEE IT? Using the graph, 
which value best approximates the area of the 
region between the x-axis and the function over 
the interval [- » 1» Explain. 


(9-3 (Dj (01 (02 (94 


fe Slope Field In Exercises 55 and 56, a differential equation, 


a point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (To print an enlarged 
copy of the graph, go to MathGraphs.com.) (b) Use integration 
and the given point to find the particular solution of the 
differential equation and use a graphing utility to graph the 
solution. Compare the result with the sketch in part (a) that 
passes through the given point. 


dy 2 dy _ 2 
dx 25 = x? 


(0, 2) 56. (5, T) 


vtt 


SSIS, 
Sere rere 


"5 


D | 
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f Slope Field In Exercises 57-60, use a graphing utility to 


graph the slope field for the differential equation and graph 
the particular solution satisfying the specified initial condition. 


si. "LN 
y(3) = y(4) =2 

59. = = E 5 60. = = x 
y(0) = y(0) = 4 


Differential Equation In Exercises 61 and 62, find the 
particular solution of the differential equation that satisfies the 
initial condition. 


Me 1 
` dx J4A—x 
y(0) = n 
dy _ 1 

of dx 4+2 
y(2) 2n 


DBF Area In Exercises 63-66, find the area of the 
ET zl given region. Use a graphing utility to verify your 
i E result. 


= 


63. y = 


Lyra Ted 


64. y — 


65. y — 


67. Area 


(a) Sketch the region whose area is represented by 
1 
Í arcsin x dx. 
0 


Bi o) Use the integration capabilities of a graphing utility to 
approximate the area. 


(c) Find the exact area analytically. 


68. Approximating Pi 
(a) Show that 


1 
4 
| i37 


(b) Approximate the number rt by using the integration 
capabilities of a graphing utility. 


69. Investigation Consider the function 
1 x+2 2 
F(x) = Al BEI dt. 


(a) Write a short paragraph giving a geometric interpretation 
of the function F(x) relative to the function 


2 
rt 


f(x) = 


Use what you have written to guess the value of x that will 
make F maximum. 


(b) Perform the specified integration to find an alternative 
form of F(x). Use calculus to locate the value of x that will 
make F maximum and compare the result with your guess 
in part (a). 


70. Comparing Integrals Consider the integral 


1 

ia 
6x — x? 

(a) Find the integral by completing the square of the radicand. 
(b) Find the integral by making the substitution u = /x. 

f (c) The antiderivatives in parts (a) and (b) appear to be 
significantly different. Use a graphing utility to graph each 
antiderivative in the same viewing window and determine 
the relationship between them. Find the domain of each. 


True or False? In Exercises 71 and 72, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


1 
— arcsec 3 +C 


dx 
71. | ————— = 
Em —16 4 4 


dx 1 x 
72. IE: L3 35 arctan 25 | C 


Verifying an Integration Rule In Exercises 73—75, verify 
the rule by differentiating. Let a > 0. 


u 


73, | — ann ec 
. ee eae 


du 1 u 
74. E » = q arctan ^ FC 


1 u 
= — arcsec tC 


75 du 
Juse- a a 


76. Proof Graph y, — cm y, = arctan x, and y, = x on 


[0, 10]. Prove that Pus < arctanx <x for x»90. 
x 
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77. Numerical Integration 


(a) Write an integral that represents the area of the region in 
the figure. 


(b) Use the Midpoint Rule with n = 8 to estimate the area of 
the region. 


(c) Explain how you can use the results of parts (a) and (b) to 
estimate rt. 


H t } >x 


= = 1 2 


f 78. Vertical Motion An object is projected upward from 


ground level with an initial velocity of 500 feet per second. 
In this exercise, the goal is to analyze the motion of the object 
during its upward flight. 


(a) If air resistance is neglected, find the velocity of the object 
as a function of time. Use a graphing utility to graph this 
function. 


(b) Use the result of part (a) to find the position function and 
determine the maximum height attained by the object. 


(c) If the air resistance is proportional to the square of the 
velocity, you obtain the equation 
dv 
— = —(32 + ky? 
aes ) 
where 32 feet per second per second is the acceleration 
due to gravity and k is a constant. Find the velocity as a 
function of time by solving the equation 


dv 
l E 


Use a graphing utility to graph the velocity function v(t) in 
part (c) for k — 0.001. Use the graph to approximate the 
time t, at which the object reaches its maximum height. 


(d 


— 


(e) Use the integration capabilities of a graphing utility to 
approximate the integral 


Í " v(t) dt 


where v(t) and fy are those found in part (d). This is the 
approximation of the maximum height of the object. 


(f) Explain the difference between the results in parts (b) 
and (e). 


E FOR FURTHER INFORMATION For more information 
on this topic, see the article "What Goes Up Must Come Down; 
Will Air Resistance Make It Return Sooner, or Later?" by John 
Lekner in Mathematics Magazine. To view this article, go to 
MathArticles.com. 
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5.9 Hyperbolic Functions 


liM Develop properties of hyperbolic functions. 

E Differentiate and integrate hyperbolic functions. 

liM Develop properties of inverse hyperbolic functions. 

E Differentiate and integrate functions involving inverse hyperbolic functions. 


Hyperbolic Functions 


In this section, you will look briefly at a special class of exponential functions called 
hyperbolic functions. The name hyperbolic function arose from comparison of the 
area of a semicircular region, as shown in Figure 5.29, with the area of a region under 
a hyperbola, as shown in Figure 5.30. 


> X i i > X 
JOHANN HEINRICH LAMBERT 4 1 4 ] 
(1728-1777) 


The first person to publish Circle: x + y? = 1 Hyperbola: —x? + y? = 1 


a comprehensive study on Figure 5.29 Figure 5.30 
hyperbolic functions was Johann 


Heinrich Lambert, a Swiss- . = . ; : . . . 
German mathematician and The integral for the semicircular region involves an inverse trigonometric (circular) 
colleague of Euler. function: 

See LarsonCalculus.com to read 


1 
more of this biography. 1-3 2 = 1 2 : 
— x^ dx = =| x./1 — x? + arcsin x 
|v 2 J 


1 


Tl 
xiu 1.571. 


1 


The integral for the hyperbolic region involves an inverse hyperbolic function: 


1 
Tq 1 -— 1 
i JIT + x2 dx = Havi +x + sinh | = 2.296. 
—] p 
This is only one of many ways in which the hyperbolic functions are similar to the 
trigonometric functions. 


DENEN Definitions of the Hyperbolic Functions 


. 


s The notation 
sinh x is read as “the hyperbolic 
sine of x," cosh x as “the 
hyperbolic cosine of x," and LE = sech x 
so on. 


csch x 


coth x 


E FOR FURTHER INFORMATION For more information on the development of 
hyperbolic functions, see the article “An Introduction to Hyperbolic Functions in Elementary 
Calculus" by Jerome Rosenthal in Mathematics Teacher. To view this article, go to MathArticles.com. 


AIP Emilio Segre Visual Archives, Physics Today 
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The graphs of the six hyperbolic functions and their domains and ranges are shown 
in Figure 5.31. Note that the graph of sinh x can be obtained by adding the corresponding 
y-coordinates of the exponential functions f(x) = że” and g(x) = —3e~*. Likewise, 
the graph of cosh x can be obtained by adding the corresponding y-coordinates of the 


exponential functions f(x) = 5e* and h(x) = 5e7*. 


Domain: (— 00, oo) Domain: (— oo, oc) Domain: (— oo, 00) 
Range: (— 00, oc) Range: [1, oc) Range: (— 1, 1) 
Fi y y 
A n A 
27 = | = ne! P 
y=sechx= P vm y=cothx = EN T" 
it N00 meme RR EEEE 0 cede ls aru S 
— IM pa ———————L9« 
=l 1 2 -2 =i 1 2 
—] + ETENN —] RH RN M ge e 
JL ap i TA 


Domain: (— oo, 0) u (0, oo) Domain: (— 0o, oc) Domain: (— oo, 0) u (0, oo) 
Range: (— oo, 0) u (0, oc) Range: (0, 1] Range: (—0o, — 1) U (1, oo) 
Figure 5.31 


Many of the trigonometric identities have corresponding Ayperbolic identities. For 


instance, 
2 zx. 
etg” e e~ 
EEA E E SEE E a m 
cosh? x — sinh? x 2 ( 2 
e~+2+e% e*F —-2+e% 
4 4 


HYPERBOLIC IDENTITIES 


E FOR FURTHER INFORMATION cosh? x — sinh?x = 1 sinh(x + y) = sinh x cosh y + cosh x sinh y 
To understand geometrically tanh? x + sech? x = 1 sinh(x — y) = sinh x cosh y — cosh x sinh y 
iieri we det coth? x — csch? x = 1 cosh(x + y) = cosh x cosh y + sinh x sinh y 
functions, see the article “A Short cosh(x — y) = cosh x cosh y — sinh x sinh y 
Proof Linking the Hyperbolic eQ122 Z1 + cosh 2x >... 1 + cosh 2x 

and Exponential Functions” by maS 2 Pop 2 


Michael J. Seery in The AMATYC 
Review. 


sinh 2x — 2 sinh x cosh x cosh 2x = cosh? x + sinh? x 
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Differentiation and Integration of Hyperbolic Functions 


Because the hyperbolic functions are written in terms of e* and e *, you can easily 
derive rules for their derivatives. The next theorem lists these derivatives with the 
corresponding integration rules. 


THEOREM 5.20 Derivatives and Integrals of Hyperbolic Functions 
Let u be a differentiable function of x. oko 
d | M e 
d [sinh u] = (cosh u)u ES udu = sinh u + C ou t 
d , " : 
d [cosh u] = (sinh u)u sinh u du = cosh u + C 
x 
d , 
d [tanh u] = (sech? u)u sech? u du = tanh u + C 
x 
d , 
d [coth u] = — (csch? u)u csch? u du = —cothu + C 
x 


d 
d [sech u] = — (sech u tanh u)u' [een u tanh udu = —sech u + C 
x 


d 
ds [csch u] = —(csch u coth u)u' feson u coth u du = — csch u + C 
x 


Proof Here is a proof of two of the differentiation rules. (You are asked to prove 
some of the other differentiation rules in Exercises 99-101.) 


d.. L3] €* — 6-7 
Sinh x] = £ [ft l 


e+e” 
2 
= cosh x 
d d | sinh x 
gx anh x = S d 


_ (cosh x)(cosh x) — (sinh x) (sinh x) 
cosh? x 


1 
cosh? x 
— sech? x a 


EXAMPLE 1 Differentiation of Hyperbolic Functions 


aS fis? = 3)] Oe ihe) 
dx 


d sinh x 
b. d [In(cosh x)] = mim tanh x 


d , ; ] 
c. ae sinh x — cosh x] = x cosh x + sinh x — sinh x = x cosh x 
x 


d. Li — 1) cosh x — sinh x] = (x — 1) sinh x + cosh x — cosh x = (x — 1) sinh x 


dx 
| 


f(x) = (x —1) cosh x —sinh x | 


»—X 


(1, sinh 1) 


f" (0) < 0, so (0, — 1) is a relative 
maximum. f"(1) > 0, so (1, —sinh 1) 
is a relative minimum. 

Figure 5.32 


Catenary 
Figure 5.33 


liM FOR FURTHER INFORMATION 
In Example 3, the cable is a 
catenary between two supports at 
the same height. To learn about the 
shape of a cable hanging between 
supports of different heights, 

see the article “Reexamining 

the Catenary" by Paul Cella in 
The College Mathematics Journal. 
To view this article, go to 
MathArticles.com. 
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Finding Relative Extrema 


Find the relative extrema of 
f(x) = (x — 1) cosh x — sinh x. 

Solution Using the result of Example 1(d), set the first derivative of f equal to 0. 
(x — 1) sinhx = 0 


So, the critical numbers are x — 1 and x — 0. Using the Second Derivative Test, you 
can verify that the point (0, — 1) yields a relative maximum and the point (1, — sinh 1) 
yields a relative minimum, as shown in Figure 5.32. Try using a graphing utility to 
confirm this result. If your graphing utility does not have hyperbolic functions, you can 
use exponential functions, as shown. 


fo) = = D(F) + e= = Fle = e=) 
1 FX P m SE as x =x 
= 39e + xe e*—e ex + e) 


1 
= nia + oxe * — 2e") | 


When a uniform flexible cable, such as a telephone wire, is suspended from two 
points, it takes the shape of a catenary, as discussed in Example 3. 


EXAMPLE 3 Hanging Power Cables 


tees D> See LarsonCalculus.com for an interactive version of this type of example. 
Power cables are suspended between two towers, forming the catenary shown in 
Figure 5.33. The equation for this catenary is 
x 
= a cosh ~. 
d a 
The distance between the two towers is 2b. Find the slope of the catenary at the point 
where the cable meets the right-hand tower. 


Solution  Differentiating produces 


1 
y= a| ) sin 2 = sinh =. 
a a a 


At the point (b, a cosh(b/a)), the slope (from the left) is m = sinh P, 


Integrating a Hyperbolic Function 


Find Í cosh 2x sinh? 2x dx. 
Solution 
1 
Í cosh 2x sinh? 2x dx = 3 l (sinh 2x)?(2 cosh 2x) dx u = sinh 2x 
1] (sinh zi 
= =| 14+ 
j^. ee 
+13 
E nT 2x +C a 
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Graphs of the hyperbolic tangent 
function and the inverse hyperbolic 
tangent function 

Figure 5.34 


Inverse Hyperbolic Functions 


Unlike trigonometric functions, hyperbolic functions are not periodic. In fact, by 
looking back at Figure 5.31, you can see that four of the six hyperbolic functions are 
actually one-to-one (the hyperbolic sine, tangent, cosecant, and cotangent). So, you 
can apply Theorem 5.7 to conclude that these four functions have inverse functions. 
The other two (the hyperbolic cosine and secant) are one-to-one when their domains 
are restricted to the positive real numbers, and for this restricted domain they also 
have inverse functions. Because the hyperbolic functions are defined in terms of 
exponential functions, it is not surprising to find that the inverse hyperbolic functions 
can be written in terms of logarithmic functions, as shown in the next theorem. 


5.21 Inverse Hyperbolic Functions 


HEURMLCEIVI 5 


Function Domain 
sinh“! x = In(x + JX + 1) (— oo, oo) 
cosh ! x = In(x + x2 = 1) [1, o9) 
1, l+x 
rcs - 
tanh ! x LE m (—1, 1) 
1 t1 
coth“! x = —In~ (=, — D) Ut, oc) 
2 x1 
1-/1-x 


(0, 1] 


(eo, 0) U (0, oc) ole 


Proof The proof of this theorem is a straightforward application of the properties of 
the exponential and logarithmic functions. For example, for 


e =e 


2 


=x% 


f(x) = sinh x = 


and 
g(x) = In(x + fx? + 1) 


you can show that 


f(g(x)) =x and g(f(x)) =x 


which implies that g is the inverse function of f. | 


You can use a graphing utility to confirm graphically the 
results of Theorem 5.21. For instance, graph the following functions. 


y, = tanh x Hyperbolic tangent 

e* — e * 

= a Definition of hyperbolic tangent 

X2 eter M, S 
Yy; = tanh !x Inverse hyperbolic tangent 

1, 1x m i : 
y, = 7 In 1 Definition of inverse hyperbolic tangent 

-xX 


The resulting display is shown in Figure 5.34. As you watch the graphs being traced 
out, notice that y, = y, and y, = y,. Also notice that the graph of y, is the reflection 
of the graph of y, in the line y — x. 
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The graphs of the inverse hyperbolic functions are shown in Figure 5.35. 


Domain: (— oo, oc) 
Range: (— 06, oo) 


Domain: (—©, 0) u (0, oc) 
Range: (—©9, 0) U (0, 00) 


Figure 5.35 


| y 220 sech 


E 


20 


—V/20? —x? 


A person must walk about 41.27 feet to 
bring the boat to a position 5 feet from 


the dock. 
Figure 5.36 


oo p> IL] 
3-243 1 2 3 2 3 
—] ate 
—- 
—3-- 
Domain: [1, oc) Domain: (— 1, 1) 
Range: [0, oo) Range: (— 00, oo) 
y y 
£o 
37 au 
H D 
1+ (do! 
1 1 
H — —— — 
3-2 a. 1 2- 3 i 1 2 3 
-1+ LO 
! I 
2+ Pio | | 
i) 
3+ 34 | 


Domain: (0, 1] 
Range: [0, oo) 


Domain: (— 2, — 1) U (1, oo) 
Range: (— 0o, 0) u (0, oc) 


The inverse hyperbolic secant can be used to define a curve called a tractrix or 
pursuit curve, as discussed in Example 5. 


EXAMPLES aA Tractrix 


A person is holding a rope that is tied to a boat, as shown in Figure 5.36. As the 
person walks along the dock, the boat travels along a tractrix, given by the equation 


x 
y = asech™! = — Va? — x? 
a 


where a is the length of the rope. For a = 20 feet, find the distance the person must 
walk to bring the boat to a position 5 feet from the dock. 

Solution In Figure 5.36, notice that the distance the person has walked is 
y =y+t J20? — x? 


= E sech ^! 28 — /20? — 3) + ./20? — 2 


x 
= mE 
20 sech 20 


When x = 5, this distance is 


5 1+ /1- (1/42 
= -12 = 
yı = 20 sech 20 20 In 1/4 


So, the person must walk about 41.27 feet to bring the boat to a position 5 feet from the 
dock. iu 


= 20 In(4 + /15) ~ 41.27 feet. 
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u = 3x. 


and u = 2x. 


Let a = 2 and 


Let a = J5 
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Inverse Hyperbolic Functions: Differentiation and 
Integration 

The derivatives of the inverse hyperbolic functions, which resemble the derivatives of 
the inverse trigonometric functions, are listed in Theorem 5.22 with the corresponding 
integration formulas (in logarithmic form). You can verify each of these formulas by 


applying the logarithmic definitions of the inverse hyperbolic functions. (See Exercises 
102-104.) 


Differentiation and Integration Involving 
Inverse Hyperbolic Functions 


Let u be a differentiable function of x. 


d u' d u' 
a h^! = —_ axe h^! = —— 
alsin u] SIE leos u] JT 
M "E g d i g W 
[tanh ! u] io 7, coth u] i-3 
d —u' d —u' 
tes ho! =e ees ho! ee 
QU d u /1 — i di d lu| /1 + aug 
du 5 5 
VET In(u + Ji + @)+C 
du 1 actu 
+ 
IE —w 2a jla—u C 
+ 2 + 2. 
du 1 In a a u +C 
u ad + wv a D 


EXAMPLE 6 Differentiation of Inverse Hyperbolic Functions 


d 2 
a. — [sinh !(2x)] ES e 
dx J (2x)? + 1 
222 
JA +1 
d =f = 3 
b. p [tanh !(x3)] = 1- Gp 
_ 3x? 
1 — x6 
EXAMPLE 7 Integration Using Inverse Hyperbolic Functions 
n f dx B i 3 dx | du 
"j)x/4-92 (33) /22 — (33)? ule — wv 
JA — 9x? A 
liz 4 — Ox +C 14,27 va wie 
2 [3x| a "m 
b dx _ 1 2 dx Í du 
“J5-4 2 (AF — (2x)? gta 
1/ 1 J5 + 2x 1 latu 
= ud + uico 
ue C LU ee 
1 J5 + 2x 
= =] = +C 
4/5 n| J5 =o a 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Hyperbolic Functions Describe how the name 
hyperbolic function arose. 


. Domains of Hyperbolic Functions Which 
hyperbolic functions have domains that are not all real 
numbers? 


. Hyperbolic Identities Which hyperbolic identity 
corresponds to the trigonometric identity 
1 — cos 2x ? 
2 


. Derivatives of Inverse Hyperbolic Functions 
What is the missing value? 


sin? x = 


d =i — 
z Se” (3x)] = 


3x/1-— 9x? 


Evaluating a Function In Exercises 5-10, evaluate the 
function. If the value is not a rational number, round your 
answer to three decimal places. 


5. (a) sinh 3 6. (a) cosh 0 


(b) tanh(—2) (b) sech 1 
7. (a) csch(In 2) 8. (a) sinh ^! 0 

(b) coth(In 5) (b) tanh ^! 0 
9. (a) cosh ! 2 10. (a) csch ! 2 

(b) sech-!$ (b) coth^! 3 


Verifying an Identity In Exercises 11—18, verify the identity. 


11. sinh x + cosh x = e* 12. cosh x — sinh x = e* 
13. tanh?x + sech? x = 1 14. coth?x — csch?x = 1 
1+ h 2. 
15. cosh?x = — 5n ex 
2 
ZEE 
16. sinh? x = ZEN 


17. sinh 2x = 2 sinh x cosh x 
18. sinh(x + y) = sinh x cosh y + cosh x sinh y 
Finding Values of Hyperbolic Functions In Exercises 


19 and 20, use the value of the given hyperbolic function to find 

the values of the other hyperbolic functions. 

19. sinh x — 2 20. tanh x — i 
i 2 i 2 


Finding a Limit In Exercises 21-24, find the limit. 


21. lim sinh x 22. lim tanhx 
xoo z= —Do 
. sinhx . 
23. lim 24. lim coth x 


x20 x x07 


ERALI Finding a Derivative In Exercises 25-34, find 


E ie d the derivative of the function. 
L* E 


zi o) = = sinh 9x 
27. y = sech 5x? 


26. f(x) = cosh(8x + 1) 
28. f(x) = tanh(4x? + 3x) 


29. f(x) = In(sinh x) 30. y= in(tanh z) 


31. h(t) = c sinh(- 30 


3. f(t) — arctan(sinh f) 


32. y = (x? + 1) coth 5 
4. g(x) = sech? 3x 


Finding an Equation of a Tangent Line In Exercises 
35-38, find an equation of the tangent line to the graph of the 
function at the given point. 
35. y = sinh(1 — x’), (1,0) 
36. y = xx, (1, 1) 
37. y = (cosh x — sinh x, (0, 1) 
38. y = esimhx, (0, 1) 
[m]: DE Finding Relative Extrema In Exercises 
4& 39-42, find the relative extrema of the function. 
Se Use a graphing utility to confirm your result. 
g(x) = x sech x 
40. h(x) = 2 tanh x — x 
41. f(x) = sin x sinh x — cos x cosh x, 


42. f(x) = x sinh(x — 1) — cosh(x — 1) 


-4<x<4 


ap] Catenary In Exercises 43 and 44, a model for 
a power cable suspended between two towers is 
a given. (a) Graph the model. (b) Find the heights of 
* the cable at the towers and at the midpoint between 

the towers. (c) Find the slope of the cable at the 

point where the cable meets the right-hand tower. 


IA 


43. y = 10 + 15 cosh =, -15 <x< 15 


x 
= 18 + ~*~ 295 « 
44. y = 18 + 25 cosh 25 25€ x 


IA 


25 


Otio Finding an Indefinite Integral In Exercises 
Et Me 45-54, find the indefinite integral. 


rai M 


45. Í cosh 4x dx 46. [seo 3x dx 


cosh \/x 
— —— dx 
Vx 


sinh x " 
1 + sinh? x 


47. Í sinh(1 — 2x) dx 48. 


49. foose — 1)sinh(x — 1)dx 50. | 
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|= X ix 52. E coth(1/x) " 


x 


54. Jur x tanh x dx 


Evaluating a Definite Integral In Exercises 55—60, 
evaluate the definite integral. 


In 2 1 
55. Í tanh x dx 56. Í cosh? x dx 
0 0 


4 1 
57. Í csch? (x — 2) dx 58. Í sech? (2x — 1) dx 
3 


1/2 


2 
59. Í csch(3x — 4) coth(3x — 4) dx 
5/3 


In 2 
60. Í 2e™* cosh x dx 
0 


EXPLORING CONCEPTS 


61. Using a Graph Explain graphically why there is no 
solution to cosh x = sinh x. 


62. Hyperbolic Functions Use the graphs on page 391 
to determine whether each hyperbolic function is even, 
odd, or neither. 


63. Think About It Verify the results of Exercise 62 
algebraically. 


64. 5 HOW DO YOU SEE IT? Use the graphs 
of f and g shown in the figures to answer the 
following. 


f(x) 2 cosh x 


>x 


(a) Identify the open interval(s) on which the graphs 
of f and g are increasing or decreasing. 

(b) Identify the open interval(s) on which the graphs 
of f and g are concave upward or concave 
downward. 


Eg: [s] Finding a Derivative In Exercises 65-74, find 


i 4 the derivative of the function. 


feline 

65. y = cosh ! (3x) 
67. y = tanh! /x 
69. y = sinh” ‘(tan x) 


66. y = csch ^! (1 — x) 
68. f(x) = coth-!(x2) 
70. y = tanh  !(sin 2x) 
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71. y = sech"! (sinx),0 < x < m/2 
72. y = coth™! (e”*) 
73. y = 2xsinh7!(2x) — V1 + 4x? 
74. y = xtanh ! x + In/1 — x? 
RE Finding an Indefinite Integral In Exercises 


45 75-82, find the indefinite integral using the 
EHE formulas from Theorem 5.22. 
i Pus 


1 
75. le dx 


1 
76. | — —— 4 
E zap” 


1 x 
77. [ae 78. [sae 
1 J/x 
29. | = Sd 80. | ————cdx 
|^ J1 0x3 


dx 


-1 
81. [t 


Evaluating a Definite Integral In Exercises 83-86, 
evaluate the definite integral using the formulas from 
Theorem 5.22. 


7 3 
1 1 
83. | ———d 84. | —— —d 
[= x late x 
1 1 
1 1 
85. — dx 86. | ————d 
lk = Ox? | Berl 


Differential Equation In Exercises 87 and 88, find the 
general solution of the differential equation. 
dy 3i — 21x 1 — 2x 


U RR EE 9, p ~ axe — x2 


Area In Exercises 89-92, find the area of the given region. 


90. y — tanh 2x 


x 
89. y = sech 2 


93. Tractrix Consider the equation of a tractrix 
y= ase- (2) — /d —x, a»0Q. 
(a) Find dy/dx. 


(b) Let L be the tangent line to the tractrix at the point P. 
When L intersects the y-axis at the point Q, show that the 
distance between P and Q is a. 


94. Tractrix Show that the boat in Example 5 is always 
pointing toward the person. 


95. Proof Prove that 


tanh ! x = > In 


1 = 
2 


La, -1l<x<l. 
96. Proof Prove that 
sinh! t = In(r + Jf 4 1). 
97. Using a Right Triangle Show that 
arctan(sinh x) — arcsin(tanh x). 


98. Integration Let x > 0 and b > 0. Show that 


[ Hye 2 sinh bx 


-b x 
Proof In Exercises 99-101, prove the differentiation formula. 


99, A od x] = sinh x 
dx 
100. S [coth x] = csch? 
7, leoth x csch? x 
d 
101. —[sech x] = —sech x tanh x 
dx 


Verifying a Differentiation Formula In Exercises 
102-104, verify the differentiation formula. 


102. i sit x] = M 
dx x^—1 
d 1 
103. [seh ia] = —— 
dx Vx t1 
1 


d Ale] 
104. d [sech~! x] = 


PUTNAM EXAM CHALLENGE 


105. From the vertex (0, c) of the catenary y = c cosh(x/c) 
a line L is drawn perpendicular to the tangent to the 
catenary at point P. Prove that the length of L intercepted 
by the axes is equal to the ordinate y of the point P. 


. Prove or disprove: there is at least one straight line 


normal to the graph of y — cosh x at a point (a, cosh a) and 
also normal to the graph of y — sinh x at a point (c, sinh c). 


[At a point on a graph, the normal line is the perpendicular 
to the tangent at that point. Also, cosh x = (e* + e~*)/2 
and sinh x = (e* — e~*)/2.] 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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SECTION PROJECT e e oo ooooooo oo 


Mercator Map 


When flying or sailing, pilots expect to be given a steady compass 
course to follow. On a standard flat map, this is difficult because 
a steady compass course results in a curved line, as shown below. 


Standard flat map: flight with 
constant 45° bearing 


Globe: flight with 
constant 45° bearing 


For curved lines to appear as straight 
lines on a flat map, Flemish 
geographer Gerardus Mercator 
(1512-1594) realized that latitude lines 
must be stretched horizontally by a 
scaling factor of sec Q, where @ is the 
angle (in radians) of the latitude line. 
The Mercator map has latitude lines 
that are not equidistant, as shown at 
the right. 


Mercator map: flight with 
constant 45? bearing 


To calculate these vertical lengths, imagine a globe with radius 
R and latitude lines marked at angles of every A radians, with 
Ad = $; — d; ,, as shown in the figure on the left below. The arc 
length of consecutive latitude lines is RAQ. On the corresponding 
Mercator map, the vertical distance between the ith and (i — 1)st 
latitude lines is RAQ sec @,, and the total vertical distance from the 


equator to the nth latitude line is approximately X RA sec ,, as 
shown in the figure on the right below. s 


Lat @, 
Lat $, RA sec 0, 
Lat $, k 
Lat 6 RA sec ġ, 
Center Lat $ y 
RAQ a ON 
Equator Equator 


Globe 
Mercator map 


Mercator maps are still used by websites to display the world. 


(a) Explain how to calculate the total vertical distance on a 
Mercator map from the equator to the nth latitude line using 
calculus. 


(b) Using a globe radius of R = 6 inches, find the total vertical 
distances on a Mercator map from the equator to the latitude 
lines whose angles are 30°, 45°, and 60°. 


(c) Explain what happens when you attempt to find the total 
vertical distance on a Mercator map from the equator to the 
North Pole. 


y 


(d) The Gudermannian function gd(y) = Í expresses the 


o cosh t 


latitude d(y) = gd(y) in terms of the vertical position y on a 
Mercator map. Show that gd(y) — arctan(sinh y). 
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Review Exercises 


Logarithmic, Exponential, and Other Transcendental Functions 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Sketching a Graph In Exercises 1 and 2, sketch the graph 
of the function and state its domain. 


1. f(x) 2 Inx - 3 2. f(x) = In(x + 3) 

Using Properties of Logarithms In Exercises 3 and 4, 
use the properties of logarithms to approximate the indicated 
logarithms, given that In 4 —1.3863 and In 5 —1.6094. 


3. (a) In 20 (b) In? (c) In 625 (d) In /5 
4. (a) In 0.0625 (b) In? (c) In 16 (d) In 3/80 


Expanding a Logarithmic Expression In Exercises 
5 and 6, use the properties of logarithms to expand the 
logarithmic expression. 


: 4x? — 1 
4x +1 
6. In[(x? + D)(x — 1)] 


5. In 


Condensing a Logarithmic Expression In Exercises 7 
and 8, write the expression as the logarithm of a single quantity. 


7. In3 + iln(4 — x2) — Inx 
8. 3[In x — 2 In(x? + 1)] + 21n 5 


Finding a Derivative In Exercises 9-16, find the derivative 
of the function. 


9. g(x) = In /2x 

10. f(x) = In(3x? + 2x) 
11. f(x) = x /In x 

12. f(x) = [InQ3)T 


|x3 +4 
13. y=1 
Aca x)—4 


X 
14. yon 6 

1 
15. y = eee 
ji s In 5x 


1- 


Finding an Equation of a Tangent Line In Exercises 17 
and 18, find an equation of the tangent line to the graph of the 
function at the given point. 

2 


17. y = In(2 + x) + 11g (-1,2) 


18. y = 2x? + Inx?, (1,2) 


Logarithmic Differentiation In Exercises 19 and 20, use 
logarithmic differentiation to find dy/dx. 


— +2 2 
19. y= 2/7], x»1 20. y= ——, x» 
9. y = 33 /x x 0. y NES X3 


Finding an Indefinite Integral In Exercises 21-26, find 
the indefinite integral. 


2 
21 |; ax 22. [se 
23. | = a. [^54 
] + cosx 
2 E 
s. [$58 JE = 
x^c-1 Jx(2 x + 5) 


Evaluating a Definite Integral In Exercises 27-30, 
evaluate the definite integral. 


4 
z. | 2x ly. 
1 2x 


28. Í UN 
1 X 


n/3 
29. Í sec 0 40 
Q 


) 


Tt 
30. Í tan 840 
Q 3 


) 


Area In Exercises 31 and 32, find the area of the region 
bounded by the graphs of the equations. Use a graphing utility 
to verify your result. 


6x 
31. y pop 3,x=S5,y=0 


32. y — x 4 esc x = 


12 2,x=6,y=0 


Finding an Inverse Function In Exercises 33-38, (a) 
find the inverse function of f, (b) graph f and f^! on the 
same set of coordinate axes, (c) verify that f-!(f(x)) =x 
and f(f-'(x)) = x, and (d) state the domains and ranges of f 
and f~t. 

33. f(x) 2 àx - 3 

34. f(x) = 5x — 7 

35. f(x) = /x* 1 

36. f(x) - 33 +2 

37. f(x) = 3x + 1 

38. f(x) =x? -—5, x 20 

Evaluating the Derivative of an Inverse Function In 
Exercises 39-42, verify that f has an inverse function. Then 
use the function f and the given real number a to find 
(f-)'(a). (Hint: Use Theorem 5.9.) 

39. f(x) =x +2, a=-1 


40. f(x) =x/x-3, a=4 


T 
. = <x< 
41. f(x) = tan x, EE 3 


42. f(x) = cosx, O<x<T, a-0 


Solving an Exponential or Logarithmic Equation In 
Exercises 43—46, solve for x accurate to three decimal places. 


43. e* = 30 

44. -4 + 3e = 6 

45. In /x c 1-2 

46. Inx + In(x — 3) = 0 


Finding a Derivative In Exercises 47-52, find the 
derivative of the function. 
n za 
1+e* 
50. h(z) = e? 


47. e(t) = re! 


49. y= Je 
2 
51. g(x) = om 


48. g(x) =1 


52. y = 3e 


Finding an Equation of a Tangent Line In Exercises 53 
and 54, find an equation of the tangent line to the graph of the 
function at the given point. 


53. f(x) =e, (0,1) 
54. h(x) = —xe? *, (2, —2) 


Ag Finding Extrema and Points of Inflection In Exercises 


55 and 56, find the extrema and points of inflection (if any 
exist) of the function. Use a graphing utility to graph the 
function and confirm your results. 

e 6-592 


55. f(x) = (x + le 56. e(x) — 


Finding an Indefinite Integral In Exercises 57-60, find 
the indefinite integral. 


57. [re = dy 


Ax — 2x p X — 2X 
59. [a 60. | £e 


58. E dx 


e* e^» + e?x 


Evaluating a Definite Integral In Exercises 61—64, 
evaluate the definite integral. 
2 jx 
62. Í y dx 
1 


1 
61. Í xe-?* dx 5 
0 p * 
3 x 5 4x + 
63. | —— ax &| tle 
e= 1 1/4 4x + e 


65. Area Find the area of the region bounded by the graphs of 


y=2e*, y=0, x=0, and x=2. 


m 66. Depreciation The value V of an item ¢ years after it is 


purchased is V = 9000e 99,0 < t < 5. 
(a) Use a graphing utility to graph the function. 


(b) Find the rates of change of V with respect to t when t = 1 
and t = 4. 


(c) Use a graphing utility to graph the tangent lines to the 
function when t = 1 and t = 4. 
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Sketching a Graph In Exercises 67 and 68, sketch the 
graph of the function. 
1 x 
68. y= n 


Solving an Equation In Exercises 69—74, solve the 
equation accurate to three decimal places. 


67. y = 9o? 


69. 41: = 52 70. 2(3**2) = 17 
0.03 V '?' 0.06 365 
Lia = ~(l+ 22} = 
71 (1 2 3 72 (1 d 


73. log(x + 1) = 2 74. log, x? = 4.1 


Finding a Derivative In Exercises 75-82, find the derivative 
of the function. 


75. f(x) 2 3*7! 76. f(x) = 5* 


3t 


77. gp = i 78. f(x) = x(4 ?) 


79. g(x) = log /1— x 80. A(x) = log; ar 


81. y = x! 82. y = (3x + 5)* 


Finding an Indefinite Integral In Exercises 83 and 84, 
find the indefinite integral. 
— t 
84. Í i z dt 
t 


Evaluating a Definite Integral In Exercises 85 and 86, 
evaluate the definite integral. 


2 
85. Í 6* dx 
1 


87. Compound Interest 


83. fe + 1)56+ D’ dy 


0 
86. Í 9*/2 dx 


-4 


(a) A deposit of $550 is made in a savings account that pays 
an annual interest rate of 1% compounded monthly. What 
is the balance after 11 years? 


(b) How large a deposit, at 5% interest compounded 
continuously, must be made to obtain a balance of $10,000 
in 15 years? 


(c) A deposit earns interest at a rate of r percent compounded 
continuously and doubles in value in 10 years. Find r. 


88. Climb Rate The time ¢ (in minutes) for a small plane to 


climb to an altitude of h feet is 


18,000 
t = 901810 18.000 — h 
where 18,000 feet is as high as the plane can fly. 


(a) Determine the domain of the function appropriate for the 
context of the problem. 
aa (b) Use a graphing utility to graph the function and identify 
any asymptotes. 


(c) Find the time when the altitude is increasing at the 
greatest rate. 


402 Chapter 5 


Evaluating a Limit In Exercises 89-96, use L'Hópital's 
Rule to evaluate the limit. 

2 
89. lim (na 


xe1x— l 


sin Tx 
90. lim — 
x20 sin 5TIx 


91. lim 5 
92. lim xe-" 

93. lim (In x)/* 
94. lim (x — 1)* 


95. lim 1000( 1 + 222) 


noo n 


96. lim (1 " JJ 
X 


x0oo 


Evaluating an Expression In Exercises 97 and 98, evaluate 
each expression without using a calculator. (Hint: Make a 
sketch of a right triangle.) 


97. (a) sin(arcsin 1) 
(b) cos(arcsin 1 
98. (a) tan(arccot 2) 
(b) cos(arcsec J5) 
Finding a Derivative In Exercises 99-104, find the 
derivative of the function. 
99, y = arccsc 2x? 
100. y = 4 arctan e” 


101. y = x arcsec x 
100. y= /2-4— 2 arcsec 5, 2<x<4 


103. y = x(arcsin x)? — 2x + 2/1 — x? arcsin x 
104. y = tan(arcsin x) 


Finding an Indefinite Integral In Exercises 105—110, find 
the indefinite integral. 


105. Í de 


ex + e? 
106 ta 
J 34 252% 
107. Í ——À k 
I =x 
1 
108. [{— 
x/9x?2 — 49 
arctan(x/2) 
109. Í RUE. dy 
arcsin 2x 
110. | — a 
V1 — 4x? 


Logarithmic, Exponential, and Other Transcendental Functions 


Evaluating a Definite Integral In Exercises 111-114, 
evaluate the definite integral. 


111. 


1/7 dx 
Í V1 — 49x? 


! og 
112. ————2 dx 
| V4 ins x$ 


2 
^  10e* 
113. [sree 


va cos x 
114. Í - : dx 
n/3 (sin x) /sim? x — (1/4) 


Area In Exercises 115 and 116, find the area of the given 
region. 


4—x 
uu 116. y= 7642 


y 


Verifying an Identity In Exercises 117 and 118, verify the 
identity. 


117. cosh 2x = cosh? x + sinh? x 


118. cosh(x — y) = cosh x cosh y — sinh x sinh y 


Finding a Derivative In Exercises 119-124, find the 
derivative of the function. 


119. y = sech(4x — 1) 120. y = 2x — cosh \/x 
121. y = coth 8x? 122. y = In(coth x) 
123. y = sinh- !(4x) 124. y = x tanh“ !(2x) 


Finding an Indefinite Integral In Exercises 125-130, find 
the indefinite integral. 


125. Í x? sech? x? dx 126. [sim 6x dx 
sech? x " 
127. dx 128. | csch* 3x coth 3x dx 
tanh x 
129. | — 5 dx 130. | ———— ax 
"9 42 J STI 


Evaluating a Definite Integral In Exercises 131-134, 
evaluate the definite integral. 
1 


2 
131. Í sech 2x tanh 2x dx 132. Í sinh? x dx 
1 0 


1 0 
3 2 
133. | ————— dx 134. | ————dx 
[ Jox + 16 f. 49 — 42 
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See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


f 1. Approximation To approximate e", you can use a function 


of the form 
a + bx 
fe) = £8 


(This function is known as a Padé approximation.) The values 
of f(0), f’(0), and f"(0) are equal to the corresponding values 
of e*. Show that these values are equal to 1 and find the values 
of a, b, and c such that f(0) = f'(0) = f"(0) = 1. Then use a 
graphing utility to compare the graphs of f and e". 


. Symmetry Recall that the graph of a function y = f(x) is 
symmetric with respect to the origin if, whenever (x, y) is a 
point on the graph, (—x, — y) is also a point on the graph. The 
graph of the function y — f(x) is symmetric with respect to 
the point (a, b) if, whenever (a — x, b — y) is a point on the 
graph, (a + x, b + y) is also a point on the graph, as shown in 
the figure. 


(a* x, by) 


(a —x, b —y) 


Sra 


(a) Sketch the graph of y = sin x on the interval [0, 211]. Write 
a short paragraph explaining how the symmetry of the 
graph with respect to the point (Tt, 0) allows you to conclude 
that 


2n 
Í sin x dx = 0. 
0 


(b) Sketch the graph of y = sin x + 2 on the interval [0, 2rt]. 
Use the symmetry of the graph with respect to the point 
(T, 2) to evaluate the integral 


n 
Í (sin x + 2) dx. 
0 


(c) Sketch the graph of y = arccos x on the interval [— 1, 1]. 
Use the symmetry of the graph to evaluate the integral 


li 


(d) Evaluate the integral f 13 (ana? dx 


arccos x dx. 


n/2 1 


. Finding a Value Find the value of the positive constant c 
such that 


+ x 
lim (: 3 - 9, 
ACO \ Ke. 


4. 


Bg s. 


Finding a Value Find the value of the positive constant c 
such that 


Finding Limits Use a graphing utility to estimate each 
limit. Then calculate each limit using L'Hópital's Rule. What 
can you conclude about the form 0 * 00? 


1 1 
(a) lim (cot + 1) (b) lim (cor — 1) 
x20* X x-0* x 


(c) lim | (cos + BT — 3! 
x20* x x 


. Areas and Angles 


(a) Let P(cos t, sin t) be a point on the unit circle x? + y? = 1 
in the first quadrant (see figure). Show that t is equal to 
twice the area of the shaded circular sector AOP. 


y » 
A A 


> X 


í A(1, 0) t 
nom ACL, 0) 


Figure for part (a) Figure for part (b) 


(b) Let P(cosht, sinh t) be a point on the unit hyperbola 
x? — y? = 1 in the first quadrant (see figure). Show that f 
is equal to twice the area of the shaded region AOP. Begin 
by showing that the area of the shaded region AOP is given 
by the formula 


cosh t 


Jx?— 1 dx. 


1 
A(t) = = cosh t sinh t — 
2 1 


. Intersection Graph the exponential function y = a* for 


a = 0.5, 1.2, and 2.0. Which of these curves intersects the line 
y = x? Determine all positive numbers a for which the curve 
y = a* intersects the line y = x. 


. Length The line x = 1 is tangent to the unit circle at A. The 


length of segment QA equals the length of the circular arc PA 
(see figure). Show that the length of segment OR approaches 2 
as P approaches A. 


A(1, 0) 
»X 


a 
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9. Area Consider the three regions A, B, and C determined by 14. Area Use integration by substitution to find the area under 
the graph of f(x) = arcsin x, as shown in the figure. the curve 
y B 1 
4 Y sin? x + 4 cos? x 
1 pS 
n between x = 0 and x = n 
4 
L B 15. Area Use integration by substitution to find the area under 
d B e the curve 
1 
T » X y = 
1 v2 1 Vx +x 
2.2. 
between x — 1 and x — 4. 
(a) Calculate the areas of regions A and B. B 16. Mortgage A $120,000 home mortgage for 35 years at 
(b) Use your answers in part (a) to evaluate the integral 95% has a monthly payment of $985.93. Part of the monthly 
An payment goes for the interest charge on the unpaid balance, and 
Í arcsin x dx. the remainder of the payment is used to reduce the principal. 
1/2 The amount that goes for interest is 
(c) Use the methods in part (a) to evaluate the integral Pr r \120 
u=M (u ) (1 t ) 
3 12 12 
Í In x dx. 
1 and the amount that goes toward reduction of the principal is 
(d) Use the methods in part (a) to evaluate the integral Pr pM 
A M (m 2) z) 
Í arctan x dx. 
1 In these formulas, P is the amount of the mortgage, r is the 


interest rate (in decimal form), M is the monthly payment, and 


10. Distance Let L be the tangent line to the graph of the . M 
t is the time in years. 


function y = In x at the point (a, b), where c is the y-intercept 

of the tangent line, as shown in the figure. Show that the (a) Use a graphing utility to graph each function in the same 

distance between b and c is always equal to 1. viewing window. (The viewing window should show all 
35 years of mortgage payments.) 


» y 


(b 


— 


In the early years of the mortgage, the larger part of the 
monthly payment goes for what purpose? Approximate 
the time when the monthly payment is evenly divided 
between interest and principal reduction. 


(c) Use the graphs in part (a) to make a conjecture about the 
relationship between the slopes of the tangent lines to the 
two curves for a specified value of t. Give an analytical 
argument to verify your conjecture. Find u'(15) and v'(15). 


Figure for 10 Figure for 11 (d) Repeat parts (a) and (b) for a repayment period of 20 years 
(M — $1118.56). What can you conclude? 
11. Distance Let L be the tangent line to the graph of the Be 17. Approximating a Function 


function y = e* at the point (a, b), where c is the y-intercept of 


the tangent line, as shown in the figure. Show that the distance (a) Use a graphing utility to compare the graph of the function 
between a and c is always equal to 1. y = e* with the graph of each given function. 
12. Gudermannian Function The Gudermannian ( y, 214 x 
function of x is gd(x) = arctan(sinh x). ! 1! 
f (a) Graph gd using a graphing utility. T - x, 
Qi) y, = 1 TET 
(b) Show that gd is an odd function. ` : 
2 3 
(c) Show that gd is monotonic and therefore has an inverse. Gii) y, = 1 " a ! ^ 
(i Find thè point of nilegtion of gd: (b) Identify the pattern of successive polynomials in part (a), 
(e) Verify that gd(x) = arcsin(tanh x). extend the pattern one more term, and compare the graph 
13. Decreasing Function Show that f(x) = Inx is a of the resulting polynomial function with the graph of 
decreasing function for x > e and n > 0. y-et. 


(c) What do you think this pattern implies? 


Differential Equations 


6.1 Slope Fields and Euler's Method 
i eas rers 6.2 Growth and Decay 


= 0722: 82 Separation of Variables and the Logistic Equation 
: 6.4 First-Order Linear Differential Equations 


Sailing (Exercise 67, p. 431) 


Wildlife Population (Example 4, p. 425) 


Clockwise from top left, iStockphoto.com/travenian; wavebreakmedia/Shutterstock.com; 
Stephen Aaron Rees/Shutterstock.com; iurii/Shutterstock.com; Derek R. Audette/Shutterstock.com 


Intravenous Feeding 
(Exercise 30, p. 437) 


Forestry 
(Exercise 62, p. 422) 
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6.1 Slope Fields and Euler's Method 


E Use initial conditions to find particular solutions of differential equations. 
E Use slope fields to approximate solutions of differential equations. 
li Use Euler’s Method to approximate solutions of differential equations. 


General and Particular Solutions 


In this text, you will learn that physical phenomena can be described by differential 
equations. Recall that a differential equation in x and y is an equation that involves x, 
y, and derivatives of y. For example, 


2xy' —3y 20 Differential equation 


is a differential equation. In Section 6.2, you will see that problems involving radioactive 
decay, population growth, and Newton's Law of Cooling can be formulated in terms 
of differential equations. 

A function y = f(x) is called a solution of a differential equation if the equation 
is satisfied when y and its derivatives are replaced by f(x) and its derivatives. For 
example, differentiation and substitution would show that y = e ?' is a solution of the 
differential equation y' + 2y = 0. It can be shown that every solution of this differential 
equation is of the form 


y= Ce ?* General solution of y' + 2y = 0 


where C is any real number. This solution is called the general solution. Some 
differential equations have singular solutions that cannot be written as special cases of 
the general solution. Such solutions, however, are not considered in this text. The order 
of a differential equation is determined by the highest-order derivative in the equation. 
For instance, y' = 4y is a first-order differential equation. 

In Section 4.1, Example 9, you saw that the second-order differential equation 
s"(r) = —32 has the general solution 


s(t) = — 16 + Cit + C, General solution of s”(t) = —32 


which contains two arbitrary constants. It can be shown that a differential equation of 
order n has a general solution with n arbitrary constants. 


EXAMPLE 1 Determining Solutions 


Determine whether each function is a solution of the differential equation y" — y — 0. 


a. y = sinx b. y = 4e™ c y = Ce 


Solution 
a. Because y = sin x, y' = cos x, and y" = — sin x, it follows that 
y'—y- —sinx — sinx = —2 sinx 7 0. 


So, y = sin x is not a solution. 
b. Because y = 4e", y' = —4e~*, and y" = 4e *, it follows that 
y" — y = 4e™ — 4e™ = Q. 
So, y = 4e™ is a solution. 
c. Because y = Ce", y' = Ce’, and y" = Ce’, it follows that 
y" — y = Ce* — Ce* = 0. 


So, y = Ce* is a solution for any value of C. a 


Several solution curves for y' + 2y = 0 


General 
solution: 
y=Ce™ 


Figure 6.1 
y 
A 
5 at 
4 bs 
3 bx 
eT (3, 2) 
1 ata 
i | | | x 
1 2 3 4 5 
For the initial condition y = 2 when 


x = 3, the particular solution of the 
differential equation xy' — 3y = 0, 


x > 0, is y = (2x3)/27. 
Figure 6.2 
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Geometrically, the general solution of a first-order differential equation represents 
a family of curves known as solution curves, one for each value assigned to the 
arbitrary constant. For instance, you can verify that every function of the form 

y= Ce ?* General solution of y' + 2y = 0 
is a solution of the differential equation 

y + 2y=0. 


Figure 6.1 shows four of the solution curves corresponding to different values of C. 

As discussed in Section 4.1, particular solutions of a differential equation are 
obtained from initial conditions that give the values of the dependent variable or one 
of its derivatives for particular values of the independent variable. The term “initial 
condition” stems from the fact that, often in problems involving time, the value of 
the dependent variable or one of its derivatives is known at the initial time t = 0. For 
instance, the second-order differential equation 


s"(r = —32 
having the general solution 

s(t) = —16? + Cit + C, General solution of s"(r) = —32 
might have the following initial conditions. 

s(0) = 80, s'(0) = 64 Initial conditions 
In this case, the initial conditions yield the particular solution 


s(t) = — 16t? + 64t + 80. Particular solution 


EXAMPLE 2 Finding a Particular Solution 


RE p- See LarsonCalculus.com for an interactive version of this type of example. 
For the differential equation 
xy’ — 3y 2 0 


verify that y = Cx? is a solution. (Assume x > 0.) Then find the particular solution 
determined by the initial condition y — 2 when x — 3. 


Solution You know that y = Cx? is a solution because y' = 3Cx? and 
xy’ — 3y = x(3C2) — 3(Cx3) = 0. 


Furthermore, the initial condition y = 2 when x = 3 yields 


y= Cx3 General solution 
2=C (3)? Substitute initial condition. 
= = Solve for C. 
27 
and you can conclude that the particular solution is 
235 
y= 7° x20 Particular solution 


as shown in Figure 6.2. Try checking this solution by substituting for y and y' in the 
original differential equation. al 


Note that to determine a particular solution, the number of initial conditions must 
match the number of constants in the general solution. 
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Figure 6.3 


Slope Fields 


Solving a differential equation analytically can be difficult or even impossible. 
However, there is a graphical approach you can use to learn a lot about the solution of 
a differential equation. Consider a differential equation of the form 

y' = F(x, y) Differential equation 


where F(x, y) is some expression in x and y. At each point (x, y) in the xy-plane where F 
is defined, the differential equation determines the slope y' — F(x, y) of the solution at 
that point. If you draw short line segments with slope F(x, y) at selected points (x, y) in 
the domain of F, then these line segments form a slope field, or a direction field, for the 
differential equation y' — F(x, y). Each line segment has the same slope as the solution 
curve through that point. A slope field shows the general shape of all the solutions 
and can be helpful in getting a visual perspective of the directions of the solutions of a 
differential equation. 


Sketching a Slope Field 


Sketch a slope field for the differential equation y' = x — y for the points (— 1, 1), 
(0, 1), and (1, 1). 


Solution The slope of the solution curve at any point (x, y) is 
F(x, y) =x-y. Slope at (x, y) 
So, the slope at each point can be found as shown. 
Slope at (—1, 1): y = —1 — 1 = —2 
Slope at (0, 1): y=O-1=-1 
Slope at (1,1): y =1-1=0 


Draw short line segments at the three points with their respective slopes, as shown in 
Figure 6.3. 


Identifying Slope Fields for Differential Equations 


Match each slope field with its differential equation. 


a. y b. y c. y 
À A A 
Le eae ey Y ewe bg op F "ZG P EF 
No d lla eg wee yog ELLER LE Os 
oe ew diat gi NN —ce 4 d gd ZW Gu wu £X 
i OR Soe. beue u^ Ug y cs aa Sf eX PE EE Me a m m 
{> hyp} > x See eH x x 
E Lu E E -D yA -aa Be NS ie a 
i. Ree uh y^ UN E E À LEA LE 
Kk NON UN eb e ary b RN \ Ss N.N NN 1m o m 
AAO gr X OX ae WOW e PO A E X 
i y =x+y ii. y' =x iii. y'= y 
Solution 


a. You can see that the slope at any point along the y-axis is 0. The only equation that 
satisfies this condition is y' = x. So, the graph matches equation (ii). 

b. You can see that the slope at the point (1, — 1) is 0. The only equation that satisfies 
this condition is y' = x + y. So, the graph matches equation (i). 

c. You can see that the slope at any point along the x-axis is 0. The only equation that 
satisfies this condition is y' — y. So, the graph matches equation (iii). au 
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A solution curve of a differential equation y' = F(x, y) is simply a curve in the 
xy-plane whose tangent line at each point (x, y) has slope equal to F(x, y). This is 


illustrated in Example 5. 


Sketching a Solution Using a Slope Field 


Sketch a slope field for the differential equation 


y 22x t y. 


Use the slope field to sketch the solution that passes through the point (1, 1). 


Solution Make a table showing the slopes at several points. The table shown is a 
small sample. The slopes at many other points should be calculated to get a representative 


slope field. 


x 2-|ex p exp .43: |) 34 4.] 3:12 2 
y -1| a LINME NEP SEMPSSE 
ELIT 5 3 3 -1/|-1|1/|11|231|234|5 


Next, draw line segments at the points with their respective slopes, as shown in 


Figure 6.4. 

y y 

A A 
\ = 725 4 f od d moe auo" fF TD X 
Xo NC wea Wc y .* wq oq VN Sev oF f II 
"e X A Ao ANS ue gd M 
Y oW See a x X X MRS oe wg gd Jj 
a a E a eo isk Lc 
FANNER Serr? eh hese FF 
Y Y X Xx X4 og hh X gem y 
| €» Voy ck ce. X oZ VW XN Xo etu wi 
La X. 2a ke et i koX y cA a ee i 
Slope field for y' = 2x + y Particular solution for y' = 2x + y 
Figure 6.4 passing through (1, 1) 

Figure 6.5 


After the slope field is drawn, start at the initial point (1, 1) and move to the right in the 
direction of the line segment. Continue to draw the solution curve so that it moves 
parallel to the nearby line segments. Do the same to the left of (1, 1). The resulting 


solution is shown in Figure 6.5. 


In Example 5, note that the slope field shows that y' increases to infinity as x 


increases. 


Drawing a slope field by 
hand is tedious. In practice, slope fields are 
usually drawn using a graphing utility. If you 
have access to a graphing utility that can graph 
slope fields, try graphing the slope field for the 
differential equation in Example 5. One 
example of a slope field drawn by a graphing 
utility is shown at the right. 


NANNNSNSSSSISS SMS 
NNNSSSS SIR 
NSSSSSS IRR 


410 Chapter 6 Differential Equations 


Jod h 


Slope F(x, Yo) 


Exact solution 
curve 


Euler 


(xs, Yo) 


/ Qs y) 


approximation 


Figure 6.6 


Figure 6.7 


T 
xo th 


Exact 
solution 


Approximate 
solution 


Euler's Method 


Euler's Method is a numerical approach to approximating the particular solution of 
the differential equation 


y' = F(x, y) 


that passes through the point (xo, Yo). From the given information, you know that the 
graph of the solution passes through the point (xp, y) and has a slope of F(x,, yo) at this 
point. This gives you a "starting point" for approximating the solution. 

From this starting point, you can proceed in the direction indicated by the slope. 
Using a small step h, move along the tangent line until you arrive at the point (x,, y,), 
where 


Xi = Xo +h and y1 = Yo EE hF (Xo, Yo) 


as shown in Figure 6.6. Then, using (x,, y,) as a new starting point, you can repeat the 
process to obtain a second point (x, y;). The values of x; and y; are shown below. 


X= X% +A yı = yo + AF(xo, Yo) 
x,—x th yo =y +t hF(x,, y) 
Xn — Xy—4 th Ym Vasi + hF(x, Yn) 


When using this method, note that you can obtain better approximations of the exact 
solution by choosing smaller and smaller step sizes. 


Approximating a Solution Using Euler's Method 


Use Euler's Method to approximate the particular solution of the differential equation 
y =x-y 
passing through the point (0, 1). Use a step of h = 0.1. 
Solution Using h = 0.1, x) = 0, yọ = 1, and F(x, y) = x — y, you have 
X970, x, =0.1, x, = 0.2, x, = 0.3 
and the first three approximations are 
y; = yo + hF(xy, Yo) = 1 + (0.1)(0 — 1) = 0.9 
y, = y, + hF(x,, y,) = 0.9 + (0.1)(0.1 — 0.9) = 0.82 
Ya = yo + hF(x,, y2) = 0.82 + (0.1)(0.2 — 0.82) = 0.758. 


The first ten approximations are shown in the table. You can plot these values to see a 
graph of the approximate solution, as shown in Figure 6.7. 


n [0,1 2 3 4 5 6 7 8 9 10 
x, | 0 | 0.1 | 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
y, | 1 | 0.9 | 0.82 | 0.758 | 0.712 | 0.681 | 0.663 | 0.657 | 0.661 | 0.675 | 0.697 


For the differential equation in Example 6, you can verify the exact solution to be 
the equation 


y=x-—1+2e%. 


Figure 6.7 compares this exact solution with the approximate solution obtained in 
Example 6. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Verifying a Solution Describe how to determine 
whether a function y = f(x) is a solution of a differential 


equation. 


. General Solution 


What does the general solution of 


a first-order differential equation represent geometrically? 


. Slope Field What do the line segments on a slope field 


represent? 


. Euler's Method What does Euler's Method allow 


you to do? 


n 
Exon equation. 
Function 


< y = Ce™ 


.yce 


j|[=] Verifying a Solution In Exercises 5-10, verify 
24445 that the function is a solution of the differential 


Differential Equation 
y = 5y 

3y' + 5y = -—e* 
y"+y=0 


. y=Cye*cosx + Ce "sinx y" + 2y'+ 2y=0 


5 
6 
7. y = C, sinx — C, cos x 
8 
9 


. y = (—cos x) In|sec x + tanx| y” + y = tanx 


10. y = 2(e4 te) 


y" + 4y' = 2e* 


mjm] Verifying a Particular Solution In Exercises 
EE “#6 11-14, verify that the function is a particular 
[s] Aap solution of the differential equation. 
Hus 


Function 


11. y = sin x cos x — cos? x 


12. y = 6x — Asinx + 1 


13. y = 4e-6* 
14. y = e *5* 
DES 

ue 


15. y = 3 cos 2x 

17. y = 3cosx 

19. y = e* 

21. y = lnx + e™ + Cx* 


Differential Equation 
and Initial Condition 


2y + y'= 2sin2x — 1 


(J 


y’ =6 — 4cosx 


y(0) = 1 
y--Hy 
y(0) = 4 
y = ysinx 


(3) = 


z[m| Determining a Solution In Exercises 15-22, 
i ee Ey determine whether the function is a solution of the 
ta differential equation y® — 16y = 0. 

Pl 


16. y = 3 sin 2x 

18. y = 2sinx 

20. y = 5Inx 

22. y = 3e* — 4 sin 2x 


Determining a Solution In Exercises 23-30, determine 
whether the function is a solution of the differential equation 
xy’ — 2y =x%e*,x » 0. 

23. y= x2 +e 

24. y = xX — e™ 

25. y = xe* 

26. y = x°(2 + e”) 


27. y = e — sinx 


28. y = x?e* + sin x + cos x 


29. y = 2e* lnx 


30. y = xer — 52 
Place) Finding a Particular Solution In Exercises 
Lae] 31-34, some of the curves corresponding to 
isi Xr t different values of C in the general solution of the 
` "' differential equation are shown in the graph. Find 
the particular solution that passes through the 
point shown on the graph. 


31. y = Ce7*/2 32. ya? - y) » C 
2y'+y=0 2xy + (x? + 2y)y’ = 0 
y y 
A 
^l 92 
THH -—F-H x 
—4 2 i 2 4 


33. y = Co 34. 22 — y = C 
2xy'— 3y 20, x>0 yy’ — 2x =0 
y y 
n 
4 4+ 8,4 
3 3+ 
2 2+ 
1 4 
-+-{-+— « 
ESI 1 3 4 
=] 2-- 
3 =a 
4 44 


f Graphing Particular Solutions Using Technology In 


Exercises 35 and 36, the general solution of the differential 
equation is given. Use a graphing utility to graph the particular 
solutions for the given values of C. 
35. 4yy’- x =0 
42- xX =C 
C=0,C=+1,C= +4 


36. yy +x=0 
P+y=C 
Cc=0,C=1,C=4 
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[e]: c [ad Finding a Particular Solution In Exercises 
ren. hy 37-42, verify that the general solution satisfies 
nae tae the differential equation. Then find the particular 
—aic*e solution that satisfies the initial condition(s). 
37. y = Ce & 
y + 6y=0 
= 3 when x = 0 
39. y = C, sin 3x + C,cos3x 40. y = C, + C,Inx 
y” + 9y = 0 


38. 30 + 2y? = C 
3x + 2yy’ = 0 


y = 3 when x = 1 


xy" + y' =0,x > 0 


= 


y = 2 when x = y = 0 when x = 2 


' 


1 
y = 1 when x = y = 5 when x = 2 


ea ol 


4l. y = Cix + Cx? 42. y = eC, + Cox) 


xi" — 3xy' + 3y 2 06,x > 0 9y" — 12y' + 4y = 0 


y = 0 when x = 2 y = 4 when x = 0 


y = 4when x = 2 y = O when x = 3 
LL Finding a General Solution In Exercises 
E. 43-52, use integration to find a general solution of 
STET an he 

ze rn 


the differential equation. 


dy _ 2 dy 8 
43. ds 12x 44. dx 3x 2x 
dy | x dy e 
e pex 46. ru 
dy dy _ 2 
47. — sin 2x 48. = tan^ x 
dy dy 
49. — xx — 6 50. d = 2x /4x? + 1 
dy = x dy = 1 (COS X 
51. de 52. = 5(sin x)e 


Slope Field In Exercises 53-56, a differential equation and 
its slope field are given. Complete the table by determining the 
slopes (if possible) in the slope field at the given points. 


A -4}-2}0/2)]41]8 

y 2 0 4 4.618 

dy/dx 
dy 2x dy 

53. — = — 54. —=y-x 

dx y dx ^ 

y y 

A 
LSS MAAA ENEEEEBUOLIJSSSNEEE, 
Ries ee MD ue 
jesse eroi An des 

yid 
NON NON SAAM ILLI EE 4L 4£44747—NSNMN 
Diis esce Halle 
p ee qo T 
LVVANES TTT bet ty tt 
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dy T dy Ty 
55. — = x cos — 56. — = tan — 
dx 8 dx 6 
y y 
A 
LR Rise eo. a 44g 44944824 41 40 40 1414144 
OREO aa n T ar 
ilu 2220002] 
ARRZABAARAARENE A ULLA 
EFUFE, eror =a 
ADI edin 53533 
—rT—3—— ++ HY x 
ESESTSSSTISTAMM 60505666 
ld ve e e a e SE E a 
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Fi differential equation with its slope field. [The slope 
^| fields are labeled (a), (b), (c), and (d).] 
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opsig Slope Field In Exercises 61-64, (a) sketch the 
UP: ty slope field for the differential equation, (b) use 
ore the slope field to sketch the solution that passes 
zi through the given point, and (c) discuss the graph 
of the solution as x 2 oo and x —oo. Use a 
graphing utility to verify your results. To print a 
blank coordinate plane, go to MathGraphs.com. 


ll 


61. y -3— x, (4,2) 
62. y ie — Ix, (1, 1) 
63. y'= y — 4x, (2,2) 
64.  - y t xy, (0, -4) 


65. Slope Field Use the slope field for the differential equation 
y' = 1/x, where x > 0, to sketch the graph of the solution that 
satisfies each given initial condition. Then make a conjecture 
about the behavior of a particular solution of y'= 1/x 
as x 00. To print an enlarged copy of the graph, go to 
MathGraphs.com. 


(a) (1, 0) 
(b) (2, —1) 


66. Slope Field Use the slope field for the differential equation 
y' = 1/y, where y > 0, to sketch the graph of the solution that 
satisfies each given initial condition. Then make a conjecture 
about the behavior of a particular solution of y'= 1/y 
as x 00. To print an enlarged copy of the graph, go to 
MathGraphs.com. 
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———————————— 
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(a) (0, 1) 
(b) (1, 1) 


ee Slope Field In Exercises 67—72, use a computer algebra 


system to (a) graph the slope field for the differential equation 
and (b) graph the solution satisfying the specified initial 
condition. 


dy _ E 
67. Z = 0.25y, y()-4 
dy 40 _ 
68. a 4- y, y0)=6 
69. Z = 0.0210 - y), 90 =2 
dx i 
70. 2 = 0.242 — y), y(0) =9 
"dx 2x y. y 
71. Se 0.4y(3 — x), y(0)-21 
dx ” i 
dy 1l. . Ty 
— = le-x/8 dice = 
72. yo Ep y(0) = 2 
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Peal Eulers Method In Exercises 73-78, use 
LU—Uuw5 Euler's Method to make a table of values for the 
Eoi approximate solution of the differential equation 

with the specified initial value. Use n steps of size h. 


73. y'=xt+y, X0 22, n=10, 5-041 
y '=x+y, y0)=2, n=20, h= 0.05 
75. y! - 3x — 2y, y(0)=3, n=10, h= 0.05 
y 
y 
y 


. y'= 0.5x(3 — y), y0)=1, n=5, h=04 
.y =e, y0)=1, n=10, h= 0.1 
'= cosx + siny, y(0)=5, n= 10, h= 0.1 


Euler's Method In Exercises 79-81, complete the table 
using the exact solution of the differential equation and two 
approximations obtained using Euler's Method to approximate 
the particular solution of the differential equation. Use h = 0.2 
and h = 0.1, and compute each approximation to four decimal 
places. 


x 0] 0.2 | 04 ) 06) 0.8 | 1 
yx) 
(exact) 
yx) 
(h = 0.2) 
yx) 
(h = 0.1) 
Differential Initial Exact 
Equation Condition Solution 
d 
79. 2 = (0, 3) y = 3e* 
dx 
go, 2 = 2x (0,2) y= VR +4 
dx y 
81. dy _ y-cosx (0,0) y= t sin cos x + e) 
dx 2 


82. Euler's Method Compare the values of the approximations 
in Exercises 79-81 with the values given by the exact solution. 
How does the error change as h increases? 


e 83. Temperature At time ¢ = 0 minutes, the temperature of 


an object is 140°F. The temperature of the object is changing 
at the rate given by the differential equation 


dy_ l(,. 
= 2 72). 


dt 

(a) Use a graphing utility and Euler's Method to approximate 
the particular solutions of this differential equation at 
t = 1, 2, and 3. Use a step size of h = 0.1. (A graphing 
utility program for Euler's Method is available at 
LarsonCalculus.com.) 


(b) Compare your results with the exact solution 
y = 72 + 68e7^, 


(c) Repeat parts (a) and (b) using a step size of h = 0.05. 
Compare the results. 
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84. 5 HOW DO YOU SEE IT? The graph shows 
a solution of one of the following differential 
equations. Which differential equation was 
used? Explain your reasoning. 


(a) y = xy ^ 
4x 

b) y=— 

(b) y y 


(c) y = —4xy 
(d) y'= 4 — xy 


EXPLORING CONCEPTS 


85. Euler's Method Explain when Euler's Method 
produces an exact particular solution of a differential 
equation. 


. Finding Values It is known that y = Ce is a 
solution of the differential equation y' — 0.07y. Is it 
possible to determine C or k from the information given? 
Explain. 


True or False? In Exercises 87 and 88, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


87. If y = f(x) is a solution of a first-order differential equation, 
then y = f(x) + C is also a solution. 


88. A slope field shows one particular solution of a differential 
equation. 


89. Errors and Euler's Method The exact solution of the 
differential equation y' = —2y, where y(0) = 4, is y = 4e ?*. 


A (a) Use a graphing utility to complete the table, where y is the 
exact value of the solution, y, is the approximate solution 
using Euler’s Method with h = 0.1, y, is the approximate 
solution using Euler’s Method with h = 0.2, e, is the 
absolute error |y — y,|, e; is the absolute error |y — y,|, 
and r is the ratio e,/e,. 


x | 0] 02 | 04 | 06) 0.8 | 1 


(b) What can you conclude about the ratio r as h changes? 


(c) Predict the absolute error when h = 0.05. 


FE 90. Errors and Euler’s Method Repeat Exercise 89 for 


91. 


92. 


93. 


94. 


which the exact solution of the differential equation 


2e". 


Electric Circuit The diagram shows a simple electric 
circuit consisting of a power source, a resistor, and an inductor. 


where y(0) = 1;,isy 2x— 14 


R 


V 


ED 


A model of the current /, in amperes (A), at time t is given by 
the first-order differential equation 

dI 
L— + RI = E(t 

dt e 
where E(t) is the voltage (V) produced by the power source, 
R is the resistance, in ohms (Q), and L is the inductance, in 
henrys (H). Suppose the electric circuit consists of a 24-V 
power source, a 12-Q resistor, and a 4-H inductor. 


(a) Sketch a slope field for the differential equation. 
(b) What is the limiting value of the current? Explain. 


Slope Field A slope field shows that the slope at the 
point (1, 1) is 6. Does this slope field represent the family of 
solutions for the differential equation y' = 4x + 2y? Explain. 


Think About It It is known that y = A sin ù is a solution 
of the differential equation y" + 16y = 0. Find the value(s) of w. 


Think About It Itis known that y = e" is a solution of the 
differential equation y" — 16y = 0. Find the value(s) of k. 


PUTNAM EXAM CHALLENGE 


95. Let f be a twice-differentiable real-valued function 


satisfying f(x) + f"(x) = —xg(x)f'(x), where g(x) = 0 
for all real x. Prove that | f(x)| is bounded. 


. Prove that if the family of integral curves of the 


differential equation 


2 p(x) + g(x) #0 


a P(x)y = q(x), 


is cut by the line x = k, the tangents at the points of 
intersection are concurrent. 


These problems were composed by the Committee on the Putnam Prize 


Competition. © The Mathematical Association of America. All rights reserved. 
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6.2 Growth and Decay 


You can use 
implicit differentiation to check 
the solution to Example 1. 


Exploration 


In Example 1, the general 
solution of the differential 
equation is 


y= 2 = ¢, 


Use a graphing utility 

to sketch the particular 
solutions for C = +2, 

C= X1l,andC = 0. 
Describe the solutions 
graphically. Is the following 
statement true of each 
solution? 


The slope of the graph at 
the point (x, y) is equal to 
twice the ratio of x and y. 


Explain your reasoning. Are 
all curves for which this 
statement is true represented 
by the general solution? 


E Use separation of variables to solve a simple differential equation. 
E Use exponential functions to model growth and decay in applied problems. 


Differential Equations 


In Section 6.1, you learned to analyze the solutions of differential equations visually 
using slope fields and to approximate solutions numerically using Euler's Method. 
Analytically, you have learned to solve only two types of differential equations—those 
of the forms y' — f(x) and y" — f(x). In this section, you will learn how to solve a more 
general type of differential equation. The strategy is to rewrite the equation so that each 
variable occurs on only one side of the equation. This strategy is called separation of 
variables. (You will study this strategy in detail in Section 6.3.) 


EXAMPLE 1 Solving a Differential Equation 


, 2x zd 
y= y Original equation 
yy’ = 2x Multiply each side by y. 


Integrate each side with respect to x. 


Joe = Jara 
[ra = [axa 
1 


dy = y' dx 


3» =x +C 1 Apply Power Rule. 
y? -— 2° =C Rewrite, letting C = 2C,. 
So, the general solution is y? — 2x? = C. ui 


When you integrate each side of the equation in Example 1, you do not need to add 
a constant of integration to each side. When you do, you still obtain the same result. 


fra = fava 


3 Toca C4 
1 2 2 
32 c + (C, = C) 
1 ; ' 
Pa =a +C Rewrite, letting C, = C, — C}. 


Some people prefer to use Leibniz notation and differentials when applying 
separation of variables. The solution to Example 1 is shown below using this notation. 


dy _ 2x 
dx y 
y dy = 2x dx 
Joa [os 
lau 2 
4,735 tC, 
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ee Notice that you 
do not need to write In|y| 
because y > 0. 


€ 6 6 6 9 69 6 6€ eee eee ee ee 


(3, 5.657) 


i i >t 


1 2 3 4 


If the rate of change of y is proportional 
to y, then y follows an exponential 
model. 

Figure 6.8 


Growth and Decay Models 


In many applications, the rate of change of a variable y is proportional to the value of 
y. When y is a function of time t, the proportion can be written as shown. 


SP 


Rate of Ec of y o to y. 


2 


The general solution of this differential equation is given in the next theorem. 


THE( Vi 6.1 Exponential Growth and Decay 


If y is a differentiable function of t such that y > 0 and dy/dt = ky for some 
constant k, then 


y= Ce* 
where C is the initial value of y, and k is the proportionality W nd 
constant. Exponential growth occurs when k > 0, and us B 
exponential decay occurs when k « 0. IDES 
Proof 
d 
E^ = ky Write original equation. 
d 
s" —kdt Separate variables. 
i 
[2 oY = k dt Integrate each side. 
Iny =kt+C, Find antiderivative of each side. 
y = et te Exponentiate each side. 
y = eec Property of exponents 
y = Ce“ Let C = eĉ, 


So, all solutions of y' = ky are of the form y = Ce". Remember that you can differentiate 
the function y = Ce" with respect to f to verify that y' = ky. a 


EXAMPLE 2 Using an Exponential Growth Model 


The rate of change of y is proportional to y. When t = 0, y = 2, and when t = 2, y = 4. 
What is the value of y when t — 3? 


Solution Because y'= ky, you know that y and ¢ are related by the equation 
y = Ce. You can find the values of the constants C and k by applying the initial 
conditions. 


2=Ce ED» C-2 When t = 0, y = 2. 
1 
4 = 2e* wb k= qin 2 = 0.3466 When t = 2, y = 4. 
So, the model is y = 2e°346°, When t = 3, the value of y is 26994960) ~ 5.657. See 
Figure 6.8. F| 


Using logarithmic properties, the value of k in Example 2 can also be written as 
In 4/2. So, the model becomes y = 2e ^2). which can be rewritten as y- 2( " 2). 


In a conventional nuclear 
reactor, 1 kilogram of ?3?Pu can 
generate enough electricity to 
power about 900 homes for a 
year. (Source: World Nuclear 
Association, U.S. Energy 
Information Administration) 


:* REMARK The exponential 
decay model in Example 3 
could also be written as 
y- 10(5 pes 100. This model is 
much easier to derive, but for 
some applications it is not as 
convenient to use. 
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-CHNOLOGY Most graphing utilities have curve-fitting capabilities that can 
: be ied to find models that represent data. Use the exponential regression feature 
* ofa graphing utility and the information in Example 2 to find a model for the data. 
. How does your model compare with the given model? 


Radioactive decay is measured in terms of half-life—the number of years required 
for half of the atoms in a sample of radioactive material to decay. The rate of decay 
is proportional to the amount present. The half-lives of some common radioactive 
isotopes are listed below. 


Uranium (778U) 4,470,000,000 years 
Plutonium (???Pu) 24,100 years 
Carbon (!4C) 5715 years 

Radium (Ra) 1599 years 
Einsteinium (7°4Es) 276 days 

Radon (??Rn) 3.82 days 
Nobelium (?"No) 25 seconds 


EXAMPLE 3 Radioactive Decay 


Ten grams of the plutonium isotope ???Pu were released in a nuclear accident. How 
long will it take for the 10 grams to decay to 1 gram? 


Solution Let y represent the mass (in grams) of the plutonium. Because the rate of 
decay is proportional to y, you know that 


y = Ce" 


where t is the time in years. To find the values of the constants C and k, apply the initial 
conditions. Using the fact that y = 10 when ¢ = 0, you can write 


10 = ce m$ 10-ce 


which implies that C — 10. Next, using the fact that the half-life of ???Pu is 24,100 years, 
you have y = 10/2 = 5 when t = 24,100. So, you can write 


5= 10ek(24,100) 


1 
2 = e24,100k 
1 1 
34,100 2 = * 


— 0.000028761 = k. 
So, the model is 
y = 10e 90000287611, Half-life model 


To find the time it would take for 10 grams to decay to 1 gram, you can solve for ¢ in 
the equation 


1 = 10e- 0000028761: 

The solution is approximately 80,059 years. | 
From Example 3, notice that in an exponential growth or decay problem, it is 

easy to solve for C when you are given the value of y at t — 0. The next example 


demonstrates a procedure for solving for C and k when you do not know the value of 
yatt — 0. 


iurii/Shutterstock.com 
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Figure 6.9 
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Figure 6.10 


EXAMPLE 4 Population Growth 


fe > See LarsonCalculus.com for an interactive version of this type of example. 


An experimental population of fruit flies increases according to the law of exponential 
growth. There were 100 flies after the second day of the experiment and 300 flies after 
the fourth day. Approximately how many flies were in the original population? 


Solution Let y = Ce" be the number of flies at time t, where t is measured in days. 
Note that y is continuous, whereas the number of flies is discrete. Because y — 100 
when t = 2 and y = 300 when : = 4, you can write 


100 = Ce** and 300 ce*. 
From the first equation, you know that 
C = 100e ?*. 
Substituting this value into the second equation produces the following. 


300 = 100e ?*e^* 


300 — 100e?* 
3 = gk 
In 3 = 2k 
xin 3=k 
0.5493 — k 


So, the exponential growth model is 
y= Ce9 34930, 
To solve for C, reapply the condition y = 100 when ft = 2 and obtain 
100 2 Ce9-5493(2) 
C = 100e- 1.0986 
C = 33. 


So, the original population (when t = 0) consisted of approximately y = C = 33 flies, 
as shown in Figure 6.9. 


EXAMPLE 5 Declining Sales 


Four months after it stops advertising, a manufacturing company notices that its sales 
have dropped from 100,000 units per month to 80,000 units per month. The sales follow 
an exponential pattern of decline. What will the sales be after another 2 months? 


Solution Use the exponential decay model y = Ce", where t is measured in months. 
From the initial condition (t — 0), you know that C — 100,000. Moreover, because 
y = 80,000 when t = 4, you have 


80,000 = 100,000e** 


0.8 = e% 
In(0.8) = 4k 
— 0.0558 = k. 


So, after 2 more months (t = 6), you can expect the monthly sales to be 


y = 100,000e -90558(6) 
= 71,500 units. 


See Figure 6.10. a 
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Figure 6.11 
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In Examples 2 through 5, you did not actually have to solve the differential 
equation dy/dt = ky. (This was done once in the proof of Theorem 6.1.) The next 
example demonstrates a problem whose solution involves the separation of variables 
technique. The example concerns Newton’s Law of Cooling, which states that the rate 
of change of the temperature of an object is proportional to the difference between the 
object's temperature and the temperature of the surrounding medium. 


EXAMPLE 6 Newton's Law of Cooling 


Let y represent the temperature (in °F) of an object in a room whose temperature is 
kept at a constant 60°F. The object cools from 100°F to 90°F in 10 minutes. How much 
longer will it take for the temperature of the object to decrease to 80°F? 


Solution From Newton's Law of Cooling, you know that the rate of change of y is 
proportional to the difference between y and 60. This can be written as 


d 
in k(y — 60), 80 € y < 100. 


To solve this differential equation, use separation of variables, as shown. 


2 = k(y = 60) Differential equation 
( : dy = kdt Separate variables. 
y — 60 
l a dy = | k dt Integrate each side. 
y — 60 
In|y — 60| =kt+C, Find antiderivative of each side. 


Because y > 60, |y — 60| = y — 60, and you can omit the absolute value signs. Using 
exponential notation, you have 


y — 60 = et FG 
y = 60 + Ce". C= e6 
Using y = 100 when ¢ = 0, you obtain 
100 = 60 + Ce = 60+ C 
which implies that C = 40. Because y = 90 when t = 10, 
90 = 60 + 40e*19 


30 = 40e!% 
1 3 
k= 10 In 4 
So, k ~ — 0.02877 and the model is 
y = 60 + 40e 9.02877", Cooling model 


When y — 80, you obtain 


80 = 60 + 40e-9 0287" 
20 = 40e 9.02877: 


= e 002877 


= —0.02877t 


t ~ 24.09 minutes. 


So, it will require about 14.09 more minutes for the object to cool to a temperature of 
80°F. See Figure 6.11. u 
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6.2 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Describing Values Describe what the values of C 
and k represent in the exponential growth and decay model 
y = Ce. 


. Growth and Decay For y= Ce", explain why 
exponential growth occurs when k > 0 and exponential 
decay occurs when k < 0. 


[s] Solving a Differential Equation In Exercises 


us 3-12, find the general solution of the differential 
[s 


equation. 

ON NE Y s 
$a eis 3 4 RES 8x 
dy 4 dy 6-— 

5. FPE 3 6. P 6 —y 

5x Jx 
7. y! 2 — 8. y = -> 
yyy i 4y 
9. y'= xy 10. y'= x(1 + y) 
11. (1 + x2y' - 2xy = 0 12. xy + y' = 100x 


Writing and Solving a Differential Equation In 
Exercises 13 and 14, write and find the general solution of the 
differential equation that models the verbal statement. 


13. The rate of change of Q with respect to ¢ is inversely 
proportional to the square of t. 


14. The rate of change of P with respect to t is proportional to 
25 —d. 


DIES ALI Slope Field In Exercises 15 and 16, a differential 
Hs hy equation, a point, and a slope field are given. 
[s] aa (a) Sketch two approximate solutions of the 
"* differential equation on the slope field, one of 
which passes through the given point. (To print an 
enlarged copy of the graph, go to MathGraphs.com.) 
(b) Use integration and the given point to find 
the particular solution of the differential equation 
and use a graphing utility to graph the solution. 
Compare the result with the sketch in part (a) that 

passes through the given point. 


15. = = x(6 — y), (0,0) 16.— = xy, |0,= 
dx dx 2 
y 
A 

i PUREE PE RIZE PHT HED 
1 Y qp opp aw Nae qum g 
1 pq qoe Ns a Ca a a A 
: yq 10353239 1459412 
ALMA ip CN [— pyYdTy4X4sESsd:eJ)y.De 
XA AN SSNS See ee eee LO | ke a cca ie dae J 
VVVAVVV ASS eer TR ERRNASES RE REET 

L3TAXVS V Aes PEL Pe 
Kaaa NAM ERN ba ly ee il ang 

ninm ATHE 

FU 444 0 -NNNNSN 

CPE Ot PHS eRe eee 
ELTI EITE STEET TOEIC FEY CheerkieebSNSA NAT 
Td dera d Nx epos de poop br ph se ee ae a Jae oe oa ae a 
eT Re a Be ee eT PEPE LES FERALAS 
pepper pf fe a PEETI SASSEL 
lida TO EEEE ba Taba WEDD LEZ AAD 
[Siiani bepress bd dod PELE LONG 14 
A Dek | 


Finding a Particular Solution In Exercises 
17-20, find the function y = f (f) passing through 
the point (0, 10) with the given differential equation. 
Use a graphing utility to graph the solution. 


a! dy __ 
-— 18. 7. 9 Jt 
1 dy 3 
7 wc 


za] Writing and Solving a Differential 
at JU Equation In Exercises 21 and 22, write and find 
oles t the general solution of the differential equation 
=- that models the verbal statement. Evaluate the 
solution at the specified value of the independent 

variable. 


21. The rate of change of N is proportional to N. When t — 0, 
N = 250, and when t = 1, N = 400. What is the value of N 
when t = 4? 


22. The rate of change of P is proportional to P. When t — 0, 


P — 5000, and when t — 1, P — 4750. What is the value of P 
when t = 5? 


[m] Fe. [m] Finding an Exponential Function In 
EA 3 Exercises 23-26, find the exponential function 
Te y = Ce" that passes through the two given points. 


23. 7 24. 
A 
5+ 
á-- 
ano 


25. 26. 


EXPLORING CONCEPTS 

Increasing Function In Exercises 27 and 28, 
determine the quadrants in which the solution of the 
differential equation is an increasing function. Explain. 
(Do not solve the differential equation.) 


dy | dy l5, 
dx 2? 28. dx 9* y 


27. 1 


TEI p Radioactive Decay In Exercises 29-36, 
Ks complete the table for the radioactive isotope. 
[m] EH Amount Amount 
Half-life Initial After After 
Isotope (in years) Quantity 1000 Years 10,000 Years 
29. ?6Ra 1599 20 g 


30. 2°Ra 1599 1.5g 

31. 2Ra 1599 01g 
32. ^C 5715 3g 
33. ^C 5715 5g 

34. ^C 5715 1.6 g 

35. 239Pu — 24,100 21g 

36. ??Pu — 24,00 0.4g 


37. Radioactive Decay Radioactive radium has a half-life 
of approximately 1599 years. What percent of a given amount 
remains after 100 years? 


38. Carbon Dating Carbon-14 dating assumes that the carbon 
dioxide on Earth today has the same radioactive content as it 
did centuries ago. If this is true, the amount of !^C absorbed by 
a tree that grew several centuries ago should be the same as the 
amount of !^C absorbed by a tree growing today. A piece of 
ancient charcoal contains only 15% as much of the radioactive 
carbon as a piece of modern charcoal. How long ago was the 
tree burned to make the ancient charcoal? (The half-life of !^C 
is 5715 years.) 


[s] a anm] Compound Interest In Exercises 39-44, 
mr t complete the table for a savings account in which 
feli . interest is compounded continuously. 


Initial Annual Time to Amount After 
Investment Rate Double 10 Years 

39. $1000 12% 

40. $28,000 2.5% 

41. $150 15 yr 

42. $31,000 8 yr 

43. $900 $1845.25 

44. $6000 $6840 


Compound Interest In Exercises 45—48, find the principal 
P that must be invested at rate r, compounded monthly, so that 
$1,000,000 will be available for retirement in ¢ years. 


45. r= 75%, t= 20 46. r= 6%, t= 40 
47. r= 8%, t = 35 48. r= 9%, t= 25 
Compound Interest In Exercises 49 and 50, find the time 
necessary for $1000 to double when it is invested at rate r 


and compounded (a) annually, (b) monthly, (c) daily, and 
(d) continuously. 


49. r= 7% 
50. r = 5.5% 
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Den [s] Population In Exercises 51-54, the population 
y TE (in millions) of a country in 2015 and the 
1! id expected continuous annual rate of change k of 

the population are given. (Source: U.S. Census 
Bureau, International Data Base) 


(a) Find the exponential growth model 
P = Ce 


for the population by letting t = 5 correspond to 2015. 


(b) Use the model to predict the population of the country in 
2030. 


(c) Discuss the relationship between the sign of k and the 
change in population for the country. 


Country 2015 Population k 
51. Latvia 2.0 —0.011 
52. Canada 35.1 0.008 
53. Paraguay 6.8 0.012 
54. Ukraine 44.4 — 0.006 


55. Modeling Data One hundred bacteria are started in a 
culture and the number N of bacteria is counted each hour for 
5 hours. The results are shown in the table, where : is the time 
in hours. 


t 0 1 2 3 4 5 


N | 100 | 126 | 151 | 198 | 243 | 297 


& (a) Use the regression capabilities of a graphing utility to find 
an exponential model for the data. 


(b) Use the model to estimate the time required for the 
population to quadruple in size. 


56. Bacteria Growth The number of bacteria in a culture is 
increasing according to the law of exponential growth. There 
are 125 bacteria in the culture after 2 hours and 350 bacteria 
after 4 hours. 


(a) Find the initial population. 


(b) Write an exponential growth model for the bacteria 
population. Let t represent the time in hours. 


(c) Use the model to determine the number of bacteria after 
8 hours. 


(d) After how many hours will the bacteria count be 25,000? 


57. Learning Curve The management at a certain factory has 
found that a worker can produce at most 30 units in a day. The 
learning curve for the number of units N produced per day 
after a new employee has worked t days is 


N = 30(1 — e). 
After 20 days on the job, a particular worker produces 19 units. 


(a) Find the learning curve for this worker. 


(b) How many days should pass before this worker is 
y cay P 
producing 25 units per day? 
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58. Learning Curve Suppose the management in Exercise 57 
requires a new employee to produce at least 20 units per day 
after 30 days on the job. 


* 62. Forestry eoeoeeeveveeeeeeee ee @© © @ 


The value of a tract of timber is 


-— 0.8 /t 
(a) Find the learning curve that describes this minimum V(r) = 100,008" 


requirement. 


where t is the time in 
years, with t = 0 
corresponding to 2010. 

If money earns interest 
continuously at 10%, 
then the present value of 
the timber at any time f is 


(b) Find the number of days before a minimal achiever is 
producing 25 units per day. 


59, Insect Population 


(a) Suppose an insect population increases by a constant 
number each month. Explain why the number of insects 
can be represented by a linear function. 


| 


: ae ak A(t) = V(the7 910, 
(b) Suppose an insect population increases by a constant e (We 


percentage each month. Explain why the number of 
insects can be represented by an exponential function. 


Find the year in which the timber should be harvested to 
maximize the present value function. 


60. 5 HOW DO YOU SEE IT? The functions f 63. Sound Intensity The level of sound B (in decibels) 

and g are both of the form y = Ce". with an intensity of Z is BU) = 10 logo (/15), where Jy is an 
intensity of 10^!6 watt per square centimeter, corresponding 
roughly to the faintest sound that can be heard. Determine B(/) 
for the following. 


(a) I = 107^ watt per square centimeter (whisper) 
(b) J = 10^? watt per square centimeter (busy street corner) 
(c) I = 10~4 watt per square centimeter (threshold of pain) 


64. Noise Level With the installation of noise suppression 
materials, the noise level in an auditorium was reduced from 
93 to 80 decibels. Use the function in Exercise 63 to find the 

(a) Do the functions f and g represent exponential percent decrease in the intensity level of the noise as a result 
growth or exponential decay? Explain of the installation of these materials. 


(b) Assume both functions have the same value of C. 65. Newton's Law of Cooling When an object is removed 

Which function has a greater value of k? Explain. from a furnace and placed in an environment with a constant 
temperature of 80°F, its core temperature is 1500°F. One hour 
after it is removed, the core temperature is 1120°F. 


>t 


(i s 
1 
23 4 5 6 


ad 61. Modeling Data The table shows the cost of tuition and 
fees M (in dollars) at public four-year universities for selected 
years. (Source: The College Board) 


(a) Write an equation for the core temperature y of the object 
t hours after it is removed from the furnace. 


(b) What is the core temperature of the object 6 hours after it 
is removed from the furnace? 


Year 1980 | 1985 | 1990 | 1995 


66. Newton's Law of Cooling A container of hot liquid 
is placed in a freezer that is kept at a constant temperature 
of 20°F. The initial temperature of the liquid is 160°F. After 


Cost, M | 2320 | 2918 | 3492 | 4399 


Year 2000 | 2005 | 2010 | 2015 5 minutes, the liquid’s temperature is 60°F. 
Cost. M | 4845 | 6708 | 8351 | 9410 (a) Write an equation for the temperature y of the liquid 
: t minutes after it is placed in the freezer. 
(a) Use a graphing utility to find an exponential model M, for (b) How much longer NGHE take for the temperature of the 
the data. Let t = 0 represent 1980. liquid to decrease to 25°F? 


(b) Use a graphing utility to find a linear model M, for the 


True or False? In Exercises 67 and 68, determine whether 
data. Let t = 0 represent 1980. 


the statement is true or false. If it is false, explain why or give 


(c) Which model fits the data better? Explain. an example that shows it is false. 
(d) Use the exponential model to predict when the cost of 67. Half of the atoms in a sample of radioactive radium decay in 
tuition and fees will be $15,000. Does the result seem 799.5 years. 


9 y 
Teasonable? Explain; 68. If prices are rising at a rate of 0.5% per month, then they are 


rising at a rate of 6% per year. 


Stephen Aaron Rees/Shutterstock.com 
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Separation of Variables and the Logistic Equation 


Be sure to check 
your solutions throughout this 
chapter. In Example 1, you 
can check the solution 


y=CJ/2+4 


by differentiating and 
substituting into the original 
equation. 


dy 
2 ay = 
(eo + 4) = xy 
2 
(x? + UN y, = PONES + 4) 


Cx / xà +4 = Cx/x? + 4 


So, the solution checks. 


liM Recognize and solve differential equations that can be solved by separation of 
variables. 


iM Use differential equations to model and solve applied problems. 
iM Solve and analyze logistic differential equations. 


Separation of Variables 


Consider a differential equation that can be written in the form 
dy 
M(x) + My) — = 
(x) + Ny) P= 0 


where M is a continuous function of x alone and N is a continuous function of y alone. 
As you saw in Section 6.2, for this type of equation, all x-terms can be collected with dx 
and all y-terms with dy, and a solution can be obtained by integration. Such equations 
are said to be separable, and the solution procedure is called separation of variables. 
Below are some examples of differential equations that are separable. 


Original Differential Equation Rewritten with Variables Separated 


x + 3y7- = 0 3y dy = — x! dx 
(sin x)y' = cos x dy = cot x dx 
xy' 1 2 
=2 =-d 
e +1 Eri” x^ 


EXAMPLE 1 Separation of Variables 


LTT œ See LarsonCalculus.com for an interactive version of this type of example. 


Find the general solution of 


dy 
24 4) = 
(x A xy 


Solution To begin, note that y = 0 is a solution. To find other solutions, assume that 
y * O and separate variables as shown. 


(x? + 4) dy = xy dx 


dy /— x 
y xwt+4 


Differential form 


dx 


Separate variables. 


Now, integrate to obtain 


2 


X 
PES 


2 Integrate. 
X 


In|y| = 5 Ine? +4)+C, 
In|y| = In./x? + 4 * C, 
ly| = gh Vx 4*0 Exponentiate each side. 
ly| = e v. x? + 4 Property of exponents 
y = te SEES, 


Because y = 0 is also a solution, you can write the general solution as 


y= Cx! +4. 


General solution 
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liM FOR FURTHER INFORMATION 
For an example (from engineering) 
of a differential equation that 

is separable, see the article 
"Designing a Rose Cutter" by 

J. S. Hartzler in The College 
Mathematics Journal. To view this 
article, go to MathArticles.com. 


Figure 6.12 


In some cases, it is not feasible to write the general solution in the explicit form 
y = f(x). The next example illustrates such a solution. Implicit differentiation can be 
used to verify this solution. 


EXAMPLE 2 Finding a Particular Solution 


Given the initial condition y(0) — 1, find the particular solution of the equation 
xy dx + e" (y? — 1) dy = 0. 


Solution Note that y — O is a solution of the differential equation—but this solution 
does not satisfy the initial condition. So, you can assume that y # 0. To separate 
variables, you must rid the first term of y and the second term of e^". So, you should 
multiply by eĉ? / y and obtain the following. 
xydx + e (y? — 1) dy = 0 
e" (y? — 1) dy = —xy dx 


fe- Je-es 


2 
D M = ah x 
5 In|y| xe tC 


From the initial condition y(0) = 1, you have 


1 1 
2—-0-2--- 
Q vcUO TP 


which implies that C — 1. So, the particular solution has the implicit form 


2 
y = il x? 
> In|y| x tl 


y — lny? + e = 2. 


You can check this by differentiating and rewriting to get the original equation. 


EXAMPLE 3 Finding a Particular Solution Curve 


Find the equation of the curve that passes through the point (1, 3) and has a slope of 
y/x? at any point (x, y). 


Solution Because the slope of the curve is y/x?, you have 


dy y 
dx x? 


with the initial condition y(1) = 3. Because the initial condition occurs in Quadrant I, 
assume x > 0. Then, separating variables and integrating produce 


[2- p y#0,x>0 


42? 
1 
In|y| = E" tC, 
y E e UL) +c, 
y = Ce ls, 


Because y = 3 when x = 1, it follows that 3 = Ce~! and C = 3e. So, the equation of 
the specified curve is 


y = (Beje! p» y-23e*-"* x > 0. 
See Figure 6.12. a 
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Applications 


Wildlife Population 


The rate of change of the number of coyotes M(t) in a population is directly proportional 
to 650 — M(t), where f is the time in years. When ¢ = 0, the population is 300, and 
when t = 2, the population has increased to 500. Find the population when f = 3. 


Solution Because the rate of change of the population is proportional to 650 — N(t), 
or 650 — N, you can write the differential equation 


dN 
— = K(650 — N). 
a 7 6 ) 
You can solve this equation using separation of variables. 
dN — k(650 — N) dt Differential form 
dN 
————— = kdt i : 
650 — N d Separate variables 
—In|650 = N| =kt+C, Integrate. 
In|650 — N| = —kt — C, 
650 — N= eG Exponentiate each side. (Assume N < 650.) 
650 — N = e Ge Property of exponents 
N = 650 — Ce" General solution 


Using N = 300 when f = 0, you can conclude that C = 350, which produces 
N = 650 — 350e~*". 

Then, using N = 500 when t = 2, it follows that 

3 


500 = 650 — 350e% Wi eo %*= 7 Œ> kæ 0.4236. 
So, the model for the coyote population is 
N = 650 — 350e 04236r Model for population 


When f = 3, you can approximate the population to be 
N = 650 — 350e 942360) 
= 552 coyotes. 


The model for the population is shown in Figure 6.13. Note that N = 650 is the 
horizontal asymptote of the graph and is the carrying capacity of the model. You will 
learn more about carrying capacity later in this section. 


| N= 650 —350e 0-4236; OO — 


(0300 ^ l- 


Number of coyotes 


! t } t t ! >t 
1 2 3 4 5 6 
Time (in years) 
Figure 6.13 H 


Derek R. Audette/Shutterstock.com 
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Orthogonal 
family: 
y -x° =K 


SW 


Orthogonal trajectories 
Figure 6.15 
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Given family: 
x=C 


SS 
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A common problem in electrostatics, 
thermodynamics, and hydrodynamics involves 
finding a family of curves, each of which is 
orthogonal to all members of a given family of 
curves. For example, Figure 6.14 shows a family 
of circles 


Family of circles 


r+y=C 
each of which intersects the lines in the family 


y= Kx 


Family of lines 


at right angles. Two such families of curves are 
said to be mutually orthogonal, and each curve 
in one of the families is called an orthogonal 

trajectory of the other family. In electrostatics, 


Each line y = Kx is an orthogonal 
trajectory of the family of circles. 
Figure 6.14 


lines of force are orthogonal to the equipotential 

curves. In thermodynamics, the flow of heat across a plane surface is orthogonal to the 
isothermal curves. In hydrodynamics, the flow (stream) lines are orthogonal trajectories 
of the velocity potential curves. 


EXAMPLE 5 Finding Orthogonal Trajectories 


Describe the orthogonal trajectories for the family of curves given by 


ae 
x 


for C # 0. Sketch several members of each family. 


Solution First, solve the given equation for C and write xy = C. Then, by 
differentiating implicitly with respect to x, you obtain the differential equation 


dy 
x2 +y=0 Differential equati 
Es y ifferential equation 
dy 
A mm 
dx * 
d 
ay _ zx Slope of given family 
dx x 


Because dy/dx represents the slope of the given family of curves at (x, y), it follows that 
the orthogonal family has the negative reciprocal slope x/y. So, 


dy x ; ey 
a Slope of orthogonal family 


dx y 


Now you can find the orthogonal family by separating variables and integrating. 


[ra [xa 


y-xx-K 


So, the orthogonal trajectories for the family of curves given by y = C/x is the family 
of curves given by y? — x? = K. When K # 0, the orthogonal trajectories are 
hyperbolas with centers at the origin, and the transverse axes are vertical for K > 0 and 
horizontal for K < 0. When K = 0, the orthogonal trajectories are the lines y = =x. 
Several trajectories are shown in Figure 6.15. a 


Logistic 
curve 


Note that as t> 00, y> L. 
Figure 6.16 


A review of the 
method of partial fractions is 
given in Section 8.5. 


Exploration 


Use a graphing utility to 
investigate the effects of the 
values of L, b, and k on the 
graph of 


7 L 
eee 


Include some examples to 
support your results. 
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Logistic Differential Equation 


427 


In Section 6.2, the exponential growth model was derived from the fact that the rate of 
change of a variable y is proportional to the value of y. You observed that the differential 
equation dy/dt = ky has the general solution y = Ce“. Exponential growth is unlimited, 
but when describing a population, there often exists some upper limit L past which 
growth cannot occur. This upper limit L is called the carrying capacity, which is the 
maximum population y(t) that can be sustained or supported as time f increases. A model 
that is often used to describe this type of growth is the logistic differential equation 


talii) 


Logistic differential equation 


where k and L are positive constants. A population that satisfies this equation does not 
grow without bound but approaches the carrying capacity L as t increases. 

From the equation, you can see that if y is between 0 and the carrying capacity L, 
then dy/dt > 0, and the population increases. If y is greater than L, then dy/dt « 0, 
and the population decreases. The graph of the function y is called the logistic curve, 


as shown in Figure 6.16. 


ETTUTTI: Deriving the General Solution 


Solve the logistic differential equation 


dy _ d 
dt = (1 2), 


Solution Begin by separating variables. 


ols -2) 


1 
— — —— dy = k dt 
yl — D^ 


1 pann 
IET 352 - LZ 


[Eze fos 


In|y| - ln; - | = kt + C 
"E = 
n= = -k - C 
y 
L- y| _ e «-C 
y 
L- J e Ce M 
y 
L-y be ^ 
y 


Solving this equation for y produces y = 


Write differential equation. 


Separate variables. 


Integrate each side. 


Rewrite left side using partial fractions. 
Find antiderivative of each side. 


Multiply each side by — 1 and simplify. 


Exponentiate each side. 


Property of exponents 


Let —e^€ = b. 


L 


1+ be € 


From Example 6, you can conclude that all solutions of the logistic differential 


equation are of the general form 


© L 
vO T+ bec 
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Slope field for 


d 
di 0.194p( 1 = ax) 


and the solution passing through (0, 40) 
Figure 6.17 


EXAMPLE 7 Solving a Logistic Differential Equation 


A state game commission releases 40 elk into a game refuge. After 5 years, the elk 
population is 104. The commission believes that the environment can support no more 
than 4000 elk. The growth rate of the elk population p is 


dp P ) < < 
A ipi ang) 40 =P s 4000 


where f is the number of years. 


a. Write a model for the elk population in terms of f. 


b. Graph the slope field for the differential equation and the solution that passes through 
the point (0, 40). 


c. Use the model to estimate the elk population after 15 years. 

d. Find the limit of the model as t oo. 

Solution 

a. You know that L — 4000. So, the solution of the equation is of the form 


_ 4000 
PU 1+ be 


Because p(0) = 40, you can solve for b as follows. 


4000 4000 
"pum M dci 


=> b=99 


Then, because p = 104 when f = 5, you can solve for k. 


104 — — 4000 


= 14 999 45 => k = 0.194 


So, a model for the elk population is 


u 4000 
Bg 99g -0.194r* 


b. Using a graphing utility, you can graph the slope field for 


dp _ p ) 
di 0.1941 4000 


and the solution that passes through (0, 40), as shown in Figure 6.17. 


c. To estimate the elk population after 15 years, substitute 15 for t in the model. 


4000 l 
p= 1 4 99e 0194015) Substitute 15 for t. 
4000 - 

= T+ 99e 291 Simplify. 


= 626 
. As t increases without bound, the denominator of 


4000 
1+ 99e 0.194 


gets closer and closer to 1. So, 


4000 


tres 1 + 99e-0194 — 4000. a 
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6.3 Exercises 


CONCEPT CHECK 
1. Separation of Variables Determine whether each 
differential equation is separable. 


(a) y = 25y' — y' G eppi 


. Mutually Orthogonal What does it mean for two 
families of curves to be mutually orthogonal? 


. Carrying Capacity Describe carrying capacity in 
your own words. 


. Logistic Differential Equation List a real-life 
application that can be modeled by the logistic differential 
equation. 


Finding a General Solution Using 
Separation of Variables In Exercises 5-18, 


equation. 
s ox 6 go 
dx y dx y 
dy x-—1 dy 6-63 
7. — = E 
dx y? 1 dx 2y? 
dr 4 dr 9 
9. ds = 9" 10. ds Pu 
11. (2 + x)y' = 3y 12. xy’ = y 
13. yy’ = sin 9x 14. yy’ = —8 cos(ttx) 
15. /1— 42y' =x 16. V£ — Sy’ = x? 
17. yIlnx — xy’=0, x>0 
18. 12yy' - 7e* = 0 
Finding a Particular Solution Using 


Separation of Variables In Exercises 19—28, 
find the particular solution of the differential 
equation that satisfies the initial condition. 


2 


Differential Equation Initial Condition 


19. yy’ — 2e* 2 0 x0) = 6 
20. /x yy =0 yl) =9 
21. (x + 1) + y'=0 yx-2 21 
22. 2xy'—-Inx? =0, x»0 y(1) = 2 
23. y(1 + x?)y'-x(1+y?)=0 — (0) = V3 
24. y /1— 3y'—-x/1—y?-0  y(0)- 

25. » = uv sin v? u(0) = e 
26. T = es (0) = 0 
27. dP — kP dt = 0 P(0) = P. 
28. dT + K(T — 70) dt = 0 T(0) — 140 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Finding a Particular Solution Curve In 
D g Exercises 29-32, find an equation of the curve that 
m passes through the point and has the given slope. 
[a] 


9x 


29. (0,2), y = F 30. (1,1), y = -— 


Using Slope In Exercises 33 and 34, find all functions f 
having the indicated property. 


33. The tangent to the graph of f at the point (x, y) intersects the 
x-axis at (x + 2, 0). 


34. All tangents to the graph of f pass through the origin. 


find the general solution of the differential f Slope Field In Exercises 35-38, (a) write a differential 


equation for the statement, (b) match the differential equation 
with a possible slope field, and (c) verify your result by using 
a graphing utility to graph a slope field for the differential 
equation. [The slope fields are labeled (i), (ii), (iii), and (iv).] 


à) 7 ii) — 7 


[ 

d 

tis 
ED g 
Viet 
34345 
Vie 
FAYS 
YA 
bane GS 


Keet 


LE 


HAS ee eS, 


l 
i 


Qe saancns 
Y 
= 


35. The rate of change of y with respect to x is proportional to the 
difference between y and 4. 


36. The rate of change of y with respect to x is proportional to the 
difference between x and 4. 


37. The rate of change of y with respect to x is proportional to the 
product of y and the difference between y and 4. 


38. The rate of change of y with respect to x is proportional to y?. 


39. Radioactive Decay The rate of decomposition of 
radioactive radium is proportional to the amount present at 
any time. The half-life of radioactive radium is 1599 years. 
What percent of a present amount will remain after 50 years? 
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40. Chemical Reaction In a chemical reaction, a certain 
compound changes into another compound at a rate proportional 
to the unchanged amount. There is 40 grams of the original 
compound initially and 35 grams after 1 hour. When will 
75 percent of the compound be changed? 


fb 41. Weight Gain A calf that weighs 60 pounds at birth gains 


weight at the rate dw/dt = k(1200 — w), where w is the 
weight in pounds and ż is the time in years. 


(a) Find the general solution of the differential equation. 


(b) Use a graphing utility to graph the particular solutions for 
k = 0.8, 0.9, and 1. 


(c) The animal is sold when its weight reaches 800 pounds. 
Find the time of sale for each of the models in part (b). 


(d) What is the maximum weight of the animal for each of the 
models in part (b)? 


fe 42. Weight Gain A goat that weighs 7 pounds at birth gains 


weight at the rate dw/dt = k(250 — w), where w is the weight 
in pounds and ż is the time in years. Repeat Exercise 41 assuming 
that the goat is sold when its weight reaches 175 pounds. 


e [al a=] Finding Orthogonal Trajectories In 
kere; Exercises 43-48, find the orthogonal trajectories 

Eis: FL for the family of curves. Use a graphing utility to 
FIWA graph several members of each family. 

43. 32 —- y = C 

45. x? = Cy 

47. y? = CÓ 


44. 2—2yp-C 
46. y? = 2Cx 
48. y = Ce* 


Matching In Exercises 49-52, match the logistic equation 
with its graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) ? (b) 


© , (d) , 


64212 4 6 8 10 


12 12 
49 ye 50 Pu 37 
12 12 
51. y = — — 52. y= DE 
] le^ I 


[s]. [u] Using a Logistic Equation In Exercises 53 
Eu A X and 54, the logistic equation models the growth of 
i es a population. Use the equation to (a) find the value 
[e] of k, (b) find the carrying capacity, (c) find the initial 
population, (d) determine when the population will 
reach 50% of its carrying capacity, and (e) write 
a logistic differential equation that has the 


solution P(t). 
2100 5000 
53. P(t) = 14 29e- 975 54. P(t) = 1 + 39e-02r 


f Using a Logistic Differential Equation In Exercises 55 


and 56, the logistic differential equation models the growth 
rate of a population. Use the equation to (a) find the value of 
k, (b) find the carrying capacity, (c) graph a slope field using a 
computer algebra system, and (d) determine the value of P at 
which the population growth rate is the greatest. 

dP P dP " 
55. d wi 2) 56. Pm 0.1P — 0.0004P 


saam Solving a Logistic Differential Equation In 


et 5h Exercises 57-60, find the logistic equation that 
d passes through the given point. 
Lk 


d d 
57. ay = (i a ij. (0, 4) 58. p P" mx m i) (0, 9) 


dt 36 t 21 
dy. 4 y dy 3y y 
d dt 5 150 Qu 5 dt 20 1600 (0, 15) 


61. Endangered Species A conservation organization 
releases 25 Florida panthers into a game preserve. After 
2 years, there are 39 panthers in the preserve. The Florida 
preserve has a carrying capacity of 200 panthers. 


(a) Write a logistic equation that models the population of 
panthers in the preserve. 


(b) Find the population after 5 years. 
(c) When will the population reach 100? 


(d) Write a logistic differential equation that models the 
growth rate of the panther population. Then repeat part (b) 
using Euler's Method with a step size of h = 1. Compare 
the approximation with the exact answer. 


(e) At what time is the panther population growing most 
rapidly? Explain. 


62. Bacteria Growth At time t= 0, a bacterial culture 
weighs 1 gram. Two hours later, the culture weighs 4 grams. 
The maximum weight of the culture is 20 grams. 


(a) Write a logistic equation that models the weight of the 
bacterial culture. 


(b) Find the culture's weight after 5 hours. 
(c) When will the culture's weight reach 18 grams? 


(d) Write a logistic differential equation that models the 
growth rate of the culture's weight. Then repeat part (b) 
using Euler's Method with a step size of  — 1. Compare 
the approximation with the exact answer. 


(e) At what time is the culture's weight increasing most 
rapidly? Explain. 


6.3 Separation of Variables and the Logistic Equation 431 


Determining if a Function Is Homogeneous In 


EXPLORING CONCEPTS Exercises 69—76, determine whether the function is 
63. Separation of Variables Is an equation of the homogeneous, and if it is, determine its degree. A function 
form f(x,y) is homogeneous of degree n if f (tx, ty) = t"f(x, y). 
dy " 69. f(x, y) = 30 + 4xy? y? 
q f (980) — FORO), 8O) # n) 70. f(x,y) o x* 25 x t y 
separable? Explain. 71. f(x, y) = m 
72. f(x, y) = xe * + 
. Slope Field Describe the slope field for a logistic fœ») = y 
differential equation. Explain your reasoning. 73. f(x, y) = 2 Inxy 
74. f(x, y) = tan(x + y) 
65. Finding a Derivative Show that if 75. f(x,y) = 2m7 
= 1 
7134 be 76. f(x,y) = tan > 
then 


Solving a Homogeneous Differential Equation In 
dy _ W — y). Exercises 77-82, solve the homogeneous differential equation 
in terms of x and y. A homogeneous differential equation is an 


: : as : ti f the fe 
66. Point of Inflection For any logistic equation, show that PANATA OE TE SOTA 


the point of inflection occurs at y = L/2 when the solution M(x, y) dx + N(x, y) dy = 0 


starts below the carrying capacity L. 
where M and N are homogeneous functions of the same degree. 


° 67. Sailing ««e«eeeeecccccccccicccicc To solve an equation of this form by the method of separation 


Ignoring resistance, a a of variables, use the substitutions y = vx and dy = x dv + v dx. 


sailboat starting from 
rest accelerates (dv/dt) 
at a rate proportional 

to the difference between 
the velocities of the wind 
and the boat. 


TT. (x + y) dx — 2x dy = 0 
78. (© + y) dx — xy? dy = 0 
79. (x — y) dx — (x + y) dy =0 
80. G2 + y?) dx — 2xy dy = 0 
81. xy dx + (P ^x) dy = 0 
82. (2x + 3y) dx — xdy = 0 


(a) The wind is blowing 
at 20 knots, and after 
a half-hour, the boat is moving at 10 knots. Write the 
velocity v as a function of time f. 


li 


True or False? In Exercises 83-85, determine whether the 
statement is true or false. If it is false, explain why or give an 


(b) Use the result of part (a) to write the distance traveled example that shows it is false. 


by the boat as a function of time. 


83. The function y = 0 is always a solution of a differential 
equation that can be solved by separation of variables. 


Do 84. The differential equation y' = xy — 2y + x — 2 is separable. 
é&( ) HOW DO YOU SEE IT? The growth of a 


population is modeled by a logistic equation, 
as shown in the graph below. What happens to 
the rate of growth as the population increases? 
What do you think causes this to occur in 
real-life situations, such as animal or human 
populations? 


85. The families 3? + y? = 2Cy and x? + y? = 2Kx are mutually 
orthogonal. 


PUTNAM EXAM CHALLENGE 


86. A not uncommon calculus mistake is to believe that the 
product rule for derivatives says that (fg)’ = f'g'. If 


D 


A 


f(x) =e 


determine, with proof, whether there exists an open 
interval (a, b) and a nonzero function g defined on (a, b) 
such that this wrong product rule is true for x in (a, b). 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


iStockphoto.com/travenian 
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ANNA JOHNSON PELL WHEELER 
(1883-1966) 


Anna Johnson Pell Wheeler 
was awarded a master’s degree 
in 1904 from the University 

of lowa for her thesis The 
Extension of Galois Theory to 
Linear Differential Equations. 
Influenced by David Hilbert, 
she worked on integral 
equations while studying infinite 
linear spaces. 


iM Solve a first-order linear differential equation, and use linear differential equations to 
solve applied problems. 


First-Order Linear Differential Equations 


In this section, you will see how to solve a very important class of first-order differential 
equations—first-order linear differential equations. 


Definition of First-Order Linear Differential Equation 


A first-order linear differential equation is an equation of the form 


where P and Q are continuous functions of x. This first-order linear differential 
equation is said to be in standard form. 


To solve a linear differential equation, write it in standard form to identify the 
functions P(x) and Q(x). Then integrate P(x) and form the expression 


u(x) — eI PQ) dx Integrating factor 


which is called an integrating factor. The general solution of the equation is 


MS eR Q(x)u(x) dx. General solution 
u(x) 


It is instructive to see why the integrating factor helps solve a linear differential equation 
of the form y' + P(x)y = Q(x). When both sides of the equation are multiplied by the 
integrating factor u(x) = e/?) ^*, the left side becomes the derivative of a product. 


y'eJ PO) dx + P(x)ye! P® dx — Q(x)e/^ dx 
[ye Pa] = Q(x)eJ PC ax 


Integrating both sides of this second equation and dividing by u(x) produce the general 
solution. 


Solving a Linear Differential Equation 


Find the general solution of 
y HyS. 

Solution For this equation, P(x) = 1 and Q(x) = e*. So, the integrating factor is 
u(x) = efPW d = gfdx = ex. 


This implies that the general solution is 


Mathematical Association of America 


Rather than 
memorizing the formula in 
Theorem 6.2, just remember 
that multiplication by the 
integrating factor ef? 4x 
converts the left side of the 
differential equation into 


the derivative of the product 
ye SP(x) dx 


“i C-4 
C=3 
C=2 
1 C=1 
Cz0 
t t t 
1 2 3 4 
anak C=- 
Ed C=2 
Figure 6.18 
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M 6.2 Solution of a First-Order Linear Differential 


Equation 


An integrating factor for the first-order linear differential equation 


y' + P(x)y = Q(x) 


is u(x) = eJ" 9 4x. The solution of the differential equation is 


yel P9 4x = [ower 4x dx + C. 


ETTUTTE Solving a First-Order Linear Differential Equation 


ee [> See LarsonCalculus.com for an interactive version of this type of example. 


Find the general solution of xy’ — 2y = x?, x > 0. 
Solution The standard form of the equation is 
2 
y + (-3) =x, x>0. 


X 


Standard form 


So, P(x) = —2/x, and you have 


[roa - | Zax- —In x? 


which implies that the integrating factor is 


1 1 


SP(x) dx In x? 
E € In x? 2° 
€ X 


Integrating factor 


So, multiplying each side of the standard form by 1/x? yields 


General solution 


Several solution curves (for C = —2, — 1, 0, 1, 2, 3, and 4) are shown in Figure 6.18. 


In most falling-body problems discussed so far in the text, air resistance has been 
neglected. The next example includes this factor. In the example, the air resistance on the 
falling object is assumed to be proportional to its velocity v. If g is the acceleration due 
to gravity, the downward force F on a falling object of mass m is given by —mg — kv. 


If a is the acceleration of the object, then by Newton's Second Law of Motion, 


which yields the following differential equation. 


vi eres cde m D TL cg 
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‘ Notice in 
Example 3 that the velocity 
approaches a limit of —mg/k 
as a result of the air resistance. 
For falling-body problems 
in which air resistance is 
neglected, the velocity 
increases without bound. 


Figure 6.19 


The integral in 
Example 4 was found using a 
computer algebra system. In 
Chapter 8, you will learn how to 
integrate functions of this type 
using integration by parts. 


Chapter 6 Differential Equations 


A Falling Object with Air Resistance 


An object of mass m is dropped from a hovering helicopter. The air resistance is 
proportional to the velocity of the object. Find the velocity of the object as a function 
of time t. 


Solution The velocity v satisfies the equation 
dy kv 
d m di 


g — acceleration due to gravity, 
k — constant of proportionality 


Letting b = k/m, you can separate variables to obtain 


g + bv = Ce, 


C= eh 
Because the object was dropped, v = 0 when t = 0; so g = C, and it follows that 


= -&( 7 en) = mg — p-kt/m 
v b k (l-e ). | 


bv = —gt ge" m 


A simple electric circuit consists of an electric current / (in amperes), a resistance 
R (in ohms), an inductance L (in henrys), and a constant electromotive force E (in 
volts), as shown in Figure 6.19. According to Kirchhoff's Second Law, if the switch S 
is closed when 1 = 0, then the applied electromotive force (voltage) is equal to the sum 
of the voltage drops in the rest of the circuit. This, in turn, means that the current / 
satisfies the differential equation 
dl 


L— + RI = E. 
dt 


EXAMPLE 4 An Electric Circuit Problem 


Find the current J as a function of time ¢ (in seconds), given that J satisfies the 
differential equation L(dI/dt) + RI = sin 2t, where R and L are nonzero constants. 


Solution In standard form, the given linear equation is 
dl R 1 
— + SI = = sin 2t. 
dt D p " 


Let P(t) = R/L, so that e/^? 4 = &(*/D* and by Theorem 6.2, 


Jg /Dr = + i eID sin 21 dt 


1 


= I2 R eR/D'(R sin 2t — 2L cos 2t) + C. 


So, the general solution is 


1 
I= ezan ry ge PR sin 2t — 2L cos 2t) E c 


1 
= Ip + pk sin 2t — 2L cos 2t) + Ce- &/D*, a 


4 gal/min 
5 gal/min 
Figure 6.20 
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One type of problem that can be described in terms of a differential equation 
involves chemical mixtures, as illustrated in the next example. 


EXAMPLE 5 A Mixture Problem 


A tank contains 50 gallons of a solution composed of 90% water and 10% alcohol. A 
second solution containing 50% water and 50% alcohol is added to the tank at a rate of 
4 gallons per minute. As the second solution is being added, the tank is being drained 
at a rate of 5 gallons per minute, as shown in Figure 6.20. The solution in the tank is 
stirred constantly. How much alcohol is in the tank after 10 minutes? 


Solution Let y be the number of gallons of alcohol in the tank at any time t. You 
know that y = 5 when t = 0. Because the number of gallons of solution in the tank 
at any time is 50 — t, and the tank loses 5 gallons of solution per minute, it must lose 


CRDI 


gallons of alcohol per minute. Furthermore, because the tank is gaining 2 gallons of 
alcohol per minute, the rate of change of alcohol in the tank is 


dy _ 5 dy 5 ) _ 
a E = ) - (s = 
To solve this linear differential equation, let 


EA 
50 -t 


P(t) = 
and obtain 


5 
[roa [ane 5 In|50 — 1]. 


Because t < 50, you can drop the absolute value signs and conclude that 


d 
(50 — 2* 


gl P (0 dt — g-5n(50-1) — 


So, the general solution is 


y 2 
COE Í 60- 55 4 


y 1 
= + 
G0-5 260-98 € 


.,30-t 
2 


y + C(50 — $5. 


Because y = 5 when f = 0, you have 


_ 50 s C 
se +60) wb -.-C 


which means that the particular solution is 


Siue d 50 — nj 
79 x "P 


Finally, when t = 10, the amount of alcohol in the tank is 


50 — 10 50 — 10 
2 20 50 


5 
= 13.45 gal 


which represents a solution containing 33.6% alcohol. a 
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6.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. First-Order What does the term “first-order” refer to 
in a first-order linear differential equation? 


. First-Order Linear Differential Equations 
Describe how to solve a first-order linear differential 
equation. 


Determining Whether a Differential Equation Is 
Linear In Exercises 3-6, determine whether the differential 
equation is linear. Explain your reasoning. 


3. ey’ + xy = e+] 4. 2xy - y'Inx 2 y 


2 6, 2—¥ = 
y 


5. y' — y sinx = xy 5x 


Ci alle) Solving a First-Order Linear Differential 
‘rari Equation In Exercises 7-14, find the general 

kaffe solution of the first-order linear differential 
[a] Sorel equation for x > 0. 


7.24 (Ly = 642 s. 24 (2)y=a0-5 

9. y' + 2xy = 10x 10. y’ + 320y = 62 

11. (y + 1)cosxdx—dy=0 12. (y - Dsinxdx — dy = 0 
13. y + 3y = e* 14. xy’ + y 7» xilnx 


fe Slope Field In Exercises 15 and 16, (a) sketch an approximate 


solution of the differential equation satisfying the given initial 
condition on the slope field, (b) find the particular solution 
that satisfies the given initial condition, and (c) use a graphing 
utility to graph the particular solution. Compare the graph 
with the sketch in part (a). To print an enlarged copy of the 
graph, go to MathGraphs.com. 


dy D r) £ 2 
.———ex— 5 + E = d 
15 q D 16. y (4) sin x^, 
(0, 1) (n, 0) 
y y 
Vi h SNF PE I ZILATVNANNN 
a a a a | Phe Paw WN 
Se Nope Med —4—[T-NNMS 
S XX Nee f b] ———4dv-—N—xM 
NX SC P dr ap a et x 
t+} +--+ 4 x AK seh ee 4 
ALL LET I A4 N-NN g 7 
yu g4 Pd] Vy hE [dese 
qb. NN \ 44/1/77 


^ we, 17-24, find the particular solution of the 


Lan FL first-order linear differential equation for x > 0 
Okru À 


that satisfies the initial condition. 


DRAID Finding a Particular Solution In Exercises 
c 


Initial Condition 
y(0) = 3 
x1) =e 


Differential Equation 
17. y' + y = 6e* 
18. xy’ + 2y = eV 


Differential Equation 


Initial Condition 


19. y' + ytanx = sec x + cosx y(0) = 1 

20. y' + y sec x = sec x y(0) = 4 
1 

21. y' + (4) =0 y(2) = 2 

22. y' + (2x - Dy =0 y(1) 22 

23. x dy = (x + y + 2) dx y(1) = 10 

24. 2Oxy' - y =x — x y(4) = 2 


25. Population Growth When predicting population 
growth, demographers must consider birth and death rates as 
well as the net change caused by the difference between the 
rates of immigration and emigration. Let P be the population 
at time ¢ and let N be the net increase per unit time resulting 
from the difference between immigration and emigration. 
So, the rate of growth of the population is given by 
dP 


—=kP+N 
dt 


where N is constant. Solve this differential equation to find 
P as a function of time, when at time t = O the size of the 
population is Pj. 


26. Investment Growth A large corporation starts at time 
t — 0 to invest part of its receipts continuously at a rate of 
P dollars per year in a fund for future corporate expansion. 
Assume that the fund earns r percent interest per year 
compounded continuously. So, the rate of growth of the 
amount A in the fund is given by dA/dt = rA + P, where 
A — 0 when t — 0. Solve this differential equation for A as a 
function of t. 


Investment Growth In Exercises 27 and 28, use the result 
of Exercise 26. 


27. Find A for the following. 
(a) P — $275,000, r — 896, t — 10 years 
(b) P = $550,000, r = 5.996, t = 25 years 
28. Find t if the corporation needs $1,000,000 and it can invest 


$125,000 per year in a fund earning 8% interest compounded 
continuously. 


29. Learning Curve The management at a certain factory 
has found that the maximum number of units a worker can 
produce in a day is 75. The rate of increase in the number 
of units N produced with respect to time t in days by a new 
employee is proportional to 75 — N. 


(a) Determine the differential equation describing the rate of 
change of performance with respect to time. 


(b) Solve the differential equation from part (a). 


(c) Find the particular solution for a new employee who 
produced 20 units on the first day at the factory and 
35 units on the twentieth day. 


«30. Intravenous Feedinge e e ««e«eeeeecc ce 


Glucose is added 
intravenously to the 
bloodstream at the 

rate of q units per 
minute, and the body 
removes glucose from 
the bloodstream at a 
rate proportional to the 
amount present. Assume 
that Q(f) is the amount 
of glucose in the bloodstream at time t. 


(a) Determine the differential equation describing the rate 
of change of glucose in the bloodstream with respect 
to time. 


(b) Solve the differential equation from part (a), letting 
Q = Q when t = 0. 


(c) Find the limit of Q(t) as t oo. 


Falling Object In Exercises 31 and 32, consider an 
object with a mass of 4 kilograms dropped from a height of 
1500 meters, where the air resistance is proportional to the 
velocity. 


31. Write the velocity of the object as a function of time t when 
the velocity after 5 seconds is approximately —31 meters per 
second. What is the limiting value of the velocity function? 


32. Use the result of Exercise 31 to write the position of the object 
as a function of time t. Approximate the velocity of the object 
when it reaches ground level. 


Electric Circuits In Exercises 33 and 34, use the differential 
equation for electric circuits given by 


LT. 4 gj y p, 
dt 


In this equation, Z is the current, R is the resistance, L is the 
inductance, and E is the electromotive force (voltage). 


33. Solve the differential equation for the current given a constant 
voltage Ep. 


34. Use the result of Exercise 33 to find the equation for the current 
when /(0) = 0, E, = 120 volts, R = 600 ohms, and L = 4 
henrys. When does the current reach 90% of its limiting value? 


Mixture In Exercises 35-38, consider a tank that at time 
t = 0 contains v, gallons of a solution of which, by weight, qo 
pounds is soluble concentrate. Another solution containing q, 
pounds of the concentrate per gallon is running into the tank 
at the rate of r, gallons per minute. The solution in the tank is 
kept well stirred and is withdrawn at the rate of r, gallons per 
minute. 


35. Let Q be the amount of concentrate (in pounds) in the solution 
at any time t. Show that 
dQ , TQ 


dt vw + (r= rt 


Ql). 


wavebreakmedia/Shutterstock.com 
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36. Let Q be the amount of concentrate (in pounds) in the solution 
at any time t. Write the differential equation for the rate of 


change of Q with respect to t when r, = r, =r. 


37. A 200-gallon tank is full of a solution containing 25 pounds 
of concentrate. Starting at time ¢ — 0, distilled water is 


admitted to the tank at a rate of 10 gallons per minute, and the 
well-stirred solution is withdrawn at the same rate. 


(a) Find the amount of concentrate Q (in pounds) in the 
solution as a function of t. 


(b) Find the time at which the amount of concentrate in the 
tank reaches 15 pounds. 


(c) Find the amount of concentrate (in pounds) in the solution 
as f OO, 


W 
o 


. A 200-gallon tank is half full of distilled water. Starting at 
time f — 0, a solution containing 0.5 pound of concentrate per 
gallon is admitted to the tank at a rate of 5 gallons per minute, 
and the well-stirred mixture is withdrawn at a rate of 3 gallons 
per minute. 


(a) At what time will the tank be full? 


(b) At the time the tank is full, how many pounds of 
concentrate will it contain? 


(c) Repeat parts (a) and (b), assuming that the solution 
entering the tank contains 1 pound of concentrate 
per gallon. 


39. Using an Integrating Factor The expression u(x) is 
an integrating factor for y' + P(x)y = Q(x). Which of the 
following is equal to u'(x)? Verify your answer. 


(a) P(x)u(x) (b) P'(x)u(x) 
(c) QG)uG) (d) Q'G)uG) 


HOW DO YOU SEE IT? The graph shows 
the amount of concentrate Q (in pounds) in a 
solution in a tank at time f (in minutes) as a 
solution with concentrate enters the tank, is 
well stirred, and is withdrawn from the tank. 


~ 
ks) 
Ss 
S 
6 a 
= E 
Eu 
og 
ES 
<E 
= 
[5] 
g 
8 
o 


Time (in minutes) 


How much concentrate is in the tank at time t = 0? 


Which is greater, the rate of solution into the tank 
or the rate of solution withdrawn from the tank? 
Explain. 


At what time is there no concentrate in the tank? 
What does this mean? 


438 Chapter 6 Differential Equations 


EXPLORING CONCEPTS 
41. Using Different Methods Describe two ways to 
find the general solution of 


Verify that each method gives the same result. 


. Integrating Factor Explain why you can omit 
the constant of integration when finding an integrating 
factor. 


Matching In Exercises 43-46, match the differential 
equation with its solution. 


Differential Equation Solution 
43. ' - 2x 2 0 (a) y = Ce* 
44. y' - 2y - 0 (b) y= =} + Ce* 
45. y' - 2xy = 0 (c) y=xX?+C 
46. y' — 2xy =x (d) y = Ce? 


His Slope Field In Exercises 47 and 48, (a) use a graphing 


utility to graph the slope field for the differential equation, 
(b) find the particular solutions of the differential equation 
passing through the given points, and (c) use a graphing utility 
to graph the particular solutions on the slope field in part (a). 


Differential Equation Points 
dy 1 2 
eium > = 
47 ee ee 0 (—2, 4), (2, 8) 
dy d ( 7) ( -1) 
48. s x 0,5} 40. 2 


Solving a First-Order Differential Equation In Exercises 
49-56, find the general solution of the first-order differential 
equation for x > 0 by any appropriate method. 


dy _ ext y 
dde 


SECTION PROJECT (E e—- 00900009 909 0909 9 9 9? o6 


Weight Loss 


A person's weight depends on both the number of calories 
consumed and the energy used. Moreover, the amount of energy 
used depends on a person's weight—the average amount of energy 
used by a person is 17.5 calories per pound per day. So, the more 
weight a person loses, the less energy a person uses (assuming that 
the person maintains a constant level of activity). An equation that 
can be used to model weight loss is 


dw | C — 175. 
dt 3500 3500 


where w is the person's weight (in pounds), t is the time in days, 
and C is the constant daily calorie consumption. 


y cos x? 


50. y’ cos x? + = sec x? 


dy _ 
mo» 


51. ycosx — cos x + 


52. y 22x /1— y 

53. (2y — e) dx + xdy = 0 

54. (x + y) dx — xdy = 0 

55. 3(y — 4x?) dx + xdy = 0 

56. xdx + (y+ e)(8? + 1)dy =0 


Solving a Bernoulli Differential Equation In Exercises 
57-64, solve the Bernoulli differential equation. The Bernoulli 
equation is a well-known nonlinear equation of the form 


y' + P(x)y = QG)y" 


that can be reduced to a linear form by a substitution. The 
general solution of a Bernoulli equation is 


yl7neJ Q — PG) dx = fa _ n)O(x)eSA— PO) dx qx +C. 


57. y! + 332y = xy3 
58. y' + xy = xy! 

1 
59. zu y <8 x>0 


x 


60. y «( ) sv. x»0 


I 
x 


61. xy +y 2 xy, x>0 

62. ' -y- y 

63. y! - y = e3ly 

64. yy — 2? = e 

True or False? In Exercises 65 and 66, determine whether 


the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


65. y' + x /y = x’ is a first-order linear differential equation. 


66. y' + xy = e*y is a first-order linear differential equation. 


(a) Find the general solution of the differential equation. 


(b) Consider a person who weighs 180 pounds and begins a diet of 
2500 calories per day. How long will it take the person to lose 
10 pounds? How long will it take the person to lose 35 pounds? 


(c) Use a graphing utility to graph the particular solution from 
part (b). What is the "limiting" weight of the person? 


(d) Repeat parts (b) and (c) for a person who weighs 200 pounds 
when the diet is started. 


liM FOR FURTHER INFORMATION For more information on 
modeling weight loss, see the article “A Linear Diet Model" by 
Arthur C. Segal in The College Mathematics Journal. 


Review Exercises 


Review Exercises 439 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


1. Determining a Solution Determine whether the 
function y = x? is a solution of the differential equation 
2xy' + 4y = 10x*. 

2. Determining a Solution Determine whether the 


function y = 2 sin 2x is a solution of the differential equation 
y"—8y-0. 


Finding a General Solution In Exercises 3-8, use 
integration to find a general solution of the differential equation. 


dy 7 dy 6-x 
= Ae + = Eo 
3. 4x 7 4 dx 3x x»0 

dy . dy _ 

5. PE 2x 6. de S OSC X COX 
dy _ Xx dy _ 3x 
7. a 8. dc 2 


Slope Field In Exercises 9 and 10, a differential equation 
and its slope field are given. Complete the table by determining 
the slopes (if possible) in the slope field at the given points. 


x —4 —-2.0.2.4 8 
y 2 0 4/41]6] 8 
dy/dx 
d d : 
9, Z = 2x — 10. € = x sin Z 
dx dx 4 
y y 
A 
PriStivve7771 LY¥MO=ee ee hod ds 
BESO ESA XX Strei 
IiI = s Sen 
ADETA SAT a Praed XXX VENT 
VA ox =} ititi DX EX Ag. 
Villieeczd4pbg ee eo a NE 
Viyve-vertiti = = eyes 
|ijiyzdgfpb4d Pd Laer ered CE 
Jey AA ee gd a as 
ACLS PEPE tg NN SP SREP PL 
SSAI PETE g 0b 4g Id jp a x 
ASF PELTED A//74NN\\A\NNI8 
VV 447 rrr rid Pr2exvirivvivi 


Slope Field In Exercises 11 and 12, (a) sketch the slope 
field for the differential equation, and (b) use the slope field 
to sketch the solution that passes through the given point. 
Use a graphing utility to verify your results. To print a blank 
coordinate plane, go to MathGraphs.com. 


11. y'= 2x7 — x, (0,2) 
12. y'= y+ 4x, (-1, 1) 


Euler's Method In Exercises 13 and 14, use Euler's 
Method to make a table of values for the approximate solution 
of the differential equation with the specified initial value. Use 
n steps of size h. 


13. 2x y, y(0)=4, n=10, h=0.05 
14. y'= 5x - 2y, y(0 22, n=10, h=0.1 


Solving a Differential Equation In Exercises 15-22, find 
the general solution of the differential equation. 


15. = = 6x — xX 16. 4 


y 
AM m oh 
dx dx Sea 
dy _ = 1» dy__ x 
a dx (y— 0 18. dx +2 
19. (2+ xy’ — xy =0 20. xy (x + y =0 


21. /x + ly - y 40 22. y + JSxy = 9x 


Writing and Solving a Differential Equation In 
Exercises 23 and 24, write and find the general solution of the 
differential equation that models the verbal statement. 


23. The rate of change of y with respect to f is inversely 
proportional to the cube of r. 


24. The rate of change of y with respect to t is proportional to 
50 — t. 


Finding an Exponential Function In Exercises 25-28, 
find the exponential function y = Ce“ that passes through the 
two given points. 


25. 


27. 28. OY 


(1, 4) 


29. Air Pressure Under ideal conditions, air pressure 
decreases continuously with the height above sea level at a 
rate proportional to the pressure at that height. The barometer 
reads 30 inches at sea level and 15 inches at 18,000 feet. Find 
the barometric pressure at 35,000 feet. 


30. Radioactive Decay Radioactive radium has a half-life 
of approximately 1599 years. The initial quantity is 15 grams. 
How much remains after 750 years? 


31. Population Growth A population grows exponentially 
at the rate of 1.85%. How long will it take the population to 
double? 
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32. Compound Interest Find the balance in an account 
when $400 is deposited for 11 years at an interest rate of 296 
compounded continuously. 


33. Sales The sales S (in thousands of units) of a new product 
after it has been on the market for t years is given by 


S = cet, 


(a) Find S as a function of t when 5000 units have been sold 
after 1 year and the saturation point for the market is 
30,000 units (that is, lim S — 30). 

too 


(b) How many units will have been sold after 5 years? 


34. Sales The sales S (in thousands of units) of a new product 
after it has been on the market for t years is given by 


S = 25(1 — e). 
(a) Find S as a function of t when 4000 units have been sold 
after 1 year. 
(b) How many units will saturate this market? 
Finding a General Solution Using Separation of 


Variables In Exercises 35-38, find the general solution of 
the differential equation. 


dy _ 5x 
52 = 
1 dx y 
dy x3 
36. di^ 3g 


37. y'ex = erty 
38. y' — e sinx = 0 
Finding a Particular Solution Using Separation of 


Variables In Exercises 39-42, find the particular solution 
of the differential equation that satisfies the initial condition. 


Differential Equation Initial Condition 


39. jy'— 3x = 0 y(2) = 2 
40. yy — 5e* = 0 y(0) = —3 
41. y*(x^ + Ly’ — (yt + 1) = 0 y(0) = 1 
42. y' + sinxcosx = 0 ym) = -2 


Finding a Particular Solution Curve In Exercises 43 and 
44, find an equation of the curve that passes through the point 
and has the given slope. 


43. (1,3), y - = 


44. (1, 2, y= > 


fis Finding Orthogonal Trajectories In Exercises 45 and 46, 


find the orthogonal trajectories for the family of curves. Use a 
graphing utility to graph several members of each family. 


45. 5x2 — 4 = C 
46. 3 = Cy 


Using a Logistic Equation In Exercises 47 and 48, 

the logistic equation models the growth of a population. Use 

the equation to (a) find the value of k, (b) find the carrying 

capacity, (c) find the initial population, (d) determine when 

the population will reach 50% of its carrying capacity, and 

(e) write a logistic differential equation that has the solution P(t). 
5250 4800 


48. P(t) = 


47. P(t) = ^ 1 + 4e t! 


1 + 34e- 059r 


Solving a Logistic Differential Equation In Exercises 
49 and 50, find the logistic equation that passes through the 
given point. 


dy _ ( -à) dy _ ( -i 
49. = yl 80/" (0, 8) 50. g^ [9 8^ (0, 3) 


51. Wildlife Population The rate of change of the number 
of raccoons M(t) in a population is directly proportional 
to 380 — M(t), where t is the time in years. When 1 = 0, 
the population is 110, and when f = 4, the population has 
increased to 150. Find the population when t — 8. 


52. Environment A conservation department releases 
1200 brook trout into a lake. It is estimated that the carrying 
capacity of the lake for the species is 20,400. After the first 
year, there are 2000 brook trout in the lake. 


(a) Write a logistic equation that models the number of brook 
trout in the lake. 


(b) Find the number of brook trout in the lake after 8 years. 
(c) When will the number of brook trout reach 10,000? 


(d) Write a logistic differential equation that models the 
growth rate of the brook trout population. Then repeat 
part (b) using Euler's method with a step size of h = 1. 
Compare the approximation with the exact answer. 


(e) At what time is the brook trout population growing most 


rapidly? Explain. 


Solving a First-Order Linear Differential Equation In 
Exercises 53-58, find the general solution of the first-order 
linear differential equation. 

53. y' - y = 10 54. ety’ + 4ey = 1 

55. Ay! =e/4 + y 56. — 
57. (x - 2y -y ^ Ll, x>2 

58. (x + 3)y' + 2y = 2(x + 372, x > —3 


Finding a Particular Solution In Exercises 59-62, find 
the particular solution of the first-order linear differential 
equation that satisfies the initial condition. 


Differential Equation Initial Condition 


59. y' + 5y = e* y(0) = 3 
60. y' — (3) = 2x3 y(1) = 1 
61. (3y + 5) cos x dx = dy ym) = 0 
62. y! — 8x8y = e y(0) = 2 
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See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Doomsday Equation The differential equation 


dy = I+e 

dt hr 

where k and e are positive constants, is called the doomsday 
equation. 

(a) Solve the doomsday equation 


dy 
dt 


= „1.01 
=y 


given that y(0) = 1. Find the time T at which 


lim y(i) = eo. 
(b) Solve the doomsday equation 


dy _ lt+e 
dt ky 


given that y(0) = yo. Explain why this equation is called the 
doomsday equation. 


. Sales Let S represent sales of a new product (in thousands of 
units), let L represent the maximum level of sales (in thousands 
of units), and let f represent time (in months). The rate of 
change of S with respect to t is proportional to the product of 
S and L — S. 


(a) Write the differential equation for the sales model when 
L = 100, S = 10 when t = 0, and S = 20 when t = 1. 
Verify that 


L 


S= Fa 


(b) At what time is the growth in sales increasing most rapidly? 


fe (c) Use a graphing utility to graph the sales function. 


(d) Sketch the solution from part (a) on the slope field below. To 
print an enlarged copy of the graph, go to MathGraphs.com. 


S 


3 
EXTA NNS&SSNNATIZAZ 
QDOTTALNSSSNSSNSTITIZZA 
VEELS YANDI DES 
ISAAA AAA 


(e) Assume the estimated maximum level of sales is correct. 
Use the slope field to describe the shape of the solution 
curves for sales when, at some period of time, sales exceed L. 


A 3. Gompertz Equation Another model that can be used to 


represent population growth is the Gompertz equation, which 
is the solution of the differential equation 


where k is a constant and L is the carrying capacity. 
(a) Find the general solution of the differential equation. 


(b) Use a graphing utility to graph the slope field for the 
differential equation when k = 0.05 and L = 1000. 


(c) Describe the behavior of the graph in part (b) as t— oo. 
(d) Use a graphing utility to graph the equation you found in 
part (a) for L = 5000, y(0) = 500, and k = 0.02. Determine 


the concavity of the graph and how it compares with the 
general solution of the logistic differential equation. 


. Error Using Product Rule Although it is true for some 


functions f and g, a common mistake in calculus is to believe 
that the Product Rule for derivatives is (fg)' = f'g’. 


(a) Given g(x) = x, find f such that (fg)' = f'g’. 

(b) Given an arbitrary function g, find a function f such that 
Ug eque 

(c) Describe what happens if g(x) = e". 


. lorricelli's Law  Torricelli's Law states that water will 


flow from an opening at the bottom of a tank with the same 
speed that it would attain falling from the surface of the water 
to the opening. One of the forms of Torricelli's Law is 


AU om 


where h is the height of the water in the tank, k is the area of 
the opening at the bottom of the tank, A(h) is the horizontal 
cross-sectional area at height h, and g is the acceleration due to 
gravity (g ^ 32 feet per second per second). A hemispherical 
water tank has a radius of 6 feet. When the tank is full, a 
circular valve with a radius of 1 inch is opened at the bottom, 
as shown in the figure. How long will it take for the tank to 
drain completely? 


H— 6 ft —> 
1 1 
1 
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6. 


Torricelli'S Law The cylindrical water tank shown in the 
figure has a height of 18 feet. When the tank is full, a circular 
valve is opened at the bottom of the tank. After 30 minutes, the 
depth of the water is 12 feet. 


I —— m —À 


(a) Using Torricelli's Law, how long will it take for the tank 
to drain completely? 


(b) What is the depth of the water in the tank after 1 hour? 


. Torricelli's Law Suppose the tank in Exercise 6 has a 


height of 20 feet and a radius of 8 feet, and the valve is circular 
with a radius of 2 inches. The tank is full when the valve is 
opened. How long will it take for the tank to drain completely? 


. Rewriting the Logistic Equation Show that the 


logistic equation 


L 


VTE pbe 


can be written as 


y= aeli + mlae- 5) 


What can you conclude about the graph of the logistic equation? 


. Biomass Biomass is a measure of the amount of living 


matter in an ecosystem. Suppose the biomass s(f) in a given 
ecosystem increases at a rate of about 3.5 tons per year and 
decreases by about 1.996 per year. This situation can be 
modeled by the differential equation 


ds 
W^ 3.5 — 0.0195. 


(a) Find the general solution of the differential equation. 


Be Use a graphing utility to graph the slope field for the 


10. 


differential equation. What do you notice? 
(c) Explain what happens to the biomass as t — oo. 


Epidemic Carriers are individuals who can transmit a 
disease but who exhibit no apparent symptoms. Let y represent 
the proportion of carriers in a population at any time t. Suppose 
that carriers are quarantined at a rate r. Then the change in the 
proportion of carriers can be modeled by dy/dt = — ry. Find 
the general solution of the differential equation given that 4096 
of the population are carriers at the beginning of an outbreak. 


Medical Science In Exercises 11-13, a medical researcher 
wants to determine the concentration C (in moles per liter) of a 
tracer drug injected into a moving fluid. Solve this problem by 
considering a single-compartment dilution model (see figure). 
Assume that the fluid is continuously mixed and that the 
volume of the fluid in the compartment is constant. 


Tracer 
injected 


Flow R (pure) Volume V. 


Flow R 
(concentration C) 


11. If the tracer is injected instantaneously at time t = 0, then the 
concentration of the fluid in the compartment begins diluting 
according to the differential equation 


where C = C, when t = 0. 


(a) Solve this differential equation to find the concentration C 
as a function of time t. 


(b) Find the limit of C as t oo. 


ee 12. Use the solution of the differential equation in Exercise 11 and 
the given values to find the concentration C as a function of 
time f, and use a graphing utility to graph the function. 


(a) V — 2 liters 
R = 0.5 liter per minute 
C, — 0.6 mole per liter 
(D V = 2 liters 
R = 15 liters per minute 
Cy = 0.6 mole per liter 


13. In Exercises 11 and 12, it was assumed that there was a single 
initial injection of the tracer drug into the compartment. Now 
consider the case in which the tracer is continuously injected 
(beginning at t = 0) at the rate of Q moles per minute. 
Considering Q to be negligible compared with R, use the 
differential equation 


dC Q (R 
d V (Fc 


where C = 0 when t = 0. 


(a) Solve this differential equation to find the concentration C 
as a function of time f. 


(b) Find the limit of C as t oo. 


Applications of Integration 
H su H HH EE HH E NH ww SH NH HH g 


PLE 7.1 Area of a Region Between Two Curves 
twee PEN 7.2 Volume: The Disk Method 
Dire 7.3 Volume: The Shell Method 
A 7.4 Arc Length and Surfaces of Revolution 
7.5 Work 
7.6 Moments, Centers of Mass, and Centroids 
7.7 Fluid Pressure and Fluid Force 


Moving a Space Module into Orbit (Example 3, p. 488) 


Pyramid of Khufu 
(Section Project, p. 493) 


3D Printing 
(Exercise 68, p. 463) 


Building Design (Exercise 79, p. 453) 
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7.1 Area of a Region Between Two Curves 


la Find the area of a region between two curves using integration. 
E Find the area of a region between intersecting curves using integration. 
la Describe integration as an accumulation process. 


Area of a Region Between Two Curves 


y With a few modifications, you can extend the application of definite integrals from the 
area of a region under a curve to the area of a region between two curves. Consider two 
functions f and g that are continuous on the interval [a, b]. Also, the graphs of both 
f and g lie above the x-axis, and the graph of g lies below the graph of f, as shown in 
Figure 7.1. You can geometrically interpret the area of the region between the graphs as 

f the area of the region under the graph of g subtracted from the area of the region under 
the graph of f, as shown in Figure 7.2. 


Region 
between 
two 
curves 


»—X 


X=a 


= 

>` 
hi 
ta 


A A A 
Figure 7.1 g g g 
| i f f i f 
i : » X »X » X 
a b a b a b 
Area of region _ Area of region = Area of region 
between f and g under f under g 
b b b 
[Um-sa - [me | IE 
Figure 7.2 
To verify the reasonableness of the result Representative rectangle 
shown in Figure 7.2, you can partition the interval Height: f(x) —g(x) 
y Width: Ax 


[a, b] into n subintervals, each of width Ax. Then, 

as shown in Figure 7.3, sketch a representative 
rectangle of width Ax and height f(x) — g(x), 

where x; is in the ith subinterval. The area of this 
representative rectangle is fax) 


AA; = (height)(width) — Lf (x) = g(x) ]Ax. 


By adding the areas of the n rectangles and taking 
the limit as |A|| > 0 (n — oo), you obtain 


Recall from EE Figure 7.3 
Section 4.3 that ||A|| is the norm B: a [fox) = g(x) Ax. 
of the partition. In a regular 
partition, the statements ||A|| ^ 0 
and n> © are equivalent. 


Because f and g are continuous on [a, b], f — g is also continuous on [a, b] and the 
limit exists. So, the area of the region is 


Area = lim X (f(s) ~ e(9)]A« 


i=l 


Í Va -sla 


T } T T 
=] RE! 2 3 


D> g@) 


Region bounded by the graph of f, the 
graph of g, x = 0, and x = 1 
Figure 7.5 
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Area of a Region Between Two Curves 


If f and g are continuous on [a, b] and g(x) < f(x) for all x in [a, b], then 
the area of the region bounded by the graphs of f and g and the vertical lines 
x = aand x = bis 


- [ o - aas 


In Figure 7.1, the graphs of f and g are shown above the x-axis. This, however, 
is not necessary. The same integrand [ f(x) — g(x)] can be used as long as f and g 
are continuous and g(x) < f(x) for all x in the interval [a, b]. This is summarized 
graphically in Figure 7.4. Notice in Figure 7.4 that the height of a representative 
rectangle is f(x) — g(x) regardless of the relative position of the x-axis. 


a b 


(x, f(x) (x, fW) 


fe) —80) 


f(x) —8@) 


|) Al 
(x, g@) _ 


(x, CO) 


Figure 7.4 


Representative rectangles are used throughout this chapter in various applications 
of integration. A vertical rectangle (of width Ax) implies integration with respect to x, 
whereas a horizontal rectangle (of width Ay) implies integration with respect to y. 


Finding the Area of a Region Between Two Curves 


Find the area of the region bounded by the graphs of y = x? + 2, y = —x, x = 0, and 
x=1. 


Solution Let g(x) = —x and f(x) = x? + 2. Then g(x) < f(x) for all x in [0, 1], as 
shown in Figure 7.5. So, the area of the representative rectangle is 

= LF) — g(x) JAx 

= [G? + 2) - (-3)]Ax 


and the area of the region is 


-Í (Ole 
-[u [G2 2 - C9] 


gu 
-|5 2 J 


] 3 
=-+=42 
3 2 


17 
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(x, f@)) 


| 24 


(x, g@)) 


2 


Region bounded by the graph of f and 
the graph of g 
Figure 7.6 


| 


(x, f) 


ado œw) 


One of the regions bounded by the 
graphs of the sine and cosine functions 
Figure 7.7 
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Area of a Region Between Intersecting Curves 


In Example 1, the graphs of f(x) = x? + 2 and g(x) = —x do not intersect, and the values 
of a and b are given explicitly. A more common problem involves the area of a region 
bounded by two intersecting graphs, where the values of a and b must be calculated. 


EXAMPLE 2 A Region Lying Between Two Intersecting Graphs 
Find the area of the region bounded by the graphs of f(x) = 2 — x? and g(x) = x. 


Solution In Figure 7.6, notice that the graphs of f and g have two points of 

intersection. To find the x-coordinates of these points, set f(x) and g(x) equal to each 
other and solve for x. 

2—x-—x 

—x)—x-2-20 

—(x + 2)(x- 1) =0 


x= —2orl 


Set f(x) equal to g(x). 
Write in general form. 
Factor. 


Solve for x. 


So, a = —2 and b = 1. Because g(x) < f(x) for all x in the interval [—2, 1], the 
representative rectangle has an area of 


AA = [f(x) — g(9]Ax = [2 — x?) — x]Ax 


and the area of the region is 


A= 1: [Q — 2) — x] dx 


x3 x2 1 
=|-~-24 
| 3 2 np 


zd 
» 


A Region Lying Between Two Intersecting Graphs 


The sine and cosine curves intersect infinitely many times, bounding regions of equal 
areas, as shown in Figure 7.7. Find the area of one of these regions. 


Solution Let g(x) = cos x and f(x) = sin x. Then g(x) < f(x) for all x in the interval 
corresponding to the shaded region in Figure 7.7. To find the two points of intersection 
on this interval, set f(x) and g(x) equal to each other and solve for x. 


sin x = cos x Set f (x) equal to g(x). 


sin x 
= Divide each side by cos x. 
COS x 
tanx = 1 Trigonometric identity 
m 5n ! 
x= 4 Or FE Osx s 2T Solve for x. 


So, a = 1/4 and b = 50/4. Because sin x = cos x for all x in the interval [Tt/4, 57/4], 
the area of the region is 


570/4 
A= f [sin x — cos x] dx 


1/4 


570/4 
= | — cos x — sin x 


n/4 


eg | 


80 xfG) Sf Ss) 


On [-2, 0], g(x) < f(x), and on [0, 2], 
f(x) s sg). 
Figure 7.8 
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To find the area of the region between two curves that intersect at more than two 
points, first determine all points of intersection. Then check to see which curve is above 
the other in each interval determined by these points, as shown in Example 4. 


Curves That Intersect at More than Two Points 
pm p- See LarsonCalculus.com for an interactive version of this type of example. 
Find the area of the region between the graphs of 

f(x) = 3x3 — x — 10x and g(x) = —x? + 2x. 


Solution Begin by setting f(x) and g(x) equal to each other and solving for x. This 
yields the x-values at all points of intersection of the two graphs. 


3x3 — x? — 10x = —x? + 2x Set f(x) equal to g(x). 
38 — 12x = 0 Write in general form. 
3x(x — 2)(x + 2) 20 Factor. 
x= —2,0,2 Solve for x. 
So, the two graphs intersect when x = —2, 0, and 2. In Figure 7.8, notice that 


g(x) € f(x) on the interval [—2, 0]. The two graphs switch at the origin, however, and 
f(x) < g(x) on the interval [0, 2]. So, you need two integrals—one for the interval 
[ —2, 0] and one for the interval [0, 2]. 


ies » [/6) — e(3] dx + Í [e — fla)] dx 
= [ (3x3 — 12x) dx + [ (— 338 + 12x) dx 


3x4 [ E i 
— — 6x? + + 6x? 
| 4 -2 4 0 
—(12 = 24) + (- 12 + 24) 


= 24 E 


In Example 4, notice that you obtain an incorrect result when you 
integrate from — 2 to 2. Such integration produces 


f. Lf(x) — g(x)] dx = Í (3x3 — 12x) dx. 


=2 


= 0. 


When the graph of a function of y is a boundary of a region, it is often convenient 
to use representative rectangles that are horizontal and find the area by integrating with 
respect to y. In general, to determine the area between two curves, you can use 


X5 
A= Í [(top curve) — (bottom curve)] dx Vertical rectangles 
XQ M d 
in variable x 


or 


M 
A= f [(right curve) — (left curve)] dy Horizontal rectangles 
A * A 


in variable y 


where (x, y,) and (x,, y») are either adjacent points of intersection of the two curves 
involved or points on the specified boundary lines. 
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EXAMPLE 5 Horizontal Representative Rectangles 


Find the area of the region bounded by the graphs of x = 3 — y? and x = y+ 1. 


Solution Consider 


gy») 23-5 and f(y2y-l. 


These two curves intersect when y = —2 and y = 1, as shown in Figure 7.9. Because 
f(y) < g(y) on this interval, you have 


AA = [g(y) — f(y) Ay = IG — y?) - (y + 1] Ay. 


So, the area is 


A= Il [G — y) — (y+ 1)] dy 


f 


(4. -2) 


(=, -2) 


Horizontal rectangles (integration Vertical rectangles (integration with 
with respect to y) respect to x) 
Figure 7.9 Figure 7.10 


In Example 5, notice that by integrating with respect to y, you need only one 
integral. To integrate with respect to x, you would need two integrals because the upper 
boundary changes at x = 2, as shown in Figure 7.10. 


a=[ [x — 1) + iue [ (573 J3 - x) dx 


= f [x — 1 + (3 — ?]dx + JKE — x)? dx 
E EE 


= (2 2 2) (; +1 3 2(0) + x2) 
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Integration as an Accumulation Process 


In this section, the integration formula for the area between two curves was developed 
by using a rectangle as the representative element. For each new application of integration 
in the remaining sections of this chapter, an appropriate representative element will be 
constructed using precalculus formulas you already know. Each integration formula 
will then be obtained by summing or accumulating these representative elements. 


Known precalculus = Representative = New integration 
formula element formula 


For example, the area formula in this section was developed as follows. 


A = (height)(widh =>  AA-[f()-sG)lx OD A= f LfG) — g(x)] dx 


241 28::- Integration as an Accumulation Process 


Find the area of the region bounded by the graph of y = 4 — x? and the x-axis. Describe 
the integration as an accumulation process. 


Solution The area of the region is 
2 
4-| (4 — x?) dx. 
-2 


You can think of the integration as an accumulation of the areas of the rectangles formed 
as the representative rectangle slides from x = —2 to x = 2, as shown in Figure 7.11. 


y ki y 


2 
1 
t t t >x 
3-2 ~-1 1 2 3 
-1-+ 
0 
1 
A= (4 — x?) dx = = 


A= (4 — x?) dx =9 A= (4 — x7) dx = 
v v 3 


Figure 7.11 F| 
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7.1 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Area What is the geometric interpretation of the area of 
the region between two curves? 


. Area Describe how to find the area of the region bounded 
by the graphs of f(x) and g(x) and the vertical lines x = a 
and x = b, where f and g do not intersect on [a, b]. 


. Area Between Intersecting Curves Explain why 
it is important to determine all points of intersection of 
two curves when finding the area of the region between 
the curves. 


. Sketching a Region Sketch a region for which 
integration with respect to y is easier than integration with 
respect to x. 


opro Writing a Definite Integral In Exercises 5-10, 
rix hy write a definite integral that represents the area of 


[e] = the region. (Do not evaluate the integral.) 
ul 
5.y,— x — 6x 6. y, x c 2x € 1 
y,70 y,72x t5 
y 
lees 
8 
I--P-x 
4 
7. y 2 x: - Ax €t 3 8. y =x 
Yo = — + 2x + 3 yy = 
y y 


9. y, = 


rie Finding a Region In Exercises 11-14, the 
m ins integrand of the definite integral is a difference of 
SEE two functions. Sketch the graph of each function 
—""'* and shade the region whose area is represented by 


the integral. 
1 x MEE x 
n. f [æ+ n —S]ar au E - 2) - 2] a 
1 4 
13. ms [(2 — y) - y] dy 14. | (2/y — y) dy 
Finding the Area of a Region In Exercises 


TAN 15-28, sketch the region bounded by the graphs of 
c t the equations and find the area of the region. 


16. y= —0 +2, y=x-3, x-—1, x=1 
17. f(x) 2x2 + 2x, gx)-2x-2 
18. y xbR30x Bd, y xctl 


1 
19. f(x) = 55. y=1, x=1, x-2 


20. f(x) 


21. f(x) = +2, g(x) =x4+2 

22. f) =3/x-1, ex) =x-1 

23. fO) =y, so) =y +2 

24. f(y) - OG. - y), gly) = -y 

25. f(y - Y» +1 ay) =0, y | y=2 


y 
26. f(y) = ; go) =O, y= 3 
16 — y? 
10 
27. f(x) S 0 y=2, y=10 
4 
28. g(x) yoy Y 4, x=0 


p Comparing Methods In Exercises 29 and 30, 
JU find the area of the region by integrating (a) with 
respect to x and (b) with respect to y. (c) Compare 
your results. Which method is simpler? In general, 
will this method always be simpler than the other 
one? Why or why not? 


nil Mrd i 


29. x=4-— y? 30. y- 2 
x=y-2 
y 
6 
4 
I—1 >x 
-6 4 4 6 
4 
—6 


B Finding the Area of a Region In Exercises 31—36, (a) use 


a graphing utility to graph the region bounded by the graphs 
of the functions, (b) find the area of the region analytically, 
and (c) use the integration capabilities of the graphing utility to 
verify your results. 

31. f(x) = x(x? — 3x + 3), 
32. y = xX — 2x2, y = 2x 
33. f(x) = x^ — 4X, gx) 2x2-4 
34. f(x) = x — 9, g(x) =x — 9x 


g(x) = x? 


1 1 
_ NEN 
35. f(x) lr? g(x) zu 
6x 
= = < «x 
36. f(x) map d 0 0sx-s3 


pA e Finding the Area of a Region In Exercises 
Aw 37—42, sketch the region bounded by the graphs of 
is the equations and find the area of the region. 


37. pen = cosx, g(x) =2 — cosx, 0S xs 2n 


38. f(x) = sinx, g(x) = cos 2x, — 


39. f(x) = 2sinx, g(x) = tanx, 


40. f(x) sec ^ tan p: g(x) = (J2- 4x4 x=0 


2 


41. f(x) = xe *, y 40, OSxs1 


42. f(x) = —2*, gx)-21-— 3x 


B Finding the Area of a Region In Exercises 43—46, (a) use 


a graphing utility to graph the region bounded by the graphs 
of the equations, (b) find the area of the region analytically, 
and (c) use the integration capabilities of the graphing utility 
to verify your results. 


43. f(x) =2sinx+sin2x, y -0, OSxsT 
44. f(x) = 2sinx+cos2x, y - 0, O0O<xsT 


45. f(x) = Sells, y=0, 


1sxs3 


41 
46. g(x) = as y=0, x=5 


f Finding the Area of a Region In Exercises 47-50, (a) use 


a graphing utility to graph the region bounded by the graphs of 
the equations, (b) explain why the area of the region is difficult 
to find analytically, and (c) use the integration capabilities of 
the graphing utility to approximate the area of the region to 
four decimal places. 
3 

a ed 
48. y= Jxe, y=0, x=0, x=1 
49. y - à, y=4cosx 


50. y=x, y= J3-x 


47. y = =0, x-3 
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51. Finding the Area of a Region Find the area of the 
given region bounded by the graphs of y,, y,, and y}, as shown 
in the figure. 


y 72-2, 74-25, 


I 

T 
n 
4 


t2[z4 3 


Figure for 51 Figure for 52 

52. Finding the Area of a Region Find the area of the 
given region bounded by the graphs of y,, y2, and y3, as shown 
in the figure. 


yı =Z sinx, y, = cosx, y, = sinx + cosx 


DEMO Integration as an Accumulation Process In 
d : Exercises 53-56, find the accumulation function F. 
[s] axi: Then evaluate F at each value of the independent 
t variable and graphically show the area given by 
each value of the independent variable. 

(b) F(2) 


53. F(x) = i i (i + 1) dt (a) F(0) (c) F(6) 


) 


54. F(x) = Í i (e + 2) dt (a) F(0) (b) F(4) (c) F(6) 


0 


55. F(a) = Í cos a0 (a) F(-1) (b F(0 (o «1 
—1 
56. F(y) = Í 4e" dx 


m! 


(a) F(-1) (b) F(0 (c F(4 


Finding the Area of a Figure In Exercises 57-60, use 
integration to find the area of the figure having the given 
vertices. 

57. (—1, — 1), (1, 1), (2, 1) 

58. (0, 0), (6, 0), (4, 3) 

59. (0, 2), (4, 2), (0, —2), (-4, —2) 

60. (0, 0), (1, 2), (3, —2), (1, —3) 

Using a Tangent Line In Exercises 61-64, write and 
evaluate the definite integral that represents the area of the 
region bounded by the graph of the function and the tangent 
line to the graph at the given point. 

61. f(x) = 28-1, (1,1) 

62. f(x) =x- x, (-1,0) 


1 1 
247 (1.3) 


64. y = ———5 


63. f(x) = 
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EXPLORING CONCEPTS 


65. Area Between Curves The graphs of y = 1 — x? 
and y = x* — 2x? + 1 intersect at three points. However, 
the area between the curves can be found by a single 
integral. Explain why this is so, and write an integral that 
represents this area. 


. Using Symmetry The area of the region bounded 
by the graphs of y = x? and y = x cannot be found by 
the single integral f^, (x3 — x) dx. Explain why this is 
so. Use symmetry to write a single integral that does 
represent the area. 


. Interpreting Integrals Two cars with velocities 
v,(t) and v(t) (in meters per second) are tested on a 
straight track. Consider the following integrals. 


[ bo - volar = 10 f DO - wlalar= 30 


[0 - wladar= -s 


(a) Write a verbal interpretation of each integral. 


(b) Is it possible to determine the distance between the 
two cars when t = 5 seconds? Why or why not? 


(c) Assume both cars start at the same time and place. 
Which car is ahead when t = 10 seconds? How far 
ahead is the car? 


(d) Suppose Car 1 has velocity v, and is ahead of Car 2 
by 13 meters when t = 20 seconds. How far ahead 
or behind is Car 1 when t — 30 seconds? 


HOW DO YOU SEE IT? A state legislature 
is debating two proposals for eliminating the 
annual budget deficits after 10 years. The rate 
of decrease of the deficits for each proposal is 
shown in the figure. 


» 


Proposal 2 


na 
o o 
T 


Proposal 1 


w o E 
S S G 
El 


(in billions of dollars) 
S 
t 


(a) What does the area between the two curves 
represent? 


(b) From the viewpoint of minimizing the cumulative 
state deficit, which is the better proposal? Explain. 


Dividing a Region In Exercises 69 and 70, find b such that 
the line y = b divides the region bounded by the graphs of the 
equations into two regions of equal area. 


69. y=9- 2, y=0 eae a ae 


Dividing a Region In Exercises 71 and 72, find a such that 
the line x = a divides the region bounded by the graphs of the 
equations into two regions of equal area. 


71l.y 2x, y=4, x=0 72. yy =4-x, x=0 
Limits and Integrals In Exercises 73 and 74, evaluate 
the limit and sketch the graph of the region whose area is 
represented by the limit. 


. n H 1 
73. lim Y (x; — x?)Ax, where x, = Land Ax = — 
Bio & n n 


k 4i 4 
74. lim X, (4 — x2)Ax, where x, = —2 4 ! and Ax = 
aieo & n n 


Revenue In Exercises 75 and 76, two models R, and R, are 
given for revenue (in millions of dollars) for a corporation. 
Both models are estimates of revenues from 2020 through 
2025, with t = 0 corresponding to 2020. Which model projects 
the greater revenue? How much more total revenue does that 
model project over the six-year period? 


75. R, = 121 + 0.58f 
R, = 721 + 045t 

76. R, = 121 + 026: + 0.027? 
R, = 721  0.1r + 0.012 


f 77. Lorenz Curve Economists use Lorenz curves to illustrate 


the distribution of income in a country. A Lorenz curve, 
y = f(x), represents the actual income distribution in the 
country. In this model, x represents percents of families in the 
country from the poorest to the wealthiest and y represents 
percents of total income. The model y = x represents a 
country in which each family has the same income. The area 
between these two models, where 0 < x < 100, indicates 
a country's "income inequality." The table lists percents of 
income y for selected percents of families x in a country. 


x | 10 20 30 40 50 


y | 3.35 | 607 | 9.17 | 13.39 | 19.45 


xX 60 70 80 90 


y | 28.03 | 39.77 | 55.28 | 75.12 


(a) Use a graphing utility to find a quadratic model for the 
Lorenz curve. 


(b) Plot the data and graph the model. 


(c) Graph the model y = x. How does this model compare 
with the model in part (a)? 


(d) Use the integration capabilities of a graphing utility to 
approximate the “income inequality.” 


78. Profit The chief financial officer of a company reports 
that profits for the past fiscal year were $15.9 million. The 
officer predicts that profits for the next 5 years will grow at 
a continuous annual rate somewhere between 34% and 5%. 
Estimate the cumulative difference in total profit over the 
5 years based on the predicted range of growth rates. 


* 79. Building Design. e e eeeeeececcerecvece 


Concrete sections for a new building have the dimensions 
(in meters) and shape shown in the figure. 


(a) Find the area of the 
face of the section 
superimposed on 
the rectangular 
coordinate system. 


(b) Find the volume of 
concrete in one of 
the sections by 
multiplying the area 
in part (a) by 2 meters. 


(c) One cubic meter of concrete weighs 5000 pounds. Find 
the weight of the section. 


80. Mechanical Design The surface of a machine part is the 
region between the graphs of y, = |x| and y, = 0.082 + k 
(see figure). 


(a) Find k such that the parabola is tangent to the graph of y. 
(b) Find the area of the surface of the machine part. 


81. Area Find the area between the graph of y = sin x and the 


T 1 
LL » as shown 


line segment joining the points (0, 0) and (2 5 


in the figure. 


j/661227/Shutterstock.com 
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82. Area Leta > O and b > 0. Show that the area of the ellipse 
L oy 


c S m 1 is Tlab (see figure). 


>< 


>x 


True or False? In Exercises 83-86, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. If the area of the region bounded by the graphs of f and g 
is 1, then the area of the region bounded by the graphs of 
h(x) = f(x) + C and k(x) = g(x) + C is also 1. 


84. If 


[ rto - atlas - a 


then 


[ [ee -Oar = A 


85. If the graphs of f and g intersect midway between x = a and 
x = b, then 


[ [re - alas - o 


86. The line 
y = (1 - Y05)x 
divides the region under the curve 
F(x) = x1 — x) 


on [0, 1] into two regions of equal area. 


PUTNAM EXAM CHALLENGE 


87. The horizontal line y= c intersects the curve 


y = 2x — 3x? in the first quadrant as shown in the figure. 
Find c so that the areas of the two shaded regions are equal. 


y 
A 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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7.2 Volume: The Disk Method 


E Find the volume of a solid of revolution using the disk method. 
E Find the volume of a solid of revolution using the washer method. 
E Find the volume of a solid with known cross sections. 


The Disk Method 


You have already learned that area is only one of the many applications of the definite 
integral. Another important application is its use in finding the volume of a three- 
dimensional solid. In this section, you will study a particular type of three-dimensional 
solid—one whose cross sections are similar. Solids of revolution are used commonly 
in engineering and manufacturing. Some examples are axles, funnels, pills, bottles, and 
pistons, as shown in Figure 7.12. 


5 Y Ji 


Solids of revolution 


Figure 7.12 
PER EN When a region in the plane is revolved about a line, the resulting solid is a solid of 
Rectangle revolution, and the line is called the axis of revolution. The simplest such solid is a 
right circular cylinder or disk, which is formed by revolving a rectangle about an axis 
R adjacent to one side of the rectangle, as shown in Figure 7.13. The volume of such a 
disk is 
prse Volume of disk — (area of disk)(width of disk) 


= ng^w 
where R is the radius of the disk and w is the width. 

To see how to use the volume of a disk to find the volume of a general solid of 
revolution, consider a solid of revolution formed by revolving the plane region in 
Figure 7.14 (see next page) about the indicated axis. To determine the volume of this 
solid, consider a representative rectangle in the plane region. When this rectangle is 
revolved about the axis of revolution, it generates a representative disk whose volume is 


AV = TU Ax. 


Approximating the volume of the solid by n such disks of width Ax and radius R(x)) 
Volume of a disk: TLR?w produces 
Figure 7.13 


Volume of solid ~ Y n[R(x) P Ax 


i=1 


=n [RG;)P.Ax. 


i-l 


€ 9 6 6 6 6 6 6 9 6 6 6 € 6 6 6 6» 6 6 


. In Figure 7.15, 
note that you can determine 
the variable of integration 

by placing a representative 
rectangle in the plane region 
“perpendicular” to the axis of 
revolution. When the width 

of the rectangle is Ax, integrate 
with respect to x, and when the 
width of the rectangle is Ay, 
integrate with respect to y. 


ees msn n nnlg 
va 


7.2 Volume: The Disk Method 455 


Representative 


Representative 
rectangle 


disk 


Axis of 
revolution - 


Plane region 


R 
x=a v x=b TIE 
Ax 
Solid of "" 
revolution e) Approximation 
Ax by n disks 
Disk method 
Figure 7.14 


This approximation appears to become better and better as ||A|| 5 0 (n 0o). So, you 
can define the volume of the solid as 


: b 
Volume of solid — Jim, ny [R(x)P Ax = n Í [R(x) P? dx. 
ey t= a 


Schematically, the disk method looks like this. 


Known Precalculus Representative New Integration 
Formula Element Formula 


Vol f disk Solid of revolution 
olume of dis : " " b 


A similar formula can be derived when the axis of revolution is vertical. 


THE DISK METHOD 


To find the volume of a solid of revolution with the disk method, use one of 
the formulas below. (See Figure 7.15.) 


Horizontal Axis of Revolution Vertical Axis of Revolution 


b d 
Volume = V = nf [R(x) P dx Volume = V = nf [R(y)F dy 


Ven PIR@P ax 
oe B Vert f'IRoP cay; 
RO Ay 
KA i 
b wy c ; 
k— m 
RO) 
Horizontal axis of revolution Vertical axis of revolution 
Figure 7.15 
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ay Plane region 


Solid of revolution 


Figure 7.16 


A 
Plane region 2 : 


wWcN 
ı Axis of 
| revolution 


Solid of A 
revolution 


Figure 7.17 


The simplest application of the disk method involves a plane region bounded by 
the graph of f and the x-axis. When the axis of revolution is the x-axis, the radius R(x) 
is simply f(x). 


Using the Disk Method 


Find the volume of the solid formed by revolving the region bounded by the graph of 
f(x) = Vsin x 
and the x-axis (0 € x < TI) about the x-axis, as shown in Figure 7.16. 


Solution From the representative rectangle in the upper graph in Figure 7.16, you 
can see that the radius of this solid is 


RO) = f(x) 
= sin x. 


So, the volume of the solid of revolution is 


b 
V= nf [R(x)]2 dx Apply disk method. 
a 
» serve V 
= nf ( /sin x) dx Substitute J/sin x for R(x). 
0 
T 
=T f sin x dx Simplify. 
0 
n 
= " — cos x| Integrate. 
0 
— n(1 + 1) 
= 27. 


Using a Line That Is Not a Coordinate Axis 


Find the volume of the solid formed by revolving the region bounded by the graphs of 
fo) =2-2 
and g(x) = 1 about the line y = 1, as shown in Figure 7.17. 


Solution By equating f(x) and g(x), you can determine that the two graphs intersect 
when x = +1. To find the radius, subtract g(x) from f(x). 
R(x) = fG) — g(x) 
=(2-x)-1 
=1- + 


To find the volume, integrate between — 1 and 1. 


b 
V= nf [R(x)]2 dx Apply disk method. 
^ 
= nf (1 — x?)? dx Substitute 1 — 3? for R(x). 
=] 
1 
=T f (1 — 222 + x4) dx Simplify. 
—1 
nfx- 242] Integrat 
X 3 5 e ntegrate. 
16m 
15 E 
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LN. The Washer Method 


The disk method can be extended to cover solids of revolution with holes by replacing 
R the representative disk with a representative washer. The washer is formed by revolving 

a rectangle about an axis, as shown in Figure 7.18. If r and R are the inner and outer 
IL radii of the washer, respectively, and w is the width of the washer, then the volume is 


Axis of ]uti 
ae Ohne Volume of washer = T(R? — r?)w. 


p m To see how this concept can be used to find the volume of a solid of revolution, 
Dis > consider a region bounded by an outer radius R(x) and an inner radius r(x), as shown 
in Figure 7.19. If the region is revolved about its axis of revolution, then the volume 
R ofthe resulting solid is 
c <a 
a j 
wv 2 
— V= nf (ROP = [rG) P) dx. Washer method 
a 
P 
~a f Note that the integral involving the inner radius represents the volume of the hole and 
Solid of revolution is subtracted from the integral involving the outer radius. 
Figure 7.18 


Solid of revolution 
with hole 


Plane region 


Figure 7.19 


Using the Washer Method 


Find the volume of the solid formed by revolving the region bounded by the graphs of 


y= /x ad y= x? 


F ~* about the x-axis, as shown in Figure 7.20. 


Plane region 


Solution In Figure 7.20, you can see that the outer and inner radii are as follows. 


i R(x) = adh x Outer radius 
1+ r(x) = x? Inner radius 
Integrating between 0 and 1 produces 
b 
V= nf ([RG)P = [rG) P) dx Apply washer method. 
1 
x a 
=T Í (V x = G2y] dx Substitute /x for R(x) and x? for r(x). 
0 
1 
=T f (x — x*) dx Simplify. 
/ 0 
2 » 1 
_, . Solid of =z En iaie: 
: revolution | 2 5 | TEST 
Solid of revolution = 3n a 


Figure 7.20 10 


458 Chapter 7 Applications of Integration 


In each example so far, the axis of revolution has been horizontal and you have 
integrated with respect to x. In the next example, the axis of revolution is vertical and 
you integrate with respect to y. In this example, you need two separate integrals to 
compute the volume. 


ETTULTTT! Integrating with Respect to y: Two-Integral Case 


Find the volume of the solid formed by revolving the region bounded by the graphs of 
y--1, y=0, x=0, and x=1 


about the y-axis, as shown in Figure 7.21. 


i R Me of 
eg revolution 
a 
Forl=y=2:] | (1,2) E 
RE 
^" 
r=/jy-l ——— 
Ay 
For 0 sy <1 1 
RSI 
r=0 Ay 
> xX x 
Plane region ^|- 1 
s 
Figure 7.21 


Solution For the region shown in Figure 7.21, the outer radius is simply R = 1. 
There is, however, no convenient formula that represents the inner radius. When 
0 < y< 1,r = 0, but when 1 < y € 2, ris determined by the equation y = x? + 1, 
which implies that r = Vy — 1. 


1 
2 


IA IA 


19, 0sy 
ry) = pad 1sy 


Using this definition of the inner radius, you can use two integrals to find the volume. 


1 2 
V= nf (1? = 0?) dy + nf [12 a (Jy — 1y] dy Apply washer method. 
0 1 
1 2 
=m Í ldy+mt f (2 — y) dy Simplify. 
0 1 
1 y? 2 
= n|>| T nf 2 = | Integrate. 
0 2 1 
1 
=n+n(4-2-2+3) 
NE 
2 


Note that the first integral T So 1 dy represents the volume of a right circular cylinder of 
radius 1 and height 1. This portion of the volume could have been determined without 
using calculus. au 


> IECHI Some graphing utilities have the capability of generating 
` (or have built-in software capable of generating) a solid of revolution. If you have 
» access to such a utility, use it to graph some of the solids of revolution described in 


Generated by Mathematica 


Figure 7.22 


this section. For instance, the solid in Example 4 might appear like that shown in 
Figure 7.22. 
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EXAMPLE 5 Manufacturing 


eœ See LarsonCalculus.com for an interactive version of this type of example. 


A manufacturer drills a hole through the center of a metal sphere of radius 5 inches, as 
shown in Figure 7.23(a). The hole has a radius of 3 inches. What is the volume of the 
resulting metal ring? 


Solution You can imagine the ring to be generated by a segment of the circle whose 
equation is x? + y? = 25, as shown in Figure 7.23(b). Because the radius of the hole 
is 3 inches, you can let y = 3 and solve the equation x? + y? = 25 to determine that 
the limits of integration are x = +4. So, the inner and outer radii are r(x) = 3 and 
Solid of revolution R(x) = \/25 — x, and the volume is 


vom Í ([R@)P — [rG)P) ax 


RQ) = 25 5X3 1 = nf l 
| 3 z nf 16 — x?) 
Dad d 


= iN - " 
Plane region 


56rt 
(b) = = cubic inches. a 
Figure 7.23 


(a) 


J25 - 3f - (3y]dx 


pi 
ai 
al 
e 


Solids with Known Cross Sections 


With the disk method, you can find the volume of a solid having a circular cross section 
whose area is A = Tt&?. This method can be generalized to solids of any shape, as long 
as you know a formula for the area of an arbitrary cross section. Some common cross 
sections are squares, rectangles, triangles, semicircles, and trapezoids. 


VOLUMES OF SOLIDS WITH KNOWN CROSS SECTIONS 


1. For cross sections of area A(x) taken perpendicular to the x-axis, 


b 
Volume = f A(x) dx. See Figure 7.24(a). 


2. For cross sections of area A(y) taken perpendicular to the y-axis, 
d 
Volume = f A(y) dy. See Figure 7.24(b). 


y=d 


y 


(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-axis 


Figure 7.24 


460 


Cross sections are equilateral triangles. 


» 


> xX 


Triangular base in xy-plane 
Figure 7.25 


Figure 7.26 
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36114222 Triangular Cross Sections 


Find the volume of the solid shown in Figure 7.25. The base of the solid is the region 
bounded by the lines 


FQ) 1-5, eG) = 145, and x=0. 


The cross sections perpendicular to the x-axis are equilateral triangles. 


Solution The base and area of each triangular cross section are as follows. 


x x 
= = —| — — +] = — 
Base (1 z) ( 1 j 2-—Xx 


Area — 3 (hase)? 


Length of base 

Area of equilateral triangle 
J3 " : 

A(x) = Fu T x) Area of cross section 

Because x ranges from 0 to 2, the volume of the solid is 


v= [ awas [Be - a - -X[e-»T -2/5 


4 3 |, 3 


An Application to Geometry 


Prove that the volume of a pyramid with a square base is 


1 
= IhB 
a 


where A is the height of the pyramid and B is the area of the base. 


Solution As shown in Figure 7.26, you can intersect the pyramid with a plane 
parallel to the base at height y to form a square cross section whose sides are of length 
b'. Using similar triangles, you can show that 


b h-y i e. 
p^ og. 9 bi = VQ y) 
where b is the length of the sides of the base of the pyramid. So, 
p 
AQ) = (P) = Gh - y}. 


Integrating between 0 and h produces 


h 
v-[ A(y) dy 
0 
h 
b2 
-Í pat — Y dy 
p" 
TE (h — y? dy 


7.2 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Disk Method Explain how to use the disk method to 
find the volume of a solid of revolution. 


. Comparing Methods What is the relationship 
between the disk method and the washer method? 


. Finding the Volume of a Solid In your own 
Words, describe when it is necessary to use more than one 
integral to find the volume of a solid of revolution. 


. Finding the Volume of a Solid Explain how to 
find the volume of a solid with a known cross section. 


i 7 5-8, write and evaluate the definite integral that 
E . represents the volume of the solid formed by 
n revolving the region about the x-axis. 
5. y= Sx 6 y=-x+1 


y y 
A A 


ejs 


»X 


Finding the Volume of a Solid In Exercises 
9-12, write and evaluate the definite integral that 
represents the volume of the solid formed by 
revolving the region about the y-axis. 


9. y= 10. y= /16— 2 
y y 
A A 
4 
3-4 
2+ 
1+ 
c ———— s 
3 4 Si 1 2 3 4 


11. y = x? 12. x = —y? + 4y 


»X 


wi» Qi» 1 2 3 4 


Peles Finding the Volume of a Solid In Exercises 
iB = 13-16, » find the volumes of the solids generated by 
EUR revolving the region bounded by the graphs of the 
[e acil equations about the given lines. 
13. y 2 /x y=0, x23 
(a) the x-axis (b) the y-axis 
(c) the line x = 3 (d) the line x = 6 
14. y 222, y 2 0, x=2 
(a) the y-axis (b) the x-axis 
(c) the line y = 8 (d) the line x = 2 
15. y 233, y=4x—-x 
(a) the x-axis 
(b) the line y = 6 


16. y=4+2x- x2, y=4-x 


(a) the x-axis 
(b) the line y = 1 
opsig Finding the Volume of a Solid In Exercises 
"3 17-20, find the volume of the solid generated by 


e 4 
isl RI : revolving the region bounded by the graphs of the 
equations about the line y — 4. 


17.» 2x y=3, x=0 


LIES ALI Finding the Volume of a Solid In Exercises 

a3 hy 21-24, find the volume of the solid generated by 

ol revolving the region bounded by the graphs of the 
equations about the line x = 5. 


21.y ^x y=0, y=4, x=5 
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Finding the Volume of a Solid In Exercises 25-32, find ee Finding the Volume of a Solid Using Technology In 


the volume of the solid generated by revolving the region Exercises 49-52, use the integration capabilities of a graphing 
bounded by the graphs of the equations about the x-axis. utility to approximate the volume of the solid generated by 
i revolving the region bounded by the graphs of the equations 
25. y= ; =0, x=0, x=2 about the x-axis. 
á J3x +5 á 3 
26. y - x /A— x, y=0 49. y=e*, y=0, x20, x=2 
6 50. y - Inx, y=0, x=1, x=3 
oem y? D. ds qe 51. y = 2arctan(0.2x), y 20, x=0, x=5 
2 y= / —M 
28. y , y=0, x=0, x=6 52. y} o yE 
x1 
29. y =e, you. x=0, x=2 EXPLORING CONCEPTS 
30. y = e4, y=0, x=0, x=6 53. Describing a Solid Each integral represents the 
31. y=x2 +1, y--x242x45, x=0, x=3 volume of a solid. Describe each solid. 
1 i n/2 4 
32. y = Vx, y=-x t4 x=0, x=8 (a) nf sin? x dx (b) nf y* dy 
0 2 


Finding the Volume of a Solid In Exercises 33-36, find 
the volume of the solid generated by revolving the region 
bounded by the graphs of the equations about the y-axis. 


. Comparing Volumes A region bounded by the 
parabola y = 4x — x? and the x-axis is revolved about 
the x-axis. A second region bounded by the parabola 

33. y= 3(2- x), y=0, x=0 y = 4 — x and the x-axis is revolved about the x-axis. 

34. y 3x—2, x=0, y=0, y-1 Without integrating, how do the volumes of the two 

solids compare? Explain. 


35. y=9- x, y=0, x=2, x =3 


36. y po 0 x=4 55. Comparing Volumes The y 
region in the figure is revolved 10 
m Finding the Volume of a Solid In Exercises Di ne es pua ane x: 8 
PEE P3 37—40, find the volume of the solid generated by j i f i zd bett ME 6 
obs 3 revolving the region bounded by the graphs of 907109 MOm ea ae 4 aus 
7 7'* the equations about the x-axis. Verify your results your reasoning: 2 


using the integration capabilities of a graphing (a) x-axis x 
E 12 34 
utility. (b) y-axis 
37. y= sinx, y=0, x=0, x=ıl (c) x 23 
38. y —cos2x, y=0, x=0, x i = 
B s6.{ )) HOW DO YOU SEE IT? Use the graph to 
3.y-er ^, y-0 x=], x-2 match the integral for the volume with the axis 
40. y e"? + e, y=0, x l, x=2 of rotation. 


Finding the Volume of a Solid In Exercises 41—48, find 
the volume of the solid generated by revolving the specified 
region about the given line. 


b 
@ v-n[ «e -toma O x-axis 

0 
(b V-nm | (152 — [b — f(x) P) dx Gi) y-axis 

0 
41. R, about y = 0 42. R, about x = 1 © y= nf [SOP dx QE c 

43. R, about x = 0 44. R, about y = 1 b ; 

nd @ v - n[ -OPa (iv) y=b 

45. R, about y = 0 46. R, about x = 1 0 


47. R, about x = 0 48. R, about y = 1 


Dividing a Solid In Exercises 57 and 58, consider the solid 
formed by revolving the region bounded by y = Vx, y = 0, 
x = 1, and x = 3 about the x-axis. 


57. 


58. 


59. 
60. 
61. 


62. 


63. 


64. 


BB 65. 


His 66. 


67. 


Find the value of x in the interval [1, 3] that divides the solid 
into two parts of equal volume. 


Find the values of x in the interval [1, 3] that divide the solid 
into three parts of equal volume. 


Manufacturing A manufacturer drills a hole through the 
center of a metal sphere of radius R. The hole has a radius r. 
Find the volume of the resulting ring. 


Manufacturing For the metal sphere in Exercise 59, let 
R — 6. What value of r will produce a ring whose volume is 
exactly half the volume of the sphere? 


Volume of a Cone Use the disk method to verify that the 
volume of a right circular cone is sth, where r is the radius 
of the base and h is the height. 


Volume of a Sphere Use the disk method to verify that 
the volume of a sphere is amr, where r is the radius. 


Using a Cone A cone of height H with a base of radius r 
is cut by a plane parallel to and h units above the base, where 
h « H. Find the volume of the solid (frustum of a cone) below 
the plane. 


Using a Sphere A sphere of radius r is cut by a plane h 
units above the equator, where h < r. Find the volume of the 
solid (spherical segment) above the plane. 


Volume of a Fuel Tank A tank on the wing of a jet 
aircraft is formed by revolving the region bounded by the 
graph of y = ix?,/2 = x and the x-axis (0 < x < 2) about the 
x-axis, where x and y are measured in meters. Use a graphing 
utility to graph the function. Find the volume of the tank 
analytically. 


Volume of a Container 
revolving the graph of 


A container can be modeled by 


J0.L3 = 22:2 + 10.9x + 222, 0 < x € 11.5 


Y= ) 2.95, 1.5<x<15 


about the x-axis, where x and y are measured in centimeters. 
Use a graphing utility to graph the function. Find the volume 
of the container analytically. 


Finding Volumes of Solids Find the volumes of the 
solids (see figures) generated if the upper half of the ellipse 
93? + 25y? = 225 is revolved about (a) the x-axis to form a 
prolate spheroid (shaped like a football) and (b) the y-axis to 
form an oblate spheroid (shaped like half of a candy). 


M P 
4 


4 


I 
7 E 


Figure for 67(a) Figure for 67(b) 


Sergi Lopez Roig/Shutterstock.com 


A 3D printer is used to create a plastic drinking glass. The 
equations given to the printer for the inside of the glass are 
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68. 3D Printing 


1/32 
= (3 and y=5 


where x and y are 
measured in inches. 
What is the total volume 
that the drinking glass 
can hold when the region 
bounded by the graphs of 
the equations is revolved 
about the y-axis? 


. Minimum Volume The function y = 4 — (x?/4) on the 


interval [0, 4] is revolved about the line y — b (see figure). 


(a) Find the volume of the resulting solid as a function of b. 


fe (b) Use a graphing utility to graph the function in part (a), and 


Figure for 69 


use the graph to approximate the value of b that minimizes 
the volume of the solid. 


(c) Use calculus to find the value of b that minimizes the 
volume of the solid, and compare the result with the 
answer to part (b). 


Figure for 70 


B 70. Modeling Data A draftsman is asked to determine the 


amount of material required to produce a machine part (see 
figure). The diameters d of the part at equally spaced points 
x are listed in the table. The measurements are listed in 
centimeters. 


x | 0 1 2 3 4 5 


4.2 | 4.7 | 5.2 | 5.7 


x | 6 7 8 9 10 


d | 58 | 54 | 4.9 | 44 | 4.6 


(a) Use the regression capabilities of a graphing utility to find 
a fourth-degree polynomial through the points representing 
the radius of the machine part. Plot the data and graph the 
model. 


(b) Use the integration capabilities of a graphing utility to 
approximate the volume of the machine part. 
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71. 


72. 


73. 


74. 


Think About It Match each integral with the solid whose 
volume it represents, and give the dimensions of each solid. 


(a) Right circular cylinder (b) Ellipsoid 
(c) Sphere (d) Right circular cone (e) Torus 


^ (px)? i 
G) n Í (2) dx (ii) Tl [ r? dx 
0 0 


(v) n Í [(R + JVP = 2) -(R- JP —xxy]ax 
Cavalieri's Theorem Prove that if two solids have equal 
altitudes and all cross sections parallel to their bases and at 
equal distances from their bases have equal areas, then the 
solids have the same volume (see figure). 


Area of R, = area of R, 


Using Cross Sections Find the volumes of the solids 
whose bases are bounded by the graphs of y —- x * 1 
and y = x? — 1, with the indicated cross sections taken 
perpendicular to the x-axis. 


(a) Squares (b) Rectangles of height 1 


Using Cross Sections Find the volumes of the solids 
whose bases are bounded by the circle x? + y? = 4, with the 
indicated cross sections taken perpendicular to the x-axis. 


(a) Squares (b) Equilateral triangles 


a 
vo - y 
2 2 
x 
(c) Semicircles (d) Isosceles right triangles 


Ch e 
en 3 2 


75. Using Cross Sections Find the volume of the solid 
of intersection (the solid common to both) of the two right 
circular cylinders of radius r whose axes meet at right angles 
(see figure). 


x 


Two intersecting cylinders Solid of intersection 


liM FOR FURTHER INFORMATION For more information 
on this problem, see the article “Estimating the Volumes of Solid 
Figures with Curved Surfaces" by Donald Cohen in Mathematics 
Teacher. To view this article, go to MathArticles.com. 


76. Using Cross Sections The solid shown in the figure has 
cross sections bounded by the graph of |x|^ + |y| = 1, where 
lS5as2. 


(a) Describe the cross section when a — 1 and a — 2. 


(b) Describe a procedure for approximating the volume of the 
solid. 


77. Volume of a Wedge Two planes cut a right circular 
cylinder to form a wedge. One plane is perpendicular to 
the axis of the cylinder and the second makes an angle of 
0 degrees with the first (see figure). 


(a) Find the volume of the wedge if 8 = 45°. 
(b) Find the volume of the wedge for an arbitrary angle 0. 
Assuming that the cylinder has sufficient length, how does 


the volume of the wedge change as 9 increases from 0° to 
90°? 


Figure for 77 Figure for 78 


78. Volume of a Torus 


(a) Show that the volume of the torus shown in the figure 
is given by the integral 8R fọ Vr? — y? dy, where 
R>r>0. 


(b) Find the volume of the torus. 
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7.3 Volume: The Shell Method 


Axis of revolution 


Figure 7.27 
hO) 
d i 
-- ay 
c 
PO) | |: Plane region 


Axis of 
revolution 


Solid of revolution 


Figure 7.28 


E Find the volume of a solid of revolution using the shell method. 
liM Compare the uses of the disk method and the shell method. 


The Shell Method 


In this section, you will study an alternative method for finding the volume of a solid 
of revolution. This method is called the shell method because it uses cylindrical shells. 
A comparison of the advantages of the disk and shell methods is given later in 
this section. 

To begin, consider a representative rectangle as shown in Figure 7.27, where w is 
the width of the rectangle, h is the height of the rectangle, and p is the distance between 
the axis of revolution and the center of the rectangle. When this rectangle is revolved 
about its axis of revolution, it forms a cylindrical shell (or tube) of thickness w. To 
find the volume of this shell, consider two cylinders. The radius of the larger cylinder 
corresponds to the outer radius of the shell, and the radius of the smaller cylinder 
corresponds to the inner radius of the shell. Because p is the average radius of the shell, 
you know the outer radius is 


w 


+ 
PTa 


Outer radius 
and the inner radius is 


Por Inner radius 


2 
So, the volume of the shell is 


Volume of shell = (volume of cylinder) — (volume of hole) 


wY wV 
-np--|n-n|p-- 
n(p "Ja n( an 


2rtphw 
= 2m(average radius)(height)(thickness). 


You can use this formula to find the volume of a solid of revolution. For instance, 
the plane region in Figure 7.28 is revolved about a line to form the indicated solid. 
Consider a horizontal rectangle of width Ay. As the plane region is revolved about a 
line parallel to the x-axis, the rectangle generates a representative shell whose volume is 


AV = 2ni[ p(y)h(y) Ay. 


You can approximate the volume of the solid by such shells of thickness Ay, height 
h(y,), and average radius p(y;). 


Volume of solid = » on{p(y)h(y,)]Ay = m [p(y)h(y,) Jay 


This approximation appears to become better and better as ||A|| > 0 (n oo). So, the 
volume of the solid is 


Vol f solid = lim 2r JhCy;) JA 
olume of soli ato 2 Lpy) (y)] y 


zu f penoa: 
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THE SHELL METHOD 


To find the volume of a solid of revolution with the shell method, use one of 
the formulas below. (See Figure 7.29.) 


Horizontal Axis of Revolution Vertical Axis of Revolution 


d b 
Volume = V = on| P(y)h(y) dy Volume = V = an| p (x)A(x) dx 


c a 


h(y) 
dc 1 v" 
Ay - h(x) 
p) 
Ç 
a 
F A f 
LS P(x) 
Horizontal axis of revolution Vertical axis of revolution 
Figure 7.29 


Using the Shell Method to Find Volume 


Find the volume of the solid formed by revolving the region bounded by 


y"x-P» 


and the x-axis (0 € x < 1) about the y-axis. 


Solution Because the axis of revolution is y 
vertical, use a vertical representative rectangle, 


as shown in Figure 7.30. The width Ax indicates = 
that x is the variable of integration. The distance - Ax 
from the center of the rectangle to the axis of 


revolution is p(x) = x, and the height of the 
rectangle is 


h(x) =x —x? 


h(x) =x x Se (1, 0) 
Because x ranges from 0 to 1, apply the shell ARs ot 
: : revolution 
method to find the volume of the solid. 
Figure 7.30 


V= on| D(x)h(x) dx 


1 
-anf x(x — x3) dx 
0 


1 
= 2m Í (—x* + x?) dx Simplify. 
0 
» x3 1 
= an -5 + 1 Integrate. 
1 1 
= 2 —-4+- 
i 5 ; 
4m 
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Using the Shell Method to Find Volume 


Find the volume of the solid formed by revolving the region bounded by the graph of 


467 


x=” 
and the y-axis (0 < y < 1) about the x-axis. 


Solution Because the axis of revolution is horizontal, use a horizontal representative 
rectangle, as shown in Figure 7.31. The width Ay indicates that y is the variable of 
integration. The distance from the center of the rectangle to the axis of revolution is 
p(y) = y, and the height of the rectangle is h(y) = e~»”. Because y ranges from 0 to 1, 
the volume of the solid is 


d 
V-2n i py) dy Apply shell method. 
" 
= 21 f ye^* dy 
0 


Integrate. 


SSS 
2 1 
PQ) = 95 EDEN = -nfe 
0 
x 
Axis of = (i = 1) 
revolution e 
Figure 7.31 


T 
z 
oo 
S 

E 


Exploration 

To see the advantage of using the shell method in Example 2, solve the 
equation x = e^ for y. 

Osx l/e 

I/e<xs1 


1, 
a oa 


Then use this equation to find the volume using the disk method. 


Comparison of Disk and Shell Methods 


The disk and shell methods can be distinguished as follows. For the disk method, the 
representative rectangle is always perpendicular to the axis of revolution, whereas 
for the shell method, the representative rectangle is always parallel to the axis of 
revolution, as shown in Figure 7.32. 


i y yen fae =?) dx; : V=2n f ph (dx, » veo ph dy; 
d Ae he dless 
h “Dy 
R Du 
c EA 
i n ; MKLÓÉL— ; E — 
€ 1 1 SR 1 P ! h > X 
$ Ww a b Sip a b 


Vertical axis of revolution Horizontal axis of revolution 
Disk method: Representative rectangle is 
perpendicular to the axis of revolution. 


Figure 7.32 


Horizontal axis of revolution 
Shell method: Representative rectangle is 
parallel to the axis of revolution. 


Vertical axis of revolution 
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» X 


Axis of 
revolution 


(a) Disk method 


ho) =x? +1 


»X 


Axis of 
revolution 
(b) Shell method 
Figure 7.33 


Often, one method is more convenient to use than the other. The next example 
illustrates a case in which the shell method is preferable. 


Shell Method Preferable 


jm œ See LarsonCalculus.com for an interactive version of this type of example. 

Find the volume of the solid formed by revolving the region bounded by the graphs of 
y=x+1, y=0, x=0, and x=1 

about the y-axis. 


Solution In Example 4 in Section 7.2, you saw that the washer method requires two 
integrals to determine the volume of this solid. See Figure 7.33(a). 


1 2 
V= nf (12 = 02) dy + nf [12 — (/y — 1y] dy Apply washer method. 
0 1 
1 2 
= nf 1 dy + nf (2 — y) dy Simplify. 
0 1 
1 y? 2 
- n» sE n| 2» = | Integrate. 
0 2 1 
1 
-nen4-2-2*5 
= 
2 


In Figure 7.33(b), you can see that the shell method requires only one integral to find 
the volume. 


b 
V-2n f p(x)h(x) dx Apply shell method. 


x4 x2 1 
= ia ee i 
an| 4 l Integrate 
3 
= ml — 
2) 
3n 
E a 


Consider the solid formed by revolving the region in Example 3 about the vertical 
line x = 1. Would the resulting solid of revolution have a greater volume or a smaller 
volume than the solid in Example 3? Without integrating, you should be able to reason 
that the resulting solid would have a smaller volume because “more” of the revolved 
region would be closer to the axis of revolution. To confirm this, try solving the integral 


1 
v= anf (1 — x)(x + 1) dx p(x) =1-—x 
0 
which gives the volume of the solid. 


liM FOR FURTHER INFORMATION To learn more about the disk and shell methods, 
see the article “The Disk and Shell Method" by Charles A. Cable in The American 
Mathematical Monthly. To view this article, go to MathArticles.com. 


1 
1 
pU E ENT A t 
1 
H 


I~ 8 ft >| 


Figure 7.34 


A -3 E E 123 4VX 
Disk method 
Figure 7.35 


Axis of 
revolution 
I 


Figure 7.36 
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EXAMPLE 4 Volume of a Pontoon 


A pontoon is to be made in the shape shown in Figure 7.34. The pontoon is designed 
by rotating the graph of 


ye le -4<x<4 


about the x-axis, where x and y are measured in feet. Find the volume of the pontoon. 


Solution Refer to Figure 7.35 and use the disk method as shown. 


4 x2\2 
V= nf (1 = =) dx Apply disk method. 
» 16 
4 2 4 
X X 
= {4S implifv. 
nf ( 8 | dx Simplify 
x3 » 4 
JE 24 aul " Integrate 
990 
15 
=~ 13.4 cubic feet a 


To use the shell method in Example 4, you would have to solve for x in terms of 
y in the equation 


x? 


y=l= ig 


and then evaluate an integral that requires a u-substitution. 

Sometimes, solving for x is very difficult (or even impossible). In such cases, you 
must use a vertical rectangle (of width Ax), thus making x the variable of integration. 
The position (horizontal or vertical) of the axis of revolution then determines the 
method to be used. This is shown in Example 5. 


Shell Method Necessary 


Find the volume of the solid formed by revolving the region bounded by the graphs 
ofy =x +x + 1, y = 1, and x = 1 about the line x = 2, as shown in Figure 7.36. 


Solution In the equation y = x? + x + 1, you cannot easily solve for x in terms of 
y. (See the discussion at the end of Section 3.8.) Therefore, the variable of integration 
must be x, and you should choose a vertical representative rectangle. Because the 
rectangle is parallel to the axis of revolution, use the shell method. 
b 
V-2mn f D(x)h(x) dx Apply shell method. 
a 


-an| 2 = aot er1- nds 


1 
= 2m I (—x* + 2x3 — x? + 2x) dx Simplify. 
0 
5 4 3 1 
an| E + : á F e[ Integrate. 

1 1 1 

=2 + + 1 

i d aS ) 


29m 
= a 
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7.3 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Shell Method Explain how to use the shell method to 
find the volume of a solid of revolution. 


2. Representative Rectangles Compare the 
representative rectangles for the disk and shell methods. 


oprig Finding the Volume of a Solid In Exercises 
gir Ey 3-12, use the shell method to write and evaluate 
"E the definite integral that represents the volume of 
i the solid generated by revolving the plane region 
about the y-axis. 


3. y=x 4.y=1-x 
y y 
A 
1 
x 
1 
| 
1 
6 y= set] 
y y 
A A 
4T "T 
3-r- 
D E i 
3 ——— —— 
Qi» ? 4 216/81 2 
7 lg 0 x=4 8 là 0 x23 
y 4 d y $ y 2 , y , 


jp Finding the Volume of a Solid In Exercises 
WE: : ae 13-22, use the shell method to write and evaluate 
ej the definite integral that represents the volume of 

". the solid generated by revolving the plane region 
about the x-axis. 


13. y 2 x 14. y -1-x 
y y 
n A 
a+ 
1-4 
€ | I x 

T T 

a 1 4 
—] + 
42+ 


= 
mi 
< 
ll 
| 


Ble Nie elw = 


18. y = 42, x -0, y=4 
19. x+y=4, y=x, y=0 20. y=3-x, y=0,x=6 
21. y=1- Jy y2x*ly-20 


22. y= /x t2, y=x, y=0 


17. y= xX, x=0,y=8 


[n] 42 [m] Finding the Volume of a Solid In Exercises 
END 
zB ty 23-26, use the shell method to find the volume 
ES of the solid generated by revolving the region 
X"? bounded by the graphs of the equations about the 
given line. 


23. y 22x — x, y — 0, about the line x = 4 
24. y — 4k; y=0, x=4, about the line x = 6 
25. y = 3x — xX, y =x’, about the line x = 2 


1 
26. y = 3" y = 6x — x’, about the line x = 3 


Pale] Choosing a Method In Exercises 27 and 28, 
TEN E] decide whether it is more convenient to use the disk 
ces method or the shell method to find the volume of 

nm the solid of revolution. Explain your reasoning. (Do 
not find the volume.) 


27, (y= 2? =4 = 


28. ys 4- e 


Choosing a Method In Exercises 29-32, use the disk 
method or the shell method to find the volumes of the solids 
generated by revolving the region bounded by the graphs of 
the equations about the given lines. 


29. y=, y=0, x=2 


(a) the x-axis (b) the y-axis (c) the line x = 4 


10 


x?’ 


30. y 


y=0, x71, x=5 


(a) the x-axis 
31. x! + y =a, x=0, y=0 
(b) the y-axis 


(b) the y-axis (c) the line y = 10 


(a) the x-axis (c) the line x = a 


32. x2 + y= @/, a> 0 (hypocycloid) 


(a) the x-axis (b) the y-axis 


ee Finding the Volume of a Solid Using Technology In 


Exercises 33-36, (a) use a graphing utility to graph the region 
bounded by the graphs of the equations, and (b) use the 
integration capabilities of the graphing utility to approximate 
the volume of the solid generated by revolving the region about 
the y-axis. 


33. x^? + y^ 2 1, x 20, y 0, first quadrant 

34. y= /1— 5x33, y=0, x=0 

35. y= Vx - 20x - 9, y=0, x-2, x=6 

_ 2 
1+ el/v 


36. y y=0, x=1, x=3 


EXPLORING CONCEPTS 

37. Describing Cylindrical Shells Consider the plane 
region bounded by the graphs of y = k, y = 0, x = 0, 
and x = b, where k > O and b > 0. What are the heights 
and radii of the cylinders generated when this region is 
revolved about (a) the x-axis and (b) the y-axis? 


. Think About It A solid is generated by revolving 
the region bounded by y = 9 — x? and x = 0 about the 
y-axis. Explain why you can use the shell method with 
limits of integration x = 0 and x = 3 to find the volume 
of the solid. 


Comparing Integrals In Exercises 39 and 40, give a 
geometric argument that explains why the integrals have 
equal values. 


39. nf œ- Dae anf ois- (2 + 1)] dy 


40. nf [16 — (2y)?] dy = on (3) dx 


0 


41. Comparing Volumes The region in the figure is 
revolved about the indicated axes and line. Order the volumes 
of the resulting solids from least to greatest. Explain your 
reasoning. 


(a) x-axis (b) y-axis (c) x ^ 4 
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41 )) HOW DO YOU SEE IT? Use the graph to 


answer the following. 


C 245 


(a) Describe the figure generated by revolving 
segment AB about the y-axis. 


(b) Describe the figure generated by revolving 
segment BC about the y-axis. 


(c) Assume the curve in the figure can be described 
as y = f(x) or x = g(y). A solid is generated by 
revolving the region bounded by the curve, y — 0, 
and x = 0 about the y-axis. Set up integrals to find 
the volume of this solid using the disk method and 
the shell method. (Do not integrate.) 


Analyzing an Integral In Exercises 43-46, the integral 
represents the volume of a solid of revolution. Identify (a) the 
plane region that is revolved and (b) the axis of revolution. 


2 1 
43. 2m Í xX dx 44. 20 l (y — y3/2) dy 
0 0 


6 
45. a| (y + 22/6 — y dy 
0 
1 
46. 2n Í (4 — x)e* dx 
0 


47. Machine Part A solid is generated by revolving the region 
bounded by y — ye and y — 2 about the y-axis. A hole, 
centered along the axis of revolution, is drilled through this 
solid so that one-fourth of the volume is removed. Find the 
diameter of the hole. 


48. Machine Part A solid is generated by revolving the region 
bounded by y = ./9 — x? and y = 0 about the y-axis. A hole, 
centered along the axis of revolution, is drilled through this 
solid so that one-third of the volume is removed. Find the 
diameter of the hole. 


49. Volume of a Torus A torus is formed by revolving the 
region bounded by the circle x? + y? = 1 about the line x = 2 
(see figure). Find the volume of this *doughnut-shaped" solid. 
(Hint: The integral f', \/1 — x? dx represents the area of a 
semicircle.) 
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50. 


51. 


52. 


53. 


54. 
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Volume ofa Torus Repeat Exercise 49 for a torus formed 
by revolving the region bounded by the circle x? + y? = r? 
about the line x = R, where r < R. 


Finding Volumes of Solids 


(a) Use differentiation to verify that 


[xsinxa sinx — xcosx + C. 


(b) Use the result of part (a) to find the volume of the solid 
generated by revolving each plane region about the y-axis. 


Q 1 (i) 


Y 


Finding Volumes of Solids 


(a) Use differentiation to verify that 


fr cos xax = cos. + xsinx + C. 


(b) Use the result of part (a) to find the volume of the solid 
generated by revolving each plane region about the y-axis. 
(Hint: Begin by approximating the points of intersection.) 


ü) 


Volume of a Segment of a Sphere Let a sphere of 
radius r be cut by a plane, thereby forming a segment of height 
h. Show that the volume of this segment is 


S(r — h). 


Volume of an Ellipsoid Consider the plane region 
bounded by the graph of the ellipse 


where a > O and b > 0. Show that the volume of the ellipsoid 
formed when this region is revolved about the y-axis is 

4 

zab. 

31a 

What is the volume when the region is revolved about the 
x-axis? 


55. 


56. 


57. 


Exploration Consider the region bounded by the graphs of 
y = ax", y = ab", and x = 0, as shown in the figure. 


ab" 


(a) Find the ratio R(n) of the area of the region to the area of 
the circumscribed rectangle. 


(b) Find lim R,(n) and compare the result with the area of the 
nooco 
circumscribed rectangle. 


(c) Find the volume of the solid of revolution formed by 
revolving the region about the y-axis. Find the ratio R,(n) 
of this volume to the volume of the circumscribed right 
circular cylinder. 

(d) Find lim R,(n) and compare the result with the volume of 
the circumscribed cylinder. 


(e) Use the results of parts (b) and (d) to make a conjecture 
about the shape of the graph of y = ax", 0 S x S b, as 
no oo. 


Think About It Match each integral with the solid whose 
volume it represents and give the dimensions of each solid. 


(b) Torus (c) Sphere 
(e) Ellipsoid 


(a) Right circular cone 


(d) Right circular cylinder 


(i) 2m Í hx dx 


0 


(ii) an| wi - z) dx 
0 r 


Gii) a| 2x /r? — x? dx 
0 


b 
(iv) an| 2ax4 / 1 -54 
0 
(V) an| (R — x)(2/7? — X) dx 


Volume of a Storage Shed A storage shed has a 
circular base of diameter 80 feet. Starting at the center, the 
interior height is measured every 10 feet and recorded in the 
table (see figure). Find the volume of the shed. 


ki 

x | Height Á 
0 50 2 

9 
10 | 45 P 
20 | 40 E 

m 
30| 20 
40 0 —  — x 

10 20 30 40 50 


Distance from center 
(in feet) 


PE ss. 


Modeling Data A pond is approximately circular, with 
a diameter of 400 feet. Starting at the center, the depth of the 
water is measured every 25 feet and recorded in the table (see 
figure). 


x 75 | 100 | 125 


Depth (in feet) 


x 150 | 175 


Depth | 10 6 0 


Distance from center 
(in feet) 


59. 


60. 


61. 


NASA 


(a) Use the regression capabilities of a graphing utility to find 
a quadratic model for the depths recorded in the table. Use 
the graphing utility to plot the depths and graph the model. 


(b) Use the integration capabilities of a graphing utility and 
the model in part (a) to approximate the volume of water 
in the pond. 


(c) Use the result of part (b) to approximate the number of 
gallons of water in the pond. (Hint: 1 cubic foot of water 
is approximately 7.48 gallons.) 


Equal Volumes Let V, and V, be the volumes of the 
solids that result when the plane region bounded by 


Ale 


1 
x= and c» 


g x= C, 


1 
yc ye 
is revolved about the x-axis and the y-axis, respectively. Find 
the value of c for which V, = V}. 


Volume of a Segment of a Paraboloid The region 
bounded by y = r? — x’, y = 0, and x = 0 is revolved about 
the y-axis to form a paraboloid. A hole, centered along the 
axis of revolution, is drilled through this solid. The hole has 
a radius k, 0 « k « r. Find the volume of the resulting ring 
(a) by integrating with respect to x and (b) by integrating with 
respect to y. 


Finding Volumes of Solids Consider the graph of 
y? = x(4 — x)?, as shown in the figure. Find the volumes of 
the solids that are generated when the loop of this graph is 
revolved about (a) the x-axis, (b) the y-axis, and (c) the line 
X — 4. 
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Saturn 


473 


The Oblateness of Saturn Saturn is the most oblate of the 
planets in our solar system. Its equatorial radius is 60,268 kilometers 
and its polar radius is 54,364 kilometers. The color-enhanced 
photograph of Saturn was taken by Voyager 1. In the photograph, 
the oblateness of Saturn is clearly visible. 


(a) Find the ratio of the volumes of the sphere and the oblate 
ellipsoid shown below. 


(b) If a planet were spherical and had the same volume as Saturn, 
what would its radius be? 


Computer model of 
"spherical Saturn," whose 
equatorial radius is equal 
to its polar radius. The 
equation of the cross 
section passing through 
the pole is 


a ae 
ALAS. 
ZI RES SS 


TLLA 
ISS 


x 

R 
B 
r 
SS 


LO 

275 
"p 
TES 
gee 
‘x 
V 


x? + y? = 60268. 


Computer model of 
“oblate Saturn,” whose 
equatorial radius is greater 
than its polar radius. 

The equation of the 

cross section passing 
through the pole is 


2 2 
X i y 


60,2682 | 54,3642 


=1. 
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7.4 Arc Length and Surfaces of Revolution 


E Find the arc length of a smooth curve. 
E Find the area of a surface of revolution. 


Arc Length 


In this section, definite integrals are used to find the arc lengths of curves and the areas 
of surfaces of revolution. In either case, an arc (a segment of a curve) is approximated 
by straight line segments whose lengths are given by the familiar Distance Formula 


d= is B x)” i (y2 - y. 


A rectifiable curve is one that has a finite arc length. You will see that a sufficient 
condition for the graph of a function f to be rectifiable between (a, f(a)) and (b, f(b)) 
is that f' be continuous on [a, b]. Such a function is continuously differentiable on 
[a, b], and its graph on the interval [a, b] is a smooth curve. 


i id Consider a function y = f(x) that is continuously differentiable on the interval 
apy) ra Ayzy,—y, la, b]. You can approximate the graph of f by n line segments whose endpoints are 
(yp Yo) | \ | M determined by the partition 
Avex, —x, NCC A=X% <x <x << x, =H bd 


as shown in Figure 7.37. By letting Ax, = x; — x,;_, and Ay; = y; — y;_,, you can 
approximate the length of the graph by 


aug. y b=x, g Dm b V xU o = xil 
y = py J (Ax)? + (Ay? 
ay 2 u 2 
z bi (Ax) + (Ax;) 
s = length of i= 
curve from ' n Ay; 2 
! atob ! m 1 + A (Ax;) 
i i = ^ 
This approximation appears to become better and better as ||A|| 5 0 (n oo). So, the 
5 -x length of the graph is 
a 
Figure 7.37 ux [4 (=) (Ax;) 
igure 7. s= lim, > re x). 


Because f'(x) exists for each x in (x;_;, xj), the Mean Value Theorem guarantees the 
existence of c; in (x, ,, x;) such that 


Ae = pe) 
i L—1 
Ay; |, 
Ax = f'(cj) 


Because f’ is continuous on [a, b], it follows that \/1 + | f(x) P is also continuous (and 
therefore integrable) on [a, b], which implies that 


= ARo 5 J1 + [FEF (Ax) 


3 f STOF ax 


where s is called the arc length of f between a and b. 
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Definition of Arc Length 


Let the function y = f(x) represent a smooth curve on the interval [a, b]. The 
arc length of f between a and b is 


s= f J1 + [fŒ dx. 


Similarly, for a smooth curve x = g(y), the arc length of g between c and d is 


ee f JTTSGE ay 


E FOR FURTHER INFORMATION To see how arc length can be used to define 
CHRISTIAN HUYGENS trigonometric functions, see the article “Trigonometry Requires Calculus, Not Vice 
(1629-1695) Versa” by Yves Nievergelt in UMAP Modules. 


The Dutch mathematician -— à à ; 
Christian Huygens, who Because the definition of arc length can be applied to a linear function, you can 


invented the pendulum clock, check to see that this new definition agrees with the standard Distance Formula for the 
and James Gregory (1638-1675), length of a line segment. This is shown in Example 1. 

a Scottish mathematician, both 

made early contributions to the 

problem of finding the length of The Length of a Line Segment 

a rectifiable curve. 


See LarsonCalculus.com to read Find the arc length from (x,, y;) to (x2, y;) on the graph of 
more of this biography. 
f(x) = mx + b. 


Solution Because 


f(y) =m= » V1 
X4 = Xi 
it follows that 
s= Í i J1 + LF'G)P dx Formula for arc length 


X — 2 
-Í hi + (2—2) " 
x, X3 7X 


(x 5 x * (v = y i "n 
= (x) Integrate and simplify. 


(=a) 
Ea (x, — x)? + Oa — y i 
2 (x; = x) e n) 
The formula for the arc length of the = JV, Z x m (y = yi) 


graph of f from (x,, y,) to (x5, y;) is the 
same as the standard Distance Formula. which is the formula for the distance between two points in the plane, as shown in 
Figure 7.38 Figure 7.38. 


Definite integrals representing arc length often are very 
difficult to evaluate. In this section, a few examples are presented. In the next 
chapter, with more advanced integration techniques, you will be able to tackle more 
difficult arc length problems. In the meantime, remember that you can always use 
a numerical integration program to approximate an arc length. For instance, use the 
numerical integration feature of a graphing utility to approximate the arc lengths in 
Examples 2 and 3. 


eoceoceeveeeee 


Bettmann/Corbis 
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| I | 
T T T = 


1 2 3 


The arc length of the graph of y on 


[5.2] 
Figure 7.39 


A (8, 5) 


The arc length of the graph of y on 
[0, 8] 
Figure 7.40 


x 


Finding Arc Length 


x3 


1 1 
+ — | = j 
6 2x on the interval B 2| as shown in 


Find the arc length of the graph of y = 
Figure 7.39. 


Solution Using 


d 2 1 1 1 
ly 3x (v ) 


dx Formula for arc length 


X 
2 
-Í Hx +245) ax 
1/2 4 X 


LI 1 
D i (v + z) dx Simplify. 
"e -— 
2|3 ios ntegrate. 
1/13 47 
= —| — + — 
A 6 a 
_ 33 
16 


Finding Arc Length 


Find the arc length of the graph of (y — 1)? = x? on the interval [0, 8], as shown in 
Figure 7.40. 


Solution Solving for y yields y = x? + 1 and dy/dx = 2/(3x'/3). Because dy/dx 
is undefined when x = 0, the arc length formula with respect to x cannot be used. 
Solving for x in terms of y yields x = +(y — 1)?7. Choosing the positive value of x 
produces 
dx 3 
Sore es ces =] 1/2 
PS grew) 


The x-interval [0, 8] corresponds to the y-interval [1, 5], and the arc length is 


d dx? 
s= Í x 1+ (3) dy Formula for arc length 

5 3 2 

- | l+ B E va] dy 
1 2 
5 

9 5 
“| VPT? 


|f? e 

x f /9y — 5 dy Simplify. 

1 

zd [e - rl — 
18 3/2 l ntegrate. 
1 3 

= — 3/2 — 43/2 
57 (40 43/2) 


= 9.073. | 
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Finding Arc Length 


biii p- See LarsonCalculus.com for an interactive version of this type of example. 
y Find the arc length of the graph of 


y = In(cos x) 


from x = 0 to x = 11/4, as shown in Figure 7.41. 
Solution Using 


dy sin x i 
— = ——— = —tanx 
dx COS X 


yields an arc length of 


b d 2 
$ — [ 1+ (2) dx Formula for arc length 


n/4 
= J1 + tan? x 
Figure 7.41 f 1 + tan? x dx 
n/4 
= li sec? x dx Trigonometric identity 
0 


1/4 
= Í sec x dx Simplify. 
0 


1/4 
= In|sec x + tan x | Integrate. 
0 


- In(/2 * 1) 2 In1 
~ 0.881. 


Length of a Cable 


An electric cable is hung between two towers that are 200 feet apart, as shown in 
Figure 7.42. The cable takes the shape of a catenary whose equation is 


Catenary: " 


y= 150 cosh 150 


— x/150 4 p—x/150) = x 
y = 75(e e ) = 150 cosh 150° 


Find the arc length of the cable between the two towers. 


Solution Because y' = }(e*/!5° — e~*/15°), you can write 
(y? = ens —2-4 e x75) 
and 
i ; 1 = 1 B 2 
Figure 7.42 1-(yy- ger +2 + e775) = sue + e™*/150) | , 
Therefore, the arc length of the cable is 


b 
s= Í /] + (y)? dx Formula for arc length 
a 


1 100 
= Al (ex/150 + e X150) dx 
—100 
100 
= 75] exis = vio] Integrate. 
—100 


150(e2/3 — e-2/3) 
215 feet. a 


t 
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Area of a Surface of Revolution 


In Sections 7.2 and 7.3, integration was used to calculate the volume of a solid 
of revolution. You will now look at a procedure for finding the area of a surface 
of revolution. 


Definition of Surface of Revolution 


When the graph of a continuous function is revolved about a line, the resulting 
surface is a surface of revolution. 


The area of a surface of revolution is 
derived from the formula for the lateral surface 
area of the frustum of a right circular cone. 
Consider the line segment in the figure at the 
right, where L is the length of the line segment, 


r, is the radius at the left end of the line segment, s £ 

and r, is the radius at the right end of the line | 

segment. When the line segment is revolved Axis of 
revolution 


about its axis of revolution, it forms a frustum 
of a right circular cone, with 


S = 21TVL Lateral surface area of frustum 
where 
— 1 . 
r= PLU T nj. Average radius of frustum 


(In Exercise 56, you are asked to verify the formula for S.) 

Consider a function f that has a continuous derivative on the interval [a, b]. The 
graph of f is revolved about the x-axis to form a surface of revolution, as shown in 
Figure 7.43. Let A be a partition of [a, b], with subintervals of width Ax,. Then the line 
segment of length 


AL, = (Ax; + (Ay)? 


generates a frustum of a cone. Let r, be the average radius of this frustum. By the 
Intermediate Value Theorem, a point d; exists (in the ith subinterval) such that 


r; = f(d). 
The lateral surface area AS, of the frustum is 
AS, = 2T, AL; 
= 2nf(4) / (Ax + (Ay? 


= mfd) / 1+ (> LA 


L 


€ 
a 


Axis of 
revolution 


Figure 7.43 
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€ 


By the Mean Value Theorem, a number c; exists in (x; ,, x;) such that 
= F(x) — fia) 
Xp Xi-1 

Ay; 
EVA 
&£ So, AS, = 2n/(d;) /1 + [ (cj) Ax, and the total surface area can be approximated 
»X b 
LU y 


f (cj) 


Bi basii emen ES 


Axis of 
revolution 


S= 2n Y f(d) /1 + [P (c)P Ax, 
EX 
y It can be shown that the limit of the right side as ||A|| > 0 (n oo) is 
b 
S-2m f JO 13 [FOF ax. 


In a similar manner, if the graph of f is revolved about the y-axis, then S is 


S= anf xvi + [£G)P dx. 


a 


Axis of revolution 


» X 

Sip In these two formulas for S, you can regard the products 2mf(x) and 2mx as the 
circumferences of the circles traced by a point (x, y) on the graph of f as it is revolved 
Figure 7.44 about the x-axis and the y-axis (Figure 7.44). In one case, the radius is r — f(x), and 
in the other case, the radius is r — x. Moreover, by appropriately adjusting r, you 
can generalize the formula for surface area to cover any horizontal or vertical axis of 
revolution, as indicated in the next definition. 


Definition of the Area of a Surface of Revolution 


Let y — f(x) have a continuous derivative on the interval [a, b]. The area S of 
the surface of revolution formed by revolving the graph of f about a horizontal 
or vertical axis is 


b 
S= an| r(x) JI + [f£G) P. dx y is a function of x. 


where r(x) is the distance between the graph of f and the axis of revolution. If 
x — g(y) on the interval [c, d], then the surface area is 


d 
S= an| r(y) v1 + [g'Cy) P. dy x is a function of y. 


where r(y) is the distance between the graph of g and the axis of revolution. 


The formulas in this definition are sometimes written as 


b 
S= an| r(x) ds y is a function of x. 
a 
and 
d 
S= an| r(y) ds x is a function of y. 
C 
where 


ds = J/1-[fG)PBdx and ds = V1 + [g(y)P dy 


respectively. 
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The Area of a Surface of Revolution 


7 Find the area of the surface formed by revolving the graph of f(x) = x? on the interval 
[0, 1] about the x-axis, as shown in Figure 7.45. 


Solution The distance between the x-axis and the graph of f is r(x) — f(x), and 


because f'(x) = 3x?, the surface area is 


b 
S = 20 f r(x) J 1+ LAG) P dx Formula for surface area 


a 


1 
= anf BJT + (332)? dx 
0 


1 
Axis of = af (36x7)(1 + 9x*)!/? dx Simplify. 
revolution 36 0 
n É 4 ud " 
18 3/2 i ntegrate. 


ot 


ed 


Figure 7.45 


The Area of a Surface of Revolution 


Find the area of the surface formed by revolving the graph of f(x) = x? on the interval 
[o, v 2] about the y-axis, as shown in the figure below. 


r(x) x 


Axis of revolution 


Solution In this case, the distance between the graph of f and the y-axis is r(x) = x. 
Using f'(x) = 2x and the formula for surface area, you can determine that 


b 
S = 20 f r(x) T 1+ Lœ P dx Formula for surface area 


JZ 
= anf xV1 + (2x)? dx 
0 


an 
= — + 4x X) dx Simplify. 
| (*4'^(89) d 
0 
E + ey T 
= ntegrate. 
4| 3/2 |, 


Zee 


13m 
3 


= 13.614. au 


7.4 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Rectifiable Curve Describe the condition for a curve 
to be rectifiable between two points. 


. Arc Length Explain how to find the arc length of a 
function that is a smooth curve on the interval [a, b]. 


. Arc Length Name a function for which the integral 
below represents the arc length of the function on the 
interval [0, 2]. 


[ JI + (4x)? dx 


. Surface of Revolution Describe a surface of 
revolution in your own words. 


Finding Distance Using Two Methods In Exercises 
5 and 6, find the distance between the points using (a) the 
Distance Formula and (b) integration. 


5. (2, 1), (5, 3) 6. (—2, 2), (4, —6) 


mý] Finding Arc Length In Exercises 7-20, find 
E 


i zt 3 the arc length of the graph of the function over the 
ol ifs indicated interval. 


2 
7. y = 302 + 1)? 


ll. y= Sh [1, 8] 


I. y = Sv + 4, [1,27] 


x 1 x! 1 
13. y = 39+ e [2,5] 14. y = 3 + To [1, 2] 
n 3m E n 
15. y — In(sin x), E 4 l 16. y = In(cos x), |o. d 


17. y 2 53(e* +e), [0,2] 


X+ 
18. y = w( - 5, [In 6, In 8] 


19. x = (2 292, 0 
20. x = i y(y — 3, 1 


IA 


< 


IA 


ys4 


Bis Finding Arc Length In Exercises 21-30, (a) sketch the 


graph of the function, highlighting the part indicated by the 
given interval, (b) write a definite integral that represents the 
arc length of the curve over the indicated interval and observe 
that the integral cannot be evaluated with the techniques 
studied so far, and (c) use the integration capabilities of a 
graphing utility to approximate the arc length. 


21.y -4— x? [0,2] 


1 
23. y= m [1,3] 


22.y-x *x-2, [-2,1] 


24. y= [0, 1] 


25. y = sinx, [0, n] 


Tl rm 
26. y = cos x, E! | 


27. y = 2arctanx, [0,1] 
28. y - Inx, [1,5] 
29.x —e?, 0Sys2 


30. x = /36— y, OS ys 3 


x+ 


ll 


ge Approximation In Exercises 31 and 32, approximate the 


arc length of the graph of the function over the interval [0, 4] 
in three ways. (a) Use the Distance Formula to find the distance 
between the endpoints of the arc. (b) Use the Distance Formula 
to find the lengths of the four line segments connecting the 
points on the arc when x = 0, x = 1, x 22, x = 3, and x = 4. 
Find the sum of the four lengths. (c) Use the integration 
capabilities of a graphing utility to approximate the integral 
yielding the indicated arc length. 


31. f(x) = x 32. f(x) = (2? — 4)? 


33. Length of a Cable An electric cable is hung between two 
towers that are 40 meters apart (see figure). The cable takes the 
shape of a catenary whose equation is 


y = 10(e*/2 -e-20 —20 < x < 20 


where x and y are measured in meters. Find the arc length of 
the cable between the two towers. 
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34. Roof Area A barn is 100 feet long and 40 feet wide (see 4.y= /4— x, —-1€x€1 
figure). A cross section of the roof is the inverted catenary 44. y= J-A, ege 


y = 31 — 10(e*/2° + e™*/20), Find the number of square feet 


of roofing on the barn. Finding the Area of a Surface of 


mia 
y y=pwee; Revolution In Exercises 45-48, write and 
[y=31 —10(e*0 +e | AM evaluate the definite integral that represents the 
NI 100 ft 47" area of the surface generated by revolving the 
curve on the indicated interval about the y-axis. 


45. y 2 x -2, 15x<8 46. y=9- x2, 0sxs3 
x? x 
47. y=1— 7, Osxs2 48. y= 5 + 3, ]sS3xs5 


-20 20 


| ae 


Ag 35. Length of Gateway Arch The Gateway Arch in St. m . 
Louis, Missouri, is closely approximated by the inverted E Finding the Area of a Surface of Revolution Using 


catenary Technology In Exercises 49 and 50, use the integration 
capabilities of a graphing utility to approximate the area of the 
y= 693.8597 — 68.7672 cosh 0.0100333x, surface of revolution. 
— 299.2239 < x < 299.2239. 
acra. 22:2239 Function Interval Axis of Revolution 
Use the integration capabilities of a graphing utility to 49. y = sinx [0, rr] PEST 
approximate the length of this curve (see figure). . 
50. y = Inx [1, e] y-axis 
y 
A 
+ (0, 625.1) 


EXPLORING CONCEPTS 

Approximation In Exercises 51 and 52, determine 
which value best approximates the length of the arc 
represented by the integral. Make your selection on the 
basis of a sketch of the arc, not by performing calculations. 


{+> x 
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Figure for 35 Figure for 36 (a) 25 (5 (02 @-4 (903 


36. Astroid Find the total length of the graph of the astroid 11/4 d 2 
2/3 4 yM3 = 4, 52. Í 1+ | Z tan 9| dx 
0 


37. Arc Length of a Sector of a Circle Find the arc length 
from (0, 3) clockwise to (2, J5) along the circle x? + y? = 9. 


38. Arc Length of a Sector of a Circle Find the arc length 
from (— 3, 4) clockwise to (4, 3) along the circle x? + y? = 25. 
Show that the result is one-fourth the circumference of the circle. f(x) 


4m 
(3 (b) -2 (04 (d) 3 (e) 1 
53. Exploring Relationships Consider the function 


ls + e~* 
i : 
Compare the definite integral of f on the interval [a, b] 


Parl Finding the Area of a Surface of 
with the arc length of f over the interval [a, b]. 


Eo tE Revolution In Exercises 39-44, write and 

[s] à evaluate the definite integral that represents the 

' — . area of the surface generated by revolving the 
curve on the indicated interval about the x-axis. 


í s4( )) HOW DO YOU SEE IT? The graphs of 

39. y= 3* 40. y = 2/x the functions f, and f, on the interval [a, b] are 
" shown in the figure. The graph of each function 
A ES is revolved about the x-axis. Which surface of 

6 TA revolution has the greater surface area? Explain. 
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42. y=3x, 0S x53 


55. Think About It The figure shows the graphs of the 


functions y, = x, y, = 53/2, y = te, and y, = ix? on the 
interval [0, 4]. To print an enlarged copy of the graph, go to 
MathGraphs.com. 


(a) Label the functions. 


(b) Without calculating, list the functions in order of increasing 
arc length. 


A (c) Verify your answer in part (b) by using the integration 


capabilities of a graphing utility to approximate each arc 
length accurate to three decimal places. 


56. Verifying a Formula 


(a) Given a circular sector with radius L and central angle 0 
(see figure), show that the area of the sector is given by 
1 
= <1. 
S 2 is) 


(b) 


By joining the straight-line edges of the sector in part (a), 
a right circular cone is formed (see figure) and the lateral 
surface area of the cone is the same as the area of the 
sector. Show that the area is $ = TtrL, where r is the radius 
of the base of the cone. (Hint: The arc length of the sector 
equals the circumference of the base of the cone.) 


Figure for 56(a) Figure for 56(b) 


(c) Use the result of part (b) to verify that the formula for 
the lateral surface area of the frustum of a cone with slant 
height L and radii r, and r, (see figure) is $ = n(r, + rj)L. 
(Note: This formula was used to develop the integral for 
finding the surface area of a surface of revolution.) 


~ 
Axis of 
revolution 


57. 


58. 


59. 


60. 


Be 61. 
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Lateral Surface Area of a Cone A right circular cone 
is generated by revolving the region bounded by y — 3x/4, 
y = 3, and x = O about the y-axis. Find the lateral surface area 
of the cone. 


Lateral Surface Area of a Cone A right circular cone 
is generated by revolving the region bounded by y = hx/r, 
y — h, and x — 0 about the y-axis. Verify that the lateral 
surface area of the cone is $ = nry? + h?. 


Using a Sphere Find the area of the segment of a sphere 
formed by revolving the graph of y = V9 — xX, 0 < x < 2, 
about the y-axis. 


Using a Sphere Find the area of the segment of a sphere 
formed by revolving the graph of y = VP — 7,0 < x < a, 
about the y-axis. Assume that a < r. 


Modeling Data The circumference C (in inches) of a vase 
is measured at three-inch intervals starting at its base. The 
measurements are shown in the table, where y is the vertical 
distance in inches from the base. 


y | 0 3 6 9 | 12 | 15 | 18 


C | 50 | 65.5 | 70 | 66 | 58 | 51 | 48 


(a) Use the data to approximate the volume of the vase by 
summing the volumes of approximating disks. 


(b) Use the data to approximate the outside surface area 
(excluding the base) of the vase by summing the outside 
surface areas of approximating frustums of right circular 
cones. 


(c) Use the regression capabilities of a graphing utility to find 
a cubic model for the points (y, r), where r = C/(2m). Use 
the graphing utility to plot the points and graph the model. 


(d) Use the model in part (c) and the integration capabilities of 
a graphing utility to approximate the volume and outside 
surface area of the vase. Compare the results with your 


answers in parts (a) and (b). 


. Modeling Data Property bounded by two perpendicular 


roads and a stream is shown in the figure. All distances are 
measured in feet. 


(a) Use the regression capabilities of a graphing utility to fit a 
fourth-degree polynomial to the path of the stream. 

(b) Use the model in part (a) to approximate the area of the 
property in acres. 

(c) Use the integration capabilities of a graphing utility to find 
the length of the stream that bounds the property. 


484 


63. 


Bi 614. 


Chapter 7 Applications of Integration 


Volume and Surface Area Let R be the region bounded 
by y = 1/x, the x-axis, x = 1, and x = b, where b > 1. Let D 
be the solid formed when R is revolved about the x-axis. 


(a) Find the volume V of D. 


(b) Write a definite integral that represents the surface area S 
of D. 


(c) Show that V approaches a finite limit as b — oo. 
(d) Show that S — oo as b> 00, 


Think About It Consider the equation 
2 2 

x + Y = 1; 

9 4 


(a) Use a graphing utility to graph the equation. 


(b) Write the definite integral for finding the first-quadrant arc 
length of the graph in part (a). 


(c) Compare the interval of integration in part (b) and the 
domain of the integrand. Is it possible to evaluate the 
definite integral? Explain. (You will learn how to evaluate 
this type of integral in Section 8.8.) 


Ae Approximating Arc Length or Surface Area In 
Exercises 65-68, write the definite integral for finding the 
indicated arc length or surface area. Then use the integration 
capabilities of a graphing utility to approximate the arc length 
or surface area. (You will learn how to evaluate this type of 
integral in Section 8.8.) 


65. 


66. 


Length of Pursuit A fleeing object leaves the origin and 
moves up the y-axis (see figure). At the same time, a pursuer 
leaves the point (1, 0) and always moves toward the fleeing 
object. The pursuer's speed is twice that of the fleeing object. 
The equation of the path is modeled by 


y- HS — 3x!/2 + 2). 


How far has the fleeing object traveled when it is caught? 
Show that the pursuer has traveled twice as far. 


= 


Figure for 65 Figure for 66 


Bulb Design An ornamental light bulb is designed by 
revolving the graph of 


1 1 
y= qu - yf, 05x53 
about the x-axis, where x and y are measured in feet (see 
figure). Find the surface area of the bulb and use the result 
to approximate the amount of glass needed to make the bulb. 
Assume that the thickness of the glass is 0.015 inch. 


67. 


Astroid Find the area of the surface formed by revolving 
the portion in the first quadrant of the graph of x?/3 + y?/3 = 4, 
O < y < 8, about the y-axis. 


y 


A 


H Hx 
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—] pe 
Figure for 67 Figure for 68 
68. Using a Loop Consider the graph of 


69. 


ail 
lw 4 
E ut 


71. 


1 
Opes cea 
y — 4594 — 2) 


shown in the figure. Find the area of the surface formed when 
the loop of this graph is revolved about the x-axis. 


Suspension Bridge A cable for a suspension bridge has 
the shape of a parabola with equation y = kx?. Let h represent 
the height of the cable from its lowest point to its highest point 
and let 2w represent the total span of the bridge (see figure). 
Show that the length C of the cable is given by 


w 2 
c-a| Ji (She ax 
" w 


Suspension Bridge The Humber Bridge, located in the 
United Kingdom and opened in 1981, has a main span of 
about 1400 meters. Each of its towers has a height of about 
155 meters. Use these dimensions, the integral in Exercise 
69, and the integration capabilities of a graphing utility to 
approximate the length of a parabolic cable along the main span. 
Arc Length and Area Let C be the curve given by 
f(x) = cosh x for 0 < x < t, where t > 0. Show that the arc 
length of C is equal to the area bounded by C and the x-axis. 
Identify another curve on the interval 0 < x < t with this 
property. 


PUTNAM EXAM CHALLENGE 


72. Find the length of the curve y? — x? from the origin to the 
point where the tangent makes an angle of 45? with the 
x-axis. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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4 ft 


elu) 


TMEV 


The work done in lifting a 50-pound 
object 4 feet is 200 foot-pounds. 
Figure 7.46 


liM Find the work done by a constant force. 


E Find the work done by a variable force. 


Work Done by a Constant Force 


The concept of work is important to scientists and engineers for determining the energy 
needed to perform various jobs. For instance, it is useful to know the amount of work 
done when a crane lifts a steel girder, when a spring is compressed, when a rocket is 
propelled into the air, or when a truck pulls a load along a highway. 

In general, work is done by a force when it moves an object. If the force applied 
to the object is constant, then the definition of work is as follows. 


Definition of Work Done by a Constant Force 


If an object is moved a distance D in the direction of an applied constant force F, 
then the work W done by the force is defined as W — FD. 


There are four fundamental types of forces— gravitational, electromagnetic, strong 
nuclear, and weak nuclear. A force can be thought of as a push or a pull; a force 
changes the state of rest or state of motion of a body. For gravitational forces on Earth, 
it is common to use units of measure corresponding to the weight of an object. 


EXAMPLE 1 Lifting an Object 


Determine the work done in lifting a 50-pound object 4 feet. 


Solution The magnitude of the required force F is the weight of the object, as shown 
in Figure 7.46. So, the work done in lifting the object 4 feet is 


W = FD = 50(4) = 200 foot-pounds. | 


In the U.S. measurement system, work is typically expressed in foot-pounds 
(ft-lb), inch-pounds, or foot-tons. In the International System of Units (SI), the basic 
unit of force is the newton—the force required to produce an acceleration of 1 meter per 
second per second on a mass of 1 kilogram. In this system, work is typically expressed 
in newton-meters, also called joules. In another system, the centimeter-gram-second 
(C-G-S) system, the basic unit of force is the dyne—the force required to produce an 
acceleration of 1 centimeter per second per second on a mass of 1 gram. In this system, 
work is typically expressed in dyne-centimeters, also called ergs, or in joules. The table 
below summarizes the units of measure that are commonly used to express the work 
done and lists several conversion factors. 


System of 
Measurement | Measure of Work | Measure of Force | Measure of Distance 
U.S. foot-pound (ft-Ib) | pound (Ib) foot (ft) 
International | joule (J) newton (N) meter (m) 
C-G-S erg dyne (dyn) centimeter (cm) 
Conversions: 
1 ft-lb = 1.35582 J = 1.35582 x 107 ergs 1 N = 10° dyn = 0.22481 Ib 


1J = 10’ ergs ~ 0.73756 ft-lb 1 lb ~ 4.44822 N 
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EMILIE DE BRETEUIL 
(1706-1749) 


A major work by Breteuil was 
the translation of Newton's 


"Philosophiae Naturalis 
Principia Mathematica" into 
French. Her translation 

and commentary greatly 
contributed to the acceptance 
of Newtonian science in 
Europe. 

See LarsonCalculus.com to read 
more of this biography. 


Work Done by a Variable Force 


In Example 1, the force involved was constant. When a variable force is applied to an 
object, calculus is needed to determine the work done, because the amount of force 
changes as the object changes position. For instance, the force required to compress a 
spring increases as the spring is compressed. 

Consider an object that is moved along a straight line from x = a to x = b bya 
continuously varying force F(x). Let A be a partition that divides the interval [a, b] into 
n subintervals determined by 

A=X% <x, €«xcX::c«x,-b 
and let Ax; = x; — x;. ,. For each i, choose c; such that 


< < 
X;-1 S €; = X, 


Then at c,, the force is F(c;). Because F is continuous, you can approximate the work 
done in moving the object through the ith subinterval by the increment 


AW, = F(cj)Ax; 


as shown in Figure 7.47. So, the total work 
done as the object moves from x = a to x = b 


is approximated by N | 
F(x) $ ) 


w~ > AW, . 
fa 
= » F(cj)Ax;. T 


The amount of force changes as an 
object changes position (Ax). 
Figure 7.47 


This approximation appears to become better 
and better as ||A||— 0 (n oo). So, the work 
done is 


n 


W= lim F(c 
[All 0 i=] 


= Í ” Fi) dx. 


Definition of Work Done by a Variable Force 


If an object is moved along a straight line by a continuously varying force F(x), 
then the work W done by the force as the object is moved from 

x=a to x=b 
is given by 


W= lim X AW, 


[Al 0 j=1 


= i ” F(a) de. 


The remaining examples in this section use some well-known physical laws. The 
discoveries of many of these laws occurred during the same period in which calculus 
was being developed. In fact, during the seventeenth and eighteenth centuries, there 
was little difference between physicists and mathematicians. One such physicist- 
mathematician was Emilie de Breteuil. Breteuil was instrumental in synthesizing 
the work of many other scientists, including Newton, Leibniz, Huygens, Kepler, and 
Descartes. Her physics text Institutions was widely used for many years. 


Bettmann/Corbis 


Natural length: F(0) = 0 


sed 0.3 meter: F(0.3) = 30 
AUAM JAJA JA JA JA JA JA. 


Figure 7.48 
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The three laws of physics listed below were developed by Robert Hooke (1635—1703), 
Isaac Newton (1642-1727), and Charles Coulomb (1736-1806). 


1. Hooke's Law: The force F required to compress or stretch a spring (within its 
elastic limits) is proportional to the distance d that the spring is compressed or 
stretched from its original length. That is, 


F — kd 


where the constant of proportionality k (the spring constant) depends on the specific 
nature of the spring. 


2. Newton's Law of Universal Gravitation: The force F of attraction between two 


particles of masses m, and m, is proportional to the product of the masses and 
inversely proportional to the square of the distance d between the two particles. That is, 


mm, 


gg 


When m, and m, are in kilograms and d in meters, F will be in newtons for a value 
of G = 6.67 x 107!! cubic meter per kilogram-second squared, where G is the 
gravitational constant. 


3. Coulomb's Law: The force F between two charges q, and q, in a vacuum is 
proportional to the product of the charges and inversely proportional to the square 
of the distance d between the two charges. That is, 


1192 


Fak: 


When q, and q, are given in electrostatic units and d in centimeters, F will be in 
dynes for a value of k — 1. 


EXAMPLE 2 Compressing a Spring 


TTT [> See LarsonCalculus.com for an interactive version of this type of example. 


A force of 30 newtons compresses a spring 0.3 meter from its natural length of 
1.5 meters. Find the work done in compressing the spring an additional 0.3 meter. 


Solution By Hooke's Law, the force F(x) required to compress the spring x units 
(from its natural length) is F(x) — kx. Because F(0.3) — 30, it follows that 


F(0.3) = (K)(0.3) => 30=0.3k => 100=k. 


So, F(x) = 100x, as shown in Figure 7.48. To find the increment of work, assume that 
the force required to compress the spring over a small increment Ax is nearly constant. 
So, the increment of work is 


AW = (force)(distance increment) = (100x)Ax. 


Because the spring is compressed from x = 0.3 to x = 0.6 meter less than its natural 
length, the work required is 


b 0.6 06 
W= f F(x) dx = Í 100x dx — so = 18 — 4.5 = 13.5 joules. 
a 0.3 0.3 
Note that you do not integrate from x = 0 to x = 0.6 because you were asked to 
determine the work done in compressing the spring an additional 0.3 meter (not 
including the first 0.3 meter). | 
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NASA's Space Launch System, 
or SLS, is a launch vehicle for 
exploration beyond Earth's 
orbit. NASA plans to use the 
SLS on missions to an asteroid 
and eventually to Mars. 
(Source: NASA) 


Moving a Space Module into Orbit 


A space module weighs 15 metric tons on the 
surface of Earth. How much work is done in 
propelling the module to a height of 800 miles 
above Earth, as shown in Figure 7.49? (Use 

4000 miles as the radius of Earth. Do not consider 
the effect of air resistance or the weight of the 
propellant.) 


Solution Because the weight of a body varies 
inversely as the square of its distance from the 
center of Earth, the force F(x) exerted by 


gravıty 1s 4000 x 4800 


x? Figure 7.49 


Not drawn to scale 


where C is the constant of proportionality. Because the module weighs 15 metric tons 
on the surface of Earth and the radius of Earth is approximately 4000 miles, you have 


C 
———— E 24 - C. 
5 (4000)? 0,000,000 = C 
So, the increment of work is 
24 
AW = (force)(distance increment) = ae UDU Ax. 


x 


Finally, because the module is propelled from x = 4000 to x = 4800 miles, the total 
work done is 
b 
W= f F (x) dx Formula for work 


a 


dx 


2 
4000 x 


es d 
x 


_ f “°° 240,000,000 


Integrate. 
4000 


= — 50,000 + 60,000 
= 10,000 mile-tons 
= 1.164 x 10!! foot-pounds. 1 mile = 5280 feet; 1 metric ton ~ 2205 pounds 


In SI units, using a conversion factor of 1 foot-pound = 1.35582 joules, the work done is 


W = 1.578 x 10" joules. a 


The solutions to Examples 2 and 3 conform to our development of work as the 
summation of increments in the form 


AW = (force)(distance increment) = (F)(Ax). 
Another way to formulate the increment of work is 
AW = (force increment)(distance) = (AF) (x). 


This second interpretation of AW is useful in problems involving the movement of 
nonrigid substances such as fluids and chains. 
NASA 


7.5 Work 489 


Emptying a Tank of Oil 


A spherical tank of radius 8 feet is half full of oil 
that weighs 50 pounds per cubic foot. Find the 
work required to pump all of the oil out through 
a hole in the top of the tank. 


Solution Consider the oil to be subdivided 16 
into disks of thickness Ay and radius x, as shown 

in Figure 7.50. Because the increment of force 

for each disk is given by its weight, you have 


AF — weight y 
= (= pounds) sind) 
cubic root 
= 50(ttx?Ay) pounds. 
For a circle of radius 8 and center at (0, 8), Figure 7.50 
you have 
L+- 82 =8 
x = loy -— y? 


and you can write the force increment as 
AF = 50(ttx?Ay) 
= 50m(16y — y2)Ay. 


In Figure 7.50, note that a disk y feet from the bottom of the tank must be moved a 
distance of (16 — y) feet. So, the increment of work is 


AW = (AF)(16 — y) 


= [50n(16y — y*)Ay](16 — y) 
= 50n(256y — 32y? + y3)Ay. 
Because the tank is half full, y ranges from 0 to 8 feet, and the work required to empty 
the tank is 
8 
W= f 50r(256y — 32y? + y?) dy 
0 
32 E| 
= d. ee LS += 
son| 128 3? 4 |, 
2 son( 1 e 
3 
= 589,782 foot-pounds. E 


To estimate the reasonableness of the result in Example 4, consider that the weight 
of the oil in the tank is 


1 1/4 
(5)(votume) (density = Lene )o = 53,616.5 pounds. 
Lifting the entire half-tank of oil 8 feet would involve work of 
W = FD Formula for work done by a constant force 
= (53,616.5)(8) 
= 428,932 foot-pounds. 


Because the oil is actually lifted between 8 and 16 feet, it seems reasonable that the 
work done is about 589,782 foot-pounds. 
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Work required to raise one end of the 
chain 
Figure 7.51 


p" 
/ b 
Ü \ = 
\ im. 
— 
inp 


Work done by expanding gas 
Figure 7.52 


Lifting a Chain 


A 20-foot chain weighing 5 pounds per foot is lying coiled on the ground. How much 
work is required to raise one end of the chain to a height of 20 feet so that it is fully 
extended, as shown in Figure 7.51? 


Solution Imagine that the chain is divided into small sections, each of length Ay. 
Then the weight of each section is the increment of force 


d 
AF = (weight) = (= poenas) engi) = 5 Ay. 


Because a typical section (initially on the ground) is raised to a height of y, the 
increment of work is 
AW = (force increment)(distance) = (5 Ay)y = Sy Ay. 


Because y ranges from 0 to 20 feet, the total work required to raise the chain is 


20 2120 4 
W= f 5y dy = 2 | = x 25 = 1000 foot-pounds. a 
0 0 


In the next example, you will consider a piston of radius r in a cylindrical casing, 
as shown in Figure 7.52. As the gas in the cylinder expands, the piston moves, and 
work is done. If p represents the pressure of the gas (in pounds per square foot) against 
the piston head and V represents the volume of the gas (in cubic feet), then the work 
increment involved in moving the piston Ax feet is 


AW = (force)(distance increment) = F Ax = p(ru2)Ax = p AV. 
So, as the volume of the gas expands from V, to V,, the work done in moving the 


piston is 


v, 
W= i p dV. 
Vo 


Assuming the pressure of the gas to be inversely proportional to its volume, you have 
p = k/V and the integral for work becomes 


V 
ik 
w= | _ dV. 
vy, V 


Work Done by an Expanding Gas 


A quantity of gas with an initial volume of | cubic foot and a pressure of 500 pounds 
per square foot expands to a volume of 2 cubic feet. Find the work done by the gas. 
(Assume that the pressure is inversely proportional to the volume.) 


Solution Because p = k/V and p = 500 when V = 1, you have k = 500. So, the 
work done by the gas is 


V 
'k 
w=] <av 
I 
2 
500 
- [a 
2 
= 500 inv 
1 


= 346.6 foot-pounds. au 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Work How do you know when work is done by a force? 
2. Comparing Methods Describe the difference 


between finding the work done by a constant force and 
finding the work done by a variable force. 


. Hooke's Law Describe Hooke's Law in your own 
words. 


. Work What are two ways to write the increment of 


ORO Constant Force In Exercises 5-8, determine 
be A the work done by the constant force. 


. A 1200-pound steel beam is lifted 40 feet. 
. An electric hoist lifts a 3000-pound car 6 feet. 


. A force of 112 newtons is required to slide a cement block 
8 meters in a construction project. 


8. The locomotive of a freight train pulls its cars with a constant 
force of 7 tons for a distance of one-quarter mile. 


[s]X3[m] Hooke's Law In Exercises 9-14, use Hooke's 
pip Law to determine the work done by the variable 
ot m force in the spring problem. 


9. A force of 5 pounds compresses a 15-inch spring a total of 
3 inches. How much work is done in compressing the spring 
7 inches? 


10. A force of 250 newtons stretches a spring 30 centimeters. How 
much work is done in stretching the spring from 20 centimeters 
to 50 centimeters? 


11. A force of 20 pounds stretches a spring 9 inches in an exercise 
machine. Find the work done in stretching the spring 1 foot 
from its natural position. 


12. An overhead garage door has two springs, one on each side 
of the door. A force of 15 pounds is required to stretch each 
spring 1 foot. Because of the pulley system, the springs stretch 
only one-half the distance the door travels. The door moves a 
total of 8 feet, and the springs are at their natural length when 
the door is open. Find the work done by the pair of springs. 


13. Eighteen foot-pounds of work is required to stretch a spring 
4 inches from its natural length. Find the work required to 
stretch the spring an additional 3 inches. 


14. Six joules of work is required to stretch a spring 0.5 meter 
from its natural length. Find the work required to stretch the 
spring an additional 0.25 meter. 


15. Propulsion Neglecting air resistance and the weight of 
the propellant, determine the work done in propelling a 
five-metric-ton satellite to a height of (a) 100 miles above 
Earth and (b) 300 miles above Earth. 


16. Propulsion Use the information in Exercise 15 to write the 
work W of the propulsion system as a function of the height h 
of the satellite above Earth. Find the limit (if it exists) of W as 
h approaches infinity. 


17. Propulsion Neglecting air resistance and the weight of 
the propellant, determine the work done in propelling a 
10-metric-ton satellite to a height of (a) 11,000 miles above 
Earth and (b) 22,000 miles above Earth. 


18. Propulsion A Iunar module weighs 12 metric tons on the 
surface of Earth. How much work is done in propelling the 
module from the surface of the moon to a height of 50 miles? 
Consider the radius of the moon to be 1100 miles and its force 
of gravity to be one-sixth that of Earth. 


19. Pumping Water A rectangular tank with a base 4 feet by 
5 feet and a height of 4 feet is full of water (see figure). The 
water weighs 62.4 pounds per cubic foot. How much work is 
done in pumping water out over the top edge in order to empty 
(a) half of the tank and (b) all of the tank? 


HF — 5 ft ———— 


20. Think About It Explain why the answer in part (b) of 
Exercise 19 is not twice the answer in part (a). 


21. Pumping Water A cylindrical water tank 4 meters high 
with a radius of 2 meters is buried so that the top of the tank 
is 1 meter below ground level (see figure). How much work is 
done in pumping a full tank of water up to ground level? The 
water weighs 9800 newtons per cubic meter. 


y Y 
Ay | 
| j 
10m | 
| - xX 
Figure for 21 Figure for 22 


22. Pumping Water Suppose the tank in Exercise 21 is 
located on a tower so that the bottom of the tank is 10 meters 
above a stream (see figure). How much work is done in filling 
the tank half full of water through a hole in the bottom, using 
water from the stream? 
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23. Pumping Water An open tank has the shape of a right 
circular cone (see figure). The tank is 8 feet across the top and 
6 feet high. How much work is done in emptying the tank by 
pumping the water over the top edge? 


y 
À 


24. Pumping Water Water is pumped in through the bottom of 
the tank in Exercise 23. How much work is done to fill the tank 


(a) to a depth of 2 feet? 
(b) from a depth of 4 feet to a depth of 6 feet? 


25. Pumping Water A hemispherical tank of radius 6 feet 
is positioned so that its base is circular. How much work is 
required to fill the tank with water through a hole in the base 
when the water source is at the base? 


26. Pumping Diesel Fuel The fuel tank on a truck has 
trapezoidal cross sections with the dimensions (in feet) shown 
in the figure. Assume that the engine is approximately 3 feet 
above the top of the fuel tank and that diesel fuel weighs 
approximately 53.1 pounds per cubic foot. Find the work done 
by the fuel pump in raising a full tank of fuel to the level of the 
engine. 


37772, 


y 
4 
Y 


P 


w 


Pumping Gasoline In Exercises 27 and 28, find the work 
done in pumping gasoline that weighs 42 pounds per cubic foot. 


27. A cylindrical gasoline tank 3 feet in diameter and 4 feet long is 
carried on the back of a truck and is used to fuel tractors. The 
axis of the tank is horizontal. The opening on the tractor tank 
is 5 feet above the top of the tank in the truck. Find the work 
done in pumping the entire contents of the fuel tank into the 
tractor. 


28. The top of a cylindrical gasoline storage tank at a service 
station is 4 feet below ground level. The axis of the tank 
is horizontal and its diameter and length are 5 feet and 
12 feet, respectively. Find the work done in pumping the entire 
contents of the full tank to a height of 3 feet above ground level. 


Winding a Chain In Exercises 29-32, consider 


mae 7 
E: hy a 20-foot chain that weighs 3 pounds per foot 
db 


hanging from a winch 20 feet above ground level. 
Find the work done by the winch in winding up the 
specified amount of chain. 

29. Wind up the entire chain. 

30. Wind up one-third of the chain. 


31. Run the winch until the bottom of the chain is at the 10-foot 
level. 


32. Wind up the entire chain with a 500-pound load attached to it. 


Lifting a Chain In Exercises 33 and 34, consider a 15-foot 
hanging chain that weighs 3 pounds per foot. Find the work 
done in lifting the chain vertically to the indicated position. 


33. Take the bottom of the chain and raise it to the 15-foot level, 
leaving the chain doubled and still hanging vertically (see 
figure). 


34. Repeat Exercise 33 raising the bottom of the chain to the 
12-foot level. 


EXPLORING CONCEPTS 
35. Think About lt Does it take any work to push an 
object that does not move? Explain. 


36. Think About It In Example 1, 200 foot-pounds 


of work was needed to lift the 50-pound object 4 feet 
vertically off the ground. Does it take an additional 
200 foot-pounds of work to lift the object another 4 feet 
vertically? Explain your reasoning. 


37. Newton's Law of Universal Gravitation Consider 
two particles of masses m, and m,. The position of the first 
particle is fixed, and the distance between the particles is a 
units. Using Newton's Law of Universal Gravitation, find the 
work needed to move the second particle so that the distance 
between the particles increases to b units. 


38. Conjecture Use Newton’s Law of Universal Gravitation 
to make a conjecture about what happens to the force of 
attraction between two particles when the distance between 
them is multiplied by a positive number n. 


39. Electric Force Two electrons repel each other with a force 
that varies inversely as the square of the distance between 
them. One electron is fixed at the point (2, 4). Find the work 
done in moving the second electron from (—2, 4) to (1, 4). 


40. 5 HOW DO YOU SEE IT? The graphs show 
the force F; (in pounds) required to move an 
object 9 feet along the x-axis. Order the force 
functions from the one that yields the least 
work to the one that yields the most work 
without doing any calculations. Explain your 
reasoning. 


A (b) 


41. Ordering Forces Verify your answer to Exercise 40 by 
calculating the work for each force function. 


42. Comparing Work Order the following from least to 
greatest in terms of total work done. 


(a) A 60-pound box of books is lifted 3 feet. 


(b) An 80-pound box of books is lifted 1 foot, and then a 
40-pound box of books is lifted 1 foot. 


(c) A 60-pound box is held 3 feet in the air for 3 minutes. 


[n]. [n] Boyle's Law In Exercises 43 and 44, find the 

[An F. P3 work done by the gas for the given volume and 

ors 3 pressure. Assume that the pressure is inversely 
"* proportional to the volume. (See Example 6.) 


43. A quantity of gas with an initial volume of 2 cubic feet and a 
pressure of 1000 pounds per square foot expands to a volume 
of 3 cubic feet. 


44. A quantity of gas with an initial volume of 1 cubic foot and a 
pressure of 2500 pounds per square foot expands to a volume 
of 3 cubic feet. 


ee Hydraulic Press In Exercises 45-48, use the integration 


capabilities of a graphing utility to approximate the work 
done by a press in a manufacturing process. A model for the 
variable force F (in pounds) and the distance x (in feet) the 
press moves is given. 


Force Interval 
45. F(x) = 1000[1.8 — In(x + 1)] O<x<5 
aded O<x<4 


100 


vikau/Shutterstock.com 
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Force Interval 
. F(x) = 100x./125 — x? O<x<5 
. F(x) = 1000 sinh x Osxs2 


. Modeling Data The hydraulic cylinder on a woodsplitter 
has a 4-inch bore (diameter) and a stroke of 2 feet. The 
hydraulic pump creates a maximum pressure of 2000 pounds 
per square inch. Therefore, the maximum force created by the 
cylinder is 2000(nr * 22) = 8000rt pounds. 


(a) Find the work done through one extension of the cylinder, 
given that the maximum force is required. 


(b) The force exerted in splitting a piece of wood is variable. 
Measurements of the force obtained in splitting a piece 
of wood are shown in the table. The variable x measures 
the extension of the cylinder in feet, and F is the force 
in pounds. Use the regression capabilities of a graphing 
utility to find a fourth-degree polynomial model for the 
data. Plot the data and graph the model. 


1 2 4 5 
x 0 3 3 1 3 3 2 


F(x) | 0 | 20,000 | 22,000 | 15,000 | 10,000 | 5000 | 0 


(c) Use the model in part (b) to approximate the extension of 
the cylinder when the force is maximum. 


(d) Use the model in part (b) to approximate the work done in 
splitting the piece of wood. 


SECTION PROJECT MEE oc OO wee 


Pyramid of Khufu 


The Pyramid of Khufu (also known as the Great Pyramid of Giza) 
is the oldest of the Seven Wonders of the Ancient World. It is also 
the tallest of the three Giza pyramids in Egypt. The pyramid took 
20 years to construct, ending around 2560 B.c. When it was built, it 
had a height of 481 feet and a square base with side lengths of 756 
feet. Assume that the stone used to build it weighed 150 pounds 
per cubic foot. 


(a) How much work was required to build the pyramid? Consider 
only vertical distance. 


(b) Suppose that the pyramid builders worked 12 hours each day 
for 330 days a year for 20 years and that each worker did 
200 foot-pounds of work per hour. Approximately how many 
workers were needed to build the pyramid? 
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7.6 Moments, Centers of Mass, and Centroids 


iM Understand the definition of mass. 

E Find the center of mass in a one-dimensional system. 

E Find the center of mass in a two-dimensional system. 

E Find the center of mass of a planar lamina. 

E Use the Theorem of Pappus to find the volume of a solid of revolution. 


Mass 


In this section, you will study several important applications of integration that are 
related to mass. Mass is a measure of a body's resistance to changes in motion, and is 
independent of the particular gravitational system in which the body is located. However, 
because so many applications involving mass occur on Earth's surface, an object' s mass 
is sometimes equated with its weight. This is not technically correct. Weight is a type 
of force and as such is dependent on gravity. Force and mass are related by the equation 


Force — (mass)(acceleration). 


The table below lists some commonly used measures of mass and force, together with 
their conversion factors. 


System of Measure 
Measurement | of Mass Measure of Force 
U.S. Slug Pound = (slug)(ft/sec?) 
International | Kilogram | Newton — (kilogram)(m/sec?) 
C-G-S Gram Dyne = (gram)(cm/sec?) 
Conversions: 
1 pound ~ 4.44822 newtons 1 slug ~ 14.59390 kilogram 
1 newton ~ 0.22481 pound 1 kilogram ~ 0.0685218 slug 
1 dyne ~ 0.0000022481 pound 1 gram ~ 0.0000685218 slug 
1 dyne = 0.00001 newton 1 foot ~ 0.30480 meter 


EXAMPLE 1 Mass on the Surface of Earth 


Find the mass (in slugs) of an object whose weight at sea level is 1 pound. 
Solution Use 32 feet per second per second as the acceleration due to gravity. 


force . 
Mass = —————— Force — (mass)(acceleration) 
acceleration 


] pound 
32 feet per second per second 


pound 
foot per second per second 


— 0.03125 slug 


— 0.03125 


Because many applications involving mass occur on Earth's surface, this amount of 
mass is called a pound mass. au 


The seesaw will balance when the left 
and the right moments are equal. 
Figure 7.53 
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Center of Mass in a One-Dimensional System 


You will now consider two types of moments of a mass—the moment about a point 
and the moment about a line. To define these two moments, consider an idealized 
situation in which a mass m is concentrated at a point. If x is the distance between this 
point mass and another point P, then the moment of m about the point P is 


Moment — mx 


and x is the length of the moment arm. 

The concept of moment can be demonstrated simply by a seesaw, as shown in 
Figure 7.53. A child of mass 20 kilograms sits 2 meters to the left of fulcrum P, and 
an older child of mass 30 kilograms sits 2 meters to the right of P. From experience, 
you know that the seesaw will begin to rotate clockwise, moving the larger child down. 
This rotation occurs because the moment produced by the child on the left is less than 
the moment produced by the child on the right. 


Left moment — (20)(2) — 40 kilogram-meters 
Right moment — (30)(2) — 60 kilogram-meters 


To balance the seesaw, the two moments must be equal. For example, if the larger child 
moved to a position $ meters from the fulcrum, then the seesaw would balance, because 
each child would produce a moment of 40 kilogram-meters. 

To generalize this, you can introduce a coordinate line on which the origin 
corresponds to the fulcrum, as shown in Figure 7.54. Several point masses are located 
on the x-axis. The measure of the tendency of this system to rotate about the origin is 
the moment about the origin, and it is defined as the sum of the n products m,x;. The 
moment about the origin is denoted by M, and can be written as 


M = mx + mX, +> >o + mx, 


If M, is 0, then the system is said to be in equilibrium. 


i. uis n=l m, 
t I t I t t t =x 
Ww o 0 Xn =] Xa 


If myx, + mx, +: + + + m,x, = 0, then the system is in equilibrium. 
Figure 7.54 


For a system that is not in equilibrium, the center of mass is defined as the point 
x at which the fulcrum could be relocated to attain equilibrium. If the system were 
translated x units, then each coordinate x; would become 


(x; - 3) 
and because the moment of the translated system is 0, you have 
n n n 
Y mx, - X) = V, mx, Y mx = 0. 
íi = 1 
Solving for x produces 


n 
Y m;x; - 
i=] _ moment of system about origin 
d total mass of system 
> 
i=1 


x= 


When mx, + mX, + - + + + m,x, = 0, the system is in equilibrium. 


n 
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Moment and Center of Mass: One-Dimensional System 


Let the point masses m,,m,,. . ., m, be located at xj, X5, . . .,X,. 


1. The moment about the origin is 
My = mx, + mx, +++ + m, 
2. The center of mass is 
Mo 
y= — 
m 


where m = m, + m, +: : : + m, is the total mass of the system. 


EXAMPLE 2 The Center of Mass of a Linear System 


Find the center of mass of the linear system shown in Figure 7.55. 


m 3 m 


@) +++) ++ E @-+ +> 


5 4 3 2 1 0 1 2 3 


Figure 7.55 
Solution The moment about the origin is 
Moy = mx, + mx, + mX, + myx, 
= 10(—5) + 15(0) + 5(4) + 10(7) 
—50 + 0 + 20 + 70 


— 40. Moment about origin 


Because the total mass of the system is 
m= 10 *- 15 - 5 9 10 — 40 Total mass 
the center of mass is 


. Meg 40 
X2-—-—- 


m 40 


1. Center of mass 


Note that the point masses will be in equilibrium when the fulcrum is located at x = 1. 


Rather than defining the moment of a mass, you could define the moment of a 
force. In this context, the center of mass is called the center of gravity. Consider a 
system of point masses m4, M, . . ., m, that is located at x,,x,,. . ., x,. Then, because 


force — (mass)(acceleration) 
the total force of the system is 
F-—m,a-tm,aa-ct-:---ctm, - ma. 
The torque (moment) about the origin is 
T, = (m,a)x, + (mja)x, + - - + + (m,a)x, = Moa 
and the center of gravity is 
T; Ma Mj _ 


F ma m 


So, the center of gravity and the center of mass have the same location. 


In a two-dimensional system, there is 
a moment about the y-axis M, and a 
moment about the x-axis M,. 


Figure 7.56 
y 
m,-2 A 
BO) 34 m,=9 
(55.3) ad © 
(0, 0)! n= (4, 2) 
a a PALM x 
5-43 —2 -1 1 12 3 4 
aa m,- 6 
5l © 
-34- (3, 2) 
Figure 7.57 


7.6 Moments, Centers of Mass, and Centroids 497 


Center of Mass in a Two-Dimensional System 


You can extend the concept of moment to two dimensions by considering a system of 
masses located in the xy-plane at the points (xj, y1), (X2, y5), . . <, Xp» y,), as shown 
in Figure 7.56. Rather than defining a single moment (with respect to the origin), two 
moments are defined—one with respect to the x-axis and one with respect to the y-axis. 


Moments and Center of Mass: Two-Dimensional System 
Let the point masses mi, m,, . 
(5535). 


. .,m, be located at (xj, yj), (y, . . . 


1. The moment about the y-axis is 


"tam,x. 


M, = MX, + max, °° 
. The moment about the x-axis is 
M, = my, is My2 Teona my, 


. The center of mass (x, y) (or center of gravity) is 


= y 
A [=m 
m 


where 
m=m tmt: +m, 


is the total mass of the system. 


The moment of a system of masses in the plane can be taken about any horizontal 
or vertical line. In general, the moment about a line is the sum of the product of the 


masses and the directed distances from the points to the line. 
Moment = m,(y, — b) + my, — b) + - 


mx, — a) + my(x, — a) +> - 


c amy, — b) 


-+ m(x, — a) 


Horizontal line y = b 


Moment = Vertical line x = a 


EXAMPLE 3 The Center of Mass of a Two-Dimensional System 


2, and 


Find the center of mass of a system of point masses m, 
m, = 9, located at 


6, m, = 3, m, 


(3,—2), (0,0, (—5,3) and (4, 2) 
as shown in Figure 7.57. 
Solution 
M=6 +3 +2 +9 =20 Mass 
M, = 6(3) + 3(0) + 2(—5) + 9(4) = 44 Moment about y-axis 
M, = 6(—2) + 3(0) + 2(3) + 9(2) = 12 Moment about x-axis 
So, 
. M, 44 I 
^om 20 5 
and 
. M. 12 3 
7m 720.5 


The center of mass is (4, i). F| 
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Center of Mass of a Planar Lamina 


(x, y) Go y) So far in this section, you have assumed the total mass of a system to be distributed 

at discrete points in a plane or on a line. Now consider a thin, flat plate of material 

um y A of constant density called a planar lamina (see Figure 7.58). Density is a measure 
> H of mass per unit of volume, such as grams per cubic centimeter. For planar laminas, 


however, density is considered to be a measure of mass per unit of area. Density is 
denoted by p, the lowercase Greek letter rho. 

Consider an irregularly shaped planar lamina y 
of uniform density p, bounded by the graphs of | 
y = f(x), y = g(x), anda € x € b, as shown 


d y in Figure 7.59. The mass of this region is 


= i GG. f@;)) 
You can think of the center of mass m — (density)(area) 


(x, y) of a lamina as its balancing point. _ FORE CIF 
For a circular lamina, the center of B " fix EWJ IAN 
mass is the center of the circle. For a 


rectangular lamina, the center of mass =p : s 

is the center of the rectangle. where A is the area of the region. To find the T Gc BO) 

Figure 7.58 center of mass of this lamina, partition the i E NP 
interval [a, b] into n subintervals of equal width a * b 
Ax. Let x; be the center of the ith subinterval. Planar lamina of uniform density p 
You can approximate the portion of the lamina Figure 7.59 


lying in the ith subinterval by a rectangle whose 
height is h = f(x; — g(x;). Because the density 
of the rectangle is p, its mass is 
m; = (density)(area) = QL f(x;) — g(x)] Ax. 
| = J X. Pi 


Density Height Width 


Now, considering this mass to be located at the center (x;, y;) of the rectangle, the directed 
distance from the x-axis to (x; y;) is y; = Lf(x;) + g(x;)]/2. So, the moment of m; about 
the x-axis is 

Moment — (mass)(distance) 


= MY; 


df) = etea 927 8) 


Summing the moments and taking the limit as n > Co suggest the definitions below. 


Moments and Center of Mass of a Planar Lamina 


Let f and g be continuous functions such that f(x) = g(x) on [a, b], and 
consider the planar lamina of uniform density p bounded by the graphs of 
y = f(x), y = g(x), anda € x € b. 


1. The moments about the x- and y-axes are 


m= p| [EHA i - «ena: 


M, = of xL f(x) = g(x)] dx. 


M, 


-, where 
m 


2. The center of mass (x, y) is given by X = — and y = 
m 


m= pf? [ f(x) — g(x)] dx is the mass of the lamina. 


The center of mass is the balancing 
point. 
Figure 7.60 
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EXAMPLE 4 The Center of Mass of a Planar Lamina 


Ped [> See LarsonCalculus.com for an interactive version of this type of example. 


Find the center of mass of the lamina of uniform density p bounded by the graph of 
f(x) = 4 — x? and the x-axis. 


Solution Because the center of mass lies on the axis of symmetry, you know that 
X — 0. Moreover, the mass of the lamina is 


m = of (4 — x?) dx 


2 


3 |2 
et 
3125 


ee 
- 


To find the moment about the x-axis, place a y 


representative rectangle in the region, as shown ! 
in the figure at the right. The distance from 


the x-axis to the center of this rectangle is 


_f@) 4-2 
Hw. -— 3 


Because the mass of the representative 
rectangle is 


pf(x) Ax = p(4 — x?) Ax 


you have 
2 Aaa 
M, = Ji e (4 — x?) dx 
=), 2 
= ef (16 — 8x2 + x4) dx 
2)-5 
- P| 16, 82 =| 
P| ix 3 + ae 
_ 256p 
15 
and y is 


__ M, 2560/15 8 
m 3209/3 5 


So, the center of mass (the balancing point) of the lamina is (0, 8), as shown in 
Figure 7.60. F| 


The density p in Example 4 is a common factor of both the moments and the mass, 
and as such divides out of the quotients representing the coordinates of the center of 
mass. So, the center of mass of a lamina of uniform density depends only on the shape 
of the lamina and not on its density. For this reason, the point 


(x, y) Center of mass or centroid 


is sometimes called the center of mass of a region in the plane, or the centroid of the 
region. In other words, to find the centroid of a region in the plane, you can assume that 
the region has a constant density of p = 1 and therefore the mass of the region is equal 
to the area A, or m = A. Then you can calculate the corresponding center of mass, as 
shown in the next two examples. 


500 


y 


fx) =4—-x7| 4 [e@)=x42] 


f(x) + 8%) 
2 


> xX 


Figure 7.61 


Y 
A 
N 
Y 


He N —_ 
F&—— N — 


G2: 


I 
I 
| 
1 2 3 4 5 6 


(b) The centroids of the three rectangles 
Figure 7.62 
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The Centroid of a Plane Region 


Find the centroid of the region bounded by the graphs of f(x) = 4 — x?and g(x) = x + 2. 


Solution The two graphs intersect at the points (—2, 0) and (1,3), as shown in 
Figure 7.61. So, the area of the region is 


A= f. Dusas f. (gere > 


The centroid (x, y) of the region has the following coordinates. 


ZU EU 


"T 
-3/ (—x3 — x? + 2x) dx 
9J 
A x4 g T 
=-|-~ 24 
Al 4 3 al., 
1 
M 
: 2) + (x + 
-1 |a XE NE Plia g-ra 
AJ. 2 
2/1Y[! 
795 (=x + x + 6)(—x? — x + 2) dx 
-2 
T 
-if (x^ — 9x? — 4x + 12) dx 
9]; 
In ] 
= —| — — 3x3 — 2x? + 12x 
9| 5 i 


e[g 


So, the centroid of the region is (x, y) = (-4 2) 


For simple plane regions, you may be able to find the centroids without resorting 
to integration. 


The Centroid of a Simple Plane Region 


Find the centroid of the region shown in Figure 7.62(a). 


Solution By superimposing a coordinate system on the region, as shown in Figure 
7.62(b), you can locate the centroids of the three rectangles at 


13 51 
(3 3), (5 1), and (5, 1). 


Using these three points, you can find the centroid of the region. 


A = area of region = 3 +3 +4= 10 


_ 4/28) + (5/203) + (4) _ 29 _ 5g 
10 T ^ 
.. 6/26) + 4/213) + Q4). 10. , 
E 10 10 


So, the centroid of the region is (2.9, 1). Notice that (2.9, 1) is not the “average” of 


(5, 3), Ġ, 3), and (5, 1). P 


ye 


The volume V is 21trA, where A is the 
area of region R. 
Figure 7.63 


Exploration 


Use the shell method to show 
that the volume of the torus 
in Example 7 is 


v= [m 6 =P 


Evaluate this integral using 
a graphing utility. Does your 
answer agree with the one in 
Example 7? 
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Theorem of Pappus 


The final topic in this section is a useful theorem credited to Pappus of Alexandria 
(ca. 300 A.D.), a Greek mathematician whose eight-volume Mathematical Collection is 
a record of much of classical Greek mathematics. You are asked to prove this theorem 
in Section 14.4. 


THEOREM 7.1 The Theorem of Pappus 


Let R be a region in a plane and let L be a line in the same plane such that L 
does not intersect the interior of R, as shown in Figure 7.63. If r is the distance 
between the centroid of R and the line, then the volume V of the solid of 


revolution formed by revolving R about the line is 
V = 2TrA 


where A is the area of R. (Note that 27r is the distance traveled by the centroid 
as the region is revolved about the line.) 


The Theorem of Pappus can be used to find the volume of a torus, as shown in 
the next example. Recall that a torus is a doughnut-shaped solid formed by revolving 
a circular region about a line that lies in the same plane as the circle (but does not 
intersect the circle). 


Finding Volume by the Theorem of Pappus 


Find the volume of the torus shown in Figure 7.64(a), which was formed by revolving 
the circular region bounded by 


(x -2/?+y=1 


about the y-axis, as shown in Figure 7.64(b). 


Centroid 


Torus 


(a) (b) 
Figure 7.64 


Solution In Figure 7.64(b), you can see that the centroid of the circular region is 
(2, 0). So, the distance between the centroid and the axis of revolution is 


r= 2. 
Because the area of the circular region is A = T, the volume of the torus is 
V = 2rmvA 
= 2n(2)(r) 
= 4m 
= 39.5. au 
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7.6 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Mass and Weight How are mass and weight related? 

2. Moment The equation for the moment 
about the origin of a one-dimensional system is 
My, = 5(—3) + 2(-1) + 1(1) + 5(2) + 1(6. Is the 
system in equilibrium? Explain. 


. Planar Lamina What is a planar lamina? Describe 
what the center of mass of a lamina represents. 


. Theorem of Pappus Explain why the Theorem of 
Pappus is useful. 


DID Center of Mass of a Linear System In 
de Pip; Exercises 5-8, find the center of mass of the given 
n system of point masses lying on the x-axis. 
Pd 
5. m, = 7,m, = 3,m, = 5 
X 5, xX, = 0,x, = 3 
0.1, m, = 0.2, m, = 0.2, m, = 0.5 


x, =l, x = 2, x = 3, x, = 4 


a 
3 


7. m, = 1,m, = 3, m, = 2, m, = 9,m; = 5 


x, = 6,x, = 10, x = 3, x4 = 2, x; = 4 


8. m, = 8, m, = 5, m, = 5, m, = 12, m; = 2 
0, x4 = 3, x5 5 


Xx, 2, x = 6, x, 


Equilibrium of a Linear System In Exercises 9 and 10, 
consider a beam of length L with a fulcrum x feet from one end 
(see figure). There are objects with weights W, and W, placed 
on opposite ends of the beam, where W, < W,. Find x such that 
the system is in equilibrium. 


im x »- L-x >! 


9. Two children weighing 48 pounds and 72 pounds are going to 
play on a seesaw that is 10 feet long. 


10. In order to move a 600-pound rock, a person weighing 
200 pounds wants to balance it on a beam that is 5 feet long. 


B 


i 


feu Center of Mass of a Two-Dimensional 
e System In Exercises 11-14, find the center of 


mass of the given system of point masses. 


m; 5 1 3 


Gy) | 2,2) | (73.0 


12. 


(x, y) (-3, -1)| (0,0) 


13. 


m; 12 6 4.5 15 
EX | 23) | (1,5) | (6,8) | 2-2) 

^ m 3 4 2 1 6 
EX | 2 =3) | (5,5) | (7,1) | (0,0) | (-3,0) 


mH Jio Center of Mass of a Planar Lamina In 

att “fej Exercises 15-28, find M,, M,, and (x,y) for the 

Ea lamina of uniform density p bounded by the 
graphs of the equations. 


16. y=6 
18. y = #2, y=0,x =2 
20. y= J/xy-x 

21. y= -xX + 4x+2,y=x+2 

22. y= x à l yix Fl 
23. y = 95, 20, x ^8 
25.x -4— yhx-0 

27. x = —y,x = 2y — y? 


15. y=, y =0,x=2 
17. y= / xy =0,x =4 
19. y=xX,y=x3 


xy=0,x=0 


24. y = x5, y=4 
26. x = 3y — Xy x 40 
28. x=y+2,x=y? 


BB Approximating a Centroid Using Technology In 


Exercises 29 and 30, use a graphing utility to graph the region 
bounded by the graphs of the equations. Use the integration 
capabilities of the graphing utility to approximate the centroid 
of the region. 


29. y = 53/400 — 2, y = 0 
8 
r+ 4 y 


30. y 0, x 2,x=2 


[m] gs m] Finding the Center of Mass In Exercises 
ORA a 31-34, introduce an appropriate coordinate 
[m]! system and find the center of mass of the planar 


lamina. (The answer depends on the position of the 
coordinate system.) 


32. me ] >= 


— 2 ——>1~<« |] = 


me — 91] NIM 
— N — 1 


— 
a 
H4 ——— O————> | 


5 e2 > 


35. Finding the Center of Mass Find the center of mass of 
the lamina in Exercise 31 when the circular portion of the lamina 
has twice the density of the square portion of the lamina. 


36. Finding the Center of Mass Find the center of mass of 
the lamina in Exercise 31 when the square portion of the lamina 
has twice the density of the circular portion of the lamina. 


[s] [a] Finding Volume by the Theorem of 


EY hy Pappus In Exercises 37—40, use the Theorem of 
[2] x 3 Pappus to find the volume of the solid of revolution. 


37. The torus formed by revolving the circular region bounded by 
(x — 5? + y? = 16 
about the y-axis 


38. The torus formed by revolving the circular region bounded by 
x + (y — 3)? =4 
about the x-axis 


39. The solid formed by revolving the region bounded by the 
graphs of y = x, y = 4, and x = 0 about the x-axis 


40. The solid formed by revolving the region bounded by the 
graphs of y = 2./x — 2, y = 0, and x = 6 about the y-axis 


EXPLORING CONCEPTS 


41. Center of Mass What happens to the center of mass 
of a linear system when each point mass is translated k 
units horizontally? Explain. 


. Centroid Explain why the centroid of a rectangle is 
the center of a rectangle. 


. Center of Mass Use rectangles to create a region 
such that the center of mass lies outside of the region. 
Verify algebraically that the center of mass lies outside 
of the region. 


44( )) HOW DO YOU SEE IT? The centroid of the 
plane region bounded by the graphs of y = f(x), 
y = 0, x = 0, and x = 3 is (1.2, 1.4). Without 
integrating, find the centroid of each of the 
regions bounded by the graphs of the following 
sets of equations. Explain your reasoning. 


Centroid: (1.2, 1.4) 


2, x = 0, and x = 3 
(b y =f(« — 2), y = 0, x = 2, and x = 5 
(c) y = —f(x), y = 0, x = 0, and x = 3 


(a) y 2 f() +2,y= 
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Centroid of a Common Region In Exercises 45—50, 
find and/or verify the centroid of the common region used in 
engineering. 


45. Triangle Show that the centroid of the triangle with 
vertices (— a, 0), (a, 0), and (b, c) is the point of intersection 
of the medians (see figure). 


y y 


(b, c) 
(a * b, c) 


(—a, 0) (a, 0) m 0) 


Figure for 45 Figure for 46 


46. Parallelogram Show that the centroid of the parallelogram 
with vertices (0, 0), (a, 0), (b, c), and (a + b, c) is the point of 
intersection of the diagonals (see figure). 


47. Trapezoid Find the centroid of the trapezoid with vertices 
(0, 0), (0, a), (c, b), and (c, 0). Show that it is the intersection 
of the line connecting the midpoints of the parallel sides and 
the line connecting the extended parallel sides, as shown in the 
figure. 


> xX 


Figure for 47 Figure for 48 


48. Semicircle Find the centroid of the region bounded by the 
graphs of y = Vr? — x? and y = 0 (see figure). 
49. Semiellipse Find the centroid of the region bounded by 


the graphs of y — Bp — X? and y = 0 (see figure). 
a 


Y Parabolic spandrel 
A 


(1, 1) 


(0, 0) 


»X 


Figure for 49 Figure for 50 


50. Parabolic Spandrel Find the centroid of the parabolic 
spandrel shown in the figure. 
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51. Graphical Reasoning Consider the region bounded by 
the graphs of y = x? and y = b, where b > 0. 


ee 54. Modeling Data The manufacturer of a boat needs to 
approximate the center of mass of a section of the hull. A 
coordinate system is superimposed on a prototype (see figure). 
The measurements (in feet) for the right half of the symmetric 
prototype are listed in the table. 


(a) Sketch a graph of the region. 


(b) Set up the integral for finding M,. Because of the form 
of the integrand, the value of the integral can be obtained 
without integrating. What is the form of the integrand? 


What is the value of the integral and what is the value 
of x? ICA 
m— . sb tof th 

(c) Use the graph in part (a) to determine whether y > 2 or l 

y< b Explain. E-—E] d e =x 

2 2.0  -10 1.0 2.0 
(d) Use integration to verify your answer in part (c). 
52. Graphical and Numerical Reasoning Consider the 7 0 05 10 1s |2 

region bounded by the graphs of y = x?" and y = b, where i ` ` 
b > 0 andn is a positive integer. h | 1.50 | 145 | 1.30 | 0.99 
(a) Sketch a graph of the region. d | 0.50 | 048 | 043 | 033 


(b) Set up the integral for finding M,. Because of the form 
of the integrand, the value of the integral can be obtained 
without integrating. What is the form of the integrand? 
What is the value of the integral and what is the value of x? 


; . b 
(c) Use the graph in part (a) to determine whether y > 5 oF 
b , 
y< y Explain. 


(d) Use integration to find y as a function of n. 


(e) Use the result of part (d) to complete the table. 


n 1|2|3. 4 


(f) Find lim y. 


noo 


(g) Give a geometric explanation of the result in part (f). 


ee 53. Modeling Data The manufacturer of glass for a window 


in a conversion van needs to approximate the center of mass of 
the glass. A coordinate system is superimposed on a prototype 
of the glass (see figure). The measurements (in centimeters) 
for the right half of the symmetric piece of glass are listed in 
the table. 


(a) Use the regression capabilities of a graphing utility to find 
fourth-degree polynomial models for both curves shown in 
the figure. 


(b) Use the integration capabilities of a graphing utility and 
the models to approximate the center of mass of the hull 
section. 


Second Theorem of Pappus In Exercises 55 and 56, use 
the Second Theorem of Pappus, which is stated as follows. If a 
segment of a plane curve C is revolved about an axis that does 
not intersect the curve (except possibly at its endpoints), then 
the area S of the resulting surface of revolution is equal to the 
product of the length of C times the distance d traveled by the 
centroid of C. 


55. 


56. 


57. 


Find the area of the surface formed by revolving the graph of 
y=3-—x,0 < x < 3, about the y-axis. 

A torus is formed by revolving the graph of (x — 1)? + y? = 1 
about the y-axis. Find the surface area of the torus. 


Finding a Centroid Letn = 1 be constant, and consider 
the region bounded by f(x) — x", the x-axis, and x — 1. Find 
the centroid of this region. As n — oo, what does the region 
look like, and where is its centroid? 


A 58. Finding a Centroid Consider the functions 
40 + 
= y” d = xn 
— FO) =x" and g(x) 
P E on the interval [0, 1], where m and n are positive integers and 
-40 -20 20 40 n > m. Find the centroid of the region bounded by f and g. 

— O | 10 Eod bus PUTNAM EXAM CHALLENGE 
y | 30 | 29 | 26 | 20 | 0 59. Let V be the region in the cartesian plane consisting 


(a) Use the regression capabilities of a graphing utility to find 
a fourth-degree polynomial model for the glass. 

(b) Use the integration capabilities of a graphing utility and 
the model to approximate the center of mass of the glass. 


of all points (x, y) satisfying the simultaneous conditions 


|x| < y < |x| + 3 and y < 4. Find the centroid (x, y) 
of V. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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7.7 Fluid Pressure and Fluid Force 


BLAISE PASCAL (1623-1662) 


Pascal is well known for 

his work in many areas of 
mathematics and physics, 

and also for his influence on 
Leibniz. Although much of 
Pascal's work in calculus was 
intuitive and lacked the rigor 
of modern mathematics, he 
nevertheless anticipated many 
important results. 

See LarsonCalculus.com to read 
more of this biography. 


E Find fluid pressure and fluid force. 


Fluid Pressure and Fluid Force 


Swimmers know that the deeper an object is submerged in a fluid, the greater the 
pressure on the object. Pressure is defined as the force per unit of area over the surface 
of a body. For example, because a column of water that is 10 feet in height and 1 inch 
square weighs 4.3 pounds, the fluid pressure at a depth of 10 feet of water is 4.3 pounds 
per square inch.* At 20 feet, this would increase to 8.6 pounds per square inch, and in 
general the pressure is proportional to the depth of the object in the fluid. 


Definition of Fluid Pressure 
The pressure P on an object at depth A in a liquid is 


P=wh 


where w is the weight-density of the liquid per unit of volume. 


Below are some common weight-densities of fluids in pounds per cubic foot. 


Ethyl alcohol 49.4 
Gasoline 41.0—43.0 
Glycerin 78.6 
Kerosene 51.2 
Mercury 849.0 
Seawater 64.0 
Water 62.4 


When calculating fluid pressure, you can use an important (and rather surprising) 
physical law called Pascal’s Principle, named after the French mathematician Blaise 
Pascal. Pascal’s Principle states that the pressure exerted by a fluid at a depth h is 
transmitted equally in all directions. For example, in Figure 7.65, the pressure at the 
indicated depth is the same for all three objects. Because fluid pressure is given in terms 
of force per unit area (P = F/A), the fluid force on a submerged horizontal surface of 
area A is 


Fluid force = F = PA = (pressure)(area). 


The pressure at h is the same for all three objects. 
Figure 7.65 


* The total pressure on an object in 10 feet of water would also include the pressure due to Earth's 
atmosphere. At sea level, atmospheric pressure is approximately 14.7 pounds per square inch. 


The Granger Collection, NYC 
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The fluid force on a horizontal metal 
sheet is equal to the fluid pressure 
times the area. 

Figure 7.66 


Fluid Force on a Submerged Sheet 


Find the fluid force on a rectangular metal sheet measuring 3 feet by 4 feet that is 
submerged in 6 feet of water, as shown in Figure 7.66. 


Solution Because the weight-density of water is 62.4 pounds per cubic foot and the 
sheet is submerged in 6 feet of water, the fluid pressure is 


— (62.4)(6) P=wh 
= 374.4 pounds per square foot. 
Because the total area of the sheet is A = (3)(4) = 12 square feet, the fluid force is 
F=PA 


= EE pousos Jur square feet) 
square foot 


= 4492.8 pounds. 


This result is independent of the size of the body of water. The fluid force would be the 
same in a swimming pool or lake. F| 


In Example 1, the fact that the sheet is rectangular and horizontal means that you 
do not need the methods of calculus to solve the problem. Consider a surface that is 
submerged vertically in a fluid. This problem is more difficult because the pressure is 
not constant over the surface. 

Consider a vertical plate that is submerged y 
in a fluid of weight-density w (per unit of 
volume), as shown in Figure 7.67. To determine 
the total force against one side of the region 
from depth c to depth d, you can subdivide the 
interval [c, d] into n subintervals, each of width 
Ay. Next, consider the representative rectangle 
of width Ay and length L(y,), where y, is in the 
ith subinterval. The force against this 
representative rectangle is 


Bu w(depth)(area) Calculus methods must be used to find 
= wh(y,)L(y,)Ay. the fluid force on a vertical metal plate. 
Figure 7.67 


The force against n such rectangles is 


3 AF, = D h 
a al 


Note that w is considered to be constant and is factored out of the summation. Therefore, 
taking the limit as ||A||— 0 (n 0o) suggests the next definition. 


Definition of Force Exerted by a Fluid 


The force F exerted by a fluid of constant weight-density w (per unit of 
volume) against a submerged vertical plane region from y = c to y = d is 


— w lim b h(y)LCy) Ay 


||Al|> 0 


Sa E ia 


where A( y) is the depth of the fluid at y and L(y) is the horizontal length of the 
region at y. 
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EXAMPLE 2 Fluid Force on a Vertical Surface 


PA [> See LarsonCalculus.com for an interactive version of this type of example. 


A vertical gate in a dam has the shape of an 
isosceles trapezoid 8 feet across the top and 

6 feet across the bottom, with a height of 

5 feet, as shown in Figure 7.68(a). What is 
the fluid force on the gate when the top of the 
gate is 4 feet below the surface of the water? 


Solution In setting up a mathematical model 
for this problem, you are at liberty to locate the 
x- and y-axes in several different ways. A 
convenient approach is to let the y-axis bisect 
the gate and place the x-axis at the surface of 
the water, as shown in Figure 7.68(b). So, the 
depth of the water at y in feet is y 
A 


Depth = h(y) = —y. Ai 


To find the length L(y) of the region at y, find 
the equation of the line forming the right side 
of the gate. Because this line passes through 

the points (3, — 9) and (4, — 4), its equation is 


L-4- (c9 
y-(-9- es 
y+9=5(x — 3) 
y = 5x — 24 
(b) The fluid force against the gate 
x= zi Figure 7.68 


In Figure 7.68(b), you can see that the length of the region at y is 


2 
Length = 2x = s + 24) = L(y). 


Finally, by integrating from y = —9 to y = —4, you can calculate the fluid force to be 


F=w Í h(y)L(y) dy 


e oem 


— 13,936 pounds. au 


In Example 2, the x-axis coincided with the surface of the water. This was convenient 
but arbitrary. In choosing a coordinate system to represent a physical situation, you 
should consider various possibilities. Often you can simplify the calculations in a problem 
by locating the coordinate system to take advantage of special characteristics of the 
problem, such as symmetry. 
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EXAMPLE 3 Fluid Force on a Vertical Surface 


A circular observation window at a seawater aquarium has a radius of 1 foot, and the 
center of the window is 8 feet below water level, as shown in Figure 7.69. What is the 
fluid force on the window? 


TS 
7 ay 
6 nbn 
3 e 
8 —y aJ 
3 ades 
D s 
à 
| 
} } } f—> x 
" 2 
Observation 3 
window 


The fluid force on the window 
Figure 7.69 


Solution To take advantage of symmetry, locate a coordinate system such that the 
origin coincides with the center of the window, as shown in Figure 7.69. The depth at 
y is then 


Depth = h(y) = 8 — y. 


The horizontal length of the window is 2x, and you can use the equation for the circle, 
x? + y? = 1, to solve for x as shown. 


Length = 2x = 2/1 = y? = L(y) 


Finally, because y ranges from — 1 to 1, and using 64 pounds per cubic foot as the 
weight-density of seawater, you have 


Paw] iota - saf 6 -DOTE 


Initially it looks as though this integral would be difficult to solve. However, when you 
break the integral into two parts and apply symmetry, the solution is simpler. 


r= aof V1- y! dy — 64Q) D| VTF 


The second integral is 0 (because the integrand is odd and the limits of integration are 
symmetric with respect to the origin). Moreover, by recognizing that the first integral 
represents the area of a semicircle of radius 1, you obtain 


F= aoz) — 64(2)(0) 


= 5120 
=~ 1608.5 pounds. 


So, the fluid force on the window is about 1608.5 pounds. au 


Jane Rix/Shutterstock.com 
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7 n 7 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


[e] El Fluid Force of Water In Exercises 15-18, find 
WUpS the fluid force on the vertical plate submerged in 
water, where the dimensions are given in meters 
and the weight-density of water is 9800 newtons 
per cubic meter. 


CONCEPT CHECK 


1. Fluid Pressure Describe fluid pressure in your own 
words. 


Panay 


mc 


2. Fluid Pressure Does fluid pressure change with 
depth? 15. Square 16. Rectangle 


i 


Force on a Submerged Sheet In Exercises 


ogo 
feat n 3-6, the area of the top side of a piece of sheet 
[al a 


metal is given. The sheet metal is submerged 
horizontally in 8 feet of water. Find the fluid force 
on the top side. 


[si —— p 


3. 3 square feet 4. 8 square feet 


5. 10 square feet 6. 25 square feet 


E— — E23 —— —» 


Force on a Submerged Sheet In Exercises 7 and 8, the 
area of the top side of a piece of sheet metal is given. The sheet 17. Triangle 
metal is submerged horizontally in 5 feet of ethyl alcohol. Find 1 
the fluid force on the top side. 


7. 9 square feet 8. 14 square feet 


fa) t[=] Fluid Force on a Tank Wall In Exercises 

br T 9-14, find the fluid force on the vertical side of 

[uj T 3 the tank, where the dimensions are given in feet. 
TUTU Assume that the tank is full of water. 


NO ————ÀrÓ7«- U2 1 


9. Rectangle 10. Triangle HL 6——x 


[ 4 ————— EQ — — — 4 ————— 


Force on a Concrete Form In Exercises 19-22, the figure 
is the vertical side of a form for poured concrete that weighs 
140.7 pounds per cubic foot. Determine the force on this part 
of the concrete form. 


I4 — —— Wo ———1 


19. Rectangle 20. Semiellipse, 
11. Trapezoid 12. Semicircle gms 3 Jie 
HC 4 ———— T 
; 1 ix— 4 ft — 
PET 
1 2) T : 
H— — 10 ft 3 ft 
i 
~<— 2 — 
21. Rectangle 22. Triangle 
13. Parabola, y = x? 14. Semiellipse, n i sf E 
y= -1/36— 92 | l 
I — — 4 ——— — HL 4 ———— 4ft 3ft 


m 6 ft ] 
23. Fluid Force of Gasoline A cylindrical gasoline tank 
is placed so that the axis of the cylinder is horizontal. Find 


the fluid force on a circular end of the tank when the tank is 
half full, where the diameter is 3 feet and the gasoline weighs 
42 pounds per cubic foot. 
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Fluid Force of Gasoline Repeat Exercise 23 for a tank 


that is full. (Evaluate one integral by a geometric formula and 
the other by observing that the integrand is an odd function.) 


EXPLORING CONCEPTS 


25. Fluid Pressure Explain why fluid pressure on a 


surface is calculated using horizontal representative 
rectangles instead of vertical representative rectangles. 


. Buoyant Force Buoyant force is the difference 
between the fluid forces on the top and bottom sides of 
a solid. Find an expression for the buoyant force of a 
rectangular solid submerged in a fluid with its top side 
parallel to the surface of the fluid. 


. Think About It Approximate the depth of the water 
in the tank in Exercise 9 if the fluid force is one-half as 
great as when the tank is full. Explain why the answer is 

3 
not 5. 


28 ) HOW DO YOU SEE IT? Two identical 
semicircular windows are placed at the same 
depth in the vertical wall of an aquarium (see 
figure). Which is subjected to the greater fluid 
force? Explain. 


29. 


30. 


Fluid Force on a Circular Plate A circular plate of 
radius r feet is submerged vertically in a tank of fluid that 
weighs w pounds per cubic foot. The center of the circle is 
k feet below the surface of the fluid, where k > r. Show that 
the fluid force on the surface of the plate is 


F = wk(nr?). 
(Evaluate one integral by a geometric formula and the other by 
observing that the integrand is an odd function.) 


Fluid Force on a Circular Plate Use the result of 
Exercise 29 to find the fluid force on the circular plate shown 
in each figure. Assume that the tank is filled with water and 
the measurements are given in feet. 


(a) l (b) i 


31. 


32. 


33. 


34. 


35. 


PE 36. 


Fluid Force on a Rectangular Plate A rectangular 
plate of height A feet and base b feet is submerged vertically in 
a tank of fluid that weighs w pounds per cubic foot. The center 
of the rectangle is k feet below the surface of the fluid, where 
k > h/2. Show that the fluid force on the surface of the plate is 


F — wkhb. 


Fluid Force on a Rectangular Plate Use the result 
of Exercise 31 to find the fluid force on the rectangular plate 
shown in each figure. Assume that the tank is filled with water 
and the measurements are given in feet. 


(a) (b) 


— B— 
[-«—— ON — 


10 


Submarine Porthole A square porthole on a vertical 
side of a submarine (submerged in seawater) has an area of 
] square foot. Find the fluid force on the porthole, assuming 
that the center of the square is 15 feet below the surface. 


Submarine Porthole Repeat Exercise 33 for a circular 
porthole that has a diameter of 1 foot. The center of the circle 
is 15 feet below the surface. 


Modeling Data The vertical stern of a boat partially 
submerged in seawater with a superimposed coordinate system 
is shown in the figure. The table shows the widths w of the 
stern (in feet) at indicated values of y. Use the Midpoint Rule 
with n — 4 to approximate the fluid force against the stern. 


y 0|12 3 4 
w 0/519 10.25 10.5 
Water level y 


Irrigation Canal Gate The vertical cross section of an 
irrigation canal is modeled by 


5x? 
x4 


fe) = 
where x is measured in feet and x = 0 corresponds to the 
center of the canal. Use the integration capabilities of a 
graphing utility to approximate the fluid force against a 
vertical gate used to stop the flow of water when the water is 
3 feet deep. 


Review Exercises 


Review Exercises 511 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Finding the Area of a Region In Exercises 1-10, sketch 
the region bounded by the graphs of the equations and find the 
area of the region. 


1. y=6 d y^" x=-2, x=2 


*y-ucp y=0, x=-1, x=1 
4.x=y?—-2y x-2-1L y=0 
5. x, y=x 
6x=y+1, x=yt+3 
Ty=e, y=e, x=0 
T 5" 
8. y= .y-22, —Exs-— 
y=csex, y s55% 
9. y = sinx = cos x Vege 
ve id EN id" 
] m m 
10. x= =. ~sys— 
0. x = cosy, x y 35753 


B Finding the Area of a Region In Exercises 11-14, (a) use 


a graphing utility to graph the region bounded by the graphs 
of the equations and (b) use the integration capabilities of the 
graphing utility to approximate the area of the region to four 
decimal places. 


14.y232—8x*3, y=3 +8- X? 
12. y= x — 4x -3, y ^ xà x=0 
13. /x * /y 21, y 20, x=0 


14. y = x4 - 22, y = 2x? 


Integration as an Accumulation Process In Exercises 
15 and 16, find the accumulation function F. Then evaluate F 
at each value of the independent variable and graphically show 
the area given by each value of the independent variable. 


15. Fx) = Í "Gr D dt 


(a) F(0 | (b) F2) (o) F(6) 


16. F(x) = f (2 + sin 1) dt 


(a) F(-m) (b) F(0 (c) Fn) 

Revenue In Exercises 17 and 18, two models R, and R, are 
given for revenue (in millions of dollars) for a corporation. 
Both models are estimates of revenues from 2020 through 
2025, with t — 0 corresponding to 2020. Which model projects 
the greater revenue? How much more total revenue does that 


model project over the six-year period? 


17. R, = 2.98 + 0.65t 
R, = 2.98 + 0.56t 


18. R, = 4.87 + 0.55 + 0.017? 
R, = 4.87 + 0.61¢ + 0.072? 


Finding the Volume of a Solid In Exercises 19 and 20, 
use the disk method to find the volume of the solid generated 
by revolving the region bounded by the graphs of the equations 
about the x-axis. 


19. y= y=0, x=-1, x= 1 


1 
JT + 


20. y=e%, y=0, x=0, x=1 


Finding the Volume of a Solid In Exercises 21 and 22, 
use the shell method to find the volume of the solid generated 
by revolving the region bounded by the graphs of the equations 
about the y-axis. 


Finding the Volume of a Solid In Exercises 23 and 24, 
use the disk method or the shell method to find the volumes of 
the solids generated by revolving the region bounded by the 
graphs of the equations about the given lines. 
23. y 2 x; y 0, x=3 

(a) the x-axis 

(b) the y-axis 

(c) the line x = 3 

(d) the line x = 6 
24. y= Jx, y=2, x=0 

(a) the x-axis 

(b) the line y = 2 

(c) the y-axis 

(d) the line x = —1 


25. Gasoline Tank A gasoline tank is an oblate spheroid 
generated by revolving the region bounded by the graph of 
2 y 
—+—=1 
16 9 
about the y-axis, where x and y are measured in feet. How 
much gasoline can the tank hold? 


26. Using Cross Sections Find the volume of the solid 
whose base is bounded by the circle x? + y? = 9 and whose 
cross sections perpendicular to the x-axis are equilateral 
triangles. 


Finding Arc Length In Exercises 27 and 28, find the arc 
length of the graph of the function over the indicated interval. 


27. f(x) = mo^, [0, 4] 


28. y= pen —1 [2,6] 
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Finding the Area of a Surface of Revolution In 
Exercises 29 and 30, write and evaluate the definite integral 
that represents the area of the surface generated by revolving 
the curve on the indicated interval about the x-axis. 


x 
9 = < < 
29. y 18° 35x<6 


30. y= /25— x, -4s x54 


Finding the Area of a Surface of Revolution In 
Exercises 31 and 32, write and evaluate the definite integral 
that represents the area of the surface generated by revolving 
the curve on the indicated interval about the y-axis. 


2 


81. y=% 4, O<x<2 


32. y= ix 1sx<2 


33. Hooke's Law A force of 5 pounds stretches a spring 
1 inch from its natural position. Find the work done in 
stretching the spring from its natural length of 10 inches to a 
length of 15 inches. 


34. Hooke's Law A force of 50 pounds stretches a spring 
l inch from its natural position. Find the work done in 
stretching the spring from its natural length of 10 inches to 
double that length. 


35. Propulsion Neglecting air resistance and the weight of 
the propellant, determine the work done in propelling a 
five-metric-ton satellite to a height of 200 miles above Earth. 


36. Pumping Water A water well has an 8-inch diameter and 
is 190 feet deep. The water is 25 feet from the top of the well. 
Determine the amount of work done in pumping the well dry. 


37. Winding a Chain A chain 10 feet long weighs 4 pounds 
per foot and is hung from a platform 20 feet above the ground. 
How much work is required to raise the entire chain to the 
20-foot level? 


38. Winding a Cable A 200-foot cable weighing 5 pounds 
per foot is hanging from a winch 200 feet above ground level. 
Find the work done in winding up the cable when there is a 
300-pound load attached to the end of the cable. 


39. Boyle's Law A quantity of gas with an initial volume of 
1 cubic foot and a pressure of 500 pounds per square foot 
expands to a volume of 4 cubic feet. Find the work done by 
the gas. Assume that the pressure is inversely proportional to 
the volume. 


40. Boyle's Law A quantity of gas with an initial volume 
of 2 cubic feet and a pressure of 800 pounds per square foot 
expands to a volume of 3 cubic feet. Find the work done by 
the gas. Assume that the pressure is inversely proportional to 
the volume. 


41. Center of Mass of a Linear System Find the center of 
mass of the given system of point masses lying on the x-axis. 


m —8, m,=12, m,=6, m,= 14 


Xx, 1, x22, x5, x,=7 


42. Center of Mass of a Two-DimensionalSystem Find 
the center of mass of the given system of point masses. 


m; 3 2 6 9 


i 


(x, yj) (2, 1) 


(-3,2) | (4,-1) | (65) 


Center of Mass of a Planar Lamina In Exercises 43 and 
44, find M,, M,, and (x, y) for the lamina of uniform density p 
bounded by the graphs of the equations. 


43. y - xài, y 22x * 3 44. y 2 xh, y 5l 

45. Finding the Center of Mass Introduce an appropriate 
coordinate system and find the center of mass of the planar 
lamina. (The answer depends on the position of the coordinate 
system.) 


| 
| 


~x— |] — 


H— | — 


46. Finding Volume Use the Theorem of Pappus to find the 
volume of the torus formed by revolving the circular region 
bounded by (x — 4)? + y? = 4 about the y-axis. 


Force on a Submerged Sheet In Exercises 47 and 48, 
the area of the top side of a piece of sheet metal is given. The 
sheet metal is submerged horizontally in 3 feet of water. Find 
the fluid force on the top side. 


47. 2 square feet 48. 15 square feet 


49. Fluid Force of Seawater Find the fluid force on the 
vertical plate submerged in seawater (see figure). 


Tm | 
ef 5ft 
Ya H— — 7 ft ——— 

A 

3) 


m— 4 ft — 


Figure for 49 Figure for 50 


50. Force on a Concrete Form The vertical side of a form 
for poured concrete that weighs 140.7 pounds per cubic foot 
is shown in the figure. Determine the force on this part of the 
concrete form. 


51. Submarine Porthole A circular porthole on a vertical 
side of a submarine (submerged in seawater) has a diameter of 
3 feet. Find the fluid force on the porthole, assuming that the 
center of the circle is 1600 feet below the surface. 
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See CalcChat.com for tutorial help and 


worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Finding a Limit Let R be the area of the region in the first 
quadrant bounded by the parabola y — x? and the line y — cx, 
c > 0, as shown in the figure. Let T be the area of the triangle 
AOB. Calculate the limit 


"E 
PD R 


Y 
x 


O c 


2. Center of Mass of a Lamina Let L be the lamina of 
uniform density p = 1 obtained by removing circle A of radius 
r from circle B of radius 2r (see figure). 


à 
Á 
CH) B 


(a) Show that M, = 0 for L. 
(b) Show that M, for L is equal to (M, for B) — (M, for A). 


(c) Find M, for B and M, for A. Then use part (b) to compute 
M, for L. 
(d) What is the center of mass of L? 


3. Dividing a Region Let R be the region bounded by the 
parabola y = x — x? and the x-axis (see figure). Find the 
equation of the line y = mx that divides this region into two 
regions of equal area. 


y 


> xX 


fe 4. Surface Area Graph the curve 


8y? = x7(1 — x). 


Use a computer algebra system to find the surface area of the 
solid of revolution obtained by revolving the curve about the 
y-axis. 


5. Centroid A blade on an industrial fan has the configuration 
of a semicircle attached to a trapezoid (see figure). Find the 
centroid of the blade. 


6. Volume A hole is cut through the center of a sphere of 
radius r (see figure). The height of the remaining spherical ring 
is h. Find the volume of the ring and show that it is independent 
of the radius of the sphere. 


7. Volume A rectangle R of length € and width w is revolved 
about the line L (see figure). Find the volume of the resulting 
solid of revolution. 


y 
A 
L 
4 
ae : 
Wey 
d 
Ww 

Figure for 7 Figure for 8 


8. Comparing Areas of Regions 


(a) The tangent line to the curve y = x? at the point A(1, 1) 
intersects the curve at another point B. Let R be the area 
of the region bounded by the curve and the tangent line. 
The tangent line at B intersects the curve at another point C 
(see figure). Let S be the area of the region bounded by the 
curve and this second tangent line. How are the areas R and 
S related? 


(b 


— 


Repeat the construction in part (a) by selecting an arbitrary 
point A on the curve y = x?. Show that the two areas R and 
S are always related in the same way. 
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9. Using Arc Length The graph of y — f(x) passes through 
the origin. The arc length of the curve from (0, 0) to (x, f(x)) 
is given by 


s(x) -[ vi + e dt. 


Identify the function f. 


10. Using a Function Let f be rectifiable on the interval 
[a, b], and let 


s(x) = il V1 c Lf'P at. 


. , ds 
(a) Find de 


(b) Find ds and (ds)?. 
(c) Find s(x) on [1, 3] when f(r) = 1?^. 


(d) Use the function and interval in part (c) to calculate s(2) 
and describe what it signifies. 


11. Archimedes’ Principle Archimedes’ Principle states 
that the upward or buoyant force on an object within a fluid 
is equal to the weight of the fluid that the object displaces. 
For a partially submerged object, you can obtain information 
about the relative densities of the floating object and the fluid 
by observing how much of the object is above and below the 
surface. You can also determine the size of a floating object if 
you know the amount that is above the surface and the relative 
densities. You can see the top of a floating iceberg (see figure). 
The density of ocean water is 1.03 x 10? kilograms per cubic 
meter, and that of ice is 0.92 x 10? kilograms per cubic meter. 
What percent of the total iceberg is below the surface? 


12. Finding a Centroid Sketch the region bounded on the 
left by x = 1, bounded above by y = 1/x, and bounded 
below by y = —1/x*. 


(a) Find the centroid of the region for 1 S x < 6. 
(b) Find the centroid of the region for 1 S x < b. 
(c) Where is the centroid as b — 00? 


13. Finding a Centroid Sketch the region bounded on the 
left by x = 1, bounded above by y = 1/x^, and bounded 
below by y = —1/x*. 


(a) Find the centroid of the region for 1 < x < 6. 
(b) Find the centroid of the region for 1 € x < b. 


(c) Where is the centroid as b —^ 00? 


14. Work Find the work done by each force F. 
(a) E (b) F 


Pounds 


Pounds 
— Mo AR 


1234 5 6 


123 45 6 
Feet Feet 


Consumer and Producer Surplus In Exercises 15 and 
16, find the consumer surplus and producer surplus for the 
given demand [ p,(x)] and supply [ p,(x)] curves. The consumer 
surplus and producer surplus are represented by the areas 
shown in the figure. 


P 
A 


Consumer 
surplus 


Supply 
. curve 
Point of \ 


equilibrium 


Py Poss =e aoe Sass Po) 
TW. 
1 
Producer ; Demand 
surplus ; curve 


» X 


ES 


15. p,(x) = 50 — 0.5x, p(x) = 0.125x 
16. p,(x) = 1000 — 0.42, p(x) = 42x 


17. Fluid Force A swimming pool is 20 feet wide, 40 feet 
long, 4 feet deep at one end, and 8 feet deep at the other end 
(see figures). The bottom is an inclined plane. Find the fluid 
force on each vertical wall when the pool is full of water. 


Integration Techniques 
and Improper Integrals 
uH uH H H EH UH HH H H H H H 


8.1 Basic Integration Rules 

PESA EAE 8.2 Integration by Parts 

E 8.3 Trigonometric Integrals 

Dice 8.4 Trigonometric Substitution 

E 8.5 Partial Fractions 

8.6 Numerical Integration 
8.7 Integration by Tables and Other Integration Techniques 
8.8 Improper Integrals 


Chemical Reaction (Exercise 50, p. 558) 


Sending a Space Module into Orbit 
(Example 5, p. 575) 


eccc0c2090206029292999 


The Wallis Product 
(Section Project, p. 540) 


- 


Memory Model (Exercise 92, p. 531) 
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Integration Techniques and Improper Integrals 


8.1 Basic Integration Rules 


REVIEW OF BASIC 
INTEGRATION RULES 
(a » 0) 
1. J kf(u) du = k J fu) du 
. [IWD + gw)] du = 


fro du + J seo du 


= In|sinu| + C 


In|sec u + tan u| + C 


» Jose u du = 


—In|cse u + cot u| + C 


Jsec? udu = tanu + C 


csc? udu = —cotu + C 


eq 
a 


liM Review procedures for fitting an integrand to one of the basic integration rules. 


Fitting Integrands to Basic Integration Rules 


In this chapter, you will study several integration techniques that greatly expand the set 
of integrals to which the basic integration rules can be applied. These rules are reviewed 
at the left. A major step in solving any integration problem is recognizing which basic 
integration rule to use. 


ETTUTTTE A Comparison of Three Similar Integrals 


n > See LarsonCalculus.com for an interactive version of this type of example. 


Find each integral. 


4 4x 4x? 
a. [tse » [soa c. [Ss 


Solution 


a. Use the Arctangent Rule and let u = x and a = 3. 


4 1 
[esaa 


= 4i arctan 3 +C 


Constant Multiple Rule 
Arctangent Rule 


4 X 
= —arctan > + C 


Simplify. 
3 3 pity 


b. The Arctangent Rule does not apply because the numerator contains a factor of x. 
Consider the Log Rule and let u = x? + 9. Then du = 2x dx, and you have 


Constant Multiple Rule 


du . , 
-2|— Substitute: u = x? + 9. 
u 
= 2 In|u| +C Log Rule 


= 21n(Z + 9) + C. 


Rewrite as a function of x. 


c. Because the degree of the numerator is equal to the degree of the denominator, you 
should first use division to rewrite the improper rational function as the sum of a 
polynomial and a proper rational function. 


4x? —36 
Je | Sa 


- fia- e| a 


1 
= 4x — (i arctan z) 
3 3 


Rewrite using long division. 


X Rewrite as two integrals. 
+C Integrate. 


X 
— 4x — 12 arctan 3 +C Simplify. a 


Note in Example 1(c) that some algebra is required before applying any integration 
rules, and more than one rule is needed to find the resulting integral. 


The area of the region is approximately 
1.839. 
Figure 8.1 


Exploration 


A Comparison of Three 
Similar Integrals Which, 
if any, of the integrals listed 
below can be found using 
the 20 basic integration rules? 
For any that can be found, 

do so. For any that cannot, 


explain why not. 


3 
ape —— eli 
[mm É 


dx 


b f 3x 
“J 1-2 
3x? 
€. | ———c dx 
(Fi Se 
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EXAMPLE 2 Using Two Basic Rules to Solve a Single Integral 


1 
+ 
Evaluate f qm 2 dx. 
0 J/A IS x? 


Solution Begin by writing the integral as the sum of two integrals. Then apply the 
Power Rule and the Arcsine Rule. 
1 


a w= | w+ | oa 

1 
- -4 f a- aec »dc a 
2 0 0 


1 


1 


J22 —g 


dx 


1 
- |-« — x2)? + 3 arcsin d 
2 Jo 


=(-v3+3)-(-2 +0) 


= 1.839 See Figure 8.1. au 


The Midpoint Rule can be used to give a good approximation 

of the value of the integral in Example 2 (for n — 5, the approximation is 1.837). 

When using numerical integration, however, you should be aware that the Midpoint 

Rule does not always give good approximations when one or both of the limits 

of integration are near a vertical asymptote. For instance, using the Fundamental 
Theorem of Calculus, you can obtain 

1.99 


E ey: 


0 J4 — 2 


For n = 5, the Midpoint Rule gives an approximation of 5.667. 


Rules 18, 19, and 20 of the basic integration rules on the preceding page all have 
expressions involving the sum or difference of two squares: 


?— Ww, a+u2, and w —- a’. 


These expressions are often apparent after a u-substitution, as shown in Example 3. 


JCIE A Substitution Involving a? — u? 
2 
X 
Find | ————— dx. 
| /16 — x8 
Solution Because the radical in the denominator can be written in the form 
Ja =p = Je = 03)? 


you can try the substitution u = x°. Then du = 3x? dx, and you have 


Rewrite integral. 


f Po qw-l[ 394 
J16 es x 3] JVE — Q3 
..1l du 
i dts 
1 


= qaresin + C 


Substitute: u = x°. 
Arcsine Rule 


1 o 
= 3 arcsin 4 + C. Rewrite as a function of x. a 
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Remember that 
you can separate numerators but 
not denominators. Watch out for 
this common error when fitting 
integrands to basic rules. For 
instance, you cannot separate 
denominators in Example 4. 


Two of the most commonly overlooked integration rules are the Log Rule and the 
Power Rule. Notice in the next two examples how these two integration rules can be 
disguised. 


A Disguised Form of the Log Rule 


. 1 
Fina f; "p dx. 


Solution The integral does not appear to fit any of the basic rules. The quotient 
form, however, suggests the Log Rule. If you letu = 1 + e*, then du = e* dx. You can 
obtain the required du by adding and subtracting e* in the numerator. 


1 1 + ee : 
-dx — dx Add and subtract e* in numerator. 
1+ e 1+e 
1+ e —— . : 
dx Rewrite as two fractions. 
1+ e 
e* dx . : 
dx — Rewrite as two integrals. 
1 + e* 
—X— In(1 +C Integrate. a 


There is usually more than one way to solve an integration problem. For instance, 
in Example 4, try integrating by multiplying the numerator and denominator by e * to 
obtain an integral of the form — f du/u. See whether you can get the same answer by 
this procedure. (Be careful: the answer will appear in a different form.) 


A Disguised Form of the Power Rule 


Find Í (cot x)[In(sin x)] dx. 
Solution Again, the integral does not appear to fit any of the basic rules. However, 
considering the two primary choices for u 
u=cotx or u= In(sin x) 
you can see that the second choice is the appropriate one because 


: COS X 
u = In(sinx) and du = 
sin x 


dx — cot x dx. 


So, 
fico x)[In(sin x)] dx = fe du Substitute: u = In(sin x). 
2 
= A +C Integrate. 
1 : 
= 5Lin(sin ip * cC. Rewrite as a function of x. a 


In Example 5, try checking that the derivative of 
1 
5Lin(sin xP +c 


is the integrand of the original integral. 
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Trigonometric identities can often be used to fit integrals to one of the basic 
integration rules. 


EXAMPLE 6 Using Trigonometric Identities 


Find Í tan? 2x dx. 

If you Solution Note that tan? u is not in the list of basic integration rules. However, sec? u 
* have access to a computer is in the list. This suggests the trigonometric identity tan? u — sec? u — 1. If you let 
e algebra system, try using it u = 2x, then du = 2 dx and 
` to find the integrals in this 1 
: section. Compare the forms of f tan? 2x dx = 2 i tan? u du Substitute: u = 2x. 
. the antiderivatives given by 
: the software with the forms = i | (sec? k= 1) du Trigonometric identity 
. obtained by hand. Sometimes 2 
* the forms will be the same, 1 1 
- but often they will differ. For = ise udu — ijo Rewrite as two integrals. 
` instance, why is the antiderivative 1 " 
: In 2x + C equivalent to the 75 tan u — 2 +C Integrate. 
,. antiderivative In x + C? 

= I tan 2x — x + C. Rewrite as a function of x. a 


This section concludes with a summary of the common procedures for fitting 
integrands to the basic integration rules. 


PROCEDURES FOR FITTING INTEGRANDS TO BASIC INTEGRATION RULES 
Technique Example 


Expand (numerator). (1 + et)? = 1 + 2e* + e% 
1+x = 1 E x 
x-1 +1 ti 

Do 1 
JXx-3 V/l1-(x-1 

x? 1 

2+1 — 2-1 

2x 2x *2—2 
X T2xtl xx] 

2x + 2 2 
"€rT2x41 (x4 1p 

Use trigonometric identities. cot? x = cs? x — 1 


Separate numerator. 


Complete the square. 


Divide improper rational function. 


Add and subtract terms in numerator. 


1 1 1 — si 
Multiply and divide by Pythagorean conjugate. = ( I = z) 


1 + sinx 1 + sinx/Al — sinx 


_ l— sinx 

1 — sin? x 

1 — sin x 
cos? x 


5 sin x 
sec? x 


cos? x 
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8 n 1 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


x 3x 
CONCEPT CHECK 23. [Aa 24. IE 
1. Integration Technique Describe how to integrate ae 
h : : j x t2 1 1 
a rational function with a numerator and denominator of 25. dx 26. = dz 
x+1 92-5 92+5 
the same degree. 5 
2 
. Fitting Integrands to Basic Integration 27. IL + 4x°)? dx 28. fas + 2) dx 
Rules What procedure should you use to fit each 
integrand to the basic integration rules? Do not integrate. 29. Í x cos 212 dx 30. Í csc TX cot Tix dx 
2X 
i J ero" id J dnd $i [mors SUME La 
COS X cot 3t 
2 4 
Choosing an Antiderivative In Exercises 3 and 4, select 3. [7.14 34. 3—e dx 
the correct antiderivative. ne 
x 35. = dx 36. Í (tan x)[In(cos x)] dx 
a [Ae 
gra 37, [15.5959 sy 3s. [— a 
(a) 2/2 +1+C (b V2 +1+C i sin Q ' Jcos0— 1 
l2 2 E 
(0 5/3 -14C (d) Ing? + 1) - C 39. 1 " aii Í 1 m 
Í - JI — (4t + 1? 25 + 4x 
4. =O a, X -1/8 
oa 41. [292 42. [5 dt 
(a) nJe@+1+C (b) pee » 
43. Í — az 
(c) arctan x + C (d) Ina? + 1) - C 2/92? — 25 
44 : d 
OF RAC Choosing a Formula In Exercises 5-14, select “Je — 1) V4- 8x +3 x 
iA f the basic integration formula you can use to find 4 
fy the indefinite integral, and identify u and a when 45. Í EEE dx 
"* appropriate. Do not integrate. : 
46. Í -d 
F n 
5. | (5x — 3^ dx NEA NE EX —4x*9 
r+r—-4 


1 2 fe Slope Field In Exercises 47 and 48, a differential equation, 
7. i Ali _ A) dx 8. la —144 dt a point, and a slope field are given. (a) Sketch two approximate 
j * solutions of the differential equation on the slope field, one of 


9. Í 3 dt 10. i = 2x dk which passes through the given point. (To print an enlarged 
J1l-? J|x?—4 copy of the graph, go to MathGraphs.com.) (b) Use integration 

and the given point to find the particular solution of the 

11. Í t sin t? dt 12. Í sec 5x tan 5x dx differential equation and use a graphing utility to graph the 


solution. Compare the result with the sketch in part (a) that 


13. | (cos x)e* * dx passes through the given point. 


1 
14. | ———— dx 
[ZA —4 


47 ds _ t 0 1 48 dy _ 1 2 1 

mge] Finding an Indefinite Integral In Exercises "dp peg i -2 "dx Jax — 2 2 
[T ie 15-46, find the indefinite integral. ! 
Ty 5 


y 
A 


[n] &: VAAL PACA CEASE UP 
War a at EDAD L AA EFT | 


Ss A ld de ee | 


Z| 
4l 
i A 
= 6 A Mu what ur wav uuu 
15. [ie 5)6 dx 16. hirt 24, lit pee eae ere | 
Vall 
4 
4 


PE uat a ui d iui ui a du. d ES | 
7 
HN. [-———-d 
c — 10) P 


44277-77854 77777 | 
18. Jeveia 22278 t 
1 2 
ZEE E -——, 
19. f|: a] 20 [^ ayle 
s 
21. [rnt 3$; | 


1 PP distal iul a À 
| En 44 727727 27°°2°°27S/4 
| fist tul aaa) PA OEE ud 
| —p-^4^4----—-—-------41 
| ececececcccs 7s | 
| E E S utuntur utatur | 
| 4t Énwmg | 
I Qos eee eee cece sys | 

=¢ +9%+1 |J Be i 

t t 3x? + 6x 


‘eet 
NN ——— 
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B Slope Field In Exercises 49 and 50, use a computer algebra 75. y? = x*(1 — x?) 76. y — sin2x 
system to graph the slope field for the differential equation " " 
and graph the solution satisfying the specified initial condition. A Á 
2 es 
dy 1.04- 
49. — = 0.8y, =4 
9 d 0.8y, y(0) 14 
dy x 0 
= = .5-] 
50. d 5—y, (0) = 1 E s 


Differential Equation In Exercises 51—56, find the general 


| > X 
solution of the differential equation. ag r 
dy x 2 dy 2x12 . . . 
SL T (e + 5) 52. 4- e) BIB Finding an Integral Using Technology In Exercises 
77-80, use a computer algebra system to find the integral. Use 
d 10e! dr (19e 
ga uL. e 54, € = — the computer algebra system to graph two antiderivatives. 
dt J1- e” dt e Describe the relationship between the graphs of the two 
55. (4 + tan? x)y' = sec? x antiderivatives. 
I 1 x-2 
56. y, = ———— 1 
side 9 n lane T zz 
x: SALA 
oe. [s] Evaluating a Definite Integral In Exercises 79. |e 80. Je dx 
Uus 57-72, evaluate the definite integral. Use a | + sing 2 
[a] t graphing utility to verify your result. 
i. 0s EXPLORING CONCEPTS 
57. (2 — 30^ dt 58. Í za ari 81. Think About It When evaluating 
2/3 _, (t + 2) 
T/4 T 2 
59. i cos 2x dx 60. i sin? t cos t dt x dx 
0 0 
5 Í ae dx 62. Í f1 — lnx dx is it appropriate to substitute 
0 1 x du 
3 1 
In(x + 1)? e* u=x, x= /u, and dx= 
e | x1 d 95 3e" + 2er+ 1 a 2 fu 
8x 352 43x—2 to obtain 
65. umani 66. o. d 1 1 
hs -| Judu- 0? 
"o d ^ — 4p 2 Ji 
67. | 4— ——, dt 68. | =a dx 
4,40 —4t t4 »,x*-—6x*-9 Explain. 
"em og , 1 . Deriving a Rule Show that 
69. — dx 70. | ——— dx 
o 4+ 9% o V100 — x? l 
0 1 sin x j COS x 
71. | 3!-* dx 72. Í 7*9 *?x(x + 1) dx cosx 1+ sinx 
-4 0 


Then use this identity to derive the basic integration rule 
Area In Exercises 73-76, find the area of the given region. 


[snas = In|sec x + tan x| + C. 


3x + 2 
73. y = (-4x + 67? 74. y= z7 9 
y 
A 83. Finding Constants Determine the constants a and b 
0.8 + such that 


sin x + cos x = a sin(x + b). 


Use this result to integrate 


dx 
x E 
sin x + cos x 


84. Area The graphs of f(x) = x and g(x) = ax? intersect at the 
points (0, 0) and (1/a, 1/a). Find a (a > 0) such that the area 
of the region bounded by the graphs of these two functions is Z, 
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85. Comparing Antiderivatives 
(a) Explain why the antiderivative y, = e**© 
the antiderivative y, = Ce". 


‘is equivalent to 


(b) Explain why the antiderivative y, = sec? x + C, is 
equivalent to the antiderivative y, = tan? x + C. 


86. 3] HOW DO YOU SEE IT? Using the graph, is 


5 
| f(x) dx positive or negative? Explain. 
0 


EMIT [Feo =t? -7x7 + 10x)| 


Approximation In Exercises 87 and 88, determine which 
value best approximates the area of the region between the 
x-axis and the graph of the function over the given interval. 
Make your selection on the basis of a sketch of the region, not 
by performing calculations. 


87. fa) = =, [0.2] 


(03 (b) 1 (0-8 (dS8 (e) 10 


4 
88. f(x) = Zap 


(3 (b) 1 ()-4 (dA (e) 10 


[0, 2] 


Interpreting Integrals In Exercises 89 and 90, (a) sketch 
the region whose area is given by the integral, (b) sketch the 
solid whose volume is given by the integral when the disk 
method is used, and (c) sketch the solid whose volume is given 
by the integral when the shell method is used. (There is more 
than one correct answer for each part.) 


2 4 
89. Í 21x? dx 90. Í Tly dy 


0 0 
91. Volume The region bounded by y = e^, y = 0, x = 0, 
and x = b (b > 0) is revolved about the y-axis. 
(a) Find the volume of the solid generated when b = 1. 


(b) Find b such that the volume of the solid generated is 
1 cubic units. 

92. Volume Consider the region bounded by the graphs of 
x = 0,y = cos X2, y = sin x’, and x = ./x/2. Find the volume 
of the solid generated by revolving the region about the y-axis. 

93. ArcLength Find the arc length of the graph of y = In(sin x) 
from x = 11/4 to x = 11/2. 


94. ArcLength Find the arc length of the graph of y = In(cos x) 
from x = 0 to x = 11/3. 


95. Surface Area Find the area of the surface formed by 
revolving the graph of y = 2 x on the interval [0, 9] about 
the x-axis. 


96. Centroid Find the centroid of the region bounded by the 
graphs of 


, y=0, x=0, and x=2. 


Average Value of a Function In Exercises 97 and 98, find 
the average value of the function over the given interval. 


—3zxz3 


97. f(x) = 1r 


98. f(x) = sinn, 0€ x € M/n, nis a positive integer. 
ee Arc Length In Exercises 99 and 100, use the integration 


capabilities of a graphing utility to approximate the arc length 
of the curve over the given interval. 


99. y= tanx, [0.1] 100. y = x23, [1,8] 


101. Finding a Pattern 
(a) Find J cos? xax. 


(b) Find Í cos? x dx. 


(c) Find | cos? x dx. 
(d) Explain how to find [ cos? xdx without actually 
integrating. 
102. Finding a Pattern 


(a) Write f tan?xdx in terms of ftanxdx. Then find 
J tan? x dx. 


(b) Write f tam? x dx in terms of f tan? x dx. 


(c) Write f tan?**! x dx, where k is a positive integer, in 
terms of f tan?*^! x dx. 


(d) Explain how to find ftanPxdx without actually 
integrating. 


103. Methods of Integration Show that the following 
results are equivalent. (You will learn about integration by 
tables in Section 8.7.) 


Integration by tables: 


[ve H Tdr = F(a t+ 14 In|x t Sx 4 i| FC 


Integration by computer algebra system: 


[ve H 1dx = Ive t14 arcsinh(x)] +C 


PUTNAM EXAM CHALLENGE 


4 — S 
104. Evaluate Í In(9 = x) dx : 


2 /In(9 — x) + /In(x + 3) 
This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Integration by Parts 


Exploration 


Proof Without Words 

Here is a different approach 
to proving the formula for 
integration by parts. This 
approach is from "Proof 
Without Words: Integration 
by Parts" by Roger B. Nelsen, 
Mathematics Magazine, 64, 
No. 2, April 1991, p. 130, by 
permission of the author. 


u=f(x) v-gQ) 


q=f(b) 


p=f@ 
Area + Area = qs — pr 
2 P (q. 5) 
udv + | vdu = w| 
r q (p. r) 
x (q. 5) 
u dv = | uv 
> (p. r) 
Explain how this graph 
proves the theorem. Which 
notation in this proof is 


unfamiliar? What do you 
think it means? 


E Find an antiderivative using integration by parts. 


Integration by Parts 


In this section, you will study an important integration technique called integration by 
parts. This technique can be applied to a wide variety of functions and is particularly 
useful for integrands involving products of algebraic and transcendental functions. For 
instance, integration by parts works well with integrals such as 


f In x dx, fe e* dx, and fe sin x dx. 


Integration by parts is based on the formula for the derivative of a product 


d d 
g] i P dx T “dx 


= uv’ + vu! 


where both u and v are differentiable functions of x. When u' and v' are continuous, you 
can integrate both sides of this equation to obtain 


w= wart mas 
= fuar» [vd 


By rewriting this equation, you obtain the next theorem. 


Integration by Parts 


If u and v are functions of x and have continuous derivatives, then 


Judv=w = ra 


This formula expresses the original integral in terms of another integral. Depending on 
the choices of u and dv, it may be easier to find the second integral than the original 
one. Because the choices of u and dv are critical in the integration by parts process, the 
guidelines below are provided. 


GUIDELINES FOR INTEGRATION BY PARTS 


1. Try letting dv be the most complicated portion of the integrand that fits a basic 
integration rule. Then u will be the remaining factor(s) of the integrand. 


2. Try letting u be the portion of the integrand whose derivative is a function 
simpler than u. Then dv will be the remaining factor(s) of the integrand. 


Note that dv always includes the dx of the original integrand. 


When using integration by parts, note that you can first choose dv or first choose 
u. After you choose, however, the choice of the other factor is determined—it must be 
the remaining portion of the integrand. Also note that dv must contain the differential 
dx of the original integral. 
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In Example 1, 
note that it is not necessary to 
include a constant of integration 
when solving 


y= [ad= er +c 


To illustrate this, replace v = e* 
by v = e* + C, and apply 
integration by parts to see that 
you obtain the same result. 


Try graphing 
f(x) = fe In x dx 


and 
x3 x? 
=—Inx-— 
ga) = rInx- 73 
on your graphing utility. Do 
you get the same graph? 


EXAMPLE 1 Integration by Parts 


Find | xe* dx. 


Solution To apply integration by parts, you need to write the integral in the form 
J u dv. There are several ways to do this. 


(era), Nea, f (ay(xer ax), Seea 
ee, iS Sa ——— 
u dv u dv u dv u dv 


The guidelines on the preceding page suggest the first option because the derivative of 
u = xis simpler than x, and dv = e* dx is the most complicated portion of the integrand 
that fits a basic integration formula. 


dv = edx œ> v= fav= ferar=e 
u=x => du=dx 


Now, integration by parts produces 


udv = uv — f v du Integration by parts formula 
Í xe* dx = xe* — Í e* dx Substitute. 
= xe* — e* + C. Integrate. 


To check this, differentiate xe* — e* + C to see that you obtain the original integrand. 


EXAMPLE 2 Integration by Parts 


Find f x? In x dx. 


Solution In this case, x? is more easily integrated than In x. Furthermore, the 
derivative of In x is simpler than In x. So, you should let dv — x? dx. 


x 
2dy = = 
f X 3 


dv=x dx > v 


1 
u = nx > du=-dx 
x 
Integration by parts produces 
f udv = uv — f v du Integration by parts formula 


3 3 
#2 Inx dx =% nx- B9 dx Substitute. 
3 3/\x 


3 
xX 1 
= 3 ln x — 3 E dx Simplify. 
x x3 
= 3 ln x — 9 +C: Integrate. 


You can check this result by differentiating. 


d | x? x? x1 
+C/= + 2) — 
al Cmr- c| : (4) Waa 


NIA 
i 


T 


The area of the region is approximately 
0.571. 
Figure 8.2 
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One surprising application of integration by parts involves integrands consisting 
of single terms, such as 


IE xdx or ncs x dx. 


In these cases, try letting dv — dx, as shown in the next example. 


EXAMPLE 3 An Integrand with a Single Term 


1 
Evaluate f arcsin x dx. 
0 


Solution Let dv — dx. 


dv — dx y= fasa 
1 


u = arcsinx E> du= J ; dx 


—X 


Integration by parts produces 


desque udi Integration by parts 
formula 
: š X 
Í arcsin x dx = x arcsin x — Í Ji- Z dx Substitute. 
—X 
1 1 2)=1/2 : 
= xarcsin x + 3 (1 — x2)-2(— 2x) dx Rewrite. 
= xarcsin x + /1 — x? + C. Integrate. 


Using this antiderivative, you can evaluate the definite integral as shown. 


1 
f arcsin x dx = E arcsin x + V1 — =| 
0 


It 
-2-1 
2 


=~ 0.571 


1 
0 


The area represented by this definite integral is shown in Figure 8.2. a 


Remember that there are several ways to use technology to 
evaluate a definite integral: (1) use a numerical approximation such as the Midpoint 
Rule, or more advanced methods such as the Trapezoidal Rule and Simpson's 
Rule (see Section 8.6), (2) use a computer algebra system to find the antiderivative 
and then apply the Fundamental Theorem of Calculus, or (3) use the numerical 
integration feature of a graphing utility. However, these methods have shortcomings. 
For instance, to find the possible error when using Simpson's Rule, the integrand 
must have a continuous fourth derivative in the interval of integration (the integrand 
in Example 3 fails to meet this requirement). To apply the Fundamental Theorem 
of Calculus, the symbolic integration utility must be able to find the antiderivative. 
Often, for the numerical integration feature of a graphing utility, you are given no 
indication of the degree of accuracy of the approximation. 


liM FOR FURTHER INFORMATION To see how integration by parts is used to prove 
Stirling’s approximation In(n!) = n In n — n, see the article “The Validity of Stirling’s 
Approximation: A Physical Chemistry Project" by A. S. Wallner and K. A. Brandt in 
Journal of Chemical Education. 
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Some integrals require repeated use of the integration by parts formula, as shown 
in the next example. 


EXAMPLE 4 Repeated Use of Integration by Parts 


Find Í X? sin x dx. 
Solution The factors x? and sinx are equally easy to integrate. However, the 
derivative of x? becomes simpler, whereas the derivative of sin x does not. So, you 


should let u = x?. 


dv = sinxdx > v= fsinxdr= -cosx 


u =x > du=2xdx 
Now, integration by parts produces 
fe sin x dx = —x* cos x + [x cos x dx. First use of integration by parts 
This first use of integration by parts has succeeded in simplifying the original integral, 
but the integral on the right still does not fit a basic integration rule. To find that 


integral, you can apply integration by parts again. This time, let u = 2x. 


dv 


cosxdx > vo feos vax sina 


u = 2x > du=2dx 
Now, integration by parts produces 
[x cos x dx = 2x sin x — IE sin x dx Second use of integration by parts 


= 2x sin x + 2cos x + C. 


Combining these two results, you can write 


fi sinxdr = -3 cosx + 2xsinx + 2eosx C H 


When making repeated applications of integration by parts, you need to be careful 
not to interchange the substitutions in successive applications. For instance, in Example 4, 
the first substitution was u = x? and dv = sin x dx. If, in the second application, you 
had switched the substitution to u = cos x and dv = 2x dx, you would have obtained 


fe sin x dx = — x° cos x + [2xcos ax 


— x? cos x + x? cos x + fe sin x dx 


fe sin x dx 


thereby undoing the previous integration and returning to the original integral. When 
making repeated applications of integration by parts, you should also watch for the 
appearance of a constant multiple of the original integral. For instance, this occurs 
when you use integration by parts to find f e* cos 2x dx, and it also occurs in Example 5 
on the next page. 

The integral in Example 5 is an important one. In Section 8.4 (Example 5), you will 
see that it is used to find the arc length of a parabolic segment. 


Figure 8.3 
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EXAMPLE 5 Integration by Parts 


Find f sec? x dx. 


Solution The most complicated portion of the integrand that can be easily integrated is 
sec? x, so you should let dv = sec? x dx and u = sec x. 


dv = se? xdx m> v= sec? x dr = tana 


u = secx [> du = secx tan x dx 


Integration by parts produces 


dp =w= edi Integration by parts 
formula 

| sec? x dx — sec x tan x — Í sec x tan? x dx Substitute. 

f sec? x dx = sec x tan x — f (sec x)(sec? x — 1) dx Trigonometric identity 

5 x dx = sec x tan x — 5 xdx + E x dx Rewrite. 
2 Í sec? x dx = sec x tan x + | sec x dx Collect like integrals. 
2 [se xdx = sec x tan x + In|sec x + tan x| + C Integrate. 

. 1 1 22 
sec? x dx = 5 sec x tan x + z In|sec x + tan x| + C. Divide by 2. 


ESTONII Finding a Centroid 


A machine part is modeled by the region bounded by the graph of y = sin x and the 
x-axis, 0 € x < 11/2, as shown in Figure 8.3. Find the centroid of this region. 


Solution Begin by finding the area of the region. 
n/2 n/2 
4- | sin xdr = | —cos x| =1 
0 0 


Now, you can find the coordinates of the centroid. To evaluate the integral for y, first 
rewrite the integrand using the trigonometric identity sin? x — (1 — cos 2x)/2. 


1 m/2 . 1 n/2 1 in 2. n/2 
f Sm (sin x) dx = — (1 — cos 2x) dx E e =| 2 
0 0 


" 2 4 4 2 8 
You can evaluate the integral for x, (1/A) Jo ? x sin x dx, with integration by parts. To 
do this, let dv — sin x dx and u — x. This produces v — — cos x and du — dx, and you 
can write 


[xsinxax = — xcosx + [csse = — xcosx + sinx + C. 


Finally, you can determine x to be 


1 n/2 n/2 
X—— xsin xde = | -xcosx + sins] =]. 
A Jo 0 


So, the centroid of the region is (1, 11/8). au 
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è You can use the 
acronym LIATE as a guideline 
for choosing u in integration by 
parts. In order, check the 
integrand for the following. 


Is there a Logarithmic part? 


Is there an Inverse trigonometric 
part? 


Is there an Algebraic part? 
Is there a Trigonometric part? 


Is there an Exponential part? 


lil FOR FURTHER INFORMATION 
For more information on the 
tabular method, see the article 
"Tabular Integration by Parts" 
by David Horowitz in The 
College Mathematics Journal, 
and the article “More on 
Tabular Integration by Parts" 
by Leonard Gillman in The 
College Mathematics Journal. 
To view these articles, go to 
MathArticles.com. 


Integration Techniques and Improper Integrals 


As you gain experience in using integration by parts, your skill in determining u 
and dv will increase. The next summary lists several common integrals with suggestions 
for the choices of u and dv. 


SUMMARY: COMMON INTEGRALS USING INTEGRATION BY 
PARTS 


1. For integrals of the form 


E e™ dx, E sinaxdx, or E cos ax dx 


let u = x" and let dv = e™ dx, sin ax dx, or cos ax dx. 


. For integrals of the form 
fe In x dx, je arcsin ax dx, or fe arctan ax dx 


let u = In x, arcsin ax, or arctan ax and let dv = x" dx. 


. For integrals of the form 
Je sin bx dx or Je cos bx dx 


let u = sin bx or cos bx and let dv = e% dx. 


In problems involving repeated applications of integration by parts, a tabular 
method, illustrated in Example 7, can help to organize the work. This method works 
well for integrals of the form 


f x” sin ax dx, f x” cos ax dx, and i x" e dx. 


Using the Tabular Method 


Paw œ See LarsonCalculus.com for an interactive version of this type of example. 
Find i x? sin 4x dx. 


Solution Begin as usual by letting u = x? and dv = v' dx = sin 4x dx. Next, create 
a table consisting of three columns, as shown. 


Alternate u and Its v’ and Its 
Signs Derivatives Antiderivatives 
+ x? 1 sind 
E P DX M -i cos 4x 
1 
bo Dg sin x 
1 
= ———s 0 64 COS 4x 


Differentiate until you obtain 
0 as a derivative. 


The solution is obtained by adding the signed products of the diagonal entries. 


1 1 1 
[osea = —4* cos 4x + ox sin 4x + 27 cos 4x + C au 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Integration by Parts Integration by parts is based 
on what formula? 


. Setting Up Integration by Parts In your own 
words, describe how to choose u and dv when using 
integration by parts. 


. Using Integration by Parts How can you use 
integration by parts on an integrand with a single term that 
does not fit any of the basic integration rules? 


. Using the Tabular Method When is integrating 
using the tabular method useful? 


DAD Setting Up Integration by Parts In Exercises 
dir fi} 5-10, identify u and dv for finding the integral 
[m] EUM using integration by parts. Do not integrate. 

5. fxe?* dx 

7. f (In x? dx 


9. f x sec? x dx 


6. f x?e?* dx 
8. f In 5x dx 
10. f x? cos x dx 


zl Using Integration by Parts In Exercises 
11-14, find the indefinite integral using integration 
PF by parts with the given choices of u and dv. 


11. [2 inxdscu=Inagdy = id 

12. fo — xe? dx, u = 7 — x, dv = eV? dx 

13. Je + 1)sin 4x dx; u = 2x + 1, dv = sin 4x dx 
14. f cos 4x dx; u = x, dv = cos 4x dx 


EST Finding an Indefinite Integral In Exercises 
15-34, find the indefinite integral. (Note: Solve by 

XN the simplest method—not all require integration 
Pu 


by parts.) 
15. Je dx 16. E dx 
el/t 
17. [re dx 18. | 5- dt 
19. f: In(t + 1) dt 20. Is In 3x dx 


2 
21. Jes 22. [sa 


2 E 24. 
J Ox 1p er ES Ld 


25. E — 5dx 26. 


w 
> 


dx 


| zx 


27. [oes 28. [ese eot a 


29. fe sin x dx 30. fe cos x dx 
31. [xian x dx 32. IE arccos x dx 
33. Í e ?* sin 5x dx 34. Í e* cos 2x dx 


Differential Equation In Exercises 35-38, find the general 
solution of the differential equation. 


35. y'= lnx 36. y'= arctan 5 
dy _ Ë D 2 K3 
37. a rst 38. dc Cv 3 


AL Slope Field In Exercises 39 and 40, a differential equation, 


a point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (To print an enlarged 
copy of the graph, go to MathGraphs.com.) (b) Use integration 
and the given point to find the particular solution of the 
differential equation and use a graphing utility to graph the 
solution. Compare the result with the sketch in part (a) that 
passes through the given point. 


dy “r 1 
39. d y cos x, (0, 4) 40. FE */3 sin 2x, (0, -i) 


» a 
> 


n 
= 
-— 


4/4 ITI DSS Spo 
IIL SOTO OO 
LLE NNS ALIN S net 
PULANNA / / NNI Inm 
f NNNM I FS Spa etre 
/ / / ANNO / SS Aaaa 
LUI NWSI LIONS r 
// / ANNO / SS S 
AANA SSS 
FLSA HOO 


t EH 
is a ig ay NNI 
VEVLEVS AVY 


CPA EAA CAS 
HHH 
NN PN S Ba Se. 


t 
x 


DH YO aS I 


D 
4/4 
d 
Y 
XN 
VY 


IRERE EREA 


‘N 
= 


x 
6/4 NNN ee a 
2 / / ANN / ——W nM MM 
V1 4 NN IL INS n 
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/ / / eNNNTV / / NNI In 
/ / / ANNI / / SS Inm MM 
// [ANNO NO 
/ / / ANN / / ANS pM M 
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are Ae Spp 


NANNA AAS SSS 
I 
SCOOP AAA 


NS 
tiri 
FLEE 
H+ 
TES 

ANAX 
Dd y 
rd a 


Ld 
CHE 
- 
\ 
NNS 
yt 


f 
» 
g 
\ 
x 
\ 
KA Sa RS ea 


€ 
ANN NANA SSNS SSS 
RR RR RE 
VENANT 
dd o 


A 
ib 
| 
T 
N 
EN 


Ae Slope Field In Exercises 41 and 42, use a computer algebra 


system to graph the slope field for the differential equation 
and graph the solution satisfying the specified initial condition. 
dy x dy x. 
LJ —Lox/8 = zv. a M. — 
41. di "d , x0) = 2 42. d y sinx, y(0) = 4 
n Evaluating a Definite Integral In Exercises 
KR aE 43-52, evaluate the definite integral. Use a 
Eri log graphing utility to verify your result. 


= 2 
43. Í xe*/? dx 44. Í x2e7?* dx 
0 


0 


T/4 T 
45. Í x cos 2x dx 46. Í x sin 2x dx 


0 0 


530 Chapter 8 


47. arccos x dx 


49. ^ sin x dx 


5]. f x arcsec x dx 
2 


1 

48. Í x arcsin x? dx 
0 
1 

50. Í In(4 + x?) dx 
0 


T/8 
52. Í x sec? 2x dx 
0 


EUR Using the Tabular Method In Exercises 
"ET p 53—58, use the tabular method to find the indefinite 


ors integral. 


53. f 2e% dx 


55. IL + 2)? sin x dx 


54. [a — x)(e^* + 1) dx 


56. fe cos 2x dx 


57. IL + x)/4x + 9 dx 
58. [rc — 2)3/? dx 


EXPLORING CONCEPTS 

59. Integration by Parts Write an integral that requires 
three applications of integration by parts. Explain why 
three applications are needed. 


. Integration by Parts When evaluating fx sin x dx, 
explain how letting u = sin x and dv = x dx makes the 
solution more difficult to find. 


. Integration by Parts State whether you would use 
integration by parts to find each integral. If so, identify what 
you would use for u and dv. Explain your reasoning. 


(a) [= dx (b) f In x dx (c) [res dx 


(d) [o (e) [zx (f) [ze 


62. 5 HOW DO YOU SEE IT? Use the graph of 


f' shown in the figure to answer the following. 


(a) Approximate the slope of f at x — 2. Explain. 


(b) Approximate any open intervals on which the 
graph of f is increasing and any open intervals 
on which it is decreasing. Explain. 


Integration Techniques and Improper Integrals 


Using Two Methods Together In Exercises 63—66, 
find the indefinite integral by using substitution followed by 
integration by parts. 


63. Í sin /x dx 


64. IER cos x? dx 


65. Í xe* dx 66. Í ev dx 


67. Using Two Methods Integrate 


las resin 
x 
(a) by parts, letting dv = ————— dx. 
i oe VE 
(b) by substitution, letting u = 4 + x’. 
68. Using Two Methods Integrate IZ — x dx 
(a) by parts, letting dv = /4 — x dx. 
(b) by substitution, letting u = 4 — x. 


ee Finding a General Rule In Exercises 69 and 70, use a 


computer algebra system to find the integrals for n = 0, 1, 2, 
and 3. Use the result to obtain a general rule for the integrals 
for any positive integer n and test your results for n = 4. 


69. fe In x dx 
70. Í x"e* dx 


Proof In Exercises 71—76, use integration by parts to prove 
the formula. (For Exercises 71-74, assume that n is a positive 
integer.) 


71. [ersinxar = -ar cosx + n fart cos xdr 


72. |x” cosx dx = x" sin x — n fart sin dy 


74. 


e“(a sin bx + b cos bx) 
a+b 

e“(a cos bx + b sin bx) 
a + b? 


75. 


e®™ sin bx dx 


73. femsa- ^ pil 1+ (n+ 1)Inx]+C 


76. fe cos bx dx FC 


Using Formulas In Exercises 77-82, find the indefinite 
integral by using the appropriate formula from Exercises 
71-76. 


77. Í x? sin x dx 78. fe cos x dx 


80. Í xe dx 


82. Í &?* cos 3x dx 


79. IB In x dx 


81. Je sin 4x dx 


B Area In Exercises 83-86, use a graphing utility to graph the 


region bounded by the graphs of the equations. Then find the 
area of the region analytically. 


83. y = 2xe ", y 2 0, x 23 


1 
oe »-0x-0x-2 


85. y =e ~ sin Tx, y=0, x= 1 


84. y = 


86. y= 8?Inx, y=0, x= 1, x =3 

87. Area, Volume, and Centroid Given the region bounded 
by the graphs of y = In x, y = 0, and x = e, find 
(a) the area of the region. 


(b) the volume of the solid generated by revolving the region 
about the x-axis. 


(c) the volume of the solid generated by revolving the region 
about the y-axis. 


(d) the centroid of the region. 


88. Area, Volume, and Centroid Given the region bounded 
by the graphs of y = x sin x, y = 0, x = 0, and x = 1, find 


(a) the area of the region. 


(b) the volume of the solid generated by revolving the region 
about the x-axis. 


(c) the volume of the solid generated by revolving the region 
about the y-axis. 


(d) the centroid of the region. 


89. Centroid Find the centroid of the region bounded by the 
graphs of y = arcsin x, x = 0, and y = r/2. How is this 
problem related to Example 6 in this section? 


90. Centroid Find the centroid of the region bounded by the 
graphs of f(x) = x, g(x) = 2*, x = 2, and x = 4. 


91. Average Displacement A damping force affects the 
vibration of a spring so that the displacement of the spring is 
given by 


y = e™“ (cos 2t + 5 sin 21). 
Find the average value of y on the interval from t = 0 tot = T. 


. 92. Memory Model «*eeeceecececeeeeecec cs 


A model for the ability M of a child to memorize, measured 
on a scale from 0 to 10, is given by 


M=1+16tInt, O<trs4 


where t is the child's age in 
years. Find the average 
value of this model 


(a) between the child's 
first and second 
birthdays. 


(b) between the child's 
third and fourth 
birthdays. 


Juriah Mosin/Shutterstock.com 
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Present Value In Exercises 93 and 94, find the present 
value P of a continuous income flow of c(t) dollars per year 
using 


t 
P= Í c(de™ dt 
0 


where f, is the time in years and r is the annual interest rate 
compounded continuously. 


93. c(t) = 100,000 + 40001, r = 5%, t, = 10 
94. c(t) = 1000 + 1201, r = 2%, t, = 30 


Integrals Used to Find Fourier Coefficients In 
Exercises 95 and 96, verify the value of the definite integral, 
where n is a positive integer. 


n re n is odd 
95. Í x sin nx dx = 
cm 2T , 
——, niseven 
n 
Tt 
—1)"4n 
96. Í x2 cos nx dx = Lara 
m n 


97. Vibrating String A string stretched between the two 
points (0, 0) and (2, 0) is plucked by displacing the string h 
units at its midpoint. The motion of the string is modeled by a 
Fourier Sine Series whose coefficients are given by 


1 2 
b= n | sin s H af x4 2) sin a. 
0 2 1 2 


Find b,,. 


98. Finding a Pattern Find the area bounded by the graphs 
of y = x sin x and y = 0 over each interval. 


(a) [0n] (b) [r2n] (©) [2n, 37] 


Describe any patterns that you notice. What is the area 
between the graphs of y = x sin x and y = 0 over the interval 
[ntt, (n. + 1)tt], where n is any nonnegative integer? Explain. 


99. Finding an Error Find the fallacy in the following 
argument that 0 = 1. 


dv=dx E> v= fa=x 


1 1 
=- => du = -zz dx 


0+ f- (Qo - [os 


PUTNAM EXAM CHALLENGE 


100. Find a real number c and a positive number L for which 


L. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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8.3 Trigonometric Integrals 


SHEILA SCOTT MACINTYRE 
(1910-1960) 


Sheila Scott Macintyre 
published her first paper on 
the asymptotic periods of 
integral functions in 1935. 

She completed her doctorate 
work at Aberdeen University, 
where she taught. In 1958, she 
accepted a visiting research 
fellowship at the University of 
Cincinnati. 


E Solve trigonometric integrals involving powers of sine and cosine. 
E Solve trigonometric integrals involving powers of secant and tangent. 
E Solve trigonometric integrals involving sine-cosine products. 


Integrals Involving Powers of Sine and Cosine 
In this section, you will study techniques for evaluating integrals of the form 

i sin” x cos” x dx and sec” x tan” x dx 
where either m or n is a positive integer. To find antiderivatives for these forms, try 
to break them into combinations of trigonometric integrals to which you can apply the 
Power Rule. 

For instance, you can find 


E x cos x dx 


with the Power Rule by letting u — sin x. Then, du — cos x dx and you have 


6 : 6 
[snos = [ut du = poet +e. 


To break up f sin" x cos" x dx into forms to which you can apply the Power Rule, 
use these relationships. 


sin? x + cos? x = 1 Pythagorean identity 


i 1 — cos 2x sai 

Sin^ x = NES LEN Power-reducing formula for sin? x 
3 1 + cos 2x . ; 

COS^ X = -o Power-reducing formula for cos? x 


GUIDELINES FOR EVALUATING INTEGRALS INVOLVING POWERS OF SINE AND COSINE 


1. When the power of the sine is odd and positive, save one sine factor and convert the remaining factors to cosines. 
Then expand and integrate. 


Odd Convert to cosines Save for du 
quim p= (RS 
sin?**! x cos" x dx = | (sin? x)‘ cos" x sin x dx = |(1 — cos? x)‘ cos" x sin x dx 
. When the power of the cosine is odd and positive, save one cosine factor and convert the remaining factors to 
sines. Then expand and integrate. 


Odd 


f SSS ge 
sin" x cos?^*! x dx = | (sin" x)(cos? x)‘ cos x dx = 


Convert to sines Save for du 


(sin" x)(1 — sin? x)* cos x dx 


. When the powers of both the sine and cosine are even and nonnegative, make repeated use of the formulas 


1 — cos 2x 
2 


sin? x = 


and cos?x = 


1 + cos 2x 
2 


to convert the integrand to odd powers of the cosine. Then proceed as in the second guideline. 
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Power of Sine Is Odd and Positive 


Find f sin? x cos* x dx. 


Solution Because you expect to use the Power Rule with u — cos x, save one sine 
factor to form du and convert the remaining sine factors to cosines. 


Í sin? x cos^ x dx = | (sin? x cos? x)(sin x) dx Rewrite. 
= fo — cos? x) cos* x sin x dx Trigonometric identity 
- f (cost x — cos? x) sin x dx Multiply. 
= [os x sin x dx — [eos x sin x dx Rewrite. 


= - | (os x)(— sin x) dx + [cos x)(— sin x) dx 


cosx cos’ x 


+ 
5 7 


+C Integrate. a 


A computer algebra system used to find the integral in 
Example 1 yielded the following. 


E x cost x dx = (—cos? x sin? x + 2) +C 


Is this equivalent to the result obtained in Example 1? 


In Example 1, both of the powers m and n happened to be positive integers. This 
strategy will work as long as either m or n is odd and positive. For instance, in the next 
example, the power of the cosine is 3, but the power of the sine is — L 


EXAMPLE 2 Power of Cosine Is Odd and Positive 


e œ See LarsonCalculus.com for an interactive version of this type of example. 


V3 cos? x 
Evaluate f dx. 


n/6 v sinx 


Solution Because you expect to use the Power Rule with u = sin x, save one cosine 
factor to form du and convert the remaining cosine factors to sines. 


V3 oos? x T3 cos? x cos x 
i f dx = f dx Rewrite. 
| 11/6 sin Xx T/6 J sin x 
1.0 + ae n 
1 Es 
7 f l sin teat x) dx Trigonometric identity 
"T T/6 sin x 
T/3 
4l " | [(sin x)? — (sin x)Y?] cos x dx Divide. 
0.4 4- "T 
02 E x)"7? (sin zs e "T 
"| B ntegrate. 
1/2 8/8. lus 
Ps P > X ( 3)" (J^ Ja /32 
i : 2 5\ 2 80 


The area of the region is approximately 
0.239. 


Figure 8.4 Figure 8.4 shows the region whose area is represented by this integral. a 


= 0.239 
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JOHN WALLIS (1616-1703) 


Wallis did much of his work in 
calculus prior to Newton and 
Leibniz, and he influenced the 
thinking of both of these men. 
Wallis is also credited with 
introducing the present symbol 
(00) for infinity. 

See LarsonCalculus.com to read 
more of this biography. 


EXAMPLE 3 Power of Cosine Is Even and Nonnegative 


Find i cos* x dx. 
Solution Because m and n are both even and nonnegative (m — 0), you can replace 
cos? x by 
( t cos ay 
—5» ] 
So, you can integrate as shown. 
Jess ics ( t cos 23! dx Power-reducing 
2 formula 
(44 SSF, ian) g ne 
4 2 4 X xpand. 
_ 1, cos2x 1/1 + cos 4x Power-reducing 
Í E T 2 H 2 )| dx formula 
zd Protege ls s 4x d. Rewrit 
8 X 4 OS ZX 32 COS 4X dx ewrite. 
3x sin2x sin 4x 
= + + +C Integrate. 


8 4 32 


Use a symbolic differentiation utility to verify this. Can you simplify the derivative to 
obtain the original integrand? 


In Example 3, when you evaluate the definite integral from 0 to 1/2, you obtain 


n/2 ; 2 
— E , sin 2x , sin SE 
: gr d 32 |, 


- (T +0+0)-0+0+0) 


=m 
16° 


Note that the only term that contributes to the solution is 


This observation is generalized in the following formulas developed by John Wallis 
(1616-1703). 


Wallis’s Formulas 
1. If n is odd (n = 3), then 


n/2 
2 
f cos” x dx = (3) 


2. If n is even (n = 2), then 


n/2 1 
f cos” x dx = (Sy 


These formulas are also valid when cos" x is replaced by sin" x. (You are asked to 
prove both formulas in Exercise 87.) 


Bettmann/Corbis 
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Integrals Involving Powers of Secant and Tangent 


The guidelines below can help you find integrals of the form 


Í sec” x tan” x dx. 


GUIDELINES FOR EVALUATING INTEGRALS INVOLVING POWERS OF SECANT AND TANGENT 


1. When the power of the secant is even and positive, save a secant-squared factor and convert the remaining 
factors to tangents. Then expand and integrate. 


Even Convert to tangents Save for du 


c 


phi f "5 5 
Js xtan" x dx — [vee x! tan" x sec? x dx = IL + tan? x)*- ! tan” x sec? x dx 


. When the power of the tangent is odd and positive, save a secant-tangent factor and convert the remaining 
factors to secants. Then expand and integrate. 


Odd Convert to secants Save for du 


—— —— ———À 
Je xtan?^*! x dx = f (sec" ^! x)(tan? x)* sec x tan x dx = | (sec"-! x)(sec? x — 1)* sec x tan x dx 


. When there are no secant factors and the power of the tangent is even and positive, convert a tangent-squared 
factor to a secant-squared factor, then expand and repeat if necessary. 


Convert to secants 


p 
Jav xdx = i (tan”~? x)(tan? x) dx = | (tan”~? x)(sec? x — 1) dx 


. When the integral is of the form 


i sec" x dx 


where m is odd and positive, use integration by parts, as illustrated in Example 5 in Section 8.2. 


. When the first four guidelines do not apply, try converting to sines and cosines. 


Power of Tangent Is Odd and Positive 


tan? x 
sec x 


Solution Because you expect to use the Power Rule with u = sec x, save a factor of 
(sec x tan x) to form du and convert the remaining tangent factors to secants. 


Find dx. 


t 3 
a f k= f (sec x)~!/? tan? x dx Rewrite. 
sec x 
= Í (sec x)~3/?(tan? x) (sec x tan x) dx Rewrite. 
= Í (sec x)~3/2(sec? x — 1)(sec x tan x) dx Trigonometric identity 
= [se x)'/2 — (sec x)~3/2](sec x tan x) dx Multiply. 


2 
= 3 (sec 7? 2(sec i 2 ToC Integrate. a 
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0.5 4- 


o| a- 
at 


The area of the region is approximately 
0.119. 
Figure 8.5 
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EXAMPLE 5 Power of Secant Is Even and Positive 


Find f sect 3x tan? 3x dx. 
Solution Letu = tan 3x. Then du = 3 sec? 3x dx and you can write 

Í sec^ 3x tan? 3x dx = Í (sec? 3x tan? 3x)(sec? 3x) dx Rewrite. 
= Ja + tan? 3x)(tan? 3x)(sec? 3x) dx 


Trigonometric identity 


= ; | (tan? 3x + tan? 3x)(3 sec? 3x) dx 


Multiply. 
1 / tan* tan® 
= Al a i: + E 3 +C Integrate. 
tan^3x | tan? 3x 
= + + C. 
12 18 e 4 


In Example 5, the power of the tangent is odd and positive. So, you could also find 
the integral using the procedure described in the second guideline on the preceding 
page. In Exercises 67 and 68, you are asked to show that the results obtained by these 
two procedures differ only by a constant. 


EXAMPLE 6 Power of Tangent Is Even 


1/4 
Evaluate f tan^ x dx. 
0 


Solution Because there are no secant factors, you can begin by converting a tangent- 
squared factor to a secant-squared factor. 


Rewrite. 


f tan^ x dx = f (tan? x)(tan? x) dx 
= Í (tan? x)(sec? x — 1) dx 


Trigonometric identity 


Rewrite. 


= fie x sec? x dx — f tan? x dx 


Trigonometric identity 


= fima sec? x dx — [ése — 1) dx 


tan? x 
= 3 —tanx+x+C 


Integrate. 


Next, evaluate the definite integral. 


n/4 n/4 
i tan^ x dx = E — tanx + x| 
0 0 
1 T 
-2-14- 
3 4 
= 0.119 


The area represented by the definite integral is shown in Figure 8.5. Try using the 
Midpoint Rule to approximate this integral. With n — 15, you should obtain an 
approximation that is within 0.001 of the actual value. au 
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For integrals involving powers of cotangents and cosecants, you can follow a 
strategy similar to that used for powers of tangents and secants. Also, when integrating 
trigonometric functions, remember that it sometimes helps to convert the entire 
integrand to powers of sines and cosines. 


EXAMPLE 7 Converting to Sines and Cosines 


: sec x 
Find f 3 dx. 
tan^ x 


Solution Because the first four guidelines on page 535 do not apply, try converting 
the integrand to sines and cosines. In this case, you are able to integrate the resulting 
powers of sine and cosine as shown. 


2 
[a ax |( 1 yes di 
tan* x COS x/\ sin X 
I x) "(cos x) dx 


= —(sinx) ! + C 
—csex + C au 


Integrals Involving Sine-Cosine Products 


Integrals involving the products of sines and cosines of two angles occur in many 
applications. You can evaluate these integrals using integration by parts. However, you 
may find it simpler to use the following product-to-sum formulas. 


sin mx sin nx — 5 (cos[(m — n)x] — cos[(m + n)x]) 
sin mx cos nx — z inm — n)x] + sin[(m + n)x]) 


COS mx COS nx = 5 (cos[(m — n)x] + cos[(m + n)x]) 


EXAMPLE 8 Using a Product-to-Sum Formula 


Find sn 5x cos 4x dx. 
Solution Considering the second product-to-sum formula above, you can write 


[sn 5x cos 4x dx = j[ 6 x + sin 9x) dx 


2 
= H -cosx = eosar) +C 
cosx cos 9x 


2 18 TG. au 


E FOR FURTHER INFORMATION To learn more about integrals involving 
sine-cosine products with different angles, see the article “Integrals of Products of Sine 
and Cosine with Different Arguments" by Sherrie J. Nicol in The College Mathematics 
Journal. To view this article, go to MathArticles.com. 
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8.3 Exercises 


Integration Techniques and Improper Integrals 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Analyzing Indefinite Integrals Which integral 
requires more steps to find? Explain. Do not integrate. 


Í sin? x dx 


2. Analyzing an Indefinite Integral Describe the 
technique for finding f sec? x tan" x dx. Do not integrate. 


Í sin? x cos x dx 


DIET Finding an Indefinite Integral Involving 


3. [eos x sin x dx 

5. Jos x sint x dx 

7. E x cos? x dx 

9, E 20. /cos 20 d0 
11. ES 3x dx 


13. Í 8x cos? x dx 


4& Sine and Cosine In Exercises 3-14, find the 


tap indefinite integral. 
fus 


4. E 2x cos 2x dx 


6. Í sin? 3x dx 


8. i cos? ad 


5 
cos? f 
10. 


— dt 
sın f 


12. E 60 40 


14. Í x? sin? x dx 


Using Wallis's Formulas In Exercises 15-20, use Wallis's 
Formulas to evaluate the integral. 


n/2 
15. Í cos? x dx 
0 
T/2 
17. Í sin? x dx 
0 


1/2 
19. Í sin!? x dx 
0 


n/2 
16. Í cos x dx 
0 


n/2 
18. Í sin? x dx 
0 


n/2 
20. Í cos!! x dx 
0 


ela [e] Finding an Indefinite Integral Involving 
i SU Secant and Tangent In Exercises 21-34, find 


oes j the indefinite integral. 


21. Í sec 4x dx 

23. Í sec? Tix dx 

25. | tan? jd 

tan? 2t sec? 2t dt 


tan? x sec? x dx 


22. |sec^ x dx 


Tix Tix 
26. | tan? * sec? 3 dx 


24. Í tan? 3x dx 


29. Í sec? 4x tan 4x dx 30. Í sec? jun jd 


31. Í sec? x tan? x dx 32. Í tan? 3x dx 


tan? tan? 
33. Í A dx 34. i T. dr 
Sec x sec x 
Differential Equation In Exercises 35-38, find the general 


solution of the differential equation. 


dro do od uc 
35. 46 sint nO 36. am sin? cos, 


38. y' = Jtan x sec^ x 


37. y' = tan? 3x sec 3x 


A Slope Field In Exercises 39 and 40, a differential equation, 


a point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (To print an enlarged 
copy of the graph, go to MathGraphs.com.) (b) Use integration 
and the given point to find the particular solution of the 
differential equation and use a graphing utility to graph the 
solution. Compare the result with the sketch in part (a) that 
passes through the given point. 


dy ; dy 1 
39. = = sin? x, (0,0 40. — = sec? x tan? x, | 0, —— 
dx ( ) dx 4 
y y 
A 
4——— on eel ee ee [4 gu ebocpesed 4 
ise PENEI pie PE rome 12 
ee 
a EE imi Illz-—1—-411 
a E | | | 7-—+--/ | | 
eee. ARSE hL 
NS eee | as] | /-—#——/ | 115 
Jose n nih imn |I | 7-—4—-7 1 l 
ae SETA AT ee NEP sad AR 
tun bon deut ur trem | d d e— Tl 
yu a mU | AR dE eum E 
foo 4 / ARS fH DC tisse £g if 


ee Slope Field In Exercises 41 and 42, use a computer algebra 


system to graph the slope field for the differential equation 
and graph the solution satisfying the specified initial condition. 


dy 3sinx 
dx 


d 
.»022 44.2 


41. ae 


= 3 /y tan? x, y(0) = 3 


P [s] Using a Product-to-Sum Formula In 
B Exercises 43—48, find the indefinite integral. 


43. | cos 2x cos 6x dx 44. Jo 50 cos 30 40 
46. Í sin 8x cos 7x dx 


47. | sin Osin 3040 


45. Í sin 2t cos 9t dt 


48. i sin 5x sin 4x dx 


Finding an Indefinite Integral In Exercises 49-58, find 
the indefinite integral. Use a computer algebra system to 
confirm your result. 


49. Í cot? 2x dx 50. Í tan? P sect? dx 
51. [oe 3x dx 52. ES 2 de^ dx 
2 3 

53. i Le 54. Í d 

csc f csc f 

2 y pod 

s5, fnt ae [a 

sec x tan x cos x 


I= t 
57. | an t — sect t) dt 58. je dt 
cost — 1 
as Evaluating a Definite Integral In Exercises 
B 59—66, evaluate the definite integral. 


E ET 
T T/3 

59. p" sin? x dx 60. Í tan? x dx 
=n 


0 


T/4 n/3 
61. Í 6 tan? x dx 62. i sec??? x tan x dx 
0 0 
1/2 11/3 
63. Í eot dt 64. Í sin 6x cos 4x dx 
o l-*sif 1/6 


n/2 
65. [ 3 cos? x dx 


EXPLORING CONCEPTS 


Comparing Methods In Exercises 67 and 68, (a) find 
the indefinite integral in two different ways, (b) use a 
graphing utility to graph the antiderivative (without the 
constant of integration) obtained by each method to show 
that the results differ only by a constant, and (c) verify 
analytically that the results differ only by a constant. 


67. Í sec? 3x tan? 3x dx 


68. [se x tan x dx 


69. Comparing Methods Find the indefinite integral 
Í sin x cos x dx 


using the given method. Explain how your answers differ 
for each method. 


(a) Substitution where u = sin x 
(b) Substitution where u = cos x 
(c) Integration by parts 


(d) Using the identity sin 2x = 2 sin x cos x 
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HOW DO YOU SEE IT? Use the graph of 


f' shown in the figure to answer the following. 


” P 3 4 
Gj (x)zS8sum x Cos? x 


TOR 
(a) Using the interval shown in the graph, approximate 
the value(s) of x where f is maximum. Explain. 


(b) Using the interval shown in the graph, approximate 
the value(s) of x where f is minimum. Explain. 


Area In Exercises 71 and 72, find the area of the given 
region. 


71. y = sin x, y = sin? x 72. y = sin? Tx 


>x 


t t 
m m 
4 2 


Area In Exercises 73 and 74, find the area of the region 
bounded by the graphs of the equations. 


. Tt 

73. y = co?x, y six, x= -I x= 
j . Tt 

74. y ^ co?x, y=sinxcosx, x= -5 *5 


Volume In Exercises 75 and 76, find the volume of the solid 
generated by revolving the region bounded by the graphs of 
the equations about the x-axis. 


75. y=t 
y anx, y=0, x r 4 


X X 
76. y = cos 5, y = sin, x-—0, x-5 
Volume and Centroid In Exercises 77 and 78, for the 
region bounded by the graphs of the equations, find (a) the 
volume of the solid generated by revolving the region about the 
x-axis and (b) the centroid of the region. 


77. y= sinx, y=0, x=0, x= 


78. y = cosx, y=0, x=0, x= 
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Verifying a Reduction Formula In Exercises 79-82, 
use integration by parts to verify the reduction formula. (A 
reduction formula reduces a given integral to the sum of a 
function and a simpler integral.) 


: sn"^!xcosx n-1lf[. 
79. [sive xa = } sin"? x dx 


n n 


cos !xsinx n-1 
80. [cos ax = H cos" ^? x dx 


n n 


81. ES x sin" x dx 


cos"*!ysi" !x n-—1l . 
= s } 73 cos” x sin" ? x dx 
m+n m+n 
sec" ?xtanx n-—2 
82. Í sec” x dx = 1 + 1 sec”? x dx 
n-— n-— 


Using Formulas In Exercises 83-86, find the indefinite 


integral by using the appropriate formula from Exercises 
79-82. 


83. J sin? x dx 84. Í cos^ x dx 


85. Í cos? x sinf x dx 86. [sec = dx 


87. Wallis’s Formulas Use the result of Exercise 80 to prove 
the following versions of Wallis’s Formulas. 


(a) If nis odd (n = 3), then 
(? 


[e OO 
(t - 


(b) If n is even (n = 2), then 
E = (GG) a 
0 à 2/\4/\6 
88. Orthogonal Functions The inner product of two 
functions f and g on [a, b] is given by 


ajl 
em 
—— 


| 
jmi 
CERE. 
a 
| 
— 


b 
(f 8) = Í Fog) dx. 


Two distinct functions f and g are said to be orthogonal 
if (f, g) = 0. Show that the following set of functions is 


orthogonal on |- n, rt]. 
{sin x, sin 2x, sin3x,. . ., cos x, cos 2x, cos 3x,. . .} 


89. Fourier Series The following sum is a finite Fourier 
series. 


Me 


fe) = 


à; sin ix 


i-1 


= q sinx + a, sin 2x + a,sin3x ++ + + + ay sin Nx 


(a) Use Exercise 88 to show that the nth coefficient a, is 
Tt 


given bya, = —| f(x) sin nx dx. 
Tl =f 


(b) Let f(x) = x. Find ay, a, and az. 


agsandrew/Shutterstock.com 
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| SECTION PROJECT M 
The Wallis Product 


The formula for rt as an infinite product was derived by English 
mathematician John Wallis in 1655. This product, called the 
Wallis Product, appeared in his book Arithmetica Infinitorum. 


n Aes. | ( (2n) + (2n) ) 7 
2 \1-3/\3-5/\5+7 (2n — 1) * Qn + 1) 

In 2015, physicists Carl Hagen and Tamar Friedmann (also a 
mathematician) stumbled upon a connection between quantum 
mechanics and the Wallis Product when they applied the variational 
principle to higher energy states of the hydrogen atom. This 
principle was previously used only on the ground energy state. The 
Wallis Product appeared naturally in the midst of their calculations 
involving gamma functions. 


Quantum mechanics is the study of matter 
and light on the atomic and subatomic scale. 


Consider Wallis's method of finding a formula for rt. Let 
n/2 

In) = Í sin” x dx. 
0 

From Wallis's Formulas, 


w- OQ (C ena 


or 


Kn) = AS) i (t : 1), nis odd (n = 3). 


(a) Find J(n) for n = 2, 3, 4, and 5. What do you observe? 
(b) Show that (n + 1) < (n) for n = 2. 
(c) Show that 


IQn + 1) _ 
jane I(2n) 


(Hint: Use the Squeeze Theorem.) 
(d) Verify the Wallis Product using the limit in part (c). 


liM FOR FURTHER INFORMATION For an alternative proof 
of the Wallis Product, see the article “An Elementary Proof of 
the Wallis Product Formula for pi" by Johan Wastlund in The 
American Mathematical Monthly. To view this article, go to 
MathArticles.com. 
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8.4 Trigonometric Substitution 


Exploration 
Integrating a Radical 
Function Up to this point 
in the text, you have not 
evaluated the integral 


1 
i J1 — x dx. 
=i 


From geometry, you should 
be able to find the exact 


value of this integral—what 
is it? Try finding the exact 
value using the substitution 


x = sin 0 
and 
dx = cos 0 dé. 


Does your answer agree with 
the value you obtained using 
geometry? 


E Use trigonometric substitution to find an integral. 
E Use integrals to model and solve real-life applications. 


Trigonometric Substitution 


Now that you can find integrals involving powers of trigonometric functions, you can 
use trigonometric substitution to find integrals involving the radicals 


J=, J/a@+w, and u^ — a. 


The objective with trigonometric substitution is to eliminate the radical in the integrand. 
You do this by using the Pythagorean identities. 


cos?0 — ] — sin? 0 
sec? 0 = 1 + tan? 0 
tan? 0 = sec? 0 — 1 


For example, for a > 0, let u = a sin 0, where — 7/2 < 0 < n/2. Then 
Ja — w= Ja — a sin? 0 
= /a(1 — sin? 0) 
= Ja? cos? 0 


= aq cos l. 


Note that cos 0 = 0, because —7:/2 < 0 < 7/2. 


Trigonometric Substitution (a > 0) 
1. For integrals involving Va? — i2, let 
u = asin Q. g u 
Then Va? — i? = a cos 0, where 0 
—n/2 < 0 n/2. Va 
A x 
o 
a 
u 


2. For integrals involving Va? + i£, let 


u = a tan 0. 


F a 


Then Va? + i? = a sec 0, where 


—z/2 < 0 < 7/2. 


E 
Y 
w 
3. For integrals involving Vu? — a?, let 
u = asecé. 
Then 8 C 
a 


————5  (atan 0 for u > a, where 0 < 0 < z/2 
Je —gi- 
—atan 0 foru < —a, where 1/2 < 0 < m. 


The restrictions on @ ensure that the function that defines the substitution is 
one-to-one. In fact, these are the same intervals over which the arcsine, arctangent, and 
arcsecant are defined. 
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3 x 
0 
9 =x? 
' x J9-x 
sin Ó = =, cot 0 = 
3 x 
Figure 8.6 


EXAMPLE 1 Trigonometric Substitution: u = asin € 


; dx 
Find | —————_—.. 
3/9 — x 
Solution First, note that the basic integration rules do not apply. To use trigonometric 
substitution, you should observe that 


JD ag 

is of the form V/a? — i2. So, you can use the substitution 
x-—asin0O = 3 sin 8. 

Using differentiation and the triangle shown in Figure 8.6, you obtain 
dx = 3 cos 0 d0, J9- xX =3cosð, and x = 9 sin? 8. 


So, trigonometric substitution yields 


dx E 3 cos 0 d0 id 
2/9 — 2 (9 sin? 6)(3 cos 0) TATUS 
| do Simplif 
9J sin? 0 UNUS 
1 2 ; MT 
= 9 csc? 0 d0 Trigonometric identity 
1 
= ^79 cot 0 + C Apply Cosecant Rule. 
Q= x 
= LE +C Substitute for cot 0. 
9 x 
9 — x2 
= woe + C. 
9x 


Note that the triangle in Figure 8.6 can be used to convert the 0's back to x's, as shown. 
adj. 
Opp. 
NE CET. 


X 


cot ü = 


Use a computer algebra system to find each indefinite integral. 


Í dx Í dx 

-e x/9 — x? 

Í dx | dx 
2/9 — 2 8/9 — 2 


Then use trigonometric substitution to duplicate the results obtained with the 
computer algebra system. 


In Chapter 5, you saw how the inverse hyperbolic functions can be used to find the 
integrals 


du du and du 
Jieta Je- u” ua £u 


You can also find these integrals using trigonometric substitution. This is shown in the 
next example. 


tan @ = 2x, sec 0 = J/42 4+ 1 
Figure 8.7 


x 


Jx? + 1 


tan 0 = x, sin 0 = 


Figure 8.8 
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EXAMPLE 2 Trigonometric Substitution: u = atan € 


J4e2 +1 
Solution Letu = 2x, a = 1, and 2x = tan 0, as shown in Figure 8.7. Then, 


He Deters and \/4x2 + 1 = sec 0. 


2 
Trigonometric substitution produces 
dx |  l[sec?848 divina 
Jae + I 2 Sac 0 ubstitute. 
1 
ES sec 0 d0 Simplify. 
1 
= 2 In|sec 0 + tan 6| +C Apply Secant Rule. 
1 a 
= z "l J/ Ax? -tl- 2x| FC, Back-substitute. 


Try checking this result with a computer algebra system. Is the result given in this form 
or in the form of an inverse hyperbolic function? HE 


You can extend the use of trigonometric substitution to cover integrals involving 
expressions such as (a? — w2)"? by writing the expression as 


(a2 — u2)r/2 2 ( g= w)”. 


EXAMPLE 3 Trigonometric Substitution: Rational Powers 


PET p- See LarsonCalculus.com for an interactive version of this type of example. 


Find ae 

Solution Begin by writing (x? + 1)3/? as 
(EFT. 

Then let a = 1 and u = x = tan 0, as shown in Figure 8.8. Using 
dx = sec? 0 d0 and x? — 1 sec0 


you can apply trigonometric substitution, as shown. 


f dx f dx iei . 
2 Xm 3 ewrite denominator. 
(x2 + 1)3/ (2 + 1) 
sec? 0 d0 — 
= | >= ubstitute. 
sec? 0 
d0 
= Simplify. 
sec 0 
= Í cos 0 d0 Trigonometric identity 
= sin + C Apply Cosine Rule. 
X 
= —————— +C Back-substitute. H 


Jx +1 
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For definite integrals, it is often convenient to determine integration limits for 0 
that avoid converting back to x. You might want to review this procedure in Section 4.5, 
Examples 8 and 9. 


EXAMPLE 4 Converting the Limits of Integration 


2 2 
VP -3 5 
Jz 4 
Solution Because Vx? — 3 has the form \/u? — a?, you can consider 


u=x, a= 3, and x= /3sec0 


Evaluate 


ae as shown in Figure 8.9. Then 


dx = \/3sec@tan@d@ and /x?—3 = J3tan8. 


V3 = To determine the upper and lower limits of integration, use the substitution 
J 3 x = 4/3 sec 0, as shown. 
X AX 
0 = —-, tan 0 = imi imi 
sec B an B Lower Limit Upper Limit 
Figure so When x = V3, sec 0 = 1 When x = 2, sec 0 = E 
and 0 — 0. = 
d 0 ==. 
an 6 
So, you have 
Integration Integration 
limits for x limits for 0 
2 Se =3 "/*( /3 tan @)( /3 sec tan 0) 
— dx = = d0 
Z x 0 J/3 sec 0 
z/6 
= Í /3 tan? 0 d0 
i 2/6 
= 4| (sec? 0 — 1) d0 
0 
= 2/6 
= 4/3 [tan 0 — e| 
0 
z[ 1 T 
A 
21-9 
6 
= 0.0931. a 


In Example 4, try converting back to the variable x and evaluating the 
antiderivative at the original limits of integration. You should obtain 


[ 53 = "il E dk mae 
E (s -£ 


= 0.0931. 


8.4 Trigonometric Substitution 545 


When using trigonometric substitution to evaluate definite integrals, you must be 
careful to check that the values of 0 lie in the intervals discussed at the beginning of this 
section. For instance, if in Example 4 you had been asked to evaluate the definite integral 

-3 J23 
f yx -3 2 dx 
-2 x 
then using u = x and a = J3 in the interval [-2, - 3] would imply that u < — a. 
So, when determining the upper and lower limits of integration, you would have to 
choose 6 such that z/2 < 0 < v. In this case, the integral would be evaluated as shown. 


E Ea = |’ (— V3 tan 6)(/3 sec 0 tan 0) d0 
-2 55/6 


x /3 sec 0 
= — 3 tan? 0 d0 
57/6 
=-/3 (sec? 0 — 1) dé 
57/6 


=~ —0.0931 


oco ooooooo Trigonometric substitution can be used with completing the square. For instance, 


Recall from try finding the integral 


Chapter 5 that you used — 
: Sx — 2x dx. 
completing the square for 

integrands involving quadratic 


functions. To begin, you could complete the square and write the integral as 


[vo — 1P - 1? dx. 
Because the integrand has the form 

Je —g 
with u = x — 1 and a = 1, you can now use trigonometric substitution to find the 
integral. 

Trigonometric substitution can be used to find the three integrals listed in the next 
theorem. These integrals will be encountered several times in the remainder of the text. 


When this happens, we will simply refer to this theorem. (In Exercise 65, you are asked 
to verify the formulas given in the theorem.) 


"LI 


HEOREM 8.2 Special Integration Formulas (a > 0) 

1. |era: Hu JETP + a arcsin "+c 

2. [Vea = Musee a? In|u + Je = #4) +C, u>a 
3. [eem = Huse Fe + eus Vie = al) + c 
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(0, 0) ] 
The arc length of the curve from (0, 0) 
to (1, 1) 
Figure 8.10 


The barrel is not quite full of oil—the 
top 0.2 foot of the barrel is empty. 
Figure 8.11 


Figure 8.12 


AL 


Applications 


Finding Arc Length 


Find the arc length of the graph of f(x) = Ix? from x = 0 to x = 1 (see Figure 8.10). 


Solution Refer to the arc length formula in Section 7.4. 


1 
s= f Yit LEP dx Formula for arc length 
0 
1 
= | VIFF a fw =x 
0 ja 


T, 
x f sec? 0 dO Let a = 1 and x = tan Q. 
0 


/4 


1 
= Hsec 0 tan 0 + In|sec 0 + tan J Example 5, Section 8.2 


= H2 + w( V2 + 1) 


= 1.148 


Comparing Two Fluid Forces 


A sealed barrel of oil (weighing 48 pounds per cubic foot) is floating in seawater 
(weighing 64 pounds per cubic foot), as shown in Figures 8.11 and 8.12. (The barrel is 
not completely full of oil. With the barrel lying on its side, the top 0.2 foot of the barrel 
is empty.) Compare the fluid forces against one end of the barrel from the inside and 
from the outside. (Assume the radius of the barrel is 1 foot and, with the barrel lying 
on its side, the top 0.6 foot of the barrel is above the water.) 


Solution In Figure 8.12, locate the coordinate system with the origin at the center 
of the circle 


x? y?-l. 


To find the fluid force against an end of the barrel from the inside, integrate between 
— ] and 0.8 (using a weight of w = 48). 


d 
F= f h(y)L(y) dy General equation (See Section 7.7.) 


0.8 
Fia = af (0.8 ~ y)(2) J1 B y dy 


E 0.8 
= 763 J1 =F ay -s| yJ/1 — yi dy 
-1 -1 


To find the fluid force from the outside, integrate between — 1 and 0.4 (using a weight 
of w — 64). 


0.4 
F outside = sf (0.4 ~ y)(2)/1 E y dy 


EC 0.4 
—-512| J/1-ydy- vs yvi — y? dy 
-—1 em 


The details of integration are left for you to complete in Exercise 64. Intuitively, would 
you say that the force from the oil (the inside) or the force from the seawater (the 
outside) is greater? By evaluating these two integrals, you can determine that 


F, = 93.0 pounds. F| 


inside ~ 121.3 pounds and F 


outside 


8.4 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Trigonometric Substitution State the trigonometric 
substitution you would use to find the indefinite integral. 
Do not integrate. 


(a) fe + x27? dx (b) fva — x? dx 


(d) [ce — 25)3/2 dx 


x 
————— d. 
o [t 


. Trigonometric Substitution Why is completing 
the square useful when you are considering integration by 
trigonometric substitution? 


Using Trigonometric Substitution In Exercises 3-6, 
find the indefinite integral using the substitution x = 4 sin @ 


1 4 
* Jae up i [res 
an 3 
5. [ea 6. |e 
x /16 — x 
ALI Using Trigonometric Substitution In 


DE: ? Exercises 7-10, find the indefinite integral using 
Eu the substitution x = 5 sec & 


J)/x? — 25 
J: — 8. | ^— ——— dx 
Vx — 25 x 


X 
9. fave — 25 dx 10. |S 


Using Trigonometric Substitution In Exercises 11-14, 
find the indefinite integral using the substitution x = 2 tan 8 


x P 
11. | 2/4 + à dx 12. | ———— dx 
E las 


4 2x? 
13. | aco 14. [ao 


Special Integration Formulas In Exercises 15-18, use 
the Special Integration Formulas (Theorem 8.2) to find the 
indefinite integral. 


15. [vs — 16x? dx 16. [ve —ldx 


17. [ve — 5x? dx 18. [v + 4x? 


DE [s] Finding an Indefinite Integral In Exercises 
“46; 19-32, find the indefinite integral. 


iin 
19. [Vea 
21. joa 


1 
20. | ———— dx 
ls 
J25x + 
22. [Ha 


1 1 
23. | —————— dx 24. | —————— dx 
| +9 |= +1 


=3 1 
25. [Bre 26. Ie 
27. Je — e* dx EE 
Vi 
1 etxtl 
ih FERE = Er 


31. [ arcsec 2x dx, x > ; 32. f arcsin x dx 


mal Completing the Square In Exercises 33-36, 
MES ."5ó complete the square and find the indefinite integral. 


[n] 5296 


x x 
33. | —— —— dx 34. | ——— dx 
ls IS 


35. |——^á 36. |— 
VX + 6x + 12 Sx? — 6x + 5 


zu [s] Converting the Limits of Integration In 
Exercises 37-42, evaluate the definite integral 
E using (a) the given integration limits and (b) the 

"* limits obtained by trigonometric substitution. 


J3/2 12 V3/2 1 
37. Í ü - ayz“! 38. Í à - ga 
3 P 
39. | — — — dx 
li Jx? +9 
3/5 
40. Í J9 — 25x? dx 
0 


6 
X 
41. | ———à 
[as 
AP m 
42. [Be 
4 


EXPLORING CONCEPTS 

Choosing a Method In Exercises 43 and 44, state the 
method of integration you would use to find each integral. 
Explain why you chose that method. Do not integrate. 


43. fre + 1dx 44. [eve —ldx 


45. Comparing Methods 


(a) Find the integral dx using u-substitution. 


Í x 
V1 — x 
Then find the integral using trigonometric 
substitution. Discuss the results. 


x 
2-9 
x? = (x? + 9) — 9. Then find the integral using 
trigonometric substitution. Discuss the results. 


(b) Find the integral Es dx algebraically using 
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46. 5 HOW DO YOU SEE IT? Use the graph of 


f' shown in the figure to answer the following. 


(a) Identify the open interval(s) on which the graph 
of f is increasing or decreasing. Explain. 

(b) Identify the open interval(s) on which the graph 
of f is concave upward or concave downward. 
Explain. 


True or False? In Exercises 47-50, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


47. If x = sin O, then 
dé. 
js — = 


48. If x = sec 0, then 
J2 
[Ea = frec o ano ao. 


49. If x = tan 0, then 
5 k 


47/3 
1 (+23? = Í cos 0 dé. 


50. If x = sin 0, then 
1 2/2 
xJl-x3dx- Ji sin? 0 cos? 0 d0. 
= 0 


2 yp 
51. Area Find the area enclosed by the ellipse ^ X a ^1 


shown in the figure. 


b 


> 


Figure for 51 Figure for 52 


52. Area Find the area of the shaded region of the circle of 
radius a when the chord is ^ units (0 < h < a) from the center 
of the circle (see figure). 
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Arc Length In Exercises 53 and 54, find the arc length of 
the graph of the function over the given interval. 


2 
53. y = In x, [1, 5] 54. y = » — 2x, [4,8] 


Volume of a Torus In Exercises 55 and 56, find the volume 
of the torus generated by revolving the region bounded by the 
graph of the circle about the y-axis. 

55. (x —- 3? +y =1 

56. x- h} +y =r, h>r 


Centroid In Exercises 57 and 58, find the centroid of the 
region bounded by the graphs of the inequalities. 


57. y S 3 VY 20, x = —4, x54 


=e 
Je +9 


58. y < ix, (x 4)? +y < 16, y 20 


f 59. Volume The axis of a storage tank in the form of a right 


circular cylinder is horizontal (see figure). The radius and 
length of the tank are 1 meter and 3 meters, respectively. 


0——— 3m 


(a) Determine the volume of fluid in the tank as a function of 
its depth d. 


(b) Use a graphing utility to graph the function in part (a). 

(c) Design a dip stick for the tank with markings of i i, and 2. 

(d) Fluid is entering the tank at a rate of i cubic meter per 
minute. Determine the rate of change of the depth of the 
fluid as a function of its depth d. 

(e) Use a graphing utility to graph the function in part (d). 
When will the rate of change of the depth be minimum? 
Does this agree with your intuition? Explain. 


60. Field Strength The field strength H of a magnet of length 
2L on a particle r units from the center of the magnet is 


2mL 


H= P que 


where +m are the poles of the magnet (see figure). Find the 
average field strength as the particle moves from 0 to R units 
from the center by evaluating the integral 

+m 


l NEC d 
RJ, (P+ py an 


2L LE 


ee 61. Tractrix A person moves from the origin along the positive 


62. 


y-axis pulling a weight at the end of a 12-meter rope (see 
figure). Initially, the weight is located at the point (12, 0). 


6- Weight 

MR Y 

Ppa anes (x, y) 
t—+—+—_ ++} =x 
2 4 6 8 10 12 


(a) Show that the slope of the tangent line of the path of the 


weight is 
dy — /M4-x 
dx x : 


(b) Use the result of part (a) to find the equation of the path 
of the weight. Use a graphing utility to graph the path and 
compare it with the figure. 


(c) Find any vertical asymptotes of the graphs in part (b). 


(d) When the person has reached the point (0, 12), how far has 
the weight moved? 


Conjecture 


(a) Find formulas for the distances between (0, 0) and (a, a?), 
a > 0, along the line between these points and along the 
parabola y = x?. 


(b) Use the formulas from part (a) to find the distances for 
a = l,a = 10, and a = 100. 


(c) Make a conjecture about the difference between the two 
distances as a increases. 


63. Fluid Force e eeeeeeececcccccccc5o 


Find the fluid force on 

a circular observation 
window of radius 1 foot 
in a vertical wall of a 
large water-filled tank 

at a fish hatchery when 
the center of the window 
is (a) 3 feet and (b) d feet 
(d > 1) below the water’s 
surface (see figure). Use 
trigonometric substitution y 
to evaluate the one integral. 

Water weighs 62.4 pounds 

per cubic foot. (Recall that 

in Section 7.7 in a similar 

problem, you evaluated one 

integral by a geometric formula | 
and the other by observing that 
the integrand was odd.) 


» X 


Andrea Izzotti/Shutterstock.com 
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64. Fluid Force Evaluate the following two integrals, which 
yield the fluid forces given in Example 6. 


0.8 
(a) Finside = s (0.8 — y)(2) /1 — y? dy 
-1 


0.4 
(b) F outside = 64 (0.4 m y)(2) v 1 — y dy 
-1 


65. Verifying Formulas Use trigonometric substitution to 


verify the integration formulas given in Theorem 8.2. 


66. Arc Length Show that the arc length of the graph of 
y = sin x on the interval [0, 27] is equal to the circumference 


of the ellipse x? + 2y? = 2 (see figure). 


67. Area of a Lune The crescent-shaped region bounded by 
two circles forms a lune (see figure). Find the area of the lune 


given that the radius of the smaller circle is 3 and the radius of 


the larger circle is 5. 


68. Area Two circles of radius 3, with centers at (—2, 0) and 
(2, 0), intersect as shown in the figure. Find the area of the 
shaded region. 


PUTNAM EXAM CHALLENGE 


69. Evaluate 


1 
Í In(x + 1) 
2 
o «tl 
This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


dx. 
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8.5 Partial Fractions 


5 
Pd 
v 2 x? —5x +6 
0 
1 
sec 0 = 2x — 5 
Figure 8.13 


JOHN BERNOULLI (1667-1748) 


The method of partial 
fractions was introduced 

by John Bernoulli, a Swiss 
mathematician who was 
instrumental in the early 
development of calculus. John 
Bernoulli was a professor at 
the University of Basel and 
taught many outstanding 
students, the most famous of 
whom was Leonhard Euler. 
See LarsonCalculus.com to read 
more of this biography. 


iM Understand the concept of partial fraction decomposition. 

E Use partial fraction decomposition with linear factors to integrate rational functions. 

E Use partial fraction decomposition with quadratic factors to integrate rational 
functions. 


Partial Fractions 


This section examines a procedure for decomposing a rational function into simpler 
rational functions to which you can apply the basic integration formulas. This 
procedure is called the method of partial fractions. To see the benefit of the method 
of partial fractions, consider the integral 


1 
[e 


To find this integral without partial fractions, you can complete the square and use 
trigonometric substitution (see Figure 8.13) to obtain 


Í 1 d -Í dx 
x— 5x46 x (x — 5/2} — (1/2) 
= [2 sec 0 tan 6 d0 


1 Si 
475,X—575sec0 


(1/4) tan? 0 dx = 4 sec 0 tan 0 dO 


= a [oco ao 


= 2In|esc 0 — cot 0| + C 
2x — 5 _ 1 " 
2/2- 5x+6 2J/x)—5x46 


2 In 


= 21n == [+c 
JX — 5x + 6 
7 (x — 3)? 
pu cur o 
&- 3? 
=] 4 
aa ce-3[ * 
—3 
=] + 
E C 
= In[x — 3| ^ In|x — 2| + C. 


Now, suppose you had observed that 


MEE NE. 
xw—-5x+6 x-3 x-2 


Partial fraction decomposition 


Then you could find the integral, as shown. 


1 1 
= = + 
fc = -) dx = In|x — 3| - Inx — 2| + C 


This method is clearly preferable to trigonometric substitution. Its use, however, 
depends on the ability to factor the denominator, x? — 5x + 6, and to find the partial 
fractions 


1 1 
a 


In this section, you will study techniques for finding partial fraction decompositions. 


The Granger Collection 


eoeoeeveeeeee eee 9 999 


In precalculus, 
you learned how to combine 
functions such as 


1 m 5 


(=) axud- qmd 


The method of partial fractions 
shows you how to reverse this 
process. 


2 2 ? 


G-2GW3 x92 x43 
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Recall from algebra that every polynomial with real coefficients can be factored 
into linear and irreducible quadratic factors.* For instance, the polynomial 
»-x-x-1 
can be written as 


3-x*—x—1-2xXx-1)-(x-1) 


= (x2 + DG? — D(x + 1) 
= (x Dixt+ D&- I(x + 1) 
= (x — 1I)@ + 1)? + 1) 
where (x — 1) is a linear factor, (x + 1)? is a repeated linear factor, and (x? + 1) is an 


irreducible quadratic factor. Using this factorization, you can write the partial fraction 
decomposition of the rational expression 


N(x) 
Ó-Lx-x-1 
where N(x) is a polynomial of degree less than 5, as shown. 


N(x) _ A a: B " C Dx + E 
œ- 1x +12 +1) x-1 x1 (x-1)? #+1 


Decomposition of N(x)/D(x) into Partial Fractions 

1. Divide when improper: When N(x)/D(x) is an improper fraction (that is, 
when the degree of the numerator is greater than or equal to the degree of the 
denominator), divide the denominator into the numerator to obtain 

N; (x) 

D(x) 

where the degree of N,(x) is less than the degree of D(x). Then apply 

Steps 2, 3, and 4 to the proper rational expression N,(x)/D(x). 


(a polynomial) + 


. Factor denominator: Completely factor the denominator into factors of 
the form 


(px + q)” and (ax? + bx + c) 


where ax? + bx + c is irreducible. 


. Linear factors: For each factor of the form (px + q)”, the partial fraction 
decomposition must include the following sum of m fractions. 


A, A, A, 
+ TI 
(px q) (px q) (px + q) 


. Quadratic factors: For each factor of the form (ax? + bx + c)", the partial 
fraction decomposition must include the following sum of n fractions. 


Bx + C, By + C, " " B,x + C, 
ax) + bx+c (ax? + bx + c (^ (ax? + bx + c)” 


* For a review of factorization techniques, see Precalculus, 10th edition, or Precalculus: Real Mathematics, Real 
People, 7th edition, both by Ron Larson (Boston, Massachusetts: Cengage Learning, 2018 and 2016, respectively). 
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Note that the 
substitutions for x in Example 1 
are chosen for their convenience 
in determining values for A and 
B; x = 31s chosen to eliminate 
the term B(x — 3), and x = 2 
is chosen to eliminate the term 
A(x — 2). The goal is to make 
convenient substitutions whenever 
possible. 


liM FOR FURTHER INFORMATION 
To learn a different method for 
finding partial fraction 
decompositions, called the 
Heaviside Method, see the article 
"Calculus to Algebra Connections 
in Partial Fraction Decomposition” 
by Joseph Wiener and Will 
Watkins in The AMATYC Review. 


Linear Factors 


Algebraic techniques for determining the constants in the numerators of a partial fraction 
decomposition with linear or repeated linear factors are shown in Examples 1 and 2. 


| EXAMPLE 1 Distinct Linear Factors 


Write the partial fraction decomposition for 
TEE DIM 
x -—5xt6 


Solution Because x? — 5x + 6 = (x — 3)(x — 2), you should include one partial 
fraction for each factor and write 


1 _ A B 
x2—5x-6 x-3 x-2 


where A and B are to be determined. Multiplying this equation by the least common 
denominator (x — 3)(x — 2) yields the basic equation 


1 = A(x — 2) + B(x — 3). Basic equation 


Because this equation is to be true for all x, you can substitute any convenient values 
for x to obtain equations in A and B. The most convenient values are the ones that make 
particular factors equal to 0. 


To solve for A, let x = 3. 


1= A(3 = 2) E B(3 = 3) Let x = 3 in basic equation. 
1 = A(1) + B(0) 
1=A 
To solve for B, let x = 2. 
l= A(2 = 2) =F B(2 "zd 3) Let x — 2 in basic equation. 
1 = A(0) + B(-1) 
-1=B 


So, the decomposition is 


1 1 1 
x—5x-6 x-3 x-2 


as shown at the beginning of this section. a 


Be sure you see that the method of partial fractions is practical only for integrals 
of rational functions whose denominators factor “nicely.” For instance, when the 
denominator in Example 1 is changed to 


x — 5x+5 
its factorization as 


etl 


DP Veo + = 
X 5x +5 E 2 2 


would be too cumbersome to use with partial fractions. In such cases, you should use 
completing the square or a computer algebra system to perform the integration. When 
you do this, you should obtain 


[3-57 YS ans - J5- 5| Sas J5- 5| +0. 


liM FOR FURTHER INFORMATION 
For an alternative approach to 
using partial fractions, see the 
article “A Shortcut in Partial 
Fractions" by Xun-Cheng Huang 
in The College Mathematics 
Journal. 
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EXAMPLE 2 Repeated Linear Factors 


: 5x? + 20x + 6 
Find | w+ 2x7+x dx 


Solution Because 
+ 2x? + x = x(x? + 2x 1) = x(x + 1)? 
you should include one partial fraction for each power of x and (x + 1) and write 


5x? + 20e +6 4A B C 
x(x + 1)? x xtl (+1 


Multiplying by the least common denominator x(x + 1)? yields the basic equation 
5x? + 20x + 6 = A(x + 1 + Bx(x + 1) + Cx. Basic equation 
To solve for A, let x = 0. This eliminates the B and C terms and yields 


6 =A(1)+0+0 


6 — A. 
To solve for C, let x — — 1. This eliminates the A and B terms and yields 
5-20+6=0+0-C 


9=C. 


The most convenient choices for x have been used, so to find the value of B, you can 
use any other value of x along with the calculated values of A and C. Using x = 1, 
A = 6, and C = 9 produces 
5+ 20+ 6 = A(4) + B(2)* C 
31 = 6(4) + 2B + 9 
—2 = 2B 
-1=B. 


So, it follows that 


5x? + 20x + 6 6 1 9 
+ 
Í x(x + 1)? a fe x+1 (+1) ú 


+ —1 
= 6Infx| - npe i| + 98-2 c 
x$ 9 
=~ - ec 


Try checking this result by differentiating. Include algebra in your check, simplifying 
the derivative until you have obtained the original integrand. a 


It is necessary to make as many substitutions for x as there are unknowns 
(A, B, C,. . .) to be determined. For instance, in Example 2, three substitutions 
(x = 0,x = —1, and x = 1) were made to solve for A, B, and C. 


Most computer algebra systems, such as Maple, Mathematica, 
and the TI-Nspire, can be used to convert a rational function to its partial fraction 
decomposition. For instance, using Mathematica, you obtain the following. 


Apart [5 * x ^2 + 20 * x + 6)/(x* (x + 1) ^2), x] 
6 9 1 
FREUD 14x 
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Quadratic Factors 


When using the method of partial fractions with linear factors, a convenient choice of x 
immediately yields a value for one of the coefficients. With quadratic factors, a system 
of linear equations usually has to be solved, regardless of the choice of x. 


| EXAMPLE 3 Distinct Linear and Quadratic Factors 


PEF œ See LarsonCalculus.com for an interactive version of this type of example. 


. 2x3 —4x— 8 
Find f CEET dx. 


Solution Because 
(2 — x)(x? + 4) = x(x De + 4) 
you should include one partial fraction for each factor and write 


28 —4Áx—8 A B LC t D 
xx—-0D)g2-4 x x-1 2-4 


Multiplying by the least common denominator 
x(x — D)? + 4) 
yields the basic equation 
2x3 — 4x — 8 = A(x — 1)Q2 + 4) + Bx(x? + 4) + (€x + D)(x)(x — 1). 
To solve for A, let x — 0 and obtain 
—8 = A(- (4) +0+0 
2 — A. 
To solve for B, let x — 1 and obtain 
—10 = 0 + B(5) + 0 
-2 =B. 


At this point, C and D are yet to be determined. You can find these remaining constants 
by choosing two other values for x and solving the resulting system of linear equations. 
Using x = —1, A = 2, and B = —2, you can write 


—6 = (2)(—2)(5) + (-2)(- (5) + (-€ + D(-1(-2) 
2= -C +D. 


For x = 2, you have 


0 = (2)(1)(8) + (—2)(2)(8) + QC + D)(2)(1) 
8 = 2C + D. 
Solving the linear system by subtracting the first equation from the second 
-CtD-2 
2C+D=8 
yields C = 2. Consequently, D = 4, and it follows that 


2x3 — 4x — 8 d (2 2 " 2x " 4 Ja 
x(x — Dog + 4) ^* x x-1 2+4 2+4)” 


= 2In|x| — 2 Inlx — 1| + In? + 4) + 2 arctan 5 +C. 


8.5 Partial Fractions 555 


In Examples 1, 2, and 3, the solution of the basic equation began with substituting 
values of x that made the linear factors equal to 0. This method works well when 
the partial fraction decomposition involves linear factors. When the decomposition 
involves only quadratic factors, however, an alternative procedure is often more 
convenient. For instance, try writing the right side of the basic equation in polynomial 
form and equating the coefficients of like terms. This method is shown in Example 4. 


EXAMPLE 4 Repeated Quadratic Factors 


Solution Include one partial fraction for each power of (x? + 2) and write 


8x3 + 13x Ax +B Cx + D 
(x2 + 2)? x T2 (x2 + 2) 


Multiplying by the least common denominator (x? + 2)? yields the basic equation 
8x3 + 13x = (Ax + B)( + 2) + Cx + D. 

Expanding the basic equation and collecting like terms produce 
8x3 + 13x = A + 2Ax + Bx? + 2B + Cx + D 
8x3 + 13x = Ax? + Bx? + (2A + Oy + (2B + D). 

Now, you can equate the coefficients of like terms on opposite sides of the equation. 


8=A 0=2B+D 


| } | 


8x3 + 0x? + 13x + 0 = Ax + Bx? + (2A + Ox + (2B + D) 


0-5 


132 2A 
Using the known values A = 8 and B = 0, you can write 
13=2A+C E» 13=2(8)+C æ> -3-C 
0—-2B-D t» 0-22(0-D c» 0 — D. 


Finally, you can conclude that 


3 + = 
8x sa = [( 8x " 3x L 


GA +2)? d RE 
3 
- 242) 4 —— — t6. 
4 In( + 2) X3 43 C E 


You can use a graphing utility to confirm the decomposition 
found in Example 4. To do this, graph 


& + 13x 6 
JTTA F ) 
(x2 + 2 Graphs of y, 
and y, are 


and 


identical. 


8x " =3x 10 | ET ie a ae 19 
5273-72 (x? + 2)? [ 


in the same viewing window. The graphs i J 
should be identical, as shown at the right. 
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liM FOR FURTHER INFORMATION 
To read about another method of 
evaluating integrals of rational 
functions, see the article “Alternate 
Approach to Partial Fractions to 
Evaluate Integrals of Rational 
Functions” by N. R. Nandakumar 
and Michael J. Bossé in The Pi 
Mu Epsilon Journal. To view this 
article, go to MathArticles.com. 


When integrating rational expressions, keep in mind that for improper rational 
expressions such as 

NU). 2a +x- Tee 7 

D(x) x-x-2 


you must first divide to obtain 


BU pep c eO 

D(x) x-tx-2 
The proper rational expression is then decomposed into its partial fractions by the usual 
methods. 

Here are some guidelines for solving the basic equation that is obtained in a partial 
fraction decomposition. 


GUIDELINES FOR SOLVING THE BASIC EQUATION 


Linear Factors 


1. Substitute the roots of the distinct linear factors in the basic equation. 


2. For repeated linear factors, use the coefficients determined in the first 
guideline to rewrite the basic equation. Then substitute other convenient 
values of x and solve for the remaining coefficients. 

Quadratic Factors 

. Expand the basic equation. 
. Collect terms according to powers of x. 


. Equate the coefficients of like powers to obtain a system of linear equations 
involving A, B, C, and so on. 


. Solve the system of linear equations. 


Before concluding this section, here are a few things you should remember. First, 
it is not necessary to use the partial fractions technique on all rational functions. For 
instance, the following integral is found more easily by the Log Rule. 


x1 dx= 1 3x2 + 3 d 
f£a.e4° 73554 3.4" 


= imp? + 3x — 4| +C 


Second, when the integrand is not in reduced form, reducing it may eliminate the need 
for partial fractions, as shown in the following integral. 


x—x-2 (x + D(x - 2) 
[3 ax = [2822 76 


= x+1 d 
Eat” 


= jin? + 2x + 2 +C 


Finally, partial fractions can be used with some quotients involving transcendental 
functions. For instance, the substitution u = sin x allows you to write 


cos x ds du ee F 
(sin x) (sin x — 1) X u(u = D u = sin X, du = COS X dX 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Partial Fraction Decomposition Write the form 
of the partial fraction decomposition of each rational 
expression. Do not solve for the constants. 
4 2x2 + 1 

x — 8x (b) (x — 3)3 

2x — 3 2x — 1 


© X + 10x (d) x(x? + 1)? 


(a) 


. Guidelines for Solving the Basic Equation In 
your own words, explain how to solve a basic equation 
obtained in a partial fraction decomposition that involves 
quadratic factors. 


DT Using Partial Fractions In Exercises 3-20, use 
artial fractions to find the indefinite integral. 

ane P g 

li E" 


[ali 

a [2t 4. IE 

5. [zie 6. [Re 
j: Jena 8. [5:15 

9. Í a X Dae 10. Í Hea 

11. Í LÁ 12. = dx 

13. [5x3 x 14. l= 


16. 


ze 
E 
tiy 
x| N 
& 
———À 
è 
S 
= 


a2 g dx 18. 


x5 
x3 —xx-x43 
+ 6x +4 
x^ + 8 + 16 


dx 


> 


dx 


pai 
- 
| ——— M 
Ho 
— 
S 
- 
| 
a 


Evaluating a Definite Integral In Exercises 

i4 hy 21-24, use partial fractions to evaluate the definite 

ta integral. Use a graphing utility to verify your 
"^ result. 


, 3 ? x-1 
21. | —— 2 —— dx 22. | —— dx 
| zx jm 


1 2 
x X 
A | ze 


EE 
E 
is 


P 
Tu 


Finding an Indefinite Integral In Exercises 25-32, use 
substitution and partial fractions to find the indefinite integral. 


sin x 5cosx 
25. | ———— ———— dx 26. ! ; dx 
[zs ee 
" sec? x sec? x 
tan? ris eo" tadlar 


d und id anak n De aay 


Vx Í 1 
31. Í dx 32. | ——— — ax 
Bos x(4/3 — vx) 
Verifying a Formula In Exercises 33-36, use the method of 
partial fractions to verify the integration formula. 


EXPLORING CONCEPTS 


Choosing a Method In Exercises 37-39, state the 
method of integration you would use to find each integral. 
Explain why you chose that method. Do not integrate. 


xtd Tx * 4 
37. [ze 38. [zie 


4 
id | TEET a 


40. 5 HOW DO YOU SEE IT? Use the graph of 


f' shown in the figure to answer the following. 


(a) Is f(3) — f(2) > 0? Explain. 


(b) Which is greater, the area under the graph of f’ from 
1 to 2 or the area under the graph of f’ from 3 to 4? 
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Area In Exercises 41—44, use partial fractions to find the 
area of the given region. 


12 15 
a. y= Pu serm 42. y= rene aeq 
y y 
A n 


45. Modeling Data The predicted cost C (in hundreds of 
thousands of dollars) for a company to remove p% of a 
chemical from its waste water is shown in the table. 


P | O | 10 | 20 | 30 | 40 


0 | 0.7 10.13 | 17 


50 | 60 | 70 | 80 90 


C | 2.0 | 2.7 | 3.6 | 5.5 | 112 


A model for the data is given by 


124p 
(10 + p)(100 — p) 


C 


for 0 < p < 100. Use the model to find the average cost of 
removing between 75% and 80% of the chemical. 


46. Average Value of a Function Find the average value of 
1 
P971 


from x = 1 to x = 4. 
47. Volume and Centroid Consider the region bounded by 
the graphs of 


2x 
erty 


y y=0, x=0, and x=3. 


(a) Find the volume of the solid generated by revolving the 
region about the x-axis. 


(b) Find the centroid of the region. 


Dextroza/Shutterstock.com 
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48. Volume Consider the region bounded by the graph of 


4.123 
y (1 + x)? 


on the interval [0, 1]. Find the volume of the solid generated 
by revolving this region about the x-axis. 


49. Epidemic Model A single infected individual enters a 
community of n susceptible individuals. Let x be the number 
of newly infected individuals at time t. The common epidemic 
model assumes that the disease spreads at a rate proportional 
to the product of the total number infected and the number 
not yet infected. So, dx/dt = k(x + 1)(n — x) and you obtain 


le ER t= fra. 


Solve for x as a function of t. 


e 50. Chemical Reaction 


In a chemical reaction, one unit of compound Y and one unit 
of compound Z are converted into a single unit of compound 
X. Let x be the amount of compound X formed. The rate of 

formation of X is proportional 


to the product of the 1 
i 
n "MU 


amounts of unconverted 
compounds Y and Z. So, 
dx/dt = Kyg — x)(% — x). 
where y, and Zp are 

the initial amounts of 
compounds Y and Z. From 
this equation, you obtain 


1 
i e 7 Ji 


(a) Solve for x as a function of t. 


(b) Use the result of part (a) to find x as t oo for 
(1) Yo € zo. (2) Yo > Zo, and (3) Yo = zo. 


51. Using Two Methods Evaluate 


1 
x 
| 


in two different ways, one of which is partial fractions. 


PUTNAM EXAM CHALLENGE 


22 
52. Prove 7 


53. Let p(x) be a nonzero polynomial of degree less than 
1992 having no nonconstant factor in common with 
xX — x. Let 


que ( po) | MC 


dx19?92 g(x) 


V= 
for polynomials f(x) and g(x). Find the smallest possible 
degree of f(x). 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 
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x 


= 
Xy=a x X, X, x,-b 


The area of the region can be 
approximated using four trapezoids. 
Figure 8.14 


fl) 
i fa) 
Xo r3 » X 
Ca 
b-a 


The area of the first trapezoid is 


fex) + fe) Mb — ay 
NN | " | 


liM Approximate a definite integral using the Trapezoidal Rule. 
E Approximate a definite integral using Simpson's Rule. 
E Analyze the approximate errors in the Trapezoidal Rule and Simpson's Rule. 


The Trapezoidal Rule 


Some elementary functions simply do not have antiderivatives that are elementary 
functions. For example, there is no elementary function that has any of the following 
functions as its derivative. 


Nx /1 — X, X COS X, = 


J/ - x3, sin x? 


If you need to evaluate a definite integral involving a function whose antiderivative 
cannot be found, then while the Fundamental Theorem of Calculus is still true, it cannot 
be easily applied. In this case, it is easier to resort to an approximation technique. Two 
such techniques are described in this section. 

One way to approximate a definite integral is to use n trapezoids, as shown in 
Figure 8.14. In the development of this method, assume that f is continuous and 
positive on the interval [a, b]. So, the definite integral 


Í Add 


represents the area of the region bounded by the graph of f and the x-axis, from 

x = a to x = b. First, partition the interval [a, b] into n subintervals, each of width 

Ax = (b — a)/n, such that 
a= ģen =D. 


Then form a trapezoid for each subinterval (see Figure 8.15). The area of the ith 
trapezoid is 


—" [fe 2x fos) (2 - 2) 


n 


This implies that the sum of the areas of the n trapezoids is 


(Aeon + fled , .. 4 Mad 6 


Area — 
= (E js) + f(x) t f(x,) + f(x,) Beet es + f(x,_,) + f(x,)] 
- (rw PO HEN SEER SL 
Letting Ax — (b — a)/n, you can take the limit as n — oo to obtain 


lim (E jo + 2f(x,) an eae fn) + f(x,)] 


noo 


- i [Lo 79155. $5) a 


noo 2 
. [fa - f(b))ób —a) ,, x 
= lim m + lim. 2 f(x) Ax 
b 
=0+ | f(x)dx 


The result is summarized in the next theorem. 
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ala 
Nini 


Four subintervals 


eoit -1 


Eight subintervals 


Trapezoidal approximations 
Figure 8.16 


THEOREM 8.3 The Trapezoidal Rule 


Let f be continuous on [a, b]. The Trapezoidal Rule for approximating 


J? f(x) dx is 
li f(x) dx ~ fos) + 2f(x)  2f65) t - E fan) + fG,)l. 


Moreover, as n — oo, the right-hand side approaches f? f(x) dx. 


Observe that the coefficients in the Trapezoidal Rule have the 
following pattern. 


1] 2 2 2 ea 2 2 1 


EXAMPLE 1 Approximation with the Trapezoidal Rule 


Use the Trapezoidal Rule to approximate 


TT 
i sin x dx. 
0 


Compare the results for n = 4 and n = 8, as shown in Figure 8.16. 


Solution When n = 4, Ax = 11/4, and you obtain 


Tt 
sin x dx ~ S (sino + 2 sin! + zsnt + 2 sin — am t sin n) 
0 8 4 2 4 


got JZ+2+ 0 458) 


_ ni + V2) 
4 


= 1.896. 
When n = 8, Ax = 11/8, and you obtain 


Tt 
['simxaro (sino + 2sin + 2 sin + 2 sin m + 2sin5 


+ 2 sin + 2 sin + 2 sin 7 + sin) 


3n 
+ + Ky — 
x 2.93 4 sin 8 4 sin 8 ) 


= 1.974. 


For this particular integral, you could have found an antiderivative and determined that 
the exact area of the region is 2. a 


Most graphing utilities have a numerical integration feature 
that can be used to approximate the value of a definite integral. Use this feature to 
approximate the integral in Example 1. How close is your approximation? When 
you use this feature, you need to be aware of its limitations. Often, you are given no 
indication of the degree of accuracy of the approximation. Other times, you may be 
given a result that is incorrect. For instance, use a graphing utility to evaluate 


2 
1 

i — dx. 

2px 


Your graphing utility should give an error message. Does yours? 
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It is interesting to compare the Trapezoidal Rule with the Midpoint Rule given in 
Section 4.2. For the Trapezoidal Rule, you average the function values at the endpoints 
of the subintervals, but for the Midpoint Rule, you take the function values of the 
subinterval midpoints. 


b ñ ; 
f f(x) dx ~= 3M Ax Midpoint Rule 
Po afa) t) 
Í f(x) dx ~ $e SIS 


i-1 


Trapezoidal Rule 


There are two important points that should be made concerning the Trapezoidal 
Rule (or the Midpoint Rule). First, the approximation tends to become more accurate 
as n increases. For instance, in Example 1, when n = 16, the Trapezoidal Rule yields 
an approximation of 1.994. Second, although you could have used the Fundamental 
Theorem to evaluate the integral in Example 1, this theorem cannot be used to evaluate 
an integral as simple as fy sin x? dx because sin x? has no elementary antiderivative. Yet 
the Trapezoidal Rule can be applied to estimate this integral. 


Simpson's Rule 


One way to view the trapezoidal approximation of a definite integral is to say that on 
each subinterval, you approximate f by a first-degree polynomial. In Simpson's Rule, 
named after the English mathematician Thomas Simpson (1710-1761), you take this 
procedure one step further and approximate f by second-degree polynomials. 

Before presenting Simpson's Rule, consider the next theorem for evaluating 
integrals of polynomials of degree 2 (or less). 


Integral of p(x) = Ax? + Bx * C 


If p(x) ipo + Bx + C, then — 
ES dx — (=) | pa) + (£25) 4 yo) Pe d 
Proof 


[ ioa | (Ax? + Bx + C) dx 


a 


Ao Bx? b 
=| 4+ 4 
E 2 oj 
3 3 Qu « pad 
Ae B. aue 3i ied 


- (Es oae + ab + b?) + 3B(b + a) + 6C] 


By expansion and collection of terms, the expression inside the brackets becomes 


+a\? + 
(Ad? + Ba + C) + al? : 2) + B(s) + c + (AD? + Bb + C) 
————— x J ra 
pla) zi 2 ) p(b) 
and you can write 


Poa- (Eoo +e) + “i 


a 
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Figure 8.17 


Observe that the 
coefficients in Simpson's Rule 
have the following pattern. 


142424...4241 


In Section 4.2, 
Example 8, the Midpoint Rule 
with n = 4 approximates 
T 


|. sin x dx as 2.052. In 


Example 1, the Trapezoidal 
Rule with n — 4 gives an 
approximation of 1.896. In 
Example 2, Simpson's Rule 
with n = 4 gives an 
approximation of 2.005. The 
antiderivative would produce 
the true value of 2. 


To develop Simpson's Rule for approximating a definite integral, you again 
partition the interval [a, b] into n subintervals, each of width Ax = (b — a)/n. This 
time, however, n is required to be even, and the subintervals are grouped in pairs such 
that 


a = Xo < Xi < X49 < X4 < X4 Lo X X, S X, 4 € x, 7 b. 


I K i is I 
v 


[ko x2] [ea x4] (x, 55% | 


On each (double) subinterval [x,_,,x,], you can approximate f by a polynomial p 
of degree less than or equal to 2. (See Exercise 47.) For example, on the subinterval 
[xo x5], choose the polynomial of least degree passing through the points (xo, yo), 
(x,, yı), and (x5, y2), as shown in Figure 8.17. Now, using p as an approximation of f 
on this subinterval, you have, by Theorem 8.4, 


[ vor Í "tia 


Xo 


= peg + (7) + pe] 


7 A en) [pGx) + 4p) + pG3)] 


b 


7 A. Ufo) + 4f(x)) + fGz)]. 


Repeating this procedure on the entire interval [a, b] produces the next theorem. 


THEOREM 8.5 Simpson's Rule 
Let f be continuous on [a, b] and let n be an even integer. Simpson's Rule for 
approximating J^ f(x) dx is 
b 
b—a 
i fla) dx = "=  DfGs) + Afla) + 2/69) + Af) + +> 
+ 2f(x, ,) + 4f(x,_ 1) + f(x,)]. 


| Moreover, as n— co, the right-hand side approaches f? f(x) dx. | 


In Example 1, the Trapezoidal Rule was used to estimate f; sin x dx. In the next 
example, Simpson's Rule is applied to the same integral. 


CU LIT 28 Approximation with Simpson's Rule 


LI 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


Use Simpson's Rule to approximate 


Tt 
Í sin x dx. 
0 


Compare the results for n — 4 and n — 8. 
Solution When n = 4, you have 


Tt 


TI 
; Tí. . i : 
Í sin x dx ~ T (sino + sin" + 2sin 5 


+ 4 sin T + sin n) = 2.005. 
0 


T 


When n = 8, you have f sin x dx = 2.0003. a 


0 


E FOR FURTHER INFORMATION 
For proofs of the formulas used 
for estimating the errors involved 
in the use of the Midpoint Rule 
and Simpson's Rule, see the article 
“Elementary Proofs of Error 
Estimates for the Midpoint and 
Simpson’s Rules” by Edward C. 
Fazekas, Jr. and Peter R. Mercer in 
Mathematics Magazine. To view 
this article, go to MathArticles.com. 


If you have 
access to a computer algebra 
system, use it to evaluate the 
definite integral in Example 3. 
You should obtain a value of 


| eee 
= 3/2 + (1 + V3) 


= 1.14779. 


1 
1.144 < Í V1 +x? dx < 1.164 
0 


Figure 8.18 
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Error Analysis 


When you use an approximation technique, it is important to know how accurate you 
can expect the approximation to be. The next theorem, which is listed without proof, 
gives the formulas for estimating the errors involved in the use of Simpson’s Rule and 
the Trapezoidal Rule. In general, when using an approximation, you can think of the 
error E as the difference between f, ? fix) dx and the approximation. 


IEOREM 8.6 Errors in the Trapezoidal Rule and Simpson's Rule 
If f has a continuous second derivative on [a, b], then the error E in 
€ J? f(x) dx by the Trapezoidal Rule is 


(b= a. 


|E| = 12n 2 


max | f(x) |], azx«e b. Trapezoidal Rule 
Moreover, if f has a continuous fourth derivative on [a, 5], then the error E 
in approximating f^ f(x) dx by Simpson's Rule is 


| s Po 


z spe Drak | f(x AL] asx<b. Simpson’s Rule 


Theorem 8.6 states that the errors generated by the Trapezoidal Rule and 
Simpson’s Rule have upper bounds dependent on the extreme values of f"(x) and 
f(x) in the interval [a, b]. Furthermore, these errors can be made arbitrarily small by 
increasing n, provided that f" and f® are continuous and therefore bounded in [a, b]. 


The Approximate Error in the Trapezoidal Rule 


Determine a value of n such that the Trapezoidal Rule will approximate the value of 


1 
f JI + x? dx 
0 


with an error that is less than or equal to 0.01. 

Solution Begin by letting f(x) = J1 + x? and finding the second derivative of f. 
f) 9 x(129- x2)? and f") = (1 + x2)? 

The maximum value of |f"(x)| on the interval [0, 1] is |"(0)| = 1. So, by Theorem 

8.6, you can write 


(b— ap, 1 1 
"1. d 9) = 15360 = 


|E| < 


To obtain an error £ that is less than or equal to 0.01, you must choose n such that 
1/(12n?) < 1/100. 
100 


100 < 12802? @ nz Jp ~ 2.89 


So, you can choose n = 3 (because n must be greater than or equal to 2.89) and apply 
the Trapezoidal Rule, as shown in Figure 8.18, to obtain 


[ Famire tere CP SJ rs] 
~ 1.154. 


So, by adding and subtracting the error from this estimate, you know that 


1 
1.144 < f J1 + x2 dx € 1.164. au 
0 
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8.6 Exercises 


Integration Techniques and Improper Integrals 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Finding an Interval Would you use numerical 


2 
integration to evaluate Í (e* + 5x) dx? Explain. 
0 


. Errors in the Trapezoidal Rule and Simpson's 
Rule Describe how to decrease the error between an 
approximation and the exact value of an integral using the 
Trapezoidal Rule and Simpson's Rule. 


CIE UC Using the Trapezoidal Rule and Simpson's 
PE 4 Rule In Exercises 3-14, use the Trapezoidal Rule 
nsn and Simpson's Rule to approximate the value of 
~" the definite integral for the given value of n. Round 
your answer to four decimal places and compare 
the results with the exact value of the definite 


integral. 
2 2.4. 
3. Í xidx, n=4 4. Í (E 1) dx, n=4 
0 1 \4 
4 35 
5 dx, n=4 6 dx, n=4 
ae E. 
3 8 
7. Í xX dx, n=6 8. 3Yxdx, n=8 
1 0 


9 
«| Jxdx n8 
4 


1 2 
2 
11. — dx, n=4 12. xx? + ldx, n=4 
o (x + 2)? f 
2 2 
13. Í xe*dx, n=4 14. Í xIn(x + 1)dx, n= 4 
0 0 


Using the Trapezoidal Rule and Simpson's 
Rule In Exercises 15-24, approximate the definite 
integral using the Trapezoidal Rule and Simpson's 
Rule with n = 4. Compare these results with the 
approximation of the integral using a graphing utility. 


2 1 
is. | JI + x3 dx ie | Jx 1 — x dx 
0 0 


* on 
17. Í Trg“ 
4 
i» | xe* dx 
0 


Jn/2 
21. Í sin x? dx 
0 


T/4 
23. Í x tan x dx 
( 


) 


2 
1 

18. | ————d 

| JIE E 


3 
20. Í In x dx 
1 


T 
22. Í Jx sin x dx 
n/2 


24. | f()dx f()-1 x 


ape Estimating Errors 


Meteo h, 
4 


In Exercises 25-28, use 
ty the error formulas in Theorem 8.6 to estimate 

the errors in approximating the integral, with 
n=4, using (a) the Trapezoidal Rule and 
(b) Simpson’s Rule. 


[m] 


= 


2 
25. i (x2 + 2x) dx 
o 


4 rd 
2. | e 


3 
26. Í 2x? dx 
1 


1 
28. i e* dx 
0 


ORR [n] Estimating Errors In Exercises 29-32, use the 

pO ty error formulas in Theorem 8.6 to find n such that 

f BER the error in the approximation of the definite 

Pale integral is less than or equal to 0.00001 using (a) 
the Trapezoidal Rule and (b) Simpson’s Rule. 


2 
31. Í Vx+2dx 
0 


f Estimating Errors Using Technology In Exercises 33 and 


34, use a computer algebra system and the error formulas to 
find n such that the error in the approximation of the definite 
integral is less than or equal to 0.00001 using (a) the Trapezoidal 
Rule and (b) Simpson’s Rule. 


1 
33. Í tan x? dx 
0 
2 
34. Í (x + 1)? dx 
0 


35. Finding the Area of aRegion Approximate the area of 
the shaded region using the Trapezoidal Rule and Simpson’s 
Rule with n = 4. 


> 


10 +- 
"NIA 
T 3  . EMEN 
adi 
KG DE, SE 
Pb.  WERERENEOO.. 
5 2 4 6 8 10 
Figure for 35 Figure for 36 


36. Finding the Area of a Region Approximate the area of 
the shaded region using the Trapezoidal Rule and Simpson’s 
Rule with n = 8. 


37. Area Use Simpson's Rule with n = 14 to approximate the 
area of the region bounded by the graphs of y = \/x cos x, 
y = 0, x = 0, and x = 11/2. 
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À 42. Circumference The elliptic integral 
38.( ) HOW DO YOU SEE IT? The function f is 2 
concave upward on the interval [0, 2] and the 8/3 Í {= 2 sin? 0 d0 
function g is concave downward on the interval 0 
[0, 2], as shown in the figure. gives the circumference of an ellipse. Use Simpson's Rule 
with n — 8 to approximate the circumference. 


43. Work To determine the size of the motor required to 
operate a press, a company must know the amount of work 
done when the press moves an object linearly 5 feet. The 
variable force to move the object is 


F(x) = 100x./125 — x? 


where F is given in pounds and x gives the position of the unit 
1 2 in feet. Use Simpson's Rule with n — 12 to approximate the 
work W (in foot-pounds) done through one cycle when 


(a) Using the Trapezoidal Rule with n — 4, which P 
integral would be overestimated, fo f(x) dx W= i F(x) dx. 
or fo g(x) dx? Which integral would be 0 
underestimated? Explain your reasoning. 44 


) 


. Approximating a Function The table lists several 
(b) Which rule would you use for more accurate measurements gathered in an experiment to approximate an 
approximations of fy f(x) dx and f; g(x) dx, the unknown continuous function y — f(x). 
Trapezoidal Rule or Simpson's Rule? Explain 
your reasoning. 


x | 0.00 | 025 | 0.50 | 0.75 | 1.00 


y | 4.32 | 436 | 458 | 5.79 | 6.14 


EXPLORING CONCEPTS 


39. Think About lt Explain how the Trapezoidal Rule x | 1.25 | 1.50 | 1.75 | 2.00 
is related to the approximations using left-hand and 
right-hand sums. y 


7.25 | 7.64 | 8.08 | 8.14 


40. Describing an Error Describe the size of the error 
when the Trapezoidal Rule is used to approximate 
J? f(x) dx when f(x) is a linear function. Use a graph to 


2 
explain your answer. f f(x) dx 


(a) Approximate the integral 


using the Trapezoidal Rule and Simpson’s Rule. 
41. Surveying Use the Trapezoidal Rule to estimate the 


number of square meters of land, where x and y are measured 
in meters, as shown in the figure. The land is bounded by a 
stream and two straight roads that meet at right angles. 


PE o Use a graphing utility to find a model of the form 
y = ax? + bx? + cx+d for the data. Integrate the 
resulting polynomial over [0, 2] and compare the result 
with the integral from part (a). 


x| 0 100 | 200 | 300 | 400 | 500 A 45. Using Simpson's Rule Use Simpson’s Rule with 
y | 125 | 125 | 120 | 112 | 90 90 M er a Por d algebra system to approximate f in the 


$ 
x | 600 | 700 | 800 | 900 | 1000 [ RES 
y | 95 | 88 | 75 | 35 0 $ 


46. Proof Prove that Simpson’s Rule is exact when 
y approximating the integral of a cubic polynomial function, 
and demonstrate the result with n = 4 for 


1 
Í x3 dx. 
0 


47. Proof Prove that you can find a polynomial 


Stream 
Z 


p(x) = Ax? + Bx + C 


x that passes through any three points (x, yı), (x,y), and 
(x3, y3), where the x;'s are distinct. 


200 400 600 800 1000 
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Chapter 8 


Integration Techniques and Improper Integrals 


A computer 
algebra system consists, in part, 
of a database of integration 
formulas. The primary 
difference between using a 
computer algebra system and 
using tables of integrals is that 
with a computer algebra system, 
the computer searches through 
the database to find a fit. With 
integration tables, you must do 
the searching. 


E Find an indefinite integral using a table of integrals. 
@ Find an indefinite integral using reduction formulas. 
E Find an indefinite integral involving rational functions of sine and cosine. 


Integration by Tables 


So far in this chapter, you have studied several integration techniques that can be used 
with the basic integration rules. But merely knowing how to use the various techniques 
is not enough. You also need to know when to use them. Integration is first and 
foremost a problem of recognition. That is, you must recognize which rule or technique 
to apply to obtain an antiderivative. Frequently, a slight alteration of an integrand will 
require a different integration technique (or produce a function whose antiderivative is 
not an elementary function), as shown below. 


Integration by parts 


2 2 
finza - dac d C 


4 
In x In x)? 
Í dx = (n x}? +C Power Rule 
x 2 
1 
dx — In|In x| +C Log Rule 
xInx 
X 
—dx=? Not an elementary function 
Inx 


Many people find tables of integrals to be a valuable supplement to the integration 
techniques discussed in this chapter. Tables of common integrals can be found in 
Appendix B. Integration by tables is not a “cure-all” for all of the difficulties that can 
accompany integration—using tables of integrals requires considerable thought and 
insight and often involves substitution. 

Each integration formula in Appendix B can be developed using one or more of 
the techniques in this chapter. You should try to verify several of the formulas. For 
instance, Formula 4 


u 1 a 
lr + ba? du Z(- F bu + Inja + bu) +C 


can be verified using the method of partial fractions, Formula 19 


Formula 4 


Ja + bu —— —— du 
—— du = 2 + bu + ———— F la 19 
f x u Ja u a " Jud ormula 
can be verified using integration by parts, and Formula 84 
1 
Í du = u — In(1 + e") + C Formula 84 
1 + e" 


can be verified using substitution. Note that the integrals in Appendix B are classified 
according to the form of the integrand. Several of the forms are listed below. 


u" (a + bu) 
(a + bu + cu?) Jat bu 
(a? + i) Ji xg 


Ja — we 


Inverse trigonometric functions 


Trigonometric functions 
Exponential functions 


Logarithmic functions 
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Exploration EXAMPLE 1 Integration by Tables 


Use the tables of integrals . dx 
in Appendix B and the Eu f IEL 
substitution 
Solution Because the expression inside the radical is linear, you should consider 
u= yx- 1 forms involving Ja + bu. 
to find the integral in du 2 a + bu 
Example 1. When you do Jo = Je arctan = + C Formula 17 (a < 0) 
this, you should obtain 
Leta = —1,b = 1, and u = x. Then du = dx, and you can write 


2 du 


dx -| 
= ger [Fa = 2 avin 5-1 c 
x /x—1 


Does this produce the same 
result as that obtained in 


Example 1? CT LINJEE Integration by Tables 


teas [> See LarsonCalculus.com for an interactive version of this type of example. 


Find J^ — 9 dx. 


Solution Because the radical has the form Vu? — a”, you should consider 
Formula 26. 


[4678 = ENTE — a In|u + Jie = a) +C 
Let u = x? and a = 3. Then du = 2x dx, and you have 
[xe sa = 1 ve F en ay 
= Fe VF =9 - ones VF =9)) c. 


EXAMPLE 3 Integration by Tables 


2 


x 
Evaluate | Ta on 4* 


Solution Of the forms involving e", consider the formula 


f ae =u-Inite)+C. Formula 84 
1 + e" 


Let u = —x?. Then du = —2x dx, and you have 


x d ENSE. — 2x dx 
lt+e* ii 2] 1 +e} 


= -i-e — In(1 + e-*) +C 


= e + In(1 +e] + c. 


So, the value of the definite integral is 


‘ X 1 2 2 1 
f m db Hæ + In(1 + zu] = [4 + Int 675) — 12] ~ 1.66. 
0 0 


Figure 8.19 Figure 8.19 shows the region whose area is represented by this integral. a 
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Sometimes 
when you use computer algebra 
systems, you obtain results that 
look very different, but are 
actually equivalent. Two 
different systems were used to 
find the integral in Example 5. 
The results are shown below. 


Maple 
Jaume 
J3 arctanh(} J3 = 5x J/3) 
Mathematica 
3s 
x 3 ArcTanh | {= z] 


Notice that computer algebra 
systems do not include a 
constant of integration. 


Integration Techniques and Improper Integrals 


Reduction Formulas 


Several of the integrals in the integration tables have the form 


Í f(x) dx = g(x) + Í h(x) dx. 


Such integration formulas are called reduction formulas because they reduce a given 


integral to the sum of a function and a simpler integral. 


EXAMPLE 4 Using a Reduction Formula 


Find Í X? sin x dx. 


Solution Consider the three formulas listed below. 


IL sinu du = sinu — u cosu + C Formula 52 
fe sin u du = — u” cos u + pe cos u du Formula 54 
fe cos u du = u” sin u — J sin u du Formula 55 


Using Formula 54, Formula 55, and then Formula 52 produces 


[sna — x? cos x + JM 


= — x cosx + a(x sin x — j|; sin xdi) 


= — x cosx + 3x?sin x + 6xcos x — 6 sin x + C. 


EXAMPLE 5 Using a Reduction Formula 
Find Í L-I h 
2x 
Solution Consider the two formulas listed below. 


| du _ m Ja * bu — Va 
u'a + bu Ja Ja * bu + Ja 


Ja + bu ———— Í du 
——— du = 2 + bu + —— 
| u " va bdo uva + bu 


Using Formula 19, with a = 3, b = —5, and u = x, produces 


JE -ip5-5 m+ 3{— 2) 


3 dx 
= V3- 5x + 2 
up x | 
Using Formula 17, with a — 3, b — —5, and u — x, produces 
|a- 5m ec 
SB ly mo VG 
si NE — 5x — Bl + c 
5x + 
"Uaec de 5 


Formula 19 


= 4/3 


+ C Formula 17 (a > 0) 
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Rational Functions of Sine and Cosine 


EXAMPLE 6 Integration by Tables 


Find [mas 
2+ cosx 


Solution Substituting 2 sin x cos x for sin 2x produces 
sin 2x sin x COS x 
IE + ua 7 2| 2k on 
A check of the forms involving sin u or cos u in Appendix B shows that those listed do 
not apply. So, you can consider forms involving a + bu. For example, 


u du 1 
= 5 (bu — + tC 
|; 1525 pi (bu a Ina bul) C Formula 3 
Leta = 2, b = 1, and u = cos x. Then du = —sin x dx, and you have 
p [ Sinxcosx y a (cos x)(— sin x dx) 
2 + cos x 2 + cos x 


= —2(cos x — 21n|2 + cos x|) + C 
—2 cosx + 41n|2 + cos x| + C. al 


Example 6 involves a rational expression of sin x and cos x. When you are unable 
to find an integral of this form in the integration tables, try using the following special 
substitution to convert the trigonometric expression to a standard rational expression. 


Substitution for Rational Functions of Sine and Cosine 


For integrals involving rational functions of sine and cosine, the substitution 


sin x 


"]l-cosx | 


Proof From the substitution for u, it follows that 


sin? x 1 — cos? x 1 — cosx 
(1 + cosx) (1+ cosx} 1+ cosx 


u2 


Solving for cos x produces 
1-w 
1+ u* 


COS X = 


To find sin x, write u = (sin x)/(1 + cos x) as 


4) - 2u 
] +u? l +u” 


sinx = u(1 + cos x) = 1 + 


Finally, to find dx, consider u = tan(x/2). Then you have arctan u = x/2 and 


2 du 
oin 1+ uv 
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8.7 Exercises 


Integration Techniques and Improper Integrals 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Integration by Tables Which formula from the 
table of integrals would you use to find the integral below? 
Explain. 


Í J5 — 932 
— k 


. Reduction Formula Describe what is meant by a 
reduction formula. Give an example. 


ri iy Integration by Tables In Exercises 3 and 4, 
PES use a table of integrals with forms involving a + bu 
to find the indefinite integral. 


ere 


2 
NEM MERI 


Integration by Tables In Exercises 5 and 6, use a table of 
integrals with forms involving V/a? — u° to find the indefinite 
integral. 


/ — y4 
5. i — - dx 6. Í SAE dx 
2/1- 2 x 
Integration by Tables In Exercises 7-10, use a table of 


integrals with forms involving the trigonometric functions to 
find the indefinite integral. 


sin? Vx y 
v 


7. Jos 3x dx 8. 


1 1 
9, ji dx 10. lhe dx 
Jx(1 Es Jx) 1 + cot 4x 


Integration by Tables In Exercises 11 and 12, use a table 
of integrals with forms involving e” to find the indefinite 
integral. 


1 
11. [xz 


Integration by Tables In Exercises 13 and 14, use a 
table of integrals with forms involving In u to find the indefinite 
integral. 


12. Je sin 3x dx 


13. [x In x dx 14. Jo: x? dx 


[s]f;][s] Using Two Methods In Exercises 15-18, find 
LESE. ^ the indefinite integral (a) using a table of integrals 
LA Hs and (b) using the given method. 


ORS 
Integral 
15. i In Qd 


16. Í sin? 3x dx 


Method 


Integration by parts 


Power-reducing formula 


Integral Method 


17. i a dx Partial fractions 


dx 
18. Í aye 


Finding an Indefinite Integral In Exercises 19-40, use a 
table of integrals to find the indefinite integral. 


Trigonometric substitution 


19, f arccsc(x? + 1) dx 20. reco — 5) dx 


1 
a [hirt 


63 
2i | 13-2547 


21. 


[zx 
3Jx^—1 

X 
23. Jet 


25. fe arccos e* dx 26. | dx 
1 — tan e* 
x 1 
27. | ———— 28. | ——— —Àá d 
P — sec x? ds B la + (In 2?] i 


2. | POSU : dO 30. IEEE 


3 + 2sin 0 + sin? 0 


31. [zx 32. | Va arcan 7 dx 
33. [ae 34. lc 
35. le 36. jJ? [2 ax 
37. |= 38. Fei 


3x 
39. i are” 40. Í cott 0 dé 
Evaluating a Definite Integral In Exercises 


DE 41-48, use a table of integrals to evaluate the 
definite integral. 
Inti 


1 

42. Í 2x3e* dx 
0 

43. NS x^ In x dx 


cos X 
dx 
s [7 m + sin? x 


n/2 
47. Í t cos t dt 
0 


n/2 
zu x sin 2x dx 
0 
5 2 
x 
3 
48. Í VJX + 16 dx 
0 


Verifying a Formula In Exercises 49-54, verify the 
integration formula. 


u? 1 a 
d la + bu)? du b? e a + bu 


T 


2a Inja + bul) + C 


u” n-l 
50. 
[a ECTS v] a 
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1 tu 
Sb lz xag d ENTE 7 
52. [ur cos wa =u" sinu — JE sin u du 


53. Jc aae = y arctanu — In/1 + i2 + C 
54. [oo u)” du = u(In u)” — JL u)'-! du 


Finding or Evaluating an Integral In Exercises 55-62, 
find or evaluate the integral. 


1 sin 0 
ss. [uh m [ee 
n/2 1 2/2 1 
s. | EAE o ss. | ar ae 
sin 0 cos 0 
s». [15 uo 60. [oe 
Gig. e 


4 
9» lz 0 — cot 0 ae 


Area In Exercises 63 and 64, find the area of the region 
bounded by the graphs of the equations. 


X 
63. y= ,y=0,x=6 
dtm 
X 
64. y Dag 0x22 


EXPLORING CONCEPTS 
65. Finding a Pattern 


(a) Find fx" In x dx for n = 1, 2, and 3. Describe any 
patterns you notice. 


(b) Write a general rule for evaluating the integral in 
part (a) for an integer n = 1. 


(c) Verify your rule from part (b) using integration by 
parts. 


. Choosing a Method  Statethe method or integration 
formula you would use to find the antiderivative. Explain 
why you chose that method or formula. Do not integrate. 


(a) i ae (b) Í a dx (c) Í xe? dx 


(e) feve + ldx 


(d) Í xe* dx 


67. Work A hydraulic cylinder on an industrial machine pushes 
a steel block a distance of x feet (0 € x < 5), where the 
variable force required is F(x) = 2000xe~* pounds. Find the 
work done in pushing the block the full 5 feet through the 
machine. 


68. Work Repeat Exercise 67, using F(x) — pounds. 


500x 
J26 = x? 


69. Population A population is growing according to the 
logistic model 


5000 


N- 1+ e487 19r 


where t is the time in days. Find the average population over 
the interval [0, 2]. 


70. 5 HOW DO YOU SEE IT? Use the graph of 


f' shown in the figure to answer the following. 


(a) Approximate the slope of f at x — — 1. Explain. 


(b) Approximate any open intervals on which the 
graph of f is increasing and any open intervals on 
which it is decreasing. Explain. 


71. Volume Consider the region bounded by the graphs of 


y=x/16—-x, y 20, x 2 0, and x = 4. 


Find the volume of the solid generated by revolving the region 
about the y-axis. 


72. Building Design The cross section of a precast concrete 
beam for a building is bounded by the graphs of the equations 
2 = 2 
, X= , y =0, and y=3 
Aay uy í 


where x and y are measured in feet. The length of the beam is 
20 feet (see figure). 


(a) Find the volume V and the weight W of the beam. Assume 
the concrete weighs 148 pounds per cubic foot. 


(b) Find the centroid of a cross section of the beam. 


PUTNAM EXAM CHALLENGE 


n/2 
73. Evaluate Í dx 


o 1+ (tanx) 2 
This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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8.8 Improper Integrals 


b o 


The unbounded region has an area of 1. 


Figure 8.20 


E Evaluate an improper integral that has an infinite limit of integration. 
E Evaluate an improper integral that has an infinite discontinuity. 


Improper Integrals with Infinite Limits of Integration 


The definition of a definite integral 


| E dx 


requires that the interval [a, b] be finite. Furthermore, the Fundamental Theorem of 
Calculus, by which you have been evaluating definite integrals, requires that f be 
continuous on [a, b]. In this section, you will study a procedure for evaluating integrals 
that do not satisfy these requirements—usually because either one or both of the limits 
of integration are infinite or because f has a finite number of infinite discontinuities 
in the interval [a, b]. Integrals that possess either property are improper integrals. 
Note that a function f is said to have an infinite discontinuity at c when, from the 
right or left, 


lim f() = 69 or lim f(x) = — 


To get an idea of how to evaluate an improper integral, consider the integral 


b 
dx NL 1 1 
= = +1=1 
Í x? Al b b 
which can be interpreted as the area of the shaded region shown in Figure 8.20. Taking 
the limit as b — oo produces 


Sde . P dx 1 
Í 5 - dim (| 5) = im (1-3) = 


This improper integral can be interpreted as the area of the unbounded region between 
the graph of f(x) = 1/x? and the x-axis (to the right of x = 1). 


Definition of Improper Integrals with Infinite Integration Limits 


1. If f is continuous on the interval [a, oo), then 


[ 10 dx = Jim f f(x) dx 


2. If f is continuous on the interval (— oo, b], then 


[. f(x) dx = im f f(x) dx. 


3. If f is continuous on the interval ( OO), then 


[in f(x) a f. PME f (x) dx 


where c is any real number (see Exercise 107). 


In the first two cases, the improper integral converges when the limit exists— 
otherwise, the improper integral diverges. In the third case, the improper integral 
on the left diverges when either of the improper integrals on the right diverges. 
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EXAMPLE 1 An Improper Integral That Diverges 


b 
dx 
Evaluate f —— 
y Di 1 X 
n iverges 
(infinite area) Solution 
24 Sdr” [ds 
— = lim md Take limit as b > oc. 
1 X boj x 
it b 
= lim | Inx Apply Log Rule. 
boo 1 
= Jim (In b-— 0) Apply Fundamental Theorem of Calculus. 
oo 
. . FEE = 00 Evaluate limit. 
This unbounded region has an infinite 
area. The limit does not exist. So, you can conclude that the improper integral diverges. See 
Figure 8.21 Figure 8.21. F| 


Try comparing the regions shown in Figures 8.20 and 8.21. They look similar, yet 
the region in Figure 8.20 has a finite area of 1 and the region in Figure 8.21 has an 
infinite area. 


EXAMPLE 2 Improper Integrals That Converge 


Evaluate each improper integral. 


oo 
a. Í e * dx 
0 


ed 
b. [se 


Solution 
oo b oo 1 b 1 
A =x — ]i E A dx = li dx 
a [^ ics tim fe e » [e tim | 
b b 
= lim EM = lim [arctan x 
b> œ 0 boo 0 
= lim (—-e ^ + 1) = lim arctan b 
b> œ b> co 
IL 
=] em m 
2 
See Figure 8.22. See Figure 8.23. 
y y 
n A 
2+ 2+ 
i 
DES x bL x 
1 2 3 1 2 3 
The area of the unbounded The area of the unbounded 
region is 1. region is 1/2. 


Figure 8.22 Figure 8.23 au 
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In the next example, note how L'Hópital's Rule can be used to evaluate an improper 
integral. 


| EXAMPLE 3 Using L'Hópital's Rule with an Improper Integral 


Evaluate f (1 — x)e^* dx. 
1 
Solution Use integration by parts, with dv = e^* dx and u = (1 — x). 


fa — xje^* dx = —e^*(1 — x) fe dx 


=-e*+xe*+e*+C 
=xe*+C 


Now, apply the definition of an improper integral. 


oo b 
f (1 — xje^* dx = lim le] 
1 boo 1 


| 
lE 
= 
MS 
S T 
Ses 
| 
a |= 
i e 


1 
= lim ^; — lim 
y bo0o€ boo € 
A " $2 P , 
P For the first limit, use L’Hôpital’s Rule. 
b ETE 
0.03 F lim — = lim ==0 
bowe bowe 
0.06 + 
So, you can conclude that 
0.09 -+ n 
- . b . 1 
-0.12 + (1 — x)e* dx = lim = — lim 
1 b0o0€ bowe 
0.15 4- 1 
=Q-— 
The area of the unbounded region is á 
= 1 
| i 1/el. = —— See Figure 8.24. 
Figure 8.24 e 


EXAMPLE 4 Infinite Upper and Lower Limits of Integration 


e* 
Evaluate dx. 
f NET 


Solution Note that the integrand is continuous on (— 00, co). To evaluate the 
integral, you can break it into two parts, choosing c = 0 as a convenient value. 


e e* a e* uM 
y 2x dx = 2x dx + 2x dx 
y œ l + e? olte olte 


0 b 
Uem = lim | arctan el + lim arctan e 
a —oo a boo 0 


= lim G — arctan e) + lim (arctan eb — 1) 


Nie 


a —oo boo 
i f | I x i "m 
-2 —l 1 2 0+ 
4 2 4 


The area of the unbounded region is 


n/2. It 
= See Figure 8.25. 
Figure 8.25 2 j E 


The work required to move a 
15-metric-ton space module 
an unlimited distance away 
from Earth is about 6.985 x 10"! 
foot-pounds. 
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Sending a Space Module into Orbit 


In Example 3 in Section 7.5, you found that it would require 10,000 mile-tons of work 
to propel a 15-metric-ton space module to a height of 800 miles above Earth. How 
much work is required to propel the module an unlimited distance away from Earth’s 
surface? 


Solution At first you might think that an infinite amount of work would be required. 
But if this were the case, it would be impossible to send rockets into outer space. 
Because this has been done, the work required must be finite. You can determine the 
work in the following manner. Using the integral in Example 3, Section 7.5, replace the 
upper bound of 4800 miles by oo and write 


240,000,000 


W = 


4000 x? 
; | di 
= lim | —-— Integrate. 
b> x 4000 
= Üt (- 240,000,000 Ep d 
b> oo b 4000 


= 60,000 mile-tons 


= 6.985 x 10!! foot-pounds. ee eee 


1 metric ton ~ 2205 pounds 


In SI units, using a conversion factor of 
1 foot-pound ~ 1.35582 joules 
the work done is W = 9.47 x 10! joules. au 


Improper Integrals with Infinite Discontinuities 


The second basic type of improper integral is one that has an infinite discontinuity at 
or between the limits of integration. 


Definition of Improper Integrals with Infinite Discontinuities 


1. If f is continuous on the interval [a, b) and has an infinite discontinuity at 
b, then 


f f(x) dx = Jim MS dx. 


2. If f is continuous on the interval (a, b] and has an infinite discontinuity at 
a, then 


b b 
ME dx = im f f(x) dx. 


3. If f is continuous on the interval [a, b], except for some c in (a, b) at which 
f has an infinite discontinuity, then 


E We [ fe) de + Í “fla) de 


In the first two cases, the improper integral converges when the limit exists— 
otherwise, the improper integral diverges. In the third case, the improper 
integral on the left diverges when either of the improper integrals on the right 
diverges. 


Creations/Shutterstock.com 
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2 
: : dx ,. 
The improper integral Í diverges. 
-jX 


Figure 8.26 


EXAMPLE 6 An Improper Integral with an Infinite Discontinuity 


! dx 
Evaluate | —— 
l 3/x 


Solution The integrand has an infinite ?T 
discontinuity at x — 0, as shown in the figure 
at the right. You can evaluate this integral 

as shown below. 


1 j xn 
—1/3 dx= li pce 
E T A P 


DES 5 
= (1 — p2/3 
un 2 Da 


A, 


1T a, 1) 


=- Infinite discontinuity at x = 0 


EXAMPLE 7 An Improper Integral That Diverges 
2 

Evaluate | E 
0 X 


Solution Because the integrand has an infinite discontinuity at x — 0, you can write 


CEP 
o X b> 2x? |; 


Il 
> 
1E 
e 
i 
cR 
| 
o0 |= 
+ 
N 
~ | = 
N 
h Ng 


= OO. 


So, you can conclude that the improper integral diverges. 


DONORS An Improper Integral with an Interior Discontinuity 


2 
Evaluate f n 


3 
-1 X 


Solution This integral is improper because the integrand has an infinite discontinuity at 
the interior point x = 0, as shown in Figure 8.26. So, you can write 


From Example 7, you know that the second integral diverges. So, the original improper 
integral also diverges. a 


Remember to check for infinite discontinuities at interior points as well as at 
endpoints when determining whether an integral is improper. For instance, if you had 
not recognized that the integral in Example 8 was improper, you would have obtained 
the incorrect result 

* dx,- — T 1 1 


= mmo = Incorrect evaluation 
M . 
Xx) uv 2x 


"ua 8 2 8 


B 4 


The area of the unbounded region is it. 
Figure 8.27 


e 


The circumference of the circle is 27. 
Figure 8.28 
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The integral in the next example is improper for two reasons. One limit of 


integration is infinite, and the integrand has an infinite discontinuity at the other limit 
of integration. 


A Doubly Improper Integral 


RET [> See LarsonCalculus.com for an interactive version of this type of example. 


Evaluate i m 
Solution To evaluate this integral, split it at a convenient point (say, x = 1) and write 
r dx 2 dx 2 dx 

0 Jx(x + 1) 0 JS x(x + 1) 1 J x(x + 1) 
jim, E arctan 4| + lim E arctan 4| 


1 
b 


c 
1 


jim, (2 arctan 1 — 2 arctan V b) + lim (2 arctan \/c — 2 arctan 1) 


=(8) 0-8) -A 


= It. 


See Figure 8.27. 


An Application Involving Arc Length 


Use the formula for arc length to show that the circumference of the circle x? + y? = 1 
is 2TI. 


Solution To simplify the work, consider the quarter circle given by y — J1 = xi, 
where 0 < x < 1. The function y is differentiable for any x in this interval except 
x = 1. Therefore, the arc length of the quarter circle is given by the improper integral 


s= | EI 
-[ A le 
Fo dx 


This integral is improper because it has an infinite discontinuity at x — 1. So, you can 


write 
f ! dx 
0 of I= 


= lim | arcsin x 
b1- 


nA 
Il 


b 
0 


= Jim (arcsin b — arcsin 0) 
217 


IL 
75 0 


d 
y 


Finally, multiplying by 4, you can conclude that the circumference of the circle is 
4s = 27, as shown in Figure 8.28. 
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liM FOR FURTHER INFORMATION 
For further investigation of solids 
that have finite volumes and 

infinite surface areas, see the article 
“Supersolids: Solids Having Finite 
Volume and Infinite Surfaces" by 
William P. Love in Mathematics 
Teacher. 'To view this article, go to 
MathArticles.com. 


E FOR FURTHER INFORMATION 
To learn about another function 
that has a finite volume and an 
infinite surface area, see the article 
“Gabriel’s Wedding Cake” by 
Julian F. Fleron in The College 
Mathematics Journal. To view this 
article, go to MathArticles.com. 


Integration Techniques and Improper Integrals 


This section concludes with a useful theorem describing the convergence or 
divergence of a common type of improper integral. The proof of this theorem is left as 
an exercise (see Exercise 49). 


THEOREM 8.7 A Special Type of Improper Integral 


p>il 


1 
* dx a 
| $» x 
! diverges, 


ps1 


E2855 An Application Involving a Solid of Revolution 


The solid formed by revolving (about the x-axis) the unbounded region lying between 
the graph of f(x) = 1/x and the x-axis (x = 1) is called Gabriel’s Horn. (See 
Figure 8.29.) Show that this solid has a finite volume and an infinite surface area. 


Solution Using the disk method and Theorem 8.7, you can determine the volume 


to be 
nf (4) dx 
1 \x 


V Theorem 8.7, p = 2 > 1 


Il 
a 
a ™~ 

N 
| |= 
— 
Pu. 


The surface area is given by 
$m JOE GE de = on z D dx. 
1 1 
Because 
1 
LA 
1 m 1 


on the interval [1, 00), and the improper integral 


f ie 
1 x 


diverges, you can conclude that the improper integral 


[Vive 


also diverges. (See Exercise 52.) So, the surface area is infinite. 


Gabriel’s Horn has a finite volume and an infinite surface area. 
Figure 8.29 | 
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8.8 Improper Integrals 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Improper Integrals Describe two ways for an 
integral to be improper. 


. Improper Integrals What does it mean for an 
improper integral to converge? 


. Indefinite Integration Limits Explain how to 
evaluate an improper integral that has an infinite limit of 
integration. 


. Finding Values For what values of a is each integral 
improper? Explain. 


5 1 i x 
e [oe e [te 


Determining Whether an Integral Is Improper In 
Exercises 5-12, decide whether the integral is improper. 
Explain your reasoning. 


1 2 
TE cs 
ox —3 1x 
1 oo 
2x — 5 3 
1. | t «| In x? dx 
2 oo 
9. Í e dx 10. Í cos x dx 
0 0 


® sinx 
11. iz g% 


[s] Evaluating an 
$ 


23 
ai 


n/4 
12. Í csc x dx 
0 


Improper Integral In 
Exercises 13-16, explain why the integral is 
improper and determine whether it diverges or 
converges. Evaluate the integral if it converges. 


41 

3. [a 
o vx 
y 


Y 
E 


x =r 


Y 


Evaluating an Improper Integral In 
Exercises 17-32, determine whether the improper 
integral diverges or converges. Evaluate the 
integral if it converges. 


=] =i 
17. y E dx 18. Í G-I} dx 
19. — dx 20. — dx 
oo 0 
24. Í e” dx 22. Í xe ^ dx 
0 —oo 
23. Í xe ™ dx 24. Í e * cos x dx 
0 0 
P In x 
25. ——~ 26. — d. 
Í x(In x)’ N i Í y 
27. n: on™ 28. , (2 + 12 dx 
2 cd © e 
29. i NN dx 30. Í Er dx 


1 
1 
s. f 


2 
35. 
Í ix-—1 
1 
37. [vince 
0 


1/2 
39. i tan 8 dO 


E 
32, [sin Sa 


Evaluating an Improper Integral In Exercises 
33-48, determine whether the improper integral 
diverges or converges. Evaluate the integral if it 
converges, and check your results with the results 
obtained by using the integration capabilities of a 
graphing utility. 


5 
dx 34. N i 
ook 
1 *03 
dx 36. dx 
0 /8 -x 


1/2 
40. Í sec 0 dO 
0 


4 6 
2 1 
41. | ————— dx 42. | ————dx 
lee —4 3 V36 — x? 
5 
43. [Re 
3J/x—9 
3-4 
44. | ze 


45 -= 
h x/x3b-9 


po Qucm 
46. | X 
4 


47. l eee +6 dx 


oo 


48. 


1 
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Finding Values In Exercises 49 and 50, determine all 


values of p for which the improper integral converges. 
oo 

49. (3 E dx 

50. [3 — dx 


51. Mathematical Induction Use mathematical induction 
to verify that the following integral converges for any positive 
integer n. 


oo 
Í x'"e * dx 
0 


52. Comparison Test for Improper Integrals In some 
cases, it is impossible to find the exact value of an improper 
integral, but it is important to determine whether the integral 
converges or diverges. Suppose the functions f and g are 
continuous and 0 < g(x) < f(x) on the interval [a, oo). It can 
be shown that if f7^ f(x) dx converges, then J” g(x) dx also 
converges, and if f° g(x) dx diverges, then f; f(x) dx also 
diverges. This is known as the Comparison Test for improper 
integrals. 


(a) Use the Comparison Test to determine whether f, "i e^* dx 
converges or diverges. (Hint: Use the fact thate ^ < e^* 
for x 2 1.) 


(b) Use the Comparison Test to determine whether 


"od 
Í zy% converges or diverges. (Hint: Use the fact 
1 


1 
that ——— ea < Sforx = 1) 


Convergence or Divergence In Exercises 53-60, use the 
results of Exercises 49-52 to determine whether the improper 
integral converges or diverges. 


1 
53. | ax 54. [3 la 


e x*e^* dx 
1 


EXPLORING CONCEPTS 


[| 


61. Improper Integral Explain wy | Zax # 0. 


-1 
62. Improper Integral Consider the integral 


3 
“10 
E = 2, 4* 


To determine the convergence or divergence of the 
integral, how many improper integrals must be analyzed? 
What must be true of each of these integrals for the given 
integral to converge? 
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ELI Area In Exercises 63-66, find the area of the 
x is 3 unbounded shaded region. 


63. y — ie D” 64. y = —Inx 


—ooc«xs-l] y 


66. Witch of Agnesi: 


1 8 
» S 
7 23r1 "x-€4 
y y 
A A 
a4 6+ 
2+ 4+ 
3~-2 ES 1 2 3 —6 —- man 2 4 6 
—24- 4+ 
3-4 6 + 


Dp Area and Volume In Exercises 67 and 68, 
a JU consider the region satisfying the inequalities. 
jos (a) Find the area of the region. (b) Find the volume 

of the solid generated by revolving the region 
about the x-axis. (c) Find the volume of the solid 
generated by revolving the region about the y-axis. 


67. y S e™, y20,x20 


68. y< y=0 xal 


69. Arc Length Find the arc length of the graph of 
y = J16 — x? over the interval [0, 4]. 
70. Surface Area Find the area of the surface formed by 


revolving the graph of y = 2e-* on the interval [0, 00) about 
the x-axis. 


Propulsion In Exercises 71 and 72, use the weight of the 
rocket to answer each question. (Use 4000 miles as the radius of 
Earth and do not consider the effect of air resistance.) 


(a) How much work is required to propel the rocket an 
unlimited distance away from Earth's surface? 


(b) How far has the rocket traveled when half of the total work 
has occurred? 


71. 5-metric-ton rocket 72. 10-metric-ton rocket 


Probability A nonnegative function f is called a probability 
density function if 


Í f@ dt =1. 

The probability that x lies between a and b is given by 
b 

P(a =x =b) = Í fÀ dt. 


In Exercises 73 and 74, (a) show that the nonnegative function 
is a probability density function, and (b) find P(0 =x =6). 


ge I9, t20 


0, t< 0 


3 = 
sees t20 


73. f(t) = | 74. f(t) = | 


0, t«0 


B 75. Normal Probability The mean height of American men 


between 20 and 29 years old is 69 inches, and the standard 
deviation is 3 inches. A 20- to 29-year-old man is chosen 
at random from the population. The probability that he is 
6 feet tall or taller is 

1 —(x—69)/18 dx. 


sm = x< œ) = | 


[4 
n 3/21 


(Source: National Center for Health Statistics) 


(a) Use a graphing utility to graph the integrand. Use the 
graphing utility to convince yourself that the area between 
the x-axis and the integrand is 1. 


(b) Use a graphing utility to approximate P(72 < x < oo). 


(c) Approximate 0.5 — P(69 < x < 72) using a graphing 
utility. Use the graph in part (a) to explain why this result 
is the same as the answer in part (b). 


HOW DO YOU SEE IT? The graph shows 
the probability density function for a car brand 
that has a mean fuel efficiency of 26 miles per 
gallon and a standard deviation of 2.4 miles 
per gallon. 


Probability 


T n meal pe linger en 
16 18 20 22 24 26 28 30 32 34 36 
Miles per gallon 


Which is greater, the probability of choosing a car 
at random that gets between 26 and 28 miles per 
gallon or the probability of choosing a car at random 
that gets between 22 and 24 miles per gallon? 


(b) Which is greater, the probability of choosing a 
car at random that gets between 20 and 22 miles 
per gallon or the probability of choosing a car at 
random that gets at least 30 miles per gallon? 
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Capitalized Cost In Exercises 77 and 78, find the capitalized 
cost C of an asset (a) for n = 5 years, (b) for n = 10 years, and 
(c) forever. The capitalized cost is given by 


C-C,- Í c(t)e™™ dt 
0 


where C, is the original investment, ¢ is the time in years, r is 
the annual interest rate compounded continuously, and c(t) is 
the annual cost of maintenance. 


77. Co = $700,000 
c(t) = $25,000 
r — 0.06 


78. Cy = $700,000 
c(t) = $25,000(1 + 0.087) 
r = 0.06 


79. Electromagnetic Theory The magnetic potential P at a 
point on the axis of a circular coil is given by 


. 2mNIr [7^ 1 
B k [ (r2 + x2)3/2 dx 


where N, I, r, k, and c are constants. Find P. 


80. Gravitational Force A “semi-infinite” uniform rod 
occupies the nonnegative x-axis. The rod has a linear density 
6, which means that a segment of length dx has a mass of 
O dx. A particle of mass M is located at the point (—a, 0). The 
gravitational force F that the rod exerts on the mass is given by 


. [* GM6 
r= | eae” 


where G is the gravitational constant. Find F. 


True or False? In Exercises 81-86, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


81. If f is continuous on[0, co) and lim f(x) = 0, then Jo. F(x) dx 
converges. in 

82. If f is continuous on [0, oo) and fj f(x) dx diverges, then 
lim f(x) # 0. 


83. If f' is continuous on [0, 00) and lim f(x) = 0, then 


f f'@) dx = —f(0). 


84. If the graph of f is symmetric with respect to the origin or the 
y-axis, then fg f(x) dx converges if and only if 75, f(x) dx 
converges. 


85. Í €** dx converges fora < 0. 
0 

86. If lim f(x) = L, then Í f(x) dx converges. 
x> 0 0 


87. Comparing Integrals 
(a) Show that J^, sin x dx diverges. 
(b) Show that lim J“, sin x dx = 0. 


(c) What do parts (a) and (b) show about the definition of 
improper integrals? 
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Ae 88. Exploration Consider the integral 


m/2 
4 
| ua 
o «1 + (tan x)" 


where n is a positive integer. 


(a) 
(b) 


(c) 
(d) 


Is the integral improper? Explain. 


Use a graphing utility to graph the integrand for n = 2, 4, 
8, and 12. 


Use the graphs to approximate the integral as n — oo. 


Use a computer algebra system to evaluate the integral for 
the values of n in part (b). Make a conjecture about the 
value of the integral for any positive integer n. Compare 
your results with your answer in part (c). 


89. Comparing Integrals Let f be continuous on the interval 
[a, 00). Show that if the improper integral [7 |f(x)| dx 
converges, then the improper integral [7 f(x) dx also 
converges. 


90. Writing 


(a) 


BB o) 


(e) 


The improper integrals 


fin ana [ ia 
1 * 1 X 


diverge and converge, respectively. Describe the essential 
difference between the integrands that cause one integral 
to converge and the other to diverge. 

Use a graphing utility to graph the function y = (sin x)/x 
over the interval (1,00). Use your knowledge of the 
definite integral to make an inference as to whether the 
integral 


sin x 
—— dx 
1 x 


converges. Give reasons for your answer. 


Use one application of integration by parts and the result 
of Exercise 89 to determine the divergence or convergence 
of the integral in part (b). 


Laplace Transforms Let f(t) be a function defined for all 
positive values of t. The Laplace Transform of f (t) is defined by 


F(s) = Í mF) dt 


when the improper integral exists. Laplace Transforms are 
used to solve differential equations. In Exercises 91-98, find 
the Laplace Transform of the function. 


91. f() = 1 92. f() =t 
93. f() =”? 
94. f(t) = e" 


95. f(t) = cos at 
96. f(t) = sin at 
97. f(t) = coshat 
98. f(t) = sinh at 


99. 


100. 


101. 


102. 


103. 


104. 
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The Gamma Function The Gamma Function T(n) is 
defined by 


T(n) -Í x" le*dx, n> 0. 
0 


(a) Find I'(1), (2), and I'(3). 
(b) Use integration by parts to show that T(n + 1) = nF (n). 


(c) Write T(n) using factorial notation where n is a positive 


integer. 
n-1 
Proof Prove that 7, = | ——~ JI, _ ,, where 
n+2 
Do xen 
= ——— > 
IL, p (x2 + 1)"*3 dx, nz]. 
Then evaluate each integral. 
ex UE 2 
ZU c2 d b EI 
9 ern © jen 
(c) ma e 
o G^ + 1) 


Finding a Value For what value of c does the integral 


Í 4 1 0C du 
o wx +1 xc 
converge? Evaluate the integral for this value of c. 


Finding a Value For what value of c does the integral 


um 1 
i FrrmSL 


converge? Evaluate the integral for this value of c. 


Volume Find the volume of the solid generated by revolving 
the region bounded by the graph of f about the x-axis. 


xInx, O<xs2 


fe) = {Finn OS? 


Volume Find the volume of the solid generated by 
revolving the unbounded region lying between y = —Inx 
and the y-axis (y = 0) about the x-axis. 


u-Substitution In Exercises 105 and 106, rewrite the 
improper integral as a proper integral using the given 
u-substitution. Then use the Trapezoidal Rule with n = 5 to 
approximate the integral. 


105. 


106. 


107. 


TS 
Sin x 
— — dx, 
o Vx 


1 
COS X 


ETA 1 == 


im fi 


dX 


dx, u= 


oo 
Rewriting an Integral Let | f(x) dx be convergent 


and let a and b be real numbers where a # b. Show that 


f soa | rode f soa | f (x) dx. 


Review Exercises 


Review Exercises 583 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Using Basic Integration Rules In Exercises 1-8, use the 
basic integration rules to find or evaluate the integral. 


1. fe JX — 27 dx 2. Je dx 


NER £) x 

3. fes ( 4 dx 4. Jä dx 
e 2 

5. Í 2 dx 6. Í 2xV2x — 3 dx 
1 3/2 


2X 
7. | —— dx 8. dx 
| x IE 


Using Integration by Parts In Exercises 9-16, use 
integration by parts to find the indefinite integral. 


9, f el ^* dx 


11. Je sin 3x dx 


10. [rer dx 
12. [rvs — ldx 
14. [ove —4dx 


13. f sec? x dx 


15. f arcsin 2x dx 16. [rcm 2x dx 


Finding a Trigonometric Integral In Exercises 17—26, 
find the trigonometric integral. 
17. E x cos? x dx 18. E x cos? x dx 


19. [cost — lad 20. E Td 


21. oo’ dx 22. fin 0 sec^ 0 40 
2 
23. f tant x? dx 24. = * dx 
sec? x 


1 
26. Jes 26)(sin 8 + cos ©}? dO 


Area In Exercises 27 and 28, find the area of the given 
region. 


27. y = sin^x 28. y — sin 3x cos 2x 
B4 y 
n A 


Using Trigonometric Substitution In Exercises 29-34, 
use trigonometric substitution to find or evaluate the integral. 


ED 2 
29. f L9 h 30. Í Sa 
x2./4 — x? x 
|a 
5i =d 
cee 
EET 
33. | — => ar 
Í J16 + x? 


Using Different Methods In Exercises 35 and 36, find the 
indefinite integral using each method. 


32. Re — 9x? dx 
4 ae 

34. Í BS? — 9 dx 
3 


"S 
35. | ——— — dx 
| V4 + x? 
(a) Trigonometric substitution 


(b) Substitution: u? = 4 + x2 
x 


=r 
JA ++ i 


(c) Integration by parts: dv = 


36. fva +xdx 


(a) Trigonometric substitution 

(b) Substitution: u? = 4 + x 

(c) Substitution: u = 4 + x 

(d) Integration by parts: dv = \/4 + x dx 


Using Partial Fractions In Exercises 37-44, use partial 
fractions to find the indefinite integral. 


x—8 3492 
37. [zie 38. aia. 

x? 2x 4x — 2 
39. EE 40. [eye 

x? e+4 
41. RERUM 42. [athe 


sec? 8 
die aa (e zs gg o | (an O(n — 1) ^^ 


A Using the Trapezoidal Rule and Simpson's Rule In 


Exercises 45-48, approximate the definite integral using the 
Trapezoidal Rule and Simpson’s Rule with n = 4. Compare 
these results with the approximation of the integral using a 
graphing utility. 


47. Jx cos x dx 


0 


T 
48. Í V1 + sin? x dx 
0 
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Integration by Tables In Exercises 49—56, use integration 


tables to find or evaluate the integral. 


X 


J/mn/2 " 
51. Í aa ady 
0 1 + sinx 


x 
50. | — —d 
|= + 5x P 
1 


52. | Ge 
olte* 


3 1 
54. | ————— dx, x >= 
[oss —-i1 3 
1 
28: ji + carne” 


Finding an Indefinite Integral In Exercises 57-64, find 
the indefinite integral using any method. 


X 
m 


Í 1 
. |- dx 
Sin Tix cos Tix 


57. fe sin 0 cos 0 40 5g. [ee ar dx 
J/x 
1/4 
59. [me 60. [i s 


3 + 
61. [ tms 62. [tma 


(2+ 12% 


63. E x In(sin x) dx 64. [i 0 + cos 8)? 40 


Differential Equation In Exercises 65-68, find the general 
solution of the differential equation using any method. 


dy — 25 d J4—-x 
55 dx x2—25 66. de 2x 
67. y' = In(x? + x) 68. y' = J/1 — cos 8 


Evaluating a Definite Integral In Exercises 69-74, 
evaluate the definite integral using any method. Use a graphing 
utility to verify your result. 


[sw Jeux 
69. x(x — 4)3/2 dx 70. | —— ——— dx 
gut 6-36 - 24 


2 
^Inx : 

71. — dx 72. i xe* dx 
1 


x 0 


n 5 
73. X? — 4) sin x dx 74. Í E. dk 
fi ) ov4+x 


Area In Exercises 75 and 76, find the area of the given region 
using any method. 


75. y = x /3 — 2x 76. 


0.5 -+ 


Integration Techniques and Improper Integrals 


Centroid In Exercises 77 and 78, find the centroid of the 
region bounded by the graphs of the equations using any 
method. 


77. y= Vl- x2, y=0 


78. (x - 1} +y =1, (x 


42? +y =4 


Evaluating an Improper Integral In Exercises 79-86, 
determine whether the improper integral diverges or converges. 
Evaluate the integral if it converges. 


16 q 2 
79. —— dx 80. Í dx 

0 Yx o X7 

9n eo e 1/x 
81. x? In x dx 82. ; dx 

1 o * 

7? lnx * 1] 
83. — dx 84. —— dx 

| x? 1 Vx 
85 Í pe T ou 
2 xx? —4 ! 0 J x(x + 4) 


87. Present Value The board of directors of a corporation is 
calculating the price to pay for a business that is forecast to 
yield a continuous flow of profit of $500,000 per year. The 
money will earn a nominal rate of 5% per year compounded 
continuously. The present value of the business for f, years is 


to 


Present value = Í 500,000e 9-05 dt. 


0 
(a) Find the present value of the business for 20 years. 


(b) Find the present value of the business in perpetuity 
(forever). 


88. Volume Find the volume of the solid generated by 
revolving the region bounded by the graphs of y < xe", 
y 2 0, and x 2 0 about the x-axis. 


f 89. Probability The average lengths (from beak to tail) of 


different species of warblers in the eastern United States 
are approximately normally distributed with a mean of 
12.9 centimeters and a standard deviation of 0.95 centimeter 
(see figure). The probability that a randomly selected warbler 
has a length between a and b centimeters is 


b 


1 
0.95. /2T Ja 


Use a graphing utility to approximate the probability that a 
randomly selected warbler has a length of (a) 13 centimeters 
or greater and (b) 15 centimeters or greater. (Source: 
Peterson’s Field Guide: Eastern Birds) 


Pla < x < b) = e~ x- 1299/1.805 dy. 


l | | | - x 


T T T 
9 10 11 12 13 14 15 16 
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See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Wallis’s Formulas 


(a) Evaluate the integrals 
1 1 
Í (1 — x*) dx and Í (1 — x?)? dx. 
-1 -1 


(b) Use Wallis’s Formulas to prove that 


1 
22n * «0? 
2)n —_ 
INC lx Qn + 1)! 


for all positive integers n. 
2. Proof 


(a) Evaluate the integrals 


1 1 
Í Inxdx and Í (In x)? dx. 
0 0 


(b) Prove that 


1 

Í (In x)" dx = (— 1)” n! 
0 

for all positive integers n. 


3. Comparing Methods Let I = f; f(x) dx, where f is 
shown in the figure. Let L(n) and R(n) represent the Riemann 
sums using the left-hand endpoints and right-hand endpoints of 
n subintervals of equal width. (Assume n is even.) Let T(n) and 
S(n) be the corresponding values of the Trapezoidal Rule and 
Simpson's Rule. 


(a) For any n, list L(n), R(n), T(n), and J in increasing order. 
(b) Approximate S(4). 
4. Area Consider the problem of finding the area of the region 
bounded by the x-axis, the line x — 4, and the curve 


x 


Y 9m 
AL (a) Use a graphing utility to graph the region and approximate 
its area. 


(b) Use an appropriate trigonometric substitution to find the 
exact area. 


(c) Use the substitution x = 3 sinh u to find the exact area and 
verify that you obtain the same answer as in part (b). 


5. Area Use the substitution 
m 
u = tan= 
2 


to find the area of the shaded region under the graph of 


1 


ieee ure in 
7 2 + cosx 


for 0 < x < 11/2 (see figure). 


6. Arc Length Find the arc length of the graph of the function 
y = In(1 — x?) on the interval 0 < x < 5 (see figure). 


y 


jk 


Nie 


7. Centroid Find the centroid of the region bounded by the 
x-axis and the curve y = e^, where c is a positive constant 
(see figure). 


(tim: Show zl ec dy = i ex a.) 


0 Cc 


8. Proof Prove the following generalization of the Mean Value 
Theorem. If f is twice differentiable on the closed interval 
[a, b], then 


f(B — f(à = ab - a) Í POE- b) at 
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10. 


11. 


12. 


13. 


Chapter 8 


Inverse Function and Area 


(a) Let y = f !(x) be the inverse function of f. Use integration 
by parts to derive the formula 


[resur - [ras 
(b) Use the formula in part (a) to find the integral 
Í arcsin x dx. 


(c) Use the formula in part (a) to find the area under the graph 
of y = lnx, 1 < x < e (see figure). 


y y 
Á A 
2+ 1 
1+ 
Hx 
1 2 e3 
EM t > X 
l 1 
Figure for 9 Figure for 10 


Area Factor the polynomial p(x) = x^ + 1 and then find 
the area under the graph of 


1 


= ——. < < 1 
VID 0 <x < 1 (see figure). 


y 


Partial Fraction Decomposition Suppose the 
denominator of a rational function can be factored into distinct 
linear factors 


D(x) = (x = eg(x = c): + (x — e) 


for a positive integer n and distinct real numbers cj, 


C5,. . ., C4. If N is a polynomial of degree less than n, show 
that 

N(x) _ Pi i P, L...d P, 

DX) x-ce« x-c "x €, 

where P, = N(c,)/D'(c,) for k = 1,2,. . ., n. Note that this 


is the partial fraction decomposition of N(x)/D(x). 


Partial Fraction Decomposition Use the result of 
Exercise 11 to find the partial fraction decomposition of 


x? — 3x2 + 1 
x4 — 13x2 + 12x 


Evaluating an Integral 


-—- Tt " 
(a) Use the substitution u — 2- x to evaluate the integral 


n/2 
sin x 
-e 
o cosx t sinx 


(b) Let n be a positive integer. Evaluate the integral 


n/2 : 
í sin” x 

oa g amn E 
o COS"x + sin" x 


14. 


15. 


16. 


17. 


18. 


19. 


Integration Techniques and Improper Integrals 


Elementary Functions Some elementary functions, 
such as f(x) = sin(x?), do not have antiderivatives that are 
elementary functions. Joseph Liouville proved that 


e* 
— dx 
x 
does not have an elementary antiderivative. Use this fact to 


prove that 


ES 
lnx 
does not have an elementary antiderivative. 


Rocket The velocity v (in feet per second) of a rocket 
whose initial mass (including fuel) is m is given by 


m 
E 
m — rt r 


v= —gt t uln 
where u is the expulsion speed of the fuel, r is the rate at which 
the fuel is consumed, and g — 32 feet per second per second is 
the acceleration due to gravity. Find the position equation for 
a rocket for which m = 50,000 pounds, u = 12,000 feet per 
second, and r — 400 pounds per second. What is the height of 
the rocket when t = 100 seconds? (Assume that the rocket was 
fired from ground level and is moving straight upward.) 


Proof Suppose that f(a) = f(b) = g(a) = g(b) = 0 and 
the second derivatives of f and g are continuous on the closed 
interval [a, b]. Prove that 


Í f(x)g"(x) dx = Í l f" G)g(x) dx. 


Proof Suppose that f(a) = f(b) =0 and the second 
derivatives of f exist on the closed interval [a, b]. Prove that 


Í (x — a)(x — b)f"(x) dx = 2 f(x) dx. 


Approximating an Integral Using the inequality 
1], 1,1 1 1,1 ,2 
P ox x5 S 3-1 < x ld ^ x5 
for x = 2, approximate i l ii 
= > app 2 an Oe 


Volume Consider the shaded region between the graph 
of y = sin x, where 0 < x < T, and the line y = c, where 
0 < c < 1, as shown in the figure. A solid is formed by 
revolving the region about the line y = c. 


(a) For what value of c does the solid have minimum volume? 


(b) For what value of c does the solid have maximum volume? 


y 
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588 Chapter9 Infinite Series 


9.1 Sequences 


E Write the terms of a sequence. 

liM Determine whether a sequence converges or diverges. 

E Write a formula for the nth term of a sequence. 

li Use properties of monotonic sequences and bounded sequences. 


B Sequences 
Exploration 

Finding Patterns | Describe 
a pattern for each of the 
sequences listed below. Then 
use your description to write 
a formula for the nth term of 
each sequence. As n increases, 
do the terms appear to be 


In mathematics, the word “sequence” is used in much the same way as it is in ordinary 
English. Saying that a collection of objects or events is in sequence usually means that 
the collection is ordered in such a way that it has an identified first member, second 
member, third member, and so on. 

Mathematically, a sequence is defined as a function whose domain is the set 
of positive integers. Although a sequence is a function, it is common to represent 
sequences by subscript notation rather than by the standard function notation. For 
instance, in the sequence 


approaching a limit? Explain 


your reasoning. 1, 2; 3, 4, Er n, "A 
ie hail il Sequence 
a. ls 5575 Bo ig c xoc | | | | | | | 
iad i 
b. 1, 2> 6 24> 1207: ° * a, d, 05; a4; z ay 
2 lj 9 oon li d onto a,, 2 i d ont d Th b 
b IMS 25 Go TP oo 9 3 is mapped onto a,, 2 is mapped onto a,, and so on. The numbers 
d, 05, 04, . . dee 


o eee e gos «o 


are the terms of the sequence. The number a, is the nth term of the sequence, and the 
entire sequence is denoted by {a,,}. Occasionally, it is convenient to begin a sequence 
with a, so that the terms of the sequence become dg, 44, dy, 43,. . .,a,,. . . and the 
domain is the set of nonnegative integers. 


EXAMPLE 1 Writing the Terms of a Sequence 


a. The terms of the sequence {a,} = {3 + (— 1)") are 
3 + (—1), 3 + (~1}, 3 + (1), 3 + (515... 


2, 4, 2, 4, 
b. The terms of the sequence {b,} = { i k 7 | are 
— 2n 
1 2 3 4 
1-2-*1 1-2*2'1-2*:3 1-2*:4 "^ 
qa 2 3 4 
$ 3 5’ 7 
Some sequences " 
are defined recursively. To c. The terms of the sequence {c,,} = { — | are 
define a sequence recursively, an 
you need to be given one or 12 22 32 42 
more of the first few terms. All Wop Po pB pwmeepor 
other terms of the sequence are 
f : . 1 4 9 16 
then defined using previous ; ; : : 
1 3 7 15 


terms, as shown in Example 1(d). 
coe d. The terms of the recursively defined sequence {d}, whered, = 25andd,,, = d, — 5, 
are 


25, 29-5=20, 20-5=15, 15-5=10,.... a 


Y= uy 
e. 
e. 
e 
. LJ 
L +E pm oan EAA qM 
L pe ecn 
DO A 
t+—+++++-+++++4> a 
123456 M 


For n > M, the terms of the sequence 
all lie within € units of L. 
Figure 9.1 


The converse of 
Theorem 9.1 is not true (see 
Exercise 82). 
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Limit of a Sequence 


The primary focus of this chapter concerns sequences whose terms approach limiting 
values. Such sequences are said to converge. For instance, the sequence (1/2") 


111 1 1 


converges to 0, as indicated in the next definition. 


Definition of the Limit of a Sequence 


Let L be a real number. The limit of a sequence (a, is L, written as 


lim a, = L 


n> co 
if for each e > 0, there exists M > 0 such that |a, — L| < e whenever n > M. 
If the limit L of a sequence exists, then the sequence converges to L. If the 
limit of a sequence does not exist, then the sequence diverges. 


Graphically, this definition says that eventually (for n > M and e > 0), the terms 
of a sequence that converges to L will lie within the band between the lines y = L + € 
and y = L — e, as shown in Figure 9.1. 

If a sequence {a,} agrees with a function f at every positive integer, and if f(x) 
approaches a limit L as x — oC, then the sequence must converge to the same limit L. 


V, 


EM 9.1 Limit of a Sequence 
Let L be a real number. Let f be a function of a real variable such that 
lim f (x) = L. 
If {a,,} is a sequence such that f(n) = a, for every positive integer n, then 


lim a, — L. 


noo 


Finding the Limit of a Sequence 


1 n 
Find the limit of the sequence whose nth term is a, = (1 + 1) : 
n 


Solution In Example 5, Section 5.6, you learned that 


1\~ 
lim (1 + 1) =e. 
xX CO X 


So, you can apply Theorem 9.1 to conclude that 


lim a, = lim (1 + 1) =e. F| 


noo noo n 


There are different ways in which a sequence can fail to have a limit. One way is 
that the terms of the sequence increase without bound or decrease without bound. These 
cases are written symbolically, as shown below. 

Terms increase without bound: lim a, — oo 


noo 


Terms decrease without bound: lim a, = —oo 


nooco 
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Usea 
graphing utility to graph the 
function in Example 4. Notice 
that as x approaches infinity, 
the value of the function gets 
closer and closer to 0. If you 
have access to a graphing utility 
that can generate terms of 
a sequence, try using it to 
calculate the first 20 terms of 
the sequence in Example 4. 
Then view the terms to observe 
numerically that the sequence 
converges to 0. 


Infinite Series 


The properties of limits of sequences listed in the next theorem parallel those given 
for limits of functions of a real variable in Section 1.3. 


Properties of Limits of Sequences 
Let lim a, = Land lim b, = K. 


n> co n> co 
1. Scalar multiple: lim (ca,) = cL, c is any real number. 
n> co 
2. Sum or difference: lim (a, + bj) = L +K 
noo 


3. Product: lim (a,b,) = LK 


a 
4. Quotient: lim » E E b, # Oand K #0 


EXAMPLE 3 Determining Convergence or Divergence 


x38 [> See LarsonCalculus.com for an interactive version of this type of example. 
a. Because the sequence {a,} = {3 + (— 1)" has terms 

2,4,2,4,... See Example 1(a). 
that alternate between 2 and 4, the limit 


lim a,, 
n> oo 


does not exist. So, the sequence diverges. 


b. For {b,} = { 1 : 2 l, divide the numerator and denominator by n to obtain 
— 2n 
lim —“— = lim : aioe Bes Exempli Mb 
nooco] — 2n noo (1/n) — 2 2 ee Example 1(b). 


which implies that the sequence converges to -i 


EXAMPLE 4 Using L'Hópital's Rule to Determine Convergence 


2 


: n 
Show that the sequence whose nth term is a, = zn — | COnverges. 


Solution Consider the function of a real variable 


2 


A 79m. 


F(x) 


Applying L’ H6pital’s Rule twice produces 


2 


lim = lim —~— = lim = 

x00 2* — 1 Xx 00 (In 2)2* x> 00 (In 2)22* 

Because f(n) = a, for every positive integer n, you can apply Theorem 9.1 to conclude 
that 


lim —— = 0. 


n2co2" — 1 


See Example 1(c). 


So, the sequence converges to 0. | 


st ad X 
l 
—-1.0 4- . 
-1.5 4- 
For n = 4, (— 1)"/n! is squeezed 


between — 1/2" and 1/2". 
Figure 9.2 
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The symbol n! (read “n factorial") is used to simplify some of the formulas 
developed in this chapter. Let n be a positive integer; then n factorial is defined as 
n|1-1*2-*3-*4---(n— l)*n. 


As a special case, zero factorial is defined as 0! — 1. From this definition, you can see 
that 1! — 1, 2! 1*:222,31—1*2-*3- 6,and soon. Factorials follow the same 
conventions for order of operations as exponents. That is, just as 2x? and (2x)? imply 
different orders of operations, 21! and (2)! imply the orders 


2n! = An) = 2(1-2* 3-4. - - n) 


and 
(2n! 21*2*3*4- - -n* (n - 1): : -2n 


respectively. 
Another useful limit theorem that can be rewritten for sequences is the Squeeze 
Theorem from Section 1.3. 


Squeeze Theorem for Sequences | 


If lim a, = L= lim b, and there exists an integer N such that a, S c, S b, 


noo nooo 


noo 


for all n > N, then lim c, = L. | 
| 


EXAMPLE 5 Using the Squeeze Theorem 
1 pP 
Show that the sequence {c,} = |(— I)" — | converges, and find its limit. 
n! 
Solution To apply the Squeeze Theorem, you must find two convergent sequences 
that can be related to {c,,}. Two possibilities are a, = — 1/2" and b, = 1/2", both of 
which converge to 0. By comparing the term n! with 2", you can see that 


n|—-1*2*3*4*5*6--n—24*5*6- n (n = 4) 
———— 
n — 4 factors 
and 
^ne202425242*2-52216*242- «2, (n = 4) 
eee 


n — 4 factors 


This implies that for n 2 4, 2" < n!, and you have 


-1 Lod 
< (-—])? — < — > 
p Ua ge nc 


as shown in Figure 9.2. So, by the Squeeze Theorem, it follows that 


li (cde eq wl 


noo n! 


Example 5 suggests something about the rate at which n! increases as n — oO. As 
Figure 9.2 suggests, both 1/2" and 1/n! approach 0 as n oo. Yet 1/n! approaches 0 
so much faster than 1/2" does that 
/n! 2" 


pa 1/2” E am, n! i 9 


In fact, it can be shown that for any fixed number k, lim (Kk"/n!) = 0. This means that 


the factorial function grows faster than any exponential function. 
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Infinite Series 


In Example 5, the sequence 1c,; has both positive and negative terms. For this 
sequence, it happens that the sequence of absolute values, 1|c, |], also converges to 0. 
You can show this by the Squeeze Theorem using the inequality 

1 


< — < — > 
ur Bom 


In such cases, it is often convenient to consider the sequence of absolute values and 
then apply Theorem 9.4, which states that if the absolute value sequence converges to 
0, then the original signed sequence also converges to 0. 


THEOREM 9.4 Absolute Value Theorem 
For the sequence {a,}, if Place) 
. = " = Ta A 7 : 
lim la,| =0 then lim a, — 0. EISE 


Proof Consider the two sequences {|a,|} and {—|a,|}. Because both of these 
sequences converge to 0 and 


lanl s a, = |a, 


you can use the Squeeze Theorem to conclude that (a,) converges to 0. a 


Pattern Recognition for Sequences 


Sometimes the terms of a sequence are generated by some rule that does not explicitly 
identify the nth term of the sequence. In such cases, you may be required to discover 
a pattern in the sequence and to describe the nth term. Once the nth term has been 
specified, you can investigate the convergence or divergence of the sequence. 


Finding the nth Term of a Sequence 


Find a sequence {a,,} whose first five terms are 


EE 7? 9" 7 
and then determine whether the sequence you have chosen converges or diverges. 


Solution First, note that the numerators are successive powers of 2, and the 
denominators form the sequence of positive odd integers. By comparing a, with n, you 
have the following pattern. 

21 22 23 24 25 2n 

1'3'5'7'9'  ^"""2n- Y "^ 


Consider the function of a real variable f(x) = 2*/(2x — 1). Applying L'Hópital's 
Rule produces 
2 2*(In 2) 


oe os 
oi Cab 3 


Next, apply Theorem 9.1 to conclude that 


lim S PNE oo 
noo 2n = 1 ` 


So, the sequence diverges. a 
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Without a specific rule for generating the terms of a sequence or some knowledge 
of the context in which the terms of the sequence are obtained, it is not possible to 
determine the convergence or divergence of the sequence merely from its first several 
terms. For instance, although the first three terms of the following four sequences are 
identical, the first two sequences converge to 0, the third sequence converges to L and 
the fourth sequence diverges. 


111 1 1 
(pp; 
Hol A E os > jn 
UU «ID WW "(n + D(? — n+ 6) 
iie 11 7 m — 3n+3 
nE DP P g Bo HE ossa ee 
111 —n(n + 1)(n — 4) 
WE a or a c rm» 


The process of determining an nth term from the pattern observed in the first several 
terms of a sequence is an example of inductive reasoning. 


Finding the nth Term of a Sequence 


Determine the nth term for a sequence whose first five terms are 


.28 2680 242 


l2 6’ 24 120° °° 


and then decide whether the sequence converges or diverges. 
Solution Note that the numerators are | less than 3”. 

3—1-22 3-1=8 33-1=26 34-1=80 3>—1= 242 
So, you can reason that the numerators are given by the rule 

3" = ]. 


Factoring the denominators produces 


1-21 
2=1:2 
6=1°-2-3 


24=1°2+3+4 
and 
12021*2*3*4*5. 


This suggests that the denominators are represented by n!. Finally, because the signs 
alternate, you can write the nth term as 


a, = (-1)" (= = 3! 


n! 


From the discussion about the growth of n! on the bottom of page 591, it follows that 


lisi fa esi es 


noo noo n: 


0. 


Applying Theorem 9.4, you can conclude that 


lim a, — 0. 


nooco 


So, the sequence {a,} converges to 0. a 
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t I t Hn 
1 2 3 4 
(a) Not monotonic 
bn 
A 
4 + 
3 = 
2 ie 
PREX 
æ 7 b 
it eb 5 * 
bi ^ 
t } } |n 
1 2 3 4 
(b) Monotonic 
Cn 
A 
4 e 
3 REOS 
2 EU 
—— — -. 
1+ e ics C3 C3 . 
€1 C4 
— t+ FT n 
1 2 3 4 


(c) Not monotonic 


Figure 9.3 


Monotonic Sequences and Bounded Sequences 


So far, you have determined the convergence of a sequence by finding its limit. Even 
when you cannot determine the limit of a particular sequence, it still may be useful to 
know whether the sequence converges. Theorem 9.5 (on the next page) provides a test 
for convergence of sequences without determining the limit. First, some preliminary 
definitions are given. 


Definition of Monotonic Sequence 


A sequence {a,,} is monotonic when its terms are nondecreasing 


< «x XT unes 
d, = 4, = a, n 


or when its terms are nonincreasing 


> > SN ee ME 
a, = 05 = a, 


EXAMPLE 8 Determining Whether a Sequence Is Monotonic 


Determine whether each sequence having the given nth term is monotonic. 


a. a, — 3+ (-1)" 
2 
b. b,=—— 
1n 
c TE: 
" C, 2n 1 
Solution 


a. This sequence alternates between 2 and 4. So, it is not monotonic. 


b. This sequence is monotonic because each successive term is greater than its 
predecessor. To see this, compare the terms b, and b, , ,. [Note that, because n is 
positive, you can multiply each side of the inequality by (1 + n) and (2 + n) 
without reversing the inequality sign.] 


2n ? Ant+1 
hens pepe e 
On(2 +n) & (1 + n)On + 2) 
ird 589 4n + 2m 
0<2 


Starting with the final inequality, which is valid, you can reverse the steps to 
conclude that the original inequality is also valid. 


c. This sequence is not monotonic because the second term is greater than both the 
first term and the third term. (Note that when you drop the first term, the remaining 
sequence c5, C3, C4, . . . is monotonic.) 


Figure 9.3 graphically illustrates these three sequences. au 


In Example 8(b), another way to see that the sequence is monotonic is to argue that 
the derivative of the corresponding differentiable function 


fi) = 


+x 


is positive for all x. This implies that f is increasing, which in turn implies that {b,} is 
increasing. 


4-4 
3-4 
L [iss E etus et ere ee area eter en b 
E i 
2+ a 5 
-a4 4 
“oe 3 
7d, 
17 r 
a, a Sa SaS: 
i } ji i 
T T T T 
1 2 3 4 


Every bounded, nondecreasing 
sequence converges. 
Figure 9.4 
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Definition of Bounded Sequence 


1. A sequence {a,} is bounded above when there is a real number M such that 
a, € M for all n. The number M is called an upper bound of the sequence. 


2. A sequence {a,} is bounded below when there is a real number N such that 
N < a, for all n. The number N is called a lower bound of the sequence. 


3. A sequence (a,) is bounded when it is bounded above and bounded below. 


Note that all three sequences in Example 8 (and shown in Figure 9.3) are bounded. 
To see this, note that 


4 
2524,54, 155,52, md 0sce, 5 


One important property of the real numbers is that they are complete. Informally, 
this means that there are no holes or gaps on the real number line. (The set of rational 
numbers does not have the completeness property.) The completeness axiom for real 
numbers can be used to conclude that if a sequence has an upper bound, then it must 
have a least upper bound (an upper bound that is less than all other upper bounds for 
the sequence). For example, the least upper bound of the sequence {a,,} = {n/(n + 1)}, 


1234 n 
234 5 ""nctl' 


is 1. The completeness axiom is used in the proof of Theorem 9.5. 


THEOREM 9.5 Bounded Monotonic Sequences DI 
: ; t mrt 

If a sequence {a,,} is bounded and monotonic, then it converges. HE Eu 
36578 


Proof Assume that the sequence is nondecreasing, as shown in Figure 9.4. For the 
sake of simplicity, also assume that each term in the sequence is positive. Because the 
sequence is bounded, there must exist an upper bound M such that 


asa SaS Sa, SoS M. 


From the completeness axiom, it follows that there is a least upper bound L such that 


aSa 2G Ss Sa, Sees SL, 


For € > 0, it follows that L — € < L, and therefore L — e cannot be an upper bound 
for the sequence. Consequently, at least one term of (a, is greater than L — e. That is, 
L — e < ay for some positive integer N. Because the terms of [a,) are nondecreasing, 
itfollowsthatay S a,forn > N. YounowknowthatL - e < ay Sa, S L«L-e, 
for every n > N. It follows that |a, — L| < e for n > N, which by definition means 
that {a,} converges to L. The proof for a nonincreasing sequence is similar (see 
Exercise 89). | 


EXAMPLE 9 Bounded and Monotonic Sequences 


a. The sequence {a,} = {1/n} is both bounded and monotonic. So, by Theorem 9.5, it 
must converge. 


b. The divergent sequence {b,} = {n?/(n + 1)} is monotonic but not bounded. (It is 
bounded below.) 


c. The divergent sequence {c,,} = {(— 1)”} is bounded but not monotonic. ai 
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9.1 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Recursively Defined Sequence What does it 
mean for a sequence to be defined recursively? 


. Properties of Limits of Sequences What is the 
value of L? 


lim a, = L, lim b,— 8, and lim (a,b,) = 24 
noo 


noo noo 


. Rate of Increase Which function grows faster as n 
approaches infinity? Explain. 


fm-T g(n) = (n — 1)! 


. Bounded Monotonic Sequences A sequence {a,} 
is bounded below and nonincreasing. Does {a,,} converge 
or diverge? Use a graph to support your conclusion. 


"fru Exercises 5-10, write the first five terms of the 


he rw 


ole, t sequence with the given nth term. 


2 n 
5. = 3" 6. —-|-- 
a, a, ( 2) 
. nt |. 3n 
7. a, = sin, 8.4, = a 
2 2 1 
9, a, = (- yen(?) 10. a, = 2+ P = d 


Writing the Terms of a Sequence In Exercises 11 and 
12, write the first five terms of the recursively defined sequence. 


11. a, = 3,a,,, = 2(a, — 1) 12. a, = 6, a,,, = 4a? 


Matching In Exercises 13-16, match the sequence with the 
given nth term with its graph. [The graphs are labeled (a), (b), 
(c), and (d).] 


(a) 


a 
= 


(b) "n 


ja 
© 
= 


N RO œ 
TERE 
e. 
toh 
Te 
| i 


(d) an 


=> 
e 
<æ 
E 
o 
N 
=g 
> 


N F&F nD o 


13. a, = 14. a, = 


= 
n 
& 
ll 
— 
| 
= 
— 
= 
=" 
n 
a 
= 
| 


Simplifying Factorials In Exercises 17-20, simplify the 
ratio of factorials. 


(n + 1)! (3n + 1)! 

1n. er 18. S 
n! (4n + 1)! 

m (n — 3)! 2p (4n + 3)! 


Finding the Limit of a Sequence In Exercises 
21-24, find the limit of the sequence with the given 
nth term. 


ca 22, 4,=6+— 
n n 
2n 
23. a, = ———— 24. a, = cos - 
"o /m-cl i 


[s]^ je Writing the Terms of a Sequence In Bj Finding the Limit of a Sequence In Exercises 25-28, use 


a graphing utility to graph the first 10 terms of the sequence with 
the given nth term. Use the graph to make an inference about the 
convergence or divergence of the sequence. Verify your inference 
analytically and, if the sequence converges, find its limit. 


4n + 1 1 
25. a, = ——— 26. a, = = 
a, n 6 a), n3/2 
nit 1 
27. a, = sin — 28.a =2- 
a, = sin 8. a, re 


OF AO Determining Convergence or Divergence 

CEN ty In Exercises 29-44, determine the convergence or 

n divergence of the sequence with the given nth term. 
some" If the sequence converges, find its limit. 


5 1 
29. a, = 72 30. 4, =n — = 
31. a, = co ) A gee ow 
TR nal CUR n? 
+ 3 
Bina wn Scns” 
4n incl 
. In(m)) _ eh 
35. a, — n 36. a, — F 
t 1)! = 2)! 
mas EN 384 0579) 
n! n! 
P 
39. a=, p>0 40. eee 
e n 
41. a, = 2!” 42. a, = —37" 
43. a, = sin n Mus cos 2n 
n 3" 


[n] [s] Finding the nth Term of a Sequence In 

Shere, Exercises 45-52, write an expression for the nth 

oles t term of the sequence and then determine whether 

-*=— -1 the sequence you have chosen converges or diverges. 
(There is more than one correct answer.) 


45. 2,8, 14, 20,. .. 
47. -2,1,6,13,22;. . . 


2345 
49.1 535 9 
50. 2, 24, 720, 40,320, 3,628,800, . . . 
51. 2,1 +4 1+41+414+4... 


1 2 3 4 
2-334445 5-607 77 


ml 
ane 


52 


Monotonic and Bounded Sequences In 
Exercises 53-60, determine whether the sequence 
with the given nth term is monotonic and whether 
it is bounded. Use a graphing utility to confirm 
your results. 


1 3n 
53. a,-4— 54. a, = 52 
= 2)" 
55. a, = ne"? 56. a, = (-3) 
2 n 3 n 
57. a, = (2) 58. a, = (3) 
59. a, = sin mi 60. a, = mE 
6 n 


Bis Using a Theorem In Exercises 61-64, (a) use Theorem 9.5 


to show that the sequence with the given mth term converges 
and (b) use a graphing utility to graph the first 10 terms of the 
sequence and find its limit. 


65. Compound Interest 
nth term is given by 


r n 
= + — 
A, (1 : | 


where P is the principal, A, is the account balance after 
n months, and r is the interest rate compounded annually. 


Consider the sequence {A,,} whose 


(a) Is (A,) a convergent sequence? Explain. 


(b) Find the first 10 terms of the 
P = $10,000 and r = 0.055. 


66. Compound Interest A deposit of $100 is made in an 
account at the beginning of each month at an annual interest 
rate of 3% compounded monthly. The balance in the account 
after n months is A, — 100(401)[(1.0025)" — 1]. 


sequence when 


(a) Compute the first six terms of the sequence {A,}. 


(b) Find the balance in the account after 5 years by computing 
the 60th term of the sequence. 


(c) Find the balance in the account after 20 years by 
computing the 240th term of the sequence. 


67. Inflation When the rate of inflation is 43% per year and the 
average price of a car is currently $25,000, the average price 
after n years is P, = $25,000(1.045)". Compute the average 
prices for the next 5 years. 


ZRyzner/Shutterstock.com 
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* 68. Government Expenditurese e e e ee eooo 


A government program that currently costs taxpayers 
$4.5 billion per year is cut back by 6% per year. 


(a) Write an expression 
for the amount 
budgeted for this 
program after 
n years. 


(b) Compute the 
budgets for the 
first 4 years. 


(c) Determine the M 
convergence or divergence of the sequence of reduced ° 
budgets. If the sequence converges, find its limit. s 

e 
. 


EXPLORING CONCEPTS 
69. Writing a Sequence Give an example of a sequence 
satisfying the condition. 


(a) A monotonically increasing sequence that converges 
to 10 


(b) A sequence that converges to i 


. Writing a Sequence Give an example of a bounded 
sequence that has a limit and an example of a bounded 
sequence that does not have a limit. 


. Monotonic Sequence Let {a,} be a monotonic 
sequence such that a, < 1. Discuss the convergence of 
{a,,}. When {a,,} converges, what can you conclude about 
its limit? 


72. 5 HOW DO YOU SEE IT? The graphs of 
two sequences are shown in the figures. Which 
graph represents the sequence with alternating 
signs? Explain. 


an 
A 
2+ o 


73. Using a Sequence Compute the first six terms of the 
sequence (a,) = {a/n}. If the sequence converges, find its limit. 


74. Using a Sequence Compute the first six terms of the 
sequence 


ge [ja z 


n 


If the sequence converges, find its limit. 
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. Proof Prove that if {s,} converges to L and L > 0, then 


there exists a number N such that s, > 0 forn > N. 


76. Population e «««*«eeeeeeccceccccc 


The populations a, (in millions) of Zimbabwe from 2000 
through 2015 are given below as ordered pairs of the form 
(n, a,), where n represents the year, with n — 0 
corresponding to 2000. (Source: U.S. Census Bureau) 


(0, 11.8), (1, 11.9), 
(2, 11.9), (3, 11.8), 
(4, 11.7), (5, 11.6), 
(6, 11.5), (7, 11.4), 
(8, 11.4), (9, 11.4), 
(10, 11.7), (11, 12.1), 
(12, 12.6), (13, 13.2), 
(14, 13.8), (15, 14.2) 


(a) Use the regression capabilities of a graphing utility to 
fb find a model of the form 
dn? + 


a, = bn* + cn? 4 


en+f,n=0,1,...,15 
for the data. Use the graphing utility to plot the points 
and graph the model. 


(b) Use the model to predict the population of Zimbabwe 
in 2020. 


True or False? In Exercises 77-80, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


77. Sequences that diverge approach either oo or — oo. 
78. If (a,) converges, then lim (a, — a,4,) = 0. 
n> oo 


79. 
80. 


81. 


82. 


83. 


If (a,) converges, then (a, /n) converges to 0. 

If (a,) diverges and {b,,} diverges, then (a, + b,) diverges. 
Fibonacci Sequence Ina study of the progeny of rabbits, 
Fibonacci (ca. 1170-ca. 1240) encountered the sequence now 


bearing his name. The sequence is defined recursively as 
4,452 = a, + 4,41, Where a, = landa, = 1. 


(a) Write the first 12 terms of the sequence. 
(b) Write the first 10 terms of the sequence defined by 


b= a nz]. 
n à, , 
(c) Using the definition in part (b), show that b, = 1 + b : 
n-l 
(d) The golden ratio p can be defined by lim b, = p. Show 


noo 


that p = 1 + (1/p) and solve this equation for p. 


Using a Theorem Show that the converse of Theorem 9.1 
is not true. [Hint: Find a function f(x) such that f(n) — a, 
converges, but lim f(x) does not exist.] 

x9oo 


Using a Sequence Consider the sequence 


J2, 2 4 a. 2d o9 JO... uu 


(a) Compute the first five terms of this sequence. 


(b) Write a recursion formula for a,, for n = 2. 


n^ 


(c) Find lim a,. 


Matt Mawson/Corbis 


84. 


85. 


86. 


87. 


88. 


89. 


Using a Sequence Consider the sequence {a,}, where 
a, = Vk,a,,, = Vk * a, and k > 0. 
(a) Show that [a,) is increasing and bounded. 
(b) Prove that lim a, exists. 
nooco 

(c) Find lim a,. 

no2oo 
Squeeze Theorem 
(a) Show that f? In x dx < In(n!) for n = 2. 


T pex 


123 4 == n 


(b) Draw a graph similar to the one above that shows 


ntl 


In(n!) < f! In x dx. 


(c) Use the results of parts (a) and (b) to show that 


n i (n + 1)! 
gi «nix on 


,forn > 1. 


(d) Use the Squeeze Theorem for Sequences and the result of 
part (c) to show that lim (e/n!/n) = l/e. 
(e) Test the result of part (d) for n = 20, 50, and 100. 


Proof Prove, using the definition of the limit of a sequence, 
that 


Proof Prove, using the definition of the limit of a sequence, 
that lim z” = Ofor-1 <r< 1. 


noo 


Using a Sequence Find a divergent sequence (a,) such 
that (a5, converges. 


Proof Prove Theorem 9.5 for a nonincreasing sequence. 


PUTNAM EXAM CHALLENGE 


90. Let {x,}, n = 0, be a sequence of nonzero real numbers 


such that x? — x, ,x,,,—71 for n=1,2,3,.... 
Prove there exists a real number a such that 
X441 = ax, — x, 4 forall n 2 1. 


. Let T, = 2, T, = 3, T, = 6, and for n 2 3, 


T, = (n + 4)T,.., > AnT, 5 + (4n = 8)T, 3. 


The first few terms are 
2, 3, 6, 14, 40, 152, 784, 5168, 40576. 


Find, with proof, a formula for T, of the form 
T, =A, + B,, where {A,} and {B,} are well-known 


sequences. 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 
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9.2 Series and Convergence 


As you study 
this chapter, it is important to 
distinguish between an infinite 
series and a sequence. A 
sequence is an ordered 
collection of numbers 


Ay, 05,03, . «d > 


n 


whereas a series is an infinite 
sum of terms from a sequence 


a,ta,ta,t-:--cta,t-:-- 


INFINITE SERIES 


The study of infinite series was 
considered a novelty in the 
fourteenth century. Logician 
Richard Suiseth, whose 
nickname was Calculator, 
solved this problem. 


If throughout the first half of 
a given time interval a variation 
continues at a certain intensity, 
throughout the next quarter 
of the interval at double the 
intensity, throughout the following 
eighth at triple the intensity and 
so ad infinitum, then the average 
intensity for the whole interval will 
be the intensity of the variation 
during the second subinterval 
(or double the intensity). 
This is the same as saying that 
the sum of the infinite series 


liM Understand the definition of a convergent infinite series. 
E Use properties of infinite geometric series. 
liM Use the nth-Term Test for Divergence of an infinite series. 


Infinite Series 


One important application of infinite sequences is in representing "infinite summations." 
Informally, if (a, is an infinite sequence, then 


lee} 
Na cgi $a, Pant: 


n=1 


yep nes 


Infinite series 


is an infinite series (or simply a series). The numbers a,, a5, a}, and so on are the terms 
of the series. For some series, it is convenient to begin the index at n = 0 (or some 
other integer). As a typesetting convention, it is common to represent an infinite series 
as X a,. In such cases, the starting value for the index must be taken from the context 
of the statement. 

To find the sum of an infinite series, consider the sequence of partial sums listed 
below. 


S,=a,+a, 

S, =a + a + a 

S, =a ta, +a + a, 

S; =a; + a, + a; + a, + a; 


=a ta +a, tatas t: +a, 


If this sequence of partial sums converges, then the series is said to converge and has 
the sum indicated in the next definition. 


Definitions of Convergent and Divergent Series 


oo 
For the infinite series x a,, the nth partial sum is 
n=1 


S,=ata,t+--: 


H 


-+a 


n’ 
oo 


If the sequence of partial sums {S,} converges to S, then the series » 
converges. The limit S is called the sum of the series. nz 


s= Y a, 


n=1 


n 


S-ayta,t---cta,t-:-- 


If {S,,} diverges, then the series diverges. 


As you study this chapter, you will see that there are two basic questions involving 
infinite series. 


* Does a series converge or does it diverge? 


* When a series converges, what is its sum? 


These questions are not always easy to answer, especially the second one. 
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> 


a 


PI 


Y 


m 1 


»1 


You can determine the partial sums of 
the series in Example 1(a) geometrically 
using this figure. 

Figure 9.5 


liM FOR FURTHER INFORMATION 
To learn more about the partial 
sums of infinite series, see the 
article "Six Ways to Sum a Series' 
by Dan Kalman in The College 
Mathematics Journal. To view this 
article, go to MathArticles.com. 


^ 


EXAMPLE 1 Convergent and Divergent Series 


a. The series 


c. 


has the partial sums listed below. 


1 
8175 
1 1 3 
=—-—-+4+-=-— 
37 4 A 
1 1 1 7 
5-9 T4173 8 
TETN TTT T E iaa. 
" 4 8 2” 2 
Because 
27 — 1 
li = 1 
jae. ae 


it follows that the series converges and its sum is 1. (You can also determine the 
partial sums of the series geometrically, as shown in Figure 9.5.) 


. The nth partial sum of the series 


«& (1 1 
DAE n+ 


_ 1 
" n+1 


Gata) Gage 


S 


Because the limit of S, is 1, the series converges and its sum is 1. 


The series 


*odpedebptiq14e £6 


n-l 


diverges because $, = n and the sequence of partial sums diverges. 


The series in Example 1(b) is a telescoping series of the form 


(i = b) by = b) T h = i) p = o) o a 


Telescoping series 


Note that b, is canceled by the second term, b, is canceled by the third term, and so on. 
Because the nth partial sum of this series is 


S = b, T Davi 


it follows that a telescoping series will converge if and only if 5, approaches a finite 
number as 7 — Oo. Moreover, if the series converges, then its sum is 


S = by — lim b... 
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EXAMPLE 2 Writing a Series in Telescoping Form 


2 


Find the sum of the series > Pr eT 
mm 4n — 1 


Solution 


Using partial fractions, you can write 


2 2 14 
n n2 = 1 Creel) 2-1 wer 


From this telescoping form, you can see that the nth partial sum is 


" ( x esed Lo a) 1 
n 1 3 3 5 2n—1 2n+1 2n + Y 


So, the series converges and its sum is 1. That is, 


= lim s, = lim (1 : ar a 


oo 


Exploration À p=] 
In “Proof Without Words,” 

by Benjamin G. Klein and 

Irl C. Bivens, the authors Geometric Series 
present the diagram below. 
Explain why the second 
statement after the diagram 
is valid. How is this result 


related to Theorem 9.6? 


~n+1 


The series in Example 1(a) is a geometric series. In general, the series 


ar =at+art+ar>+-:--+ar'+---, a#0 Geometric series 


Ms 


n=0 


is a geometric series with ratio r, r # 0. 


THEOREM 9.6 Convergence of a Geometric Series 


A geometric series with ratio r diverges when |r| = 1. If |r| < 1, then 
the series converges to the sum aL 
a 
M 


$ am --— Ir «1 P 
1 = r * [n]g 


Proof Itis easy to see that the series diverges when r = +1. If r # +1, then 
S,=atart+ar+- : --Far"n-!, 


Multiplication by r yields 


1 r$, = ar t ar? + ar? t - - ++ ar. 
APQR - ATSP Subtracting the second equation from the first produces S, — rS, = a — ar". Therefore, 
S,(1 — r) = a(1 — r”), and the nth partial sum is 
Il 4b pak 7 ab pdb oo oS 
Jd S Ss dp. 
Exercise taken from "Proof 
Without Words" by Benjamin When |r| < 1, it follows that r" —> 0 as n — oo, and you obtain 
G. Klein and Irl C. Bivens, å A ? 
Mathematics Magazine, 61, lim $, = lim exi — P| ac | lim (1 — Zl EL 


No. 4, October 1988, p. 219, 
by permission of the authors. which means that the series converges and its sum is a/(1 — r). It is left to you to 
show that the series diverges when |r| > 1. | 
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Figure 9.6 
shows the first 20 partial sums 
of the infinite series in 
Example 3(a). Notice how the 
values appear to approach the 
line y — 6. Using a graphing 
utility to sum the first 20 terms, 
you should obtain a sum of 
about 5.999994. 


7 


mas qoeeeee @008eeee8 


Figure 9.6 


In words, 
Theorem 9.6 states that “the 
sum of a convergent geometric 
series is the first term of the 
series divided by the difference 
of 1 and the ratio r.” For the 
series 


i 
naa \2 
note that the first term is (1/2)* 
and r = 1/2. So, the sum is 
(1/2)* 1 


"Ces 


Infinite Series 


O18 Convergent and Divergent Geometric Series 


a. The geometric series 


> 5 = » ze = 3(1) + (1) + (1) lacs 


n=O 


: 1 : : : : 
has a ratio of r = 5 with a = 3. Because |r| < 1, the series converges and its sum is 


a 3 


= = = 6. Fi «6. 
S i=? 1-— (1/2) 6 See Figure 9 
b. The geometric series 
= RBY 3:595. 27 
=1+5+2+ E 
È G) 2'4 8 
has a ratio of r = 3. Because |r| = 1, the series diverges. a 


The formula for the sum of a geometric series can be used to write a repeating 
decimal as the ratio of two integers, as demonstrated in the next example. 


ESTUT A Geometric Series for a Repeating Decimal 


» wg [> See LarsonCalculus.com for an interactive version of this type of example. 
Use a geometric series to write 0.08 as the ratio of two integers. 
Solution For the repeating decimal 0.08, you can write 


8 8 8 8 
NELLE IE 
Vids 10? 10* 106 108 


- $ (e) 
& MA 102) ° 
For this series, you have a = 8/10? and r = 1/107. So, 


a 8/102 8 


0.080808...— —— = T 01/105 ^ 99 


Try dividing 8 by 99 on a calculator to see that it produces 0.08. a 


The convergence of a series is not affected by the removal of a finite number of 
terms from the beginning of the series. For instance, the geometric series 


oo IBU oo IBU 
> (3) ae 2. (3) 


both converge. Furthermore, because the sum of the second series is 


a 1 


1-r 1-(/2 — 


2 
you can conclude that the sum of the first series is 
1\° 1\! 1\? 1\3 
s-2-[( + (2) +) +()| 


=2?-— 
8 


1 


€ 6 06 6 6 6 6 6 6 6 6 ee 9 6 6 6 6 


e 


ee 


Be sure you see 
that the converse of Theorem 9.8 
is generally not true. That is, 
if the sequence {a,} converges 
to 0, then the series = a, may 
either converge or diverge. 
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The properties in the next theorem are direct consequences of the corresponding 
properties of limits of sequences. 


THEOREM 9.7 Properties of Infinite Series 


Let È a, and È b, be convergent series, and let A, B, and c be real numbers. If 
Xa, = Aand X b, = B, then the following series converge to the indicated sums. 


>> 


3 
ll 
- 


(a,+b,)=A+B 


N 
Ms 


tA 
Ms 
R 
| 
> 


3 
ll 
- 


nth-Term Test for Divergence 


The next theorem states that when a series converges, the limit of its nth term must be 0. 


THEOREM 9.8 Limit of the nth Term of a Convergent Series 


If X à, converges, then lim a, = 0. iS 


Proof Assume that 


Then, because S, = S,,_, + a, and 


lim S$, = lim S,- = L 


noo 
it follows that 


L= lim S, 


nooco 


= lim (S, , + a,) 


nó» n-l n 
= lim S, , + lim a, 
n> co n> co 


=L+ lim a, 


noo 


which implies that [a,) converges to 0. | 


The contrapositive of Theorem 9.8 provides a useful test for divergence. This 
nth-Term Test for Divergence states that if the limit of the nth term of a series does 
not converge to 0, then the series must diverge. 


THEOREM 9.9 nth-Term Test for Divergence 


If lim a, # 0 then > a,, diverges. 
nom n=1 
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. The series in 
Example 5(c) will play an 
important role in this chapter. 


You will see that this series 
diverges even though the 
nth term approaches 0 as n 
approaches oc. 


- 


N WwW AÀA tn A 


The height of each bounce is 
three-fourths the height of the 
preceding bounce. 

Figure 9.7 


EXAMPLE 5 Using the nth-Term Test for Divergence 


oo 
a. For the series Y 2", you have 
n-0 


lim 2" = ©, 
n oo 


So, the limit of the nth term is not 0, and the series diverges. 
"E n! 
b. For the series > map have 
i 
n>% 2n!+1 2 
So, the limit of the nth term is not 0, and the series diverges. 


a 1 
c. For the series » —, you have 
n=1” 


. 1 
lim — = 0. 
noocoh 
Because the limit of the nth term is 0, the nth-Term Test for Divergence does not 


apply and you can draw no conclusions about convergence or divergence. (In the 
next section, you will see that this particular series diverges.) 


EXAMPLE 6 Bouncing Ball Problem 


A ball is dropped from a height of 6 feet and begins bouncing, as shown in Figure 9.7. 
The height of each bounce is three-fourths the height of the previous bounce. Find the 
total vertical distance traveled by the ball. 


Solution When the ball hits the ground for the first time, it has traveled a distance 


of D, = 6 feet. For subsequent bounces, let D; be the distance traveled up and down. 
For example, D, and D, are 


= 44) + 3) = 3 


Ep "AIL 


Up Down 
and 
33 313 3v 
py = (25) 2) = 204). 
Up Down 


By continuing this process, it can be determined that the total vertical distance is 


3 3\? 3\3 
p=6+ 12() + v(2) + 12(3) Te 


oo 3 ntl 
= 6 + 12 Š (3) 


n=0 


=6+ 12(?) > P 


-6+9 


1 
i= | 
= 6 + 9(4) 
— 42 feet. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Sequence and Series Describe the difference 


oo 
between lim a, — 5 and 5 a, = 5. 
noo P= 


. Geometric Series Define a geometric series, state 
when it converges, and give the formula for the sum of a 
convergent geometric series. 


. Limit of the nth term of a Series The limit of the 
nth term of a series converges to 0. What can you conclude 
about the convergence or divergence of the series? 


. Limit of the nth Term of a Series The limit of the 
nth term of a series does not converge to 0. What can you 
conclude about the convergence or divergence of the series? 


Finding Partial Sums In Exercises 5-10, find the sequence 
of partial sums S4, S,, S3, S4, and S.. 


Solta ta gb vv 
6 1 n 2 fi 3 L 4 L 5 fi 
2.3 3-4 4:5 5*6 67" 
9,2 8l , 243 
7. 3 2 4 8 T 16 
Ll To ab ab dug 
8.175 4°76 ' g fF 10 ' 


Verifying Divergence In Exercises 11-18, 
verify that the infinite series diverges. 


BB Numerical, Graphical, and Analytic Analysis In 


Exercises 25-28, (a) find the sum of the series, (b) use a 
graphing utility to find the indicated partial sum S, and 
complete the table, (c) use a graphing utility to graph the first 
10 terms of the sequence of partial sums and a horizontal line 
representing the sum, and (d) explain the relationship between 
the magnitudes of the terms of the series and the rate at which 
the sequence of partial sums approaches the sum of the series. 


n | 5 | 10 | 20 | 50 | 100 


25. ————— 26. 2 hn 


> n(n + 3) 
oo i oo 1 n-i 
27. X, 2(0.977! 28. Y 1o( -1) 


n=1 n-l 

ae Finding the Sum of a Convergent Series In 
Exercises 29-38, find the sum of the convergent 

series. 


E 
T 
eu. 


» $3 x. $ (-3) 


31. Y nn 3j 32. È Qn + Dn +3) 

38-6422. 349-3-*1-$i9--- 
eíl 1 

35. p. 36. > [(0.3)" + (0.8)"] 
oo oo 1 

eis 2; (ny s 2 on? + 3n -2 


n=1 n=1 


Using a Geometric Series In Exercises 


DID 


EU 39-44, (a) write the repeating decimal as a 


geometric series and (b) write the sum of the series 


12. Y 4(— 1.05) 
n=0 
S n 
14. 

n+l A 2n + 3 

n+l ec 2n 
16. = 
H n? >» J/n2+1 

4" + Z (n+ 1)! 

Anti 18. x 5n! 


opro Verifying Convergence In Exercises 19-24, 


E 


» $ (5) 


n=0 


verify that the infinite series converges. 


20. S :(-3 
ži 


n 


21. X, (0.9" = 1 + 0.9 + 0.81 + 0.729 4 
n=0 

22. X, (—0.2)" = 1 — 0.2 + 004 — 0.008 + - - - 
n=0 

23 ŞS mi t: U tial fractions.) 
. D n(n cs 1) Ini: se partial fractions. 


24. 2 nit 


PERS (Hint: Use partial fractions.) 


as the ratio of two integers. 


39. 0.4 40. 0.63 
41. 0.12 42. 0.01 
43. 0.075 44. 0.215 


Determining Convergence or Divergence 


n In Exercises 45-58, determine the convergence or 
UE divergence of the series. 
4 asy - 
5. l. n . 
> 0 a) 2 0 ntl 
«ntl « 4n t+ 1 
47. 48. 
A 2n- 1 : PER 
= [1 1 S 1 1 
a. Š (i->) s. $ (—À - 3) 
oo 3n oo 7 
51. Yos 52. Š z 
n=1 n=0 
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oo n oo 
53 2, [m 54 p^ In a 
< k ü S —n 
55. 2 L+% 56. » e 


57. 5 arctan n 


n=1 


EXPLORING CONCEPTS 

59. Using a Series You delete a finite number of 
terms from a divergent series. Will the new series still 
diverge? Explain your reasoning. 


. Using a Series You add a finite number of 
terms to a convergent series. Will the new series still 
converge? Explain your reasoning. 


Making a Series Converge In Exercises 61-66, find all 
values of x for which the series converges. For these values of 
x, write the sum of the series as a function of x. 


61. S y 


n-l n=0 


63. $ (x — 1)" 


n-i 


65. 2 (=1) x 


66. $ (-1)" x" 


n=0 


f Using a Geometric Series In Exercises 67 and 68, (a) find 


the common ratio of the geometric series, (b) write the function 
that gives the sum of the series, and (c) use a graphing utility 
to graph the function and the partial sums S, and S;. What do 
you notice? 


2 3 
67.1 txt24+84--- rea ak 


2 


aad Writing In Exercises 69 and 70, use a graphing utility to 


determine the first term that is less than 0.0001 in each of the 
convergent series. Note that the answers are very different. 
Explain how this will affect the rate at which the series converges. 
oo 1 oo 1 n 
9, ye = 
> n(n + 1) 2 (3) 


034 Š oo 


n-i n-l 


71. Marketing An electronic games manufacturer producing 
a new product estimates the annual sales to be 8000 units. 
Each year, 5% of the units that have been sold will become 
inoperative. So, 8000 units will be in use after 1 year, 
[8000 + 0.95(8000)] units will be in use after 2 years, and so 
on. How many units will be in use after n years? 


72. Depreciation A company buys a machine for $475,000 
that depreciates at a rate of 3096 per year. Find a formula for 
the value of the machine after n years. What is its value after 
5 years? 


Littleny/Dreamstime.com 


» 73. Multiplier Effect e «««e«s«e«eeeececccce 


The total annual 
spending by tourists 

in a resort city is 

$200 million. 
Approximately 75% 

of that revenue is again 
spent in the resort city, 
and of that amount 
approximately 75% is 
again spent in the same city, and so on. Write the geometric 
series that gives the total amount of spending generated by 
the $200 million and find the sum of the series. 


74. Multiplier Effect Repeat Exercise 73 when the percent of 
the revenue that is spent again in the city decreases to 60%. 


75. Distance A ball is dropped from a height of 16 feet. Each 
time it drops h feet, it rebounds 0.81h feet. Find the total 
distance traveled by the ball. 


76. Time The ball in Exercise 75 takes the following times for 
each fall. 


sı —162 + 16, 

~1612 + 16(0.81), 
—16 + 16(0.81)?, 
s, = —16£ + 16(0.81)3, 


sı = Owhent = 1 


a 
N 
Il 


Sy = 0 when t = 0.9 
$4 = 0 when t = (0.9)? 
$4 = 0 when t = (0.9)? 


ic 
ll 


s, = — 16t? + 16(0.81)"~!, s, = 0 when t = (0.97! 


Beginning with s,, the ball takes the same amount of time to 


bounce up as it does to fall, so the total time elapsed before it 
comes to rest is given by 


t=1+ 23 (0.9)". 


n-i 


Find this total time. 


Probability In Exercises 77 and 78, the random variable 
represents the number of units of a product sold per day in a 
store. The probability distribution of n is given by P(n). Find 
the probability that two units are sold in a given day [P(2)] and 


show that P(0) + P(1) + P(2) + P(3 +: ::=1. 
77. P(n) = iiy 78. P(n) = iG) 


79. Probability A fair coin is tossed repeatedly. The probability 
that the first head occurs on the nth toss is given by 
P(n) = (3), where n = 1. 


(a) Show that Y (3) = 1, 
n=1 


(b) The expected number of tosses required until the first head 
occurs in the experiment is given by 


co 1\" 
>» (2) ` 


Is this series geometric? 


Ay (c) Use a computer algebra system to find the sum in part (b). 


80. Probability In an experiment, three people toss a fair coin 
one at a time until one of them tosses a head. Determine, for 
each person, the probability that he or she tosses the first head. 
Verify that the sum of the three probabilities is 1. 


81. Area The sides of a square are 16 inches in length. A new 
square is formed by connecting the midpoints of the sides of 
the original square, and two of the triangles outside the second 
square are shaded (see figure). Determine the area of the shaded 
regions (a) when this process is continued five more times and 
(b) when this pattern of shading is continued infinitely. 


E 


16 in. z 


|, 


Figure for 82 


Figure for 81 


82. Length A right triangle XYZ is shown above where 
[XY| = z and ZX = 0. Line segments are continually drawn 
to be perpendicular to the triangle, as shown in the figure. 


(a) Find the total length of the perpendicular line segments 
[Yy] + jayi] + |xy2| ++ cin terms of z and 0. 


(b) Find the total length of the perpendicular line segments 
when z = | and 0 = 7/6. 


Using a Geometric Series In Exercises 83-86, use the 
formula for the nth partial sum of a geometric series 


n-—1 i 
S'ar = 
i=0 


83. Present Value The winner of a $2,000,000 sweepstakes 
will be paid $100,000 per year for 20 years. The money earns 
696 interest per year. The present value of the winnings is 


20 n 
` 100,000( >) . Compute the present value and interpret 
n=1 » 


a(1 — r") 
1-r' 


its meaning. 


84. Annuities When an employee receives a paycheck at the 
end of each month, P dollars is invested in a retirement account. 
These deposits are made each month for t years and the account 
earns interest at the annual percentage rate r. When the interest 
is compounded monthly, the amount A in the account at the end 
of t years is 


a) iu 


When the interest is compounded continuously, the amount A 
in the account after t years is 


A P4 pe/2 j pe? ET pe (O2:- Ir/12 
. P(e" — 1) 
E e/2—31]1' 


Verify the formulas for the sums given above. 


Courtesy of Eric Haines 
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85. Salary You go to work at a company that pays $0.01 for the 
first day, $0.02 for the second day, $0.04 for the third day, and 
so on. If the daily wage keeps doubling, what would your total 
income be for working (a) 29 days, (b) 30 days, and (c) 31 days? 


» 86. Sphereflake eooeoeeveeeeeeeeee ooo 


The sphereflake shown below is a computer-generated 
fractal that was created by Eric Haines. The radius of the 
large sphere is 1. To the large sphere, nine spheres of radius 
$ are attached. To each of these, nine spheres of radius $ are 
attached. This process is continued infinitely. Prove that the 
sphereflake has an infinite surface area. 


Annuities In Exercises 87-90, consider making monthly 
deposits of P dollars in a savings account at an annual interest 
rate r. Use the results of Exercise 84 to find the balance A in 
the account after ¢ years when the interest is compounded 
(a) monthly and (b) continuously. 


87. P = $50, r— 295, t = 20 years 

88. P = $200, r= 5.5%, t = 25 years 
89. P = $1050, r= 0.996, t= 35 years 
90. P = $175, r-— 495, t= 50 years 


True or False? In Exercises 91-96, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


oo 
91. If lim a, — 0, then b à, converges. 
noo n=1 
oo oo 
92. If » a, = L, then Y a, — L + ap. 


n=1 n=0 


oo 
93. If |r| « 1, then Y ar" = 


n=1 l-r 


oo 
94. The series »3 diverges. 


n 
£ 1000(n + 1) 
95. 0.75 = 0.749999. . . 


96. Every decimal with a repeating pattern of digits is a rational 
number. 


97. Using Divergent Series Find two divergent series X a, 
and È b, such that X(a, + b,) converges. 
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98. Proof Given two infinite series È a, and X b, such that 
Xa, converges and X b, diverges, prove that X(a, + b,) 
diverges. 


99, Fibonacci Sequence The Fibonacci sequence is defined 
recursively by a, ,, = a, + a,,,, Where a| = 1 anda, = 1. 


(a) Show that l = : : ; 
Us 105.5 Us 1052 Us +24n+3 
S 1 

(b) Show that X, ——— = 1. 
n=0 85 10543 


100. Remainder Let X a, be a convergent series, and let 
Ry = ayy, + yao bonn 


be the remainder of the series after the first N terms. Prove 
that lim Ry = 0. 


N- oo 
101. Proof Prove that A i : i : Heco = : , for 
I »1 r p P r-1 


HOW DO YOU SEE IT? The figure below 


represents an informal way of showing that 


em [i 
2 7 < 2. Explain how the figure implies this 
conclusion. 


B FOR FURTHER INFORMATION For more on this exercise, 
see the article “Convergence with Pictures” by P. J. Rippon in 
American Mathematical Monthly. 


PUTNAM EXAM CHALLENGE 


oo 6t . 
103. Express 2. GET — 2 DGE— 25 as a rational 


number. 


104. Let f(n) be the sum of the first n terms of the sequence 
0,1, 1,2,2,3,3,4,. . ., where the nth term is given by 


e if n is even 


(n — 1)/2, ifnisodd ` 


Show that if x and y are positive integers and x > y then 


xy = f(x + y) — f(x — y). 
These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 


SECTION PROJECT MOS 


Cantor's Disappearing Table 


The following procedure shows how to make a table disappear by 
removing only half of the table! 


(a) Original table has a length of L. 


~ L >| 


| i | 
(b) Remove i of the table centered at the midpoint. Each 
remaining piece has a length that is less than AL. 


(c) Remove : of the table by taking sections of length xL from 
the centers of each of the two remaining pieces. Now you have 
removed i + i of the table. Each remaining piece has a length 


that is less than 1L. 


(d) Remove 5 of the table by taking sections of length aL from 
the centers of each of the four remaining pieces. Now you 
have removed i + H + $ of the table. Each remaining piece 
has a length that is less than IL. 


Will continuing this process cause the table to disappear, even 
though you have removed only half of the table? Why? 


liM FOR FURTHER INFORMATION Read the article “Cantor’s 
Disappearing Table" by Larry E. Knop in The College Mathematics 
Journal. To view this article, go to MathArticles.com. 
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9.3 The Integral Test and p-Series 


E Use the Integral Test to determine whether an infinite series converges 
or diverges. 
E Use properties of p-series and harmonic series. 


The Integral Test 


In this and the next section, you will study several convergence tests that apply to series 
with positive terms. 


EM 9.10 The Integral Test 


If f is positive, continuous, and decreasing for x = 1 and a, = f(n), then 


$ a, and rS dx JE] 
Zam | ze 


either both converge or both diverge. OL, 


Proof Begin by partitioning the interval [1, n] into (n — 1) unit intervals, as shown 
i in Figure 9.8. The total areas of the inscribed rectangles and the circumscribed 
peu rectangles are 
a, =f) > f= = f(2) + f(3) epus oe + f(n) Inscribed area 
a, =f(3) < 
a, =f(4) 


Inscribed rectangles: 


b. f) = f) + f(2) ey + f(n = 1). Circumscribed area 


12 3 4 n—-l n i=l 
The exact area under the graph of f from x = 1 to x = n lies between the inscribed 
y and circumscribed areas. 
A Circumscribed rectangles: 7 b i 
n-l = 
f(i) = area afl rah f(x) ) dx = fo 
Using the nth partial sum, i = f(1) + f(2) +- - -+ f(n), you can write this 


inequality as 


S, — (1) = ME dx S S, ,. 
1 


Now, assuming that J7° f(x) dx converges to L, it follows that for n = 1, 
Figure 9.8 S,-füüsL => S,sL-f(l). 


Consequently, {S,} is bounded and monotonic, and by Theorem 9.5 it converges. 
So, È a, converges. For the other direction of the proof, assume that the improper 
integral diverges. Then ff f(x) dx approaches infinity as n — oo, and the inequality 
S, ., = Si f(x) dx implies that {S,,} diverges. So, X a, diverges. ai 


Remember that the convergence or divergence of È a, is not affected by deleting 
the first N terms. Similarly, when the conditions for the Integral Test are satisfied for 
all x = N > 1, you can simply use the integral fy f(x) dx to test for convergence or 
divergence. (This is illustrated in Example 4.) 
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° Before applying 
the Integral Test, be sure 
to check that the function 
is positive, continuous, and 
decreasing for x 2 1. When the 
function fails to satisfy one or 
more of these conditions, you 
cannot apply the Integral Test. 


Because the improper integral 
converges, the infinite series 
also converges. 

Figure 9.9 


EXAMPLE 1 Using the Integral Test 


Apply the Integral Test to the series > Zap 


Solution The function f(x) = x/(x? + 1) is positive and continuous for x = 1. To 
determine whether f is decreasing, find the derivative. 


; (x? + D(0)-x2) -x +1 
Fd = G2 m 1) = G2 + 1) 


So, f'(x) < 0 for x > 1 and it follows that f satisfies the conditions for the Integral 
Test. You can integrate to obtain 


M 1I(^ 2x 

[raeil spi^ 
io P 3x 
=F jim | Se] 


p teak 
= 5 lim. E + D| 


-l 2 — 
m Jim [In(? + 1) — In 2] 
= oo. 


So, the series diverges. 


EXAMPLE 2 Using the Integral Test 


ere [> See LarsonCalculus.com for an interactive version of this type of example. 


1 


Apply the Integral Test to the series 2 PaL 


Solution Because f(x) = 1/(x? + 1) satisfies the conditions for the Integral Test 
(check this), you can integrate to obtain 


vd * d 
f sere im | Pri” 


= Jim » | arctan xf 


= Jim ( (arctan b — arctan 1) 


= n n 
2 4 
at 
4 
So, the series converges (see Figure 9.9). a 


In Example 2, the fact that the improper integral converges to TU/4 does not imply 
that the infinite series converges to 1/4. To approximate the sum of the series, you can 
use the inequality 


ee i-a 
Swett mtl asl 3175 


N 


(See Exercise 52.) The larger the value of N, the better the approximation. For instance, 
using N = 200 produces 1.072 < =[1/(n? + 1)] s 1.077. 


HARMONIC SERIES 


Pythagoras and his students 
paid close attention to the 
development of music as an 
abstract science. This led to the 
discovery of the relationship 
between the tone and the 
length of a vibrating string. It 
was observed that the most 
beautiful musical harmonies 
corresponded to the simplest 
ratios of whole numbers. Later 
mathematicians developed 
this idea into the harmonic 
series, where the terms in the 
harmonic series correspond 
to the nodes on a vibrating 
string that produce multiples 
of the fundamental frequency. 
For example, t is twice the 
fundamental frequency, L is 
three times the fundamental 
frequency, and so on. 
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p-Series and Harmonic Series 


In the remainder of this section, you will investigate a second type of series that has a 
simple arithmetic test for convergence or divergence. A series of the form 


= 1 1 1 1 ; 
x x = i + 2p + 3p T e p-series 


n-i 


is a p-series, where p is a positive constant. For p = 1, the series 


Harmonic series 


is the harmonic series. A general harmonic series is of the form X [1/(an + b)]. In 
music, strings of the same material, diameter, and tension, and whose lengths form a 
harmonic series, produce harmonic tones. 

The Integral Test is convenient for establishing the convergence or divergence of 
p-series. This is shown in the proof of Theorem 9.11. 


11 Convergence of p-Series 


1 " 1 à: 1 " of ao} 
2» 3P 4p ES 
Tram 
converges for p > 1 and diverges for 0 < p < 1. [n]E 


Proof The proof follows from the Integral Test and from Theorem 8.7, which states 


that 
T 
f — dx 
1 x? 


converges for p > 1 and diverges for 0 < p S I. a 


ETTUTTE Convergent and Divergent p-Series 


Discuss the convergence or divergence of (a) the harmonic series and (b) the p-series 
with p — 2. 


Solution 
a. From Theorem 9.11, it follows that the harmonic series 


i-o d. 1 
n 1 3 di 


diverges. 


b. From Theorem 9.11, it follows that the p-series 


converges. a 
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Chapter 9 


Infinite Series 


The sum of the series in Example 3(b) can be shown to be T?/6. (This was proved 
by Leonhard Euler, but the proof is too difficult to present here.) Be sure you see that 
the Integral Test does not tell you that the sum of the series is equal to the value of the 
integral. For instance, the sum of the series in Example 3(b) is 

o 1 Tw 
— 7 * 1.64 
2, B 6 645 


whereas the value of the corresponding improper integral is 


Tg 
Í FL =]. 
EXAMPLE 4 Testing a Series for Convergence 


Determine whether the series 


= d 


2, ninn 


converges or diverges. 


Solution This series is similar to the divergent harmonic series. If its terms were 
greater than those of the harmonic series, you would expect it to diverge. However, 
because its terms are less than those of the harmonic series, you are not sure what to 
expect. The function 


i= 


xlnx 


is positive and continuous for x 2 2. To determine whether f is decreasing, first 
rewrite f as 


fG) = (x1n3)! 
and then find its derivative. 


1+ Inx 
x2(In x)? 


f'(x) = (— I(x In x)-201 + Inx) = — 


So, f'(x) < 0 for x > 2 and it follows that f satisfies the conditions for the Integral 
Test. 


“1 dx = "lx dx 
2 xInx > lnx 
b 
= lim [iman 3| 
b> œ 2: 
Jim [In(In b) — In(In 2)] 


= oo 


The series diverges. a 


Note that the infinite series in Example 4 diverges very slowly. For instance, as 
shown in the table, the sum of the first 10 terms is approximately 1.6878196, whereas 
the sum of the first 100 terms is just slightly greater: 2.3250871. In fact, the sum of the 
first 10,000 terms is approximately 3.0150217. You can see that although the infinite 
series "adds up to infinity," it does so very slowly. 


n 11 101 1001 10,001 | 100,001 
S 1.6878 | 2.3251 | 2.7275 | 3.0150 | 3.2382 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Integral Test What conditions have to be satisfied to 
use the Integral Test? 


2. p-Series Determine whether each series is a p-series. 


1 «I1 
@ Y uu © Y 


n-i 


eI al] Using the Integral Test In Exercises 3-22, 
£45 confirm that the Integral Test can be applied to the 
series. Then use the Integral Test to determine the 


Ln convergence or divergence of the series. 
^ Bera iH, 3n 5 
5 $ ES 6 S 37^ 
i n=1 2 n=1 
oo oo 
7. gt 8. Y ne"? 


9 In2 3 ,| I4 | In5 , In6 
' 2 3 4 5 6 
10 In2 113 ,| In4 | In5 , In6 
B B A B 6 
1 1 1 1 1 
11. } + 
3 5 7 9 Il 
I 2 3 4 5 
12.7 t7 titio 58^ 
«& arctan n & Inn 
13. 14. — 
: P n? +1 2 m 
S Inn g 1 
15. 16. 
2, n? 2, n4/In n 
e 1 EnF 
17. 2 On 3j 18. à "EN 
S 4n S 1 
19. 20. 
* Em ? Pea 
e n = n 
ans i n* 1 22, P» nt + 2n? + 1 


Using the Integral Test In Exercises 23 and 24, use the 
Integral Test to determine the convergence or divergence of 
the series, where k is a positive integer. 


oo 
24. 5 nte™” 
n=1 


PEE Conditions of the Integral Test In Exercises 


iN 25-28, explain why the Integral Test does not 
apply to the series. 


25, "i CE y 26. $ e"cosn 
n=1 n=1 

2 sinn 2» [(sinnV 

27. $ E — 28. 2 = ) 


n-i 


Using the Integral Test In Exercises 29-32, use the 
Integral Test to determine the convergence or divergence of 
the p-series. 


= I1 

a: Pe d Sa n? 
= 1 

31 > 705 32. $ PIE 


PESE 


opio Using a p-Series In Exercises 33-38, use 
"E ty Theorem 9.11 to determine the convergence or 
m divergence of the p-series. 


en, n? 
35. ] ! | l t l t ! t 
2/2 34/3 4/4 555 
1 1 1 1 
36. 1 3 3 T 3 T 3 T 
3/4 9 16 25 
c] 
37 2, 5n 03 
38. Y m 


BB 39. Numerical and Graphical Analysis Use a graphing 


utility to find the indicated partial sum S, and complete the 
table. Then use a graphing utility to graph the first 10 terms 
of the sequence of partial sums. For each series, compare the 
rate at which the sequence of partial sums approaches the sum 
of the series. 


n | 5 | 10 |; 20 | 50 | 100 


oo ]yv-! 15 oo 1 TÉ 
(a) $ x) ex LG. 


n=1 

40. Numerical Reasoning Because the harmonic series 

diverges, it follows that for any positive real number M, there 
exists a positive integer N such that the partial sum 


fb (a) Use a graphing utility to complete the table. 


M|}2|4/)6/ 8 


N 


(b) As the real number M increases in equal increments, does 
the number N increase in equal increments? Explain. 
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EXPLORING CONCEPTS 
41. Think Aboutit Without performing any calculations, 
determine whether the following series converges. 
Explain. 
1 1 1 


10,000 ` 10,001 ` 10,002 ` 


. Using a Function Let f be a positive, continuous, 
and decreasing function for x = 1, such that a, = f(n). 
Use a graph to rank the following quantities in decreasing 
order. Explain your reasoning. 


6 
© da, 


n=1 


7 7 
(a) Ya, (b Í f(x) dx 
n=2 1 


. Using a Series Use a graph to show that the inequality 
is true. What can you conclude about the convergence or 
divergence of the series? Explain. 


(a) 35: E uds 
1 


n-i 


2 1 atn 
"m as 


44. 5 HOW DO YOU SEE IT? The graphs show 


the sequences of partial sums of the p-series 


Using Theorem 9.11, the first series diverges 
and the second series converges. Explain how 
the graphs show this. 


Finding Values In Exercises 45-50, find the positive values 
of p for which the series converges. 


45. X ——— 46. m3 


48. 5 n(1 + ny 


n-i 


47. $ io 
«i 


30. 2> n(In n)[In(In n)]? 


51. Proof Let f be a positive, continuous, and decreasing 
function for x = 1, such that a, = f (n). Prove that if the series 


converges to S, then the remainder Ry = S — Sy is bounded by 


0O<Ry< [ora 
N 


52. Using a Remainder Show that the result of Exercise 51 
can be written as 


N oc 
XesEasEas[ noe 
1 n-i 


n-i n- 


Approximating a Sum In Exercises 53—58, use the result 
of Exercise 51 to approximate the sum of the convergent series 
using the indicated number of terms. Include an estimate of the 
maximum error for your approximation. 


oo 1 oo 
53. 2 E three terms 54. b (n 19 six terms 
oo 
55. AT eight terms 
ed 1 
56. ten t 
$ 5 PD or 


oo 
57. Y ne", four terms 


n-i 


oo 
58. X e 7^, five terms 


n-i 


Finding a Value In Exercises 59-62, use the result of 
Exercise 51 to find N such that Ry 0.001 for the convergent 


series. 
S 1 eS 1 
59. 2, A 60. P» "IZ 
oo oo 1 
61. e? 62. X "ww 


n-i n-i 


63. Comparing Series 


(a) Show that 25 


n-2 


7 converges and > diverges. 


ninn 
(b) Compare the first five terms of each series in part (a). 


1 


(c) Find n > 3 such that = UAE 
n nlnn 


64. Using a p-Series Ten terms are used to approximate a 
convergent p-series. Therefore, the remainder is a function of 
p and is 


m4 
0 < R,(p) = Í "io pl. 
10 


(a) Perform the integration in the inequality. 
a. (b) Use a graphing utility to represent the inequality graphically. 


(c) Identify any asymptotes of the remainder function and 
interpret their meaning. 


65. Euler's Constant Let 


(a) Show that In(n + 1) < $, < 1 + Inn. 
(b) Show that the sequence {a,} = (S, — In n} is bounded. 
(c) Show that the sequence {a,,} is decreasing. 


(d) Show that the sequence (a, converges to a limit y (called 
Euler’s constant). 


(e) Approximate y using dq. 


66. Finding a Sum Find the sum of the series 
S 1 
> wi - +) 


oo 
67. Using a Series Consider the series > xin", 
n-2 


(a) Determine the convergence or divergence of the series for 
x=1. 

(b) Determine the convergence or divergence of the series for 
x = l/e. 


(c) Find the positive values of x for which the series converges. 


SECTION PROJECT esocvoeveeeveeeveee ee 


The Harmonic Series 
The harmonic series 


pE iude aea prec cea 5 
^n "2*3 4. Eon 


is one of the most important series in this chapter. Even though its 
terms tend to zero as n increases, 


the harmonic series diverges. In other words, even though the terms 
are getting smaller and smaller, the sum “adds up to infinity.” 


(a) One way to show that the harmonic series diverges is attributed 
to James Bernoulli. He grouped the terms of the harmonic 
series as follows: 


reigigiil, T" 4 1 | 
2 3 ^5. E T ^16 
>4 24 -1 
D esed 
17 2 
l—— 
5 


Write a short paragraph explaining how you can use this 
grouping to show that the harmonic series diverges. 
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68. Riemann Zeta Function The Riemann zeta function 
for real numbers is defined for all x for which the series 


qa) = $ n^ 


n=1 


converges. Find the domain of the function. 


Review In Exercises 69-80, determine the convergence or 
divergence of the series. 


69. y : 70. S T 
n-l 3n — 2 n=2 n/n? =1 
1. > — 2.35 +. 
n=1 ng n n=1 no” 


S 2 4 oo 7 n 
in 2 B Te 2, (5) 


JOY 76. S (5-3) 


n=1 V 3n? + 3 n-l n? n 
co 1\" oo n 
; += ; = 
77 2 (1 1) 78 2 In 7 
n. Š- A S 
i n=2 n(In n? i n=3 n(In n)[In(In n) 


(b) Use the proof of the Integral Test, Theorem 9.10, to show that 


Flslct-ctltockeo6-ticidna. 
In(n - 1) € 1 3*3 "LERSUL 


(c) Use part (b) to determine how many terms M you would need 
so that 


MT 
X => 50. 


PESE 


(d) Show that the sum of the first million terms of the harmonic 
series is less than 15. 


(e) Show that the following inequalities are valid. 


T ae oF alll oce 
“io ug 4l "20779 
20 1 1 1 200 
t t t < 
In100 ^ 100 * 101 200 ^ "9 


(f) Use the inequalities in part (e) to find the limit 


2m 1 
lim ES 
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9.4 Comparisons of Series 


E Use the Direct Comparison Test to determine whether a series converges 
or diverges. 

liM Use the Limit Comparison Test to determine whether a series converges 
or diverges. 


Direct Comparison Test 


For the convergence tests developed so far, the terms of the series have to be fairly 
simple and the series must have special characteristics in order for the convergence 
tests to be applied. A slight deviation from these special characteristics can make a test 
inapplicable. For example, in the pairs listed below, the second series cannot be tested 
by the same convergence test as the first series, even though it is similar to the first. 


e Sn 
1. DS 25 ÍS geometric, but ` zn ÍS not. 
n=0 n=0 
oo 
n 


1 e 1 
2. — is a p-series, but —— —. is not. 
» 3 P p» n +1 


H= 


3. a, = ——— z5 is easily integrated, but b, = 


n= ga 3y z is not. 


n 
(n? + 3) 
In this section, you will study two additional tests for positive-term series. These 
two tests greatly expand the variety of series you are able to test for convergence or 
divergence. They allow you to compare a series having complicated terms with a 
simpler series whose convergence or divergence is known. 


eet eee THEOREM 9.12 Direct Comparison Test 


As stated, the Let 0 < a, S b, for all n. 
Direct Comparison Test requires " " 
that O < a, S b, for all n. 1. If > b,, converges, then > à, converges. s] 
Because the convergence of a n nc beh 
ies is not dependent on its S ; VS ; RU 
Seas 1$ RUE 2. If x a, diverges, then 5 b, diverges. r2 rz 
first several terms, you could n=l n-cd Oli 
modify the test to require only 
that O < a, S b, for all n 
reater than some integer N. ; í 
e g Proof To prove the first property, let L = > b, and let 
n-i 
S,=a,tat+---+4,. 
Because 0 < a, S b,, the sequence S,, S,, S3,. . . is nondecreasing and bounded 


above by L. So, it must converge. Because 


it follows that > a,, converges. The second property is logically equivalent to the first. 


n-l | 


liM FOR FURTHER INFORMATION Is the Direct Comparison Test just for nonnegative 
series? To read about the generalization of this test to real series, see the article “The 
Comparison Test—Not Just for Nonnegative Series” by Michele Longo and Vincenzo 
Valori in Mathematics Magazine. To view this article, go to MathArticles.com. 


n s ME | 
0.7 | Sequence of partial sums of > | 
[ n=1 ~ 


oo 
, 1 
Sequence of partial sums "E 2435 


For the given series in Example 1, the 
sequence of partial sums is less than 
the sequence of partial sums of the 
indicated convergent geometric series. 
Figure 9.10 


oo 
1 
Sequence of partial sums of = 
2, 2+ Jn 


Sequence of partial sums of B 
üzan 


For the given series in Example 2, the 
sequence of partial sums is greater than 
the sequence of partial sums of the 
divergent harmonic series. 

Figure 9.11 
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EXAMPLE 1 Using the Direct Comparison Test 


Determine the convergence or divergence of 
= 1 


2+ 3" 


n=1 


Solution This series resembles 
5 l 
m3" 

Term-by-term comparison yields 


1 1 
= <= > 1. 
n= > 4 3A 3 b, n 1 


Convergent geometric series 


a 


So, by the Direct Comparison Test, the given series converges. This conclusion is 
supported by Figure 9.10, which shows that the sequence of partial sums of X a, is less 
than the sequence of partial sums of the convergent geometric series X b,. 


EXAMPLE 2 Using the Direct Comparison Test 


t.. > See LarsonCalculus.com for an interactive version of this type of example. 


Determine the convergence or divergence of 
= 1 
> 2+ n 


Solution This series resembles 
Divergent p-series 


Term-by-term comparison yields 
1 1 

— < —, 

2+ /n Sn 


which does not meet the requirements for divergence. (Remember that when term-by-term 
comparison reveals a series that is /ess than a divergent series, the Direct Comparison Test 
tells you nothing.) Still expecting the series to diverge, you can compare the series with 


n21 


Divergent harmonic series 


ae a ar 
n 2+ Jn 


and, by the Direct Comparison Test, the given series diverges (see Figure 9.11). To 
verify the last inequality, try showing that 


24 /nzn 


a 


whenever n 2 4. | 


Remember that both parts of the Direct Comparison Test require that 0 < a, S b 
Informally, the test says the following about the two series with nonnegative terms. 


n 


1. If the “larger” series converges, then the “smaller” series must also converge. 


2. If the “smaller” series diverges, then the “larger” series must also diverge. 
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. 


ee 


As with the 
Direct Comparison Test, the 
Limit Comparison Test could 
be modified to require only that 
a, and b,, be positive for all n 
greater than some integer N. 


Limit Comparison Test 


Sometimes a series closely resembles a p-series or a geometric series, yet you cannot 
establish the term-by-term comparison necessary to apply the Direct Comparison Test. 
Under these circumstances, you may be able to apply a second comparison test, called 
the Limit Comparison Test. 


THEOREM 9.13 Limit Comparison Test 
If a, > 0, b, > 0, and 


there exists N > O such that 


a 
SC forn = N. 


n 


This implies that 
0 < a, < (L t 1)b,. 


So, by the Direct Comparison Test, the convergence of = b, implies the convergence 
of X a,. Similarly, the fact that 


can be used to show that the convergence of X a, implies the convergence of È b,. 


EXAMPLE 3 Using the Limit Comparison Test 


Show that the general harmonic series below diverges. 


oo 


os > b> 
Aant b des " 


Solution By comparison with 


S1 
Ss — Divergent harmonic series 
n-i n 
you have 
.. l/(an * b ! n 1 
lim Maes 2) = lim = 
noo 1/n n2co qn + b a 


Because this limit is greater than 0, you can conclude from the Limit Comparison Test 
that the series diverges. au 


Recall when 
finding limits at +00 of a 
rational function that if the 
degree of the numerator is 
equal to the degree of the 
denominator, then the limit 
of the rational function is the 


ratio of the leading coefficients. 
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The Limit Comparison Test works well for comparing a “messy” algebraic series 
with a p-series. In choosing an appropriate p-series, you must choose one with an nth 
term of the same magnitude as the nth term of the given series. 


Given Series Comparison Series Conclusion 
eC 1 & I 

A UL — Both series converge. 
e 3m — 4n 5 2, n 2 
S 1 1 


—— Both series diverge. 
> Jn — 2 : 
2 m-10 
4m + n? 


iMs iMs 
Ss 
P 


«a1 
D. =a Both series converge. 
n? 
n=1 = 


In other words, when mes a series for comparison, you can disregard all but the 
highest powers of n in both the numerator and the denominator. 


ETTUTTY! Using the Limit Comparison Test 


Determine the convergence or divergence of 


$. 


w+ 


n=1 


Solution Disregarding all but the highest powers of n in the numerator and the 
denominator, you can compare the series with 


oo n oo 1 
> X em pj M Convergent p-series 
nai 1 nci" 
Because 
lim — — lim iu ee 
noo n>co\n2 + 1 1 
m 
lim 
noo n + 1 
= 1 


you can conclude by the Limit Comparison Test that the series converges. 


EXAMPLE 5 Using the Limit Comparison Test 


Determine the convergence or divergence of 


n2" 


rarer. 

2, 4n? + 1 

Solution A reasonable comparison would be with the series 
[s] 2n 
> x Divergent series 
n=l 


Note that this series diverges by the nth-Term Test. From the limit 


lim = lim ( = (2) 
noo b, n>oo \4n3 + 1/\2" 


n3 
= qe 
_l 
4 


you can conclude by the Limit Comparison Test that the series diverges. a 
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9 4 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Direct Comparison Test You want to compare 
the series 2a, and È b„ where a, > 0, b, > 0, and 
> b, converges. For 1 < n < 5, a, > b,, and for n 2 6, 
à, < b,. Explain whether the Direct Comparison Test can 
be used to compare the two series. 


. Limit Comparison Test When using the Limit 
Comparison Test, describe in your own words how to 
choose a series for comparison. 


Graphical Analysis In Exercises 3 and 4, the figures show 
the graphs of the first 10 terms, and the graphs of the first 
10 terms of the sequence of partial sums, of each series. 


(a) Identify the series in each figure. 
(b) Which series is a p-series? Does it converge or diverge? 


(c) For the series that are not p-series, how do the magnitudes 
of the terms compare with the magnitudes of the terms 
of the p-series? What conclusion can you draw about the 
convergence or divergence of the series? 


(d) Explain the relationship between the magnitudes of the 
terms of the series and the magnitudes of the terms of the 
partial sums. 


oe ee SS 
3. and — s 
3/2 3/2 , 
n ZA n +3 n=1N n? + 0.5 
an S 
A 
ST? 12 aet 
5-4 e. 
10 r 
ET: " 8 P ad 20-78 
gd A DP hd 
` " 6 4 PE) 
2+ 1 4 e. aet? 
ae. e? 
1T Sy ote 
~] 5 t++++++++ 14> 1 
2 4 6 8 10 2 4 6 8 10 
Graphs of terms Graphs of partial sums 
4. : , and LL 
n=1 Jn P Jn — 0.5 x n t 0.5 
an Sn 
A A 
ore AT » 
! 
16 + 
d T PP) 
e 12+ aA 
rate OA + . 7 
1 w? 8L * "E 
1 Yee Mme, cy ML 
=> æ. 
“Sess 4 T Lad 
t++++++++1++> n ftttitttis n 
2 4 6 10 2 4 6 8 10 


Graphs of terms Graphs of partial sums 


eral [= Using the Direct Comparison Test In 


46, Exercises 5-16, use the Direct Comparison Test 


ree t to determine the convergence or divergence of the 
FaN 


series. 
PUE Deze 
S 1 oo 4” 
ý Py sd & D 3 
c] m : 

j 2, n a m P Emi 
i à P rcs 
co cr 

13. P 14. 2 i 
15. i : 16. 2 


$SJ[m] Using the Limit Comparison Test In 
ui 

3 to determine the convergence or divergence of the 
"d o e 


Be 
Aim 
inl 


n Exercises 17-26, use the Limit Comparison Test 


series. 
ua n S% 5 
17. » mE 18. P WI 
oo 1 oo 2n S 1 
19. -e 20. 
p v n? qud 2, + 
= 2n? — 1 S 1 
2h 2 355 + 2n+1 x > n(n? + 4) 
S 1 S n 
23. ——— 24. oe 
P n/n? + 1 2, (n 1271 
i37 T 26. S sinl 
"ew -LY A n 


Determining Convergence or Divergence In Exercises 
27-34, test for convergence or divergence, using each test at 
least once. Identify which test was used. 


(a) nth-Term Test (b) Geometric Series Test 
(c) p-Series Test (d) Telescoping Series Test 
(e) Integral Test (f) Direct Comparison Test 


(g) Limit Comparison Test 


a, $ Y 28. 


Ms 
UA 
TES, 
| 


‘I 
= 

‘I 

(= 


2 | 2 1l 
m 2 D sb 1 m 2, n n 8 

2 2n e (1 1 
ate Acum 2. $ (—- aa) 

oo n oo 3 
38. X @ + ip M 2 t9 


35. 


36. 


Using the Limit Comparison Test Use the Limit 
Comparison Test with the harmonic series to show that the 
series È a, (where 0 < a, < a, ,) diverges when lim na, is 
finite and nonzero. TON 
Proof Prove that, if P(n) and Q(n) are polynomials of 
degree j and k, respectively, then the series 


e P(n) 
A Qn) 


converges if j < k — 1 and diverges if j = k — 1. 


Determining Convergence or Divergence In Exercises 
37—40, use the polynomial test given in Exercise 36 to determine 
whether the series converges or diverges. 


37. 
38. 


39. 


40. 


t 1X 473 4 5 
2°57 107 1 * 26 
di se a ee i 1 1 
3701 BT 15 * 24 T 35 
»: 1 

3 
Awtl 
eee 

4 

n=1 n 


Verifying Divergence In Exercises 41 and 42, use the 
divergence test given in Exercise 35 to show that the series 
diverges. 


41. 


3m + 1 
4m + 2 


oo n? 
P 5n^ + 3 


Determining Convergence or Divergence In Exercises 
43-46, determine the convergence or divergence of the series. 


43. 
44. 
45. 
46. 


1 1 1 1 
200 400 600 800 
1 1 1 1 
200 208 216 224 
1 1 1 1 
201 204 209 216 
1 1 1 1 
201 208 227 264 


EXPLORING CONCEPTS 


47. Using Series Review the results of Exercises 43—46. 


Explain why careful analysis is required to determine 
the convergence or divergence of a series and why 
considering only the magnitudes of the terms of a series 
could be misleading. 


. Comparing Series It appears that the terms of the 
series 


1000 ' 


are less than the corresponding terms of the convergent 
series 


1+ d+ g+e+---. 


If the statement above is correct, then the first series 
converges. Is this correct? Why or why not? Make a 
statement about how the divergence or convergence of a 
series is affected by the inclusion or exclusion of the first 
finite number of terms. 


aad 49. 


A 50. 


51. 
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1 


oo 
Using a Series Consider the series 5 n 
nc 


n-i 
(a) Verify that the series converges. 


(b) Use a graphing utility to complete the table. 


n 5 | 10 | 20 | 50 | 100 


S, 


n 


(c) The sum of the series is n?/8. Find the sum of the series 
S 1 | 
2. Qn ini 1)7 


(d) Use a graphing utility to find the sum of the series 


1 


oo 
Using a Series Consider the series 2 (n4 2* 


n-i 
(a) Verify that the series converges. 


(b) Use a graphing utility to complete the table. 


n 5 | 10 | 20 | 50 | 100 


S, 


n 


(c) The sum of the series is (17/6) — (5/4). Find the sum of 


the series 
$ 1 
is (n + 2) 
(d) Use a graphing utility to find the sum of the series 
Sl 
pn (n "p 2)" 
Decimal Representation of a Number Show that the 
series 
Xp 0X B 4, 
10 10? ° 10? ^ 104 ` 


converges, where x; is one of the numbers 0, 1, 2,. . ., 9. 


s2( ) HOW DO YOU SEE IT? The figure shows 
the first 20 terms of the series X c, using 
squares and the first 20 terms of the series 
X d, using circles. If È d, converges, can you 
determine anything about the convergence or 
divergence of > c,,? Explain. 
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True or False? In Exercises 53-58, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


oo oo 
53. If 0 < a, S b, and 5 a, converges, then by b, diverges. 


n-i n-i 


oo oo 
54. If 0<a,,,) S b, and > b, converges, then bx d, 
n-i n-i 


converges. 


oo oo 
55. If a, + b, S c, and > c, converges, then the series bx a, 


n-i n-i 


oo 
and X b, both converge. (Assume that the terms of all three 
n=1 
series are positive.) 


56. If a, € b, + c, and 5 à, diverges, then the series b b, and 


n-l n-i 
oo 


X c, both diverge. (Assume that the terms of all three series 
n-i 
are positive.) 


oo oo 
57. If 0 < a, S b, and 5 a, diverges, then x b, diverges. 
n=1 n=1 


oo oo 
58. If 0 < a, S b, and > b, diverges, then 5 a, diverges. 


n-i n=1 


59. Proof Prove that if the nonnegative series 
oo oo 
Y a, and bi b, 
n=1 n-i 


oo 
converge, then so does the series 5 a,b,. 
n=1 
60. Proof Use the result of Exercise 59 to prove that if the 
nonnegative series 


61. Finding Series Find two series that demonstrate the result 


of Exercise 59. 


. 


62 


. 


Finding Series Find two series that demonstrate the result 
of Exercise 60. 


63. Proof Suppose that È a, and X b, are series with positive 
terms. Prove that if 


and X b, converges, then X a, also converges. 


64 


b 


Proof Suppose that X a, and X b, are series with positive 
terms. Prove that if 


and È b, diverges, then È a, also diverges. 


65 


66 


b 


. Verifying Convergence Use the result of Exercise 63 to 


show that each series converges. 
S 1 


© 2 riy 


n=1 


S 1 


Verifying Divergence Use the result of Exercise 64 to 
show that each series diverges. 


oo oo I 
@ Y (n 2? (xy — 
n=1 n=1 
oo 1 oo e" 
= d 
©) 2 Inn P n 


67. Proof Suppose that Xa, is a series with positive terms. 


Prove that if = a, converges, then X sin a, also converges. 


68. Proof Prove that the series 


S 1 


1+24+3+---+n7 


n=1 


converges. 


69. Comparing Series Show that 


Inn 
> n/n 


converges by comparison with 


= 1 
E 


n=1 


70. Determining Convergence or Divergence 


Determine whether the every-other-term harmonic series 


a ebala 
8 77. 


converges or diverges. 


PUTNAM EXAM CHALLENGE 
71. Is the infinite series 

e 1 
È qe 


n-i 


convergent? Prove your statement. 


oo 
. Prove that if X a, is a convergent series of positive real 
n=1 


numbers, then so is 


co 
X (a,)"/@ + D) 


n-i 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 
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9.5 Alternating Series 


The second 
condition in the Alternating 
Series Test can be modified to 
require only that O <a,,, Sa 
for all n greater than some 
integer N. 


n 


E Use the Alternating Series Test to determine whether an infinite series converges. 

E Use the Alternating Series Remainder to approximate the sum of an alternating 
series. 

E Classify a convergent series as absolutely or conditionally convergent. 

E Rearrange an infinite series to obtain a different sum. 


Alternating Series 


So far, most series you have dealt with have had positive terms. In this section and the 
next section, you will study series that contain both positive and negative terms. The 
simplest such series is an alternating series, whose terms alternate in sign. For example, 
the geometric series 


oo 3i co 1 
xiu 
2. 2 2. 2 
i 1 ái ] 1 " 1 
2 4 S8 16 
is an alternating geometric series with r = -i Alternating series occur in two ways: 


either the odd terms are negative or the even terms are negative. 


THEOREM 9.14 Alternating Series Test 
Let a, > 0. The alternating series 

oo oo 

X (1a and X (1), 

n=1 n-l 
converge when these two conditions are met. 


1. lim a,-0 


noo 


< 
2. d,4, © a, for all n 


okso 
erdt 
m$ r 


Proof Consider the alternating series 


$ (- 1)"*!a,. 
n=1 


For this series, the partial sum (where 27 is even) 
Son = (a, — aj) + (a4 — aj) + (as — ag) +: + t (a, Z Gon) 


has all nonnegative terms, and therefore (55,) is a nondecreasing sequence. But you 
can also write 


Son = ay, (a; a) (a, as) i (Ay_—2 = Ayn —1) ~ An 


which implies that $5, < a, for every integer n. So, ($5, is a bounded, nondecreasing 
sequence that converges to some value L. Because $5, , — dy, = $5, and a, 0, you 
have 


n 


lim $5, , = lim S, + lim a, 


noo noo noo 
=L+ lim a, 
nooco 
=L. 


Because both S,, and $5, , converge to the same limit L, it follows that {S,} also 
converges to L. Consequently, the given alternating series converges. a 
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s The series in 
Example 1 is called the 
alternating harmonic series. 
More is said about this series 
in Example 8. 


In Example 3(a), 
remember that whenever a 
series does not pass the first 
condition of the Alternating 
Series Test, you can use the 
nth-Term Test for Divergence 
to conclude that the series 
diverges. 


EXAMPLE 1 Using the Alternating Series Test 


Determine the convergence or divergence of 


eo 1 
Y (- 1)” +1 = 

n-i n 
Solution Note that lim a, = lim n (1 /n) = 0. So, the first condition of Theorem 9.14 
is satisfied. Also note that the second condition of Theorem 9.14 is satisfied because 
1 


1 
a = S-=a 
n+l mc] m 


for all n. So, applying the Alternating Series Test, you can conclude that the series 
converges. 


EXAMPLE 2 Using the Alternating Series Test 


Determine the convergence or divergence of 
5 n 
Pe (— 2)" =1 


Solution To apply the Alternating Series Test, note that, for n = 1, 


< 


— 
E 
+ 
-— 

wa 
N 

= 
| 
^ 
3 
N 
= 


2n 2n-— 1 
So, a,,, = (n + 1)/2" < n/2"*! = a, for all n. Furthermore, by L’ H6pital’s Rule, 


lim — ]im : —0 wD lim — 0. 


X 
x= Q*-1 EE '(n 2) noo 2^-1 


Therefore, by the Alternating Series Test, the series converges. 


When the Alternating Series Test Does Not Apply 


a. The alternating series 


&(-Iy*(n-1 2 3,4 5 6 
3 n 1 o3 35 4'5 


passes the second condition of the Alternating Series Test because a, , 5 a, for all 
n. You cannot apply the Alternating Series Test, however, because the series does 
not pass the first condition. In fact, the series diverges. 


b. The alternating series 


2.24.12. 1 2- 1,2 J1 


passes the first condition because a, approaches 0 as n — oo. You cannot apply the 
Alternating Series Test, however, because the series does not pass the second 
condition. To conclude that the series diverges, you can argue that S5, equals the 
Nth partial sum of the divergent harmonic series. This implies that the sequence of 
partial sums diverges. So, the series diverges. a 


Later, using 
the techniques in Section 9.10, 
you will be able to show that the 
series in Example 4 converges to 


e—1 


= 0.63212. 


(See Section 9.10, Exercise 58.) 
For now, try using a graphing 
utility to obtain an approximation 
of the sum of the series. How 
many terms do you need to 
obtain an approximation that 

is within 0.00001 of the actual 
sum? 
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Alternating Series Remainder 


For a convergent alternating series, the partial sum S, can be a useful approximation 
for the sum S of the series. The error involved in using S ~ S, is the remainder 
Ry = S — Sy. 


THEOREM 9.15 Alternating Series Remainder 


If a convergent alternating series satisfies the condition a, , , S a,, then the 


n? 


absolute value of the remainder Ry involved in approximating the sum S by Sy 
is less than (or equal to) the first neglected term. That is, 


[S — Syl = [Rul S agii Hey 


M. 
A proof of this theorem is given in Appendix A. rele x 


CT L2 24 Approximating the Sum of an Alternating Series 


oue p- See LarsonCalculus.com for an interactive version of this type of example. 
Approximate the sum of the series by its first six terms. 


= 1 1 1 1 1 1 1 
=J] t1 = UNE 
P» p (4) 1! 2! E 3! 4! i 5! 6! E 


Solution The series converges by the Alternating Series Test because 


1 zx do 
GN a and m 7) = 0. 


The sum of the first six terms is 


1 1 1 1 1 91 
=1--+5-—+—- —=— <9, 
Bg 6 A” OO ae "0s 


and, by the Alternating Series Remainder, you have 


|S — Sol = [Rel © a; = =~ 0.0002. 


BO 
5040 
So, the sum S lies between 0.63194 — 0.0002 and 0.63194 + 0.0002, and you have 
0.63174 x S x 0.63214. 


Finding the Number of Terms 


Determine the number of terms required to approximate the sum of the series with an 
error of less than 0.001. 


$ (— 1)" +1 
n=1 n* 
Solution By Theorem 9.15, you know that 


1 


[Ry] S aya. = wep 


For an error of less than 0.001, N must satisfy the inequality 1/(N + 1)* < 0.001. 


1 
aie m (N + 1) > 1000 => N> 11000-1246 


So, you will need at least five terms. Using five terms, the sum is S ~ S; ~ 0.94754, 
which has an error of less than 0.001. 
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Chapter 9 


Infinite Series 


Absolute and Conditional Convergence 


Occasionally, a series may have both positive and negative terms and not be an 


alternating series. For instance, the series 
5 sinn sinl , sin2 , sin3 
n? 1 4 9 


Prag 

n=1 
has both positive and negative terms, yet it is not an alternating series. One way to 
obtain some information about the convergence of this series is to investigate the 
convergence of the series 


sin n 


By direct comparison, you have |sin n| < 1 for all n, so 


sin n 
2 


n 


Therefore, by the Direct Comparison Test, the series X |(sin n)/n?| converges. The next 
theorem tells you that the original series also converges. 


M 9.16 Absolute Convergence pne 
migm 


If the series È |a,| converges, then the series È a, also converges. mem 
Proof Because 0 < a, + |a,| < 2|a, | for all n, the series 


converges by comparison with the convergent series 


oo 


Y, 2la,l. 


n-l 


Furthermore, because a, = (a, + |a,|) — |a, |. you can write 


oo oo oo 
> a, = 5 (a, + la,]) = Y |a, 
n-l n=1 n=1 
where both series on the right converge. So, it follows that X a, converges. | 


The converse of Theorem 9.16 is not true. For instance, the alternating harmonic 
series 


AERE eee 
n 1 2 3 4 


n-l 


converges by the Alternating Series Test. Yet the harmonic series diverges. This type 
of convergence is called conditional. 


Definitions of Absolute and Conditional Convergence 


1. The series X a, is absolutely convergent when > |a, | converges. 


2. The series È a, is conditionally convergent when X a, converges but 
> |a, | diverges. 
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~ EXAMPLE 6 Absolute and Conditional Convergence 


Determine whether each of the series is convergent or divergent. Classify any 
convergent series as absolutely or conditionally convergent. 


oo (— ]1Mpgl ! ! ! ! 
45 5m 0 1.2 30. — 


A mo 20 21 2 P 

e (—1)" 1 1 1 1 
b. = + + 

A vn JS 2 B A 
Solution 


a. This is an alternating series, but the Alternating Series Test does not apply because 
the limit of the nth term is not zero. By the nth-Term Test for Divergence, however, 
you can conclude that this series diverges. 


b. This series can be shown to be convergent by the Alternating Series Test. Moreover, 
because the p-series 


[ES Eo c pb ua 
Jn ml Po x3 J/A 


diverges, the given series is conditionally convergent. 


EXAMPLE 7 Absolute and Conditional Convergence 


Determine whether each of the series is convergent or divergent. Classify any convergent 
series as absolutely or conditionally convergent. 


(- ae m 7 1 1 1 


g 
orem Ld E. 1 1 


Solution 


a. This is not an alternating series (the signs change in pairs). However, note that 


oo ye 1)/2 oo | 
is a convergent geometric series, with 
1 
r= 


Consequently, by Theorem 9.16, you can conclude that the given series is absolutely 
convergent (and therefore convergent). 


b. In this case, the Alternating Series Test indicates that the series converges. However, 
the series 


2 


n=1 


ip I od 1 1 
In(n - 1| I2 13 In4 


diverges by direct comparison with the terms of the harmonic series. Therefore, the 
given series is conditionally convergent. a 


liM FOR FURTHER INFORMATION To read more about the convergence of 
alternating harmonic series, see the article “Almost Alternating Harmonic Series" 
by Curtis Feist and Ramin Naimi in The College Mathematics Journal. To view this 
article, go to MathArticles.com. 
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Rearrangement of Series 
A finite sum such as 
1+3-2+5-4 


can be rearranged without changing the value of the sum. This is not necessarily true 
of an infinite series—it depends on whether the series is absolutely convergent or 
conditionally convergent. 


1. If a series is absolutely convergent, then its terms can be rearranged in any order 
without changing the sum of the series. 


2. If a series is conditionally convergent, then its terms can be rearranged to give a 
different sum. 


The second case is illustrated in Example 8. 


ESTU Rearrangement of a Series 


liM FOR FURTHER INFORMATION The alternating harmonic series converges to In 2. That is, 

Georg Friedrich Bernhard Riemann i li l1 l 

(1826-1866) proved that if È a, +l =i = 2 sb 3 = 4 +:-++=I]1n2, See Exercise 55, Section 9.10. 
is conditionally convergent and S 

is any real number, then the terms ke the terms of the series to produce a different sum. 

of the series can be rearranged to 
converge to S. For more on this 


IMs 


Solution Consider the rearrangement below. 


topic, see the article “Riemann’ s 1 1 1 i 1 1 1 1 1 1 
Rearrangement Theorem" by l 2 4 3 8t 5 10 12 7 14 
Stewart Galanor in Mathematics 
i : : 1 1 1 1 1 1 1 

Teacher. To view this article, go to 1- it -5/73 "E 5 10 12 + 77 j4] 
MathArticles.com. 

1 1 1 1 

es ee ee eras oe ee 

2 4 6 8 10 12 14 

1 ( 1 1 " 1 1 " 1 1 " 1 

2 2 3 5 6 

1 

~ 5 (In 2) 

By rearranging the terms, you obtain a sum that is half the original sum. a 


Exploration 


In Example 8, you learned that the alternating harmonic series 


converges to In 2 ~ 0.693. Rearrangement of the terms of the series produces a 
different sum, 5 In 2 ~ 0.347. 


In this exploration, you will rearrange the terms of the alternating harmonic 
series in such a way that two positive terms follow each negative term. That is, 


Now calculate the partial sums $4, $5, Sio» $44, S16: and Sjo. Then estimate the 
sum of this series to three decimal places. 


9.5 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Alternating Series An alternating series does 
not meet the first condition of the Alternating Series 
Test. What can you conclude about the convergence or 
divergence of the series? Explain. 


. Alternating Series Remainder What is the 
remainder of a convergent alternating series whose sum is 
approximated by the first N terms? 


. Absolute and Conditional Convergence In 
your own words, describe the difference between absolute 
and conditional convergence of an alternating series. 


. Rearrangement of Series Does rearranging the 
terms of a convergent series change the sum of the series? 
Explain. 


AZ Numerical and Graphical Analysis In Exercises 5-8, 


explore the Alternating Series Remainder. 


(a) Use a graphing utility to find the indicated partial sum 
S, and complete the table. 


n |1|2,3/4[|5/|6,7,8]|9 10 


(b) Use a graphing utility to graph the first 10 terms of 
the sequence of partial sums and a horizontal line 
representing the sum. 


(c) What pattern exists between the plot of the successive 
points in part (b) relative to the horizontal line 
representing the sum of the series? Do the distances 
between the successive points and the horizontal line 
increase or decrease? 


(d) Discuss the relationship between the answers in part 
(c) and the Alternating Series Remainder as given in 


Theorem 9.15. 
oo (-1)""! M n oo (- 1)! u 1 
ur cg" 825-0 2 
oo EM 1 Tw oo (- ]p-! 
7. -— A — = sin 1 
2 12 Pl (2n = 1)! Sn 


El Determining Convergence or Divergence 
ee ;* In Exercises 9-30, determine the convergence or 
= ied. divergence of the series. 
EE 


oo (— 1-1 oo (—1)n-*1 
Gma u mca 
HA n+l =, 3n+2 
oo —1 n oo —1 n 
u. y p $ Cb 
n=1 3 n=1 e 
oo (—1)'(5n = 1) oo (-1)"*!n 


13. Y 


n-i 


4n t1 


15. » ae 16. > TERT 

17. > aa 18. > cer 

21. y sin 2n — Dn 22. $ Ld nn 
Vn n=l 

23. > C» 24. Sean 

s § Cg, $ OD 
Bo tinti 

is » 1*3 a io =j) 

28. > yr oo 

29. > e phe e cedo 

30. 5 C - 2f y'*!sechn 


OFAC) Approximating the Sum of an Alternating 
EE: a Series In Exercises 31-34, approximate the sum 
meee 


oe 3 of the series by using the first six terms. (See 
walt Example 4.) 
oo (- 1)"5 co (-1"*!4 ]p*!4 
"9 2, n! e n-l In(n ds In(n + 1) 
oo (-—1)"*!2 oo (-1)"*!n 
. —_— 4. B 
33 n? 3 ` 3n 


n-l n=1 


[m] x? [n] Finding the Number of Terms In Exercises 
Mom ty 35-40, use Theorem 9.15 to determine the number 


=, 3 of terms required to approximate the sum of the 
TCT'* series with an error of less than 0.001. 
oo (- Dr! oo (-1)"*! 
5. —_ i A 
i 2 1 m " P 1 m 
co (- irr! oo ( Dr! 
37; 2 ol 38. » » 
oo (- 1)" oo (- 1)" 
39 40. 
2 0 l 2 0 (2n) ! 


TEJO Determining Absolute and Conditional 
ke Aee Convergence In Exercises 41-58, determine 
Pe whether the series converges absolutely or 


conditionally, or diverges. 
oo (-1)" oo (-1)"*! 
41. 42. 
2 1 2” 2 n? 
oo (-1)" oo (-1)"*! 
43. > a 44. 2 ie 
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oo (-1)"*! 


45. 46. 


is 
s| 


«(Dt oo (_4)n+1 
s. Y s. Š a= 
id > "T 50. py er 
51. > C wz 52, > ae 

B. dca apun 
53. X e i s Š ie 
i > m a 56. 2 (— 1)" *! arctan n 
s. cet E 58. Y p 


n-i 


EXPLORING CONCEPTS 


59. Alternating Series Determine whether S5, is an 
underestimate or an overestimate of the sum of the 
alternating series below. Explain. 


. Alternating Series Give an example of convergent 


alternating series È a, and È b, such that È a,b, diverges. 


. Think About It Do you agree with the following 
statements? Why or why not? 


(a) If both Xa, and È (—a,) converge, then È |a,| 
converges. 


(b) If È a, diverges, then È |a, | diverges. 


HOW DO YOU SEE IT? The graphs of 

the sequences of partial sums of two series are 
shown in the figures. Which graph represents the 
partial sums of an alternating series? Explain. 


Finding Values In Exercises 63 and 64, find the values of p 


for which the series converges. 
63. 5 (= (5) 64. $ (= » 1 ) 
n? n+p 


65. Proof Prove that if È |a,| converges, then È a2 converges. Is 
the converse true? If not, give an example that shows it is false. 


66. Finding a Series Use the result of Exercise 63 to give an 
example of an alternating p-series that converges but whose 
corresponding p-series diverges. 


67. Finding a Series Give an example of a series that 
demonstrates the statement you proved in Exercise 65. 


68. Finding Values Find all values of x for which the series 
> (x"/n) (a) converges absolutely and (b) converges conditionally. 


Using a Series In Exercises 69 and 70, use the given series. 


(a) Does the series meet the conditions of Theorem 9.14? 
Explain why or why not. 


(b) Does the series converge? If so, what is the sum? 


1 1.1 1,1 1 1 1 
69. 3 T 4 9 T 8 27 T T 2n 3" T 
A if n is odd 
E A 
70. X, (-1)'*!a, a, = y 
nu cy if n is even 
n 


Review In Exercises 71-80, determine the convergence or 
divergence of the series and identify the test used. 


m 8 $^ 3n+5 
TE Se Don ae ee 
oo 3n oo 1 
73. Y — 74. 
P n? n-l 6” “a 5 
oo 9 n oo 2g]? 
75. 2. j 76. P» (nt IX 
77. S 1000-2 78. SS i 
n-l nzo” * 4 
œ (=1)} +14 2. Inn 
79. X =—— Ly -—— 
P 3n? EE id n=2 n 


81. Describing an Error The following argument, that 
0 = 1, is incorrect. Describe the error. 


0=0+0+0+--- 
@-1)+(1-1)+(1-1)4 
1 +(—1+1)+(-1+1)+4 
=1+0+0+- 

=1 


PUTNAM EXAM CHALLENGE 


82. Assume as known the (true) fact that the alternating 
harmonic series 


(1) 1 


is convergent, and denote its sum by s. Rearrange the 
series (1) as follows: 


Ld Le 14 
(2) 1+3 7 47T9OT WT 671777« 


Assume as known the (true) fact that the series (2) is also 
convergent, and denote its sum by S. Denote by s,, S, the 
kth partial sum of the series (1) and (2), respectively. 
Prove the following statements. 

(i) San = San 3s, (i) SEs 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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9.6 The Ratio and Root Tests 


The Ratio Test is 
always inconclusive for any 
p-series. 


li Use the Ratio Test to determine whether a series converges or diverges. 
E Use the Root Test to determine whether a series converges or diverges. 
E Review the tests for convergence and divergence of an infinite series. 


The Ratio Test 


This section begins with a test for absolute convergence—the Ratio Test. 


i Ratio Test IE 
Erti 


Let X a, be a series with nonzero terms. mE 


; " ESI 

1. The series X a, converges absolutely when lim |— <1 
noo a 
n 

. . . . +1 

2. The series 2 a, diverges when lim > lor lim |-| = oc. 
noo a noo a 
n n 

. m : . Os] 

3. The Ratio Test is inconclusive when lim =]. 
noo a 
n 


Proof To prove Property 1, assume that 


An+1 


a 


lim =r<l 


n> oo 


n 


and choose R such that 0 < r < R < 1. By the definition of the limit of a sequence, 
there exists some N > 0 such that |a,,,/a,| < R for all n > N. Therefore, you can 
write the following inequalities. 


lay+il < |ay|R 
lay +2 < [ay i| R < |ay|R? 


[aua] < |a. 2| R * lay. | R? < [NS 


oo 

The geometric series V, |ay|R" = |ay|R + |ay|R? +- - -  Jay|R" +- - - converges, 
n=1 

and so, by the Direct Comparison Test, the series 


oo 
> laws] = lani + l@yeol +--+ + Janga tcc 
= 
also converges. This in turn implies that the series È |a,,| converges, because discarding 
a finite number of terms (n = N — 1) does not affect convergence. Consequently, by 
Theorem 9.16, the series È a, converges absolutely. The proof of Property 2 is similar 
and is left as an exercise (see Exercise 97). a 


The fact that the Ratio Test is inconclusive when |a, , ,/a,| ^ 1 can be seen by 
comparing the two series È (1/n) and È (1/12). The first series diverges and the second 
one converges, but in both cases 


1 


lim 


noo 


a 


n 


632 Chapter9 Infinite Series 


A step frequently 
used in applications of the Ratio 
Test involves simplifying 
quotients of factorials. In 
Example 1, for instance, 
notice that 


1 
n+l 


n! 
(n + 1)! 


n! 
(n + 1)n! 


Although the Ratio Test is not a cure for all ills related to testing for convergence, 
it is particularly useful for series that converge rapidly. Series involving factorials or 
exponentials are frequently of this type. 


EXAMPLE 1 Using the Ratio Test 


Determine the convergence or divergence of 

n=0 n! l 
Solution Recall from Section 9.1 that the factorial function grows faster than any 
exponential function. So, you expect this series to converge. Because 

2n 

a, = n! 
you can write the following. 
2n F 2n 
n! 


| 


VES 


= um la FD 


| 


grt n! 


li . 
im la +1)! 2 


= lim 
n2oo n + 1 


0«1 


This series converges because the limit of |a, , ,/a,,| is less than 1. 


EXAMPLE 2 Using the Ratio Test 


Determine whether each series converges or diverges. 
oo n2 grt 


3n 


n=0 
Solution 


a. This series converges because the limit of |a, , ,/a,,| is less than 1. 


: LES è » di 3" 
jim a" = im [o + ye m 2n*1 
. An + 1)? 
= jim, 3n2 

2 
—--«l 
3 


b. This series diverges because the limit of |a, , ,/a,,| is greater than 1. 


li ntl| | lim E F ]*! (=) 
noo a, noo (n + 1)! n" 
_ Tat 2s 
= | 
Jim | (n 1) Vm 
+ 1)" 
zd - ) 
noo n 
1 n 
= lm (1 + 1) 
noo n 
=e>1 iu 
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EXAMPLE 3 A Failure of the Ratio Test 


one p- See LarsonCalculus.com for an interactive version of this type of example. 


Determine the convergence or divergence of 
$ cy 
E ntl 


Solution The limit of |a, , ,/a,| is equal to 1. 
e (ENC 
noo n+2 Jn 


rtrt] 
n n+2 


ESI 
a 


lim 


noo 


n 


Il 

1E 
| a8 
1 


= 1 


So, the Ratio Test is inconclusive. To determine whether the series converges, you need 
to try a different test. In this case, you can apply the Alternating Series Test. To show 
that a,,, S a, let 


Je 


f@) = 
Then the derivative is 
; =x+ 1 
Al = TE 
fe 2 /x(x + 1)? 


Because the derivative is negative for x > 1, you know that f is a decreasing function. 
Also, by L'Hópital' s Rule, 


Jk 


lim = ]i 
xocox +1 x00 
lim = 
x> 2 Y, X 
— 0. 
Therefore, by the Alternating Series Test, the series converges. au 


The series in Example 3 is conditionally convergent. This follows from the fact 
that the series 


diverges (by the Limit Comparison Test with X 1/ Jn), but the series 


oo 
È a, 
n-l 

converges. 


A graphing utility can reinforce the conclusion that the series 
in Example 3 converges conditionally. By adding the first 100 terms of the series, 
you obtain a sum of about — 0.2. (The sum of the first 100 terms of the series È |a, 
is about 17.) 
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The Root Test is 
always inconclusive for any 
p-series. 


The Root Test 


The next test for convergence or divergence of series works especially well for series 
involving nth powers. The proof of this theorem is similar to the proof given for the 
Ratio Test and is left as an exercise (see Exercise 98). 


Root Test 


1. The series È a, converges absolutely when lim 4 "m < l. 


2. The series È a, diverges when lim t/a, > lor lim t/a, | = 00, 
noo noo 
3. The Root Test is inconclusive when lim y la,| = 1. 
n> co 


EXAMPLE 4 Using the Root Test 


Determine the convergence or divergence of 
3 e? 
n-l n l 
Solution You can apply the Root Test as follows. 


lim 4/ a,| 


Because this limit is less than 1, you can conclude that the series converges absolutely 
(and therefore converges). a 


To see the usefulness of the Root Test for the series in Example 4, try applying the 
Ratio Test to that series. When you do this, you obtain the following. 


gn *0 
la + rt! : 


en * 0 
la 3E 1)"*! x 


Note that this limit is not as easily evaluated as the limit obtained by the Root Test in 
Example 4. 


liM FOR FURTHER INFORMATION For more information on the usefulness of the 
Root Test, see the article *N! and the Root Test" by Charles C. Mumma II in The 
American Mathematical Monthly. 'To view this article, go to MathArticles.com. 
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Strategies for Testing Series 


You have now studied 10 tests for determining the convergence or divergence of an 
infinite series. (See the summary in the table on the next page.) Skill in choosing and 
applying the various tests will come only with practice. Below is a set of guidelines for 
choosing an appropriate test. 


GUIDELINES FOR TESTING A SERIES FOR CONVERGENCE OR 
DIVERGENCE 
. Does the nth term approach 0? If not, the series diverges. 


. Is the series one of the special types—geometric, p-series, telescoping, or 
alternating? 


. Can the Integral Test, the Root Test, or the Ratio Test be applied? 


. Can the series be compared favorably to one of the special types? 


In some instances, more than one test is applicable. However, your objective 
should be to learn to choose the most efficient test. 


Applying the Strategies for Testing Series 


Determine the convergence or divergence of each series. 


ll 
an 


ge 
Ms 
Sja 

f > 
8 1M8 
he 
ala 
=e 

le) 
Ms 

= 

Las} 

i 


e 


Ms ims 


ga 


= 
ll 
P uum 
N 
3 
+ 
a | 
rupe 


Solution 
a. For this series, the limit of the nth term is not 0 (a,7 ias n> oo). So, by the 
nth-Term Test, the series diverges. 


b. This series is geometric. Moreover, because the ratio of the terms 


is less than 1 in absolute value, you can conclude that the series converges. 


c. Because the function 


fO) = xe" 
is easily integrated, you can use the Integral Test to conclude that the series converges. 

d. The nth term of this series can be compared to the nth term of the harmonic series. 
After using the Limit Comparison Test, you can conclude that the series diverges. 

e. This is an alternating series whose nth term approaches 0. Because a, ,, S a,, you 
can use the Alternating Series Test to conclude that the series converges. 

f. The nth term of this series involves a factorial, which indicates that the Ratio Test 
may work well. After applying the Ratio Test, you can conclude that the series 
diverges. 

g. The nth term of this series involves a variable that is raised to the nth power, which 


indicates that the Root Test may work well. After applying the Root Test, you can 
conclude that the series converges. a 
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SUMMARY OF TESTS FOR SERIES 


Infinite Series 


Test 


Series 


Condition(s) 
of Convergence 


Condition(s) 
of Divergence 


Comment 


nth-Term 


lim a, # 0 


noo 


This test cannot be used 
to show convergence. 


Geometric Series 
(r # 0) 


In < 1 


|r| = 1 


Telescoping Series 


lim 5, = 


noo 


Sum: $—b,—L 


p-Series 


p> 


Alternating Series 
(a, > 0) 


< 
je] = 0, and 


lim a, — 0 


nooco 


Remainder: 
[Ry] S aya, 


Integral 

(f is continuous, 
positive, and 
decreasing) 


Í f(x) dx converges 
1 


| f(x) dx diverges 
1 


Remainder: 


0< R, < M dx 
N 


lim ¥/Ja,| < 1 
noo 


lim V/la,| > lor 
noo 


Test 1s inconclusive when 


Jim, d la, = 1. 


Test is inconclusive when 


a 
" nal 
lim |——4, = 1. 


Direct Comparison 
(a,, b, > 0) 


n? n 


0<a,<b 


n 


oo 
and p) b, converges 


n-l 


and X b, diverges 
n=1 


Limit Comparison 
(a,, b, > 0) 


n? n 


noo 


lim = L>0 
— = > 
1 b, 


oo 
and Y b,, converges 


n=1 


li L>0 
— = > 
1m n 


nooco 


and 5 b, diverges 
n-l 
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9 n 6 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Ae Numerical, Graphical, and Analytic Analysis In 


CONCEPT CHECK Exercises 15 and 16, (a) use the Ratio Test to verify that the 
Ratio and Root Tests In Exercises 1-6, what can you series converges, (b) use a graphing utility to find the indicated 
conclude about the convergence or divergence of X a,,? partial sum S, and complete the table, (c) use a graphing 
p utility to graph the first 10 terms of the sequence of partial 
9. dim S= sums, (d) use the table to estimate the sum of the series, and 
HMO y (e) explain the relationship between the magnitudes of the 
4. dim alea terms of the series and the rate at which the sequence of partial 
Er la, = sums approaches the sum of the series. 
6. lim 2/|a,| =e 
nose n | 5 | 10} 15 | 20 | 25 
Si 
Verifying a Formula In Exercises 7 and 8, verify the 
formula. - 
1\" Zn? +l 
| 
ort = 1)! 15. 2, n (3) 16. 2, zi 
9n-23) = 9(n — 1) 
me i . z 
(2k — 2)! 1 Of. [n] Using the Ratio Test In Exercises 17—38, 
8. Qn! = COC- D E H 1 use the Ratio Test to determine the convergence 
: oie or divergence of the series. If the Ratio Test 
E a 


is inconclusive, determine the convergence or 


Matching In E ises 9—14. tch th i ith th 
envio dM e seres with te divergence of the series using other methods. 


graph of its sequence of partial sums. [The graphs are labeled 


(a), (b), (c), (d), (e), and (f).] &1 e 
17 2 F 18 > " 
S. E PIT PEE 
14. ee n— ! n 
6+ sae? 2) See esee Ve. 1 2, 4^ 2n im (n + 2)! 
5-- e. 34 
ya e 2 oo 9 ntl oo 5 n 
34° i+ 21 > (n+ (2) 22. 2 n? 6 
2--e "T poen n=1 " 
14 2 oo gn oo n 
i PEEP Ett tts n 23. YB 24. Y, (n4 IP 
2.4 6 8 10 2 4 6 8 10 n=l 3 m 1) +1 j 
oo oo iei n n + 
(c) Sn 23 È y 26. £  nhn+!l) 
co (—1)1 2n oo (—1)n—-1 n 
jl z, $c s BCID 
-— n! - n? 
it eceeeecece n=0 " pr 
e = n «& Qn)! 
H % wr per Boe 
HH EE wv e 
2 4 6 8 10 at De 
« n! 
(e) Sn (f) Sn 32. n 
Ed 5. r n-l 
T eoeeeccce 8t ae 6” 
sy ST i ii n=0 (n F 1)” 
AT sE Peco T ( 12 
T T e n! 
2+ FH n 34. X 
1+ ot 2 * 6 8 10 Hp (3n)! 
tt +> n 3E oo 5n 
2 4 6 8 10 CT 35. V Seem 
n-0 
oc 3\" oo 3\" 1 oo (—1)y 2^ 
á >» (2) ve P (3) Es) "t e Qn F 1)! 
oo (-3y*! oo (-1)""!4 oo (—1)t*!n! 
1l. x n! m 2) (2n)! s P» 3.5.. «(2n * 1) 


= S (- 112+ 4° 6- - -Qn)] 
T 325 2:598: (n = 1) 


n-i 


Ms 


13. 14. 


Ms 
a, 
S 
p 
ES 
[09] 
“= 
Y 
[-] 
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E] Using the Root Test In Exercises 39-52, use 


BEA fi} the Root Test to determine the convergence or 
BEH 3 divergence of the series. 
oo n n oo 1 
9. 40. — 
i $5 Es i : > n" 
S (3nt+ 2\" ec (n= 2 
"m $6 42. X5 : -) 
oo (-1)" oo —3n J” 
= 2, (In n)" 2 2 2n +1 
45. Dy (22/n + 1)" 46. 2 e 
oo y oo n n 
47. = 48. 
2, 3 ü P (sos) 
e fl 1\" S (inn 
s. (4-4) s. (=) 
oo n oo (n!)" 
51. 52. 
pa (In n) P (my? 
Review In Exercises 53-70, determine the 
niao 
Ep ER convergence or divergence of the series using any 
[eie appropriate test from this chapter. Identify the 
= test used. 
oo (- 1)#* 1 5 œ 100 
53. ——— 54. — 
: 2 1 n 2 n 
oo 3 oo 2n n 
s. ss, $ (2 
n=1NV/n 2, 3 
ee 3S 
* a, 2n - 1 Dx 
oo (- 1)” 3^n-2 
59. x Les 
Ss 10 
up ae 
S 10n + 3 
61. Pu 
oo 2n 
2. 
s e 4m - 1 
63. = 
n=1 
oo (- 1)” 
9n 2: nlnn 
es Y m 
S Inn 
66. 2. uw 
oo (- 1)” 3n- 1 
67. » " 
oo (- 1)" 3n 
68. b» 2 
oo (-3)" 
dd BIST Ond) 
S 3.5.7- (2n * 1) 


70. 


Identifying Series In Exercises 71—74, identify the two 
series that are the same. 


71. (a) X »" 


n-i 


L$) 
& 
Ms ï 
P cess 
ES 
PN 
E | 
+ 
i 
= 
= 


3 
ll 


S 


72. 


3 
ll 
A 


Ms iMs 


= 
Qqa———À 
PIu 
1 


= 


8 ll 


73. (a) Y —— — 


74. 


© $E 
© 2 (-1y*! 


y(n + 1)2" 
Writing an Equivalent Series In Exercises 75 and 76, 
write an equivalent series with the index of summation 
beginning at n = 0. 


= d 
75. 2 a 


oo 4n*! 


76. Y 


n-2 (n 2)! 
Using a Recursively Defined Series In Exercises 77-82, 


oo 
the terms of a series by a, are defined recursively. Determine 
n-l 
the convergence or divergence of the series. Explain your 
reasoning. 


1 4n- 1 
77. a, = D lnti T = 3n +2 a, 
2n+1 
78. a, = 2,4,,, = 5n 4 
inn + 1 
79. a = 1,4,41 = UU 
1 cosn + 1 
80. a, = g nti = n n 
1 1 
81. a, = gu (1 H Pa, 
1 n 
82. a, = qa = Va, 


Using the Ratio Test or Root Test In Exercises 83- 86, 

use the Ratio Test or the Root Test to determine the convergence 

or divergence of the series. 
152. . 1*2:3 


1 
83. 1 le T uem T 


84. 1 ! t t t brc 
"C. ESI ET 
' (n3) ` (In4^  (In55 ^ (In 6)6 ` 


1-3 1:3:5 
1*2*3 / 1+2+3+4-5_ 


1:3*5*7 
1*2-3*4-5-6-*7 


86. 1 


Finding Values In Exercises 87-92, find the values of x for 
which the series converges. 


X n oo x- 3 n 
x2) 88. S| 5 


(= 1)" + 1} E 


o6 
A 


Ms ims 


o 
= 


EXPLORING CONCEPTS 


93. Think About It What can you conclude about the 
convergence or divergence of > a, using the Ratio Test 
when a, is a rational function of n? Explain. 


. Using Different Methods Describe two ways to 


oo 
show that the geometric series b» ar", r # 0 converges 
n=0 
when |r| < 1. Verify that both methods give the same result. 


. Think About It You are told that the terms of a 
positive series appear to approach zero rapidly as n 
approaches infinity. In fact, a, < 0.0001. Given no other 
information, does this imply that the series converges? 
Support your conclusion with examples. 


HOW DO YOU SEE IT? The graphs show 


the sequences of partial sums of the series 


Using the Ratio Test, the first series diverges 
and the second series converges. Explain how 
the graphs show this. 
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97. Proof Prove Property 2 of Theorem 9.17. 


98. Proof Prove Theorem 9.18. (Hint for Property 1: If 
the limit equals r < 1, choose a real number R such that 
r < R < 1. By the definitions of the limit, there exists some 


N > O such that 4/ |a,| < R forn > N.) 


Verifying an Inconclusive Test In Exercises 99-102, 
verify that the Ratio Test is inconclusive for the p-series. 


= 1 = 1l 
99. an 100. $ as 
n=1 n=1 
10. $ 4 in y = 
E Ant ! ín 


103. Verifying an Inconclusive Test Show that the Root 
Test is inconclusive for the p-series 


$ = 
n=1 n" 
104. Verifying Inconclusive Tests Show that the Ratio 


Test and the Root Test are both inconclusive for the 
logarithmic p-series 


A 1 
n=2 n(In n)" 


105. Using Values Determine the convergence or divergence 
of the series 


w QU 


n-l (xn)! 


when (a) x = 1, (b) x = 2, (c) x = 3, and (d) x is a positive 
integer. 


106. Using a Series Show that if 


oo 
È a, 
n-i 


is absolutely convergent, then 


oo 
sS 5 la,|- 


n-i 


oo 


x 


n= 


PUTNAM EXAM CHALLENGE 
107. Show that if the series 


converges also. 


108. Is the following series convergent or divergent? 


19 | 2!/19\? , 31/19 , 4! 2j 
USATI. TANI Tao 
These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 
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9.7 Taylor Polynomials and Approximations 


P(c) 2 fc) 
P'(c) 2 f'(c) 


9 


(c, f(c)) 


© 


Near (c, f(c)), the graph of P can be 
used to approximate the graph of f. 
Figure 9.12 


Example 1 is not 
the first time you have used a 
linear function to approximate 
another function. The same 
procedure was used as the basis 
for Newton's Method. 


liM Find polynomial approximations of elementary functions and compare them with 
the elementary functions. 

iM Find Taylor and Maclaurin polynomial approximations of elementary functions. 

E Use the remainder of a Taylor polynomial. 


Polynomial Approximations of Elementary Functions 


The goal of this section is to show how polynomial functions can be used as 
approximations for other elementary functions. To find a polynomial function P that 
approximates another function f, begin by choosing a number c in the domain of f at 
which f and P have the same value. That is, 


P(c) = flo. Graphs of f and P pass through (c, f (c)). 


The approximating polynomial is said to be expanded about c or centered at c. 
Geometrically, the requirement that P(c) — f(c) means that the graph of P passes 
through the point (c, f(c)). Of course, there are many polynomials whose graphs pass 
through the point (c, f(c)). Your task is to find a polynomial whose graph resembles the 
graph of f near this point. One way to do this is to impose the additional requirement 
that the slope of the polynomial function be the same as the slope of the graph of f at 
the point (c, f(c)). 


Pc) = fo) Graphs of f and P have the same slope at (c, f(c)). 


With these two requirements, you can obtain a simple linear approximation of f, as 
shown in Figure 9.12. 


First-Degree Polynomial Approximation of f(x) = e* 


For the function f(x) = e", find a first-degree polynomial function P,(x) = dy + a,x 
whose value and slope agree with the value and slope of f at x = 0. 


Solution Because f(x) = e* and f'(x) = e", the value and the slope of f at x = 0 are 
f0) = 2 = Value of f at x = 0 

and 
f0) = &? — 1. Slope of f at x = 0 


Because P,(x) = dy + a,x, you can use the condition that P,(0) = f(0) to conclude that 
dy = 1. Moreover, because P,'(x) = a,, you can use the condition that P,'(0) = f'(0) 
to conclude that a, = 1. Therefore, P,(x) = 1 + x. The figure shows the graphs of 
P,(x) = 1 + xand f(x) = e. 


P, is the first-degree polynomial 


approximation of f(x) = e*. a 


P, is the second-degree polynomial 
approximation of f(x) = e*. 
Figure 9.13 


3 11] 3 


P, is the third-degree polynomial 
approximation of f(x) = e*. 
Figure 9.14 
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In Figure 9.13, you can see that, at points near (0, 1), the graph of the first-degree 
polynomial function 


P Aes) =]+x Ist-degree approximation 


is reasonably close to the graph of f(x) = e*. As you move away from (0, 1), 
however, the graphs move farther and farther from each other and the accuracy of the 
approximation decreases. To improve the approximation, you can impose yet another 
requirement—that the values of the second derivatives of P and f agree when x = 0. 
The polynomial, P,, of least degree that satisfies all three requirements P,(0) = f(0), 
P,'(0) = f'(0), and P,"(0) = f"(0) can be shown to be 


1 
P(x) =]+x+ 3* 2nd-degree approximation 


Moreover, in Figure 9.13, you can see that P, is a better approximation of f than P}. 
By requiring that the values of P, (x) and its first n derivatives match those of f(x) = e* 
at x = 0, you obtain the nth-degree approximation shown below. 


l, l4 1 
P(x) =]+x+ 2* + 3r deem E nth-degree approximation 
i n: 


= er 


Third-Degree Polynomial Approximation of f(x) = e* 


Construct a table comparing the values of the polynomial 


1 1 
PAX) =]+x+ 3* F 3r 3rd-degree approximation 


with f(x) = e* for several values of x near 0. 


Solution Using a graphing utility, you can obtain the results shown in the table. 
Note that for x = 0, the two functions have the same value, but that as x moves farther 
away from 0, the accuracy of the approximating polynomial P,(x) decreases. 


x =] =02 —0.1 0 0.1 0.2 1 
0.3679 | 0.81873 | 0.904837 | 1 | 1.105171 | 1.22140 | 2.7183 
P(x) | 0.3333 | 0.81867 | 0.904833 | 1 | 1.105167 | 1.22133 | 2.6667 


A graphing utility can be used to compare the graph of 
the approximating polynomial with the graph of the function f. For instance, in 
Figure 9.14, the graph of 


P,(x) =1l+x+ n F ax 3rd-degree approximation 


is compared with the graph of f(x) = e*. Use a graphing utility to compare the 
graphs of 


P(x) =] +x+ 5x2 T Do sb a 4th-degree approximation 

P(x) =] +x+ 5x2 + i F ji + xX 5th-degree approximation 
and 

P(x) =] +x+ i2 + i + Fx + Bx + gx 6th-degree approximation 


with the graph of f. What do you notice? 
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BROOK TAYLOR (1685-1731) 


Although Taylor was not 

the first to seek polynomial 
approximations of 
transcendental functions, his 
account published in 1715 was 
one of the first comprehensive 
works on the subject. 

See LarsonCalculus.com 

to read more of this biography. 


Maclaurin 
polynomials are special types 
of Taylor polynomials for 
which c = 0. 


eeoveevcece 


Taylor and Maclaurin Polynomials 


The polynomial approximation of 

F(x) = e 
in Example 2 is expanded about c = 0. For expansions about an arbitrary value of c, it 
is convenient to write the polynomial in the form 

P(x) = ag + a(x — c) + a(x — c + ax — c t ax — cy. 
In this form, repeated differentiation produces 

P,'(x) = a, + 2ay(x — c) + 3a,(x — c +- + -+ na(x — cy! 

PG) = 2a, -t20)x-s)-*--bnn- ale ef 

P,"(x) = 2(3a4) +- > > + n(n — 1)(n — 2)a,( — cy? 
P(x) = n(n = (n = 2): - - QY(Da,. 
Letting x — c, you then obtain 


Pío) =a, Pe) =a, Pie) = 2a, ..., POO = nla, 


n 


and because the values of f and its first n derivatives must agree with the values of P, 
and its first n derivatives at x — c, it follows that 
"© fo) 
flc) =a, filc) = 4, =,..., = a, 


2! n! 


With these coefficients, you can obtain the following definition of Taylor polynomials, 
named after the English mathematician Brook Taylor, and Maclaurin polynomials, 
named after the Scottish mathematician Colin Maclaurin (1698—1746). 


Definitions of nth Taylor Polynomial and nth Maclaurin 
Polynomial 


If f has n derivatives at c, then the polynomial 


P(x) = f(c) + f(c)(x o) £P - emxkzexR—— 


is called the nth Taylor polynomial for f at c. If c = 0, then 
LO alag... 


2 
DUET 


(n) 
n! 


P,(x) = f(0) + f(0)x + 


is also called the nth Maclaurin polynomial for f. 


A Maclaurin Polynomial for f(x) = e* 


From the discussion on the preceding page, the nth Maclaurin polynomial for f(x) = e* 
is given by 
1 


= |, 1 3 n 
PA)=ltxt setae teet a iu 


li FOR FURTHER INFORMATION 

To see how to use series to obtain other approximations to e, see the article *Novel 
Series-based Approximations to e" by John Knox and Harlan J. Brothers in The College 
Mathematics Journal. To view this article, go to MathArticles.com. 
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Finding Taylor Polynomials for In x 


Find the Taylor polynomials P), P, Pa, P3, and P, for 
f(x) = lnx 
centered atc = 1. 


Solution Expanding about c = 1 yields the following. 


f(x) = Inx f(l) =In1 =0 
ro =t f -i-i 
fa) = -— m= — B= 71 
Pa = Z P= 4 x 
FQ) = -5 fed) = -G = -6 


Therefore, the Taylor polynomials are as follows. 


P(x) = f(1) =0 
PG) =f + POG — D = (x — 1) 


Pa) =f) * f - 0 +e - ay 


£O. y POL yy 


P4) =f) + f(x — 1) + 


1 


epe De 


24 1 3 
(x — 1} + a 1) 


PO = f() + Oe - 0 + Pg- yp + Wee - ay + FOG py 


1 
2 


1 
4 


toed P+ iG 13 — lig. 


Figure 9.15 compares the graphs of P}, P5, P}, and P, with the graph of f(x) = In x. 
Note that near x — 1, the graphs are nearly indistinguishable. For instance, 

P,(1.1) = 0.0953083 
and 


In(1.1) = 0.0953102. 


As n increases, the graph of P, becomes a better and better approximation of the graph of f(x) = In x near x = 1. 
Figure 9.15 au 
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Near (0, 1), the graph of P, can be 
used to approximate the graph of 
f(x) = cos x. 

Figure 9.16 


Near (11/6, 1/2), the graph of P, can 
be used to approximate the graph of 
f(x) = sin x. 
Figure 9.17 


EXAMPLE 5 Finding Maclaurin Polynomials for cos x 


Find the Maclaurin polynomials Py, P), P4, and P, for f(x) = cos x. Use P,(x) to 
approximate the value of cos(0.1). 


Solution Expanding about c — 0 yields the following. 


f(x) = cos x f(0 = cos0 = 1 
f(x) -sinx f(0)- —sin0 = 0 
f"(x) = — cos x f"(0) = —cos0 = -1 
f"(x) = sinx f"(0) = sin0 = 0 


Through repeated differentiation, you can see that the pattern 1, 0, — 1, 0 continues, and 
you obtain the Maclaurin polynomials 


1 1 1 
P(x) = 1, P(x) = 1 - The Pa) =1- yaa + a 
and 
1 1 1 
P(x) = 1 Tal + a er 


To nine decimal places, the approximation 
P((0.1) = 0.995004165 
is the same as cos(0.1). Figure 9.16 compares the graphs of f(x) = cos x and P, W 
Note in Example 5 that the Maclaurin polynomials for cos x have only even 
powers of x. Similarly, the Maclaurin polynomials for sin x have only odd powers of 


x (see Exercise 19). This is not generally true of the Taylor polynomials for sin x and 
cos x expanded about c # 0, as shown in the next example. 


= OS Finding a Taylor Polynomial for sin x 


Liwi p- See LarsonCalculus.com for an interactive version of this type of example. 
Find the third Taylor polynomial for f(x) = sin x, expanded about c = Tt/6. 


Solution Expanding about c = 11/6 yields the following. 


f(x) = sinx A) = 2s = l 


f'(x) = cos x 

” TENES "a m Tl 1 
f'G) = -sinx r(z)- sinc = —5 
f"(x) = —cosx (2) = cos = v3 


So, the third Taylor polynomial for f(x) = sin x, expanded about c = 11/6, is 


rod Ae e Meg 


= 54 B(x 5) son" 2! asy js 


Figure 9.17 compares the graphs of f(x) = sin x and P}. au 


Exploration 


Check to see that the fourth 
Taylor polynomial (from 
Example 4), evaluated 


at x — 1.1, yields the 
same result as the fourth 
Maclaurin polynomial in 
Example 7. 
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Taylor polynomials and Maclaurin polynomials can be used to approximate the 
value of a function at a specific point. For instance, to approximate the value of In(1.1), 
you can use Taylor polynomials for f(x) — In x expanded about c — 1, as shown in 
Example 4, or you can use Maclaurin polynomials, as shown in Example 7. 


EXAMPLE 7 Approximation Using Maclaurin Polynomials 


Use a fourth Maclaurin polynomial to approximate the value of In(1.1). 


Solution Because 1.1 is closer to 1 than to 0, you should consider Maclaurin 
polynomials for the function g(x) = In(1 + x). 


g(x) = In(1 + x) g(0) = In(1 + 0) = 0 

gG) = (0-37 g(0 — (107-1 
20) = -=(1 +x)? gOS = + 0)? = -1 
g"(x) = 2(1 + x)? g"(0) = 2(14- 0)-3 = 2 
g(x) = —6(1 + x) g^(0) = —6(1 + 0)'* = —6 


Note that you obtain the same coefficients as in Example 4. Therefore, the fourth 
Maclaurin polynomial for g(x) = In(1 + x) is 


i n 0 m 0 (4) 0 
P,(x) = g(0) + g'(0)x + e ) + e ^o p? É ) 4 
l2, l3 la 
=x 2* F 3* 4* : 
Consequently, 
In(1.1) = In(1 + 0.1) = P4(0.1) = 0.0953083. au 


The table below illustrates the accuracy of the Maclaurin polynomial approximation 
of the calculator value of In(1.1). You can see that as n increases, P,,(0.1) approaches 
the value of In(1.1) ~ 0.0953102. 


Maclaurin Polynomial Approximations of In(1 + x) at x = 0.1 


n 1 2 3 4 
P,(0.1) | 0.1000000 | 0.0950000 | 0.0953333 | 0.0953083 


On the other hand, the table below illustrates that as you move away from the 
expansion point c = 0, the accuracy of the approximation decreases. 


Fourth Maclaurin Polynomial Approximation of In(1 + x) 


x 0 0.1 0.5 0.75 1.0 
In(1 + x) | 0 | 0.0953102 | 0.4054651 | 0.5596158 | 0.6931472 
P,(x) O | 0.0953083 | 0.4010417 | 0.5302734 | 0.5833333 


These two tables illustrate two very important points about the accuracy of Taylor 
(or Maclaurin) polynomials for use in approximations. 


1. The approximation is usually better for higher-degree Taylor (or Maclaurin) 
polynomials than for those of lower degree. 


2. The approximation is usually better at x-values close to c than at x-values far from c. 
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Remainder of a Taylor Polynomial 


An approximation technique is of little value without some idea of its accuracy. To 
measure the accuracy of approximating a function value f(x) by the Taylor polynomial 
P, (x), you can use the concept of a remainder R, (x), defined as follows. 


f(x) = P,(x) + R,G) 


i \ e 
Exact Remainder 


value 
So, R,(x) = f(x) — P,(x). The absolute value of R,(x) is called the error associated 
with the approximation. That is, 


Approximate 
value 


Error = |R,(x)| = |f(@) — P,(x)]. 


The next theorem gives a general procedure for estimating the remainder associated 
with a Taylor polynomial. This important theorem is called Taylor's Theorem, and the 
remainder given in the theorem is called the Lagrange form of the remainder. 


EM 9.19 


TH FOF 
| Mev 


Taylor’s Theorem 


If a function f is differentiable through order n + 1 in an interval J containing c, 
then, for each x in /, there exists z between x and c such that 


"(c Mic 
fl) = f) + OW - 9 e PB ages ce P — 0 RO 
where 
fe D(z) T ; " 
Rd Ga c am mm 


A proof of this theorem is given in Appendix A. 


One useful consequence of Taylor's Theorem is that 


|x - gp? 


pop 577 9) 


IR. G)] < 
where max|f'" * )(z)| is the maximum value of f" * D(z) between x and c. 

For n = 0, Taylor's Theorem states that if f is differentiable in an interval Z 

containing c, then, for each x in Z, there exists z between x and c such that 
, l x) — fle 

=O trO- or p(g - 199 f. 

Do you recognize this special case of Taylor's Theorem? (It is the Mean Value 
Theorem.) 

When applying Taylor's Theorem, you should not expect to be able to find the 
exact value of z. (If you could do this, an approximation would not be necessary.) 
Rather, you are trying to find bounds for f" * (7) from which you are able to tell how 
large the remainder R,,(x) is. 


Note that when 
you use a calculator, 


sin(0.1) ~ 0.0998334. 


Note that when 
you use a calculator, 


PAÁL2) = 0.1827 
and 


In(1.2) = 0.1823. 
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EXAMPLE 8 Determining the Accuracy of an Approximation 


The third Maclaurin polynomial for sin x is 


x3 


P3(x) =x - 3r 
Use Taylor's Theorem to approximate sin(0.1) by P;(0.1) and determine the accuracy 
of the approximation. 


Solution Using Taylor's Theorem, you have 


P. P (A(z 
sinx = x — 3) + Ria) = x — 31 PE 
where 0 < z « 0.1. Therefore, 
(0.1? 
sin(0.1) = 0.1 — = 0.1 — 0.000167 = 0.099833. 


3! 
Because f(z) = sin z, it follows that the error |R,(0.1)| can be bounded as follows. 


0.0001 
4! 


sin z 
4! 


0 < R4(0.1) = (0.1)4 < =~ 0.000004 


This implies that 
0.099833 < sin(0.1) = 0.099833 + R,(0.1) < 0.099833 + 0.000004 
or 


0.099833 < sin(0.1) < 0.099837. 


CY IS3EME Approximating a Value to a Desired Accuracy 


Determine the degree of the Taylor polynomial P, (x) expanded about c = 1 that should 
be used to approximate In(1.2) so that the error is less than 0.001. 


Solution Following the pattern of Example 4, you can see that the (n + 1)st 
derivative of f(x) — In x is 


n! 


pet D(x) = (- De T 


Using Taylor's Theorem, you know that the error |R,(1.2)] is 


n+1) 
|n (1.2)] = Z - TE Dy 
n! 1 "T 
= leo 
E (0.2)"*! 
~ ttn + 1) 


where 1 < z < 1.2. In this interval, (0.2)"*!/[z"*(n + 1)]is less than (0.2)^ * !/(n + 1). 
So, you are seeking a value of n such that 


(0.2)"*! 
(n + 1) 


< 0.001 => 1000 < (n + 1)5"*!. 


By trial and error, you can determine that the least value of n that satisfies this inequality 
is n = 3. So, you would need the third Taylor polynomial to achieve the desired 
accuracy in approximating In(1.2). a 
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9 n 7 Exe rcises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Graphical and Numerical Analysis In 
CONCEPT CHECK Exercises 13 and 14, use a graphing utility to graph 
1. Polynomial Approximation An elementary ET 3 f and its second-degree polynomial approximation 
function is approximated by a polynomial. In your : £ P, at x — c. Complete the table comparing the 
own words, describe what is meant by saying that the values of f and P,. 
polynomial is expanded about c or centered at c. 


. Taylor and Maclaurin Polynomials How are 
Taylor polynomials and Maclaurin polynomials related? 


4 —2(x — 1) + 3x — 1} 
. Accuracy of a Taylor Polynomial Describe 
the accuracy of the nth-degree Taylor polynomial of f 0} 08 | 09 1] 11/12 |2 
centered at c as the distance between c and x increases. 


. Accuracy of a Taylor Polynomial In general, 
how does the accuracy of a Taylor polynomial change P,(x) 


as the degree of the polynomial increases? Explain your 
ee 14. f(x) = secx, c= ^ 
Matching In Exercises 5-8, match the Taylor polynomial P(x) = J2 4 "t 1) ! 3 a(x ny 
approximation of the function f(x) = e-*/? with its graph. 4j 2 4 
[The graphs are labeled (a), (b), (c), and (d).] 
IL 
x — 2.15 | 0.585 | 0.685 4 0.885 | 0.985 | 1.785 
(a) , (b) , 
A 
A A fo) 
ais E P,(x) 
$——31— x 41——4 X 
22, —] 1 2 2 1 2 
-LF =i 15. Conjecture Consider the function f(x) = cosx and its 
-24 2L Maclaurin polynomials P», P4, and P, (see Example 5). 
Bo Use a graphing utility to graph f and the indicated 
(c) y (d) A polynomial approximations. 
2 2+ (b) Evaluate and compare the values of f™(0) and P'(0) for 
n — 2,4, and 6. 
x — LN s (c) Use the results in part (b) to make a conjecture about 
3 1 2 32/- 1 V f™(0) and P™)(0). 
—] a n 
adl 16. Conjecture Consider the function f(x) = x?e*. 
(a) Find the Maclaurin polynomials P,, P}, and P, for f. 
5. g(x) = 3 +1 Beso Use a graphing utility to graph f, P5, P3, and P. 
6. g(x) = -32 +1 (c) Evaluate and compare the values of f™(0) and P(0) for 
7. g(x) = ts +1)4+ 1] n = 2, 3, and 4. 
8. g(x) = e- Vat (x - 13 -(e- 1) + 1] (d) Use the results in part (c) to make a conjecture about 


f (0) and P™(0). 
[p] Finding a  First-Degree Polynomial 


E Approximation In Exercises 9—12, find a first- [s]dJz'[m] Finding a Maclaurin Polynomial In 
[s]: is degree polynomial function P, whose value and HEN H Exercises 17—26, find the nth Maclaurin polynomial 
ud slope agree with the value and slope of f at x — c. is A for the function. 
Use a graphing utility to graph f and P. = i 
17. fx) = e*, n=4 18. f(x) =e™, n=5 
9. f(x) = i, c=4 10. f(x) = cE c=8 19. f(x) =sinx, n=5 20. f(x) = cos Tx, n=4 
x 
i 21. f(x) =x, n=4 22. f(x) - xie*, n=4 
11. f(x) = secx, c= 6 1 " 
i 23. f(x) = 1—5 n-5 24. f(x) - —— n=4 
12. f(x) - anx, c= 4 25. f(x) = secx, n=2 26. f(x) = tanx, n= 3 


ORO Finding a Taylor Polynomial In Exercises 
V3 7-32, find the nth Taylor polynomial for the 


Der : í 
Eon function, centered at c. 
Bu 


BB Finding Taylor Polynomials Using Technology In 


Exercises 33 and 34, use a computer algebra system to find 
the indicated Taylor polynomials for the function f. Graph the 
function and the Taylor polynomials. 


33. f(x) = tan rx 


34. f(x) = 2 


(a) n= 3, c=0 
(b) n=3, c=1/4 


(a)n=4, c=0 
(D n=4, c=1 


35. Numerical and Graphical Approximations 


(a) Use the Maclaurin polynomials P,(x), P3(x), and P;(x) for 
f(x) = sin x to complete the table. 


x 0| 025 0.50 | 0.75 1 
sinx | 0 | 0.2474 | 0.4794 | 0.6816 | 0.8415 
P,(x) 

P(x) 

P s(x) 


BB o) Use a graphing utility to graph f(x) = sinx and the 
Maclaurin polynomials in part (a). 
(c) Describe the change in accuracy of a polynomial 
approximation as the distance from the point where the 
polynomial is centered increases. 


36. Numerical and Graphical Approximations 


(a) Use the Taylor polynomials P,(x), P(x), and P,(x) for 
f(x) = e*, centered at c = 1, to complete the table. 


x 1 1.25 1.50 1.75 2 
e e | 3.4903 | 44817 | 5.7546 | 7.3891 
P,(x) 
P,(x) 
P(x) 


fe (b) Use a graphing utility to graph f(x) = e* and the Taylor 
polynomials in part (a). 
(c) Describe the change in accuracy of polynomial 
approximations as the degree increases. 
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Numerical and Graphical Approximations In Exercises 
37 and 38, (a) find the Maclaurin polynomial P,(x) for f(x), 
(b) complete the table for f(x) and P,(x), and (c) sketch the 
graphs of f(x) and P,(x), on the same set of coordinate axes. 


x —0.75 | —0.50 | —0.25 | 0 | 0.25 | 0.50 | 0.75 


f(x) 
P 3(x) 


37. f(x) = arcsin x 


p Approximating a Function Value In 
seat Exercises 39-44, approximate the function at the 

given value of x, using the polynomial found in the 
ins ? indicated exercise. 


38. f(x) = arctan x 


39. fx) 2 e*, f (3), Exercise 17 

40. f(x) =e, f(i), Exercise 22 
Al. f(x) = E f(-2.1), 
42. f(x) = Vx, f(8.05), 
43. f(x) =Inx, f(2.1), 


Exercise 28 
Exercise 30 
Exercise 31 


7 
44. f(x) =x cosx, f (2), Exercise 32 


SE Using Taylor's Theorem In Exercises 45-50, 

use Taylor's Theorem to obtain an upper bound 

CAE for the error of the approximation. Then calculate 
=E the exact value of the error. 


(039 , (0:3) 


45. cos(0.3) = 1 — 2! 41 


46. arccos(0.15) — 3 = 0.15 


3 5 
(0.2) a (0.2) 
3! 5! 
1? IE 14 15 


47. sinh(0.2) ~ 0.2 + 


Bem lt lta tatat 5 
3 
49. arcsin(0.4) ~ 0.4 + (0.4) 
2*3 
3 
50. arctan(0.4) ~ 0.4 — M 


Due TID Finding a Degree In Exercises 51-56, 

mh determine the degree of the Maclaurin polynomial 

Sp required for the error in the approximation of the 

[a] 52064 function at the indicated value of x to be less than 
0.001. 


51. f(x) = sinx, approximate f(0.3) 
52. f(x) = cosx, approximate f(0.4) 
53. f(x) = e*, approximate f(0.6) 


54. f(x) = In(x + 1), approximate f(1.25) 
55. f(x) = : : y approximate f(0.15) 
56. f(x) = : approximate f(0.2) 
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fe Finding a Degree Using Technology In Exercises 57 
and 58, determine the degree of the Maclaurin polynomial 
required for the error in the approximation of the function at 
the indicated value of x to be less than 0.0001. Use a computer 
algebra system to obtain and evaluate the required derivative. 


57. f(x) = In(x + 1), approximate f(0.5). 
58. f(x) = e~™, approximate f(1.3). 
Finding Values In Exercises 59-62, determine the values of 


x for which the function can be replaced by the Taylor polynomial 
if the error cannot exceed 0.001. 


x 


59. f(x) 2 e* e 1 - xd 21 3r x«0 
3 

60. f(x) -ainxex-I 
E xt 

61. f(x) = cosx e 1-5 + 7 


62. f(x) 2e? = 1 — 2x + 2x? — e 


EXPLORING CONCEPTS 


63. Think About It What is the relationship between the 
equation of a tangent line to a differentiable function at 
a point and the first Taylor polynomial for that function 
centered at the point? 


. Maclaurin Polynomial Without performing any 
calculations, find the second Maclaurin polynomial for 


f) =a + bx’. 
Explain your reasoning. 


. Maclaurin Polynomials Find the fourth Maclaurin 
polynomials for 


f(x) = e* and g(x) = e^. 


Explain how you can use the fourth Maclaurin polynomial 
for f to find the fourth Maclaurin polynomial for g. 


66. 5 HOW DO YOU SEE IT? The figure shows 
the graphs of the first-, second-, and third- 
degree polynomial approximations P,, P5, and 
P, of a function f. Label the graphs of P,, P5, 
and P,. To print an enlarged copy of the graph, 
go to MathGraphs.com. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


Comparing Maclaurin Polynomials 


(a) Compare the Maclaurin polynomials of degree 4 and 
degree 5, respectively, for the functions 


f(x) =e* and g(x) = xe. 
What is the relationship between them? 


(b) Use the result in part (a) and the Maclaurin polynomial of 
degree 5 for f(x) = sin x to find a Maclaurin polynomial 
of degree 6 for the function g(x) = x sin x. 


(c) Use the result in part (a) and the Maclaurin polynomial of 
degree 5 for f(x) = sin x to find a Maclaurin polynomial 
of degree 4 for the function g(x) = (sin x)/x. 


Differentiating Maclaurin Polynomials 


(a) Differentiate the Maclaurin polynomial of degree 5 for 
f(x) = sin x and compare the result with the Maclaurin 
polynomial of degree 4 for g(x) — cos x. 


(b) Differentiate the Maclaurin polynomial of degree 6 for 
f(x) = cos x and compare the result with the Maclaurin 
polynomial of degree 5 for g(x) = sin x. 


(c) Differentiate the Maclaurin polynomial of degree 4 for 
f(x) = e*. Describe the relationship between the two 
series. 


Graphical Reasoning The figure shows the graphs of 
the function f(x) = sin(Ttix/4) and the second-degree Taylor 
polynomial P,(x) = 1 — (1?/32)(x — 2)? centered at x = 2. 


(a) Use the symmetry of the graph of f to write the second- 
degree Taylor polynomial Q.(x) for f centered at x = —2. 


(b) Use a horizontal translation of the result in part (a) to find 
the second-degree Taylor polynomial R,(x) for f centered 
at x = 6. 


(c) Is it possible to use a horizontal translation of the result in 
part (a) to write a second-degree Taylor polynomial for f 
centered at x — 4? Explain. 


Proof Prove that if f is an odd function, then its nth 
Maclaurin polynomial contains only terms with odd powers of x. 


Proof Prove that if f is an even function, then its nth 
Maclaurin polynomial contains only terms with even powers 
of x. 


Proof Let P,(x) be the nth Taylor polynomial for f at c. 
Prove that P,(c) = f(c) and P(c) = f(c) for 1 < k < n. 


Proof Consider a function f with continuous first and 
second derivatives at x — c. Prove that if f has a relative 
maximum at x — c, then the second Taylor polynomial 
centered at x — c also has a relative maximum at x — c. 
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9.8 Power Series 


Exploration 


Graphical Reasoning 

Use a graphing utility to 
approximate the graph of 
each power series near 

x = 0. (Use the first several 
terms of each series.) 

Each series represents a 
well-known function. What 
is the function? 


oo (— eer! 


2m up i 


To simplify 
the notation for power series, 
assume that (x — c)? — 1, even 
when x = c. 


iM Understand the definition of a power series. 

E Find the radius and interval of convergence of a power series. 
E Determine the endpoint convergence of a power series. 

E Differentiate and integrate a power series. 


Power Series 


In Section 9.7, you were introduced to the concept of approximating functions by 
Taylor polynomials. For instance, the function f(x) = e* can be approximated by its 
third-degree Maclaurin polynomial 

es ltt a + E 

21 3r 
In that section, you saw that the higher the degree of the approximating polynomial, the 
better the approximation becomes. 

In this and the next two sections, you will see that several important types of 
functions, including f(x) = e*, can be represented exactly by an infinite series called a 
power series. For example, the power series representation for e* is 

2! 3! n! f 
For each real number x, it can be shown that the infinite series on the right converges 
to the number e*. Before doing this, however, some preliminary results dealing with 
power series will be discussed—beginning with the next definition. 


Definition of Power Series 
If x is a variable, then an infinite series of the form 
taxtaxrert+ayet-+-taxmt+:-- 


is called a power series. More generally, an infinite series of the form 


oo 
S a(x — c)" = a + disc TQ) . -+a Dreh des s 
n=0 


is called a power series centered at c, where c is a constant. 


EXAMPLE 1 Power Series 


a. The following power series is centered at 0. 


b. The following power series is centered at — 1. 
X Gre sip =1=@4 1) + &+ 1h =@ + 1P ++ == 


c. The following power series is centered at 1. 


&l 1 5d M 
b. n 1" -(x ) * 5G 1) +z% 1p + a 
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Radius and Interval of Convergence 


A power series in x can be viewed as a function of x 


fo) = S ax - oy 


where the domain of f is the set of all x for which the power series converges. 
Determination of the domain of a power series is the primary concern in this section. 
Of course, every power series converges at its center c because 


fle) = ¥ ale — oy 
n-0 
enl) su Q dee des 
= do. 


So, c always lies in the domain of f. Theorem 9.20 (see below) states that the domain 
of a power series can take three basic forms: a single point, an interval centered at c, or 
the entire real number line, as shown in Figure 9.18. 


A single point 
—— e sx 


[4 


An interval 


The real number line 


Áa 


[4 


The domain of a power series has only three 
basic forms: a single point, an interval centered 
at c, or the entire real number line. 

Figure 9.18 


THEOREM 9.20 Convergence of a Power Series 


For a power series centered at c, precisely one of the following is true. 


1. The series converges only at c. 


2. There exists a real number R > 0 such that the series converges 
absolutely for 


lo c| <R 
and diverges for 
Ix — e| >R. 
3. The series converges absolutely for all x. 


The number R is the radius of convergence of the power series. If the 

series converges only at c, then the radius of convergence is R = 0. If the 
series converges for all x, then the radius of convergence is R = oo. The 

set of all values of x for which the power series converges is the 

interval of convergence of the power series. [m] ks [um] 


A proof of this theorem is given in Appendix A. 
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To determine the radius of convergence of a power series, use the Ratio Test, as 
demonstrated in Examples 2, 3, and 4. 


Finding the Radius of Convergence 


oo 
Find the radius of convergence of 5 nix". 
n=0 


Solution For x = 0, you obtain 


oo 


fO = X n”=1+0+0+...=1. 


n=0 
For any fixed value of x such that |x| > 0, let u, = n!x". Then 
(n + 1)! 


nix" 


Un] 


= lim 


noo 


lim 


nooo 


u, 


= |x| lim (n + 1) 
— oo. 


Therefore, by the Ratio Test, the series diverges for |x| > 0 and converges only at its 
center, 0. So, the radius of convergence is R = 0. 


JCE Finding the Radius of Convergence 


Find the radius of convergence of 


n=0 
Solution For x # 2, let u, = 3(x — 2)". Then 
* Un+1 " 3(x EE 2) *1 
l = | 
a Un bere | 3(x = 2) 
= lim |x — 2| 
= |x — 2]. 


By the Ratio Test, the series converges for |x — 2| « 1 and diverges for |x — 2| > 1. 
Therefore, the radius of convergence of the series is R = 1. 


Finding the Radius of Convergence 


Find the radius of convergence of 
oo (— Dunt! 
A^, Qn 0) 


Solution Letu, = (—1)" xi"*!/(2n + 1)!. Then 


(- 1)"*! x2nt3 
en (2n + 3)! 
um Uu, am (- 1)" xt 
Qn + 1)! 


x 


= Jim Gat 3)0n * 2y 


For any fixed value of x, this limit is 0. So, by the Ratio Test, the series converges for 
all x. Therefore, the radius of convergence is R — oo. 
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Endpoint Convergence 


Note that for a power series whose radius of convergence is a finite number R, 
Theorem 9.20 says nothing about the convergence at the endpoints of the interval of 
convergence. Each endpoint must be tested separately for convergence or divergence. 
As a result, the interval of convergence of a power series can take any one of the six 
forms shown in Figure 9.19. 


Radius: 0 Radius: oo 
e »— X ———————— X 
c c 
Radius: R 
R R R R 
—“— —, —“— S 
c c c c 
(c —R,c +R) (c CR, c +R] [c -R, c + R) [c —R,c + R] 


Intervals of convergence 
Figure 9.19 


324114422: Finding the Interval of Convergence 


Pag > See LarsonCalculus.com for an interactive version of this type of example. 


Find the interval of convergence of 


o0 
n=1 


Solution Letting u„ = x"/n produces 


n 


= 


= | 


xn*l 
. Us] i n+1 
lim = lim 
n>% | u, n oo x" 
n 
; nx 
— lim 
noo |n + 1 


= Hl. 


So, by the Ratio Test, the radius of convergence is R = 1. Moreover, because the 
series is centered at 0, it converges in the interval (— 1, 1). This interval, however, 
is not necessarily the interval of convergence. To determine this, you must test for 
convergence at each endpoint. When x — 1, you obtain the divergent harmonic series 


$ 1 1 z 1 » 1 Fa " : 
nz pen — . . t. x = : 
Zn 1 2 3 iverges when 
When x = —1, you obtain the convergent alternating harmonic series 
ie) (- 1)” 1 1 1 
=-|]+—-—=4+--..., ia ai, 
> n l 2 3 4 Converges when X 1 


So, the interval of convergence for the series is [— 1, 1), as shown in Figure 9.20. 


Interval: [—1, 1) 


Radius: R = 1 
| — x 
d c=0 1 


Figure 9.20 | 
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Zels Finding the Interval of Convergence 


BS (C + 1) 
Find the interval of convergence of 5 =a 
n=0 


Solution Letting u, = (—1)"(x + 1)"/2" produces 


(- 1)”+ (x + ]yet1 
lim |- = lim — 
n> | u, n oo (—1)"(@ + 1)" 
2n 
— lim xc "| 
nooo 2 
- PE 
ix a, 


By the Ratio Test, the series converges for 


«] 


zx 


or |x + 1| < 2. So, the radius of convergence is R = 2. Because the series is centered 


at x = —1, it will converge in the interval (—3, 1). Furthermore, at the endpoints, 
you have 
[2] —]1 n —2 n oo 2n oo 
È ( 5 ) = > 2n = 25 1 Diverges when x = —3. 
Interval: (—3, 1) and 
Radius: R = 2 
oo — 1 n 2 n oo 
ef oos » Ep = bi (— 1)” Diverges when x = 1. 
3 2 c=-l 0 1 n=0 2 n=0 
Figure 9.21 both of which diverge. So, the interval of convergence is (— 3, 1), as shown in Figure 9.21. 
EXAMPLE 7 Finding the Interval of Convergence 
Find the interval of convergence of 
$ E 
n-i n 
Solution Letting u, = x"/r? produces 
: Uun . ntl + 1)2 
lim a lim | Hn 3 ) 
noo! u, noo x"/n 
EE: 
noo (n F 1? 
= d. 
So, the radius of convergence is R = 1. Because the series is centered at x = 0, it 
converges in the interval (— 1, 1). When x — 1, you obtain the convergent p-series 
p bc hg ee È hen x = 1 
A n2 12 22 32 42 s onverges when x é 
Interval: [-1, 1] When x = —1, you obtain the convergent alternating series 
Radius: R = 1 
& (-1)" 1 1 1 1 
—f+—_+——_]—-- x + + D. C hen x = —1. 
| er | 2 m 12 2 32 42 onverges when x 


Figure 9.22 Therefore, the interval of convergence is [ — 1, 1], as shown in Figure 9.22. | 
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Differentiation and Integration of Power Series 


Power series representation of functions has played an important role in the development 
of calculus. In fact, much of Newton's work with differentiation and integration was 
done in the context of power series—especially his work with complicated algebraic 
functions and transcendental functions. Euler, Lagrange, Leibniz, and the Bernoullis all 
used power series extensively in calculus. 

Once you have defined a function with a power series, it is natural to wonder how 
you can determine the characteristics of the function. Is it continuous? Differentiable? 
Theorem 9.21, which is stated without proof, answers these questions. 


THEOREM 9.21 
If the function 


Properties of Functions Defined by Power Series 


oo 


JAMES GREGORY (1638-1675) 


One of the earliest 
mathematicians to work 

with power series was a 
Scotsman, James Gregory. He 
developed a power series 
method for interpolating table 
values—a method that was 
later used by Brook Taylor 

in the development of Taylor 


fo) = Y ax — cr 


n=0 
= ay + a(x — c) + alx — c + asx eP ts 
has a radius of convergence of R > 0, then, on the interval 
(c — R, c +R) 


f is differentiable (and therefore continuous). Moreover, the derivative and 
antiderivative of f are as follows. 


polynomials and Taylor series. 


oo 


1. f'(x) = bj na,(x — cy! 


n=1 


= a, *245lx-cg + 3a(x — oF 4 


oo ( =F jati 
2. Jjoa-c« $462 
= €+ ale- +a, 252 mi 


The radius of convergence of the series obtained by differentiating or integrating 
a power series is the same as that of the original power series. The interval of 
convergence, however, may differ as a result of the behavior at the endpoints. 


Theorem 9.21 states that, in many ways, a function defined by a power series 
behaves like a polynomial. It is continuous in its interval of convergence, and both its 
derivative and its antiderivative can be determined by differentiating and integrating 
each term of the power series. For instance, the derivative of the power series 


is 


= f(9. 


Notice that f'(x) = f(x). Do you recognize this function? 


The Granger Collection 


. Notice in 
Example 8 that when 
differentiating the power 
series, differentiation is done 
on a term-by-term basis. 
Likewise, when integrating a 
series, integration is done on a 
term-by-term basis. 
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Intervals of Convergence for f(x), f'(x), and f f(x) dx 


Consider the function 


Find the interval of convergence for each of the following. 


a. f f(x) dx b. f(x) c. f'(x) 
Solution By Theorem 9.21, you have 


f= $ 


| 
NE 
E 
EE 
= 

R 
as 
th 
+ 


and 


[10 dx= C+ PEST 


x? x x 


CET asm "aeg dep 


By the Ratio Test, you can show that each series has a radius of convergence of R = 1. 
Considering the interval (— 1, 1), you have the following. 
a. For f f(x) dx, the series 


oo yn*l 


a, n(n + 1) 


Interval of convergence: [— 1, 1] 


converges for x = +1, and its interval of convergence is [— 1, 1]. See Figure 9.23(a). 
b. For f(x), the series 


oo x" 
b: = Interval of convergence: [— 1, 1) 
n=1 ” 


converges for x = —1 and diverges for x = 1. So, its interval of convergence is 
[—1, 1). See Figure 9.23(b). 
c. For f'(x), the series 


oo 
Y x Interval of convergence: (— 1, 1) 
n=1 


diverges for x = +1, and its interval of convergence is (— 1, 1). See Figure 9.23(c). 


Interval: [-1, 1] Interval: [—1, 1) Interval: (—1, 1) 

Radius: R = 1 Radius: R= 1 Radius: R = 1 

—pL———]-— x p - x {y x 
1 c=0 1 -1 c=0 1 - c=0 1 

(a) (b) (c) 

Figure 9.23 a 


From Example 8, it appears that of the three series, the one for the derivative, f'(x), 
is the least likely to converge at the endpoints. In fact, it can be shown that if the series 
for f'(x) converges at the endpoints 


x=ctR 


then the series for f(x) will also converge there. 
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9.8 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Representing a Function Explain how a Maclaurin 
polynomial and a power series centered at 0 for a function 
are different. 


. Domain What does the domain of 


fo) =F as 


represent? 


. Radius of Convergence Determine the radius of 


oo 
convergence for the power series 5 a,(x — 2)" given the 
n=0 
following result of the Ratio Test, where u,, 


Us| _ x — a 


= a(x — 2y. 
{5 


. Properties of Functions Defined by Power 
Series In your own words, describe how a function 
defined by a power series behaves like a polynomial. 


SUE Finding the Center of a Power Series In 
E Exercises 5-8, state where the power series is 
ott 


centered. 
es g (—1)"(2n - 1) 
5. nx" 6. poe — i 
2, a 1 2n! 
oo (x as 2)" oo — yx mn n) 


nS 


n-i 


n? 8. 5 | (2n)! 


Rs [=] Finding the Radius of Convergence In 
Exercises 9-14, find the radius of convergence of 


f 


d the power series. 
[n]: Fr P 
ý 29 n+1 10. » (3x) 
a (4x)" oo (- 1)" x” 
1. > 32 12. 5 5 
n=1 n=0 
oo yn oð (2n) pn 
13. 14. 
* È Oni 2 
[ees [s] Finding the Interval of Convergence In 
RS JU; Exercises 15-38, find the interval of convergence 


[m] i t of the power series. (Be sure to include a check for 
= convergence at the endpoints of the interval.) 


15. $ oj 16. $ (2x)" 


n=0 


17. S [1 18. $ (- 1)^*!(n + De 

n-i n n=0 

En S 3x)" 
um 20. 2 (an) 

Y xy S (pne 
2 2 vt (5) Es 2, (n + D(n + 2) 


23. > d 24. $ Carnie — 5 
oS S — 391 
25. Y MM "D E 
29. 2 IE 30. $e 
31. 2. eap 32. 2e x 
33. 2n 34. Š e 
35. > ns ie 
i P p ep S oe 5| pq 
€ : pU n (4n — I(x — 3)" 
DE +1)" 


38. 


ible 


3*5: (2n — 1) 


Finding the Radius of Convergence In Exercises 39 and 
40, find the radius of convergence of the power series, where 
c >Q and k is a positive integer. 


(=o)! = p 1 
is Se " n=0 (kn)! 


Finding the Interval of Convergence In Exercises 
41-44, find the interval of convergence of the power series, 
where c > 0 and k is a positive integer. (Be sure to include a 
check for convergence at the endpoints of the interval.) 


oo (—1)'* Y(x x. c)" 


oo X n 
a Š B a. Y E 


n-i 


43. $ Kk + 1)(k + 2) “(kK +n — Dv 
oo e: — cy 
ud T Qn - 


Writing an Equivalent Series In Exercises 45-48, write 
an equivalent series with the index of summation beginning at 
n — 1. 


n=0 


47 oo xr 
"n-i 
oo xn-1 
P T 


ma 


S 


[=] Finding Intervals of Convergence In 
Exercises 49—52, find the intervals of convergence 
of (a) f(x), (b) f(x), (c) f"(x), and (d) f f(x) dx. 
(Be sure to include a check for convergence at the 
endpoints of the intervals.) 


(o- E GJ 

fo) = $ cot 
fo) = $ Oe 
fa) = $ CVE) 


EXPLORING CONCEPTS 

Writing a Power Series In Exercises 53 and 54, 
write a power series that has the indicated interval of 
convergence. Explain your reasoning. 


53. (—3, 3) 


54. [-3, 7] 


55. Conditional or Absolute Convergence Give 
examples that show that the convergence of a power 
series at an endpoint of its interval of convergence may 
be either conditional or absolute. Explain your reasoning. 


56. 5 HOW DO YOU SEE IT? Match the graph 


of the first 10 terms of the sequence of partial 
sums of the series 


g(x) = ) 
n=0 
with the indicated value of the function. [The 
graphs are labeled (i), (ii), (iii), and (iv).] 
Explain how you made your choice. 
(i) Sn (ii) Sn 
A A 
124 
104 
8 = 
6 zi 
4 = 


57. 


58. 
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Using Power Series Let f(x) = oe d 

2 et f= Xon 1) 9 
(- jn xen 

ate) = Pus c : 

(a) Find the intervals of convergence of f and g. 

(b) Show that f'(x) = g(x) and g'(x) = —f(x). 

(c) Identify the functions f and g. 

. A xt 1 

Using a Power Series Let f(x) = 3 RD Qn + 1)! and 
xn 

a(x) = > Qr 


(a) Find the intervals of convergence of f and g. 
(b) Show that f'(x) = g(x) and g'(x) = f(x). 
(c) Identify the functions f and g. 


Differential Equation In Exercises 59-64, show that the 
function represented by the power series is a solution of the 
differential equation. 


(- 1)" Lond 


9-2 Qn Dr ^ y'*ty-20 

oo (-1)" xn 7 E 
60. y > Qn) ^ Fy-0 
61 oo xnl " 

Nan 2 +1)" payee 

" co xn P 
62 y= È Qs) y’-y=0 

co x^ " : 

Gija 
4. y — 1d , 
ud 2 Tedbewdqdaed 
y'*x3y-0 

65. Bessel Function The Bessel function of order 0 is 


66. 


(= Der xa 
J (x) = > 22*(k1)2 
(a) Show that the series converges for all x. 


(b) Show that the series is a solution of the differential 
equation x? J,” + x Jy + x7 Jy = 0. 


(c) Use a graphing utility to graph the polynomial composed 
of the first four terms of Jo. 

(d) Approximate i Jg dx accurate to two decimal places. 

Bessel Function The Bessel function of order 1 is 


oo (- 1)*x2* 
4G =È dirigi + T) 


(a) Show that the series converges for all x. 

(b) Show that the series is a solution of the differential equation 
J'"ttxJ'*t(2-1)J,-0. 

(c) Use a graphing utility to graph the polynomial composed 
of the first four terms of J}. 


(d) Use Jy from Exercise 65 to show that Jy'(x) = 


—J,(x). 
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fe 67. Investigation The interval of convergence of the geometric 


series b» (3) is (—4, 4). 


n=0 
(a) Find the sum of the series when x = 5, Use a graphing 
utility to graph the first six terms of the sequence of partial 
sums and the horizontal line representing the sum of the 
series. 


(b) Repeat part (a) for x = -$. 


(c) Write a short paragraph comparing the rates of convergence 
of the partial sums with the sums of the series in parts (a) 
and (b). How do the plots of the partial sums differ as they 
converge toward the sum of the series? 


— 


(d 


— 


Given any positive real number M, there exists a positive 
integer N such that the partial sum 


N (3) a 
= > . 
p 4 


Use a graphing utility to complete the table. 


M | 10 | 100 | 1000 | 10,000 


N 


aad 68. Investigation The interval of convergence of the series 


Y Gx)" is (74.3). 

n=0 

(a) Find the sum of the series when x = 3 Use a graphing 
utility to graph the first six terms of the sequence of partial 
sums and the horizontal line representing the sum of the 
series. 


(b) Repeat part (a) for x — -t 


(c) Write a short paragraph comparing the rates of convergence 
of the partial sums with the sums of the series in parts (a) 
and (b). How do the plots of the partial sums differ as they 
converge toward the sum of the series? 


— 


(d 


— 


Given any positive real number M, there exists a positive 
integer N such that the partial sum 


N 2W 
> (3 . 3 > M. 
n=0 3 


Use a graphing utility to complete the table. 


M | 10 | 100 | 1000 | 10,000 


N 


fb Identifying a Function In Exercises 69-72, the series 


represents a well-known function. Use a computer algebra 
system to graph the partial sum S,, and identify the function 
from the graph. 

T"y?n 


6. f) = Š OD Gy 


n=0 


xt 


Qn + 1)! 


7. f() = Ñ yt 


n=0 


71. f(x) = 5 (-1y»x, -1«x«1 
n=0 


oo 


72. f(x) = > Gx)" 


n=0 


True or False? In Exercises 73-76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


oo 
73. If the power series > a,x" converges for x = 2, then it also 
n=1 


converges for x = —2. 


74. It is possible to find a power series whose interval of 
convergence is [0, oo). 


75. If the interval of convergence for p a,x" is (— 1, 1), then the 
n=0 


interval of convergence for X a,(x — 1)" is (0, 2). 
n-0 


oo 
76. If f(x) = Y, a,x" converges for |x| < 2, then 
n=0 


oo 


1 a, 
Í f(x) dx = 5 ed 


n=0 


77. Proof Prove that the power series 
2 (n+ p) 
my nYn + q)! 


has a radius of convergence of R = oo when p and q are 
positive integers. 


78. Using a Power Series Let 


gx)-1-—-2xt* 2-23 e a 
where the coefficients are c,, = 1 and cj,,, = 2 forn 2 0. 


(a) Find the interval of convergence of the series. 


(b) Find an explicit formula for g(x). 


79. Using a Power Series Let 
f(x) = > cx" 
n=0 
where c, 4 = c, forn 2 0. 
(a) Find the interval of convergence of the series. 
(b) Find an explicit formula for f(x). 
80. Proof Prove that if the power series 5 c,X" has a radius of 
n=0 


oo 
convergence of R, then 5 c„X?™” has a radius of convergence 


of J/R. 


81. Proof For n > 0, let R > 0 and c, > 0. Prove that if the 
interval of convergence of the series 


n-0 


oo 


pi ele E xy" 


n=0 


is [xy — R, xy + R], then the series converges conditionally at 
X= xg R: 
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9.9 Representation of Functions by Power Series 


JOSEPH FOURIER (1768-1830) 


Some of the early work in 
representing functions by 
power series was done by 

the French mathematician 
Joseph Fourier. Fourier's work 
is important in the history 

of calculus, partly because it 
forced eighteenth-century 
mathematicians to question the 
then-prevailing narrow concept 
of a function. Both Cauchy and 
Dirichlet were motivated by 
Fourier's work with series, and 
in 1837, Dirichlet published the 
general definition of a function 
that is used today. 


E Find a geometric power series that represents a function. 
liM Construct a power series using series operations. 


Geometric Power Series 


In this section and the next, you will study several techniques for finding a power series 
that represents a function. Consider the function 


fa) =— 


| 1-x 
The form of f closely resembles the sum of a geometric series 
= a 
1 = ——— < l. 
b ar" = p |r| 


In other words, when a = 1 and r = x, a power series representation for 1/(1 — x), 
centered at 0, is 


| 
E 
Il 
Ms 
Q 
* 


ll 
o 


Il 
Ms 
a 


m 
4 


LEM Ra 5 |x| «T 


Of course, this series represents f(x) = 1/(1 — x) only on the interval (— 1, 1), 
whereas f is defined for all x # 1, as shown in Figure 9.24. To represent f in another 
interval, you must develop a different series. For instance, to obtain the power series 
centered at — 1, you could write 


MEN 1/2 |a 
1—-x 2-(«+1) 1-[@+4+1)/2] 1-r 
which implies that a = $ and r = (x + 1)/2. So, for |x + 1| < 2, you have 
1 S {1l\f/x+1\" 
ese» DI 2 


-ipeei2 


" (x+ 1)? (x1? 


> i : ed Int 1| «2 


2 


Y 
E 


—2- 


1 l 
[| I 
1 1 
I | 
l I 
L| [| 
I 1 
[| I 
L| I 
| | 
| | 
= 1 2 3 -1 1 2 3 
[| I 
[| 1 
[| [! 
I | 
I I 
I 1 
[| [| 
|! t 
I i) 
[| I 


fos — , Domain: all x #1 | fo) = Y, x", Domain: -1 «x«1 
—x 


n=0 


Figure 9.24 
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2- xti- l+. 
2+x)4 
4 + 2x 
— 2x 
—2x— x? 
E 
e+ ope 
-h 
sd 


EXAMPLE 1 Finding a Geometric Power Series Centered at 0 


Find a power series for f(x) — centered at 0. 


NN 
x+2’ 
Solution Writing f(x) in the form a/(1 — r) produces 


4 2 a 
2+x 1-(-x/2 1-r 


which implies that a — 2 and 


So, the power series for f(x) is 


E 
+ 
N 
I 
Ms 
Q 
% 


Il 
iI iI 
IM i 
N 
-— 7 
| 
Niles 
—- 


& 


Il 
N 
Pm 

— 
| 

| 
+ 
| 


L x3 
=, = + D]. 
2 4 8 ) 


This power series converges when 


which implies that the interval of convergence is (— 2, 2). H 


Another way to determine a power series for a rational function such as the one in 
Example 1 is to use long division. For instance, by dividing 2 + x into 4, you obtain 
the result shown at the left. 


320461142229 Finding a Geometric Power Series Centered at 1 


1 
Find a power series for f(x) = — centered at 1. 
x 


Solution Writing f(x) in the form a/(1 — r) produces 


1 1 || a 
x 1-(-x+1) 1l-r 


which implies that a = 1 andr = 1 — x = —(x — 1). So, the power series for f(x) is 


$ [-@- Dp 
» ea 


=1-@-)ND+0-1?-@-D3+---: 


This power series converges when 
[ee Lee 


which implies that the interval of convergence is (0, 2). H 
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Operations with Power Series 


The versatility of geometric power series will be shown later in this section, following 
a discussion of power series operations. These operations, used with differentiation and 
integration, provide a means of developing power series for a variety of elementary 
functions. (For simplicity, the operations are stated for a series centered at 0.) 


Operations with Power Series 


Let f(x) — X a,x" and g(x) = pS b,x". 
n=0 n=0 


oo 


` a, kx" 
n=0 


2. f(x") = > aN 


3. f(x) = g(x) = (a, + b,)x" 


The operations described above can change the interval of convergence for the 
resulting series. For example, in the addition shown below, the interval of convergence 
for the sum is the intersection of the intervals of convergence of the two original series. 


oo oo x n oo 1 
S es IB 2$ (1 + he 


J 


Adding Two Power Series 


Find a power series for 


fa) = $= 


centered at 0. 
Solution Using partial fractions, you can write f(x) as 


3x — 1 2 " 1 
xi—-1 x-*1 x- 


By adding the two geometric power series 


2 
x+ 1 


2 oo 
l—(9 = p |x] <1 
and 


1 —1 ea 
Xe les 25 ae! 


you obtain the power series shown below. 


$ [2(-1)" = ie 


2 — 
X 1 n=0 


=1-3x4+x-384x4---- 


The interval of convergence for this power series is (— 1, 1). au 
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EXAMPLE 4 Finding a Power Series by Integration 


Find a power series for 


f(x) = Inx 
centered at 1. 


Solution From Example 2, you know that 
1 oo 
mix Ss (- 1)"(x = 1)". Interval of convergence: (0, 2) 
x n=0 
Integrating this series produces 
1 
Inx = | ~dx+C 
x 


(x TUN jt! 


ee 2, C1" ntl 
n=0 


By letting x = 1, you can conclude that C = 0. Therefore, 


zm oo a (x — ]p*! 
In x 2d 1) xu 
E (x m 1) (x m 1)? 4 (x ES i)? (x = 1) "— Interval of 
1 2 3 4 ` convergence: (0, 2] 


Note that the series converges at x — 2. This is consistent with the observation in the 
preceding section that integration of a power series may alter the convergence at the 
endpoints of the interval of convergence. 


liM FOR FURTHER INFORMATION To read about finding a power series using 
integration by parts, see the article "Integration by Parts and Infinite Series" by Shelby 
J. Kilmer in Mathematics Magazine. To view this article, go to MathArticles.com. 


In Section 9.7, Example 4, the fourth-degree Taylor polynomial (centered at c — 1) 
for the natural logarithmic function 
G-D*, G-D G-D 
2 3 4 


lnx ~ (x - 1) — 
was used to approximate In(1.1). 


In(1.1) & (0.1) — 5 (0.1) 4 


= 0.0953083 


You now know from Example 4 in this section that this polynomial represents the 
first four terms of the power series for In x. Moreover, using the Alternating Series 
Remainder, you can determine that the error in this approximation is less than 


[Rul < Jas] 
1 
= —(0.1) 
(0.1) 
= 0.000002. 


During the seventeenth and eighteenth centuries, mathematical tables for logarithms 
and values of other transcendental functions were computed in this manner. Such 
numerical techniques are far from outdated, because it is precisely by such means that 
many modern calculating devices are programmed to evaluate transcendental functions. 


SRINIVASA RAMANUJAN 
(1887-1920) 


Series that can be used to 
approximate rt have interested 
mathematicians for the past 
300 years. An amazing series 
for approximating | /Tl was 
discovered by the Indian 
mathematician Srinivasa 
Ramanujan in 1914 (see 
Exercise 57). Each successive 
term of Ramanujan’s series 
adds roughly eight more 
correct digits to the value of 

| /rt. For more information 
about Ramanujan's work, see 
the article "Ramanujan and Pi" 
by Jonathan M. Borwein and 
Peter B. Borwein in Scientific 
American. 

See LarsonCalculus.com to read 
more of this biography. 


li FOR FURTHER INFORMATION 
To read about other methods 

for approximating rt, see the 

article “Two Methods for 
Approximating rt" by Chien-Lih 
Hwang in Mathematics Magazine. 
To view this article, go to 
MathArticles.com. 
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EXAMPLE 5 Finding a Power Series by Integration 


ee > See LarsonCalculus.com for an interactive version of this type of example. 
Find a power series for 
g(x) = arctan x 
centered at 0. 
Solution Because D, [arctan x] = 1/(1 + x?), you can use the series 


1 oo 
f (x) =l Y (— 1x". Interval of convergence: (— 1, 1) 
Lex -, 


Substituting x? for x produces 


1 = $ (- 1)" x”. 
n=0 


14+ x 


FQ?) = 


Finally, by integrating, you obtain 


co x2ntd 
=Ct — 1)” 
» ) 2n + 1 
$ ( ) ntl 
= =] Let x = 0, then C = 0. 
A 2n + 1 
x3 x x! 
x 3 + 5 — 7 tee, Interval of convergence: (— 1, 1) | 


It can be shown that the power series developed for arctan x in Example 5 also 
converges (to arctan x) for x = +1. For instance, when x = 1, you can write 


arctan 1 1 Ld E 
3 5 7 
|n 
4 


However, this series (developed by James Gregory in 1671) is not a practical way of 
approximating Tt because it converges so slowly that hundreds of terms would have 
to be used to obtain reasonable accuracy. Example 6 shows how to use two different 
arctangent series to obtain a very good approximation of rt using only a few terms. This 
approximation was developed by John Machin in 1706. 


ZC Approximating z with a Series 


Use the trigonometric identity 


4 arctan a — arctan en = — 
5 239 4 


to approximate the number rt. [See Exercise 44(b).] 


Solution By using only five terms from each of the series for arctan(1/5) and 
arctan(1/239), you obtain 


1 1 
a arctan 5 — arctan xl = 3.1415927 


which agrees with the exact value of rt with an error of less than 0.0000001. H 
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9.9 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Using Power Series Explain how to use a 
geometric power series to represent a function of the form 


f - — 


c—x 


. Power Series Operations Consider f(x) 


oo 
Ese 
n-0 


What are the values of a and b in terms of n? 


xe 


a, 5? 


quy Finding a Geometric Power Series In 

Exercises 3—6, find a geometric power series for the 

en function, centered at 0, (a) by the technique shown 
"* jn Examples 1 and 2 and (b) by long division. 


3. f() = L— 4. f(x) = = 
s. fl) = 1 — 6. fla) = i — 


m] [m] Finding a Power Series In Exercises 7-18, 
MESE ty find a power series for the function, centered at c, 


isi 3 and determine the interval of convergence. 
1 

7. f(x) 6-3 c=1 8. f(x) = F c= -2 
1 1 

9. f(x) ERR c=0 10. a) = 1—31» c=0 
5 3 

11. g(x) = x-3 c=-3 12. f(x) = zx- c=2 
2 4 

13. f) 7 503 c=-1 14. f) = 305 c=3 

4x 

15. g(x) araz y * 0 
3x — 8 

16 80) = 3345, > p 
2 


5 
r-. ecd EDO. — occ 


3 Using a Power Series In Exercises 19-28, use 
tert, the power series 
me p 
[n] 75 rn = => (- 1)" x", 


TE pers 


to find a power series for the function, centered 
at 0, and determine the interval of convergence. 


EM NE 1 1 
-1 2W+x) 2(1-3) 


21. f(x) G i 12 le 1 
22. f(x) = G = IP £ E 1 


23. f(x) = In(x + 1) -Í dx 


xctl 


24. f(x) = In(1 5- [de | e 


1 
25. g(x) = REY 
26. f(x) = In(2 + 1) 
1 
27. h(x) = dus 28. f(x) = arctan 2x 


BB Graphical and Numerical Analysis In Exercises 29 


and 30, let 


Use a graphing utility to confirm the inequality graphically. 
Then complete the table to confirm the inequality numerically. 


x 0.0 | 0.2 | 0.4 | 0.6 | 0.8 | 1.0 
8, 
In(x + 1) 
n 
29. 5, € Ix + 1) S S, 
30. S, < Ix + 1) € S 


fo Approximating a Sum In Exercises 31 and 32, (a) use a 


graphing utility to graph several partial sums of the series, 
(b) find the sum of the series and its radius of convergence, 
(c) use a graphing utility and 50 terms of the series to 
approximate the sum when x — 0.5, and (d) determine what the 
approximation represents and how good the approximation is. 


oo (—1)-1 = n 
31. $ í 1) E 1) 
n-i 
oo (— 1x 2n+1 
32. = oT 
2, Qn » 1)! 


TALI Approximating a Value In Exercises 33-36, 
z use the power series for f(x)= arctanx to 
[uj sl approximate the value, using Ry =0.001. 

PELIS 


1 
33. arctan 4 


T M 
0 X 


3/4 
34. Í arctan x? dx 
0 


1/2 
36. Í x? arctan x dx 
0 


Using a Power Series In Exercises 37-40, use the power 
series 


$e 


to find a power series for the function, centered at 0, and 
determine the interval of convergence. 


37. f E TF 38. f = CF 


1+x x(1 + x) 


39. f = Gp 40. fl) = T 


41. Probability A fair coin is tossed repeatedly. The probability 


" x n 
that the first head occurs on the nth toss is P(n) — (3) . When 
this game is repeated many times, the average number of 
tosses required until the first head occurs is 


E(n) = $ nP(n). 


n-i 


(This value is called the expected value of n.) Use the results 
of Exercises 37—40 to find E(n). Is the answer what you 
expected? Why or why not? 


42. Finding the Sum of a Series Use the results of 
Exercises 37—40 to find the sum of each series. 


1 oo 2 n 1 oo 9 n 
@ 33,"(5) & wð a(o) 


n=1 n=1 
43. Proof Prove that 
ty 
1 — xy 
for xy # 1 provided the value of the left side of the equation is 
between — 11/2 and 1/2. 


arctan x + arctan y = arctan 


44. Verifying an Identity Use the result of Exercise 43 to 
verify each identity. 


(a) arctan pn arctan n 
119 239 4 
1 Tl 
(b) 4 arctan 5 arctan 39 4 
[Hint: Use Exercise 43 twice to find 4 arctan x Then use 
part (a).] 


Approximating Pi In Exercises 45 and 46, (a) use the 
result of Exercise 43 to verify the given identity and (b) use the 
identity and the series for the arctangent to approximate n by 
using four terms of each series. 


1 1 m 
45. 2 arctan 77 arctan 7^1 


1 1 
8 =+ = 
46. arctan 2 arctan 3^4 
Finding the Sum of a Series In Exercises 47-52, find the 


sum of the convergent series by using a well-known function. 
Identify the function and explain how you obtained the sum. 


1 
3"n 


4. S (cy as. Y (-1)"*! 


n=1 n=1 
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EXPLORING CONCEPTS 


53. Using Series One of the series in Exercises 47-52 

ee converges to its sum at a much lower rate than the 
other five series. Which is it? Explain why this series 
converges so slowly. Use a graphing utility to illustrate 
the rate of convergence. 


. Radius of Convergence  Theradius of convergence 


oo 
of the power series 5 a,X" is 3. What is the radius of 
n=0 
convergence of the series 


oo 
na,x" 12 
n=1 


Explain. 


. Convergence of a Power Series Thepowerseries 


oo 

5 a,x" converges for |x + 1| < 4. What can you 
n=0 

conclude about the convergence of the series 


oo xn*! 


È wl 


n=0 


Explain. 


HOW DO YOU SEE IT? The figure on the 
left shows the graph of a function. The figure 
on the right shows the graph of a power series 
representation of the function. 


(a) Identify the function. 


(b) What are the center and interval of convergence of 
the power series? 


Ae 57. Ramanujan and Pi Use a graphing utility to show that 


V8 & (4n)!(1103 + 26,390n) _ 1 
9801 &, (n!)3964" T 
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9.10 Taylor and Maclaurin Series 


> Be sure you 
understand Theorem 9.22. The 
theorem says that if a power 
series converges to f(x), then the 
series must be a Taylor series. The 
theorem does not say that every 
series formed with the Taylor 
coefficients a, = f™(c)/n! will 
converge to f(x). 


@ Find a Taylor or Maclaurin series for a function. 
E Find a binomial series. 
liM Use a basic list of Taylor series to find other Taylor series. 


Taylor Series and Maclaurin Series 


In Section 9.9, you derived power series for several functions using geometric series 
with term-by-term differentiation or integration. In this section, you will study a 
general procedure for deriving the power series for a function that has derivatives of all 
orders. The next theorem gives the form that every convergent power series must take. 


THEOREM 9.22 The Form of a Convergent Power Series 


If f is represented by a power series f(x) = È a,(x — c)" for all x in an open 
interval J containing c, then 


wo 
dcr 
and 
fa) = f + f - 9 «P aras. 


ER 


Pr", _ c)" e ia [a]: me 


+ 
n! 


Proof Consider a power series X a,(x — c)" that has a radius of convergence R. 
Then, by Theorem 9.21, you know that the nth derivative of f exists for |x — c| « R, 
and by successive differentiation you obtain the following. 

PW) = a + a(x — c) + alx — c} + ax c) + alx oette 

f? (x) = a, + 2a (x — c) + 3a,(x — c} + 4a (x — c) +--- 

fx) = 2a, + 3lax — c) + 4*3a(x cP? +- 

fx) = Bla, + 4taí(x — ce) +-- - 

f(x) = nla, + (n + Tta, (x e e 
Evaluating each of these derivatives at x = c yields 

f9Xc) = Olay 

fc) = 1a, 

f?Xc) = 21a, 

fOe) = 31a, 
and, in general, f(c) = n!a,. By solving for a,, you find that the coefficients of the 
power series representation of f(x) are 


_ fC) 


n! 


n 


Notice that the coefficients of the power series in Theorem 9.22 are precisely the 
coefficients of the Taylor polynomials for f at c as defined in Section 9.7. For this 
reason, the series is called the Taylor series for f at c. 
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Definition of Taylor and Maclaurin Series 


If a function f has derivatives of all orders at x — c, then the series 


wig) 


>, ao o) = TIG e) des dpt 


! 
n=0 n. 


is called the Taylor series for f at c. Moreover, if c = 0, then the series is 
the Maclaurin series for f. 


When you know the pattern for the coefficients of the Taylor polynomials for 
a function, you can extend the pattern to form the corresponding Taylor series. For 
instance, in Example 4 in Section 9.7, you found the fourth Taylor polynomial for In x, 
centered at 1, to be 


COLIN MACLAURIN (1698-1746) 


The development of power Ex fe E loi qp 3 lom- ig- 
series to represent functions PX Ced) 2 cw 3 w=] 4 cae 
is credited to the combined 


work of many seventeenth- From this pattern, you can obtain the Taylor series for In x centered at c = 1, 
and eighteenth-century 1 (-1y*1 

mathematicians. Gregory, œ- 1) -=(@- 12? +--+ > ++ - 1)" 4+ - ee. 

Newton, John and James 2 n 

Bernoulli, Leibniz, Euler, 

Lagrange, Wallis, and Fourier 

all contributed to this work. Forming a Power Series 


However, the two names that 

are most commonly associated Use the function 
with power series are Brook 

Taylor and Colin Maclaurin. f(x) = sinx 
See LarsonCalculus.com 


to read more of this biography. to form the Maclaurin series 


oo (n) n" n (4) 
5-0 x" = f(0) + f'(0)x +o x C aet "0 +e. 


and determine the interval of convergence. 


Solution Taking successive derivatives of f yields 


f(x) = sin x f(0 = sind = 0 
f'(x) = cos x f'(0) = cos0 = 1 
f'(x) = —sinx f"0) = —sin0 = 0 
f"(x) = —cos x f”(0) = —cos0 = —1 
f(x) = sin x f(0) = sin 0 = 0 
f(x) = cos x f9X0) = cos0 = 1 
and so on. The pattern repeats after the third derivative. So, the power series is as 
follows. 
co f(Q ; "(0 moO ((0 
p e ) yn = f(0) + f'(0)x +f) 2 +£0) 3s + ) 4 +e’ 
scat i0 a 0 rad da a eU a 
qup Twp veo hug e oa pg Uwe 
X4. x! 
a 34 ^ 
= $ (— Dy! 
n=0 (2n T 1)! 
By the Ratio Test, you can conclude that this series converges for all x. a 


Bettmann/Corbis 
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f(x) 3 4 sin x, 


eit 


i, 


x< 


Pl= 


x 


E 
2 
TE 

2 


NIA 


Figure 9.25 


Notice that in Example 1, you cannot conclude that the power series converges 
to sin x for all x. You can simply conclude that the power series converges to some 
function, but you are not sure what function it is. This is a subtle, but important, point 
in dealing with Taylor or Maclaurin series. To persuade yourself that the series 


fo) + Fe - a «Pe gie. PI ows... 


might converge to a function other than f, remember that the derivatives are being 
evaluated at a single point. It can easily happen that another function will agree with 
the values of f(x) when x = c and disagree at other x-values. For instance, the power 
series (centered at 0) for the function f shown in Figure 9.25 is the same series as in 
Example 1. You know that the series converges for all x, and yet it obviously cannot 
converge to both f(x) and sin x for all x. 

Let f have derivatives of all orders in an open interval / centered at c. The Taylor 
series for f may fail to converge for some x in /. Even when it is convergent, it may fail 
to have f(x) as its sum. Nevertheless, Theorem 9.19 tells us that for each n, 


fle) =f + r6 - à «CI c acc POL oi) 
where 
R(x) E fOr X) r- o, 


(n + 1)! 


Note that in this remainder formula, the particular value of z that makes the remainder 
formula true depends on the values of x and n. If R, > 0, then the next theorem tells us 
that the Taylor series for f actually converges to f(x) for all x in 7. 


THEC 
If lim R, = O for all x in the interval 7, then the Taylor series for f converges | 


EM 9.23 Convergence of Taylor Series 


and equals f(x), 


sp > ras eed AT 


n! olg 


Proof For a Taylor series, the nth partial sum coincides with the nth Taylor 
polynomial. That is, S„(x) = P, (x). Moreover, because 


P) = f(x) — R,(x) 
it follows that 
lim S,(x) 


lim P,) 
= lim [f() — R,G)] 
= f(x) — lim R9. 


So, for a given x, the Taylor series (the sequence of partial sums) converges to f(x) if 
and only if R,(x) > 0 as n> co. | 


Stated another way, Theorem 9.23 says that a power series formed with Taylor 
coefficients 


ge) 


m n! 


converges to the function from which it was derived at precisely those values for which 
the remainder approaches 0 as n — oc. 
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In Example 1, you derived the power series from the sine function and you also 
concluded that the series converges to some function on the entire real number line. In 
Example 2, you will see that the series actually converges to sin x. The key observation 
is that although the value of z is not known, it is possible to obtain an upper bound for 


[res U(z)| . 


241 12223 A Convergent Maclaurin Series 


Show that the Maclaurin series for 
f(x) = sin x 
converges to sin x for all x. 
Solution Using the result in Example 1, you need to show that 
) » x (—1)"x 


= EN — "E E a 
3 5 7! (2n + 1)! 


n y2n+1 


sinx = x 


is true for all x. Because 
f° DQ) = +sin x 
or 
fr V(x) = *cosx 
you know that 
|f"*»(2) <1 


for every real number z. Therefore, for any fixed x, you can apply Taylor’s Theorem 
(Theorem 9.19) to conclude that 


|x|^*! 
< 


" E f+ D(z) eT 
95 pgs ERU CEN 


From the discussion in Section 9.1 regarding the relative rates of convergence of 
exponential and factorial sequences, it follows that for a fixed x, 


Finally, by the Squeeze Theorem, it follows that for all x, R,(x) > 0 as n> oc. So, by 
Theorem 9.23, the Maclaurin series for sin x converges to sin x for all x. a 


Figure 9.26 visually illustrates the convergence of the Maclaurin series for sin x by 
comparing the graphs of the Maclaurin polynomials P,, P}, P5, and P; with the graph 
of the sine function. Notice that as the degree of the polynomial increases, its graph 
more closely resembles that of the sine function. 


As n increases, the graph of P, more closely resembles the sine function. 


Figure 9.26 
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d When you 

have difficulty recognizing a 
pattern, remember that you can 
use Theorem 9.22 to find the 
Taylor series. Also, you can 
try using the coefficients of a 
known Taylor or Maclaurin 
series, as shown in Example 3. 


The guidelines for finding a Taylor series for f at c are summarized below. 


GUIDELINES FOR FINDING A TAYLOR SERIES 


1. Differentiate f with respect to x several times and evaluate each derivative 
at c. 


HOT OF o Iure «quie. bus 


Try to recognize a pattern in these numbers. 


2. Use the sequence developed in the first step to form the Taylor coefficients 
a, = f (c)/n! and determine the interval of convergence for the resulting 
power series 


Po gp 4. LEO 


fü) + fii —d-*-— x TIER 2 


2! n! 


3. Within this interval of convergence, determine whether the series converges 


to f(x). 


The direct determination of Taylor or Maclaurin coefficients using successive 
differentiation can be difficult, and the next example illustrates a shortcut for finding 
the coefficients indirectly—using the coefficients of a known Taylor or Maclaurin 
series. 


EXAMPLE 3 Maclaurin Series for a Composite Function 


Find the Maclaurin series for 
f(x) = sin xi. 


Solution To find the coefficients for this Maclaurin series directly, you must 
calculate successive derivatives of f(x) = sin x?. By calculating just the first two, 


f'(x) = 2x cos x? 
and 
f'(x) = —4x? sin x? + 2 cos x? 


you can see that this task would be quite cumbersome. Fortunately, there is an 
alternative. First, consider the Maclaurin series for sin x found in Example 1. 


g(x) = sin x 


Now, because sin x? = g(x’), you can substitute x? for x in the series for sin x to obtain 
sin x? = g(x?) 


x2 Sg ee B bu dw | 


Be sure to understand the point illustrated in Example 3. Because direct 
computation of Taylor or Maclaurin coefficients can be tedious, the most practical way 
to find a Taylor or Maclaurin series is to develop power series for a basic list of elementary 
functions. From this list, you can determine power series for other functions by the 
operations of addition, subtraction, multiplication, division, differentiation, integration, 
and composition with known power series. 


fos E tX Es 


Figure 9.27 
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Binomial Series 


Before presenting the basic list for elementary functions, you will develop one more 
series—for a function of the form f(x) = (1 + x)*. This produces the binomial series. 


EXAMPLE 4 Binomial Series 


Find the Maclaurin series for f(x) = (1 + x)* and determine its radius of convergence. 
Assume that k is not a positive integer and k # 0. 


Solution By successive differentiation, you have 


f(x) = (1 + »* f(0) = 1 

fGO) = kA + x) FQ =k 

f'() = Kk — Dt 3)? f'(0) = Kk — 1) 
f") (0) =k 


= kk — 1)(k — 2) + 3)? f"(0) = k(k — 1)(k — 2) 


f?) =k- (k-n +1) x fO) = klk- 1)---(k-n+1) 
which produces the series 


— 2 — UE XE = n 
U DE ince 1) ( nl. 
n. 


1+kxet+ 


By the Ratio Test, you can conclude that the radius of convergence is R = 1. So, the 
series converges to some function in the interval (— 1, 1). a 


Note that Example 4 shows that the Taylor series for (1 + x)* converges to some 
function in the interval (— 1, 1). However, the example does not show that the series 
actually converges to (1 + x)*. To do this, you could show that the remainder R,(x) 
converges to 0, as illustrated in Example 2. You now have enough information to find 
a binomial series for a function, as shown in the next example. 


EXAMPLE 5 Finding a Binomial Series 


Find the power series for 
fa = 346 
Solution Using the binomial series 
k(k — 1)x? P kk — 1)(k — 2)x3 


K Ae i” ee teg) 
(1 +x =1+kx+ i 31 + 
let k = } and write 
20 2 5x9 2 5 Bx4t 
1/3 = LONE el. 
Er P+ 37 329) * 39 344! 4 


Use a graphing utility to confirm the result in Example 5. 
When you graph the functions 


fe) = (0 3^ 


and 


in the same viewing window, you should obtain the result shown in Figure 9.27. 
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Deriving Taylor Series from a Basic List 


The list below provides the power series for several elementary functions with the 
corresponding intervals of convergence. 


POWER SERIES FOR ELEMENTARY FUNCTIONS 


Interval of 
Function Convergence 


P= 1= (r= 1) + @=1P= = IP He Ee Ee O<x<2 


-l<x<l 


(1-1 = 1) 


n 


o fee 6<x=2 


(- 1)"x2" +1 
+i — 
Qn + 1)! 

(— 1)" x2" 

a set + o ER MK IEEE 

201 ^41 6 8 (2n)! 

EQ Ex E u (— 1)? x+! 
5 7 2n + 1 


X 1+ 3x5 1.3. 5x (2n)! x”! n 


+ eo. 
2-3 2.4.5 2+4+6°7 Qn! 2n + 1) 


= 2 - = 3 = "I = n 
ie RE ee 2 , Kk - D) AE ntl, a 


* The convergence at X = +] depends on the value of k. 


cosx =1— 


arctan x = x — 


arcsin x = x + 


(1 +x)t=1+kx+ 


Note that the binomial series is valid for noninteger values of k. Also, when k is a 
positive integer, the binomial series reduces to a simple binomial expansion. 


EXAMPLE 6 Deriving a Power Series from a Basic List 


Find the power series for 
f(x) = cos Vx. 


Solution Using the power series 


cosx = 1 21 * 4] Ba 9 


you can replace x by 
x 
to obtain the series 


ee x č 3 VT 
oe 2/ 4 6 8 


This series converges for all x in the domain of cos /x—that is, for x = 0. au 
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Power series can be multiplied and divided like polynomials. After finding the first 
few terms of the product (or quotient), you may be able to recognize a pattern. 


EXAMPLE 7 Multiplication of Power Series 


Find the first three nonzero terms in the Maclaurin series e* arctan x. 


Solution Using the Maclaurin series for e* and arctan x in the table, you have 


LAE E gh. 35 
e acns = (1t ag, . -5i ‘ J 


Multiply these expressions and collect like terms as you would in multiplying 
polynomials. 


1 1 1 
+x + =x? + x3 + — xt + 
1+x 5% 6^ 24* 
1 1 
x — 3h + sy - 
XF du la l4 xX + 
2 6 24 
1 1 1 
3* id ee 
1 
+ z% + 
1 1 3 
+ x2 + 3 4+ See 
X x 6” ra 40* 


1 
So, e* arctan x = x + x? + gx tss. 


EXAMPLE 8 Division of Power Series 


Find the first three nonzero terms in the Maclaurin series tan x. 


Solution Using the Maclaurin series for sin x and cos x in the table, you have 


3 " E 
sin x 3, $5 
tan x — = 2 A 
cos x 1 X x 
21 4! 


x+ 3* + e + 
1- Pe + re — ): ax + ao? 
x je t ra 

= = ae + 

Pe — Ls + 

ie + 


1 à 
So tan x = x +3% + i$ cer. a 
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EXAMPLE 9 A Power Series for sin2 x 


Find the power series for 
f(x) = sin? x. 
Solution Consider rewriting sin? x as 


1—cos2x 1 
2 2 


. 1 
sin? x = 5 cos 2x. 


Now, use the series for cos x. 


22 24 26 28 
—1— 2 = 6 8 
cos 2x = 1 z ta e + 8 x 


1 2 4 6 8 
z C08 2x ** AV + er git T 
1 1 1 1 2 2 25 27 
B 2 6 84... 
y go ty or apt tape Br 
So, the series for f(x) — sin? x is 
2 23 25 27 
sin? x = at B "Td + "Tdi -= FTD Tin 
This series converges for —oo < x < oo. | 


As mentioned in the preceding section, power series can be used to obtain tables 
of values of transcendental functions. They are also useful for estimating the values of 
definite integrals for which antiderivatives cannot be found. The next example 
demonstrates this use. 


TST Power Series Approximation of a Definite Integral 


re œ See LarsonCalculus.com for an interactive version of this type of example. 


Use a power series to approximate 


1 
e * dx 
0 


with an error of less than 0.01. 


Solution Replacing x with —x? in the series for e* produces the following. 


A 6 8 
-2 2 X X X 
e * TH E 2! 31 + 4l 
1 5 7 9 1 
2 X X X X 
=} dx = |x- + = + - 
E me E 3 5.2! 7-3! 9.4 | 


Summing the first four terms, you have 
1 
f e^* dx = 0.74 
0 


which, by the Alternating Series Test, has an error of less than ae = 0.005. au 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Convergence of a Taylor Series Explain how 
to determine whether a Taylor series for a function f 
converges to f. 


. Binomial Series The binomial series is used to 
represent a function of what form? What is the radius of 
convergence for the binomial series? 


. Power Series How can you multiply and divide 
power series? 


. Finding a Taylor Series Explain how to use 


‘ a ra ; : 
the series g(x) = œ = > — to find the series for 
nzon: 


f(x) = x?e73*, Do not find the series. 


[u] 5j [s] Finding a Taylor Series In Exercises 5-16, 
kry ii use the definition of Taylor series to find the 
Aa Taylor series, centered at c, for the function. 


6. f(x) =e, c=0 


8. f(x) = sinx, c -4 


10. f() = — , c=2 


11. f(x) =Inx, c=1 
13. f(x) = sin3x, c=0 


12. f(x) =e, c=1 
14. f(x) = Inf? + 1) c=0 
15. f(x) = secx, c = 0 (first three nonzero terms) 


16. f(x) = tanx, c = 0 (first three nonzero terms) 


[m]-4}[m] Proof In Exercises 17-20, prove that the 
ras a Maclaurin series for the function converges to the 
: G3 function for all x. 

[m]: Lo rs 


18. f(x) =e? 
20. f(x) = coshx 
[m] oss: [uw] Using a Binomial Series In Exercises 21-26, 


T=: T use the binomial series to find the Maclaurin series 
E 
for the function. 


o gal 
21. f(x) = = 22. f(x) (L2 3 
23. f) = Fs A. FO) = GIy 
25. f(x) = Y1 +x 26. f(x) = J1 + x 


OFC) Finding a Maclaurin Series In Exercises 

i 27—40, find the Maclaurin series for the function. 

ET as Use the table of power series for elementary 
functions on page 674. 


27. f(x) = ex? 
29. f(x) = In(1 + x) 


28. g(x) = e 
30. f(x) = In(1 + x?) 


31. f(x) = cos 4x 

33. g(x) = arctan 5x 

35. f(x) = cos x3/2 

37. f(x) = He — e^") = sinh x 
38. f(x) = e" + e* = 2 cosh x 
39. f(x) = cos? x 

40. f(x) = sinh“! x = In(x T Je * I) 


(sim: Integrate the series for 


32. f(x) = sin Tx 
34. f(x) = arcsin rix 
36. g(x) = 2 sin x? 


TEX) 
+L 
Verifying a Formula In Exercises 41 and 42, use a power 
series and the fact that i? = — 1 to verify the formula. 
T > ; 
41. g(x) = 5j €" —e 9) = sinx 
l 


1. : 
42. g(x) = aie" + e^?) = cos x 


[=] Finding a Maclaurin Series In Exercises 


[a]: 

m LE 43-46, find the Maclaurin series for the function. 
ae 

[n] z; oe 


43. f(x) = xsinx 
44. h(x) = xcosx 


sin x 


— *0 
45. g(x) =4 x ü 
1, x=0 
arcsin x :20 
46. f(x) = ? 
1, x=0 
pacc Finding Terms of a Maclaurin Series In 
S 45€ Exercises 47-52, find the first four nonzero 


. terms of the Maclaurin series for the function by 

[e] cool multiplying or dividing the appropriate power 

series. Use the table of power series for elementary 

functions on page 674. Use a graphing utility 

to graph the function and its corresponding 
polynomial approximation. 


47. f(x) = e*sinx 
49. h(x) = (cos x) In(1 + x) 


48. g(x) = e* cos x 
50. f(x) = e*In(1 + x) 


sin x 

51. g(x) = i 
e* 

52. f(x) = Tu 


Finding a Maclaurin Series In Exercises 53 and 54, find 
a Maclaurin series for f (x). 


53. f(x) — f (e? — 1) dt 


54. f(x) = [ JIASE dt 
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fb Verifying a Sum In Exercises 55—58, verify the sum. Then 


use a graphing utility to approximate the sum with an error of 
less than 0.0001. 


oo 


55. X (155-2 

sé. Š ( xd sin 1 
5. X eg 

ss. Š ( v=) Di 


Finding a Limit In Exercises 59-62, use the series 
representation of the function f to find lim f(x), if it exists. 


59. f(x) = LEM 60. f(x) = us 
b git d 
62. f(x) = mee 1) 


z=}[m] Approximating an Integral In Exercises 

Te "3 63—70, use a power series to approximate the value 

ry d of the definite integral with an error of less than 

of; =E 0.0001. (In Exercises 65 and 67, assume that the 
integrand is defined as 1 when x — 0.) 


1 
63. Í e^" dx 
0 
! sin x 
65. Í dx 
o X 


1/2 arctan x 
67. [ dx 
" x 


1/4 
64. Í xln(x + 1) dx 
0 


1 
66. Í cos x? dx 
0 


1/2 
68. Í arctan x? dx 
0 


0.3 
69. Í V1 + x2 dx 
0.1 


0.2 
70. Í V1 + x! dx 
0 


Area In Exercises 71 and 72, use a power series to 
approximate the area of the region with an error of less than 
0.0001. Use a graphing utility to verify the result. 


n/2 1 
71. Í Jx cos x dx 72. Í cos /x dx 
0 0.5 


y y 
A A 
ise 


Ale Nile Alw 


Probability In Exercises 73 and 74, approximate the 
probability with an error of less than 0.0001, where the 
probability is given by 


1 @ 
P(a <x «b)- =| e~*’/2 dx, 


J2n 


a 


a b 


73. P(0 < x < 1) 74. P1 < x < 2) 


EXPLORING CONCEPTS 

75. Comparing Methods Describe three ways to find 
the Maclaurin series for cos? x. Show that each method 
produces the same first three terms. 


. Maclaurin Series Explain how to use the power 


series for f(x) — arctan x to find the Maclaurin series for 


1 


g(x) = 14+ 2x 


What is another way to find the Maclaurin series for g 


using a power series for an elementary function? 


. Finding a Function Which function has the 
Maclaurin series 


S (— 1(x + 3)2n +1 j 
mH 2XQne C 


Explain your reasoning. 


HOW DO YOU SEE IT? Identify the 
function represented by each power series and 
match the function with its graph. [The graphs 
are labeled (i) and (ii).] 


(i) 


79. Projectile Motion A projectile fired from the ground 
follows the trajectory given by 


8 L8 kx 
" (tne XJ £u s 


where v, is the initial speed, O is the angle of projection, g is 
the acceleration due to gravity, and k is the drag factor caused 
by air resistance. Using the power series representation 


In(1- x) =x E, -1L<x<l 


verify that the trajectory can be rewritten as 


ge kgx? 
2vàcos?0  3vj cos? O 


K gx? 
4vg cost O 


y = (tan x 


» 80. Projectile Motion ««««e«es«ececcecccc 


Use the result of Exercise 
79 to determine 

the series for the path 

of a projectile launched 
from ground level at an 
angle of O = 60°, with an 
initial speed of v = 64 
feet per second and a 


drag factor of k = E M 


81. Investigation Consider the function f defined by 


e V*, xz0 
fo) = (6 x=0. 
(a) Sketch a graph of the function. 


(b) Use the alternative form of the definition of the derivative 
(Section 2.1) and L' Hópital's Rule to show that f"(0) = 0. 
[By continuing this process, it can be shown that f(0) = 0 
forn > 1.] 


(c) Using the result in part (b), find the Maclaurin series for f. 
Does the series converge to f? 


BI 82. Investigation 
(a) Find the power series centered at 0 for the function 


fo) = nex n 


(b) Use a graphing utility to graph f and the eighth-degree 
Taylor polynomial P,(x) for f. 


(c) Use a graphing utility to complete the table, where 


F(x) = [eee and G(x) = fro dt. 


at 0.25 | 0.50 | 0.75 | 1.00 | 1.50 | 2.00 


F(x) 


G(x) 


(d) Describe the relationship between the graphs of f and P, 
and the results given in the table in part (c). 


Brian McEntire/iStock/Getty Images Plus/Getty Images 
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n 


83. Proof Prove that lim = = 0 for any real x. 


84. Finding a Maclaurin Series Find the Maclaurin series for 


1+x 


f(x) = In 


and determine its radius of convergence. Use the first four 
terms of the series to approximate In 3. 


Evaluating a Binomial Coefficient In Exercises 85-88, 
evaluate the binomial coefficient using the formula 


() 5-26 -29 —9- S (k—-ny) 


n 


k 
where k is a real number, n is a positive integer, and ( i) =1. 
6 0.25 
" s. (*25 
—5 
"m ( 6 ) 


89. Writing a Power Series Write the power series for 
(1 + x)* in terms of binomial coefficients. 


87. 


N 
r 
l 
no 
oo 
ad 


90. Proof Prove that the Taylor series for e*, centered at x = a, 
is given by 


, &= a)? 


91. Proof Prove thate is irrational. [Hint: Assume thate = p/q 
is rational (p and q are integers) and consider 


eri t lt ote ies] 


92. Using Fibonacci Numbers Show that the Maclaurin 
series for the function 


e + (x — a) 


gtx) = * 


1-x-x 


is 


oo 

n 
Š Fa 
n-i 


where F, is the nth Fibonacci number with F, = F, = 1 and 


F,= F,- + F, 1, forn = 3. (Hint: Write 
= Ay + ax + ay t+ ++ 
l-x-x 0 1 2 


and multiply each side of this equation by 1 — x — x?) 


PUTNAM EXAM CHALLENGE 


93. Assume that |f(x)| < 1 and |f"(x)| < 1 for all x on an 
interval of length at least 2. Show that |f'(x)| < 2 on the 


interval. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Writing the Terms of a Sequence In Exercises 1-4, write 
the first five terms of the sequence with the given nth term. 


51-1 


Matching In Exercises 5-8, match the sequence with the 
given nth term with its graph. [The graphs are labeled (a), (b), 
(c), and (d).] 


(a) an (b) ay 
A 
6--e ote 
5+ IE 
at SP ecccce E 3 
3 "I ° 
24 E E 
+ 2 4 * $ 10 
1+ 2-- e 
HHHH n + 
2 4 6 8 10 4+ e 
(c) ay (d) ay 
A 4 
4+ 107 0 
aa 8T 
E em 
it SN era 
——— en 27 
2 4 6 800 Tite. " 
= e 
2 4 6 8 10 
2 
5.a,—4t*— 6a, 74-5 
n 2 
7. a, = 10(0.3)""! 8. a,-e(-21 ^ 


ee Finding the Limit ofa Sequence InExercises9 and 10, use 


agraphing utility to graph the first 10 terms of the sequence with 
the given nth term. Use the graph to make an inference about the 
convergence or divergence of the sequence. Verify your inference 
analytically and, if the sequence converges, find its limit. 


pee 10. a, = cos 
n 3 


9.a 


Determining Convergence or Divergence In Exercises 
11-18, determine the convergence or divergence of the 
sequence with the given nth term. If the sequence converges, 
find its limit. 


1 n 
11. =— 12. => 
a, Jn a, n + 1 
247 2n? — 1 
13. a, = (2) FS 14. a, = audeo 
_ _ (4n)! =! 
15. a, = (4n _ 1)! 16. a, = Inn 
2n m 
17. a, = £ 18, a, = 2 


Finding the nth Term of a Sequence In Exercises 
19-22, write an expression for the nth term of the sequence 
and then determine whether the sequence you have chosen 
converges or diverges. (There is more than one correct answer.) 


19. 3, 8, 13, 18, 23,. . . 20. —5, —2, 3, 10, 19,. . . 
111 1 1 123 4 
al. 53 725 121" 2.51017 


Monotonic and Bounded Sequences In Exercises 23 
and 24, determine whether the sequence with the given nth 
term is monotonic and whether it is bounded. Use a graphing 
utility to confirm your results. 


23. a, =3 — | 24. a, = (4) 
3 
25. Compound Interest A deposit of $8000 is made in an 


account that earns 596 interest compounded quarterly. The 
balance in the account after n quarters is 


A, = 8000(1.0125)", n= 1,2,3,. ... 


(a) Compute the first eight terms of the sequence (A, ). 


(b) Find the balance in the account after 10 years by 
computing the 40th term of the sequence. 


26. Depreciation A company buys a machine for $175,000. 
During the next 5 years, the machine will depreciate at a rate 
of 30% per year. (That is, at the end of each year, the depreciated 
value will be 7096 of what it was at the beginning of the year.) 


(a) Write an expression for the value of the machine after 
n years. 


(b) Compute the depreciated values of the machine for the 
first 5 years. 


Finding Partial Sums In Exercises 27 and 28, find the 
sequence of partial sums S,, S3, S3, S4, and S,. 
3 3,3 


SS rmt 


BB Numerical, Graphical, and Analytic Analysis In 


Exercises 29 and 30, (a) use a graphing utility to find the 
indicated partial sum S, and complete the table, and (b) use a 
graphing utility to graph the first 10 terms of the sequence of 
partial sums. 


30, 2 Xen +1 


Finding the Sum of a Convergent Series In Exercises 
31-34, find the sum of the convergent series. 


a 36) 


n=0 


3n*2 


7 > 0 yn 


33, $ [(0.4)" + (0.9)"] 


n-0 


34. > Gy (n + E + z] 


Using a Geometric Series In Exercises 35 and 36, 
(a) write the repeating decimal as a geometric series and 
(b) write the sum of the series as the ratio of two integers. 


35. 0.09 36. 0.64 


Using a Geometric Series or the nth-Term Test In 
Exercises 37—40, use a geometric series or the nth-Term Test to 
determine the convergence or divergence of the series. 


37. Y (1.67)" 38. Y 977 
n=0 n=0 
S 2n+ 1 « Sn! + 6 
x 2, 3n + 2 Hn » n! + 1 


41. Marketing A manufacturer producing a new product 
estimates the annual sales to be 9600 units. Each year, 896 
of the units that have been sold will become inoperative. So, 
9600 units will be in use after 1 year, [9600 + 0.92(9600)] 
units will be in use after 2 years, and so on. How many units 
will be in use after n years? 


42. Distance A ballis dropped from a height of 8 meters. Each 
time it drops h meters, it rebounds 0.7/ meters. Find the total 
distance traveled by the ball. 


Using the Integral Test or a p-Series In Exercises 
43-48, use the Integral Test or a p-series to determine the 
convergence or divergence of the series. 


oo oo 1 
43. p EE 44. 2 p 

= 1 = l 
45. 5 5/3 46. 5 E 

n-i n-i 

= [1 1 A Inn 
47 =A 48. Y — 

n=1 a 3 j P nt 


Using the Direct Comparison Test or the Limit 
Comparison Test In Exercises 49-54, use the Direct 
Comparison Test or the Limit Comparison Test to determine 
the convergence or divergence of the series. 


oo 1 oo 7^ 
S PE- -1 aN was 8 +5 
1 S n+l 


51. 


Ms 


Sae 52. ae 
Jn) + 2n P n(n 2) 


143.5: (2n — 1) 
2-4-6-- (2n) 
1 


53. 


54. 


Ms Ms 


u 
| 
tA 


Review Exercises 681 


Using the Alternating Series Test In Exercises 55—60, 
use the Alternating Series Test, if applicable, to determine the 
convergence or divergence of the series. 


55. 5 2 56. $ oie) 


n=1 n=1 n? Tu 
m 2 (—1yn 
LP 58. 
e m-—3 j P» n-—3 
Gilpin oo (—1)*In n? 
59. 60. TENER GNE: 
$ cs Yn +2 2 n 


Finding the Number of Terms In Exercises 61 and 62, 
use Theorem 9.15 to determine the number of terms required 
to approximate the sum of the series with an error of less than 
0.0001. 


Using the Ratio Test or the Root Test In Exercises 
63-68, use the Ratio Test or the Root Test to determine the 
convergence or divergence of the series. 


oo 3n T 1 n oo 4n n 
p 4. 
Á 2, E * ;) s P (s. = ;) 
oo 2n oo 7^ 


65. 5 3 66. MAE 


68. Y 


n-i 


Be Numerical, Graphical, and Analytic Analysis In 


Exercises 69 and 70, (a) verify that the series converges, 
(b) use a graphing utility to find the indicated partial sum S, 
and complete the table, (c) use a graphing utility to graph the 
first 10 terms of the sequence of partial sums, and (d) use the 
table to estimate the sum of the series. 


n 5 | 10 | 15 | 20 | 25 


(D'n In 
n +5 


70. $ 

n-i 
Review In Exercises 71-76, determine the convergence or 
divergence of the series using any appropriate test from this 
chapter. Identify the test used. 


co A oo 7n-*l 
71. = 72 
2 nn i= 8" 
2 5n7+ 6 
73. 74 cns 
3 2: Tn? + 2n A 
oo 10” oo (n!)" 


Finding a Maclaurin Polynomial In Exercises 77 and 78, 
find the nth Maclaurin polynomial for the function. 


77. f(x) = e^ 


f(x) = cos 3x, n=4 


2 n=3 


682 Chapter9 Infinite Series 
Finding a Taylor Polynomial |n Exercises 79 and 80, find 
thethird Taylor polynomial for the function, centered at c 

1 


79. f(x) = x Cod 


80. f(x) =tanx c= -7 
Finding a Degree In Exercises 81 and 82, determine the 
degree of the M aclaurin polynomial required for the error in 
the approximation of the function at the indicated value of x to 
be less than 0.001. 


81. f(x) ^ cos x, approximate f(0.75) 
82. f(x) = & approximate f(—0.25) 


Finding the Interval of Convergence In Exercises 
83- 88, find the interval of convergence of the power series. 
(Be sure to include a check for convergence at the endpoints 
of the interval.) 


TEKEN & x= 1n 
85. a 86. ———— 
£ (n+1? » n 
87. Y nx- 2)" gi vs OD 
n-0 n-0 3 


Finding Intervals of Convergence |n Exercises 89 and 
90, find the intervals of convergence of (a) f(x), (b) f'(x), 
(c) f", and (d) f f(x) dx. (Be sure to include a check for 
convergence at the endpoints of the intervals.) 


89. fo) = S (9 


n-0 
90. f(x) = Sees 4)n 


Differential Equation |n Exercises 91 and 92, show that 
the function represented by the power series is a solution of the 
differential equation. 


= S xen ZAW 4 fi dq; — 
91. y 2, | Dany? Xy' + xy + Xy-0 


oo —3 n yn ; 
o2 y- S CX 2 y + 3xy + 3y=0 
n=0 : 


Finding a Geometric Power Series |n Exercises 93 and 
94, find a geometric power series for the function, centered at 0. 


3 
2+ x 


2 
3-—x 


93. qX = 94. W(x) = 


Finding a Power Series In Exercises 95 and 96, find a 
power series for the function, centered at c, and determine the 
interval of convergence. 


6 


95. f(x) = zn c=1 
E 6x - 
96. f(x) Sc Aya E c=0 


Finding the Sum of a Series In Exercises 97- 102, 
find the sum of the convergent series by using a well-known 
function. Identify the function and explain how you obtained 
the sum. 


= 1 e 1 
= Hlc = gl 
97. > 1) dm 98. a 1) Bm 
' 2 2nn! ' 2 3^n! 
oo 22n 
= Poa 
Wl. X CDan 
S 1 
102. > U" eme Dj 


3 
ll 
o 


Finding a Taylor Series |n Exercises 103- 110, use the 
definition of Taylor series to find the Taylor series, centered 
at c for the function. 


3n 


103. f) - sinx c= — 104. f(x) = cosx c=- 


105. f(x% = 3 c=0 


106. f(x) =cscx c= 5 (first three nonzero terms) 


107. f(x) -i psc 


108. f(x = /x c=4 
109. gx) = %1 +x c=0 


1 
110. h(x) = a +x c=0 


111. Forming Maclaurin Series Determine the first four 
terms of the M aclaurin series for &* 
(a) by using the definition of M aclaurin series. 
(b) by replacing x by 2x in the series for e* 


(c) by multiplying the series for e* by itself, because 
ex = & eX 


112. Forming Maclaurin Series Determine the first four 
terms of the M aclaurin series for sin 2x 


(a) by using the definition of M aclaurin series. 

(b) by replacing x by 2x in the series for sin 2x 

(c) by multiplying 2 by the series for sin x by the series for 
cus x because sin 2x = 2 sin Xcos x 


Finding a Maclaurin Series |n Exercises 113-116, find 
the M aclaurin series for the function. Use the table of power 
series for elementary functions on page 674. 


113. f(x) = & 114. f(x) = In(x- 1) 
115. f(x) = sin 5x 116. f(x) = cos 3x 
Approximating an Integral In Exercises 117 and 118, use 


a power series to approximate the value of the definite integral 
with an error of less than 0.01. 


0.5 ol 
117. Í COS XP dx 118. Í eX dx 
0 0 


P.S. Problem Solving 683 


See CalcChat.com for tutorial help and 


worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Cantor Set The Cantor set (Georg Cantor, 1845-1918) is 


a subset of the unit interval [0, 1]. To construct the Cantor set, 
first remove the middle third (3, 2 of the interval, leaving two 
line segments. For the second step, remove the middle third of 
each of the two remaining segments, leaving four line segments. 
Continue this procedure indefinitely, as shown in the figure. 
The Cantor set consists of all numbers in the unit interval [0, 1] 


L 


that still remain. 


| 
WIN 


olin +t 
ola T 
jas 


2 
3 


(a) Find the total length of all the line segments that are 
removed. 


(b) Write down three numbers that are in the Cantor set. 


(c) Let C, denote the total length of the remaining line 
segments after n steps. Find lim C,. 


noo 


. Using Sequences 


(a) Given that lim a, = L and lim a,,,, = L, show that 


noo 


{a,} is convergent and lim a, = L. 


noo 


(b) Let a, = 1 and g,,, = 1 + . Write out the first 


lta, 
eight terms of {a}. Use part (a) to show that lim a, = /2. 


This gives the continued fraction expansion 


J2 —13 : 


2 


"E EE 
9 ss a 


. Using a Series It can be shown that 
«1 mE 

5 — = — [see Section 9.3, page 612]. 
"ESL 6 


oo 1 Tm? 
Use this fact to show that 5 Qn —1* B 


n-i 


. Finding a Limit Let T be an equilateral triangle with sides 
of length 1. Let a, be the number of circles that can be packed 
tightly in n rows inside the triangle. For example, a, = 1, 
a, = 3, and a, = 6, as shown in the figure. Let A, be the 


combined area of the a, circles. Find lim A,. 
noo 


. Using Center of Gravity Identical blocks of unit length 


are stacked on top of each other at the edge of a table. The 
center of gravity of the top block must lie over the block below 
it, the center of gravity of the top two blocks must lie over the 
block below them, and so on (see figure). 


(a) When there are three blocks, show that it is possible to stack 
them so that the left edge of the top block extends H unit 
beyond the edge of the table. 


(b) Is it possible to stack the blocks so that the right edge of the 
top block extends beyond the edge of the table? 


(c) How far beyond the table can the blocks be stacked? 


. Using Power Series 


(a) Consider the power series 


oo 
ax” — ] + 2x - 3x74 x34 xt B6 3° 4+ x64--- 
n=0 


in which the coefficients a, = 1, 2, 3, 1, 2, 3, 1,. . . are 
periodic of period p = 3. Find the radius of convergence 
and the sum of this power series. 


(b) Consider a power series 
oo 
n 
Š as 
n=0 


in which the coefficients are periodic, (a,,, = a,). and 
à, > 0. Find the radius of convergence and the sum of this 
power series. 


. Finding Sums of Series 


(a) Find a power series for the function 
FQ) = xe” 


centered at 0. Use this representation to find the sum of the 
infinite series 

e 1 

ni(n + 2) 


n=1 


(b 


— 


Differentiate the power series for f(x) = xe*. Use the result 
to find the sum of the infinite series 


antl 
n=0 n! 
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8. 


10. 


11. 


12. 


Chapter9 Infinite Series 


Using the Alternating Series Test The graph of the 
function 
1, x=0 
foe) = p x>0 
x 
is shown below. Use the Alternating Series Test to show that 
the improper integral Í f(x) dx converges. 
1 
y 
A 
1 
> X 
n p an 4n 
—] abes. 

. Conditional and Absolute Convergence For what 
values of the positive constants a and b does the following 
series converge absolutely? For what values does it converge 
conditionally? 

á b a b a b a b, 
2 3 4 56 7 8 
Proof 
(a) Consider the following sequence of numbers defined 
recursively. 
a, =3 
a, = 3 
a; = y3 + J3 
se] = 3+ a, 
Write the decimal approximations for the first six terms of 
this sequence. Prove that the sequence converges and find 
its limit. 
(b) Consider the following sequence defined recursively by 
a, = Jaanda,,, = Va + a,, where a > 2. 
Ja, Vat Ja, Vat Jat Ja, . rae 
Prove that this sequence converges and find its limit. 
Proof Let {a,} be a sequence of positive numbers satisfying 
i 1 oS 
lim (a,)'"" = L < — r > 0. Prove that the series Y a,r” 
noo r n=1 
converges. 
: ; = 1 
Using a Series Consider the infinite series 2 rey 


(a) Find the first five terms of the sequence of partial sums. 
(b) Show that the Ratio Test is inconclusive for this series. 


(c) Use the Root Test to determine the convergence or 
divergence of this series. 


13. 


14. 


15. 


16. 


Deriving Identities Derive each identity using the 
appropriate geometric series. 


1 
— — = 1.01010101... 
(à) 099 0101010 


1 
(b) 098 ^ 1.0204081632. . . 


Population Consider an idealized population with the 
characteristic that each member of the population produces 
one offspring at the end of every time period. Each member 
has a life span of three time periods and the population begins 
with 10 newborn members. The following table shows the 
population during the first five time periods. 


Time Period 


Age Bracket | 1 2 3 4 5 

0-1 10 | 10 | 20 | 40 70 
1-2 10 | 10 | 20 | 40 
2-3 10 | 10 | 20 
Total 10 | 20 | 40 | 70 | 130 


The sequence for the total population has the property that 


5, = $,1 F 5,5 F $5 n3. 


Find the total population during each of the next five time 
periods. 


Spheres Imagine you are stacking an infinite number of 
spheres of decreasing radii on top of each other, as shown in 
the figure. The radii of the spheres are 1 meter, 1/./2 meter, 
1/4/3 meter, and so on. The spheres are made of a material 
that weighs 1 newton per cubic meter. 


(a) How high is this infinite stack of spheres? 


(b) What is the total surface area of all the spheres in the 
stack? 


(c) Show that the weight of the stack is finite. 


tin 


V3 


W 


Determining Convergence or Divergence 


Determine the convergence or divergence of the series 


S (sin Ea sin zz 
2n 2n t 1/ 


n=1 


7 0 Conics, Parametric Equations, 
and Polar Coordinates 
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- waeeexe [Ux Conics and Calculus 

z -10.2 Plane Curves and Parametric Equations 
10.3 Parametric Equations and Calculus 

prs 10.4 Polar Coordinates and Polar Graphs 

E D.B Area and Arc Length in Polar Coordinates 

7255+ +10.6 Polar Equations of Conics and Kepler’s Laws 


Planetary Motion 
(Exercise 65, p. 745) 


Halley’s Comet 
(Exercise 73, p. 698) 


Architecture (Exercise 67, p. 698) 


Clockwise from top left, hin255/Shutterstock.com; NASA; 685 
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10.1 Conics and Calculus 


iM Understand the definition of a conic section. 

E Analyze and write equations of parabolas using properties of parabolas. 

liM Analyze and write equations of ellipses using properties of ellipses. 

liM Analyze and write equations of hyperbolas using properties of hyperbolas. 


Conic Sections 


Each conic section (or simply conic) can be described as the intersection of a plane and 
a double-napped cone. Notice in Figure 10.1 that for the four basic conics, the intersecting 
plane does not pass through the vertex of the cone. When the plane passes through the 
vertex, the resulting figure is a degenerate conic, as shown in Figure 10.2. 


wo VV Y 
A A Á / 


Circle Parabola Ellipse Hyperbola 
Conic sections 
Figure 10.1 


! = 


HYPATIA (370-415 A.D.) 


The Greeks discovered conic 
sections sometime between 600 
and 300 s.c. By the beginning of 
the Alexandrian period, enough 
was known about conics for 
Apollonius (262—190 B.c.) to 


produce an eight-volume work / 
on the subject. Later, toward / 
the end of the Alexandrian 

period, Hypatia wrote a . 4 


textbook entitled On the Conics 
of Apollonius. Her death marked \ 
the end of major mathematical \ 
discoveries in Europe for 
several hundred years. 

The early Greeks were 
largely concerned with the 
geometric properties of conics. 
It was not until 1900 years Figure 10.2 
later, in the early seventeenth 
century, that the broader There are several ways to study conics. You could begin as the Greeks did, by 


applicability of conics became defining the conics in terms of the intersections of planes and cones, or you could 


apparent: Conics then played define them algebraically in terms of the general second-degree equation 
a prominent role in the 


development of calculus. 
See LarsonCalculus.com to read 
more of this biography. 


Point Line Two intersecting lines 
Degenerate conics 


Ax? + Bxy + Cy? + Dx + Ey + F — Q. General second-degree equation 


However, a third approach, in which each of the conics is defined as a locus (collection) 
liM FOR FURTHER INFORMATION of points satisfying a certain geometric property, works best. For example, a circle can 
To learn more about the be defined as the collection of all points (x, y) that are equidistant from a fixed point 
mathematical activities of Hypatia, (h, k). This locus definition easily produces the standard equation of a circle 
see the article “Hypatia and 
Her Mathematics" by Michael 
A. B. Deakin in The American 
Mathematical Monthly. To view 


this article, go to MathArticles.com. For information about rotating second-degree equations in two variables, see Appendix D. 
Bettmann/Corbis 


(x = h)? F (y = ky =r., Standard equation of a circle 


Directrix 


Figure 10.3 


— 


Parabola with a vertical axis, p « 0 
Figure 10.4 
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Parabolas 


A parabola is the set of all points (x, y) that are equidistant from a fixed line, the 
directrix, and a fixed point, the focus, not on the line. The midpoint between the focus 
and the directrix is the vertex, and the line passing through the focus and the vertex is 
the axis of the parabola. Note in Figure 10.3 that a parabola is symmetric with respect 
to its axis. 


THEOREM 10.1 Standard Equation of a Parabola 


The standard form of the equation of a parabola with vertex (h, k) and 
directrix y = k — pis 


(x = hy = Ap(y = k). Vertical axis 
For directrix x = h — p, the equation is 
(y = ky? = Ap(x = h). Horizontal axis 


The focus lies on the axis p units (directed distance) from the vertex. The 
coordinates of the focus are as follows. 


(h,k + p) Vertical axis 
(h + p, K) Horizontal axis 


Finding the Focus of a Parabola 


Find the focus of the parabola 
1 1 


y-"z-x-zx. 


2 2 


Solution To find the focus, convert to standard form by completing the square. 


m! ls ARUM . 
y= 2 —x-— 7 Write original equation. 
2y =1-2x- x? Multiply each side by 2. 
2y=1- (x? + 2x) Group terms. 
2y=2- (x? + 2x + 1) Add and subtract 1 on right side. 
xv+2x+1=-2y4+2 
(x 4-122 —2(y — 1) Write in standard form. 


Comparing this equation with 
(x — h} = 4p(y — k) 
you can conclude that 


1 

h=-1, k=1 d Exe 

; , and p 2 

Because p is negative, the parabola opens downward, as shown in Figure 10.4. So, the 


focus of the parabola is p units from the vertex, or 
1 
(h,k + p) = (1.3). Focus a 


A line segment that passes through the focus of a parabola and has endpoints on the 
parabola is called a focal chord. The specific focal chord perpendicular to the axis of 
the parabola is the latus rectum. The next example shows how to determine the length 
of the latus rectum and the length of the corresponding intercepted arc. 
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Focal Chord Length and Arc Length 


tae [> See LarsonCalculus.com for an interactive version of this type of example. 
Find the length of the latus rectum of the parabola 

x? = 4py. 
Then find the length of the parabolic arc intercepted by the latus rectum. 


y Solution Because the latus rectum passes through the focus (0, p) and is perpendicular 


A : ' : : 
to the y-axis, the coordinates of its endpoints are 


(—x,p) and (xp). 


Substituting p for y in the equation of the parabola produces 


xX -4p(p => x= 2p. 


Latus rectum 


(Cp, pN- -- & -- 5 (2p, p) So, the endpoints of the latus rectum are (— 2p, p) and (2p, p), and you can conclude 
>x  thatits length is 4p, as shown in Figure 10.5. In contrast, the length of the intercepted 
(0, p) arc is 
Length of latus rectum: 4 u-——— 
nin ms ae s= E it F (y? dx Use arc length formula. 
2p NINE 52 x 
=2 1+|(—] ad pec = 
Í (5) ý Tap Bi 2p 
1 2p 
=-| Jap +x dx Simplify. 
PJo 
1 2 2 2 2 z” 
ECT x / Ap + x? + 4p? In|x + /4p + x?| Theorem 8.2 
p 0 
1 -— — 
= zp? JBP? + Ap? In(2p + /8p?) — Ap? In(2p)] 
= 2p[/2 + (1 + /2)] 
= 4.59p. F| 


One widely used property of a parabola is its reflective property. In physics, a 
surface is called reflective when the tangent line at any point on the surface makes equal 
angles with an incoming ray and the resulting outgoing ray. The angle corresponding to 
the incoming ray is the angle of incidence, and the angle corresponding to the outgoing 
ray is the angle of reflection. One example of a reflective surface is a flat mirror. 

Another type of reflective surface is that formed by revolving a parabola about its 
SE ET HERES = axis. The resulting surface has the property that all incoming rays parallel to the axis 
are directed through the focus of the parabola. This is the principle behind the design 
I Rishi somes of the parabolic mirrors used in reflecting telescopes. Conversely, all light rays emanating 
at focus from the focus of a parabolic reflector used in a flashlight are parallel, as shown in 


ge eee < Figure 10.6. 
Axis 
See -" THEOREM 10.2 Reflective Property of a Parabola 
Let P be a point on a parabola. The tangent line to the parabola at point P 
Can E EL > makes equal angles with the following two lines. 
Parabolic reflector: light is reflected in 1. The line passing through P and the focus 


parallel rays. 
Figure 10.6 


2. The line passing through P parallel to the axis of the parabola 


NICOLAUS COPERNICUS 
(1473-1543) 


Copernicus began to study 
planetary motion when he was 
asked to revise the calendar. 
At that time, the exact length 
of the year could not be 
accurately predicted using 

the theory that Earth was the 
center of the universe. 

See LarsonCalculus.com to read 
more of this biography. 


If the ends of a fixed length of string 
are fastened to the thumbtacks and the 
string is drawn taut with a pencil, then 
the path traced by the pencil will be an 
ellipse. 

Figure 10.9 
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Ellipses 


More than a thousand years after the close of the Alexandrian period of Greek 
mathematics, Western civilization finally began a Renaissance of mathematical 
and scientific discovery. One of the principal figures in this rebirth was the Polish 
astronomer Nicolaus Copernicus (1473-1543). In his work On the Revolutions of the 
Heavenly Spheres, Copernicus claimed that all of the planets, including Earth, revolved 
about the sun in circular orbits. Although some of Copernicus's claims were invalid, 
the controversy set off by his heliocentric theory motivated astronomers to search 
for a mathematical model to explain the observed movements of the sun and planets. 
The first to find an accurate model was the German astronomer Johannes Kepler 
(1571-1630). Kepler discovered that the planets move about the sun in elliptical orbits, 
with the sun not as the center but as a focal point of the orbit. 

The use of ellipses to explain the movements of the planets is only one of many 
practical and aesthetic uses. As with parabolas, you will begin your study of this second 
type of conic by defining it as a locus of points. Now, however, two focal points are 
used rather than one. 

An ellipse is the set of all points (x, y) the sum of whose distances from two 
distinct fixed points called foci is constant. (See Figure 10.7.) The line through the foci 
intersects the ellipse at two points, called the vertices. The chord joining the vertices is 
the major axis, and its midpoint is the center of the ellipse. The chord perpendicular to 
the major axis at the center is the minor axis of the ellipse. (See Figure 10.8.) 


(x, y) 


Vertex 
. e 

; Center Focus 

1 


1 
! ^ Minor axis 


d, + d, is constant. 


Figure 10.7 Figure 10.8 


THEOREM 10.3 Standard Equation of an Ellipse 


The standard form of the equation of an ellipse with center (h, k) and major 
and minor axes of lengths 2a and 2b, respectively, where a > b, is 


(=m? (y- BP 
a p? 


1 Major axis is horizontal. 


k- (y-9. 


( 
p " a? 


1. Major axis is vertical. 


The foci lie on the major axis, c units from the center, with 


Cc =a — db’. 


You can visualize the definition of an ellipse by imagining two thumbtacks placed 
at the foci, as shown in Figure 10.9. 


liM FOR FURTHER INFORMATION To learn about how an ellipse may be “exploded” 
into a parabola, see the article “Exploding the Ellipse” by Arnold Good in Mathematics 
Teacher. To view this article, go to MathArticles.com. 


Bettmann/Corbis 
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x-D (2). 
OT ah 


y 
Vertex 


Ellipse with a vertical major axis. 


Figure 10.10 


Not drawn to scale 


Figure 10.11 


Analyzing an Ellipse 


Find the center, vertices, and foci of the ellipse 


4x? + y? — Bx + 4y —-8 = 0. 


General second-degree equation 


Solution Complete the square to write the original equation in standard form. 


4? + y? — 8x + 4y-—8 =0 
4x — 8x + y? + 4y = 8 

AQ? — 2x + 1) + (y2 + 4y +4)=8+4+4 
4(x — 1? + (y + 2)? = 16 


Write original equation. 


(x 3 1)" + (y Ea = 1 Write in standard form. 
So, the major axis is vertical, where h = 1,k = —2,a = 4, b = 2, and 
c= V6 — 4= 24/3. 
So, you obtain the following. 
Center: (1, —2) (h, k) 
Vertices: (1, — 6) and (1, 2) (h,k + a) 
Foci: — (1, 7-2 — 2/3) and (1, —2 + 2/3) (hk & c) 
The graph of the ellipse is shown in Figure 10.10. | 
In Example 3, the constant term in the general second-degree equation is F = —8. 


For a constant term greater than or equal to 8, you would obtain one of these degenerate 


cases. 


1. F = 8, single point, (1, —2): 16 


@= 1? (+2? 
4 ' 16 


The Orbit of the Moon 


2. F » 8, no solution points: 


œ- 1} +2? 
4 7 7 


<0 


0 


The moon orbits Earth in an elliptical path with the center of Earth at one focus, 
as shown in Figure 10.11. The major and minor axes of the orbit have lengths of 
768,800 kilometers and 767,641 kilometers, respectively. Find the greatest and least 


distances (the apogee and perigee) from Earth’s center to the moon’s center. 


Solution Begin by solving for a and b. 


2a = 768,800 Length of major axis 
a = 384,400 Solve for a. 

2b = 767,641 Length of minor axis 
b = 383,820.5 Solve for b. 


Now, using these values, you can solve for c as follows. 
c= Ja — b? ~ 21,099 

The greatest distance between the center of Earth and the center of the moon is 
a + c = 405,499 kilometers 

and the least distance is 


a — c = 363,301 kilometers. au 


liM FOR FURTHER INFORMATION 


For more information on some uses 


of the reflective properties of 
conics, see the article “Parabolic 
Mirrors, Elliptic and Hyperbolic 
Lenses" by Mohsen Maesumi 

in The American Mathematical 
Monthly. Also see the article “The 
Geometry of Microwave Antennas' 
by William R. Parzynski in 
Mathematics Teacher. 


Foci 
A 


(a) C is small. 
a 


Foci 


(b) S is close to 1. 
a 
ee E 
Eccentricity is the ratio —. 
a 


Figure 10.12 


^ 
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Theorem 10.2 presented a reflective property of parabolas. Ellipses have a similar 
reflective property. You are asked to prove the next theorem in Exercise 84. 


Reflective Property of an Ellipse 


Let P be a point on an ellipse. The tangent line to the ellipse at point P makes 
equal angles with the lines through P and the foci. 


One of the reasons that astronomers had difficulty detecting that the orbits of the 
planets are ellipses is that the foci of the planetary orbits are relatively close to the 
center of the sun, making the orbits nearly circular. To measure the ovalness of an 
ellipse, you can use the concept of eccentricity. 


Definition of Eccentricity of an Ellipse 
The eccentricity e of an ellipse is given by the ratio 


E 
Com 7 
a 


To see how this ratio is used to describe the shape of an ellipse, note that because 
the foci of an ellipse are located along the major axis between the vertices and the 
center, it follows that 


0<c<a. 


For an ellipse that is nearly circular, the foci are close to the center and the ratio c/a is 
close to 0, and for an elongated ellipse, the foci are close to the vertices and the ratio 
c/a is close to 1, as shown in Figure 10.12. Note that 


O0«ec«l 


for every ellipse. 
The orbit of the moon has an eccentricity of e ^ 0.0549, and the eccentricities of 
the eight planetary orbits are listed below. 


Mercury: e ~ 0.2056 Jupiter: e ~ 0.0489 
Venus: e = 0.0067 Saturn: e ~ 0.0565 
Earth: e * 0.0167 Uranus: e ~ 0.0457 
Mars: e ~ 0.0935 Neptune: e = 0.0113 


You can use integration to show that the area of an ellipse is A = Mab. For 
instance, the area of the ellipse 

ee _, 

op 


is 


== a? cos? 0 dO. Trigonometric substitution x — a sin 8 
a Jo 
However, it is not so simple to find the circumference of an ellipse. The next example 
shows how to use eccentricity to set up an "elliptic integral" for the circumference of 
an ellipse. 
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AREA AND CIRCUMFERENCE 
OF AN ELLIPSE 


In his work with elliptic orbits 
in the early 1600s, Johannes 
Kepler successfully developed 
a formula for the area of an 


ellipse, A= nab. He was 

less successful, however, in 

developing a formula for the 

circumference of an ellipse; 

the best he could do was to 

give the approximate formula 
— n(a 4 b). 


C 228.36 units 


Figure 10.13 


EXAMPLE 5 Finding the Circumference of an Ellipse 


t.. [> See LarsonCalculus.com for an interactive version of this type of example. 


Show that the circumference of the ellipse (x2/a?) + (y?/b?) = 1 is 
n/2 
«| J/1 — e sin? 0 40. pet 
0 


Solution Because the ellipse is symmetric with respect to both the x-axis and the 
y-axis, you know that its circumference C is four times the arc length of 


a? gm 
a 


in the first quadrant. The function y is differentiable for all x in the interval [0, a] except 
at x — a. So, the circumference is given by the improper integral 


c= jim af J1 (yy OP ar =f Jit Rac = af <j a? — 2) 


Using the trigonometric substitution x = a sin 8, you obtain 


- EE AL g (4 cos 9) 40 


= |[ Jæ cos? 0 + b? sin? 0 dO 
0 


n/2 
af Jel — sin? 0) + b? sin? 6 dO 
0 


n/2 
= f Ja? — (a? — P?) sin? 0 d0. 
0 
Because e? = c?/a? = (a? — b?)/a?, you can rewrite this integral as 


n/2 
«| JT — e sin? 0 40. a 
0 


A great deal of time has been devoted to the study of elliptic integrals. Such 
integrals generally do not have elementary antiderivatives. To find the circumference 
of an ellipse, you must usually resort to an approximation technique. 


Approximating the Value of an Elliptic Integral 


Use the elliptic integral in Example 5 to approximate the circumference of the ellipse 
L y 
az eS = 1, 
25 16 


Solution Because e? = c?/a? = (à? — b?)/a? = 9/25, you have 


n/2 . 2 
9 sin? 0 
= (4)(5 1— dð 
á j! 25 


Applying Simpson’s Rule with n = 4 produces 
n/2 
3(4) 
= 28.36. 


Cm »| alia + 4(0.9733) + 2(0.9055) + 4(0.8323) + 0.8] 


So, the ellipse has a circumference of about 28.36 units, as shown in Figure 10.13. 


|d, =d, | is constant. 
|d, —4, |= 2a 


Transverse axis 


Figure 10.14 


.. Conjugate axis 


Asymptote 


Figure 10.15 


Asymptote 
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Hyperbolas 


The definition of a hyperbola is similar to that of an ellipse. For an ellipse, the sum 
of the distances between the foci and a point on the ellipse is fixed, whereas for a 
hyperbola, the absolute value of the difference between these distances is fixed. 

A hyperbola is the set of all points (x, y) for which the absolute value of the 
difference between the distances from two distinct fixed points called foci is constant. 
(See Figure 10.14.) The line through the two foci intersects a hyperbola at two points 
called the vertices. The line segment connecting the vertices is the transverse axis, and 
the midpoint of the transverse axis is the center of the hyperbola. One distinguishing 
feature of a hyperbola is that its graph has two separate branches. 


Standard Equation of a Hyperbola 
The standard form of the equation of a hyperbola with center at (h, k) is 


gh. ya 
a p 


1 Transverse axis is horizontal. 


or 


Q- @&— AP _ 


a b2 


1. Transverse axis is vertical. 


The vertices are a units from the center, and the foci are c units from the 
center, where c? = a? + P?. 


Note that the constants a, b, and c do not have the same relationship for hyperbolas 
as they do for ellipses. For hyperbolas, c? = a? + b?, but for ellipses, c? = a? — b?. 

An important aid in sketching the graph of a hyperbola is the determination of 
its asymptotes, as shown in Figure 10.15. Each hyperbola has two asymptotes that 
intersect at the center of the hyperbola. The asymptotes pass through the vertices of a 
rectangle of dimensions 2a by 2b, with its center at (h, k). The line segment of length 
2b joining 

(h,k + b) 
and 

(h,k — b) 
is referred to as the conjugate axis of the hyperbola. 


Asymptotes of a Hyperbola 


For a horizontal transverse axis, the equations of the asymptotes are 


y-k* P n) and y-k- PG - n). 


For a vertical transverse axis, the equations of the asymptotes are 


y- kt rz - B and ysk- r6 - B. 


In Figure 10.15, you can see that the asymptotes coincide with the diagonals of 
the rectangle with dimensions 2a and 2b, centered at (h, k). This provides you with a 
quick means of sketching the asymptotes, which in turn aids in sketching the hyperbola. 
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You can 
use a graphing utility to verify 
the graph obtained in Example 7 
by solving the original equation 
for y and graphing the following 
equations. 


y, = 742 — 16 


yo = —JAx — 16 


liM FOR FURTHER INFORMATION 
To read about using a string that 
traces both elliptic and hyperbolic 
arcs having the same foci, see the 
article “Ellipse to Hyperbola: 
“With This String I Thee Wed’” by 
Tom M. Apostol and Mamikon A. 
Mnatsakanian in Mathematics 
Magazine. To view this article, 

go to MathArticles.com. 
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Using Asymptotes to Sketch a Hyperbola 


oe [> See LarsonCalculus.com for an interactive version of this type of example. 
Sketch the graph of the hyperbola 

4x? — y? = 16. 
Solution Begin by rewriting the equation in standard form. 

x 2 

go oa 


The transverse axis is horizontal and the vertices occur at (— 2, 0) and (2, 0). The ends 
of the conjugate axis occur at (0, —4) and (0, 4). Using these four points, you can 
sketch the rectangle shown in Figure 10.16(a). By drawing the asymptotes through the 
corners of this rectangle, you can complete the sketch as shown in Figure 10.16(b). 


6+ 
(0, 4) 
(3,0): | Q. 0) 
e $—}+—+> x } 
6 E b. 4 6 + 
TO, 
6+ 
(a) (b) 
Figure 10.16 au 


Definition of Eccentricity of a Hyperbola 
The eccentricity e of a hyperbola is given by the ratio 


e = 


T 


As with an ellipse, the eccentricity of a hyperbola is e = c/a. Because c > a 
for hyperbolas, it follows that e > 1 for hyperbolas. If the eccentricity is large, then 
the branches of the hyperbola are nearly flat. If the eccentricity is close to 1, then the 
branches of the hyperbola are more pointed, as shown in Figure 10.17. 


y 


Eccentricity Eccentricity 
is large. is close to 1. 
Vertex Focus Focus 
F. Lj. Vertex Vertex __ J 
DEUS a e aes ee ° > X 
eae b 
P c " KL 1 
a ene a [ 
a I 
koa ee 
c 


Figure 10.17 


4000 + 
3000 + 
2000+ ^^^ 
2 i dq X d 
B. M 
I-e—]i t ł Hej >r 
-2000 2000 3000 
—1000 + 
—2000 + 
2c = 5280 


d, — d, = 2a = 2200 
Figure 10.18 


CAROLINE HERSCHEL 
(1750-1848) 


The first woman to be credited 


with detecting a new comet 
was the English astronomer 
Caroline Herschel. During 

her life, Caroline Herschel 
discovered a total of eight 

new comets. 

See LarsonCalculus.com to read 
more of this biography. 
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The application in Example 8 was developed during World War II. It shows how 
the properties of hyperbolas can be used in radar and other detection systems. 


A Hyperbolic Detection System 


Two microphones, 1 mile apart, record an explosion. Microphone A receives the sound 
2 seconds before microphone B. Where was the explosion? 


Solution Assuming that sound travels at 1100 feet per second, you know that the 
explosion took place 2200 feet farther from B than from A, as shown in Figure 10.18. 
The locus of all points that are 2200 feet closer to A than to B is one branch of the 
hyperbola 


2 2 
bli 
a b? 
where 
ro l mile _ 5280 ft _ 2640 feet 
2 2 
and 
a= — M M0 desk 


Because c? = a? + b?, it follows that 
pis Cue Ze 
= (2640)? — (1100)? 
= 5,759,600 
and you can conclude that the explosion occurred somewhere on the right branch of 
the hyperbola 


2 2 


x y 
= =1. 
1,210,000 5,759,600 = 


In Example 8, you were able to determine only the hyperbola on which the 
explosion occurred, but not the exact location of the explosion. If, however, you 
had received the sound at a third position C, then two other hyperbolas would be 
determined. The exact location of the explosion would be the point at which these three 
hyperbolas intersect. 

Another interesting application of conics involves the orbits of comets in our solar 
system. Of the 610 comets identified prior to 1970, 245 have elliptical orbits, 295 have 
parabolic orbits, and 70 have hyperbolic orbits. The center of the sun is a focus of 
each orbit, and each orbit has a vertex at the point at which the comet is closest to the 
sun. Undoubtedly, many comets with parabolic or hyperbolic orbits have not been 
identified—such comets pass through our solar system only once. Only comets with 
elliptical orbits, such as Halley's comet, remain in our solar system. 

The type of orbit for a comet can be determined as follows. 


1. Ellipse: v < /2GM/p 
2. Parabola: v = /2GM/p 
3. Hyperbola: v > /2GM/p 


In each of the above, p is the distance between one vertex and one focus of the comet’s 
orbit (in meters), v is the velocity of the comet at the vertex (in meters per second), 
M = 1.989 x 10% kilograms is the mass of the sun, and G ~ 6.67 x 107'! cubic meter 
per kilogram-second squared is the gravitational constant. 


Caroline Herschel (1750-1848), 1829, Tielemans, Martin Francois (1784-1864)/Private Collection/The Bridgeman Art Library 
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10.1 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Conic Sections State the definitions of parabola, 
ellipse, and hyperbola in your own words. 


. Reflective Property Use a sketch to illustrate the 
reflective property of an ellipse. 


. Eccentricity Consider an ellipse with eccentricity e. 
(a) What are the possible values of e? 
(b) What happens to the graph of the ellipse as e increases? 


. Hyperbola Explain how to sketch a hyperbola with a 
vertical transverse axis. 


Matching In Exercises 5-10, match the equation with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


Q0» w 


44 


(e) > (f) M 


3 3 
5. y? = 4x 6. (x + 4)? = —2(y - 2) 
y L ix 2p  (y+1? 
T1 j^ 8. 16 t 4 = 1 
PY. G-3 o. 
9.15971 10. 9 4 1 


TERNG Sketching a Parabola In Exercises 11-16, find 
„EEPE the vertex, focus, and directrix of the parabola, and 


PEU sketch its graph. 

gus 

H.(x*5--(-3?-0 12. œ- 6) — Ay +7) =0 
13. y — 4y - 4x = 0 14. y? + 6y + 8x + 25 =0 
15. x + 4x + 4y - 4-0 16. x? — 2x -4y - 7-0 


bee [u] Finding the Standard Equation of a 
roa rà 


17. Vertex: (5,4) 
Focus: (3, 4) 

19. Vertex: (0, 5) 
Directrix: y = —3 

21. Vertex: (1, — 1) 
Points on the parabola: 


(—1, 74), (3, —4) 


Parabola In Exercises 17—24, find the standard 
aes form of the equation of the parabola with the given 
2 mc 


characteristics. 


18. Vertex: (—3, — 1) 
Focus: (—3, 1) 

20. Focus: (2, 2) 
Directrix: x = —2 

22. Vertex: (2, 4) 
Points on the parabola: 


(0, 0), (4, 0) 


23. Axis is parallel to y-axis; graph passes through (0, 3), (3, 4), 


and (4, 11). 


24. Directrix: y = —2; endpoints of latus rectum are (0, 2) and 


(8, 2). 


25. 16x2 + y? = 16 
(x3. 0-1} 


27. T 


29. 9x? + Ay? + 36x — 24y 


aa RI Sketching an Ellipse In Exercises 25-30, find 


Ke he. ty the center, foci, vertices, and eccentricity of the 
oe 3 ellipse, and sketch its graph. 
we 


26. 3x2 + 73? = 63 


y (y T 6)? 
1/4 


28. (x +4 1 


30. x? + 10y? — 6x + 20y 


36-0 


Su 


us 


31. Center: (0, 0) 
Focus: (5, 0) 
Vertex: (6, 0) 
33. Vertices: (3, 1), (3, 9) 
Minor axis length: 6 
35. Center: (0, 0) 
Major axis: horizontal 


Points on the ellipse: 
(3, 1), (4, 0) 


18-0 


[s] Finding the Standard Equation of an 
4& Ellipse In Exercises 31-36, find the standard 
Ls 


T 
Ets form of the equation of the ellipse with the given 
TU77** characteristics. 


32. Vertices: (0, 3), (8, 3) 


Eccentricity: 3 


34. Foci: (0, +9) 

Major axis length: 22 
36. Center: (1, 2) 

Major axis: vertical 


Points on the ellipse: 


(1, 6), (3, 2) 


Sketching a Hyperbola In Exercises 37—40, 
find the center, foci, vertices, and eccentricity 


[es 13 of the hyperbola, and sketch its graph using 

HSE  asymptotes as an aid. 

2 _y O+ -S 
Tos ie | 38. 775 6&4 7! 
39. 9x? — y? — 36x — 6y + 18 = 0 
40. y? — 16x? + 64x — 208 = 0 


[2] 27 [n] Finding the Standard Equation of a 


iet d Hyperbola In Exercises 41-48, find the 
En standard form of the equation of the hyperbola 
41. Vertices: (+1, 0) 


with the given characteristics. 

42. Vertices: (0, +4) 
Asymptotes: y = +5x 

43. Vertices: (2, +3) 


Asymptotes: y = +2x 
44. Vertices: (2, +3) 
Foci: (2, +5) 
46. Center: (0, 0) 
Vertex: (6, 0) 
Focus: (10, 0) 
48. Focus: (20, 0) 


Asymptotes: y = tix 


Point on graph: (0, 5) 
45. Center: (0, 0) 

Vertex: (0,2) 

Focus: (0, 4) 
47. Vertices: (0, 2), (6, 2) 

Asymptotes: y — ex 

y=4- 2x 

Finding Equations of Tangent Lines and Normal 
Lines In Exercises 49 and 50, find equations for (a) the 
tangent lines and (b) the normal lines to the hyperbola for the 


given value of x. (The normal line at a point is perpendicular 
to the tangent line at the point.) 


2 


a cares x=6 


Classifying the Graph of an Equation In Exercises 
51-56, classify the graph of the equation as a circle, a parabola, 
an ellipse, or a hyperbola. 


51. 25x? — 10x — 200y — 119 = 0 

52.420 — y — 4x -3 = 0 

53. 3(x — 1? 2 6 - 2(y + 1)? 54. 9(x + 3)? = 36 — 4(y — 2)? 
55. 9x? + 9y? — 36x + 6y + 34 =0 

56. y —4y=x4+5 


EXPLORING CONCEPTS 
57. Using an Equation Consider the equation 
92 + 4y? — 36x — 24y — 36 = 0. 


(a) Classify the graph of the equation as a circle, a 
parabola, an ellipse, or a hyperbola. 


(b) Change the 4y?-term in the equation to —4y?. 
Classify the graph of the new equation. 


(c) Change the 9x?-term in the original equation to 4x?. 
Classify the graph of the new equation. 


(d) Describe one way you could change the original 
equation so that its graph is a parabola. 


. Investigation Sketch the graphs of x? = 4py for 
p^ L L l, 3 and 2 on the same coordinate axes. Discuss 
the change in the graphs as p increases. 


. Ellipse Let C be the circumference of the 
ellipse (x?/a?) + (y*/b*) = 1, b «a. Explain 
why 2mb < C < 2ria. Use a graph to support your 
explanation. 


61. 


62. 


63. 


64. 
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HOW DO YOU SEE IT? Describe in 
words how a plane could intersect with the 
double-napped cone to form each conic section 
(see figure). 


y 


(b) Ellipse 


(d) Hyperbola 


(a) Circle 
(c) Parabola 


Solar Collector A solar collector for heating water is 
constructed with a sheet of stainless steel that is formed into 
the shape of a parabola (see figure). The water will flow 
through a pipe that is located at the focus of the parabola. At 
what distance from the vertex is the pipe? 


Not drawn to scale 


Figure for 61 Figure for 62 


Beam Deflection A simply supported beam that is 
16 meters long has a load concentrated at the center (see 
figure). The deflection of the beam at its center is 3 centimeters. 
Assume that the shape of the deflected beam is parabolic. 


(a) Find an equation of the parabola. (Assume that the origin 
is at the center of the beam.) 


(b) How far from the center of the beam is the deflection 
1 centimeter? 


Proof 


(a) Prove that any two distinct tangent lines to a parabola 
intersect. 


(b) Demonstrate the result of part (a) by finding the point 
of intersection of the tangent lines to the parabola 
x? — 4x — 4y = O at the points (0, 0) and (6, 3). 


Proof 


(a) Prove that if any two tangent lines to a parabola intersect 
at right angles, then their point of intersection must lie on 
the directrix. 


(b) Demonstrate the result of part (a) by showing that the 
tangent lines to the parabola x? — 4x — 4y + 8 = Oat the 
points (—2, 5) and (3, i) intersect at right angles and that 


their point of intersection lies on the directrix. 
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65. Bridge Design A cable of a suspension bridge is suspended 
(in the shape of a parabola) between two towers that are 
120 meters apart and 20 meters above the roadway (see 
figure). The cable touches the roadway midway between the 
towers. Find an equation for the parabolic shape of the cable. 


Parabolic y 
supporting cable 


66. Arc Length Find the length of the parabolic cable in 
Exercise 65. 


67. Architecture e «e«e«eeeeeccecccccccc 


A church window is bounded above by a parabola and 
below by the arc of a circle (see figure). Find the 
area of the window. 


m 8 ft 


; Circle 
; radius 


1 
1 
e 


eoeoeoeoereoe eee ee ee oo oo 
A 
> 


68. Surface Area A satellite signal receiving dish is formed 
by revolving the parabola given by 


x = 20y 


about the y-axis. The radius of the dish is r feet. Verify that the 
surface area of the dish is given by 


y B 2. n 
anf s. | l4 (5) dx 15100 


69. Orbit of Earth Earth moves in an elliptical orbit with the 
sun at one of the foci. The length of half of the major axis is 
149,598,000 kilometers, and the eccentricity is 0.0167. Find 
the minimum distance ( perihelion) and the maximum distance 
(aphelion) of Earth from the sun. 


r?)3/2 — 1000]. 


70. Satellite Orbit The apogee (the point in orbit farthest 
from Earth) and the perigee (the point in orbit closest to Earth) 
of an elliptical orbit of an Earth satellite are given by A and P, 
respectively. Show that the eccentricity of the orbit is 


| A-P 
A-P 


e 


71. Explorer 1 On January 31, 1958, the United States 
launched the research satellite Explorer 1. Its low and 
high points above the surface of Earth were 220 miles and 
1563 miles. Find the eccentricity of its elliptical orbit. (Use 
4000 miles as the radius of Earth.) 


Palette7/Shutterstock.com; NASA 
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72. Explorer 55 On November 20, 1975, the United States 
launched the research satellite Explorer 55. Its low and 
high points above the surface of Earth were 96 miles and 
1865 miles. Find the eccentricity of its elliptical orbit. (Use 
4000 miles as the radius of Earth.) 


e 73. Halleys Comete «««eeeceeccscecc5i 


Probably the most famous of all comets, Halley's comet, 
has an elliptical orbit with the sun at one focus. 

Its maximum distance from the sun is 

approximately 35.29 AU 
(1 astronomical unit 

is approximately 

92.956 x 10° miles), 

and its minimum 
distance is approximately 
0.59 AU. Find the 
eccentricity of the orbit. 


m— 


74. Particle Motion Consider a particle traveling clockwise 
on the elliptical path 


2 
LA. 
100 25 


The particle leaves the orbit at the point (— 8, 3) and travels 
in a straight line tangent to the ellipse. At what point will the 
particle cross the y-axis? 


Area, Volume, and Surface Area In Exercises 75 and 76, 
find (a) the area of the region bounded by the ellipse, (b) the 
volume and surface area of the solid generated by revolving 
the region about its major axis (prolate spheroid), and (c) the 
volume and surface area of the solid generated by revolving the 
region about its minor axis (oblate spheroid). 


x2 
75. — 
4 


2 
y 

+—=1 
1 

Arc Length Use the integration capabilities of a graphing 

utility to approximate to two-decimal-place accuracy the 

elliptical integral representing the circumference of the ellipse 

xe y 


25 49 b 


. Conjecture 
(a) Show that the equation of an ellipse can be written as 


x—hAP, (y- 


a a1 —e?) 


1. 


(b) Use a graphing utility to graph the ellipse 


6-235, 9-39, 


4 4(1— e) 


0.95, e = 0.75, e = 0.5, e 


(c) Use the results of part (b) to make a conjecture about the 
change in the shape of the ellipse as e approaches 0. 


for e 0.25, ande = 0. 


79. 


(~a, 0) 


Geometry The area of the ellipse in the figure is twice the 
area of the circle. What is the length of the major axis? 


Y y 
A Tangent 
line 


(0, 10) 


Figure for 79 
80. 


81. 


82. 


83. 


(0, —10) 


Figure for 80 


Proof Prove Theorem 10.4 by showing that the tangent 
line to an ellipse at a point P makes equal angles with lines 
through P and the foci (see figure). [Hint: (1) Find the slope of 
the tangent line at P, (2) find the slopes of the lines through P 
and each focus, and (3) use the formula for the tangent of the 
angle O between two lines with slopes m, and m,, 


| m, — m, | 

tan 0 Rez em ces 

1+ mm, 

Finding an Equation of a Hyperbola Find an equation 


of the hyperbola such that for any point on the hyperbola, the 
difference between its distances from the points (2, 2) and 
(10, 2) is 6. 


Hyperbola Consider a hyperbola centered at the origin 
with a horizontal transverse axis. Use the definition of a 
hyperbola to derive its standard form 


2 2 
FY =1, 

ec b 

Navigation LORAN (long distance radio navigation) for 


aircraft and ships uses synchronized pulses transmitted by 
widely separated transmitting stations. These pulses travel at 
the speed of light (186,000 miles per second). The difference 
in the times of arrival of these pulses at an aircraft or ship is 
constant on a hyperbola having the transmitting stations as 
foci. Assume that two stations, 300 miles apart, are positioned 
on a rectangular coordinate system at (— 150, 0) and (150, 0) 
and that a ship is traveling on a path with coordinates (x, 75) 
(see figure). Find the x-coordinate of the position of the 
ship when the time difference between the pulses from the 
transmitting stations is 1000 microseconds (0.001 second). 


y y 
` i t Mirror 
~ 8 XR 
` S 
\ r 7, 
i] 4+ * 
V e= 
T 
HAH I t+ x 
-10 i+ +24 8 10 
4-> 
LÁ 6 + 
LA 
, -8+ 
/ -10 + 
Figure for 83 Figure for 84 


84 


85. 


86. 


. Hyperbolic Mirror 
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A hyperbolic mirror (used in some 
telescopes) has the property that a light ray directed at the 
focus will be reflected to the other focus. The mirror in the 


figure has the equation 


At which point on the mirror will light from the point (0, 10) be 
reflected to the other focus? 


Tangent Line Show that the equation of the tangent line 
x É : . [Xo Yo 
to dU A = | at the point (xo, Yọ) is (8). = (* y= 1. 


Proof Prove that the graph of the equation 


Dx - Ey+F=0 


is one of the following (except in degenerate cases). 


Conic Condition 
(a) Circle A=C 
(b) Parabola A = Oor C = 0 (but not both) 
(c) Ellipse AC > 0 
(d) Hyperbola AC <0 


True or False? In Exercises 87-92, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


87. 
88. 
89. 


90. 


91. 


92. 


It is possible for a parabola to intersect its directrix. 
The point on a parabola closest to its focus is its vertex. 


The eccentricity of a hyperbola with a horizontal transverse 
axis is e = \/1 + m?, where m and — the slopes of the 
asymptotes. 


If D # Oor E + 0, then the graph of 
y — x? + Dx + Ey = 0 
is a hyperbola. 


If the asymptotes of the hyperbola (x?/a?) — (y?/D?) = 1 
intersect at right angles, then a — b. 


Every tangent line to a hyperbola intersects the hyperbola only 
at the point of tangency. 


PUTNAM EXAM CHALLENGE 


93. For a point P on an ellipse, let d be the distance from the 
center of the ellipse to the line tangent to the ellipse at 
P. Prove that (PF)(PF;)d? is constant as P varies on the 
ellipse, where PF, and PF, are the distances from P to 
the foci F, and F, of the ellipse. 


. Find the minimum value of 
2 
y 
for0 <u < J/2 and v > 0. 


These problems were composed by the Committee on the Putnam Prize 
Competition. € The Mathematical Association of America. All rights reserved. 


(u »«( 2- u? 
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10.2 Plane Curves and Parametric Equations 


At times, it 
is important to distinguish 
between a graph (the set of 
points) and a curve (the points 
together with their defining 
parametric equations). When 
it is important, the distinction 
will be explicit. When it is not 
important, C will be used to 
represent either the graph or 
the curve. 


liM Sketch the graph of a curve given by a set of parametric equations. 


E Eliminate the parameter in a set of parametric equations. 


E Find a set of parametric equations to represent a curve. 


iM Understand two classic calculus problems, the tautochrone and 


brachistochrone problems. 


Plane Curves and Parametric Equations 


Until now, you have been representing a graph by a single equation involving two 
variables. In this section, you will study situations in which three variables are used to 


represent a curve in the plane. 

Consider the path followed by an object 
that is propelled into the air at an angle of 45*. 
For an initial velocity of 48 feet per second, 
the object travels the parabolic path given by 
the rectangular equation 

3 

y= 72 Ex 
as shown in Figure 10.19. This equation, 
however, does not tell the whole story. 
Although it does tell you where the object 
has been, it does not tell you when the object 
was at a given point (x, y). To determine 
this time, you can introduce a third variable f, 
called a parameter. By writing both x and y 
as functions of t, you obtain the parametric 
equations 


Rectangular equation: 
za 

ys +x 

7 72- 


A (2442, 24/2 —16) 


t=1 


T 1 T T T T 
(0.0| 9 18 27 36 45 s4 63 72 


Parametric equations: 


x=24,/2t 
y= 1617 + 24/21 


Curvilinear motion: two variables for 
position, one variable for time 
Figure 10.19 


x = 24 2f Parametric equation for x 


and 


ya = l6? + 24 J 2t. Parametric equation for y 


From this set of equations, you can determine that at time ż = 0, the object is at the 
point (0, 0). Similarly, at time ¢ = 1, the object is at the point 


(24./2, 24./2 — 16) 


and so on. (You will learn a method for determining this particular set of parametric 
equations—the equations of motion—later, in Section 12.3.) 
For this particular motion problem, x and y are continuous functions of f, and the 


resulting path is called a plane curve. 


Definition of a Plane Curve 


If f and g are continuous functions of t on an interval J, then the equations 


x —f(rn and y= g(t) 


are parametric equations and f is the parameter. The set of points (x, y) 
obtained as f varies over the interval J is the graph of the parametric equations. 
Taken together, the parametric equations and the graph are a plane curve, 
denoted by C. 


4+ 


Parametric equations: 


x = At? —4 and PEU E ES 


| 


Figure 10.21 
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When sketching a curve represented by a set of parametric equations, you can plot 
points in the xy-plane. Each set of coordinates (x, y) is determined from a value chosen 
for the parameter t. By plotting the resulting points in order of increasing values of t, 
the curve is traced out in a specific direction. This is called the orientation of the curve. 


EXAMPLE 1 Sketching a Curve 


Sketch the curve described by the parametric equations 
x=f()=P?-4 


and 


Ni 


y = a(t) = 


where —2 < t€ 3. 


Solution For values of t on the given interval, y 
the parametric equations yield the points (x, y) 
shown in the table. 


"a —2 | —1 0 1 2,3 t=0 f J} 1 » x 
t=-l f=-2 49 8 

x|,0.-3.-4.-3.0145 2 

E 01001025 175 Bem 


Parametric equations: 
By plotting these points in order of increasing 
values of t and using the continuity of f and g, 
you obtain the curve C shown in Figure 10.20. Figure 10.20 

Note that the arrows on the curve indicate 

its orientation as ¢ increases from — 2 to 3. F| 


t 
x=t —4 and y- 7, -—2st <3 


According to the Vertical Line Test, the graph shown in Figure 10.20 does not 
define y as a function of x. This points out one benefit of parametric equations—they 
can be used to represent graphs that are more general than graphs of functions. 

It often happens that two different sets of parametric equations have the same 
graph. For instance, the set of parametric equations 
3 
x-—-4?—4 and yt, -1 Supe 
has the same graph as the set given in Example 1. (See Figure 10.21.) However, 
comparing the values of f in Figures 10.20 and 10.21, you can see that the second 
graph is traced out more rapidly (considering t as time) than the first graph. So, in 
applications, different parametric representations can be used to represent various 
speeds at which objects travel along a given path. 


Most graphing utilities have a parametric graphing mode. If 
you have access to such a utility, use it to confirm the graphs shown in Figures 10.20 
and 10.21. Does the curve given by the parametric equations 


1 
2 


x=4P—-—8t and y=1-t, -~Sts2 


represent the same graph as that shown in Figures 10.20 and 10.21? What do you 
notice about the orientation of this curve? 
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t t > xX 
-2 -1 

Parametric equations: 

s ye 
Jt-l^ ttl 
y 
1 

t t I— x 

-2 -1 1 2 


Rectangular equation: 


yel -x2x»0 


Figure 10.22 


Eliminating the Parameter 


Finding a rectangular equation that represents the graph of a set of parametric equations 
is called eliminating the parameter. For instance, you can eliminate the parameter 
from the set of parametric equations in Example 1 as follows. 


Parametric Solve for t in Substitute into ; Rectangular 

equations => one equation. => second equation. equation 
x-—-1-—4 t = 2y x = (y)?-4 x= 4-4 
y = t/2 


Once you have eliminated the parameter, you can recognize that the equation 
x = 4y? — 4 represents a parabola with a horizontal axis and vertex at (— 4, 0), as 
shown in Figure 10.20. 

The range of x and y implied by the parametric equations may be altered by the 
change to rectangular form. In such instances, the domain of the rectangular equation 
must be adjusted so that its graph matches the graph of the parametric equations. Such 
a situation is demonstrated in the next example. 


ETTULTTE Adjusting the Domain 


Sketch the curve represented by the equations 


: and 
x= — 
Jtt+i1 af 


by eliminating the parameter and adjusting the domain of the resulting rectangular 
equation. 


t>-l 


o t 
t+’ 


Solution Begin by solving one of the parametric equations for t. For instance, you 
can solve the first equation for f as follows. 


1 
A AT Parametric equation for x 
t+ 
2 1 ‘ 
eS Square each side. 
Lu 
1 
be l= 
x2 
1 
t=>-1 
x2 
1- x : 
t= 2 Solve for t. 
X 


Now, substituting into the parametric equation for y produces 


t 


y= rai Parametric equation for y 

(1 = yx us 
y= [a = Pel T1 Substitute (1 — x?)/x? for t. 
y-1-x. Simplify. 


The rectangular equation, y — 1 — x?, is defined for all values of x, but from the 
parametric equation for x, you can see that the curve is defined only when t > — 1. This 
implies that you should restrict the domain of x to positive values, as shown in 
Figure 10.22. F| 


gon 
2 

Parametric equations: 

x=3cos 0, y=4sin 0 


Rectangular equation: 


Figure 10.23 


Use a 
graphing utility in parametric 
mode to graph several ellipses. 
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It is not necessary for the parameter in a set of parametric equations to represent 
time. The next example uses an angle as the parameter. 


ETTUTTTE Using Trigonometry to Eliminate a Parameter 


TT [> See LarsonCalculus.com for an interactive version of this type of example. 
Sketch the curve represented by 

x=3cos@ and y-—4sin0, 00 € 2n 
by eliminating the parameter and finding the corresponding rectangular equation. 


Solution Begin by solving for cos 0 and sin 0 in the given equations. 


X 
cos ü = 3 Solve for cos 6. 


and 


sin 6 = : Solve for sin 0. 


Next, make use of the identity 
sin” + cos? 0 = 1 
to form an equation involving only x and y. 


cos? 0 + sin? 0 = 1 


Sun 


Trigonometric identity 


Substitute. 
x + a = 1 Rect l ti 
— — = ectangular equation 
9 ' 16 mum 


From this rectangular equation, you can see that the graph is an ellipse centered at 
(0, 0), with vertices at (0, 4) and (0, — 4) and minor axis of length 2b = 6, as shown in 
Figure 10.23. Note that the ellipse is traced out counterclockwise as 0 varies from 
0 to 27. au 


Using the technique shown in Example 3, you can conclude that the graph of the 
parametric equations 


x=h+acos@ and y=k+ bsn, 0x0 s 2z 
is the ellipse (traced counterclockwise) given by 
(x — hy | (y- 9 
E t Boc 1. 
The graph of the parametric equations 
x=h+asin@ and y=k+bcosé, 0S0 2n 


is also the ellipse (traced clockwise) given by 


(=m? O- 
a b? 


1. 


In Examples 2 and 3, it is important to realize that eliminating the parameter is 
primarily an aid to curve sketching. When the parametric equations represent the path 
of a moving object, the graph alone is not sufficient to describe the motion of the object. 
You still need the parametric equations to tell you the position, direction, and speed at 
a given time. 
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»—X 


s 2 

Rectangular equation: y = 1 —x~ 
Parametric equations: 
2 

m m^ 

dee me 


2' 4 


Figure 10.24 


liM FOR FURTHER INFORMATION 
To read about other methods for 
finding parametric equations, 

see the article “Finding Rational 
Parametric Curves of Relative 
Degree One or Two" by Dave 
Boyles in 7he College Mathematics 
Journal. To view this article, 

go to MathArticles.com. 
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Finding Parametric Equations 


The first three examples in this section illustrate techniques for sketching the graph 
represented by a set of parametric equations. You will now investigate the reverse 
problem. How can you determine a set of parametric equations for a given graph or a 
given physical description? From the discussion following Example 1, you know that 
such a representation is not unique. This is demonstrated further in the next example, 
which finds two different parametric representations for a given graph. 


Finding Parametric Equations for a Given Graph 


Find a set of parametric equations that represents the graph of y — 1 — x?, using each 
of the following parameters. 


a.t=x  b. The slope m = n at the point (x, y) 
x 


Solution 
a. Letting x = t produces the parametric equations 
y=1-xr=1-Pf. 


x-—t and 


b. To write x and y in terms of the parameter m, you can proceed as follows. 


_ dy 
dx 
m = —2x Differentiate y = 1 — x?. 
m 
x= 75 Solve for x. 


This produces a parametric equation for x. To obtain a parametric equation for y, 
substitute — 7/2 for x in the original equation. 


y=1- x Write original rectangular equation. 
m? 
y-1-— 75 Substitute —m/2 for x. 
m? 
y-l-— 4 Simplify. 


So, the parametric equations are 


m? 


4 


m 

x— —— and =1- 
2 y 

In Figure 10.24, note that the resulting curve has a right-to-left orientation as 

determined by the increasing values of slope m. For part (a), the curve would have 

the opposite orientation. a 


To be efficient at using a graphing utility, it is important that 
you develop skill in representing a graph by a set of parametric equations. The 
reason for this is that many graphing utilities have only three graphing modes— 
(1) functions, (2) parametric equations, and (3) polar equations. Most graphing 
utilities are not programmed to graph a general equation. For instance, suppose you 
want to graph the hyperbola x? — y? — 1. To graph the hyperbola in function mode, 
you need two equations 


y= /3-1 and y2-J/92- I. 


In parametric mode, you can represent the graph by x = sec t and y = tant. 


CYCLOIDS 


Galileo first called attention to 
the cycloid, once recommending 
that it be used for the arches of 
bridges. Pascal once spent 

8 days attempting to solve many 
of the problems of cycloids, such 
as finding the area under one 


arch and finding the volume of 
the solid of revolution formed 
by revolving the curve about a 
line. The cycloid has so many 
interesting properties and has 
caused so many quarrels among 
mathematicians that it has been 
called "the Helen of geometry" 
and "the apple of discord." 


liM FOR FURTHER INFORMATION 
For more information on cycloids, 
see the article “The Geometry of 
Rolling Curves" by John Bloom 
and Lee Whitt in The American 
Mathematical Monthly. 'To view 
this article, go to MathArticles.com. 
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EXAMPLE 5 Parametric Equations for a Cycloid 


Determine the curve traced by a point P on the circumference of a circle of radius a 
rolling along a straight line in a plane. Such a curve is called a cycloid. 


Solution Let the parameter 0 be the measure of the circle’s rotation, and let the 
point P = (x, y) begin at the origin. When 0 = 0, P is at the origin. When 0 = zz, P is 
at a maximum point (za, 2a). When 0 = 27, P is back on the x-axis at (27a, 0). From 
Figure 10.25, you can see that / APC = 180? — 0. So, 


AC _ BD 
a 


cos 0 = —cos(180° — 0) = —cos(Z APC) = “ 


sin 0 = sin(180° — 8) = sin(Z APC) = 


which implies that AP = —a cos 0 and BD = asin 0. 
Because the circle rolls along the x-axis, you know that OD = PD = a0. 
Furthermore, because BA — DC - a, you have 


x = OD — BD = a0 — asin 0 
y = BA + AP =a — acos 0. 
So, the parametric equations are 


x= a(0 — sin) and y= a(l — cos 0). 


Cycloid: 
x-a(0 —sin 0) 
A y =a(1 —cos 6) 
PES) (rta, 2a) (3rta, 2a) 
2a + => 
a+ A ) 
e l l » X 
(0) B D ma (2na, 0) 3na (41a, 0) 
Figure 10.25 au 


Some graphing utilities allow you to simulate the motion of an 
` object that is moving in the plane or in space. If you have access to such a utility, use 
. it to trace out the path of the cycloid shown in Figure 10.25. 


The cycloid in Figure 10.25 has sharp corners called cusps at the values x = 2nza. 
Notice that the derivatives x'(0) and y'(0) are both zero at the points for which 0 = 2n. 


x(0) — a(0 — sin 6) y(8) = a(1 — cos 0) 
x (0) = a — a cos 0 y(@) = a sin 
x'(2nz) = 0 y(2nz) = 0 


Between these points, the cycloid is called smooth. 


Definition of a Smooth Curve 
A curve C represented by x = f(t) and y = g(t) on an interval 7 is called 


smooth when f" and g’ are continuous on / and not simultaneously 0, except 
possibly at the endpoints of 7. The curve C is called piecewise smooth when it 
is smooth on each subinterval of some partition of /. 
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The time required to complete a full 
swing of the pendulum when starting 
from point C is only approximately 
the same as the time required when 
starting from point A. 

Figure 10.26 


- 
LÀ 
P 

> 


JAMES BERNOULLI (1654-1705) 


James Bernoulli, also called 
Jacques, was the older brother 
of John. He was one of several 
accomplished mathematicians 
of the Swiss Bernoulli 

family. James's mathematical 
accomplishments have given 
him a prominent place in the 
early development of calculus. 
See LarsonCalculus.com to read 
more of this biography. 


The Tautochrone and Brachistochrone Problems 


The curve described in Example 5 is related to one of the most famous pairs of problems 
in the history of calculus. The first problem (called the tautochrone problem) began 
with Galileo's discovery that the time required to complete a full swing of a pendulum 
is approximately the same whether it makes a large movement at high speed or a small 
movement at lower speed (see Figure 10.26). Late in his life, Galileo realized that he 
could use this principle to construct a clock. However, he was not able to conquer 
the mechanics of actual construction. Christian Huygens (1629-1695) was the first to 
design and construct a working model. In his work with pendulums, Huygens realized 
that a pendulum does not take exactly the same time to complete swings of varying 
lengths. (This does not affect a pendulum clock, because the length of the circular arc is 
kept constant by giving the pendulum a slight boost each time it passes its lowest point.) 
But, in studying the problem, Huygens discovered that a ball rolling back and forth on 
an inverted cycloid does complete each cycle in exactly the same time. 

The second problem, which was posed by John Bernoulli in 1696, is called the 
brachistochrone problem—in Greek, brachys means short and chronos means time. 
The problem was to determine the path down which a particle (such as a ball) will 
slide from point A to point B in the shortest time. Several mathematicians took up 
the challenge, and the following year the problem was solved by Newton, Leibniz, 
L'Hópital, John Bernoulli, and James Bernoulli. As it turns out, the solution is not a 
straight line from A to B, but an inverted cycloid passing through the points A and B, 
as shown in Figure 10.27. 


B 


An inverted cycloid is the path down which 
a ball will roll in the shortest time. 
Figure 10.27 


The amazing part of the solution to the brachistochrone problem is that a particle 
starting at rest at any point C of the cycloid between A and B will take exactly the same 
time to reach B, as shown in Figure 10.28. 


B 


A ball starting at point C takes the same time 
to reach point B as one that starts at point A. 
Figure 10.28 


liM FOR FURTHER INFORMATION To see a proof of the famous brachistochrone 
problem, see the article “A New Minimization Proof for the Brachistochrone" by 
Gary Lawlor in The American Mathematical Monthly. To view this article, go to 
MathArticles.com. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Parametric Equations What information does a 
set of parametric equations provide that is lacking in a 
rectangular equation for describing the motion of an object? 


. Plane Curve Explain the process of sketching a plane 
curve given by parametric equations. What is meant by 
the orientation of the curve? 


. Think About lt How can two sets of parametric 
equations represent the same graph but different curves? 


. Adjusting a Domain Consider the parametric 
equations 


x= Vt —2 and y=5tt+1, t2 2. 


What is implied about the domain of the resulting 
rectangular equation? 


riy Using Parametric Equations In Exercises 
xt 5-22, sketch the curve represented by the 
EE parametric equations (indicate the orientation 
of the curve) and write the corresponding 
rectangular equation by eliminating the parameter. 


5.x =2t-3, y 3t t1 6 x=5- 4, y=2+5t 
7T. x ^t t 1l, y=" 8 x=2P, y=tt+1 
t2 
9x =P, you 10.x-2-t y=r-t 
ll.x-Jt y-t-5 12. x= Yt, y-8-t 
t 

13. x =¢t — 3, yet 144x=1+-, y=r-1 
15. x 22, y= |r- 2| 16. x= |t- 1, y=rt+2 
17. x= e, y=e”+1 18. x= e, y=e*—1 

19. x = 8 cos 0, y= 8 sin 0 


20. x = 3cos0, y=7sin0 
21. x ^ seco, y=cosé, 0x 0« 7/2, 
22. x = tan? 0, y = sec? 0 


n/2«0zm 


mu [s] Using Parametric Equations In Exercises 


curve represented by the parametric equations 
(indicate the orientation of the curve). Eliminate 
the parameter and write the corresponding 
rectangular equation. 


Ei 23-34, use a graphing utility to graph the 
REY 


23. x = 6 sin 20 24. x = cos 0 
y = 4 cos 20 y = 2sin 20 

25. x = 4 + 2cos 0 26. x = —2 + 3 cos 0 
y7-l-sin8 y=—5+3sin0 

27. x = —3 + 4 cos 0 28. x = sec 0 
y=2+5sin0 y = tan 0 


29. x = 4sec 0 30. x = cos? 0 

y = 3 tan@ y = sin? 0 
31. x - P, y=3Int 32.x=In2t, y=? 
33.x=e', y=e 34. x =e", y=el 


Comparing Plane Curves In Exercises 35-38, determine 
any differences between the curves of the parametric equations. 
Are the graphs the same? Are the orientations the same? Are 
the curves smooth? Explain. 


35. (a) x-^ty- £P? (b x= —-ty=P 


36. (a) x=t+1ly=P b) x= -t+ 1, y= (A? 
37. (a) x ^ t (b) x = cos 0 
y=2t+1 y=2cos9+1 
(c) x= e (d) x = e! 
y=2e'+1 y=2e'+ 1 
38. (a) x = 2 cos 0 (b) x = JA? — 1/|t| 
y = 2sin0 y 7 l/t 
(c) x — Vt (d x= -/4- e 
y= /4-t y-e 


Eliminating a Parameter In Exercises 39—42, eliminate 
the parameter and obtain the standard form of the rectangular 
equation. 
39. Line through (x,, yı) and (x, y): 
x= x tü-x). y-yxtü»-») 
40. Circle: x = h + rcosü, y-k-rsin0O 
41. Ellipse: x = h + acoso, y ^ kc bsin0 
42. Hyperbola: x = h + asec, y= k+ btan0O 


Writing a Set of Parametric Equations In Exercises 
43-50, use the results of Exercises 39-42 to find a set of 
parametric equations for the line or conic. 

43. Line: passes through (0, 0) and (4, — 7) 

44. Line: passes through (—3, 1) and (1, 9) 

45. Circle: center: (1, 1); radius: 2 

46. Circle: center: (-4, 
47. Ellipse: vertices: (—3, 0), (7, 0); foci: (— 1, 0), (5, 0) 

48. Ellipse: vertices: (— 1, 8),(—1, — 12); foci: (— 1, 4),(— 1, — 8) 
49. Hyperbola: vertices: (0, +1); foci: (0, +/5) 

50. Hyperbola: vertices: (— 2, 1), (0, 1); foci: (—3, 1), (1, 1) 


—4); radius: 5 


oppio Finding Parametric Equations In Exercises 
Ti à 51-54, find two different sets of parametric 
pie 


[i]; equations for the rectangular equation. 
F 


51. y=6x-5 
53. y = x2 


52. y = 4/(x — 1) 
54. y= x? 
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eu Finding Parametric Equations In Exercises 
55-58, find a set of parametric equations for 
ES the rectangular equation that satisfies the given 
condition. 
55. y — 2x — 5, t — O at the point (3, 1) 
56. y = 4x + 1,t = —latthe point (—2, — 7) 
57. y = x, t = 4 at the point (4, 16) 
58. y = 4 — X, t = 1 at the point (1, 3) 


Bis Graphing a Plane Curve In Exercises 59-66, use a graphing 


utility to graph the curve represented by the parametric 
equations. Indicate the orientation of the curve. Identify any 
points at which the curve is not smooth. 

59. Cycloid: x = 2(0 — sin0), y = 2(1 — cos 0) 

60. Cycloid: x = 0 + sin ð, y= 1 — cos0 

61. Prolate cycloid: x = 0 — 3 sin 0, y21— 3 cos 0 
62. Prolate cycloid: x = 20 — 4 sin 0, y = 2 — 4 cos 0 
63. Hypocycloid: x = 3 cos? 0, y = 3 sin? 0 

64. Curtate cycloid: x = 20 — sin 0, y = 2 — cos 0 
65. Witch of Agnesi: x = 2cot0, y= 2 sin? 0 


66. Folium of Descartes: x = 3t/(1 + £), y = 30?/(1 + 2°) 


EXPLORING CONCEPTS 
67. Orientation Describe the orientation of the 
parametric equations x = t?and y = tt for —1 € t < 1. 


. Conjecture Make a conjecture about the change 
in the graph of parametric equations when the sign of 
the parameter is changed. Explain your reasoning using 
examples to support your conjecture. 


. Think About It The following sets of parametric 
equations have the same graph. Does this contradict your 
conjecture from Exercise 68? Explain. 

x = cos 0, y = sin? 0, 0« 0 « m 


x = cos(— 0), y = sin(-0), 0<0 « x 


; 5 HOW DO YOU SEE IT? Which set of 


parametric equations is shown in the graph 
below? Explain your reasoning. 


(b x= 2? 
y=? y=t 


(a) x^t 


Matching In Exercises 71-74, match the set of parametric 
equations with its graph. [The graphs are labeled (a), (b), (c), 
and (d).] Explain your reasoning. 


(b) 


(c) : (d) z 


71. Lissajous curve: x = 4 cos 0, y = 2 sin 20 


72. Evolute of ellipse: x = cos? 0, y = 2 sin? 0 


73. Involute of circle: x = cos 0 + 0 sin 0, y = sin 0 — 0 cos 0 


74. Serpentine curve: x = cot 0, y = 4 sin 0 cos 0 


75. Curtate Cycloid A wheel of radius a rolls along a line 
without slipping. The curve traced by a point P that is b 
units from the center (b « a) is called a curtate cycloid (see 
figure). Use the angle 0 to find a set of parametric equations 
for this curve. 


Figure for 76 


Figure for 75 


76. Epicycloid A circle of radius 1 rolls around the outside 
of a circle of radius 2 without slipping. The curve traced by 
a point on the circumference of the smaller circle is called 
an epicycloid (see figure). Use the angle 0 to find a set of 
parametric equations for this curve. 


True or False? In Exercises 77-79, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


77. The graph of the parametric equations x = 7? and y = 7? is the 
line y = x. 


78. If y is a function of t and x is a function of t, then y is a function 
of x. 


79. The curve represented by the parametric equations x = t and 
y = cos f can be written as an equation of the form y = f(x). 


80. Translation of a Plane Curve Consider the parametric 
equations x = 8 cos t and y = 8 sin t. 


(a) Describe the curve represented by the parametric equations. 


(b) How does the curve represented by the parametric equations 
x = 8cost+ 3andy = 8sint+ 6 


compare to the curve described in part (a)? 


(c) How does the original curve change when cosine and sine 
are interchanged? 


Projectile Motion In Exercises 81 and 82, consider a 
projectile launched at a height h feet above the ground and 
at an angle € with the horizontal. When the initial velocity is 
Vo feet per second, the path of the projectile is modeled by the 
parametric equations 


x = (v, cos Ot 
and 


y = h + (v, sin 8r — 162. 


e 81. Baseball € € 09 0e 0 0 0 6 0 6 0 6 06 6 06 06 6 0o 0o o6 6 
The center field fence in a ballpark is 10 feet high and : 


400 feet from home plate. A 
The ball is hit 3 feet . 

above the ground. It 
leaves the bat at an 
angle of 0 degrees with 
the horizontal at a speed 
of 100 miles per hour. 


(a) Write a set of 
parametric equations 
for the path of the ball. 


(b) Use a graphing utility to graph the path of the ball when 
f 0 = 15°. Is the hit a home run? 


(c) Use a graphing utility to graph the path of the ball when 
0 = 23°. Is the hit a home run? 


(d) Find the minimum angle at which the ball must leave the e 
bat in order for the hit to be a home run. : 
€ E 06909 009 009 090909 900909 090 09909 0 090090 9 9 6 6 6 


82. A rectangular equation for the path of a projectile is 
y= 5 + x — 0005». 


(a) Eliminate the parameter t from the position function for 
the motion of a projectile to show that the rectangular 
equation is 


16 sec? 0 
Ss. 


x? + (tan @)x + h. 
Vo 


(b) Use the result of part (a) to find h, vy, and 0. Find the 
parametric equations of the path. 

(c) Use a graphing utility to graph the rectangular equation 
for the path of the projectile. Confirm your answer in part 
(b) by sketching the curve represented by the parametric 
equations. 


(d) Use a graphing utility to approximate the maximum height 
of the projectile and its range. 


Rob Friedman/E+/Getty Images 
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SECTION PROJECT BB 


Cycloids 


In Greek, the word cycloid means wheel, the word hypocycloid 
means under the wheel, and the word epicycloid means upon the 
wheel. Match the hypocycloid or epicycloid with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


Hypocycloid, H(A, B) 


The path traced by a fixed point on a circle of radius B as it rolls 
around the inside of a circle of radius A 


A 


y-(A-B)sint — B sn(* s B), 


x=(A - B) cos + Beos( 4 


Epicycloid, E(A, B) 


The path traced by a fixed point on a circle of radius B as it rolls 
around the outside of a circle of radius A 


5, 


A+ 
x=(A + B) cost — Book 


y= (A + B) sint — B sin(4 B), 

I. H(8,3) IL E(8, 3) Il. H(8, 7) 
IV. E(24, 3) V. H(24, 7) VI. E(24, 7) 
(a) í (b) T 

> x 


(d) y 
^ 
(e) 1 (f) 7 


Exercises based on “Mathematical Discovery via Computer 
Graphics: Hypocycloids and Epicycloids" by Florence S. Gordon 
and Sheldon P. Gordon, College Mathematics Journal, November 
1984, p. 441. Used by permission of the authors. 
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10.3 Parametric Equations and Calculus 


30 4- 
x= 24,/2t 
y= 1617 + 24/21 
20 + E 
= uet Mg 
10 4- 
M? 
| > Xx 
10 20 30 


At time t, the angle of elevation of the 
projectile is 0. 
Figure 10.29 


(f(t + Ad), g(t + AD) 


as 
(fo) | 


The slope of the secant line 
through the points (f(t), g(t)) and 
(f(t + AD, g(t + An) is Ay/Ax. 
Figure 10.30 


E Find the slope of a tangent line to a curve given by a set of parametric equations. 
E Find the arc length of a curve given by a set of parametric equations. 
E Find the area of a surface of revolution (parametric form). 


Slope and Tangent Lines 


Now that you can represent a graph in the plane by a set of parametric equations, it 
is natural to ask how to use calculus to study plane curves. Consider the projectile 
represented by the parametric equations 


x —2442t and y —162 + 24 2t 


as shown in Figure 10.29. From the discussion at the beginning of Section 10.2, you 
know that these equations enable you to locate the position of the projectile at a given 
time. You also know that the object is initially projected at an angle of 45°, or a slope 
of m = tan 45° = 1. But how can you find the slope at some other time 7? The next 
theorem answers this question by giving a formula for the slope of the tangent line as 
a function of t. 


Vi 10.7 Parametric Form of the Derivative 


If a smooth curve C is given by the equations 


x —f() and y= gli) 


then the slope of C at (x, y) is OF a | 
dy  dy/dt dx 0 Pr i 
dx dx/dt dt’ ^ DEN pi 


Proof In Figure 10.30, consider At > 0 and let 
Ay = g(t + At) — g(t) and Ax =f(t+ At) — fÀ. 
Because Ax — 0 as At 9 0, you can write 


dy... Ay 
dx ert Ax 


Dou FECE AD - ld 
Aro f (t + At) — f(t)’ 


Dividing both the numerator and denominator by Af, you can use the differentiability 
of f and g to conclude that 


dy qu, (alt + Ad — 0At 
dx Amol flt + At) — f(0]/At 
n et AD) = elo) 


Exploration 

The curve traced out in 
Example 1 is a circle. Use 
the formula 


= —tant 
x 


to find the slopes at the 
points (1, 0) and (0, 1). 


The graph is concave upward at (2, 3) 
when t = 4. 
Figure 10.31 
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EXAMPLE 1 Differentiation and Parametric Form 


Find dy/dx for the curve given by x = sin f and y = cos t. 


Solution 
dy _ dy/ dt 
dx — dx/dt 
—sint 
^ cost 
= —tant a 


Because dy/dx is a function of t, you can use Theorem 10.7 repeatedly to find 
higher-order derivatives. For instance, 


Second derivative 


"Ed 
dy d i2 _ di| dx 


d? dx|dx dx/ dt 

ibd 
d d Iz: dt| dx? "m 
E = ah GRE = dx/dt . ir erivative 


Finding Slope and Concavity 


For the curve given by 
- 1 
x= Jt and ye qnd) t20 


find the slope and concavity at the point (2, 3). 


Solution Because 


dy _ dy/dt | (1/20 _ en 
dx  dx/dt | (1/2012 


Parametric form of first derivative 


you can find the second derivative to be 


- F4 d s 2] Parametric form of second 
dy _dt|dx]| dt — (aZ. _ derivative 

d?  dx/dt dx/dt | (1/2)? 
At (x, y) = (2, 3), it follows that t = 4, and the slope is 

dy 

— = (49/2 = 8. 

2 7 4) 8 


Moreover, when t = 4, the second derivative is 


ay _ 
dx? 


3(4) = 12 > 0 


and you can conclude that the graph is concave upward at (2,3), as shown in 
Figure 10.31. F| 


Because the parametric equations x = f(t) and y = g(t) need not define y as a 
function of x, it is possible for a plane curve to loop around and cross itself. At such 
points, the curve may have more than one tangent line, as shown in the next example. 
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j Tangent line (t = 1/2) 


Tangent line (t = 31/2) 
This prolate cycloid has two tangent 
lines at the point (0, 2). 
Figure 10.32 


ON Ree A Curve with Two Tangent Lines at a Point 


«œ See LarsonCalculus.com for an interactive version of this type of example. 
The prolate cycloid given by 
x=2t—asint and y= 2 -— zcost 


crosses itself at the point (0, 2), as shown in Figure 10.32. Find the equations of both 
tangent lines at this point. 


Solution Because x = 0 and y = 2 when t = 57/2, and 


dy dy/dt ^ msint 
dx  dx/dt 2 — mcost 


you have dy/dx = —7/2 when t = —7/2 and dy/dx = 2/2 when t = 7/2. So, the 
two tangent lines at (0, 2) are 


T 7 
y-2=-7x Tangent line when t = —— 
2 2 
and 


y-2= 2 Tangent line when t = A a 

If dy/dt = 0 and dx/dt # 0 when t = tọ, then the curve represented by x = f(t) 
and y = g(t) has a horizontal tangent at (f (tọ), 8(tọ)). For instance, in Example 3, the 
given curve has a horizontal tangent at the point (0, 2 — z) (when t = 0). Similarly, 
if dx/dt = 0 and dy/dt # 0 when t = fo, then the curve represented by x = f(t) and 
y = g(t) has a vertical tangent at ( f (tọ), g(to)). If dy/dt and dx/dt are simultaneously 0, 
then no conclusion can be drawn about tangent lines. 


Arc Length 


You have seen how parametric equations can be used to describe the path of a particle 
moving in the plane. You will now develop a formula for determining the distance 
traveled by the particle along its path. 

Recall from Section 7.4 that the formula for the arc length of a curve C given by 
y = h(x) over the interval [x,, x,] is 


sf JT + [VOE dx 


Lf Gy 


If C is represented by the parametric equations x = f(t) and y = g(t), a € t € b, and 
if dx/dt = f'(t) > 0, then 


2 x dy 2 
[oq 
^" al 
=]  ./1+ 
[ : (aie ay 


_ Í ^ — J(dx/dt + (dy/dt)? dx r 
HO dt 


= [GY + Ga 


ll JTO + Te T ar. 


ARCH OF A CYCLOID 


The arc length of an arch of a 
cycloid was first calculated in 
1658 by British architect and 


mathematician Christopher 
Wren, famous for rebuilding 
many buildings and churches 
in London, including St. Paul's 
Cathedral. 


x=5 cos t —cos 5f 
y=5 sin t —sin 5t 


An epicycloid is traced by a point on 
the smaller circle as it rolls around the 
larger circle. 

Figure 10.33 
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Arc Length in Parametric Form 


If a smooth curve C is given by x = f(t) and y = g(t) such that C does not 
intersect itself on the interval a < t < b (except possibly at the endpoints), 
then the arc length of C over the interval is given by 


s= | J (4) + (Ef a- [| rors wore. 


When applying the arc length formula to a curve, be sure that the curve 
is traced out only once on the interval of integration. For instance, the circle given by 
x = cos f and y = sin f is traced out once on the interval 0 < t < 27 but is traced out 
twice on the interval 0 < t < 47. 


In the preceding section, you saw that if a circle rolls along a line, then a point 
on its circumference will trace a path called a cycloid. If the circle rolls around the 
circumference of another circle, then the path of the point is an epicycloid. The next 
example shows how to find the arc length of an epicycloid. 


Finding Arc Length 


A circle of radius 1 rolls around the circumference of a larger circle of radius 4, as 
shown in Figure 10.33. The epicycloid traced by a point on the circumference of the 
smaller circle is given by 


x =Scost—cos5t and y= 5sint — sin 5t. 
Find the distance traveled by the point in one complete trip about the larger circle. 


Solution Before applying Theorem 10.8, note in Figure 10.33 that the curve has 
sharp points when ¢ = 0 and t = 7/2. Between these two points, dx/dt and dy/dt are 
not simultaneously 0. So, the portion of the curve generated from t = 0 to t = 7/2 is 
smooth. To find the total distance traveled by the point, you can find the arc length of 
that portion lying in the first quadrant and multiply by 4. 


n/ 
dx\? dyV 
$4 z) t (2 dt Parametric form for arc length 
0 dt dt 


2/2 
-af J(—5 sint + 5 sin 5f)? + (5 cos t — 5 cos 5f)? dt 
0 


2/2 
-x[ J2 — 2 sin t sin 5t — 2 cos t cos 5t dt 
0 
n/2 
= 20| V2 — 2 cos 4t dt Difference formula for cosine 
0 
2/2 
= 20 f V4 sin? 2t dt Double-angle formula 
0 


n/2 
40 Í sin 2t dt 
0 


n/2 
— 20| cos 2r 


0 


= 40 


For the epicycloid shown in Figure 10.33, an arc length of 40 seems about right because 
the circumference of a circle of radius 6 is 


2nr = 127 ~ 37.7. | 
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i (: anj 

3 022) 

24 C 

" (3, 0) 
4l . BS 
"1 |i 4 


The surface of revolution has a surface 
area of 97r. 
Figure 10.34 


Area of a Surface of Revolution 


You can use the formula for the area of a surface of revolution in rectangular form to 
develop a formula for surface area in parametric form. 


THEOREM 10.9 Area of a Surface of Revolution 


If a smooth curve C given by x = f(t) and y = g(t) does not cross itself on an 
interval a < t < b, then the area S of the surface of revolution formed by 
revolving C about the coordinate axes is given by the following. 


b 2 2 
1. S= | a(t) (2) + (2) dt Revolution about the x-axis: g(t) = 0 


b 2 2 
2. S= d f(t) (2) T (3) Revolution about the y-axis: f(r) = 0 


These formulas may be easier to remember if you think of the differential of arc 
length as 


2 2 
ds — (2) =F (8) dt. Differential of arc length 


Then the formulas in Theorem 10.9 can be written as follows. 


b b 
1. s-x| g(t) ds 2. s-x| f(t) ds 


a 


Finding the Area of a Surface of Revolution 


Let C be the arc of the circle x? + y? = 9 from (3, 0) to 


EN 
2 2 
as shown in Figure 10.34. Find the area of the surface formed by revolving C about 
the x-axis. 
Solution You can represent C parametrically by the equations 

x=3cost and y=3sint, OS t< 7/3. 


(Note that you can determine the interval for t by observing that t = 0 when x = 3 and 
t = n/3 when x = 3/2.) On this interval, C is smooth and y is nonnegative, and you 
can apply Theorem 10.9 to obtain a surface area of 


Apply formula for area of 
a surface of revolution. 


n/3 
S= «| (3 sin 1) /(—3 sin 2)? + (3 cos f)? dt 
0 


2/3 
= on sin t./9(sin2 t + cos? t) dt 
0 


2/3 
67 i 3 sin t dt Trigonometric identity 
0 


n/3 
— 182 cos ] 


0 


1 
= 182(4 = 1) 


= On. a 
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1 0 n 3 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


22.x 21 4*2, y P +t, (2,0), (3, —2), (18, 10) 
CONCEPT CHECK 
1. Parametric Form of the Derivative What does | Bg Finding an Equation of a Tangent Line In Exercises 

the parametric form of the derivative represent? 23-26, (a) use a graphing utility to graph the curve represented 
by the parametric equations, (b) use a graphing utility to find 
dx /dt, dy /dt, and dy/dx at the given value of the parameter, 
(c) find an equation of the tangent line to the curve at the given 
value of the parameter, and (d) use a graphing utility to graph 
. Tangent Lines Consider a curve represented by the the curve and the tangent line from part (c). 

parametric equations x = f(t) and y = g(t). When does the 


. Tangent Lines Under what circumstances can a 
graph that represents a set of parametric equations have 
more than one tangent line at a given point? 


graph have horizontal tangent lines? Vertical tangent lines? Parametric Equations Parameter 
. Arc Length Why does the arc length formula require 23. x 26, y-1-4P t= m 
that the curve not intersect itself on an interval, except 2 
À ^ 
possibly at the endpoints? Mogg: y= : 43 jus d 
[a]: Bel Finding a Derivative In Exercises 5-8, find 25. x=? t t2, y c P —3 pcc 
ir dy/dx. 1 
GS m 26. x = 3t — 2, y = 28/2 Ex 
[n] m 
= f2 =7— = 3 =4— 
Sx=r, qe a 6x= i, y=4-t mE] Finding Equations of Tangent Lines In 
7. x = sin? 0, y = cos?0 8. x = 2e8, y=e 9%? Wft, Exercises 27-30, find the equations of the tangent 
vom lines at the point where the curve crosses itself. 


pire Finding Slope and Concavity In Exercises DE E . 
9-18, find dy/dx and d?y/dx?, and find the slope 27. x =2sin2t, y —3sint 
SE and concavity (if possible) at the given value of the 28.x —22-— mcost, y 22t—msint 


parameter: 29.x-?—t y-D-—3t—1 
Parametric Equations Parameter 30.x=f-6 y=? 
9 x= 4, y=3t-2 t= 
M ME 7 Horizontal and Vertical Tangency In Exercises 31 and 
Ray auct m 32, find all points (if any) of horizontal and vertical tangency 
14.x-:-—-1, y=r+3t t= —2 to the curve on the given interval. 
2 4 fi ER 
IE Pars Aper pem 31. x = cos 0 + 0 sin 8 32. x = 20 
13. x= 4cos0, y=4sin@ 8-7 y = sin 0 — 0 cos 8 y = 2(1 — cos 0) 
. —2n s 0 S 2n 0s80s2n 
14. x = cos0, y=3sin0 0-20 
y 
15. x=2 + sec, y=1+2tané@ = i 
67 
16. x= Jt, y= vt-1 t=5 
17. x = cos? 0, y= sin? 0 0-1 
18.x 20 —sinÓ, y= 1 — cos 0 0=r 


RET Finding Equations of Tangent Lines In 


E 19-22, fi f th i z 
ARE zercişes ind än equation ofthe tangent [n]z2[m] Horizontal and Vertical Tangency In 


N eur line to th t each gi int 
Hiec e S DS “5 Exercises 33—42, find all points (if any) of horizontal 


te 
iu 


one n and vertical tangency to the curve. Use a graphing 


DE 1 E 
19. x — 2cot@, y= 2 sin? 6, E 3 (0, 2), (2.55. i) 7"J7'* utility to confirm your results. 
20.x—2—3cos0, y=3+2sin8@, 33.x=9-t y--P 34.x 2t - 1l, y-£?? t 3t 


44+ 343 : f = 2p 
(=1, 3), (2, 5), (^25. 2) 35. x=t+4, y-P—Dt 6 
36x-?0—t-2, y= —3t 
37. x = 7cos0, y — 7sin0 38. x = cos 0, y —2sin20 


21.x 2-4, y=" —- 2t, (060),(-3, -1, (-3, 3) 
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39. x= 5 + 3cos0, y= —2- sin0 fe 61. Folium of Descartes Consider the parametric equations 
40. x = sec 0, y= tanO NEP" F | 4p 
41. x = 4cos? 0, y=2sin@ 42. x=cos?0, y —cos60 en ge t aa Tie 

persi [s] Determining Concavity In Exercises 43—48, (a) Use a graphing utility to graph the curve represented by 
VERE tč determine the open ¢-intervals on which the curve the parametric equations. 
e hi ; is concave downward or concave upward. (b) Use a graphing utility to find the points of horizontal 

" tangency to the curve. 

43. x 317, y D-t 44.x -2*- D, y=rter 


(c) Use the integration capabilities of a graphing utility to 
approximate the arc length of the closed loop. (Hint: Use 


45. x - 2t - Ini, y ^2t — Int 


46. x=, y=Int symmetry and integrate over the interval 0 < t < 1.) 
47. x ^ sint, y=cost, 0<t<a7 ee 62. Witch of Agnesi Consider the parametric equations 
48. x —4cost, y=2sintz, 0<t< 27 x z 
x —4cotÜ and y-4sin?0, x x0cz PX 
2 Arc Length In Exercises 49—54, find the arc 
length of the curve on the given interval. (a) Use a graphing utility to graph the curve represented by 
ir. the parametric equations. 
E" 
Parametric Equations Interval (b) Use a graphing utility to find the points of horizontal 
49. k-4RpE y=7- 2 EE tangency to the curve. 
' (c) Use the integration capabilities of a graphing utility 
= 672 ED 
50. x= 6f, y=2 Lares to approximate the arc length over the interval 
< < 
51. x =e ‘cost, y=e‘sint oT AAS O S72 
B» pegas oie jp d [s]z[m] Surface Area In Exercises 63-68, find the area 
° ; 2 Hye "3 of the surface generated by revolving the curve 
53. x= /t, y 23t- 1 Stsl ae about each given axis. 
t5 1 EE 
54.x —t, y 10 * o8 1stz2 63. x - 2, y 23, 0:153 
(a) x-axis 
Arc Length In Exercises 55-58, find the arc length of the (b) y-axis 


curve on the interval [0, 2r]. 
64.x —- t, y=4-24, OSts2 


55. Hypocycloid perimeter: x = a cos? 0, y = a sin? 0 


(a) x-axis 
56. Involute of a circle: x = cos 0 + 0 sin 0 . 
(b) y-axis 
y = sin 0 — 0 cos 0 " 
57. Cycloid arch: x = a(0 — sin 6), y = a(1 — cos 0) oe eeiam 0S Mss go rm 
58. Nephroid perimeter: x = a(3 cos t — cos 3t) 66. x — in, y=rtt+1, 15:152, y-axis 
y = a(3 sin t — sin 3t) 67. x - aco? 0, y —asi0, 0 <0 <m, x-axis 


ee 59. Path of a Projectile The path of a projectile is modeled 6S. TA COS aem estt 


by the parametric equations (a) x-axis 
x = (90cos30?) and y = (90 sin 30°)t — 1672 (b) y-axis 
where x and y are measured in feet. f Surface Area In Exercises 69-72, write an integral that 


represents the area of the surface generated by revolving the 


hi tility t h the path of the projectile. 
(a) Usca graphing utility to gtaph the patio the projectile curve about the x-axis. Use a graphing utility to approximate 


(b) Use a graphing utility to approximate the range of the the integral. 
projectile. 
: : ae : - P tric Equati Int l 
(c) Use the integration capabilities of a graphing utility to a US dd 
approximate the arc length of the path. Compare this result 69.x—P, y=t+2 0s:z2 
with the range of the projectile. 70.x 2 2, y= Vt 1<t<3 
ee 60. Path of a Projectile When the projectile in Exercise 59 
71. x = cos? 0, y= cos0 0<0< 


is launched at an angle 0 with the horizontal, its parametric 
equations are x = (90cos 0) and y = (90 sin 0)t — 1627. 
Find the angle that maximizes the range of the projectile. Use a 72. x 
graphing utility to find the angle that maximizes the arc length 

of the trajectory. 


0 -sinO, y= 0 + cosO 0<0< 


NJA NJA 


EXPLORING CONCEPTS 
73. Writing 


E (a) Use a graphing utility to graph each set of parametric 
equations. 


x=t-—sint, y=1-— cost OStS 2m 


= 2t — sinQ), y=1-cos(2), 0s: 


Compare the graphs of the two sets of parametric 
equations in part (a). When the curve represents the 
motion of a particle and ft is time, what can you infer 
about the average speeds of the particle on the paths 
represented by the two sets of parametric equations? 


Without graphing the curve, determine the time 
required for a particle to traverse the same path as in 
parts (a) and (b) when the path is modeled by 


x= it = sin(1) and y=1- cos(4t). 
74. Writing 


B (a) Each set of parametric equations represents the motion 
of a particle. Use a graphing utility to graph each set. 


First Particle: x = 3 cos t, y=4sint, OS t S 27 


Second Particle: x = 4 sin f, y = 3 cos t, 
0srts2m- 


(b) Determine the number of points of intersection. 


(c) Will the particles ever be at the same place at the 
same time? If so, identify the point(s). 


. Sketching a Graph Find a set of parametric 
equations x = f(t) and y = g(t) such that dx/dt < 0 and 
dy/dt < 0 for all real numbers t. Then sketch a graph of 
the curve. 


76. 5 HOW DO YOU SEE IT? Using the graph 
of f, (a) determine whether dy/dt is positive 
or negative given that dx/dt is negative and 
(b) determine whether dx/dt is positive or 
negative given that dy/dt is positive. Explain 
your reasoning. 


(i) 


77. Integration by Substitution Use integration by 
substitution to show that if y is a continuous function of x on 
the interval a € x < b, where x = f(t) and y = g(t), then 


Í ydx = Í Of dt 


where f(t,) = a, f(t) = b, and both g and f' are continuous 
on [t,, t]. 
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78. Surface Area A portion of a sphere of radius r is removed 
by cutting out a circular cone with its vertex at the center of 
the sphere. The vertex of the cone forms an angle of 20. Find 
the surface area removed from the sphere. 


Area In Exercises 79 and 80, find the area of the region. (Use 
the result of Exercise 77.) 


79. x = 2 sin? 0 80. x = 2cot 0 
y = 2 sin? 0 tan 0 y = 2sin? 0 
jste 0c68«m 
y y 
A A 
t fe 
A al 
m S x — Ix 
-2 c 1 2 2 -l 1 2 
-1 + : =e 
2+ -2+ 


Ag Areas of Simple Closed Curves In Exercises 81-86, 
use a computer algebra system and the result of Exercise 77 
to match the closed curve with its area. (These exercises were 
based on “The Surveyor's Area Formula" by Bart Braden, 
College Mathematics Journal, September 1986, pp. 335-337, by 
permission of the author.) 

(a) jab — (b) jme 
(c) 2T? (d) Tab 
(e 2rub (£) 6TH? 
81. Ellipse: (0 < t < 2z) 82. Astroid: (0 < t < 2) 


x = bcost x= acos t 
y=asint y-asimt 
y y 
n n 
B a 
> xX » X 
b a 


83. Cardioid: (0 < t < 2z) 84. Deltoid: (0 < t < 2z) 


x = 2a cos t — a cos 2t x = 2acost + a cos 2t 
y = 2asint — a sin 2t y = 2asint — a sin 2t 
y y 
A A 
x » X 
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85. Hourglass: (0 € t € 2z) 86. Teardrop: (0 < t < 2z) 


x = asin 2t x = 2a cos t — a sin 2t 
y = bsint y= bsint 


y y 


Centroid In Exercises 87 and 88, find the centroid of the 
region bounded by the graph of the parametric equations and 
the coordinate axes. (Use the result of Exercise 77.) 


87. x= Jt, y-4-t 
88. x= /4-1 y= Vt 


Volume In Exercises 89 and 90, find the volume of the 
solid formed by revolving the region bounded by the graph of 
the parametric equations about the x-axis. (Use the result of 
Exercise 77.) 


89. x = 6cos0, y —6sin0 


90. x= cos, y=3sin0, a»0 


91. Cycloid Use the parametric equations 
x-—a(0-—sin0) and y= a(l — cos0),a > 0 


to answer the following. 
(a) Find dy/dx and d?y/dx?. 


(b) Find the equation of the tangent line at the point where 
0 = n/6. 


(c) Find all points of horizontal tangency. 


(d) Determine where the curve is concave upward or concave 
downward. 


(e) Find the length of one arc of the curve. 


92. Using Parametric Equations Use the parametric equations 
x— 4/3 and y-3r- if 


to answer the following. 


ee (a) Use a graphing utility to graph the curve on the interval 
=3 s153 


(b) Find dy/dx and d?y/dx?. 
(c) Find the equation of the tangent line at the point (4/3; 8. 
(d) Find the length of the curve on the interval —3 s t < 3. 


(e) Find the area of the surface generated by revolving the 
curve about the x-axis. 


93. Involute of a Circle The involute of a circle is described 
by the endpoint P of a string that is held taut as it is unwound 
from a spool that does not turn (see figure). Show that a 
parametric representation of the involute is 


x = r(cos 0 + 0sin0) and y = r(sin 0 — 0 cos 0). 


spool 


Figure for 93 Figure for 94 


94. Involute of a Circle The figure shows a piece of string 
tied to a circle with a radius of one unit. The string is just long 
enough to reach the opposite side of the circle. Find the area 
that is covered when the string is unwound counterclockwise. 


95. Using Parametric Equations 
Be (a) Use a graphing utility to graph the curve given by 


| 1-2 ar gee 2t 
fUQ18 UC YUqyg 


—20 < t € 20. 


(b) Describe the graph and confirm your result analytically. 


(c) Discuss the speed at which the curve is traced as t 
increases from — 20 to 20. 


A 96. Tractrix A person moves from the origin along the positive 


y-axis pulling a weight at the end of a 12-meter rope. 
Initially, the weight is located at the point (12, 0). 


(a) In Exercise 61 of Section 8.4, it was shown that the path 
of the weight is modeled by the rectangular equation 


12 — 144 — x2 
y= -in cT L qup 


where 0 < x < 12. Use a graphing utility to graph the 
rectangular equation. 


(b 


— 


Use a graphing utility to graph the parametric equations 
= 12 sech — and =t-12 tanh + 
dT. á 12 


where t 2 0. How does this graph compare with the 
graph in part (a)? Which graph (if either) do you think is 
a better representation of the path? 


(c) Use the parametric equations for the tractrix to verify that 
the distance from the y-intercept of the tangent line to the 
point of tangency is independent of the location of the 
point of tangency. 


True or False? In Exercises 97-100, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


d'y  g'(t) 
97. If x = f(t) and y = g(t), then di^ fy 
98. The curve given by x = i? and y = f? has a horizontal 
tangent at the origin because dy/dt = 0 when t = 0. 


99. The curve given by 


y =y + ty- y), y 
asymptote. 


x=x +t x, and 
y, has at least one horizontal 


100. The curve given by x = h + acos 0 and y = k + bsinO 
has two horizontal asymptotes and two vertical asymptotes. 
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10.4 Polar Coordinates and Polar Graphs 


0 = directed angle 
Polar 
axis 
Polar coordinates 

Figure 10.35 


POLAR COORDINATES 


The mathematician credited with 
first using polar coordinates was 
James Bernoulli, who introduced 


them in 1691. However, there is 
some evidence that it may have 
been Isaac Newton who first 
used them. 


iM Understand the polar coordinate system. 

liM Rewrite rectangular coordinates and equations in polar form and vice versa. 
liM Sketch the graph of an equation given in polar form. 

E Find the slope of a tangent line to a polar graph. 

E Identify several types of special polar graphs. 


Polar Coordinates 


So far, you have been representing graphs as collections of points (x, y) on the 
rectangular coordinate system. The corresponding equations for these graphs have been 
in either rectangular or parametric form. In this section, you will study a coordinate 
system called the polar coordinate system. 

To form the polar coordinate system in the plane, fix a point O, called the pole 
(or origin), and construct from O an initial ray called the polar axis, as shown in 
Figure 10.35. Then each point P in the plane can be assigned polar coordinates (r, 9), 
as follows. 


r — directed distance from O to P 
0 — directed angle, counterclockwise from polar axis to segment OP 


Figure 10.36 shows three points on the polar coordinate system. Notice that in this 
system, it is convenient to locate points with respect to a grid of concentric circles 
intersected by radial lines through the pole. 


(a) (b) (c) 
Figure 10.36 


With rectangular coordinates, each point (x, y) has a unique representation. This is 
not true with polar coordinates. For instance, the coordinates 
(r, 9) and (r,2m + 8) 


represent the same point [see parts (b) and (c) in Figure 10.36]. Also, because r is a 
directed distance, the coordinates 


(r.89 and (-r,0 + m) 

represent the same point. In general, the point (r, O) can be written as 
(r, 8) = (r, 8 + 2nr) 

or 
(r, 8) = (—r, 9 + (2n + 1)n) 


where n is any integer. Moreover, the pole is represented by (0, 8), where 0 is any angle. 
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Coordinate Conversion 


y (r, 8) To establish the relationship between polar and rectangular coordinates, let the 
(x y) polar axis coincide with the positive x-axis and the pole with the origin, as shown in 
Figure 10.37. Because (x, y) lies on a circle of radius r, it follows that 


y rsy +y 
Moreover, for r > 0, the definitions of the trigonometric functions imply that 
Pole 
> X 
P : x . 

Polar axis tan@=~, cos8— 5 and sinO@=~. 

(x-axis) x r r 
Relating polar and rectangular You can show that the same relationships hold for r < 0. 


coordinates 
Figure 10.37 | 


THEOREM 10.10 Coordinate Conversion 
The polar coordinates (r, ©) of a point are related to the rectangular coordinates 
(x, y) of the point as follows. 


Polar-to-Rectangular Rectangular-to-Polar 
x-rcosQ tan 0 =~ 
x 
y=rsin9 r=r+y 
i — u 
A 
2+ EXAMPLE 1 Polar-to-Rectangular Conversion 
n 
lh (r, 8) = (v3. zJ a. For the point (r, 9) = (2, 1), 
LJ 
(r, 0 = Q, m c.» (3.3) x-—rcosO0 —2cosTtt — -2 and y=rsinO=2sinn = 0. 
d i I| So, the rectangular coordinates are (x, y) = (— 2, 0). 
(x, y) = (2, 0) b. For the point (r, 6) = (3, 11/6), 
x= J5 cost = 2 and y= Ssn! = V3 
To convert from polar to rectangular 6 2 6 2 
RAMS [Sea Peo and So, the rectangular coordinates are (x, y) = (3 72,4737 2). 
Figure 10.38 See Figure 10.38. 
EXAMPLE 2 Rectangular-to-Polar Conversion 
i a. For the second-quadrant point (x, y) — (— 1, 1), 
(r8 - (2.7) 
29 2 y 3m 
(x, y) = (0, 2) tanQ =" = —1 [= 0- 4 


a-h.) 
(xy) = cip ET Because 9 was chosen to be in the same quadrant as (x, y), use a positive value of r. 
I r=? +y = J1? +P = V2 

This implies that one set of polar coordinates is (r, 8) = (72, 2, 3n/ 4). 
b. Because the point (x, y) = (0, 2) lies on the positive y-axis, choose 8 = Tt/2 and 


To convert from rectangular to polar 


coordinates, let tan 8 = y/x and _ : ! B 
NM o r = 2, and one set of polar coordinates is (r, 8) = (2, 1/2). 
Figure 10.39 See Figure 10.39. iu 


Note that you can also use Theorem 10.10 to convert a polar equation to a rectangular 
equation (and vice versa), as shown in Example 3. 


n 


A. 


3 


(a) Circle: r = 2 


NIA 


3n 
2 


(c) Vertical line: r = sec 8 


Figure 10.40 
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Polar Graphs 


One way to sketch the graph of a polar equation is to convert to rectangular coordinates 
and then sketch the graph of the rectangular equation. 


Graphing Polar Equations 


Describe the graph of each polar equation. Confirm each description by converting to 
a rectangular equation. 


ar=2 b 80-7 C. r= sec O 


Solution 


a. The graph of the polar equation r — 2 consists of all points that are two units from 
the pole. So, this graph is a circle centered at the origin with a radius of 2. [See 
Figure 10.40(a).] You can confirm this by using the relationship r? = x? + y? to 
obtain the rectangular equation 


x y? -2. Rectangular equation 


b. The graph of the polar equation O = 11/3 consists of all points on the line that makes 
an angle of 1/3 with the positive x-axis. [See Figure 10.40(b).] You can confirm this 
by using the relationship tan O = y/x to obtain the rectangular equation 


y= T 3x. Rectangular equation 


c. The graph of the polar equation r = sec O is not evident by simple inspection, so 
you can begin by converting to rectangular form using the relationship r cos 8 = x. 


r= sec ð Polar equation 
rcos 8 = 1 
x=1 Rectangular equation 


From the rectangular equation, you can see that the graph is a vertical line. [See 
Figure 10.40(c).] a 


Sketching the graphs of complicated polar equations by hand 
can be tedious. With technology, however, the task is not difficult. Use a graphing 
utility in polar mode to graph the equations in the exercise set. If your graphing 
utility does not have a polar mode but does have a parametric mode, you can graph 
r = f(O) by writing the equation as 

x = f(0) cos 8 

y = f(O) sin 8. 
For instance, the graph of r — 10 shown in 
Figure 10.41 was produced with a graphing 


utility in parametric mode. This equation 
was graphed using the parametric equations 


x= 580s 6 
= Taa 
fg 


Spiral of Archimedes 
with the values of 8 varying from — 4TI to 47. Figure 10.41 
This curve is of the form r — a9 and is called 
a spiral of Archimedes. 
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Sketching a Polar Graph 


Ru [> See LarsonCalculus.com for an interactive version of this type of example. 
DIPL Sketch the graph of r = 2 cos 36. 


i One way to Solution Begin by writing the polar equation in parametric form. 
sketch the graph of r = 2 cos 30 


by hand is to make a table of x —2cos30cos8 and y= 2 cos 30 sin 8 


values. After some experimentation, you will find that the entire curve, which is called a rose 
curve, can be sketched by letting 8 vary from 0 to rt, as shown in Figure 10.42. If you 
I| n |m 2M try duplicating this graph with a graphing utility, you will find that by letting O vary 
8/9} 6 3 2 3 from 0 to 27, you will actually trace the entire curve twice. 
r|2|0|-2|0,2 
L L Jt 
2 2 2 
By extending the table and T Je qu 
plotting the points, you will T us TE $ To X 
obtain the curve shown in n ee ie j Hus n E ry 9 
Example 4. i 
3n 3n 3n 
2 2 2 
T T T 
0s0sc 0505, 0s8s, 


3n 3n 3n 
2 2 2 
oses PIED 0x0zn 
Figure 10.42 P | 


Use a graphing utility to experiment with other rose curves. Note that rose curves 
are of the form 


r— acosnO or r= asinnð. 


For instance, Figure 10.43 shows the graphs of two other rose curves. 


via 


Generated by Mathematica 
Rose curves 
Figure 10.43 


NIA 


Tangent line 


Tangent line to polar curve 
Figure 10.44 


(ex ea 
2'4 2'4 
T t (0.0) i >= 0 
2 
3m 


Horizontal and vertical tangent lines of 
r= sin8 
Figure 10.45 
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Slope and Tangent Lines 


To find the slope of a tangent line to a polar graph, consider a differentiable function 
given by r = f(8). To find the slope in polar form, use the parametric equations 


x-—rcosO = f(0) cosO and y= rsinO = f(0) sin O. 
Using the parametric form of dy/dx given in Theorem 10.7, you have 


dy  dy/d8O . f(8)cos O + f'(8) sin 8 
dx  dx/dO  —f(®)sin®@ + f'(8) cos O 


which establishes the next theorem. 


Vi 10.11 Slope in Polar Form 


If f is a differentiable function of O, then the slope of the tangent line to the 
graph of r = f(8) at the point (r, 9) is 


dy _ dy/d® . f(©) cos O + f'(9) sin 8 
dx  dx/dO | —f(0) sin O + f'(0) cos 8 


provided that dx/dO + 0 at (r, 8). (See Figure 10.44.) 


From Theorem 10.11, you can make the following observations. 


dx 


do^ 9 


d 
1. Solutions of du — 0 yield horizontal tangents, provided that 


d 
PS — 0 yield vertical tangents, provided that 2 pe 


If dy/dO and dx/dO are simultaneously 0, then no conclusion can be drawn about 
tangent lines. 


2. Solutions of 


EXAMPLE 5 Finding Horizontal and Vertical Tangent Lines 


Find the horizontal and vertical tangent lines of r = sin 8, where 0 < O < T. 
Solution Begin by writing the equation in parametric form. 
x = r cos 0 = sin cos 8 
and 
y = rsin = sin Osin 0 = sin? O 
Next, differentiate x and y with respect to O and set each derivative equal to 0. 


dx 209 2A = _ mn 3m 
4g ^ «8 sin? 0 = cos 20 = 0 => 60 4 4 


dy n. Int _ lt 
4g 7 2sin8 cos 8 = sin 26 0 8 0,5 


So, the graph has vertical tangent lines at 
(2 2 ns (2 an) 
2'4 
and it has horizontal tangent lines at 


(0,0) and (.3) 


as shown in Figure 10.45. F| 
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Horizontal and vertical tangent lines of 
r = 2(1 — cos ©) 
Figure 10.46 


This rose curve has three tangent lines 
(0 = r/6, 0 = r2, and 0 = 57/6) at 
the pole. 

Figure 10.47 
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EXAMPLE 6 Finding Horizontal and Vertical Tangent Lines 


Find the horizontal and vertical tangent lines to the graph of r = 2(1 — cos ©), where 
0s0c«2rm 


Solution Let y = r sin 9 and then differentiate with respect to 9. 


y =rsin Ə Parametric equation for y 
= 2(1 — cos 0) sin 8 Substitute for r. 
d ; : 
an = 2[(1 — cos O)(cos 0) + (sin O)(sin 9] Derivative of y with respect to O 


= 2(cos 8 — cos? O + sin? 0) 

= 2(cos 0 — cos? 0 + 1 — cos? 0) 
= —2(2 cos? 0 — cos 0 — 1) 

— 2(2 cos 0 + 1)(cos 8 — 1) 


Multiply. 


Pythagorean identity 


Combine like terms; factor out — 1 


Factor. 


Setting dy/d® equal to 0, you can see that cos 0 = -i and cos 8 = 1. So, dy/d8 = 0 
when 9 = 27/3, 41/3, and 0. Similarly, using x = r cos 8, you have 
x =rcos® 
= 2(1 — cos 0) cos 8 
= 2cos 0 — 2 cos? O 
dx 
407 
= (2 sin 9)(2 cos 8 — 1). 


Parametric equation for x 
Substitute for r. 


Multiply. 


—2 sin O + 4 cos Osin O 


Derivative of x with respect to 0 


Factor. 


Setting dx/dO equal to 0, you can see that sin Ə = 0 and cos 0 = L, So, you can 


conclude that dx/dO = 0 when 0 = 0, it, 11/3, and 570/3. From these results and from 
the graph shown in Figure 10.46, you can conclude that the graph has horizontal 
tangents at (3, 21/3) and (3, 41/3) and has vertical tangents at (1, 1/3), (1, 57/3), and 
(4, rt). This graph is called a cardioid. Note that both derivatives (dy/d® and dx/49) 
are 0 when 9 = 0. Using this information alone, you do not know whether the graph 
has a horizontal or vertical tangent line at the pole. From Figure 10.46, however, you 
can see that the graph has a cusp at the pole. a 


Theorem 10.11 has an important consequence. If the graph of r — f(0) passes 
through the pole when 8 = a and f'(a) + 0, then the formula for dy/dx simplifies as 
follows. 


dy f(@sinat+f(acosa f(a)sina+0 singa 
dx f(acosa—f(asina  f(o)cosa — 0 cosa 


= tan Q 


So, the line 8 = Q is tangent to the graph at the pole, (0, a). 


EM 10.12 Tangent Lines at the Pole 


If f(a) = 0 and f’(a) + 0, then the line 8 = ar is tangent at the pole to the 
graph of r = f(8). 


Theorem 10.12 is useful because it states that the zeros of r = f(0) can be used 
to find the tangent lines at the pole. Note that because a polar curve can cross the 
pole more than once, it can have more than one tangent line at the pole. For example, 
the rose curve {(8) = 2 cos 30 has three tangent lines at the pole, as shown in 
Figure 10.47. For this curve, f(0) = 2 cos 30 is 0 when 9 is 11/6, 1/2, and 5rt/6. 
Moreover, the derivative f’(68) = —6 sin 30 is not 0 for these values of 9. 


Limacons 
r=a+bcosð 
r=a+bsin®ð 


(a > 0,b > 0) 


Rose Curves 


n petals when n is odd 
2n petals when n is 
even 

(n = 2) 


Circles 
and Lemniscates 


Generated by Maple 
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Special Polar Graphs 


Several important types of graphs have equations that are simpler in polar form than in 
rectangular form. For example, the polar equation of a circle having a radius of a and 
centered at the origin is simply r = a. Later in the text, you will come to appreciate 
this benefit. For now, several other types of graphs that have simpler equations in polar 
form are shown below. (Conics are considered in Section 10.6.) 


NIA 


3m 


2 
a 
zx 
b 
Limagon with 
inner loop 


r = a cos nð 
Rose curve 


NIA 


3m 


2 


r-—acosO 
Circle 


ui us us 
2 2 2 
0 "n 0 n 0 "n 0 

3n 3n 3n 
2 2 2 

a a a 

-~=1 1<—-<2 —22 

b b b 

Cardioid Dimpled limaçon Convex limaçon 


(heart-shaped) 


r=asinnO 
Rose curve 


r=asinnO 
Rose curve 


r-—acosnO 
Rose curve 


3n 3n 3n 
2 2 2 
r-—asin r? = a sin 20 r? = a? cos 20 


Lemniscate Lemniscate 
The rose curves described above are of the form r = a cos nO 
or r = a sin n9, where n is a positive integer that is greater than or equal to 2. Use 
a graphing utility to graph 
r=acosn® or r=asinnð 
for some noninteger values of n. Are these graphs also rose curves? For example, try 
sketching the graph of 


r = cos 28, 0<0< 6n. 


E FOR FURTHER INFORMATION For more information on rose curves and related 


curves, see the article ^A Rose is a Rose. . 
Mathematical Monthly. 'The computer-generated graph at the left is the result of an 
algorithm that Maurer calls “The Rose." To view this article, go to MathArticles.com. 


." by Peter M. Maurer in The American 
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1 0 n 4 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


ap =] Polar-to-Rectangular Conversion In 
CONCEPT CHECK p ba ? Exercises 35-44, convert the polar equation to 
1. Polar Coordinates Consider the polar coordinates PUE rectangular form and sketch its graph. 

(r, 9). What does r represent? What does 0 represent? ze 


: : . 35.r—4 36. r= —1 
. Plotting Points Plot the points below on the same set 
of coordinate axes. 37. r= 3sin8 38. r = 5 cos O 
5n 
39.r—0 40. 02 — 
(r, 8) = (a. z) and (x,y) = (2 T) : 6 
41. r= 3sec 8 42. r= —6csc 8 
. Comparing Coordinate Systems Describe the 43. r = sec B tan B 44. r = cot B csc B 
differences between the rectangular coordinate system 
and the polar coordinate system. Bia Graphing a Polar Equation In Exercises 45-54, use a 
. Parametric Form of a Polar Equation Explain graphing utility to graph the polar equation. Find an interval 
how to write a polar equation in parametric form. for € over which the graph is traced only once. 
45. r= 2 — 5cos 8 46. r = 3(1 — 4 cos 0) 
[m:i Polar-to-Rectangular Conversion In 47. r= =] sin8 48. r 2 4 4 3cos 8 
is SU; Exercises 5-14, the polar coordinates of a point are 
iPad: given. Plot the point and find the corresponding 49. r= M OON 50. r= ERR 
te 1 + cos 8 4 — 3 sinO 
77" rectangular coordinates for the point. 08 sn 
30 . 50 
5. (s.3) 6. (2.52) 51. r = 5cos 2 52. r = 3 sin 2 
2 3 j 
53. r? = 4 sin 20 54. 2 — — 
* (4 -1 8. (o. -m J "8 
4 6 
9 M ay 10 (-2 un) 55. Verifying a Polar Equation Convert the equation 
‘ r = 2(h cos O + k sin 8) 
1. (4/2, 2.36) 12. (-3, — 1.57) 
13. (—8,0.75) 14. (125, —5) to rectangular form and verify that it is the equation of a circle. 


Find the radius and the rectangular coordinates of the center of 
the circle. 


[m] ir [w] Rectangular-to-Polar Conversion In 


ceo Exercises 15-24, the rectangular coordinates of a m 

I-- : : 5 

aic point are given. Plot the point and find two sets 5 

[mrii of polar coordinates for the point for 0 =0 < 27t 564 ) HOW DO YOU SEE IT? Identify each 
special polar graph and write its equation. 

15. (1, 0) 16. (0, —9) 

17. (—3, 4) 18. (6, —2) 


2 to polar form and sketch its graph. 


. (7-5, - 5.3) 20. (3, — /3) 
21. (V7, -/7) 22. (-2/2, -2,/2) 
23. (4, 24. (1, 0 
3. (4, 5) (1,8) | ae 
ALI Rectangular-to-Polar Conversion In 
x Exercises 25-34, convert the rectangular equation 


(c) 


25. 2 +y = 26. x? -y =9 

27. 0° +y = a 28. x2 + y — 2ax = 0 

29. y= 30. x = 12 

31. 3x —-y+2= 32. xy = 4 eee CK} 
33. y? = 9x 

34. (x? + y?)? — 902 —) = 0 


57. Sketching a Graph Sketch the graph of r = 4 sin O over 
each interval. 


IL 


(0050857 ()7s0-m 


58. Distance Formula 


(a) Verify that the Distance Formula for the distance between 
the two points (r,, 0,) and (r, 8,) in polar coordinates is 


d= Jr? + r? — 2r,r, cos(0, — 9,). 


(b) Describe the positions of the points relative to each other 
for 8, = @,. Simplify the Distance Formula for this case. 
Is the simplification what you expected? Explain. 


(c) Simplify the Distance Formula for 0, — 0, = 90°. Is the 
simplification what you expected? Explain. 


(d) Choose two points on the polar coordinate system and 
find the distance between them. Then choose different 
polar representations of the same two points and apply the 
Distance Formula again. Discuss the result. 


Distance Formula In Exercises 59-62, use the result of 
Exercise 58 to find the distance between the two points in polar 


coordinates. 
Tt 7n 
(a 2) 60. (s m), (5, Tt) 


61. (2,0.5), (7, 1.2) 62. (4,2.5), (12, 1) 


ES Finding Slopes of Tangent Lines In 
ct Exercises 63 and 64, find dy/dx and the slopes of 
ae the tangent lines shown on the graph of the polar 

equation. 


63. r = 2(1 — sin 0) 64. r - 2 - 3sin8 


n n 
2 2 


| 

T 
a 
f? 
Oo 
— 


1(.25 de 


wt 


A Finding Slopes of Tangent Lines Using Technology 


In Exercises 65-68, use a graphing utility to (a) graph the polar 
equation, (b) draw the tangent line at the given value of @ and 
(c) find dy /dx at the given value of @ (Hint: Let the increment 
between the values of € equal 11/24.) 


65. r = 3(1 — cos 8), 8 = 5 66. r= 3 — 2cos 8,80 =0 


: at = LH 
67. r= 3sin6,8- 7 68.r—4,0 4 


Horizontal and Vertical Tangency In 
mg m Exercises 69 and 70, find the points of horizontal 
ere and vertical tangency to the polar curve. 


69. r= 1 — sin O 70. r=asin9 
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Horizontal Tangency In Exercises 71 and 72, find the 
points of horizontal tangency to the polar curve. 


71. r=2cscO+ 3 72. r = asin O cos? O 

zT[m] Tangent Lines at the Pole In Exercises 
*? 73-80, sketch a graph of the polar equation and 

oF 8 find the tangent line(s) at the pole (if any). 


73. r= 5sin8 74. r= 5cos 8 

75. r = 4(1 — sin ©) 76. r = 2(1 — cos 0) 
77. r = 4 cos 38 78. r = —sin 50 

79. r = 3 sin 20 80. r = 3cos 20 


Sketching a Polar Graph In Exercises 81-92, sketch a 
graph of the polar equation. 
81.7r=8 82. r= 1 
83. r = 4(1 + cos 0) 84. r— 1 t sinO 
85. r = 3 — 2 cos O 86. r= 5-— 4sinð 
6 


| 


87. r= —7 csc 9 88. r= Bau 
89. r = 30 9. r-5 
91. r? = 4 cos 20 92. r? = 4 sinO 


BB Asymptote In Exercises 93-96, use a graphing utility 


to graph the equation and show that the given line is an 
asymptote of the graph. 


Name of Graph Polar Equation Asymptote 
93. Conchoid r — 2 — sec 8 x=-1 
94. Conchoid r — 2 + csc 8 y=1 
95. Hyperbolic spiral r= 2/0 y=2 
96. Strophoid r = 2 cos 20 sec 8 x= -2 


EXPLORING CONCEPTS 

Transformations of Polar Graphs In Exercises 97 
and 98, use the graph of r = f (0) to sketch a graph of the 
transformation. 


97. r = f(—0) 98. r — —f(0) 


99, Symmetry of Polar Graphs Describe how to test 
whether a polar graph is symmetric about (a) the x-axis 
and (b) the y-axis. 
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ee 100. Think About It Use a graphing utility to graph the polar Polar Equation Value of € 
equation r = 6[1 + cos(0 — @)| for (a) $ = 0, (b) 6 = 1/4, it 
and (c) @ = 11/2. Use the graphs to describe the effect of the 109. r = 2 cos 30 Be 4 
angle $. Write the equation as a function of sin O for part (c). " 
101. Rotated Curve Verify that if the curve whose polar 110. r = 4 sin 20 0 = A 
equation is r = f(O) is rotated about the pole through an angle 6 on 
@, then an equation for the rotated curve is r = f(0 — 4). 11.r- EI E 0- z 
102. Rotated Curve The polar form of an equation of a curve 
T 
is r = f (sin ). Show that the form becomes 112. r— 5 e- 5 


(a) r = f(— cos 0) if the curve is rotated counterclockwise 
TU2 radians about the pole. 


(b) r = f(—sin 8) if the curve is rotated counterclockwise it 
radians about the pole. 


(c) r = f(cos O) if the curve is rotated counterclockwise 
37/2 radians about the pole. 


Rotated Curve In Exercises 103-105, use the results of 
Exercises 101 and 102. 


ee 103. Write an equation for the limaçon r = 2 — sin O after it has 


been rotated counterclockwise by an angle of (a) 0 = 11/4, 
(b) 0 = r2, (c) 0 = T, and (d) 0 = 37/2. Use a graphing 
utility to graph each rotated limaçon. 


ee 104. Write an equation for the rose curve r = 2 sin 20 after it has 


been rotated counterclockwise by an angle of (a) 0 = 11/6, 
(b) 0 = r2, (c) 0 = 27/3, and (d) 0 = rt. Use a graphing 
utility to graph each rotated rose curve. 


105. Sketch the graph of each equation. 


led c dB ©) r= 1 = sin(o~ 7) 


106. Proof Prove that the tangent of the angle y(0 < y < 11/2) 
between the radial line and the tangent line at the point (r, 8) 
on the graph of r = f(O) (see figure) is given by 


tan Ų = 


aa) 
dr/dQ| 


m 
2 


Polar curve: 


r=f@) 


Tangent line 


y. 
7s * Radial line 


>0 
Polar axis 


Bis Finding an Angle In Exercises 107-112, use the result of 


Exercise 106 to find the angle y between the radial and tangent 
lines to the graph for the indicated value of @ Use a graphing 
utility to graph the polar equation, the radial line, and the 
tangent line for the indicated value of @ Identify the angle y. 


Polar Equation Value of € 
107. r = 2(1 — cos 0) =m 
108. r = 3(1 — cos 0) p= 2N 


4 


True or False? In Exercises 113-116, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


113. If (r,, ©,) and (r,, O;) represent the same point on the polar 
coordinate system, then |r,| = |r]. 


114. If (r, 0,) and (r, 6,) represent the same point on the polar 
coordinate system, then 0, = 9, + 2nTt for some integer n. 


115. If x > 0, then the point (x, y) on the rectangular coordinate 
system can be represented by (r, 8) on the polar coordinate 
system, where r = Vx? + y? and 0 = arctan( y/x). 


116. The polar equations r= sin20, r= —sin20, and 
r = sin(— 20) all have the same graph. 


' SECTION PROJECT eeceoeoevoeveveveveeee 


Cassini Oval 


A Cassini oval is defined as the set of all points the product of 
whose distances from two fixed points is constant. These curves 
are named after the astronomer Giovanni Domenico Cassini 
(1625-1712). He suspected that these curves could model planetary 
motion. However, as you saw in Section 10.1, Kepler used ellipses 
to describe planetary motion. You will learn more about Kepler’s 
Laws of planetary motion in Section 10.6. 


Let (—c, 0) and (c, 0) be two fixed points in the plane. A point (x, y) 


lies on a Cassini oval when the distance between (x, y) and (—c, 0) 
times the distance between (x, y) and (c, 0) is b?, where b is a constant. 


Four different types of Cassini ovals 


(a) Show that (x? + y?)? — 20(2 — y?) + ct = bt 
(b) Convert the equation in part (a) to polar coordinates. 


(c) Show that if b = c, then the Cassini oval is a lemniscate. 


& (d) Use a graphing utility to graph the Cassini oval for c — 1 and 


b=2. 
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10.5 Area and Arc Length in Polar Coordinates 


E Find the area of a region bounded by a polar graph. 
E Find the points of intersection of two polar graphs. 
E Find the arc length of a polar graph. 

E Find the area of a surface of revolution (polar form). 


Area of a Polar Region 


The development of a formula for the area of a polar region 
parallels that for the area of a region on the rectangular 
coordinate system but uses sectors of a circle instead of 
rectangles as the basic elements of area. In Figure 10.48, 
note that the area of a circular sector of radius r is 2992, 
provided 0 is measured in radians. 

Consider the function r = f(8), where f is continuous 
and nonnegative on the interval a < 0 < B. The region 
bounded by the graph of f and the radial lines 8 = a and ‘Thé area ofa sector o£ à 
9 = Bis shown in Figure 10.49(a). To find the area of this circle is A = 1972. 
region, partition the interval [at B] into n equal subintervals Figure 10.48 


Q-06,«0«98,«.:.-.«8,,«9,-P 
Then approximate the area of the region by the sum of the areas of the n sectors, as 
shown in Figure 10.49(b). 
Radius of ith sector = f(0,) 


! r=f(0) -qa 
; Central angle of ith sector = B 


r 


NIA 


= A0 


eN aoc reve 


Taking the limit as n — oo produces 


A= lim 5 ; ue )PA0 


-if vora 


which leads to the next theorem. 


Area in Polar Coordinates 


If f is continuous and nonnegative on the interval [a B], 0 < B — a < 27, 
then the area of the region bounded by the graph of r = f(O) between the 
radial lines 9 = Q and 0 = Bis 


if? j 
= Í [/(8)P 40 


1 B 
-il r° dð. 0«B-as2n 


You can use the formula in Theorem 10.13 to find the area of a region bounded 
(b) by the graph of a continuous nonpositive function. The formula is not necessarily valid, 
Figure 10.49 however, when f takes on both positive and negative values in the interval [oc B]. 
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The area of one petal of the rose 
curve that lies between the radial lines 
0 = - 1/6 and 0 = n/6 is 37/4. 
Figure 10.50 


The area between the inner and outer 
loops is approximately 8.34. 
Figure 10.51 


Finding the Area of a Polar Region 


e e e e> SeeLarsonCalculus.com for an interactive version of this type of example. 
Find the area of one petal of the rose curve r — 3 cos 30. 


Solution In Figure 10.50, you can see that the petal on the right is traced as 0 
increases from — Tt/6 to TU/6. So, the area is 


1 : 1 di Use formula for area in 
oun 2 =L 2 
A= Al r’ d® Al (3 CoS 30) 40 polar coordinates. 
a —n/6 
u 9 da 1 + cos 60 dO Power-reducing 
2 iyé 2 formula 
: T/6 
E- | o+ sin =| 
4 6 —n/6 
9(n T 
JL ee + =e 
here) 
an 
= T a 


To find the area of the region lying inside all three petals of the rose curve in 
Example 1, you could not simply integrate between 0 and 2rt. By doing this, you would 
obtain 971/2, which is twice the area of the three petals. The duplication occurs because 
the rose curve is traced twice as 9 increases from 0 to 27. 


Finding the Area Bounded by a Single Curve 


Find the area of the region lying between the inner and outer loops of the limagon 
r= ] — 2sin8. 


Solution In Figure 10.51, note that the inner loop is traced as O increases from 11/6 
to 5Tt/6. So, the area inside the inner loop is 


A, = 1 Mid (1 — 2 sin 0? dO Use formula for area in 

2 11/6 polar coordinates. 
1 51/6 

-il (1 — 4 sin O + 4 sin? O) dO 
2 n/6 

= if L — Asin O + 4 — cos 3l dO Power-reducing 
2 2 formula 

n/6 

1 5n/6 

= Al (3 — 4sin O — 2 cos 20) 40 Simplify. 
2 n/6 
1 5n/6 


= E + 4cos 0 — sin 28] 


n/6 


In a similar way, you can integrate from 511/6 to 1311/6 to find that the area of the 
region lying inside the outer loop is A, = 20 + (3 /3/ 2). The area of the region lying 
between the two loops is the difference of A, and A,. 


A=A; A = (m + 233) (n POE n+ 3/3 = 834 a 


NIA 


| Limagon: r = 1 —2 cos 6] 


Three points of intersection: (1, 1/2), 
(— 1, 0), and (1, 31/2) 
Figure 10.52 


-0 
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Points of Intersection of Polar Graphs 


Because a point may be represented in different ways in polar coordinates, care must 
be taken in determining the points of intersection of two polar graphs. For example, 
consider the points of intersection of the graphs of 


r=1-—2cos0 and r=1 


as shown in Figure 10.52. As with rectangular equations, you can attempt to find the 
points of intersection by solving the two equations simultaneously, as shown. 


r=1-—2cos0 First equation 
121-—2cos8 Substitute r — 1 from second equation into first equation. 
cos 8 = 0 Simplify. 
8 = = ell Solve for 9. 
2: 2 


The corresponding points of intersection are (1, Tt/2) and (1, 31/2). From Figure 10.52, 
however, you can see that there is a third point of intersection that did not show up 
when the two polar equations were solved simultaneously. (This is one reason why 
you should sketch a graph when finding the area of a polar region.) The reason the 
third point was not found is that it does not occur with the same coordinates in the 
two graphs. On the graph of r = 1, the point occurs with coordinates (1, Tt), but on the 
graph of 


r-1-—2cos0 


the point occurs with coordinates (— 1, 0). 

In addition to solving equations simultaneously and sketching a graph, note that 
because the pole can be represented by (0, 8), where 9 is any angle, you should check 
separately for the pole when finding points of intersection. 

You can compare the problem of finding points of intersection of two polar graphs 
with that of finding collision points of two satellites in intersecting orbits about Earth, 
as shown in Figure 10.53. The satellites will not collide as long as they reach the points 
of intersection at different times (8-values). Collisions will occur only at the points of 
intersection that are "simultaneous points"—those that are reached at the same time 
(8-value). 


The paths of satellites can cross without 
causing a collision. 
Figure 10.53 


E FOR FURTHER INFORMATION For more information on using technology 
to find points of intersection, see the article “Finding Points of Intersection of 
Polar-Coordinate Graphs" by Warren W. Esty in Mathematics Teacher. To view this 
article, go to MathArticles.com. 
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Circle: 
r= —6cos 0 


Cardioid: 
r=2 —2 cos 0 


Figure 10.54 


Finding the Area of a Region Between Two Curves 


Find the area of the region common to the two regions bounded by the curves 
r= —6 cos 8 Circle 

and 
r = 2 — 2 cos 6. Cardioid 


Solution Because both curves are symmetric with respect to the x-axis, you can 
work with the upper half-plane, as shown in Figure 10.54. The blue shaded region lies 
between the circle and the radial line 


2" 
0= 3 
Because the circle has coordinates (0, 11/2) at the pole, you can integrate between 11/2 
and 21/3 to obtain the area of this region. The region that is shaded red is bounded by 
the cardioid and the radial lines O = 27/3 and 0 = T.. So, you can find the area of this 
second region by integrating between 27/3 and rt. The sum of these two integrals gives 
the area of the common region lying above the radial line 8 = rt. 


Region between circle Region between cardioid and 


and radial line 8 = 27/3 radial lines O = 27/3 and 0 = rt 
 —^BR c —À fo—M—ÀÀN 


A 1 27/3 1 f(* 
4-3 (-6cs 20 + 5] (2 — 2 cos 8)? dO 
2. 2jus 2 ons 


2n/3 1 m 
is cox? 840 + $| (4 — 8 cos O + 4 cos? O) dO 
n/2 2 2n/3 


2n/3 ui 
of (1+ cos 2848 + | (3 — 4 cos 8 + cos 20) dO 


n/2 2n/3 
: 21/3 1 Tn 
= oo +e | + [s0 - 4 sin 0 += | 
2 lv 2 jons3 
2n /3 m) ( - <3) 
= + — 20m + LN 
2 3 ra 3n — 2n + 2./3 i 
_ on 
2 


Finally, multiplying by 2, you can conclude that the total area is 
51 ~ 15.7. Area of region inside circle and cardioid 

To check the reasonableness of this result, note that the area of the circular region is 
Tr? = OTL. Area of circle 

So, it seems reasonable that the area of the region lying inside the circle and the 


cardioid is 5T. | 


To see the benefit of polar coordinates for finding the area in Example 3, consider 
the integral below, which gives the comparable area in rectangular coordinates. 
0 


-3/2 
t-f Ja. 12x = 2 — 2x + Dd + J=x — 6x dx 
-4 


-3/2 


Use the integration capabilities of a graphing utility to show that you obtain the same 
area as that found in Example 3. 


When applying 
the arc length formula to a polar 
curve, be sure that the curve is 
traced out only once on the 
interval of integration. For 
instance, the rose curve 
r = cos 30 is traced out once 
on the interval0 <O x m 
but is traced out twice on the 
interval 0 x O < 27. 


1 


Figure 10.55 
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Arc Length in Polar Form 


The formula for the length of a polar arc can be obtained from the arc length formula 
for a curve described by parametric equations. (See Exercise 84.) 


Arc Length of a Polar Curve 


Let f be a function whose derivative is continuous on an interval a x 0 < p. 
The length of the graph of r = f(8) from 8 = ato 0 = Bis 


sf J/LFOF + [FOF de = [ J- (2) a 
Finding the Length of a Polar Curve 


Find the length of the arc from 0 = 0 to 0 = 2n for the cardioid 
r = f(8) = 2 — 2 cos O 


as shown in Figure 10.55. 


Solution Because f'(0) = 2 sin 9, you can find the arc length as follows. 


B 
s= f [/(P t [ f'(8) P d Formula for arc length of a polar curve 


on 
= f /(2 — 2 cos 6)? + (2 sin 9)? dO 
0 


2n 
-2 2 | /1 — cos 0 40 Simplify. 
0 
2n [9] 
=2 JI Í 2 sin? 2 dð Trigonometric identity 
0 
-4| i dd sin® 2 Qfor0 < 8 « 2n 
2 2 
0 
2n 
= s| -cos Hi 
= 8(1 + 1) 
— 16 


Using Figure 10.55, you can determine the reasonableness of this answer by 
comparing it with the circumference of a circle. For example, a circle of radius 3 has a 
circumference of 


Smt = 15.7. 


Note that in the fifth step of the solution, it is legitimate to write 


NEIE JI sing 


rather than 


x zT Y 


because sin(6/2) = 0 forO 0 < 27. | 


sin 2 
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E z When using 
Theorem 10.15, check to see 
that the graph of r = f(O) is 
traced only once on the interval 
a < 0 < B. For example, the 
circle r = cos 8 is traced only 


once on the interval 0 < O < T. 
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Area of a Surface of Revolution 


The polar coordinate versions of the formulas for the area of a surface of revolution can 
be obtained from the parametric versions given in Theorem 10.9, using the equations 
x = r cos Band y = r sin 8. 


THEOREM 10.15 Area of a Surface of Revolution 

Let f be a function whose derivative is continuous on an interval a < 0 < p. 
The area of the surface formed by revolving the graph of r = f(O) from 0 = a 
to 8 = B about the indicated line is as follows. 


B 
1. S= an| f®) sin e. [f(0)P s Lf (0) P dO About the polar axis 


B 
2. S= on| f(9 cos 6/[ f(®)F T LO) F dð About the line 0 = E 


Finding the Area of a Surface of Revolution 


Find the area of the surface formed by revolving the circle r = f(0) = cos O about the 
line O = 11/2, as shown in Figure 10.56. 


n n 
2 2 
} = 0 
1 
T 
Pinched 
torus 
(a) (b) 
Figure 10.56 
Solution Use the second formula in Theorem 10.15 with f’(8) = — sin 0. Because 


the circle is traced once as 9 increases from 0 to it you have 


Formula for area of a surface 


B 
s- m f 700) cos VOFF OPa — Formula for: 


T 
= anf (cos 8)(cos 0) /cos? 8 + sin? 6 dO 
0 


n 
2n Í cos? 0 40 Trigonometric identity 
0 


n 
=T f (1 + cos 20) dO Trigonometric identity 
0 


sin 20 |" 
n|e T "T | 


0 


EU | 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Area of a Polar Region What should you check 
before applying Theorem 10.13 to find the area of the 
region bounded by the graph of r — f(0)? 


. Points of Intersection Explain why finding points 
of intersection of polar graphs may require further analysis 
beyond solving two equations simultaneously. 


Mit) Area of a Polar Region In Exercises 3-6, write 
m F hy an integral that represents the area of the shaded 
F d region of the figure. Do not evaluate the integral. 


[n] 242 


3. r= 4sin 0 4. r — cos 20 


NIA 
N 


6. r = 1 — cos 20 


Finding the Area of a Polar Region In 
Exercises 7-18, find the area of the region. 


Pe {CI 
UE yd 
[n]:5. ere 

7. Interior of r — 6sin 0 


8. Interior of r = 3 cos 0 
9. One petal of r = 2 cos 30 
10. Two petals of r = 4 sin 30 
11. Two petals of r — sin 80 
12. Three petals of r = cos 50 
13. Interior of r = 6 + 5 sin 9 (below the polar axis) 


14. Interior of r = 9 — sin 0 (above the polar axis) 


15. Interior of r = 4 + sin O 
16. Interior of r = 1 — cos 8 
17. Interior of r? — 4 cos 20 
18. Interior of r? — 6 sin 20 


Ae Ele 
ap 
lz: rr 


analytically. 


Finding the Area of a Polar Region In 
Exercises 19—26, use a graphing utility to graph the 
polar equation. Find the area of the given region 


19. Inner loop of r = 1 + 2cos 8 


20. Inner loop of r = 2 — 4cos 8 


21. Inner loop of r = 1 + 2sin8 


22. Inner loop of r = 4 — 6 sin O 


23. Between the loops of r = 1 + 2cos 8 
24. Between the loops of r = 2(1 + 2 sin 0) 


25. Between the loops of r = 3 — 6 sin O 


26. Between the loops of r — 5 + cos 0 


oe Ao] Finding Points of Intersection In Exercises 


Pa h 
[s] Eis 
27. r= 1 + cos 8 


r=1-cos@ 


—- 0 
1 
29. r= 1 + cos 8 
r=1-sin0 
T 
2 
——- 0 


31.r —4— 5sinO 


r — 3sinO 
33. r= = 
r=2 


27-34, find the points of intersection of the graphs 
of the equations. 


28. r = 3(1 + sin 0) 
r= 3(1 — sin 9) 


N 
renes 
7 

o 


nn 


30. r= 2 — 3 cos 0 


r= cos 8 


NIA 


+> 0 


32. r=3 + sinO 


r=2csc9 
m 
34. 0=7 
r=2 


f Writing In Exercises 35 and 36, use a graphing utility to 


graph the polar equations and approximate the points of 
intersection of the graphs. Watch the graphs as they are traced 
in the viewing window. Explain why the pole is not a point of 
intersection obtained by solving the equations simultaneously. 


35. r = cos 0 
r=2-3sin0 


36. r= Asin 
r= 2(1 + sin 0) 


736 


DES 
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37. Common interior of r = 4 sin 20 and r = 2 


Finding the Area of a Polar Region Between 
Two Curves In Exercises 37-44, use a graphing 
utility to graph the polar equations. Find the area 
of the given region analytically. 


38. Common interior of r = 2(1 + cos 8) and r = 2(1 — cos 8) 
39. Common interior of r = 3 — 2 sin Gand r = —3 + 2 sin O 
40. Common interior of r = 5 — 3 sin O and r = 5 — 3 cos 8 
41. Common interior of r = 4 sin B and r = 2 

42. Common interior of r = 2 cos 0 and r = 2 sin O 

43. Inside r = 2 cos Ə and outside r = 1 


44. Inside r = 3 sin O and outside r = 1 + sin O 


Finding the Area of a Polar Region Between Two 
Curves In Exercises 45-48, find the area of the region. 


45. Inside r = a(1 + cos 0) and outside r = a cos 9 
46. Inside r — 2a cos 9 and outside r — a 
47. Common interior of r = a(1 + cos O) andr = a sin 8 


48. Common interior of r = a cos B and r = a sin 0, where a > 0 


¢ 49. Antenna Radiatione e e e e e oeoo ooo ooo 


The radiation from a 
transmitting antenna is 
not uniform in all 
directions. The intensity 
from a particular 
antenna is modeled by 
r = a cos? 9. 


(a) Convert the polar 
equation to 
rectangular form. 


(b) Use a graphing utility to graph the model for a = 4 and 
a — 6. 


(c) Find the area of the geographical region between the two 
curves in part (b). 


50. Area The area inside one or more of the three interlocking 
circles r = 2a cos 9, r = 2a sin 9, and r = a is divided into 
seven regions. Find the area of each region. 


51. Conjecture Find the area of the region enclosed by 
r = acos(n8) 


for n = 1,2,3,. . .. Use the results to make a conjecture 
about the area enclosed by the function when n is even and 
when n is odd. 


52. Area Sketch the strophoid 


r — sec 0 — 2cos 0, - eer. 


2 


Convert this equation to rectangular coordinates. Find the area 
enclosed by the loop. 


hin255/Shutterstock.com 
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ORO Finding the Arc Length of a Polar Curve In 


ety Exercises 53-58, find the length of the curve over 
CEINCUS the given interval. 

[n]:5. ee 

53. r = 8, |o. =] 54.r=a, [0,2m] 

55. r= 4sin9, [0, n] 56. r = 2a cos 0, E H 


57. r— | + sin, [0,27] 58. r = 8(1 + cos 8), |o. T| 


f Finding the Arc Length of a Polar Curve In Exercises 


59-64, use a graphing utility to graph the polar equation 
over the given interval. Use the integration capabilities of the 
graphing utility to approximate the length of the curve. 


59. r = 20, |o. z] 60. r = sec O, |o. z] 

61. r= $ [ru 21] 62. r= e, [0,n] 

63. r = sin(3 cos ©),  [0, rt] 64. r = 2sin(2cos ©), [0, rr] 
Finding the Area of a Surface of 


“6 Revolution In Exercises 65-68, find the area of 
the surface formed by revolving the polar equation 
over the given interval about the given line. 


Polar Equation Interval Axis of Revolution 
65. r = 6cos 8 0<0< $ Polar axis 
66. r = acos 8 0205, 0-7 
67. r = e'9 0ses- 0-7 
68. r = a(1 + cos 0) 00cm Polar axis 


BB Finding the Area of a Surface of Revolution In 


Exercises 69 and 70, use the integration capabilities of a graphing 
utility to approximate the area of the surface formed by 
revolving the polar equation over the given interval about the 
polar axis. 


69. r = 4 cos 20, |o. z] 70.r=0, [0,11] 


EXPLORING CONCEPTS 


Using Different Methods In Exercises 71 and 72, 
(a) sketch the graph of the polar equation, (b) determine 
the interval that traces the graph only once, (c) find 
the area of the region bounded by the graph using a 
geometric formula, and (d) find the area of the region 
bounded by the graph using integration. 


71. r= 10 cos 8 72. r= 5sinO 


73. Think About lt Let f(8) > O for all © and let 
g(8) < 0 for all €. Find polar equations r = f(0) and 
r = g(8) such that their graphs intersect. 


HOW DO YOU SEE IT? which graph, 
traced out only once, has a larger arc length? 
Explain your reasoning. 


gu 
2 


75. Surface Area of a Torus Find the surface area of the 
torus generated by revolving the circle given by r — 2 about 
the line r — 5 sec 8. 


76. Surface Area of a Torus Find the surface area of the 
torus generated by revolving the circle given by r — a about 
the line r = b sec 9, where 0 < a < b. 


77. Approximating Area Consider the circle 
r = 8 cos 9. 


(a) Find the area of the circle. 


(b) Complete the table for the areas A of the sectors of the 
circle between O = 0 and the values of 8 in the table. 


0.2 | 04 | 0.6 | 0.8 | 1.0 | 1.2 | 14 


A 


(c) Use the table in part (b) to approximate the values of 0 for 
which the sector of the circle composes 5, à and A of the 
total area of the circle. 


BB o Use a graphing utility to approximate, to two decimal 
places, the angles 9 for which the sector of the circle 
composes is L and : of the total area of the circle. 


(e) Do the results of part (d) depend on the radius of the 
circle? Explain. 


78. Approximating Area Consider the circle 
r= 3sin 0. 


(a) Find the area of the circle. 


(b) Complete the table for the areas A of the sectors of the 
circle between 9 = 0 and the values of O in the table. 


0.2 | 04 | 06 | 0.8 | 1.0 | 1.2 | 14 


A 


(c) Use the table in part (b) to approximate the values of 8 for 
which the sector of the circle composes s, i and 5 of the 
total area of the circle. 


BE (5 Use a graphing utility to approximate, to two decimal 
places, the angles O for which the sector of the circle 
composes 4, " and $ of the total area of the circle. 
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79. Spiral of Archimedes The curve represented by the 
equation r = a9, where a is a constant, is called the spiral of 
Archimedes. 

f (a) Use a graphing utility to graph r = 0, where 8 = 0. What 
happens to the graph of r = aO as a increases? What 
happens if Ə < 0? 

(b) Determine the points on the spiral r = a0 (a > 0, 0 = 0), 
where the curve crosses the polar axis. 


(c) Find the length of r = 0 over the interval 0 < O < 27. 
(d) Find the area under the curve r = O for 0 < 0 < 27. 


80. Logarithmic Spiral The curve represented by the 
equation r = ae"9, where a and b are constants, is called a 
logarithmic spiral. The figure shows the graph of r = e9/6, 


—2m < 0 < 27. Find the area of the shaded region. 


NIA 


4. 


Ww 


81. Area The larger circle in the figure is the graph of r = 1. 
Find the polar equation of the smaller circle such that the shaded 
regions are equal. 


82. Area Find the area of the circle given by 
r = sin Ə + cos 0. 


Check your result by converting the polar equation to 
rectangular form, then using the formula for the area of a circle. 


83. Folium of Descartes A curve called the folium of 
Descartes can be represented by the parametric equations 


| 8t Bud e 3P 
TFP V IFP 


x 


(a) Convert the parametric equations to polar form. 
(b) Sketch the graph of the polar equation from part (a). 


(c) Use a graphing utility to approximate the area enclosed by 
the loop of the curve. 


84. Arc Length in Polar Form Use the formula for the arc 
length of a curve in parametric form to derive the formula for 
the arc length of a polar curve. 
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Exploration 


Graphing Conics Seta 
graphing utility to polar 
mode and enter polar 
equations of the form 


a 


T 1-bcosO 


a 


"= ibn 


As long as a # 0, the graph 
should be a conic. What 
values of a and b produce 
parabolas? What values 
produce ellipses? What 
values produce hyperbolas? 


E Analyze and write polar equations of conics. 
E Understand and use Kepler’s Laws of planetary motion. 


Polar Equations of Conics 


In this chapter, you have seen that the rectangular equations of ellipses and hyperbolas 
take simple forms when the origin lies at their centers. As it happens, there are many 
important applications of conics in which it is more convenient to use one of the foci 
as the reference point (the origin) for the coordinate system. Here are two examples. 


1. The sun lies at a focus of Earth's orbit. 

2. The light source of a parabolic reflector lies at its focus. 

In this section, you will see that the polar equations of conics take simpler forms when 
one of the foci lies at the pole. 


The next theorem uses the concept of eccentricity, as defined in Section 10.1, to 
classify the three basic types of conics. 


2EM 10 


Classification of Conics by Eccentricity 
Let F be a fixed point (focus) and let D be a fixed line (directrix) in the plane. 
Let P be another point in the plane and let e (eccentricity) be the ratio of the 
distance between P and F to the distance between P and D. The collection of 
all points P with a given eccentricity is a conic. 
1. The conic is an ellipse for 0 < e < 1. 

2. The conic is a parabola for e = 1. 


3. The conic is a hyperbola for e > 1. 


A proof of this theorem is given in Appendix A. 


In Figure 10.57, note that for each type of conic, the pole corresponds to the fixed 
point (focus) given in the definition. 


n m n 
Directrix 2 Directrix 2 Directrix 2 
peed Q% - 9," 
: —-0 l »- » »0 
| pbel. (6700 
i i Q| 
Ellipse: 0 < e < 1 Parabola: e = 1 Hyperbola: e > 1 
PF PF PF 
AKI PF = PQ —=—, > l 
PQ PQ PQ 


Figure 10.57 


The benefit of locating a focus of a conic at the pole is that the equation of the conic 
becomes simpler, as seen in the proof of the next theorem. 
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THEOREM 10.17 Polar Equations of Conics 
The graph of a polar equation of the form 


ed ed 


p——————& or r= > 
1+ ecos8 l-esinO 


kie 


between the focus at the pole and its corresponding directrix. [m] ho u 


is a conic, where e > 0 is the eccentricity and |d| is the distance 


d Proof This is a proof for r = ed/(1 + e cos O) with d > 0. In Figure 10.58, consider a 
f —— 8 D . . . . . . 
! vertical directrix d units to the right of the focus F = (0, 0). If P = (r, 9) is a point on 
i the graph of r = ed/(1 + e cos 8), then the distance between P and the directrix can 
P=(r,9) ' be shown to be 
Pale re 1 Ə 
j X | t 
nk bg sae Wes == ! - rese = |]. 
f > : =0 e e 
F=(0,0) | 
Because the distance between P and the pole is simply PF = |r|, the ratio of PF to PQ is 
' Directrix PF |r | 
= = |e| =e 
Figure 10.58 PQ |r/e| 
and, by Theorem 10.16, the graph of the equation must be a conic. The proofs of the 
other cases are similar. H 
The four types of equations indicated in Theorem 10.17 can be classified as 
follows, where d > 0. 
a. Horizontal directrix above the pole: r= E a 
d pore: 1+ esin® 
: . : ed 
b. Horizontal directrix below the pole: p RD 
] — esinO 
c. Vertical directrix to the right of the pole: r — ae 
" E Ens 1 + ecos 8 
d. Vertical directrix to the left of the pole: r = n a 
1 — e cos ð 
Figure 10.59 illustrates these four possibilities for a parabola. Note that for convenience, 
the equation for the directrix is shown in rectangular form. 
R m Ir n 
2 2 2 2 
Directrix y=d Directrix Directrix! 
ipa ee 'x=d x=—d | 
e > 0 e > 0 e > 0 e > 0 
— Diretrix. |/] y= 
po T n um MeL ed a 
1 —e sin 0 1 * ecos 0 1 —e cos 0 


(a) (b) (c) (d) 
The four types of polar equations for a parabola 
Figure 10.59 
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n "EN 
2 m m 

oja 3 —2 cos 8 
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i R 

(3, m) (15, 0) 

it | | =0 
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13 
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The graph of the conic is an ellipse 
with e = 2 
Figure 10.60 


The graph of the conic is a hyperbola 
with e — 5, 
Figure 10.61 


EXAMPLE 1 Determining a Conic from Its Equation 


15 


Sketch the graph of the conic r = 3—2c58 


Solution To determine the type of conic, rewrite the equation as 


15 
pue — T Write original equation. 
3 — 2cos 8 ipia. 
5 Divide numerator and 
“y= (2/3) cos O denominator by 3. 


So, the graph is an ellipse with e = A You can sketch the upper half of the ellipse by 
plotting points from 0 = 0 to 0 = rt, as shown in Figure 10.60. Then, using symmetry 
with respect to the polar axis, you can sketch the lower half. a 


For the ellipse in Figure 10.60, the major axis is horizontal and the vertices lie at 
(15, 0) and (3, T). So, the length of the major axis is 2a = 18. To find the length of 
the minor axis, you can use the equations e — c/a and D? — a? — c? to conclude that 


b = @ — e = g- (ea) =al- e). Ellipse 


Because e = A you have 
= 971 - ()] = 45 


which implies that b = J 45 = 3 / 5. So, the length of the minor axis is 2b — 6 /. 5. 
A similar analysis for hyperbolas yields 


b = e — g = (ea)? =g a? (e? = 1). Hyperbola 


EXAMPLE 2 Sketching a Conic from Its Polar Equation 


aT [> See LarsonCalculus.com for an interactive version of this type of example. 


32 


ketch th h of the pol ti — UR. 
Sketch the graph of the polar equation r 31 5sin0 
Solution  Dividing the numerator and denominator by 3 produces 


32/3 
—.1- (5/3) sin 0 


r 


Because e — 3 > 1, the graph is a hyperbola. Because d = 3 the directrix is the line 
y= 2 The transverse axis of the hyperbola lies on the line O = 11/2, and the vertices 
occur at 


(r, 6) = (a m) and (59)- (-16, a) 


Because the length of the transverse axis is 12, you can see that a = 6. To find b, write 


b = are2 — 1) = SIBI | = 64. 


Therefore, b = 8. Finally, you can use a and b to determine the asymptotes of the 
hyperbola and obtain the sketch shown in Figure 10.61. a 


JOHANNES KEPLER (1571—1630) 


Kepler formulated his three 
laws from the extensive 

data recorded by Danish 
astronomer Tycho Brahe and 
from direct observation of the 
orbit of Mars. 

See LarsonCalculus.com to read 
more of this biography. 


2 
Sun 
n -0 
Earth 
Halley's 
comet 
3n 
2 Not drawn to scale 


Figure 10.62 
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Kepler's Laws 


Kepler's Laws, named after the German astronomer Johannes Kepler, can be used to 
describe the orbits of the planets about the sun. 


1. Each planet moves in an elliptical orbit with the sun as a focus. 
2. Aray from the sun to the planet sweeps out equal areas of the ellipse in equal times. 


3. The square of the period is proportional to the cube of the mean distance between 
the planet and the sun.* 


Although Kepler derived these laws empirically, they were later validated by 
Newton. In fact, Newton was able to show that each law can be deduced from a set of 
universal laws of motion and gravitation that govern the movement of all heavenly 
bodies, including comets and satellites. This is shown in the next example, 
involving the comet named after the English mathematician and physicist Edmund 
Halley (1656-1742). 


EXAMPLE 3 Halley's Comet 


Halley's comet has an elliptical orbit with the sun at one focus and has an 
eccentricity of e ~ 0.967. The length of the major axis of the orbit is approximately 
35.88 astronomical units (AU). (An astronomical unit is defined as the mean distance 
between Earth and the sun, which is 93 million miles.) Find a polar equation for the 
orbit. How close does Halley's comet come to the sun? 


Solution Using a vertical axis, you can choose an equation of the form 


ed 


pL 
l-cesinO 


Because the vertices of the ellipse occur when O = 11/2 and 0 = 3m/2, you can 
determine the length of the major axis to be the sum of the r-values of the vertices, as 
shown in Figure 10.62. That is, 


y, = 09674 0.967d 
7 1-40967 1 — 0.967 
35.88 = 29.79d. 2a ~ 35.88 


So, d = 1.204 and 
ed = (0.967)(1.204) = 1.164. 
Using this value in the equation produces 


B 1.164 
"T+ 0.967 sin O 


where r is measured in astronomical units. To find the closest point to the sun (the 
focus), you can write 


c = ea ~ (0.967)(17.94) = 17.35. 
Because c is the distance between the focus and the center, the closest point is 
a — c = 17.94 — 17.35 


— 0.59 AU 
= 55,000,000 miles. u 


* [f Earth is used as a reference with a period of 1 year and a distance of 1 astronomical unit, then the proportionality 
constant is 1. For example, because Mars has a mean distance to the sun of D ~ 1.524 AU, its period P is D? = P?. 
So, the period for Mars is P ~ 1.88 years. 
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Apollo 


Figure 10.64 


Kepler's Second Law states that as a planet moves about the sun, a ray from the 
sun to the planet sweeps out equal areas in equal times. This law can also be applied to 
comets or asteroids with elliptical orbits. For example, Figure 10.63 shows the orbit of 
the asteroid Apollo about the sun. Applying Kepler's Second Law to this asteroid, you 
know that the closer it is to the sun, the greater its velocity, because a short ray must be 
moving quickly to sweep out as much area as a long ray. 


—_> 


A ray from the sun to the asteroid Apollo sweeps out equal areas in equal times. 
Figure 10.63 


The Asteroid Apollo 


The asteroid Apollo has a period of about 661 Earth days, and its orbit is approximated 
by the ellipse 


1 9 
| 14+ (5/9)cos8 9+ 5cosO 


F 
where r is measured in astronomical units. How long does it take Apollo to move from 
the position O = —11/2 to 0 = 11/2, as shown in Figure 10.64? 


Solution Begin by finding the area swept out as 9 increases from —T/2 to Tt/2. 


1 B 
A= 2 f r? dð Formula for area of a polar graph 
a 


n/2 2 
- | ( E 
2] 2 \9 5cos 8 


Using the substitution u — tan(0/2), as discussed in Section 8.7, you obtain 


81 | —5 sin 0 18 /56 29m n° 
= = arctan ——— — — 
112|9 + 5cos0 — 56 14 


= 0.90429. 


-n/2 


Because the major axis of the ellipse has length 2a — 81/28 and the eccentricity is 
e — 5/9, you can determine that 


b=a/ e = 2 


J/56 


So, the area of the ellipse is 


81 9 
Area of ellipse = Tab = i X ) = 5.46507. 
p 56/\ /56 
Because the time required to complete the orbit is 661 days, you can apply Kepler’ s 
Second Law to conclude that the time ¢ required to move from the position O = —m/2 
to 8 = 11/2 is 
t area of elliptical segment — 0.90429 


661 area of ellipse ~~ 5.46507 


which implies that t ~ 109 days. a 
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1 0 n 6 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 
(e) 3 (f) T 
CONCEPT CHECK 
1. Classification of Conics Identify each conic using 
eccentricity. ü 
4 7 
pro 2a ane T=. o8 
© r= (denos 
6 + 5cos 0 2 — 3sin 0 
2. Comparing Conics Without graphing, how are the ps 6 8. r= 2 
graphs of the following conics different? Explain. 1 — cos 8 2 — cos 8 
3 2 
dr 5 ano N= t ang 
6 2 
11. r= ————z 12. r= —— —« 
7 2-— sin0 7 24 3cos0 


Bis Graphing a Conic In Exercises 3 and 4, use a graphing 
utility to graph the polar equation when (a) e = 1, (b) e = 0.5, 
and (c) e = 1.5. Identify the conic. 


Identifying and Sketching a Conic In 
Exercises 13-22, find the eccentricity and the 
distance from the pole to the directrix of the conic. 


3.r- -—— aw 4.r- — oe Then identify the conic and sketch its graph. Use a 
1 + ecos 0 1l —esinO ; s 
graphing utility to confirm your results. 
Writing In Exercises 5 and 6, consider the polar equation 1 5 
13. r = ——, 14. r= z7— —4 
4 1 — cos 0 5 — 3cos 0 
p—L—————& 
l-esinO ik += 7 1 = 
717 44 8sin0 xd 1 + cos 0 
f 5. Use a graphing utility to graph the equation for e = 0.1, 6 10 
e = 0.25, e = 0.5, e = 0.75, and e = 0.9. Identify the conic 17. r= Og dg 18. r — Fed dae 
and discuss the change in its shape as e> 1^ and e > 0°. SER E 
ee 6. Use a graphing utility to graph the equation for e = 1.1, 19. r — 155 20. r= rg 
e = 1.5, and e = 2. Identify the conic and discuss the change in Tun Sa 
its shape as e— 1* and e oo. 2. r 300 2.: 24 


~ —12 + 6sinO ~ 25 + 25 cos @ 
Matching In Exercises 7-12, match the polar equation with 


its correct graph. [The graphs are labeled (a), (b), (c), (d), (e), AL Identifying a Conic In Exercises 23-26, use a graphing 


and (f).] utility to graph the polar equation. Identify the graph and find 
its eccentricity. 
(a) 5 (b) P 
/ \ = 3 = -1 
Pig nunt Pa 0o 
i x ES 6 
AS an Mie ame, ee 
s Be Comparing Graphs In Exercises 27-30, use a graphing 


utility to graph the conic. Describe how the graph differs from 
the graph in the indicated exercise. 


4 x 
2.r- 1 + cos(8 — 11/3) (See Exercise 16.) 
28. r= 10 (See Exercise 18.) 
"^ 5+ 4sin(ð — 11/4) 

6 ; 
29. r 2 + cos(8 + 11/6) (See Exercise 19.) 
30. r= 3 4 7 sin(0 + 21/3) (See Exercise 20.) 
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31. Rotated Ellipse Write the equation for the ellipse rotated 
TU/6 radian clockwise from the ellipse 


-2 8 
8 + 5 cos 0 


r 


32. Rotated Parabola Write the equation for the parabola 
rotated Tt/4 radian counterclockwise from the parabola 


9 
1 + sin ® 


Finding a Polar Equation In Exercises 33-38, find a polar 
equation for the conic with its focus at the pole and the given 
eccentricity and directrix. (For convenience, the equation for 
the directrix is given in rectangular form.) 


Conic Eccentricity Directrix 
33. Parabola e=1 x=-3 
34. Parabola e=1 y=4 
35. Ellipse e= 1 y-l1 
36. Ellipse e= 2 y=-2 
37. Hyperbola e= 7 x=2 
38. Hyperbola e= 3 x=-1 


Finding a Polar Equation In Exercises 39-44, find a polar 
equation for the conic with its focus at the pole and the given 
vertex or vertices. 


Conic Vertex or Vertices 
39. Parabola (1 23 
40. Parabola (5, Tt) 
41. Ellipse (2,0), (8,m) 


42. Ellipse 


43. Hyperbola 


44. Hyperbola (2,0), (10, 0) 


EXPLORING CONCEPTS 


45. Eccentricity Consider two ellipses, where the foci 
of the first ellipse are farther apart than the foci of the 
second ellipse. Is the eccentricity of the first ellipse 
always greater than the eccentricity of the second 
ellipse? Explain. 


. Distance Describe what happens to the distance 
between the directrix and the center of an ellipse when 
the foci remain fixed and e approaches 0. 


47. Finding a Polar Equation Find a polar equation for the 
ellipse with the following characteristics. 


Focus: (0, 0) 
Eccentricity: e — 1 


Directrix: r = 4 sec 8 


48. 5 HOW DO YOU SEE IT? Identify the conic 
in the graph and give the possible values for the 
eccentricity. 


(b) 


2 2 
49. Ellipse Show that the polar equation for x + x = lis 
2 b? 
c= 1-— &cos2 0 Ellipse 
2 y 
50. Hyperbola Show that the polar equation for Sog" lis 
-p 
r= Hyperbola 


1 — e? cos? 0 


Finding a Polar Equation In Exercises 51-54, use the 
results of Exercises 49 and 50 to write the polar form of the 
equation of the conic. 

51. Ellipse: focus at (4, 0); vertices at (5, 0), (5, rt) 

52. Hyperbola: focus at (5, 0); vertices at (4, 0), (4, rU) 


y 
53,2 -2 =] 
3 9 16 
2 
54. — + y = 


Area of a Region In Exercises 55-58, use the integration 
capabilities of a graphing utility to approximate the area of the 
region bounded by the graph of the polar equation. 


55. r= > 
56. r= 7 
57. r= = 
58. r= 2 
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59. Explorer 18 On November 27, 1963, the United States 
launched Explorer 18. Its low and high points above the surface 
of Earth were approximately 119 miles and 123,000 miles (see 
figure). The center of Earth is a focus of the orbit. Find the 
polar equation for the orbit and find the distance between the 
surface of Earth and the satellite when O = 60°. (Assume that 
the radius of Earth is 4000 miles.) 


* 65. Planetary Motion € e 0 e 0 o 0 9 06 6 0€ 6 0» ee @ 


In Exercise 63, the polar 
equation for the elliptical 
orbit of Neptune was 
found. Use the equation 
and a computer algebra 
system to perform each 
of the following. 


90? 

Explorer 18 (a) Approximate the 
area swept out by a 
ray from the sun to the 
planet as O increases from 0 to 11/9. Use this result to 
determine the number of years required for the planet to 
move through this arc when the period of one revolution 


around the sun is 165 years. 


| 


-0 


ye. 


1 
1 
1 
1 
1 
1 
I 


(b 


— 


By trial and error, approximate the angle u such that the 
area swept out by a ray from the sun to the planet as 0 
increases from it to u equals the area found in part (a) 
(see figure). Does the ray sweep through a larger or 
smaller angle than in part (a) to generate the same area? 
Why is this the case? 


Not drawn to scale 


60. Planetary Motion The planets travel in elliptical orbits 
with the sun as a focus, as shown in the figure. 


NIA 


Planet 


ri---7---* 


1 
1 
1 
1 
1 
1 
J 


Not drawn to scale 
(c) Approximate the distances the planet traveled in parts 


(a) and (b). Use these distances to approximate the 
average number of kilometers per year the planet 
traveled in the two cases. 


(a) Show that the polar equation of the orbit is given by 


m (1 — e)a 
1 —ecos8 


where e is the eccentricity. 
66. Comet Hale-Bopp The comet Hale-Bopp has an elliptical 


orbit with the sun at one focus and has an eccentricity of 
e ~ 0.995. The length of the major axis of the orbit is 
approximately 500 astronomical units. (a) Find the length of 
its minor axis. (b) Find a polar equation for the orbit. (c) Find 
the perihelion and aphelion distances. 


(b) Show that the minimum distance (perihelion) from the 
sun to the planet is r= a(l — e) and the maximum 
distance (aphelion) is r = a(1 + e). 


Planetary Motion In Exercises 61—64, use Exercise 60 to 
find the polar equation of the elliptical orbit of the planet and 


Me pesinonon and Spe ROD. distances; Eccentricity In Exercises 67 and 68, let rj represent the 


61. Earth distance from a focus to the nearest vertex, and let r, represent 


the distance from the focus to the farthest vertex. 
a = 1.496 x 108 kilometers j T IMs 


e — 0.0167 67. Show that the eccentricity of an ellipse can be written as 
62. Saturn ges Fy— fo 
a — 1.434 x 10? kilometers n con 
= r 1+ 
das Then show that — = 1- 
63. Neptune To e 
a = 4495 x 10° kilometers 68. Show that the eccentricity of a hyperbola can be written as 
e — 0.0113 NEURAL 
64. Mercury Ty 16 
- 7 ki r +1 
a = 5.791 x 10’ kilometers Théea-show that =< 
e = 0.2056 w e 


NASA 


746 Chapter 10  Conics, Parametric Equations, and Polar Coordinates 


Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Matching In Exercises 1-6, match the equation with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) A (b) T 
4- 
2 
2 2 4 
2 
—4 + 
(c) i (d) 
4+ 
2+ 
sof 
Poll 
y y 
(e) : (f) i 
41 61 
HH Hr | 
4 2 2 4 | 
X 
T 2 L 2 4 
A Sell 
1.42 *y-4 2.429 -y =4 
y = —4x 4. y — 42 =4 
x? + 4y? = 6. x? = 4y 


Identifying a Conic In Exercises 7-14, identify the conic, 
analyze the equation (center, radius, vertices, foci, eccentricity, 
directrix, and asymptotes, if possible), and sketch its graph. 
Use a graphing utility to confirm your results. 


7. xX +y — 2x - 8 - 850 
8. y? — 12y - 8x + 20-0 

9, 3x? — 2y? + 24x + 12y + 24 =0 

10. 52 + y? — 20x + 19 =0 

11. 16x? + 16y? — 16x + 24y - 3-0 
12. —4x? + 3y? — 16x — 18y + 10 = 0 
13. x2 + 10x — 12y + 13 =0 
14. 9x2 + 25y? + 18x — 100y 


116 =0 


Finding the Standard Equation of a Parabola In 
Exercises 15 and 16, find the standard form of the equation of 
the parabola with the given characteristics. 


15. Vertex: (7, 0) 16. Vertex: (2, 6) 


Directrix: x = 5 Focus: (2, 4) 


Finding the Standard Equation of an Ellipse In 
Exercises 17-20, find the standard form of the equation of the 
ellipse with the given characteristics. 


17. Center: (0, 1) 
Focus: (4, 1) 
Vertex: (6, 1) 


18. Center: (0, 0) 
Major axis: vertical 


Points on the ellipse: 
(1, 2), (2, 0) 
19. Vertices: (3, 1), (3, 7) 20. Foci: (0, +7) 


Eccentricity: 2 Major axis length: 20 


Finding the Standard Equation of a Hyperbola In 
Exercises 21—24, find the standard form of the equation of the 
hyperbola with the given characteristics. 


21. Vertices: (0, +8) 22. Vertices: (+2, 0) 
Asymptotes: y = +2x 
23. Vertices: (+7, — 1) 


Foci: (+9, — 1) 


Asymptotes: y = +32x 
24. Center: (0, 0) 

Vertex: (0, 3) 

Focus: (0, 6) 


25. Satellite Antenna A cross section of a large 
parabolic antenna is modeled by the graph of y = x*/200, 
—100 < x < 100. The receiving and transmitting equipment 
is positioned at the focus. 

(a) Find the coordinates of the focus. 
(b) Find the surface area of the antenna. 
] . l y 

26. Using an Ellipse Consider the ellipse 25 + uo 1. 

(a) Find the area of the region bounded by the ellipse. 


(b) Find the volume of the solid generated by revolving the 
region about its major axis. 


Using Parametric Equations In Exercises 27-34, sketch 
the curve represented by the parametric equations (indicate 
the orientation of the curve), and write the corresponding 
rectangular equation by eliminating the parameter. 


27.x=1+4+ 84, y=3-4t 
299.x=/t+1, y=t-3 
31. x = 6cos0, y=6sin0 
32.x=2+5cost, y - 3t 2sinf 
33. x —2 + sec, y=3+tand 
34. x = 5si 0, y = 5cos?0 


28.x 21-2, y ?^-1 
30.x —e'—1, y^ e” 


Finding Parametric Equations In Exercises 35 and 
36, find two different sets of parametric equations for the 
rectangular equation. 


35. y= 4x + 3 36.y- 2-2 


B 37. Rotary Engine The rotary engine was developed by Felix 


Wankel in the 1950s. It features a rotor that is a modified 
equilateral triangle. The rotor moves in a chamber that, in two 
dimensions, is an epitrochoid. Use a graphing utility to graph 
the chamber modeled by the parametric equations 


x = cos 30 + 5cos 0 
and 
y = sin 30 + 5sin 0. 


38. Serpentine Curve Consider the parametric equations 
x = 2cot 0 and y = 4 sin 0 cos 0, 0 < 0 < m. 
B (a) Use a graphing utility to graph the curve. 


(b) Eliminate the parameter to show that the rectangular 
equation of the serpentine curve is (4 + x2)y = 8x. 


Finding Slope and Concavity In Exercises 39— 46, find 
dy/dx and d?y/dx?, and find the slope and concavity (if 
possible) at the given value of the parameter. 


Parametric Equations Parameter 
39.x - 1*6, y=4-5t t=3 
40.x=t-6, y=? t=5 

1 
41x =, y=? t=-2 
42. x = L 1 —3-—2t t=4 

. R , y 
43.x=e', y=e"' t=1 
44.x=5+cos#, y=3 + 4sin0 g= 

; 7 

45. x = 10cos0, y= 10sin@ 0-1 
. 7 
46. x = cost ð, y= sin*^0 pee 


AB Finding an Equation of a Tangent Line In Exercises 47 


and 48, (a) use a graphing utility to graph the curve represented 
by the parametric equations, (b) use a graphing utility to find 
dx /d®, dy /d0, and dy/dx at the given value of the parameter, 
(c) find an equation of the tangent line to the curve at the given 
value of the parameter, and (d) use a graphing utility to graph 
the curve and the tangent line from part (c). 


Parametric Equations Parameter 
47. x= cot, y= sin20 Bec 
48,x=1tn6, y= 6sinó a= 

x — qun, y sin 3 


Horizontal and Vertical Tangency In Exercises 49—52, 
find all points (if any) of horizontal and vertical tangency to the 
curve. Use a graphing utility to confirm your results. 


49.x=5-t y «2t 
50.x=t+2, y —- P —2t 
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51. x=2 +2sin, y= 1 + cos0 
52. x= 2 — 2cos0, y= 2sin20 


Arc Length In Exercises 53 and 54, find the arc length of 
the curve on the given interval. 


Parametric Equations Interval 
53.x=P4+1, y-4P0-3 Osts2 
54. x — 7cos0, y=7sind 0s0zm 


Surface Area In Exercises 55 and 56, find the area of the 
surface generated by revolving the curve about (a) the x-axis 
and (b) the y-axis. 


SS.x—4t y=3t+1, Os:s1 


56.x —2cos0, y=2sin0, 0< gut 


N 


Area In Exercises 57 and 58, find the area of the region. 


57. x = 3 sin 0 58. x = 2 cos 0 
y = 2cos 0 y= sin 
T 7 
-—-«0z- <6< 
2 0 2 0s0-zm 
y " 
A A 
4+ 3+ 
3+ 2+ 
a FE... 
i 32 41 i 23 
=h ZEE 
dome p oru s zs 
—- 3+ 


Polar-to-Rectangular Conversion In Exercises 59-62, 
the polar coordinates of a point are given. Plot the point and 
find the corresponding rectangular coordinates for the point. 


3n 5n 
59. (5.2) 60. (-s a 
61. (./7, 3.25) 62. (—2, —2.45) 


Rectangular-to-Polar Conversion In Exercises 63—66, 
the rectangular coordinates of a point are given. Plot the 
point and find two sets of polar coordinates for the point for 
0 0 «2n 


63. (4, —4) 
65. (—1, 3) 


64. (0, —7) 
66. (— /3, — 3) 
Rectangular-to-Polar Conversion In Exercises 67-72, 


convert the rectangular equation to polar form and sketch its 
graph. 


67. x2 +y = 25 68. x -—y=4 
69. y=9 70. x - 6 
71. -x -4y - 3-0 72. x? = 4y 
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Polar-to-Rectangular Conversion In Exercises 73—78, 
convert the polar equation to rectangular form and sketch its 
graph. 
73. r = 6cos 0 
75. r= —4 sec 0 


74. r= 10 
76. r = 3csc 0 


7.80235 


1 78. r = —2 sec 0 tan 0 


BB Graphing a Polar Equation In Exercises 79-82, use a 


graphing utility to graph the polar equation. Find an interval 
for € over which the graph is traced only once. 


79. r= T sin 36 80. r = 2 sin 0 cos? 0 


81. r = 4cos 20 sec 0 82. r = 4(sec 0 — cos 0) 


Horizontal and Vertical Tangency In Exercises 83 and 
84, find the points of horizontal and vertical tangency (if any) 
to the polar curve. 


83. r = 1 — cos 0 84. r = 3 tan 0 


Tangent Lines at the Pole In Exercises 85 and 86, sketch a 
graph of the polar equation and find the tangent lines at the pole. 


85. r — Asin 30 86. r = 3cos 40 


Sketching a Polar Graph In Exercises 87-96, sketch a 
graph of the polar equation. 


7 
87. r=6 88. 0 = 10 

89. r = —sec 0 90. r= 5csc 0 
91. r=4-—-3cos@ 92. r=3 + 2sin0 
93. r = 40 94. r = —3 cos 20 
95. ;? = 4 sin 20 96. r? = 9 cos 20 


Finding the Area of a Polar Region In Exercises 97-100, 
find the area of the region. 


97. One petal of r = 3 cos 50 

98. One petal of r = 2 sin 60 

99, Interior of r = 2 + cos 0 
100. Interior of r = 5(1 — sin 0) 


Finding Points of Intersection In Exercises 101 and 102, 
find the points of intersection of the graphs of the equations. 


101. r= 1 — cos 0 
r=1+sin0@ 


102. r= 1 + sin 0 


r= 3sin0 


Bj Finding the Area of a Polar Region In Exercises 


103-108, use a graphing utility to graph the polar equation. 
Find the area of the given region analytically. 

103. Inner loop of r = 3 — 6 cos 0 

104. Inner loop of r = 4 + 8 sin 0 

105. Between the loops of r = 3 — 6 cos 0 


106. Between the loops of r = 4 + 8 sin 0 
107. Common interior of r = 5 — 2 sin 0 and r = —5 + 2 sin 0 
108. Common interior of r = 4 cos 0 and r = 2 


Finding the Arc Length of a Polar Curve In Exercises 
109 and 110, find the length of the curve over the given interval. 


Polar Equation Interval 
109. r = 5 cos 0 E d 
110. r = 3(1 — cos 6) [0, x] 


Finding the Area of a Surface of Revolution In 
Exercises 111 and 112, find the area of the surface formed by 
revolving the polar equation over the given interval about the 
given line. 


Polar Equation Interval Axis of Revolution 
111. r= 2sin0 005m Polar axis 
T 7 
= i < < — = — 
112. r = 2 sin 0 DET 0 2 


Identifying and Sketching a Conic In Exercises 
113-118, find the eccentricity and the distance from the pole to 
the directrix of the conic. Then identify the conic and sketch its 
graph. Use a graphing utility to confirm your results. 


U3. = and MAS PT a cond 
6 4 

HP LONE U6. r= = mana 
4 8 

Hbro dud pid rer ou 


Finding a Polar Equation In Exercises 119—122, find a 
polar equation for the conic with its focus at the pole and the 
given eccentricity and directrix. (For convenience, the equation 
for the directrix is given in rectangular form.) 


Conic Eccentricity Directrix 
119. Parabola e= x= 3 
120. Ellipse e= i y=-2 
121. Hyperbola e=3 y=3 
122. Hyperbola e= 2 x=-1 


Finding a Polar Equation In Exercises 123-126, find a 
polar equation for the conic with its focus at the pole and the 
given vertex or vertices. 


Conic Vertex or Vertices 
123. Parabola (2. z) 
124. Parabola (3, n) 
125. Ellipse (5, 0), (1, x) 
126. Hyperbola (1, 0), (7, 0) 
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See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Using a Parabola Consider the parabola 
x? = 4y 
and the focal chord 
y= x + I. 


(a) Sketch the graph of the parabola and the focal chord. 


(b) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect at right angles. 


(c) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect on the directrix of the parabola. 


2. Using a Parabola Consider the parabola x? = 4py and one 
of its focal chords. 


(a) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect at right angles. 


(b) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect on the directrix of the parabola. 


3. Proof Prove Theorem 10.2, Reflective Property of a Parabola, 
as shown in the figure. 


4. Flight Paths An air traffic controller spots two planes at the 
same altitude flying toward each other (see figure). Their flight 
paths are 20° and 315°. One plane is 150 miles from point P 
with a speed of 375 miles per hour. The other is 190 miles from 
point P with a speed of 450 miles per hour. 


(a) Find parametric equations for the path of each plane where 
t is the time in hours, with t = 0 corresponding to the time 
at which the air traffic controller spots the planes. 


(b) Use the result of part (a) to write the distance between the 
planes as a function of t. 


fe (c) Use a graphing utility to graph the function in part (b). 
When will the distance between the planes be minimum? If 
the planes must keep a separation of at least 3 miles, is the 
requirement met? 


5. Strophoid The curve given by the parametric equations 


—-gp t(1 — 2) 
ce a ER 


1 
x9 = 14-2 


is called a strophoid. 

(a) Find a rectangular equation of the strophoid. 

(b) Find a polar equation of the strophoid. 

(c) Sketch a graph of the strophoid. 

(d) Find the equations of the two tangent lines at the origin. 


(e) Find the points on the graph at which the tangent lines are 
horizontal. 


6. Finding a Rectangular Equation Find a rectangular 
equation of the portion of the cycloid given by the parametric 
equations x = a(0 — sin 0) and y = a(1 — cos0),0 0 € m, 
as shown in the figure. 


2a-r 


7. Cornu Spiral Consider the cornu spiral given by 


t 


] 2 2 
x(t) = Í cos" du and y(t) = Í sin du. 
EE. 2 


0 


B (a) Use a graphing utility to graph the spiral over the interval 
“Stan. 
(b) Show that the cornu spiral is symmetric with respect to the 
origin. 
(c) Find the length of the cornu spiral from t = 0 to t= a. 
What is the length of the spiral from t = —7r to t = 1? 


8. Using an Ellipse Consider the region bounded by the ellipse 


with eccentricity e — c/a. 


(a) Show that the solid (oblate spheroid) generated by revolving 
the region about the minor axis of the ellipse has a volume 
of V = 4n7b/3 and a surface area of 


2 
S = 2na? 4 a(t ) (J = £), 
e l-e 


(b) Show that the solid (prolate spheroid) generated by 
revolving the region about the major axis of the ellipse has 
a volume of V = 4zab?/3 and a surface area of 


b 
S = 2mb? + 2n( @) arcsin e. 
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13. 


Chapter 10  Conics, Parametric Equations, and Polar Coordinates 


Area Leta and b be positive constants. Find the area of the 
region in the first quadrant bounded by the graph of the polar 
equation 

ab 7 


_ «gx 
T (a sin 0 + b cos 0) ee 


Arc Length Consider the logarithmic spiral 
r= e” 


where a is a constant greater than 0 (see figure). Find the arc 
length from the point (1, 0) to the pole. Notice that the graph 
of the curve makes infinitely many rotations to reach the pole. 


(1, 0) 


Figure for 10 Figure for 11 


Finding a Polar Equation Determine the polar equation 
of the set of all points (r, 0), the product of whose distances 
from the points (1, 0) and (— 1, 0) is equal to 1, as shown in 
the figure. 

Arc Length A particle is moving along the path described 
by the parametric equations 


1 sin f 


t 7 t 


for 1 < t < oo, as shown in the figure. Find the length of this 
path. 


> xX 


si 


Finding a Polar Equation Four dogs are located at the 
corners of a square with sides of length d. The dogs all move 
counterclockwise at the same speed directly toward the next 
dog, as shown in the figure. Find the polar equation of a dog's 
path as it spirals toward the center of the square. 


14. 


15. 


Bi 16. 


Using a Hyperbola Consider the hyperbola 


with foci F, and F,, as shown in the figure. Let T be the 
tangent line at a point M on the hyperbola. Show that incoming 
rays of light aimed at one focus are reflected by a hyperbolic 
mirror toward the other focus. 


y y 


> xX 


- 
a 

/ 

el 
Q 
Ry: 


x=2a 


Figure for 14 Figure for 15 


Cissoid of Diocles Consider a circle of radius a tangent 
to the y-axis and the line x = 2a, as shown in the figure. Let A 
be the point where the segment OB intersects the circle, where 
point B lies on the line x = 2a. The cissoid of Diocles consists 
of all points P such that OP = AB. 


(a) Find a polar equation of the cissoid. 


(b) Find a set of parametric equations for the cissoid that does 
not contain trigonometric functions. 


(c) Find a rectangular equation of the cissoid. 


Butterfly Curve Use a graphing utility to graph the curve 
shown in the figure below. The curve is given by 


0 
= e? — 2 cos 40 + sin? — 
r [4 Cos sin 12 


Over what interval must 0 vary to produce the curve? 


liM FOR FURTHER INFORMATION For more information on 
this curve, see the article “A Study in Step Size" by Temple H. Fay 


in 


Mathematics Magazine. To view this article, go to 


MathArticles.com. 


BIB 17. Graphing Polar Equations Use a graphing utility to 


graph the polar equation r = cos 50 + ncos@for0 < 0 < m 
and for the integers n — —5 to n — 5. What values of n 
produce the "heart" portion of the curve? What values of n 
produce the “bell” portion? (This curve, created by Michael 
W. Chamberlin, appeared in The College Mathematics 
Journal.) 


Vectors and the 
Geometry of Space 


ses gd ding 11.1 Vectors in the Plane 
A ada 11.2 Space Coordinates and Vectors in Space 
ipere 11.3 . The Dot Product of Two Vectors 

11.4 The Cross Product of Two Vectors in Space 
51:511. Lines and Planes in Space 


:11.6 Surfaces in Space 
11.7 Cylindrical and Spherical Coordinates 


Modeling Data 
(Exercise 105, p. 796) 


Auditorium Lights 
(Exercise 99, p. 769) 


Navigation (Exercise 84, p. 761) 
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11.1 Vectors in the Plane 


Q 
. 
Terminal 
point 
P PQ 
Initial 
point 


A directed line segment 
Figure 11.1 


LA 


Equivalent directed line segments 


Figure 11.2 


E Write the component form of a vector. 
E Perform vector operations and interpret the results geometrically. 
E Write a vector as a linear combination of standard unit vectors. 


Component Form of a Vector 


Many quantities in geometry and physics, such as area, volume, temperature, mass, and 
time, can be characterized by a single real number that is scaled to appropriate units of 
measure. These are called scalar quantities, and the real number associated with each 
is called a scalar. 

Other quantities, such as force, velocity, and acceleration, involve both magnitude 
and direction and cannot be characterized completely by a single real number. A directed 
line segment is used to represent such a quantity, as shown in Figure 11.1. The 
directed line segment PO has initial point P and terminal point Q, and its length (or 
magnitude) is denoted by |PO ||. Directed line segments that have the same length and 
direction are equivalent, as shown in Figure 11.2. The set of all directed line segments 
that are equivalent to a given directed line segment PO is a vector in the plane and is 
denoted by 


v= PO. 


In typeset material, vectors are usually denoted by lowercase, boldface letters such as 
u, v, and w. When written by hand, however, vectors are often denoted by letters with 
arrows above them, such as 7, V, and W. 

Be sure you understand that a vector represents a set of directed line segments 
(each having the same length and direction). In practice, however, it is common not to 
distinguish between a vector and one of its representatives. 


EXAMPLE 1 Vector Representation: Directed Line Segments 


Let v be represented by the directed line segment from (0, 0) to (3, 2), and let u be 
represented by the directed line segment from (1, 2) to (4, 4). Show that v and u are 
equivalent. 


Solution Let P(0, 0) and Q(3, 2) be the initial and terminal points of v, and let 
R(1, 2) and S(4, 4) be the initial and terminal points of u, as shown in Figure 11.3. You 
can use the Distance Formula to show that PQ and RS have the same length. 

PO = VG - 07 + Q- OF = 13 

IRI = 4-17 «a -2* = VB 


Both line segments have the same direction, n 
because they both are directed toward the ral Crag 
upper right on lines having the same slope. 
~~ 2-0 2 34- 
1 f PQ = >—_ =f i 
Slope of PQ 3-073 


and aT 


SopebER L 1+ 


Because PO and RS have the same length 
and direction, you can conclude that the two 
vectors are equivalent. That is, v and u are The vectors u and v are equivalent. 
equivalent. Figure 11.3 a 


i | | J 
moi i 3 41 


(v4, v3) 


> xX 


A vector in standard position 


Figure 11.4 


y 
À 


Q(-2,5) 6T 


P (3, —7) 


Component form of v: v — (—5, 12) 


Figure 11.5 
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The directed line segment whose initial point is the origin is often the most 
convenient representative of a set of equivalent directed line segments such as those 
shown in Figure 11.3. This representation of v is said to be in standard position. A 
directed line segment whose initial point is the origin can be uniquely represented by 
the coordinates of its terminal point Ov, vz), as shown in Figure 11.4. In the next 
definition, note the difference in the notation between the component form of a vector 
v = (vj, vj) and the point (v,, v3). 


Definition of Component Form of a Vector in the Plane 


If v is a vector in the plane whose initial point is the origin and whose terminal 
point is (v, v2), then the component form of v is v = (v, v}. The coordinates 


v, and v, are called the components of v. If both the initial point and the 
terminal point lie at the origin, then v is called the zero vector and is denoted 
by 0 = (0, 0). 


This definition implies that two vectors u = (uj, up) and v = (v, v) are equal if 
and only if u, = v, and u, = vp. 

The procedures listed below can be used to convert directed line segments to 
component form or vice versa. 


1. If P(p,,p2) and Q(q;, q;) are the initial and terminal points of a directed line 
segment, then the component form of the vector v represented by PQ is 


(v, V2) = (d Z P» d» — Po): 


Moreover, from the Distance Formula, you can see that the length (or magnitude) 
of v is 


lvii = WACA = p) F (q5 x DE Length of a vector 


= ve và. 


2. If v = (vj, v5), then v can be represented by the directed line segment, in standard 
position, from P(0, 0) to Q(v,, vz). 


The length of v is also called the norm of v. If ||v|| = 1, then v is a unit vector. 
Moreover, ||v|| = 0 if and only if v is the zero vector 0. 


EXAMPLE 2 Component Form and Length of a Vector 


Find the component form and length of the vector v that has initial point (3, — 7) and 
terminal point (— 2, 5). 


Solution Let P(3, —7) = (p, p2) and Q(—2, 5) = (q,, q2). Then the components 
of v = (vi, v) are 


v=q -p 23S = 5 
and 
v =q -p = 5- (=F) = 12. 
So, as shown in Figure 11.5, v = (—5, 12), and the length of v is 
lvl = V5) + 12? 
= /169 
= 13. a 
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Vector Operations 


Definitions of Vector Addition and Scalar Multiplication 
Let u = (u,, u5) and v = (v,, v2) be vectors and let c be a scalar. 


1. The vector sum of u and v is the vector u + v = (u; + v}, U, + vj). 


2. The scalar multiple of c and u is the vector 
cu = (cu,, cu). 
The negative of v is the vector 
-v = (-Dv = (7, =v). 
The difference of u and v is 


u-v-uc(-v) = (u — vu, — v). 


Geometrically, the scalar multiple of a vector v and a scalar c is the vector that is 
The scalar multiplication of v |c| times as long as v, as shown in Figure 11.6. If c is positive, then cv has the same 
Figure 11.6 direction as v. If c is negative, then cv has the opposite direction. 

The sum of two vectors can be represented geometrically by positioning the 
vectors (without changing their magnitudes or directions) so that the initial point of 
one coincides with the terminal point of the other, as shown in Figure 11.7. The vector 
u + v, called the resultant vector, is the diagonal of a parallelogram having u and v 
as its adjacent sides. 


u 
v 
To find u + v, (1) move the initial point of v (2) move the initial point of u 
to the terminal point of u, or to the terminal point of v. 
Figure 11.7 


WILLIAM ROWAN HAMILTON 
(1805-1865) 


Figure 11.8 shows the equivalence of the geometric and algebraic definitions 


Sonia Ob ene earliest work with of vector addition and scalar multiplication and presents (at far right) a geometric 


vectors was done by the Irish i i 
mathematician William Rowan interpretation of u — v. 

Hamilton. Hamilton spent many 

years developing a system of A n (ku, ku) A 
vector-like quantities called 
quatemions. It was not until the (u + Vy, Uy v) 
latter half of the nineteenth 
century that the Scottish 
physicist James Maxwell 
(1831-1879) restructured 
Hamilton’s quaternions in a 
form useful for representing 
physical quantities such as 
force, velocity, and acceleration. 
See LarsonCalculus.com to read 
more of this biography. Vector addition Scalar multiplication Vector subtraction 


Figure 11.8 


The Granger Collection, NYC 


EMMY NOETHER (1882-1935) 


One person who contributed 
to our knowledge of axiomatic 
systems was the German 
mathematician Emmy Noether. 
Noether is generally recognized 
as the leading woman 
mathematician in recent history. 


liM FOR FURTHER INFORMATION 
For more information on Emmy 
Noether, see the article "Emmy 
Noether, Greatest Woman 
Mathematician" by Clark 
Kimberling in Mathematics 
Teacher. 'To view this article, 

go to MathArticles.com. 
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SC IJ 3KNE Vector Operations 


For v — (—2, 5) and w — (3, 4), find each of the vectors. 
a. lv b w-v cvct2w 
Solution 
a. 3v = (3(—2), 3(5)) = (71,3) 
b. w — v = (w; — v, W — v) 
= 8- (2,4-5) 
= (5, —1) 
c. Using 2w = (6, 8), you have 
v + 2w = (—2, 5) + (6, 8) 
= (—2 + 6,5 + 8) 
= (4, 13). a 


Vector addition and scalar multiplication share many properties of ordinary 
arithmetic, as shown in the next theorem. 


THEOREM 11.1 Properties of Vector Operations 


Let u, v, and w be vectors in the plane, and let c and d be scalars. 


utv=vtu Commutative Property 
(u+v)+w=u+(v+w) Associative Property 
u+0=u Additive Identity Property 
u + (—u) =0 Additive Inverse Property 


(c + du = cu + du Distributive Property 


c(u + v) 2 cu + cv Distributive Property 
1(u) = u, O(u) = 0 


1. 
2. 
3. 
4. 
5. c(du) — (cd)u 
6. 
7. 
8. 


Proof The proof of the Associative Property of vector addition uses the Associative 
Property of addition of real numbers. 
(u + v) + w= [Qu us) + (v v3] + (Wy, Wo) 
= (uy + Vy, Uy + v3) + (Wy, w2) 
= ((u, + v,) + wy, (u, + v) + wp) 
= (u, + (vi + wi) us + (v2 + Wy) 
= (Uy, Uy) + (v, + wi, v, + Wo) 
u + (v +w) 


The other properties can be proved in a similar manner. | 


Any set of vectors (with an accompanying set of scalars) that satisfies the eight 
properties listed in Theorem 11.1 is a vector space.* The eight properties are the vector 
space axioms. So, this theorem states that the set of vectors in the plane (with the set of 
real numbers) forms a vector space. 


* For more information about vector spaces, see Elementary Linear Algebra, Eight Edition, by Ron Larson (Boston, 
Massachusetts: Cengage Learning, 2017). 


Granger, NYC — All rights reserved. 
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THEOREM 11.2 Length of a Scalar Multiple 


Let v be a vector and let c be a scalar. Then 


llcv]l = Je] lvi]. |c| is the absolute value of c. 


Proof Because cv = (cv, cv,), it follows that 
levi] = IKev,, ev.) 
= lev}? + (ev)? 
= Serve cj 
= Jv? + vi) 
= |el Vv? + v? 
= |elIMl- a 


In many applications of vectors, it is useful to find a unit vector that has the same 
direction as a given vector. The next theorem gives a procedure for doing this. 


THEOREM 11.3 Unit Vector in the Direction of v 


If v is a nonzero vector in the plane, then the vector 


u-— iu -—guuv 
Ivii dvi 


has length 1 and the same direction as v. 


Proof Because 1/||v|| is positive and u = (1/||v||)v, you can conclude that u has the 


same direction as v. To see that ||u|| = 1, note that 
ul] = v v 
hà = [rg] = pit = gt = 
So, u has length 1 and the same direction as v. a 


In Theorem 11.3, u is called a unit vector in the direction of v. The process of 
multiplying v by 1/||v|| to get a unit vector is called normalization of v. 


EXAMPLE 4 Finding a Unit Vector 


Find a unit vector in the direction of v — (— 2, 5) and verify that it has length 1. 
Solution From Theorem 11.3, the unit vector in the direction of v is 
v (72,5) 


[vl ca deed 
2271 2,5) 
= =a 3] 
J29' /29! 


This vector has length 1, because 


ANA (Fa) END J/5-« a 


u+v 


Triangle inequality 
Figure 11.9 


> xX 


Standard unit vectors i and j 
Figure 11.10 


The angle 0 from the positive x-axis 


to the vector u 
Figure 11.11 
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Generally, the length of the sum of two vectors is not equal to the sum of their 
lengths. To see this, consider the vectors u and v as shown in Figure 11.9. With u and 
v as two sides of a triangle, the length of the third side is |u + v||, and 


lu + vl] < fu] + lvl. 


Equality occurs only when the vectors u and v have the same direction. This result is 
called the triangle inequality for vectors. (You are asked to prove this in Exercise 73, 
Section 11.3.) 


Standard Unit Vectors 


The unit vectors (1, 0) and (0, 1) are called the standard unit vectors in the plane and 
are denoted by 


i— (1,0) and j= (0,1) 


Standard unit vectors 


as shown in Figure 11.10. These vectors can be used to represent any vector uniquely, 
as follows. 


v = (v, v5) = (v,,0) + (0, va} = v,(1,0) + v4(0, 1) = vi + vj 


The vector v = v,i + vjj is called a linear combination of i and j. The scalars v, and 
v, are called the horizontal and vertical components of v. 


EXAMPLE 5 Writing a Linear Combination of Unit Vectors 


Let u be the vector with initial point (2, —5) and terminal point (— 1, 3), and let 

v = 2i — j. Write each vector as a linear combination of i and j. 

a.u 

b. w = 2u — 3v 

Solution 

a. u = (q; — Pi, h — Po) = (-1 — 2,3 — (—5)) = (-3, 8) = —3i + 8j 

b. w = 2u — 3v = 2(—3i + 8j) — 3Qi — j) = —6i + 16j — 6i + 3j = —12i + 19j 
a 


If u is a unit vector and O is the angle (measured counterclockwise) from the 
positive x-axis to u, then the terminal point of u lies on the unit circle, and you have 


u = (cos 9, sin O) = cos Oi + sin 6j 


Unit vector 


as shown in Figure 11.11. Moreover, it follows that any other nonzero vector v making 
an angle 0 with the positive x-axis has the same direction as u, and you can write 


v = |v||(cos 8, sin © = ||v|| cos 0i  ||v|| sin 9j. 


Writing a Vector of Given Magnitude and Direction 


The vector v has a magnitude of 3 and makes an angle of 30° = 11/6 with the positive 
x-axis. Write v as a linear combination of the unit vectors i and j. 


Solution Because the angle between v and the positive x-axis is O = 11/6, you can 
write 


345i 4 


3. 
5 z) au 


v = ||v|| cos 8i  |v|| sin 8j = 3 cos E + 3sin E = 
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400 cos(20?) 


The resultant force on the ocean liner 
that is exerted by the two tugboats 
Figure 11.12 


(b) Direction with wind 


Figure 11.13 


Vectors have many applications in physics and engineering. One example is 
force. A vector can be used to represent force, because force has both magnitude and 
direction. If two or more forces are acting on an object, then the resultant force on the 
object is the vector sum of the vector forces. 


Finding the Resultant Force 


Two tugboats are pushing an ocean liner, as shown in Figure 11.12. Each boat is 
exerting a force of 400 pounds. What is the resultant force on the ocean liner? 


Solution Using Figure 11.12, you can represent the forces exerted by the first and 
second tugboats as 
F, = 400(cos 20°, sin 20°) = 400 cos(20°)i + 400 sin(20°)j 
F, = 400(cos(—20°), sin(—20°)) = 400 cos(20°)i — 400 sin(20°)j. 
The resultant force on the ocean liner is 
F=F +F, 
= [400 cos(20°)i + 400 sin(20°)j] + [400 cos(20°)i — 400 sin(20°)j] 
= 800 cos(20°)i 
= 752i. 


So, the resultant force on the ocean liner is approximately 752 pounds in the direction 
of the positive x-axis. a 


In surveying and navigation, a bearing is a direction that measures the acute 
angle that a path or line of sight makes with a fixed north-south line. In air navigation, 
bearings are measured in degrees clockwise from north. 


EXAMPLE 8 Finding a Velocity 


> ++ +P See LarsonCalculus.com for an interactive version of this type of example. 


An airplane is traveling at a fixed altitude with a negligible wind factor. The airplane 
is traveling at a speed of 500 miles per hour with a bearing of 330°, as shown in 
Figure 11.13(a). As the airplane reaches a certain point, it encounters wind with a 
velocity of 70 miles per hour in the direction N 45° E (45° east of north), as shown in 
Figure 11.13(b). What are the resultant speed and direction of the airplane? 


Solution Using Figure 11.13(a), represent the velocity of the airplane (alone) as 
v, = 500 cos(120°)i + 500 sin(120°)j. 
The velocity of the wind is represented by the vector 
v, = 70 cos(45°)i + 70 sin(45°)j. 
The resultant velocity of the airplane (in the wind) is 
v—vtvY 
= 500 cos(120°)i + 500 sin(120°)j + 70 cos(45°)i + 70 sin(45°)j 
=~ —200.5i + 482.5j. 


To find the resultant speed and direction, write v = ||v||(cos 6i + sin Oj). Because 
\|v|| =~ ./(— 200.5)? + (482.5)? ~ 522.5, you can write 
—200.5. 482.5, 


522,5 | t 2231) = 522.5[cos(112.6?)i + sin(112.6°)j]. 


ym sas 


The new speed of the airplane, as altered by the wind, is approximately 522.5 miles per 
hour in a path that makes an angle of 112.6? with the positive x-axis. a 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Scalar and Vector Describe the difference between 
a scalar and a vector. Give examples of each. 


. Vector Two points and a vector are given. Determine 
which point is the initial point and which point is the 
terminal point. Explain. 


P(2, 1, Q(—-4,60, and v= (6,-7) 


Sketching a Vector In Exercises 3 and 4, (a) find the 
component form of the vector v and (b) sketch the vector with 
its initial point at the origin. 


3. y 4. y 
A A (5, 4) A 
ull a+ 
v 
4l a2 [ee 
2 HM — 
1,2 
s (1, 2) M 
— HHH x (+, 3) + 0,3) 
+4 12 345S =g 


[mis Equivalent Vectors In Exercises 5-8, find the 
J'Uj vectors u and v whose initial and terminal points 
[u] H j are given. Show that u and v are equivalent. 

Pus 


Terminal Terminal 
Initial Point Point Initial Point Point 
5. u: (3,2) (5, 6) 6. u: (—4, 0) (1, 8) 
v: (1, 4) (3, 8) v: (2, - 1) (7, 7) 
7. u: (0,3) (6, —2) 8. u: (-4, - 1) (11, —4) 
v: (3, 10) (9, 5) v: (10, 13) (25, 10) 


MES Writing a Vector in Different Forms In 
: Se Exercises 9—16, the initial and terminal points of a 
es H vector v are given. (a) Sketch the given directed line 
e segment. (b) Write the vector in component form. 
(c) Write the vector as the linear combination of the 
standard unit vectors i and j. (d) Sketch the vector 

with its initial point at the origin. 


Terminal Terminal 
Initial Point Point Initial Point Point 
9. (2,0) (5, 5) 10. (4, —6) (3, 6) 
11. (8, 3) (6, —1) 12. (0, —4) (-5, -1) 
13. (6,2) (6, 6) 14. (7, - 1) (-3, - 1) 
15. (3,4) (4.3) 16. (0.12,0.60) — (0.84, 1.25) 


Finding a Terminal Point In Exercises 17 and 18, the 
vector v and its initial point are given. Find the terminal point. 


17. v = (- 1,3); Initial point: (4, 2) 
18. v = (4, —9); Initial point: (5, 3) 


gel Finding a Magnitude of a Vector In 


TED i Exercises 19-24, find the magnitude of v. 
Ln 

[n] ia 

19. v — 4i 20. v = —9j 

21. v = (8, 15) 22. v = (-24,7) 

23. v= —-i — 5j 24. v = 3i + 3j 


Sketching Scalar Multiples In Exercises 25 and 26, 
sketch each scalar multiple of v. 


25. v — (3,5) (a) 2v 
26. v = (—2,3) (a) 4v 


(b —3v (c) jv (d) Gv 
(b —iv (c) 0v (d) —6v 
opio Using Vector Operations In Exercises 


eet f 27 and 28, find (a) iu, (b) 3v, (c) v — u, and 
yx (d) 2u + 5v. 


27. qd eed ee 28. u = (—3, — 8), v = (8,7) 


Sketching a Vector In Exercises 29-34, use the figure to 
sketch a graph of the vector. To print an enlarged copy of the 
graph, go to MathGraphs.com. 

29. —u y 

30. 2u 
31. —v 
32. lv Ceu v 
33. u — v 

34. u + 2v 


RES Finding a Unit Vector In Exercises 35—38, 
find the unit vector in the direction of v and verify 
Biart 3 
that it has length 1. 
oe A g 
35. v — (3,12) 
35 
37. v= G, 2) 


36. v — (—5,15) 
38. v = (—6.2, 3.4) 


Finding Magnitudes In Exercises 39—42, find the following. 


(a) [ul (b) [vl (c) |lu + vl 

u M uctv 
ojal elm TES 
39. u = (1, — 1), v = (-L2) 
40. u = (0, 1), v = (3, -3) 
41. u = (1,5), v = (2,3) 
42. u = (2, —4), v = (5,5) 


Using the Triangle Inequality In Exercises 43 and 44, 
sketch a graph of u, v, and u + v. Then demonstrate the 
triangle inequality using the vectors u and v. 


43. u = (2, 1), v = (5,4) 
44. u = (—3, 2), v = (1, -2) 
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[n] 3 [n] Finding a Vector In Exercises 45—48, find the 


rim t3 vector v with the given magnitude and the same 
ERES direction as u. 
zb 


Magnitude Direction 
45. |vl| = 6 u = (0,3) 
46. ||v|| = 4 u = (1, 1) 
47. |v]| = 5 u = (-1,2) 
48. ||v|| = 2 u = (45,3) 


Finding a Vector In Exercises 49—52, find the 
component form of v given its magnitude and the 
angle it makes with the positive x-axis. 


meim 


one 
reise 
49. |v| = 3, 0-0 
51. |v| 2 2, 6 = 150° 


50. |v| = 5; © = 120° 
52.|v|| 4, 023.5? 
Finding a Vector In Exercises 53—56, find the component 


form of u + v given the lengths of u and v and the angles that 
u and v make with the positive x-axis. 


53. |u| - 1, Ə, = 0* 54. |u| - 4, Ə, = 0° 
|v] = 3, 8, = 45* |v] = 2, 6, = 60° 

55. |u| -2, 8-4 56. |u] = 5 Ə, = -0.5 
lv| 21 9,22 lvi 25, 8,205 


EXPLORING CONCEPTS 
Think About It In Exercises 57 and 58, consider two 
forces of equal magnitude acting on a point. 


57. When the magnitude of the resultant is the sum of the 
magnitudes of the two forces, make a conjecture about 
the angle between the forces. 


58. When the resultant of the forces is 0, make a conjecture 
about the angle between the forces. 


59. Triangle Consider a triangle with vertices X, Y, and 
Z. What is XY + YZ + ZX? Explain. 


4) HOW DO YOU SEE IT? Use the figure 
to determine whether each statement is true or 
false. Justify your answer. 


PZ: 


(d) v+w=-s 
(f) u — v= —2(b + t) 
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Finding Values In Exercises 61—66, find a and b such that 
v = au + bw, where u = (1,2) and w = (1, — 1). 


61. v — (4,5) 62. v = (-7, -2) 
63. v = (—6, 0) 64. v = (0, 6) 
65. v = (1, —3) 66. v = (-L8) 


Finding Unit Vectors In Exercises 67-72, find a unit 
vector (a) parallel to and (b) perpendicular to the graph of f 
at the given point. Then sketch the graph of f and sketch the 
vectors at the given point. 
67. f(x) =x, (3,9) 

69. f(x) =, (1,1) 

71. f(x) = 25 — X3, (3,4) 


72. f(x) = tan x, g 1) 


68. f(x) = — +5, (1,4) 
70. f(x) 2x3, (-2, -8) 


Finding a Vector In Exercises 73 and 74, find the 
component form of v given the magnitudes of u and u + v and 
the angles that u and u + v make with the positive x-axis. 
73. |u| = 1, 9 = 45° 

ju + v| = /2, 0290 


74. |u] = 4, 9 = 30° 
ju + v| = 6, © = 120° 


75. Resultant Force Forces with magnitudes of 500 pounds 
and 200 pounds act on a machine part at angles of 30° and 
—45°, respectively, with the x-axis (see figure). Find the 
direction and magnitude of the resultant force. 


Figure for 76 


Figure for 75 


f 76. Numerical and Graphical Analysis Forces with 
magnitudes of 180 newtons and 275 newtons act on a hook 
(see figure). The angle between the two forces is 9 degrees. 


(a) When 0 = 30°, find the direction and magnitude of the 
resultant force. 


(b) Write the magnitude M and direction u of the resultant 
force as functions of 8, where 0° x 0 x 180°. 


(c) Use a graphing utility to complete the table. 


90 | 0° | 30° | 60° | 90° | 120° | 150° | 180° 


M 


u 


(d) Use a graphing utility to graph the two functions M and u. 


(e) Explain why one of the functions decreases for increasing 
values of 0, whereas the other does not. 
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77. Resultant Force Three forces with magnitudes of 


75 pounds, 100 pounds, and 125 pounds act on an object at 


e 84. Navigatione e «eeeeeceececccccccccÉc 


A plane flies at a = 


78. 


angles of 30°, 45°, and 120°, respectively, with the positive 
x-axis. Find the direction and magnitude of the resultant force. 


Resultant Force Three forces with magnitudes of 
400 newtons, 280 newtons, and 350 newtons act on an object at 
angles of — 30°, 45°, and 135°, respectively, with the positive 
x-axis. Find the direction and magnitude of the resultant force. 


Cable Tension In Exercises 79 and 80, determine the 
tension in the cable supporting the given load. 


79. 


81. 


82. 


83. 


Projectile Motion A gun with a muzzle velocity of 
1200 feet per second is fired at an angle of 6° above the 
horizontal. Find the vertical and horizontal components of the 
velocity. 


Shared Load To carry a 100-pound cylindrical weight, 
two workers lift on the ends of short ropes tied to an eyelet 
on the top center of the cylinder. One rope makes a 20? angle 
away from the vertical and the other makes a 30? angle (see 
figure). 


(a) Find each rope's tension when the resultant force is vertical. 


(b) Find the vertical component of each worker's force. 


Navigation A plane is flying with a bearing of 302°. 
Its speed with respect to the air is 900 kilometers per hour. 
The wind at the plane's altitude is from the southwest at 
100 kilometers per hour (see figure). What is the true direction 
of the plane, and what is its speed with respect to the ground? 


Mikael Damkier/Shutterstock.com 


constant groundspeed pem 
^ 


of 400 miles per hour 

due east and encounters " 
a 50-mile-per-hour wind 
from the northwest. Find 
the airspeed and compass 
direction that will allow 
the plane to maintain its 
groundspeed and eastward 
direction. 


True or False? In Exercises 85-94, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


85. 
86. 
87. 
88. 
89. 


90. 
91. 
92. 
93. 
94. 


95. 


96. 


97. 


98. 


99. 


The weight of a car is a scalar. 

The mass of a book is a scalar. 

The temperature of your blood is a scalar. 
The velocity of a bicycle is a vector. 


If u and v have the same magnitude and direction, then u and 
v are equivalent. 


If u is a unit vector in the direction of v, then v = ||v |[u. 
If u = ai + bj is a unit vector, then à? + b? = 1. 

If v = ai + bj = 0, then a = —b. 

If a = b, then ||ai + bj|| = /2a. 


If u and v have the same magnitude but opposite directions, 
thenu + v = 0. 


Proof Prove that 


u = (cos 9i — (sin ©)j and v = (sin 9)i + (cos 0)j 


are unit vectors for any angle 0. 


Geometry Using vectors, prove that the line segment 
joining the midpoints of two sides of a triangle is parallel to, 
and one-half the length of, the third side. 


Geometry Using vectors, prove that the diagonals of a 
parallelogram bisect each other. 


Proof Prove that the vector w = ||u||v + ||v||u bisects the 
angle between u and v. 


Using a Vector Consider the vector u = (x, y). Describe 
the set of all points (x, y) such that |u|| = 5. 


PUTNAM EXAM CHALLENGE 


100. A coast artillery gun can fire at any angle of elevation 
between 0? and 90? in a fixed vertical plane. If air 
resistance is neglected and the muzzle velocity is 


constant (= v), determine the set H of points in the 
plane and above the horizontal which can be hit. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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11.2 Space Coordinates and Vectors in Space 


xy-plane 


The three-dimensional coordinate 
system 
Figure 11.14 


The 
three-dimensional rotatable 
graphs that are available at 
LarsonCalculus.com can help 
you visualize points or objects 
in a three-dimensional 
coordinate system. 


iM Understand the three-dimensional rectangular coordinate system. 
liM Analyze vectors in space. 


Coordinates in Space 


Up to this point in the text, you have been primarily concerned with the two-dimensional 
coordinate system. Much of the remaining part of your study of calculus will involve 
the three-dimensional coordinate system. 

Before extending the concept of a vector to three dimensions, you must be able to 
identify points in the three-dimensional coordinate system. You can construct this 
system by passing a z-axis perpendicular to both the x- and y-axes at the origin, as 
shown in Figure 11.14. Taken as pairs, the axes determine three coordinate planes: 
the xy-plane, the xz-plane, and the yz-plane. These three coordinate planes separate 
three-space into eight octants. The first octant is the one for which all three coordinates 
are positive. In this three-dimensional system, a point P in space is determined by an 
ordered triple (x, y, z), where x, y, and z are as follows. 


X — directed distance from yz-plane to P 
y — directed distance from xz-plane to P 
z = directed distance from xy-plane to P 


Several points are shown in Figure 11.15. 


Points in the three-dimensional coordinate system are 
represented by ordered triples. 
Figure 11.15 


N 


A three-dimensional coordinate system z 
can have either a right-handed or a 
left-handed orientation. To determine the 
orientation of a system, imagine that you 
are standing at the origin, with your arms * y 
pointing in the direction of the positive 
x- and y-axes and with the positive z-axis 
pointing up, as shown in Figure 11.16. 
The system is right-handed or left-handed 
depending on which hand points along the 
x-axis. In this text, you will work exclusively 
with the right-handed system. 


Right-handed Left-handed 
system system 
Figure 11.16 


! (X5. Yo 25) 
a 
P f £5 TS] 
P cm -- "- 
P — y 
x^ Gr. x M Gy d» z) 


/ (x =x)? + Oz =y)? 
The distance between two points in 
space 
Figure 11.17 


x 


Figure 11.18 
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Many of the formulas established for the two-dimensional coordinate system can 
be extended to three dimensions. For example, to find the distance between two points 
in space, you can use the Pythagorean Theorem twice, as shown in Figure 11.17. By 
doing this, you will obtain the formula for the distance between the points (x,, Y4, Z4) 
and (x2, y», z;). 


Distance Formula 


EXAMPLE 1 Finding the Distance Between Two Points in Space 


Find the distance between the points (2, — 1, 3) and (1, 0, — 2). 


Solution 
d= Ja — 2)? + (0+ 1)? + (-2 - 3)? Distance Formula 
= /1+1+4+25 
eaa 
= 3/3 a 


A sphere with center at (x9, Yo, Zo) and radius r is defined to be the set of all points 
(x, y, z) such that the distance between (x, y, z) and (xy, Yo. zy) is r. You can use the 
Distance Formula to find the standard equation of a sphere of radius r, centered at 
(Xo Yor zo). If (x, y, z) is an arbitrary point on the sphere, then the equation of the sphere is 


bci ar (y = yo) T Zo)? =r 


Equation of sphere 


as shown in Figure 11.18. Moreover, the midpoint of the line segment joining the points 
(x), Yj, Z1) and (x5, Y2, z;) has coordinates 


(5 * X, Vy + yo zy + 2) 


n 3 Midpoint Formula 
2 2 8 , 


Finding the Equation of a Sphere 


Find the standard equation of the sphere that has the points 
(5,—2,3) and (0,4,—3) 
as endpoints of a diameter. 
Solution Using the Midpoint Formula, the center of the sphere is 
= -244 EI o). 
2 * ug * 3 2*7 


By the Distance Formula, the radius is 


= J (0-3) +a- r-o- 7. e) 


Therefore, the standard equation of the sphere is 


Midpoint Formula 


2 7 
(x = 5) $ (y = 1? += 97 Equation of sphere a 
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The standard unit vectors in space 
Figure 11.19 


Q(q,. d». q3) 


1 

1 

1 

Í 
ok 


v= qi Pi d) Pa 13 P3 
Figure 11.20 


Vectors in Space 


In space, vectors are denoted by ordered triples v = (vj, v2, v4). The zero vector is 
denoted by 0 = (0, 0, 0). Using the unit vectors 


i=(1,0,0), j=(0,1,0), and k= (0,0, 1) 
the standard unit vector notation for v is 
v= vd + vj + vk 


as shown in Figure 11.19. If v is represented by the directed line segment from 
P(pi, p». P3) to Q(q,, q2, q3), as shown in Figure 11.20, then the component form of v 
is written by subtracting the coordinates of the initial point from the coordinates of the 
terminal point, as follows. 


v = (vi, V» V3) = (q; — Pi d2 T P» dà — P3) 


Vectors in Space 


Let u = (u,, u, uz) and v = (Vj, v4, v4) be vectors in space and let c be a 
scalar. 


1. Equality of Vectors: u = v if and only if u, = v,, u; = vy, and u = v3. 


2. Component Form: If v is represented by the directed line segment from 
P(p,. P» p) to Q(a,. d» q3), then 


V = (vp vy v4) = (qi 7 Pr d; T P» ds — P3)- 
. Length: |v|| = vv? + v2 + v2 


. Unit Vector in the Direction of v: Tl = (=) (v, Va v9, V#0 


. Vector Addition: v + u = (v, + uj, v, + Uy, v3 + us) 


. Scalar Multiplication: cv = (cv,, cv, cv3) 


Note that the properties of vector operations listed in Theorem 11.1 (see Section 11.1) 
are also valid for vectors in space. 


Finding the Component Form of a Vector in Space 


sapo [> See LarsonCalculus.com for an interactive version of this type of example. 


Find the component form and magnitude of the vector v having initial point (— 2, 3, 1) 
and terminal point (0, — 4, 4). Then find a unit vector in the direction of v. 


Solution The component form of v is 

v= (qı = P h 7 P544 — p) = (0 — (—2), —4 — 3,4 — 1) = (2, 7,3) 
which implies that its magnitude is 

lvl = VZ + (-7? + 3? = 62. 


The unit vector in the direction of v is 


—À 
Iivi 


1 


Je 


(2, —7, 3) 


"er ver Jah - 


Parallel vectors 
Figure 11.21 


The points P, Q, and R lie on the same 
line. 
Figure 11.22 
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Recall from the definition of scalar multiplication that positive scalar multiples of 
a nonzero vector v have the same direction as v, whereas negative multiples have the 
direction opposite of v. In general, two nonzero vectors u and v are parallel when there 
is some scalar c such that u = cv. For example, in Figure 11.21, the vectors u, v, and 
w are parallel because 


u=2v and w= —v. 


Definition of Parallel Vectors 


Two nonzero vectors u and v are parallel when there is some scalar c such 
thatu — cv. 


EXAMPLE 4 Parallel Vectors 


Vector w has initial point (2, — 1, 3) and terminal point (—4, 7,5). Which of the 
following vectors is parallel to w? 


a. u = (3, —4, - 1) 
b. v = (12, —16, 4) 
Solution Begin by writing w in component form. 


w = (-4-2,7 — (-1),5 — 3) = (-6, 8, 2) 


a. Because u = (3, -4, —1) = -$(-6, 8,2) = -iw, you can conclude that u is 
parallel to w. 
b. In this case, you want to find a scalar c such that 
(12, —16, 4) = c(—6,8,2). 
To find c, equate the corresponding components and solve as shown. 
122 -6c E> c--—2 
-16= 8c MM c=-2 
4= x M c= 2 


Note that c = — 2 for the first two components and c = 2 for the third component. 
This means that the equation (12, — 16, 4) = c(— 6, 8, 2) has no solution, and the 
vectors are not parallel. 


EXAMPLE 5 Using Vectors to Determine Collinear Points 


Determine whether the points 
P(1, -2,3, QQ,1,0, and R(4,7, —6) 
are collinear. 
Solution The component forms of PO and PR are 
PO = (2 - 1,1 — (—2),0 — 3) = (1, 3, -3) 
and 
PR = (4— 1,7 - (-2, -6 — 3) = (3,9, —9). 


These two vectors have a common initial point. So, P, Q, and R lie on the same line 
if and only if PQ and PR are parallel—which they are because PR = 3 PQ, as shown 
in Figure 11.22. | 
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P (0,0, 4) 
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Figure 11.23 


EXAMPLE 6 Standard Unit Vector Notation 


a. Write the vector v — 4i — 5k in component form. 


b. Find the terminal point of the vector v = 7i — j + 3k, given that the initial point 
is P(—2, 3, 5). 


c. Find the magnitude of the vector v = —6i + 2j — 3k. Then find a unit vector in 
the direction of v. 


Solution 
a. Because j is missing, its component is 0 and 


v = 4i — 5k = (4,0, -5). 


b. You need to find Q(q,, q2, q3) such that 
v= PÓ =- j 3k. 
This implies that q, — (2) = 7, q, — 3 = —1, and q, — 5 = 3. The solution of 
these three equations is q, = 5, q, = 2, and q} = 8. Therefore, Q is (5, 2, 8). 
c. Note that v, = —6, v, = 2, and v4 = —3. So, the magnitude of v is 
lvl = VC + 2 4 (73? = 49 = 7. 
The unit vector in the direction of v is 


l(-6i + 2j — 3k) = -Éi + 2j - 3k. 


EXAMPLE 7 Measuring Force 


A television camera weighing 120 pounds is supported by a tripod, as shown in 
Figure 11.23. Represent the force exerted on each leg of the tripod as a vector. 


Solution Let the vectors F,, F,, and F, represent the forces exerted on the three legs. 
From Figure 11.23, you can determine the directions of F,, F,, and F, to be as follows. 


F, = PÒ, = (0 — 0, —1 — 0,0 — 4) = (0, —1, —4) 


PES 3 1 3] 
nomèt- ood Ai] 


NES 3 1 1 
nh [3 ado [34 


Because all three legs have the same length and the total force is distributed equally 
among the three legs, you know that |F, || = ||F, || = ||F;||. So, there exists a constant c 
such that 


F, = c(0,—1,—-4), F, = (22, > -4), and F, = 4- 


V3 1 -4) 
272 
Let the total force exerted by the object be given by F = (0,0, — 120). Then, using 
the fact that 
F=F +F, +F, 
you can conclude that F,, F,, and F, all have a vertical component of —40. This 


implies that c(—4) = —40 and c = 10. Therefore, the forces exerted on the legs can 
be represented by 


F, = (0, — 10, — 40), 
F, = (54/3, 5, — 40), 
and 


F, = (—54/3, 5, — 40). au 


11.2 Exercises 


11.2 Space Coordinates and Vectors in Space 767 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Describing Coordinates A point in the three- 
dimensional coordinate system has coordinates (xo, yo, Zo). 
Describe what each coordinate measures. 


. Coordinates in Space What is the y-coordinate of 
any point in the xz-plane? 


. Comparing Graphs Describe the graph of x = 4 on 
(a) the number line, (b) the two-dimensional coordinate 
system, and (c) the three-dimensional coordinate system. 


. Parallel Vectors Explain how to determine whether 
two nonzero vectors u and v are parallel. 


Plotting Points In Exercises 5-8, plot the points in the 
same three-dimensional coordinate system. 


5. (a) (2, 1,3) (b) (—1,2, 1) 
6. (a) (3, —2, 5) (b) (3,4, -2) 
7. (a) (5, —2, 2) (b) (5, —2, —2) 
8. (a) (0,4, —5) (b) (4, 0, 5) 


[T Finding Coordinates of a Point In Exercises 
H 
i at #€ 9-12, find the coordinates of the point. 


[s] Miss a 


9. The point is located three units behind the yz-plane, four units 
to the right of the xz-plane, and five units above the xy-plane. 


10. The point is located seven units in front of the yz-plane, 
two units to the left of the xz-plane, and one unit below the 
xy-plane. 

11. The point is located on the x-axis, 12 units in front of the 
yz-plane. 


12. The point is located in the yz-plane, three units to the right of 
the xz-plane, and two units above the xy-plane. 


Using the Three-Dimensional Coordinate System In 
Exercises 13-24, determine the location of a point (x, y, z) that 
satisfies the condition(s). 


13. z - 1 14. y= 

15. x = —3 16. z= —5 

17. y <0 18. x > 0 

19. |y| = 3 20. |x| > 4 
21. xy > 0, z= —3 22. xy < 0, z= 
23. xyz « 0 24. xyz > 0 


1F Finding the Distance Between Two Points 

Y 3 in Space In Exercises 25-28, find the distance 
Xp between the points 
Eds ' 

25. (4, 1, 2: (8, 2, 6) 

27. (0, 2, 4), (3, 2, 8) 


26. (—1, 1, 1), (73,5, -3) 
28. (—3,7, 1), (—5, 8, - 4) 


Classifying a Triangle In Exercises 29-32, find the lengths 
of the sides of the triangle with the indicated vertices, and 
determine whether the triangle is a right triangle, an isosceles 
triangle, or neither. 


29. (0, 0, 4), (2, 6, 7), (6, 4, —8) 
30. (3, 4, 1), (0, 6, 2), (3, 5, 6) 
31. (—1, 0, —2), (— 1, 5, 2), (—3, — 1, 1) 
32. (4, — 1, — 1), (2, 0, — 4), (3, 5, — 1) 
[s] Finding the Midpoint In Exercises 33-36, 
Tu find the coordinates of the midpoint of the line 
[a] Dudes segment joining the points. 
33. (4, 0, — 6), (8, 8, 20) 
34. (7, 2, 2), (—5, -2, -3) 
35. (3, 4, 6), (1, 8, 0) 
36. (5, —9, 7), (—2, 3, 3) 
Bee Finding the Equation of a Sphere In 
BERT gp Exercises 37-42, » find the standard equation of the 
sphere with the given characteristics. 
: Center: (7, 1, —2); Radius: 1 
38. Center: (—1, —5, 8); Radius: 5 
39. Endpoints of a diameter: (2, 1, 3), (1, 3, — 1) 
5), (C4, 0,3) 
41. Center: (—7, 7, 6), tangent to the xy-plane 


40. Endpoints of a diameter: (—2, 4, — 


42. Center: (—4, 0, 0), tangent to the yz-plane 


Finding the Equation of a Sphere In Exercises 43—46, 
complete the square to write the equation of the sphere in 
standard form. Find the center and radius. 


43. 2? +y+2—-—2x+ 6y+ 82 +1=0 

44. x? + y? + 24 9x — 2y + 1027+ 19-0 
45. 9x? + 9y? + 92 — 6x + 18y +1 =0 

46. 4? + 4y? + A2 — 24x — 4y + 8z - 23 = 0 


Finding the Component Form of a Vector in Space In 
Exercises 47 and 48, (a) find the component form of the vector v, 
(b) write the vector using standard unit vector notation, and 
(c) sketch the vector with its initial point at the origin. 


47. 
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Writing a Vector in Different Forms In Exercises 49 
and 50, the initial and terminal points of a vector v are given. 
(a) Sketch the directed line segment. (b) Find the component 
form of the vector. (c) Write the vector using standard unit 
vector notation. (d) Sketch the vector with its initial point at 
the origin. 


49. Initial point: (— 1, 2, 3) 

Terminal point: (3, 3, 4) 
50. Initial point: (2, — 1, —2) 

Terminal point: (—4, 3, 7) 
[e] [a] Finding the Component Form of a Vector in 
FERE hy Space In Exercises 51-54, find the component 
= ees form and magnitude of the vector v with the given 
Ek 


initial and terminal points. Then find a unit vector 
in the direction of v. 


T 

51. Initial point: (3, 2, 0) 52. Initial point: (1, — 2, 4) 
Terminal point: (2, 4, — 2) 

54. Initial point: (1, —2, 0) 


Terminal point: (4, 1, 6) 
53. Initial point: (4, 2, 0) 


Terminal point: (0, 5, 2) Terminal point: (1, —2, —3) 


Finding a Terminal Point In Exercises 55 and 56, the 
vector v and its initial point are given. Find the terminal point. 
55. v = (3, —5,6) 

Initial point: (0, 6, 2) 
56. v = (1, -i 3) 

Initial point: (0, 2. 3) 
Finding Scalar Multiples In Exercises 57 and 58, find 
each scalar multiple of v and sketch its graph. 
57. v = (1,2, 2) 

(a) 2v (b) —v 

(c) v d) Ov 
58. v = (2, —2, 1) 

(a) -v (b) 2v 

(0v — (iv 


Finding a Vector In Exercises 59-62, find the vector z, 
given that u = (1,2, 35, v = (2, 2, — 1», and w = (4,0, — 4). 


59.7-u-vtw 60. z = 5u — 3v — iw 


61. iz — 3u=w 62. 2u+v—w+ 3z=0 
oprig Parallel Vectors In Exercises 63-66, determine 
gt Ey which of the vectors is/are parallel to z. Use a 
aes graphing utility to confirm your results. 

E oa 


63. z = (3,2, —5) 64. z = li - 2j +3k 


(a) (—6, —4, 10) (a) 6i — 4j + 9k 
(b) (2,3, 3) (b) -i + $j — 3k 
(c) (6, 4, 10) (c) 12i + 9k 

(d) (1, —4,2) (d) 3i — j + êk 
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65. z has initial point (1, — 1, 3) and terminal point (— 2, 3, 5). 
(a) —6i + 8j + 4k (b) 4j + 2k 
66. z has initial point (5, 4, 1) and terminal point (—2, —4, 4). 
(a) (7, 6, 2) (b) (14, 16, — 6) 
op: [s] Using Vectors to Determine Collinear 
Yun E: X Points In Exercises 67-70, use vectors to 
ENS determine whether the points are collinear. 
67. (0, —2, —5), (3, 4, 4), (2, 2, 1) 
68. (4, —2, 7), (—2, 0, 3), (7, —3, 9) 
69. (1, 2, 4), (2, 5, 0), (0, 1, 5) 
70. (0, 0, 0), (1, 3, —2), (2, —6, 4) 
Verifying a Parallelogram In Exercises 71 and 72, 


use vectors to show that the points form the vertices of a 
parallelogram. 


71. (2,9, 1), (3, 11, 4), (0, 10, 2), (1, 12, 5) 
72. (1, 1,3), (9, — 1, —2), (11, 2, —9), (3, 4, —4) 


Finding the Magnitude In Exercises 73-78, find the 
magnitude of v. 


73. v = (—1,0, 1) 74. v = (-5, —3, —4) 
75. v = 3j — 5k 76. v = 2i + 5j — k 
77. v = i — 2j — 3k 78. v = —4i + 3j + 7k 


Finding Unit Vectors In Exercises 79-82, find 
a unit vector (a) in the direction of v and (b) in the 
direction opposite of v. 


80. v = (6, 0, 8) 


81. v = 4i — 5j + 3k 82. v = 5i + 3j — k 


Finding a Vector In Exercises 83-86, find the vector v with 
the given magnitude and the same direction as u. 


Magnitude Direction 
83. | v|| = 10 u — (0,3,3) 
84. |v]| = 3 u-(L1,1) 
85. |v]| = 5 u = (2, —2, 1) 
86. |v|| =7 u = (—4, 6, 2) 


Sketching a Vector In Exercises 87 and 88, sketch the 
vector v and write its component form. 


87. v lies in the yz-plane, has magnitude 2, and makes an angle of 
30? with the positive y-axis. 
88. v lies in the xz-plane, has magnitude 5, and makes an angle of 


45? with the positive z-axis. 


Finding a Point Using Vectors In Exercises 89 and 90, 
use vectors to find the point that lies two-thirds of the way 
from P to Q. 


89. P(4,3,0), Q(1, —3,3) 
90. P(1, 2, 5), Q(6, 8, 2) 


95. 


96. 


97. 


98. 


EXPLORING CONCEPTS 
91. Writing The initial and terminal points of the vector v 
are (x,, Yı, Z,) and (x, y, z). Describe the set of all points 
(x, y, z) such that ||v|] = 4. 
. Writing Letr = (x, y, z} andr, = (1, 1, 1). Describe 
the set of all points (x, y, z) such that | r — rol] = 2. 


. Writing Let r = (x,y,z). Describe the set of all 
points (x, y, z) such that ||r|| > 1. 


HOW DO YOU SEE IT? Determine (x, y, z) 


for each figure. Then find the component form 
of the vector from the point on the x-axis to the 
point (x, y, z). 


(x, y, z) 


Using Vectors Consider two nonzero vectors u and v, 
and let s and t be real numbers. Describe the geometric figure 
generated by connecting the terminal points of the three 
vectors tv, u + tv, and su + tv. 


Using Vectors Let and 


w = au + bv. 

(a) Sketch u and v. 

(b) If w = 0, show that a and b must both be zero. 

(c) Find a and b such that w = i+ 2j + k. 

(d) Show that no choice of a and b yields w = i + 2j + 3k. 


u=i+j, v=jt+k, 


Diagonal of a Cube Find the component form of the unit 
vector v in the direction of the diagonal of the cube shown in 
the figure. 


A 


x 


y -1 
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Tower Guy Wire The guy wire supporting a 100-foot 
tower has a tension of 550 pounds. Using the distance shown 
in the figure, write the component form of the vector F 
representing the tension in the wire. 


Losevsky Photo and Video/Shutterstock.com 


11. 


100 


101. 


Figure for 101 


102 


103. 


(a) Write the tension T in each cable as a function of L. 


(b) Use a graphing utility and the function in part (a) to 


(c) Use a graphing utility to graph the function in part (a). 


(d) Confirm the asymptotes of the graph in part (c) 


(e) Determine the minimum length of each cable when a 
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99, Auditorium Lights 


The lights in an auditorium are 24-pound discs of radius 


18 inches. Each disc is supported by three equally spaced 


cables that are L inches long (see figure). 


Determine the domain of the function. 


complete the table. 


L | 20 | 25 | 30 | 35 | 40 | 45 | 50 


T 


Determine the asymptotes of the graph. 
analytically. 


cable is designed to carry a maximum load of 10 pounds. 


. Think About It Suppose the length of each cable in 
Exercise 99 has a fixed length L = a and the radius of each 
disc is rọ inches. Make a conjecture about the limit lim T 
and give a reason for your answer. Tus 


Load Supports Find the tension in each of the 
supporting cables in the figure when the weight of the crate 
is 500 newtons. 


Figure for 102 


. Construction A precast concrete wall is temporarily 
kept in its vertical position by ropes (see figure). Find the 
total force exerted on the pin at position A. The tensions in 
AB and AC are 420 pounds and 650 pounds, respectively. 


Geometry Write an equation whose graph consists of the 
set of points P(x, y, z) that are twice as far from A(0, — 1, 1) 
as from B(1, 2, 0). Describe the geometric figure represented 
by the equation. 
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11.3 The Dot Product of Two Vectors 


E Use properties of the dot product of two vectors. 

E Find the angle between two vectors using the dot product. 
E Find the direction cosines of a vector in space. 

E Find the projection of a vector onto another vector. 

E Use vectors to find the work done by a constant force. 


The Dot Product 


So far, you have studied two operations with vectors—vector addition and multiplication 
by a scalar—each of which yields another vector. In this section, you will study a third 
vector operation, the dot product. This product yields a scalar, rather than a vector. 


Definition of Dot Product 


—— The dot product of u = (u,, u,) and v = (v,, v;) is 


product of two vectors yields a u e V = uvi t uv. 
scalar, it is also called the scalar 
product (or inner product) of 

the two vectors. Us V= uv, + UV, + uas. 


The dot product of u = (u,, u, u4) and v = (vj, V5, v4) is 


THEOREM 11.4 Properties of the Dot Product 


Exploration 

F Let u, v, and w be vectors in the plane or in space and let c be a scalar. 
Interpreting a Dot Product 
Several vectors are shown lu:v-v-:u Commutative Property 
below on the unit circle. 2.u*(v-w)-u:v-u*w Distributive Property 
Pid! ne cot poivas œi 3. clu’ v) —cocu*v—ue-cv Associative Property [n] 3; [n] 
several pairs of vectors. rs eon 
Then find the angle between 4.0:v-0 YT f: 
each pair that you used. 5. ve v = ||viP pes P 
Make a conjecture about 
the relationship between the 
dot product of two vectors Proof To prove the first property, let u = (u,, u5, u,) and v = (v,, vj, v4). Then 


and the angle between the CMM — m 
g Us V = uv, + U,V, + uv, = vu, + vus + vu, = v * U. 


vectors. 


For the fifth property, let v = (v, v, v3). Then 
vev =p top + vg GRE SET SD) = Ilf 


Proofs of the other properties are left to you. a 


Finding Dot Products 


Let u = (2, — 2), v = (5, 8), and w = (—4, 3). 

a. us v = (2, -22* (5,8) = 2(5) + (—2)(8) = -6 

b. (u * v)w = —6(—4, 3) = (24, — 18) 

c. u * v) = 2(u* v) = 2(-6) = - 12 

d. | wl = w*w-(743)* (743) = (—4)(—4) + GY(3) = 25 


Notice that the result of part (b) is a vector quantity, whereas the results of the other 
three parts are scalar quantities. a 
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Angle Between Two Vectors 


The angle between two nonzero vectors is the angle 8, 0 < O < rt, between their 
respective standard position vectors, as shown in Figure 11.24. The next theorem shows 
how to find this angle using the dot product. (Note that the angle between the zero 
vector and another vector is not defined here.) 


g^ Cow 


. 
Origin 
The angle between two vectors 
Figure 11.24 


Angle Between Two Vectors 


If 8 is the angle between two nonzero vectors u and v, where 


0 < 8 < T, then mg 
u.v of AE (8 

cos 0 = EH. 
[ull lv] OBS 


Proof Consider the triangle determined by vectors u, v, and v — u, as shown in 
Figure 11.24. By the Law of Cosines, you can write 


lv — ul? = Tul? + llv? — 2[ull [vil cos 9. 
Using the properties of the dot product, the left side can be rewritten as 
lv — ul? = (v—u)+ (v—u) 
—-(v-u):v-(v-u):u 
—v*y—u*:v—v-:uctu-:u 
= | v? — 2u * v + jul? 
and substitution back into the Law of Cosines yields 


lul? + Iivi? — 2[full|[lvll cos 8 


Ivi? — 2u * v + lul? 


—2u * v = —2llul|||v|| cos 8 
u*v 
cos 0 = ; 
[uiv a 


Note in Theorem 11.5 that because ||u|| and ||v|| are always positive, u * v and 
cos 0 will always have the same sign. Figure 11.25 shows the possible orientations of 
two vectors. 


Opposite u-v<0 u-v=0 u-v>0 Same 
direction direction 
0 D 0 u 0 u 
PNE ies 0 u 
u v v M v v 
0-m m/2«0c«nm 0-n2 0«0«mn2 0-0 
cos0 = -1 —1«cos0«0 cos0-0 0<cos8<1 cosO=1 


Figure 11.25 
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The angle 
between u and v in 
Example 3(a) can also be 
written as approximately 
118.561°. 


From Theorem 11.5, you can see that two nonzero vectors meet at a right angle if 
and only if their dot product is zero. Two such vectors are said to be orthogonal. 


Definition of Orthogonal Vectors 


The vectors u and v are orthogonal when u * v = 0. 


» 66 


The terms “perpendicular,” "orthogonal," and “normal” all mean 


essentially the same thing—meeting at right angles. It is common, however, to say 


that two vectors are orthogonal, two lines or planes are perpendicular, and a vector is 
normal to a line or plane. 


From this definition, it follows that the zero vector is orthogonal to every vector u, 
because 0 * u = 0. Moreover, for 0 < O < rt, you know that cos 0 = 0 if and only 
if O = r2. So, you can use Theorem 11.5 to conclude that two nonzero vectors are 
orthogonal if and only if the angle between them is 11/2. 


EXAMPLE 2 Finding the Angle Between Two Vectors 


Rd [> See LarsonCalculus.com for an interactive version of this type of example. 


For u = (3, —1, 2), v = (—4, 0, 2), w = (1, — 1, 2), and z = (2,0, — 1), find the 
angle between each pair of vectors. 


a. uandv b. uandw ec. vandz 


Solution 
uev —-12+0+4 -8 =å 
a. cos 8 = = — = — = —__ 
lali livi] /14,/20 2/l4J/5 VO 


—4 
J/70 
u-w 3+1-4 0 -0 
u|llwl|] — 14/6 v34 


Because u * w = 0, u and ware orthogonal. So, 8 = n/2. 


Because u * v < 0, 0 = arccos = 2.069 radians. 


b. cos 8 = J 


m Vez .—8-—0-—-2  -—10 _ 
lvilzi ^^ 20/5 100 
Consequently, 0 = rt. Note that v and z are parallel, with v = — 2z. | 


When the angle between two vectors is known, rewriting Theorem 11.5 in the form 


Ue Vo llul] vil cos 0 Alternative form of dot product 


produces an alternative way to calculate the dot product. 


EXAMPLE 3 Alternative Form of the Dot Product 


Given that ||u|| = 10, 


|v|| = 7, and the angle between u and v is 11/4, find u * v. 


Solution Use the alternative form of the dot product as shown. 


u + v = |[ull||yl| cos 9 = (10)(7) cos 7 = 35/2 - 


Recall that u, 
B, and y are the Greek letters 
alpha, beta, and gamma, 
respectively. 


a = angle between v and i 
B = angle between v and j 
Y = angle between v and k 


The direction angles of v 
Figure 11.27 
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Direction Cosines 


For a vector in the plane, you have seen that it 7 
is convenient to measure direction in terms of 
the angle, measured counterclockwise, from the 
positive x-axis to the vector. In space, it is more 
convenient to measure direction in terms of the 
angles between the nonzero vector v and the 
three unit vectors i, j, and k, as shown in 
Figure 11.26. The angles u, B, and y are the 
direction angles of v, and cos u, cos B, and 

cos y are the direction cosines of v. Because 


v «i = [vl||il cos a = ||v|| cos a E 


Direction angles 


and . 
Figure 11.26 


vei = (v, vv * (1, 0,0) = v; 


it follows that cos & = v,/||v||. By similar reasoning with the unit vectors j and k, you 
have 


cos Q = ivi uis the angle between v and i. 
Yj ; 

cos p = lvi B is the angle between v and j. 
V3 : 

cos Y = Iv y is the angle between v and k. 


Consequently, any nonzero vector v in space has the normalized form 


M Vi. Vo. V3 i " 
= mi + 4j + —k = cos ai + cos Bj + cos yk 

Iv [lvl ivr Pdl 

and because v/||v|| is a unit vector, it follows that 


cos? Q + cos? B + cos? y = 1. 


Finding Direction Angles 


Find the direction cosines and angles for the vector v = 2i + 3j + 4k, and show that 
cos? Q + cos? B + cos? y = 1. 


Solution Because ||v|| = \/2? + 32 + 42 = J/29, you can write the following. 
Vy 2 o 
cos Q = ivi T 29 => Q= 68.2 Angle between v and i 
V» 3 6 , 
cos p = ivi S Jy E> B= 56.1 Angle between v and j 
V3 4 S 
cos Y = ivi = J89 EBD Y-— 42.0 Angle between v and k 
Furthermore, the sum of the squares of the direction cosines is 
4 1 
cos? Q + cos? B + cos? y = 29 * at T 
_ 29 
29 
= 1. 
See Figure 11.27. a 
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The force due to gravity pulls the boat 
against the ramp and down the ramp. 
Figure 11.28 


u= w +w, 
Figure 11.30 


Projections and Vector Components 


You have already seen applications in which two vectors are added to produce a 
resultant vector. Many applications in physics and engineering pose the reverse 
problem—decomposing a vector into the sum of two vector components. The following 
physical example enables you to see the usefulness of this procedure. 

Consider a boat on an inclined ramp, as shown in Figure 11.28. The force F due to 
gravity pulls the boat down the ramp and against the ramp. These two forces, w, and 
w,, are orthogonal—they are called the vector components of F. 


F= w + Ww Vector components of F 


The forces w, and w, help you analyze the effect of gravity on the boat. For example, 
w, indicates the force necessary to keep the boat from rolling down the ramp, whereas 
w, indicates the force that the tires must withstand. 


Definitions of Projection and Vector Components 


Let u and v be nonzero vectors. Moreover, let 
u=w, +w, 
where w, is parallel to v and w, is orthogonal to v, as shown in Figure 11.29. 


1. w, is called the projection of u onto v or the vector component of u along 
v, and is denoted by w, = proj,u. 


2. w, = u — w; is called the vector component of u orthogonal to v. 


Ü is acute. Ø is obtuse. 


Wi 


Ww, = proj,u = projection of u onto v = vector component of u along v 
w, = vector component of u orthogonal to v 
Figure 11.29 


EXAMPLE 5 Finding a Vector Component of u Orthogonal to v 


Find the vector component of u — (5, 10) that is orthogonal to v — (4, 3), given that 
w; = proj,u = (8,6) 

and 
u = (5,10) = w, + Wo. 


Solution Because u = w, + w,, where w; is parallel to v, it follows that w, is the 
vector component of u orthogonal to v. So, you have 


w,=u-w, 
= (5, 10) — (8, 6) 
= (—3, 4). 


Check to see that w, is orthogonal to v, as shown in Figure 11.30. a 
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From Example 5, you can see that it is easy to find the vector component w, once 
you have found the projection, w,, of u onto v. To find this projection, use the dot 
product in the next theorem, which you will prove in Exercise 74. 


THEOREM 11.6 Projection Using the Dot Product 


If u and v are nonzero vectors, then the projection of u onto v is 


Note the Í u*v 
distinction between the terms ae (py 
“component” and “vector 
component.” For example, 


€ € 6 0€ 6 6 6 0€ 0o 06 9 ee eo 6 


using the standard unit vectors The projection of u onto v can be written as a scalar multiple of a unit vector in 
with u = uj + uj, u is the the direction of v. That is, 
component of u in the direction 
of i, and ui is the vector (7 ` D) = (: : : = (k) Te 
component in the direction of i. lvl? Ivii 7 lvl Iivi 
E o» wo» E E E E E vis The scalar k is called the component of u in the direction of v. So, 


u*v 
k = 4—- = llull cos ©. 
Ivi llull 


, Decomposing a Vector into Vector Components 
3^ l Find the projection of u onto v and the vector component of u orthogonal to v for 

NS ^l u = 3i — 5j + 2k and v= i+ j- 2k. 

* b. E Pese Solution The projection of u onto v is 
u =3i —5j + 2k 12 y 
v=7i+j—2k w; = proju = (Gar) = (Z)m + j — 2k) = m + zi - ak. 

6 
nii The vector component of u orthogonal to v is the vector 


?€ 
1 
1 
1 


14 2 a) . 13 47 e 


w-w-w-6Gi-siez9 - (Gi 9 5 pta 
u= w tw, 
Figure 11.31 See Figure 11.31. 


TST Finding a Force 


A 600-pound boat sits on a ramp inclined at 30°, as shown in Figure 11.32. What force 
is required to keep the boat from rolling down the ramp? 


Solution Because the force due to gravity is vertical and downward, you can 
represent the gravitational force by the vector F = — 600j. To find the force required to 
keep the boat from rolling down the ramp, project F onto a unit vector v in the direction 
of the ramp, as follows. 
3. 1 
v = cos 30°i + sin 30°j = Bi +5 


Unit vector along ramp 


Therefore, the projection of F onto v is 


3 si) 


F- 1 
w, — proj,F — (rg = (F+v)v = (—-600)(4)v = EI u 


The magnitude of this force is 300, so a force of 300 pounds is required to keep the boat 
Figure 11.32 from rolling down the ramp. | 


776 


Chapter 11 


Vectors and the Geometry of Space 


Work 


The work W done by the constant force F acting along the line of motion of an object 
is given by 


W = (magnitude of force)(distance) = ||F|||| PÒ || 


as shown in Figure 11.33(a). When the constant force F is not directed along the line of 
motion, you can see from Figure 11.33(b) that the work W done by the force is 


W = [roig | [PO] = (cos 9)] FILIPO] = F + PÒ. 


F To. i i a 
P Q 
IIE II Poll 
Work = ||F|| ||PO . "E: 
Work = |[projz F|| || PQll 
(a) Force acts along the line of motion. (b) Force acts at angle 9 with the line of motion. 


Figure 11.33 


This notion of work is summarized in the next definition. 


Definition of Work 


The work W done by a constant force F as its point of application moves 
along the vector PQ is one of the following. 


1. W= | projsg Fl [PO | Projection form 


LM 
2.W-F-PQ Dot product form 


To close a sliding door, a person pulls on a rope with a constant force of 50 pounds at 
a constant angle of 60°, as shown in Figure 11.34. Find the work done in moving the 
door 12 feet to its closed position. 


kel | 
I I I 
] projggF 


Figure 11.34 


Solution Using a projection, you can calculate the work as follows. 


A — ó ss 1 
W = ||projpg-F ||||PO|| = cos(60°)||F|| ||PO|] = 3 (50)(12) = 300 foot-pounds jj 


11.3 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Dot Product What can you say about the relative 
position of two nonzero vectors if their dot product is zero? 


2. Direction Cosines Consider the vector 


v = (V4, Vo, V3). 


D 
What is the meaning of arccos TT = 30°? 


Rn Finding Dot Products In Exercises 3-10, find 
45 (a) u*v, (b) usu, (c) |v|P, (d) (u+ v)v, and 


SEE j eu (3v). 
3. PE 4. u = (4, 10), v = (-2,3) 


. u = (6, —4), v = (-3,2) 6. u=(-7,—-1), v= (-4, -1) 


5 

7. u = (2, —3,4), v = (0, 6,5) 

8. u = (—5,0,5), v = (—1, 2, 1) 

9. u=2i-jt+k 10. u = 2i + j — 2k 


v=i-k v =i- 3j + 2k 


[n]2 7T [m] Finding the Angle Between Two Vectors 
aro fi In Exercises 11-18, find the angle € between the 
ors 3 vectors (a) in radians and (b) in degrees. 

11. u = (1, 1), v = 2, -2) 

12. u = (3,1), v = (2, -1) 

13. u= 3i +j,v = —2i + 4j 


14. u cos( 2 H sin( 2)j,v o (A) H sin); 
6 6 4 4 

15. u = (LL 1), v = (2, 1, - 1D) 

16. u = 3i + 2j + k, v = 2i — 3j 

17. u = 3i + 4j, v 2j + 3k 

18. u = 2i — 3j + k,v =i — 2j + k 


TEE Alternative Form of Dot Product In 
NS Exercises 19 and 20, use the alternative form of the 
JR dot product to find u ° v. 


9. |u|| = 8, ||v|| = 5, and the angle between u and v is rt/3. 


20. | 


Comparing Vectors In Exercises 21-26, determine 
whether u and v are orthogonal, parallel, or neither. 


, ||v|| = 25, and the angle between u and v is 51/6. 


21. u = (4,3) 22. u = -i( — 2j) 
v = (5, -3) v — 2i — 4j 

23. u = j + 6k 24. u = -2i + 3j — k 
v=i—2j-k v=2i+j-k 

25. u = (2, —3, 1) 26. u = (cos 9, sin 8, — 1) 


v = (-1,-1,-1) v = (sin 0, —cos 0,0) 


Classifying a Triangle In Exercises 27-30, the vertices 
of a triangle are given. Determine whether the triangle is an 
acute triangle, an obtuse triangle, or a right triangle. Explain 
your reasoning. 


27. (1, 2, 0), (0, 0, 0), (—2, 1, 0) 
28. (—3, 0, 0), (0, 0, 0), (1, 2, 3) 
29. (2, 0, 1), (0, 1, 2), (—0.5, 1.5, 0) 
30. (2, —7, 3), (— 1, 5, 8, (4, 6, — 1) 

pee Finding Direction Angles In Exercises 31-36, 
x 5 find the direction cosines and angles of u and show 
[a] ess t that cos? a + cos? B + cos? y= 1. 
o M 
33. u =7i+j-—k 
35. u = (0,6, —4) 


32. u = 5i + 3j — k 

34. u = —4i + 3j + 5k 

36. u = (-1,5,2) 

mg Finding the Projection of u onto v In 
IOMMWUO Exercises 37-44, (a) find the projection of u onto v 

ol gon and (b) find the vector component of u orthogonal 

to v. 

37. u = (6,7), v = (1,4) 

39. u = 2i + 3j,v = 5i +j 

40. u = 2i — 3j, v = 3i + 2j 

41. u = (0, 3,3), v = (CL 1, D) 

42. u = (8, 2,0), v = (2, 1, -1) 

43. u = —9i — 2j — 4k, v = 4j + 4k 

44.u-5i-j-kv 


38. u = (9,7), v = (1, 3) 


EXPLORING CONCEPTS 
45. Using Vectors Explain why u-- v* w is not 
defined, where u, v, and w are nonzero vectors. 


46. Projection What can be said about the vectors u and 


v when the projection of u onto v equals u? 


47. Projection When the projection of u onto v has the 
same magnitude as the projection of v onto u, can you 
conclude that ||u|| = ||v||? Explain. 


4&[ )) HOW DO YOU SEE IT? what is known 
about 6, the angle between two nonzero vectors 
u and v, when 


(a u*v—-0? (bu:v»50? (c)urv< 0? 
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49. Revenue The vector u — (3240, 1450, 2235) gives the 
numbers of hamburgers, chicken sandwiches, and cheeseburgers, 
respectively, sold at a fast-food restaurant in one week. The 
vector v — (2.25, 2.95, 2.65) gives the prices (in dollars) per 
unit for the three food items. Find the dot product u * v and 
explain what information it gives. 


50. Revenue Repeat Exercise 49 after decreasing the prices 
by 296. Identify the vector operation used to decrease the 
prices by 2%. 


Orthogonal Vectors In Exercises 51—54, find two vectors 
in opposite directions that are orthogonal to the vector u. (The 
answers are not unique.) 
51. u = -li + jj 
53. u = (3, 1, -2) 


52. u — 9i — 4j 
54. u = (4, —3, 6) 


55. Finding an Angle Find the angle between a cube’s 
diagonal and one of its edges. 


56. Finding an Angle Find the angle between the diagonal of 
a cube and the diagonal of one of its sides. 


57. Braking Load A 48,000-pound truck is parked on a 10° 
slope (see figure). Assume the only force to overcome is that 
due to gravity. Find (a) the force required to keep the truck 
from rolling down the hill and (b) the force perpendicular to 
the hill. 


Weight = 48,000 Ib 


58. Braking Load A 5400-pound sport utility vehicle is parked 
on an 18° slope. Assume the only force to overcome is that due 
to gravity. Find (a) the force required to keep the vehicle from 
rolling down the hill and (b) the force perpendicular to the hill. 


59. Work An object is pulled 10 feet across a floor using a 
force of 85 pounds. The direction of the force is 60° above the 
horizontal (see figure). Find the work done. 


Not drawn to scale 


Figure for 59 


Figure for 60 


60. Work A wagon is pulled by exerting a force of 65 pounds 
on a handle that makes a 20? angle with the horizontal (see 
figure). Find the work done in pulling the wagon 50 feet. 


Monkey Business Images/Shutterstock.com 
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61. Work A car is towed using a force of 1600 newtons. The 
chain used to pull the car makes a 25? angle with the 
horizontal. Find the work done in towing the car 2 kilometers. 


ee 62. Worke«eeeeeeeccoecoccoccccccocccccci€5hno 


A pallet truck is pulled 
by exerting a force of 
400 newtons on a handle 
that makes a 60? angle 
with the horizontal. 

Find the work done in 
pulling the truck 

40 meters. 


True or False? In Exercises 63 and 64, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


63. fu v-u* w andu 7 0, then v = w. 


64. If u and v are orthogonal to w, then u + v is orthogonal to w. 


Using Points of Intersection In Exercises 65—68, (a) find 
all points of intersection of the graphs of the two equations, 
(b) find the unit tangent vectors to each curve at their points of 
intersection, and (c) find the angles (0° =0 290?) between the 
curves at their points of intersection. 


65. y 
67.y-1—x y-x-1 68.(y 12 =x, y--1 


y = x13 66. y 2339, y — x 


ll 
E 


69. Proof Use vectors to prove that the diagonals of a rhombus 
are perpendicular. 


70. Proof Use vectors to prove that a parallelogram is a 
rectangle if and only if its diagonals are equal in length. 


71. Bond Angle Consider a regular tetrahedron with vertices 
(0, 0, 0), (k, k, 0), (k, 0, k), and (0, k, k), where k is a positive 
real number. 


(a) Sketch the graph of the tetrahedron. 
(b) Find the length of each edge. 
(c) Find the angle between any two edges. 


(d) Find the angle between the line segments from the 
centroid (k/2, k/2, k/2) to two vertices. This is the bond 
angle for a molecule, such as CH, (methane) or PbCl, 
(lead tetrachloride), where the structure of the molecule is 
a tetrahedron. 


72. Proof Consider the vectors u = (cos Œ, sin Œ, 0) and 
v = (cos B, sin B, 0), where a > f. Find the dot product of 
the vectors and use the result to prove the identity 


cos(a — B) = cos at cos B + sin asin B. 


73. Proof Prove the triangle inequality |u + v|| < ||ul| + ||v |. 
74. Proof Prove Theorem 11.6. 
75. Proof Prove the Cauchy-Schwarz Inequality, 


lu + v| = [lull liv] 
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of Two Vectors in Space 


Exploration 


Geometric Property of the 
Cross Product Three pairs 
of vectors are shown below. 
Use the definition to find the 
cross product of each pair. 
Sketch all three vectors in a 
three-dimensional system. 
Describe any relationships 
among the three vectors. Use 
your description to write a 
conjecture about u, v, and 
u x v. 
a. u = (3, 0, 3) 
v = (3, 0, —3) 


b. u = (0, 3, 3) 
v = (0, —3, 3) 


E Find the cross product of two vectors in space. 
E Use the triple scalar product of three vectors in space. 


The Cross Product 


Many applications in physics, engineering, and geometry involve finding a vector in 
space that is orthogonal to two given vectors. In this section, you will study a product 
that will yield such a vector. It is called the cross product, and it is most conveniently 
defined and calculated using the standard unit vector form. Because the cross product 
yields a vector, it is also called the vector product. 


Definition of Cross Product of Two Vectors in Space 


Let 

u = myi + uj +t uk and v= vi + vj + vk 
be vectors in space. The cross product of u and v is the vector 
uzvi)j + (uiv, — usvj)k. 


u x v = (u,v; — uzv)i — (uv; — 


It is important to note that this definition applies only to three-dimensional vectors. 
The cross product is not defined for two-dimensional vectors. 

A convenient way to calculate u x v is to use the determinant form with cofactor 
expansion shown below. (This 3 x 3 determinant form is used simply to help remember 
the formula for the cross product. The corresponding array is technically not a matrix 
because its entries are not all numbers.) 


li u| <— Put “u” in Row 2. 


V> n| == Put “v” in Row 3. 


j k i j k Li 3 
i U,  U4|Y7 |u 2 Us|Jt ju uw 3 |K 
Vo V3 Vi 2 V3 AZ 3 
u Us. u u u u 
— [4 SH es | 3g a | 2K 
V3 / V3 Vy V3 MI Vo 


= (u,v; — u4vjÀ — (u,v4 — U3V,)j + (uv, — usvj)k 


Note the minus sign in front of the j-component. Each of the three 2 x 2 determinants 
can be evaluated by using the diagonal pattern 


x< = ad — bc. 


Here are a couple of examples. 


2 4 
3 =l 


|= ox )- (99)- -2- 12 = -14 


and 
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NOTATION FOR DOT AND CROSS 411218528 Finding the Cross Product 


PRODUCTS ae mE 
The nontoni torthedot For u = i — 2j + k and v = 3i + j — 2k, find each of the following. 
product and cross product of a.uxv b.vxu &VXYV 
vectors was first introduced by 
the American physicist Josiah Solution 
Willard Gibbs (1839—1903). In 
the early 1880s, Gibbs built a i j k 
system to represent physical auxv=/1 -2 1 
quantities called “vector = 

" 3 1 2 
analysis.” The system was a 
departure from Hamilton’s _|=2 1}. 1 ll. 1 -2 
theory of quaternions. E 1 -2 17 3 -2 j+ 3 1 k 
= (4 — 1)i — (-2- 3)j + (1 + 6k 
= 3i + 5j + 7k 
i j k 
b.vxu-3 L =2 
1 =2 1 
Note that this = | T S i di + h k 
result is the negative of that in n A. 1 i fee 
° part (a). = (1 — 4i — (3 + 2j + (-6— Dk 
a ooocooocoooooeooo = —3i — 5j — 7k 
i j k 
c vxv- 3 1 -2|-20 a 
3 1 =2 


The results obtained in Example 1 suggest some interesting algebraic properties of 
the cross product. For instance, u x v = — (v x u), and v x v = 0. These properties, 
and several others, are summarized in the next theorem. 


THEOREM 11.7 Algebraic Properties of the Cross Product 


Let u, v, and w be vectors in space, and let c be a scalar. 


l.uxv- -(vxu) 

2. u x (v + w) = (ux v) + (u x w) 

3. c(u x v) = (cu) x v = u x (cv) 

4ux0=0xu=0 mith 
5.uxu=0 UE 
6 


.u*(vx w) 2(uxv)*w [n] Tz 


Proof To prove Property 1, let u = u;i + uj + uk and v = vj + v,j + vk. 
Then 


uxv= (uzv; = U3V>)i — (u,V3 = U3V,)j + (uiv - Uv, )k 
and 
v x u = (vais — vu — (viu, — vauj)j + (viu — vzu;)k 


which implies that u x v — —(v x u). Proofs of Properties 2, 3, 5, and 6 are left as 
exercises (see Exercises 47—50). | 


It follows 
from Properties 1 and 2 in 
Theorem 11.8 that if n is a unit 
vector orthogonal to both u and 
v, then 


u x v = -(|u||||v|| sin 6)n. 


The vectors u and v form adjacent 
sides of a parallelogram. 
Figure 11.35 
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Note that Property 1 of Theorem 11.7 indicates that the cross product is not 
commutative. In particular, this property indicates that the vectors u x v and v x u 
have equal lengths but opposite directions. The next theorem lists some other geometric 
properties of the cross product of two vectors. 


THEOREM 11.8 Geometric Properties of the Cross Product 

Let u and v be nonzero vectors in space, and let 0 be the angle between u and v. 
1. u x v is orthogonal to both u and v. 

2. |u x v|| = |lul|||y|] sin 8 


3. u x v = 0 if and only if u and v are scalar multiples 
of each other. 


[n] 
[m] 


mgg 
|u x v|| = area of parallelogram having u and v as Kup 
adjacent sides. 


L 


A 
=x 


Fe 


[m] 


ium 


|), it follows that 


Proof To prove Property 2, note because cos 0 = (u - v)/(||u||||v 
ul] llv]|sin € = [ulli] /1 — cos? 8 


" _ (us v? 
Illy 1 TP Tv 
= JWR IVP = wo 


(u? + u2 + u?)(v? + v2 + v2) — (uv; + uv, + uv)? 


= J (uv, = uzv)? T (uiv = usv,)? + (uiv = uy)? 


lu x vil. 


To prove Property 4, refer to Figure 11.35, which is a parallelogram having v and u as 
adjacent sides. Because the height of the parallelogram is ||v|| sin 6, the area is 
Area = (base)(height) 
= [ul lv] sin 8 
= |lu x vll. 


Proofs of Properties | and 3 are left as exercises (see Exercises 51 and 52). ig 


Both u x v and v x u are perpendicular to the plane determined by u and v. One 
way to remember the orientations of the vectors u, v, and u x v is to compare them 
with the unit vectors i, j, and k = i x j, as shown in Figure 11.36. The three vectors 
u, v, and u x v form a right-handed system, whereas the three vectors u, v, and v x u 
form a left-handed system. 


k-ixj 


uxv 


Plane determined 
by u and v 


Right-handed systems 
Figure 11.36 
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uxv 


The vector u x v is orthogonal to both 
u and v. 
Figure 11.37 


61 C=(2,4,7) 


a Az(5,2,0) 
X 


The area of the parallelogram is 
approximately 32.19. 
Figure 11.38 


EXAMPLE 2 Using the Cross Product 


NN œ See LarsonCalculus.com for an interactive version of this type of example. 
Find a unit vector that is orthogonal to both 


u=i-4j+k 


and 
v= 2i + 3j. 
Solution The cross product u x v, as shown in Figure 11.37, is orthogonal to both 
u and v. 
ij 
uxv=/l —4 1 Cross product 
2 3 0 
= —3i + 2j + 11k 
Because 


lu x v] = /(—3)? + 2 + 11? = 134 
a unit vector orthogonal to both u and v is 


uxv 3 11 


2 
= E jr k 
luxvl 134 s4 J/134 = 


In Example 2, note that you could have used the cross product v x u to form a unit 
vector that is orthogonal to both u and v. With that choice, you would have obtained 
the negative of the unit vector found in the example. 


CT LIT3«2E Geometric Application of the Cross Product 


The vertices of a quadrilateral are listed below. Show that the quadrilateral is a 
parallelogram and find its area. 


A = (5,2, 0) B = (2,6, 1) 
C= (2,4,7) D = (5,0,6) 


Solution From Figure 11.38, you can see that the sides of the quadrilateral correspond 
to the following four vectors. 


AB = —3i + 4j + k CD = 3i — 4j - k = —AB 
AD = 0i — 2j + 6k CB = 0i + 2j - 6k = —AD 


So, AB is parallel to CD and AD is parallel to CB, and you can conclude that the 
quadrilateral is a parallelogram with AB and AD as adjacent sides. Moreover, because 


i j k 
AB x AD = |-3 4 1 Cross product 
0 -2 6 


= 26i + 18j + 6k 
the area of the parallelogram is 
|AB x AD|| = 1036 ~ 32.19. 


Is the parallelogram a rectangle? You can determine whether it is by finding the angle 
between the vectors AB and AD. a 


The moment of F about P 
Figure 11.39 


60? 


A vertical force of 50 pounds is 
applied at point Q. 
Figure 11.40 
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In physics, the cross product can be used to measure torque—the moment M of 
a force F about a point P, as shown in Figure 11.39. If the point of application of the 
force is Q, then the moment of F about P is 


— 
M = PO xF. Moment of F about P 


The magnitude of the moment M measures the tendency of the vector PO to rotate 
counterclockwise (using the right-hand rule) about an axis directed along the vector M. 


An Application of the Cross Product 


A vertical force of 50 pounds is applied to the end of a one-foot lever that is attached 
to an axle at point P, as shown in Figure 11.40. Find the moment of this force about 
the point P when 0 = 60°. 


Solution  Represent the 50-pound force as 
F — —50k 


and the lever as 


J3 


PO = cos(60°)j + sin(60°)k = ji t ER 


The moment of F about P is 


i j k 
M = PO x F = J0 : v3 = — 251. Moment of F about P 
0 0 -50 
The magnitude of this moment is 25 foot-pounds. a 


In Example 4, note that the moment (the tendency of the lever to rotate about its 
axle) is dependent on the angle 0. When 0 = 7/2, the moment is 0. The moment is 
greatest when 0 = 0. 


The Triple Scalar Product 
For vectors u, v, and w in space, the dot product of u and v x w 
u-*(vx w) 


is called the triple scalar product, as defined in Theorem 11.9. The proof of this 
theorem is left as an exercise (see Exercise 55). 


The Triple Scalar Product 
For u = mi + uj + uk, v = vi + vj + vk, and w = w,i + w,j + wk, 
the triple scalar product is 
Wy Ha Ha 
u-(Vvxw=|v, wv wv. 
Wi w w 


Note that the value of a determinant is multiplied by —1 when two rows are 
interchanged. After two such interchanges, the value of the determinant will be 
unchanged. So, the following triple scalar products are equivalent. 


u*(vxw)-27v*(wxu)-2w*(ux v) 
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||proi, x ull 


Area of base = ||v x w|| 
Volume of parallelepiped = |u * (v x w)| 
Figure 11.41 


If the vectors u, v, and w do not lie in the same plane, then the triple scalar product 
u * (v x w) can be used to determine the volume of the parallelepiped (a polyhedron, 
all of whose faces are parallelograms) with u, v, and w as adjacent edges, as shown in 
Figure 11.41. This is established in the next theorem. 


THEOREM 11.10 Geometric Property of the Triple Scalar Product 


The volume V of a parallelepiped with vectors u, v, and w as 
adjacent edges is 


V=|u-(vxw). 


Proof In Figure 11.41, note that the area of the base is ||v x w|| and the height of the 
parallelepiped is ||proj,,.,,u||. Therefore, the volume is 


V — (height)(area of base) 


= |[proj, ..ulllv x wl 


_ [ws (v x w) lv x wl 
lv x w|] 
= |u » (vx w)|. a 
EXAMPLE 5 Volume by the Triple Scalar Product 
Find the volume of the parallelepiped shown 1 
in Figure 11.42 having B33.) (3, 1, 1) 24 
O u- | | 
u = 3i-5j+k ‘Eo 1 
y = 2j — 2k 


and ‘ 
w=3it+jtk (0,272) 

. The parallelepiped has a volume of 36. 
as adjacent edges. Figure 11.42 


Solution By Theorem 11.10, you have 


V= ju ? (v x w)| Triple scalar product 
3 -5 1 
= |0 2 =2 
3 1 1 
2 =2 0. =2 0 2 
= jT | - ea | + OF | 
= 3(4) + 5(6) + 1(—6) 
= 36. a 


A natural consequence of Theorem 11.10 is that the volume of the parallelepiped is 
0 if and only if the three vectors are coplanar. That is, when the vectors u = (u4, Wn, us), 
v = (Vj, v4, v4), and W = (w,, w5, w3) have the same initial point, they lie in the same 
plane if and only if 


u*(vxw)-7|v v v3) =0. 
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1 1 n 4 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Vectors Explain what u x v represents geometrically. 


2. Area Explain how to find the area of a parallelogram 
using vectors. 


Cross Product of Unit Vectors In Exercises 3-6, find the 
cross product of the unit vectors and sketch your result. 


3. jxi 4. jxk 
5.ixk 6.kxi 


mgg E Finding Cross Products In Exercises 7-10, 
S Lo. T find (a) u x v, (b) v x u, and (c) v x v. 


iei a 


7. u= —2i + 4j 8. u — 3i 5k 
y = 3i+ 2j + 5k v = 2i+ 3j — 2k 
9. u = (7,3,2) 10. u = (2, 1, —9) 
v= (1,-1,5) = (-6, —2, — 1) 


Finding a Cross Product In Exercises 11-14, find u x v 
and show that it is orthogonal to both u and v. 


11. u = (4, — 1, 0) 12. u = (-5,2,2) 
v = (—6, 3, 0) v = (0, 1, 8) 

13.u=it+jt+k 14. u=i+ 6j 
v=2i+j-—k v=-2i¢+j+k 


og [s] Finding a Unit Vector In Exercises 15-18, find 
Ey a unit vector that is orthogonal to both u and v. 
e 


msta 


15. u = (4, —3, 1) 16. u = (-8, —6, 4) 
v = (2,5,3) v = (10, — 12, — 2) 

17. u = —3i + 2j — 5k 18. u = 2k 
v=i-j+4k = 4i + 6k 


ee Area In Exercises 19-22, find the area of the parallelogram 
that has the given vectors as adjacent sides. Use a computer 
algebra system or a graphing utility to verify your result. 


19. u- j 20. u=i+jt+k 
v=jt+k =jik 
21. u = (3,2, - 1) 22. u = (2, —1, 0) 

v= (1, 2,3) v= (-1, 2,0) 


Pe Area In Exercises 23 and 24, verify that the 
ads points are the vertices of a parallelogram, and find 

rz] zs its area. 

23. A(0, 3, 2), B(1, 5, 5), C(6, 9, 5), D(5, 7, 2) 

24. A(2, —3, 1), B(6, 5, — 1), C(7, 2, 2), D(3, — 6, 4) 


Area In Exercises 25 and 26, find the area of the triangle with 
the given vertices. (Hint: }||u x v|| is the area of the triangle 


having u and v as adjacent sides.) 

25. A(0, 0, 0), B(1, 0, 3), C(—3, 2, 0) 

26. AQ, —3, 4), B(0, 1, 2), C(—1, 2, 0) 

27. Torque The brakes on a bicycle are applied using a 
downward force of 20 pounds on the pedal when the crank 


makes a 40? angle with the horizontal (see figure). The crank 
is 6 inches in length. Find the torque at P. 


Figure for 27 Figure for 28 


28. Torque Both the magnitude and the direction of the force 
on a crankshaft change as the crankshaft rotates. Find the 
torque on the crankshaft using the position and data shown in 
the figure. 


29. Optimization A force of 180 pounds acts on the bracket 
shown in the figure. 


<—— |5 in. 


(a) Determine the vector AB and the vector F representing the 
force. (F will be in terms of 0.) 


(b) Find the magnitude of the moment about A by evaluating 
AB x F|. 


(c) Use the result of part (b) to determine the magnitude of the 
moment when 0 = 30°. 


(d) Use the result of part (b) to determine the angle 0 when 
the magnitude of the moment is maximum. At that angle, 
what is the relationship between the vectors F and AB? Is 
it what you expected? Why or why not? 


BB ce) Use a graphing utility to graph the function for the 
magnitude of the moment about A for 0? < 0 < 180°. 
Find the zero of the function in the given domain. Interpret 
the meaning of the zero in the context of the problem. 
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30. Optimization A force of 56 pounds acts on the pipe 
wrench shown in the figure. EXPLORING CONCEPTS 

39. Comparing Dot Products Identify the dot 
products that are equal. Explain your reasoning. (Assume 
u, V, and w are nonzero vectors.) 


(a) u. (vxw) (b) (vx w)*u 
(c) (ux v) * w (d) (ux —w)* v 


(e) u * (w x v) (f) w * (v x u) 


(g (Cuxv)*w (b) (Wx u)ev 


. Using Dotand Cross Products Whenu x v = 0 


. . : and u * v = 0, what can you conclude about u and v? 
ee (a) Find the magnitude of the moment about O by evaluating 


OA x F||. Use a graphing utility to graph the resulting . Cross Product Two nonzero vectors lie in the 
function of 0. yz-plane. Where does the cross product of the vectors 


! ! lie? Explain. 
(b) Use the result of part (a) to determine the magnitude of the 


moment when 0 = 45°. 


(c) Use the result of part (a) to determine the angle 0 when the 
magnitude of the moment is maximum. Is the answer what 


42. 3 HOW DO YOU SEE IT? The vertices of 


you expected? Why or why not? a triangle in space are (x, Yi 21), (%2 y». 25). 
and (x3, y3, z;). Explain how to find a vector 
[n]' iin Finding a Triple Scalar Product In Exercises perpendicular to the triangle. 
TEA ‘45 31-34, find u * (v x w). 5 
DN 
31. u =i 32. u = (1, 1, 1) Gaye) 
v=j v= (2, 1, 0) 
w=k w = (0, 0, 1) 
33. u = (2, 0, 1) 34. u = (2, 0, 0) 
v = (0,3, 0) v= (1,11) S M 
w= (0, 0, 1) w= (0, 2, 2) Qr yp z) (X5, Y2 Z2) 


fm] [=] Volume In Exercises 35 and 36, use the 
e : d triple scalar product to find the volume of the 


parallelepiped having adjacent edges u, v, and w. True or False? In Exercises 43-46, determine whether the 
statement is true or false. If it is false, explain why or give an 
35. u=i+j 36. u = (1,3, 1) example that shows it is false. 
v=jtk v= (0,6,6) 43. It is possible to find the cross product of two vectors in a 
w=i+k w = (—4,0, —4) two-dimensional coordinate system. 
z z 44. The cross product of two nonzero vectors is a nonzero vector. 
A 
| 45. fu # Oandu x v = u x w, then v = w. 


46. fu 0, u-v—u-*w,anduxv-—uxw,then v = w. 


Proof In Exercises 47-52, prove the property of the cross 
product. 


47. u x (v + w) = (ux v) + (ux w) 


48. c(u x v) = (cu) x v = u x (cv) 
Volume In Exercises 37 and 38, find the volume of the 49.uxu-^0 50. us (vx ) = (ux v)* w 


Ilelepiped with the gi tices. 
DESIT rS 51. u x v is orthogonal to both u and v. 


37. (0, 0, 0), (3, 0, 0), (0, 5, 1), (2, 0, 5), 52. u x v = 0 if and only if u and v are scalar multiples of each 
(3, 5, 1), (5, 0, 5), (2, 5, 6), (5, 5, 6) other. 

38. (0, 0, 0), (0, 4, 0), (—3, 0, 0), (— 1, 1, 5), 
(—3, 4, 0), (—1, 5, 5), (—4, 1, 5), (74,5, 5) 


53. Proof Provethat||u x v|| = |u||||v|| ifu and v are orthogonal. 
54. Proof Prove thatu x (v x w) = (u * w)v — (u * v)w. 
55. Proof Prove Theorem 11.9. 
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11.5 Lines and Planes in Space 


ia Write a set of parametric equations for a line in space. 

iM Write a linear equation to represent a plane in space. 

iM Sketch the plane given by a linear equation. 

E Find the distances between points, planes, and lines in space. 


Lines in Space 


: In the plane, slope is used to determine the equation of a line. In space, it is more 
convenient to use vectors to determine the equation of a line. 

In Figure 11.43, consider the line L through the point P(x,, Yı, zı) and parallel to 
the vector v — (a, b, c). The vector v is a direction vector for the line L, and a, b, and 
c are direction numbers. One way of describing the line L is to say that it consists of 
all points Q(x, y, z) for which the vector PQ is parallel to v. This means that PQ is a 
scalar multiple of v and you can write PQ — tv, where t is a scalar (a real number). 


PO = (x — X4 y = ypz — z) ES (at, bt, ct) = fy 


By equating corresponding components, you can obtain parametric equations of a 
line in space. 


Line L and its direction vector v THEOREM 11.11 Parametric Equations of a Line in Space 


Figure 11.43 A line L parallel to the vector v = (a, b, c) and passing through the point 


P(x, Yı, zj) is represented by the parametric equations 


x=x tat, y=y,+ bt, and z=z, + ct. 


If the direction numbers a, b, and c are all nonzero, then you can eliminate the 
parameter ¢ in the parametric equations to obtain symmetric equations of the line. 


oT Yaw 27 eh : . 
= Symmetric equations 
a b c 


\ A 
(1, 2, 4) e EXAMPLE 1 Finding Parametric and Symmetric Equations 
i 4 
Hn Find parametric and symmetric equations of the line L that passes through the point 
AM (1, —2, 4) and is parallel to v = (2, 4, — 4), as shown in Figure 11.44. 
H x Solution To find a set of parametric equations of the line, use the coordinates 
\ x, = Ll y, = —2, and z; = 4 and direction numbers a = 2, b = 4, and c = —4. 
2 
Bo x=1+4+24, y=-2+4, z—4-—At Parametric equations 


Because a, b, and c are all nonzero, a set of symmetric equations is 


x-1l yt2 7-4 
2 4 —4 ` 


Symmetric equations [| 


Neither parametric equations nor symmetric equations of a given line are unique. 
For instance, in Example 1, by letting t = 1 in the parametric equations, you would 
obtain the point (3, 2, 0). Using this point with the direction numbers a — 2, b — 4, and 
c = —4 would produce a different set of parametric equations 


The vector v is parallel to the line L. 
Figure 11.44 x=3+4+24, y=2+4t, and z= —4t. 
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Parametric Equations of a Line Through Two Points 
er [> See LarsonCalculus.com for an interactive version of this type of example. 
Find a set of parametric equations of the line that passes through the points 

(—2,1,0) and (1, 3,5). 


Solution Begin by using the points P(— 2, 1, 0) and Q(1, 3, 5) to find a direction 
vector for the line passing through P and Q. 


v = PO = (1 — (-2),3 — 1,5 — 0) = (3, 2, 5) = (a,b,c) 


Using the direction numbers a = 3, b = 2, and c = 5 with the point P(—2, 1, 0), you 
obtain the parametric equations 


ots x= —-24+3t, y=1+2t, and z=5t. iu 


ec o o o 


e» e e o REMARK — Ast varies over all real numbers, the parametric equations in Example 2 
determine the points (x, y, z) on the line. In particular, note that f = 0 and t = 1 give 
the original points (— 2, 1, 0) and (1, 3, 5). 


Planes in Space 


You have seen how an equation of a line in 
space can be obtained from a point on the line A 
and a vector parallel to it. You will now see 
that an equation of a plane in space can be 
obtained from a point in the plane and a 
vector normal (perpendicular) to the plane. 
Consider the plane containing the point 
P(x, y,, zı) having a nonzero normal vector 


n = (a, b, c) 


as shown in Figure 11.45. This plane consists 
of all points Q(x, y, z) for which vector PQ is 
orthogonal to n. Using the dot product, you 
can write the following. The normal vector n is orthogonal 
-A to each vector PQ in the plane. 
n:PQ-0 9 3 


Figure 11.45 
(a, b, c) E (x = xy = Yoz zs zi) — 0 
ax-—x)--by-y)tcdz-2z)-0 


The third equation of the plane is said to be in standard form. 


THEOREM 11.12 Standard Equation of a Plane in Space 


The plane containing the point (x,, y,, z;) and having normal vector 


n = (a,b,c) 


can be represented by the standard form of the equation of a plane 


a(x — x) + bly — y) + ez = zı) = 0. 


By regrouping terms in the standard form of the equation of a plane, you obtain 
the general form. 


ax + by+cz+d=0 General form of equation of plane 
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Given the general form of the equation of a plane, it is easy to find a normal vector 
to the plane. Simply use the coefficients of x, y, and z and write n = (a, b, c). 


Finding an Equation of a Plane in Three-Space 


Find an equation (in standard form and in general form) of the plane containing the points 
(2,1,1), (1,4,1), and (—2,0, 4). 


Solution To apply Theorem 11.12, you need a point in the plane and a vector that 
is normal to the plane. There are three choices for the point, but no normal vector is 
given. To obtain a normal vector, use the cross product of vectors u and v extending 
from the point (2, 1, 1) to the points (1, 4, 1) and (—2, 0, 4), as shown in Figure 11.46. 
The component forms of u and v are 


u = (1 —2,4-—1,1- 1) = (-1,3,0) 


and 


v=(-2-2,0-1,4- 1) =(-4, -1, 3). 


A plane determined by u and v 


Figure 11.46 So, it follows that a vector normal to the given plane is 
n=uxv 
i j k 
=|-1 3 0 
—4 -1 3 
= 91+ 3j + 13k 
= (a, b, c). 


Using the direction numbers for n and the point (x, y,, zj) = (2, 1, 1), you can 
determine an equation of the plane in standard form to be 
a(x — xy) + b(y — yı) + deca) =0 
9(x — 2) + 3(y — 1) + 13(z — 1) = 0. Standard form 
By regrouping terms, the general form is 
9x — 18 + 3y — 3 + 13z- 13 = 0 
9x + 3y + 132 — 34 = 0. General form u 


e RE In Example 3, check to see that each of the three original points satisfies 
the equation 9x + 3y + 13z — 34 = 0. 


Two distinct planes in three-space either are parallel or intersect in a line. For 
two planes that intersect, you can determine the angle (0 < 0 < 2/2) between them 
from the angle between their normal vectors, as shown in Figure 11.47. Specifically, if 
vectors n, and n, are normal to two intersecting planes, then the angle 0 between the 
normal vectors is equal to the angle between the two planes and is 


n, * n;| 


cose) = m me 
m, || Ims] 


Angle between two planes 


zc 


Consequently, two planes with normal vectors n, and n, are 


The angle 0 between two planes 1. perpendicular when n, * n, = 0. 


Figure 11.47 2. parallel when n, is a scalar multiple of n,. 
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. The 


three-dimensional rotatable 
graphs that are available at 
LarsonCalculus.com can help 
you visualize surfaces such as 
those shown in Figure 11.48. 
If you have access to these 
graphs, you should use them to 
help your spatial intuition when 
studying this section and other 
sections in the text that deal 
with vectors, curves, or 
surfaces in space. 
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Vectors and the Geometry of Space 


EXAMPLE 4 Finding the Line of Intersection of Two Planes 


Find the angle between the two planes x — 2y + z = 0 and 2x + 3y — 2z = 0. Then 
find parametric equations of their line of intersection (see Figure 11.48). 


Line of z 
intersection | 


N 
62d , 
E 
^ 


Figure 11.48 


Solution Normal vectors for the planes are n, = (1, —2, 1) and n, = (2,3, — 2). 
Consequently, the angle between the two planes is determined as follows. 


n':nm|- -6 | 6 
lalla —./6./17 102 


This implies that the angle between the two planes is 0 ~ 53.55°. You can find the line 
of intersection of the two planes by simultaneously solving the two linear equations 
representing the planes. One way to do this is to multiply the first equation by —2 and 
add the result to the second equation. 


cos 0 = = 0.59409 


x—2y- z=0 BD —-2x+4+ 4y-2z=0 Multiply Equation 1 by —2. 
2x+3y-2z=0 WD 2x + 3y — 22 =0 Write Equation 2. 
Ty — 4z—- 0 Add equations. 
y= uc Solve for y. 
7 ) 


Substituting y = 4z/7 back into one of the original equations, you can determine that 
x = 2/7. Finally, by letting t = z/7, you obtain the parametric equations 


x=t, y=4t, and z-7t Line of intersection 


which indicate that 1, 4, and 7 are direction numbers for the line of intersection. ui 


Note that the direction numbers in Example 4 can be obtained from the cross 
product of the two normal vectors as follows. 


i j k 

n xn =|] -2 1 
2 4d e 
-2 te ath -2 
EE aih ieh |k 
=i+4j+7k 


This means that the line of intersection of the two planes is parallel to the cross product 
of their normal vectors. 
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11.5 


Sketching Planes in Space 


Lines and Planes in Space 791 


If a plane in space intersects one of the coordinate planes, then the line of intersection is 
called the trace of the given plane in the coordinate plane. To sketch a plane in space, 
it is helpful to find its points of intersection with the coordinate axes and its traces in 
the coordinate planes. For example, consider the plane 


3x + 2y + 4z = 12. 


Equation of plane 


You can find the xy-trace by letting z = 0 and sketching the line 


3x + 2y = 12 xy-trace 


in the xy-plane. This line intersects the x-axis at (4, 0, 0) and the y-axis at (0, 6, 0). In 
Figure 11.49, this process is continued by finding the yz-trace and the xz-trace and then 
shading the triangular region lying in the first octant. 


x 
xy-trace (z = 0): yz-trace (x = 0): 
3x + 2y = 12 2y + 4z = 12 
Traces of the plane 3x + 2y + 4z = 12 

Figure 11.49 


If an equation of a plane has a missing 
variable, such as 


2x+z=1 


then the plane must be parallel to the axis 
represented by the missing variable, as shown 
in Figure 11.50. If two variables are missing 
from an equation of a plane, such as 


ax+d=0 


then it is parallel to the coordinate plane 
represented by the missing variables, as 
shown in Figure 11.51. 


x 
(4.09) ; 
a 


xz-trace (y = 0): 
3x + 4z = 12 


Plane 2x + z = 1 is parallel to the 
y-axis. 
Figure 11.50 


> N 


d | 
"b 0) p man 
= — 
"- 
x 


Plane ax + d = Ois parallel Plane by + d = Ois parallel Plane cz + d = O is parallel 


to the yz-plane. to the xz-plane. 


Figure 11.51 


to the xy-plane. 
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proj, PO / p 


D = ||proj, PQ|| 


The distance between a point and a 
plane 
Figure 11.52 


e 


e. REMARK — In the solution to 
Example 5, note that the choice 
of the point P is arbitrary. Try 
choosing a different point in the 
plane to verify that you obtain 
the same distance. 
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Distances Between Points, Planes, and Lines 


Consider two types of problems involving distance in space: (1) finding the distance 
between a point and a plane and (2) finding the distance between a point and a line. 
The solutions of these problems illustrate the versatility and usefulness of vectors in 
coordinate geometry: the first problem uses the dot product of two vectors, and the 
second problem uses the cross product. 

The distance D between a point Q and a plane is the length of the shortest line 
segment connecting Q to the plane, as shown in Figure 11.52. For any point P in the 
plane, you can find this distance by projecting the vector PO onto the normal vector n. 
The length of this projection is the desired distance. 


THEOREM 11.13 Distance Between a Point and a Plane 
The distance between a plane and a point Q (not in the plane) is 


IPÒ + n| 


D = |proj,PQ|| = Tall 


where P is a point in the plane and n is normal to the plane. 


To find a point in the plane ax + by + cz + d = 0, where a # 0, let y = 0 and 
z = 0. Then, from the equation ax + d = 0, you can conclude that the point 


(400) 
a 


lies in the plane. 


EXAMPLE 5 Finding the Distance Between a Point and a Plane 


Find the distance between the point Q(1, 5, — 4) and the plane 3x — y + 2z = 6. 


Solution You know that n = (3, — 1, 2) is normal to the plane. To find a point in the 
plane, let y = 0 and z = 0, and obtain the point P(2, 0, 0). The vector from P to Q is 


PÒ = (1-2,5-0,-4-0) 


abd Sa), 
Using the Distance Formula given in Theorem 11.13 produces 
PO +n = —4). = —3—5— 
eae Nl [es dedu 13] ee Sesg]. 16 oe 
[nl J/9 - 1-4 J14 /14 


From Theorem 11.13, you can determine that the distance between the point 
Q(Xp, yo. Zo) and the plane ax + by + cz + d = Ois 


la(xo = x) + b(yo — yı) + cz 7 zj)l 


Ja? + b* + c? 


D= 


or 


ent ont Eent 


Ja? +B + c? 


D 


Distance between a point and a plane 


where P(x,, y,, Z,) is a point in the plane and d = — (ax, + by, + czj). 


9/15/16 4:11 PM 


11.5 Lines and Planes in Space 793 


EXAMPLE 6 Finding the Distance Between Two Parallel Planes 


Two parallel planes, 3x — y + 2z — 6 = 0 and 6x — 2y + 4z + 4 = 0, are shown in 
Figure 11.53. To find the distance between the planes, choose a point in the first plane, 
such as (xy, yo, zo) = (2, 0, 0). Then, from the second plane, you can determine that 


a=6,b 2, c = 4, and d = 4 and conclude that the distance is 
" D= laxo + byg + czg + d| 
X JVE+P+ e 
D 
_ [62) + (- 20) + (4)(0) + 4| 
6x —2y+4z+4=0 62 + (—2)? + 42 

The distance between the parallel B 16 E 8 ~ 2.14 E 
planes is approximately 2.14. J56 J14 VM 


Figure 11.53 


The formula for the distance between a point and a line in space resembles that 
for the distance between a point and a plane—except that you replace the dot product 
with the length of the cross product and the normal vector n with a direction vector for 
the line. 


THEOREM 11.14 Distance Between a Point and a Line in Space 


The distance between a point Q and a line in space is 


[PO x ul 


D= 
lull 


where u is a direction vector for the line and P is a point 
Q on the line. 


D= ||PÓl|sin 6 Ban . In Figure 11.54, let D be the distance between the point Q and the line. Then 
= ||PO || sin 0, where 0 is the angle between u and PQ. By Property 2 of Theorem 11.8, 
Line you have ||u|| | PO | sin @ = |u x PO|| = ||PQ x ull. Consequently, 
The distance between a point and a line D- IPÒ ans PO x ul ü 
Figure 11.54 lull 


EXAMPLE 7 Finding the Distance Between a Point and a Line 
Find the distance between the point Q(3, — 1, 4) and the line 
x=-2+3t, y-— —2t and z= 1 + 4t. 


Solution Using the direction numbers 3, — 2, and 4, a direction vector for the line 
is u = (3, —2, 4). To find a point on the line, let t = 0 and obtain P = (—2, 0, 1). So, 


PÓ-(3-(-2,-1- 04-1) = (5, -1,3) 


and you can form the cross product 


i j k 
POxu=(|5 -1 3|=2i- 11j-7k= Q,-11, -7). 
3 -2 4 


Finally, using Theorem 11.14, you can find the distance to be 


The distance between the point Q and Za = 
the line is /6 = 2.45. D= [PO x ull = vl = /6 = 2.45. See Figure 11.55. | 
Figure 11.55 lull /29 
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11.5 Exercises 


CONCEPT CHECK 


1. Parametric and Symmetric Equations Give the 
parametric equations and the symmetric equations of a line 
in space. Describe what is required to find these equations. 


. Normal Vector The equation of a plane in space is 
2(x — 1) + 4(y — 3) — (z + 5) = 0. What is the normal 
vector to this plane? 


. Plane Write an equation of a plane in space that is 
parallel to the x-axis. 


. Parallel Planes Explain how to find the distance 
between two parallel planes. 


Checking Points on a Line In Exercises 5 and 6, determine 
whether each point lies on the line. 


5.x=-2+4y=347z=4+1t 
(a) (0, 6, 6) (b) (2, 3, 5) (c) (—4, —6, 2) 
Pa 3). WS Ty 
6. 2 8 Za 2 
(a) (7,23,0) b) (1, —1,—3) (c) (-7, 47, —7) 
EAE Finding Parametric and Symmetric 


(a) parametric equations and (b) symmetric 
equations of the line that passes through the given 
point and is parallel to the given vector or line. (For 
each line, write the direction numbers as integers.) 


Laer a erus Equations In Exercises 7-12, find sets of 


Point Parallel to 

7. (0,0, 0) v = (3, 1,5) 

8. (0, 0, 0) v = (-2,3,1) 

9. (—2, 0, 3) v = 2i + 4j — 2k 

10. (—3, 0, 2) v = 6j + 3k 

11. (1,0, 1) x=34+3t,y=5-2472=-7+t 
x= 1 yl 

12. (—3, 5,4) ; = 3 

ma Finding Parametric and Symmetric 

P 4& Equations In Exercises 13-16, find sets of 


an (a) parametric equations and (b) symmetric 
[2] a equations of the line that passes through the two 
points (if possible). (For each line, write the direction 
numbers as integers.) 


13, (5, —3, —2), (—2,2, 1) 
15. (7, -2, 6), (—3, 0, 6) 


14. (0, 4, 3), (C 1,2, 5) 
16. (0, 0, 25), (10, 10, 0) 
Finding Parametric Equations In Exercises 17—24, find 


a set of parametric equations of the line with the given 
characteristics. 


17. The line passes through the point (2, 3, 4) and is parallel to the 
xz-plane and the yz-plane. 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


18. The line passes through the point (— 4, 5, 2) and is parallel to 
the xy-plane and the yz-plane. 


19. The line passes through the point (2, 3, 4) and is perpendicular 
to the plane given by 3x + 2y — z = 6. 


20. The line passes through the point (— 4, 5, 2) and is perpendicular 
to the plane given by —x + 2y + z = 5. 


21. The line passes through the point (5, 
to v = (2, —1, 3). 


—3, —4) and is parallel 


22. The line passes through the point (— 1, 4, —3) and is parallel 


tov = 5i — j. 


23. The line passes through the point (2, 1, 2) and is parallel to the 
line x = -ty = 1 +4tz=-—2+t. 


24. The line passes through the point (— 6, 0, 8) and is parallel to 
the line x = 5 — 2t, y = —4 + 2t,z = 0. 


Using Parametric and Symmetric Equations In 
Exercises 25-28, find the coordinates of a point P on the line 
and a vector v parallel to the line. 


25.x=3-t y= 
26.x —4t y=S-t z=4+3t 


x—-7 y+6 xt3 y z-3 
~ = =+ : 
4 g 9e 5 8 6 


27. 


Determining Parallel Lines In Exercises 29-32, determine 
whether the lines are parallel or identical. 


29. x=6- 3t, y=—2+2, z=5+4 
x=6, y=2—4t, z=13-—8t 
30.x=1+24, y l-t z=3t 
x=5+24 y=1-t z=8+3t 
5 


x—8 z+9 
le c EE 
x+4 y-1 z-*18 
—8 4 —6 
=l l E3 
g xS “4 
HED -y-l.z-—3 
1 0.5 1 


Finding a Point of Intersection In Exercises 33-36, 
determine whether the lines intersect, and if so, find the point 
of intersection and the angle between the lines. 


33.x=4t+2, y=3, z=-t+1 
x=2s+2, y=2s+3, z=st+1 


34. x= —-3t+1, y=4t+1, z=2t+4 
x=3st+1, y=2s+4, z=-s+1 
x_ y=2_ i acc z+3 
35. 3 - zl, 4 yr? 8 
=E uA. XS orig E 
36. 3 6 z 3, 2 yts5 4 
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Checking Points in a Plane In Exercises 37 and 38, 
determine whether each point lies in the plane. 


37. x -2y - 4z — 1-0 


(a) (-7,2,—1 (b) (5, 2,2) (c) (-6, 1, —1) 
38. 2x + y + 32 6-0 
(a) (3, 6, —2) (b (-1,5,-1) (0 (2,1,0) 


mite Finding an Equation of a Plane In Exercises 
39—44, find an equation of the plane that passes 
ERER through the given point and is perpendicular to the 

a given vector or line. 


Point Perpendicular to 
39. (1,3, — 7) n-j 
40. (0, — 1, 4) n=k 
41. (3, 2, 2) n = 2i + 3j — k 
42. (0,0, 0) n = —3i + 2k 
43. (—1, 4,0) x=-1+2y=5-t72=3-2¢ 
44. (3, 2, 2) LI =y E 


[n]i*T[m] Finding an Equation of a Plane In Exercises 
Verr Ey 45-56, find an equation of the plane with the given 
= Hs characteristics. 

45. The plane passes through (0, 0, 0), (2, 0, 3), and (—3, — 1, 5). 
46. The plane passes through (3, — 1, 2), (2, 1, 5), and (1, —2, — 2). 
47. The plane passes through (1, 2, 3), (3, 2, 1), and (— 1, —2, 2). 


48. The plane passes through the point (1, 2, 3) and is parallel to 
the yz-plane. 


49. The plane passes through the point (1, 2, 3) and is parallel to 
the xy-plane. 


50. The plane contains the y-axis and makes an angle of 77/6 with 
the positive x-axis. 


51. The plane contains the lines given by 


y= l X—2. y.—1 .2—2 
=y-4= d = = i 
—9 y com —3 4 =] 


52. The plane passes through the point (2, 2, 1) and contains the 
line given by 


53. The plane passes through the points (2, 2, 1) and (— 1, 1, — 1) 
and is perpendicular to the plane 


2x - y +z =3. 

54. The plane passes through the points (3, 2, 1) and (3, 1, —5) 
and is perpendicular to the plane 
6x + 7y + 2z = 10. 


55. The plane passes through the points (1, —2, — 1) and (2, 5, 6) 


and is parallel to the x-axis. 
56. The plane passes through the points (4, 2, 1) and (—3, 5, 7) 
and is parallel to the z-axis. 
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Finding an Equation of a Plane In Exercises 57—60, find 
an equation of the plane that contains all the points that are 
equidistant from the given points. 
57. (2,2,0), (0,2,2) 
58. (1,0,2), (2,0, 1) 
59. (—3, 1,2), (6, —2, 4) 
60. (-5.1, —3), (2, —1,6) 
Parallel Planes In Exercises 61-64, determine whether the 
planes are parallel or identical. 
61. -5x + 2y - 8z = 6 62. 2x - y +3z=8 
15x — 6y + 24z = 17 8x — 4y + 127z = 5 
63. 3x — 2y + 5z = 10 
75x — 50y + 125z = 250 
64. -x + 4y - z - 6 
-žy + 10y — $z =15 
[n]:: [s] Intersection of Planes In Exercises 65-68, 
CES ty (a) find the angle between the two planes and 
pen vin (b) find a set of parametric equations for the line of 
"* jntersection of the planes. 
65. 3x -2y—z-7 66. —2x+y+z=2 
x— 4y+2z=0 6x — 3y + 2z = 4 
67. 3x -—-y+z=7 68. 6x — 3y + z=5 
4x + 6y + 3z = 2 —xtyctb5z-5 


Comparing Planes In Exercises 69-74, determine whether 
the planes are parallel, orthogonal, or neither. If they are neither 
parallel nor orthogonal, find the angle between the planes. 


69. 5x — 3y +z =4 70. 3àQxty—4z23 
x t 4y t 72-5] —9x —3y + 122 = 4 
71. x - 3y c 62-4 72. àxt2y -z- 7 


5xty-z-4 x— 4y+2z=0 
73. x— 5y-z=1 74. 2 -z ^ 1 
5x 25y z= —3 4x + y + 8z = 10 


EID Sketching a Graph of a Plane In Exercises 
7 ors, 44, 75-82, sketch a graph of the plane and label any 


E EE intercepts. 
Ara 


75. y= —2 76. 2-1 
TIl.xtz-6 78. 2x + y= 

79. 4x + 2y + 6z = 12 80. 3x + 6y + 22-6 
81. 2x — y + 3z=4 82. 2x —-y+z= 


Intersection of a Plane and a Line In Exercises 83-86, 
find the point(s) of intersection (if any) of the plane and the 
line. Also, determine whether the line lies in the plane. 


+7 +1 
83. x+ 3y-z=6, ~—=y-4=% 


84. 2x + 3y = —5, =2= 
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R= 1 yl 7 
u UN oO Eg xe 104( ) HOW DO YOU SEE IT? Match the general 
x-4 gud z+2 equation with its graph. Then state what axis or 
86. 5x + 3y = 17, 2 3 5 plane the equation is parallel to. 
(a) ax - by - d-0 
Dresd Finding the Distance Between a Point and (b ax +d=0 
FEN ya Plane In Exercises 87-90, find the distance fee 
— between the point and the plane. © tee d 
[n]E 
n (d) ax - ez -d—-0 
87. (0, 0, 0) 88. (0, 0, 0) " 
1 Z 
2x + 3y +tz= 12 5x ty-z-9 
89. (2, 8, 4) 
2x *y tz-5 
90. (1,3, — 1) 


3x — 4y + 5z = 6 


Finding the Distance Between Two Parallel 
Planes In Exercises 91-94, verify that the two 
planes are parallel and find the distance between 
the planes. 


91. x — 3y + 4z = 10 92. 2x + Ty + z= 13 
x— 3y+4z=6 2x+Ty+z=9 
93. —3x + 6y + 7z=1 
6x — 12y — 14z = 25 
94. -x + 6y + 2z = 3 
-ix + 3y+z=4 


e 105. Modeling Data «««««eeeeeccccce 


Personal consumption expenditures (in billions of dollars) 
for several types of recreation from 2009 through 2014 

are shown in the table, where x is the expenditures on 
amusement parks and campgrounds, y is the expenditures 
on live entertainment (excluding sports), and z is the 
expenditures on spectator sports. (Source: U.S. Bureau of 
Economic Analysis) 


=) [=] Finding the Distance Between a Point and 
rete a Line In Exercises 95-98, find the distance 
between the point and the line given by the set of 

" parametric equations. 


95. (1,5, 2; x=4t-2, y 23, z-—1*1 
96. (1, -2,4; x=2t4, y-7t—-3, z=2t+2 
97. (C2, ,L,3; x=1—-4 y=2+4, z 2t 


Year | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 


98. (4, 1,05; x23, y=1+34, z-1«*t x 37.2 | 38.8 | 41.3 | 44.6 | 47.0 | 50.3 
-— : . y 25.2 | 263 | 283 | 28.5 | 280 | 30.0 
Finding the Distance Between Two Parallel Lines In 
Exercises 99 and 100, verify that the two lines are parallel and Z 18.8 | 19.2 | 20.4 | 20.6 | 21.6 | 22.4 


find the distance between the lines. 
A model for the data is given by 


0.23x + 0.14y — z = — 6.85. 


99. L: x -2—t y=3+2t, z=4+t 
L: x =3t, y=1-6t, z=4-3t 
100. L: x =3 +4 6f, y 2+ 9t, z=1-— 12t 


(a) Complete a fourth 
row in the table 
using the model to 
approximate z for 
the given values of 
x and y. Compare 
the approximations 
with the actual values 
of z. 


EXPLORING CONCEPTS 


101. Planes Consider a line and a point not on the line. 
How many planes contain the line and the point? Explain. 


102. Planes How many planes are orthogonal to a given 
plane in space? Explain. 


(b) According to this model, increases in expenditures on 
recreation types x and y would correspond to what kind 
of change in expenditures on recreation type z? 


. Think About lt Do two distinct lines in space 
determine a unique plane? Explain. 


e e e e e e e ef 


Naypong/Shutterstock.com 
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106. Mechanical Design The figure shows a chute at the top 
of a grain elevator of a combine that funnels the grain into a 
bin. Find the angle between two adjacent sides. 


8 in. 8 in. 


8 in. 


6 in. 


107. Distance Two insects are crawling along different lines 
in three-space. At time f (in minutes), the first insect is at the 
point (x, y, z) on the line x = 6 +t, y=8-t,z=3+t. 
Also, at time t, the second insect is at the point (x, y, z) on 
the line x = 1 + t, y = 2 + tz = 2t. Assume that distances 
are given in inches. 


(a) Find the distance between the two insects at time t = 0. 


+ (b) Use a graphing utility to graph the distance between the 
insects from t = 0 to t = 10. 


(c) Using the graph from part (b), what can you conclude 
about the distance between the insects? 


(d) How close to each other do the insects get? 


108. Finding an Equation of a Sphere Find the standard 
equation of the sphere with center (—3, 2, 4) that is tangent 
to the plane given by 2x + 4y — 3z = 8. 


SECTION PROJECT BEBE 


Distances in Space 


You have learned two distance formulas in this section—one for 
the distance between a point and a plane, and one for the distance 
between a point and a line. In this project, you will study a third 
distance problem—the distance between two skew lines. Two lines 
in space are skew if they are neither parallel nor intersecting (see 
figure). 


(a) Consider the following two lines in space. 


Ly: x=4+5ty=5+54,72=1-4¢ 
L: x=4+5,y = —-6+ 8s,z=7 — 3s 


(i) Show that these lines are not parallel. 


(ii) Show that these lines do not intersect and therefore are 
skew lines. 


(iii) Show that the two lines lie in parallel planes. 


(iv) Find the distance between the parallel planes from 
part (iii). This is the distance between the original skew 
lines. 


(b) Use the procedure in part (a) to find the distance between the 
lines. 


L: x = 2t, y = 4t, z = 6t 


L;x-l-—-sy-4ctsz lcs 
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109. Finding a Point of Intersection Find the point of 
intersection of the plane 3x — y + 4z = 7 and the line 
through (5, 4, —3) that is perpendicular to this plane. 


110. Finding the Distance Between a Plane and a Line 
Show that the plane 2x — y — 3z — 4 is parallel to the line 
x= —2 t 2t, y ^ —1 + 4t, z = 4, and find the distance 
between them. 


111. Finding Parametric Equations Find a set of 
parametric equations for the line passing through the 
point (0, 1, 4) that is perpendicular to u — (2, —5, 1) and 
v = (-3, 1, 4). 


112. Finding Parametric Equations Find a set of parametric 
equations for the line passing through the point (1, 0, 2) 
that is parallel to the plane given by x + y + z= 5 and 
perpendicular to the line x = t y = 1 +tz=1+t. 


True or False? In Exercises 113-118, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


113. If v = aqi + bj 
ax + b,y + caz 


cık is any vector in the plane given by 
d, = 0, then aa; + bib, + cc, = 0. 


114. Two lines in space are either intersecting or parallel. 
115. Two planes in space are either intersecting or parallel. 


116. If two lines L, and L, are each parallel to a plane, then L, and 
L, are parallel. 


117. If two planes P, and P, are each perpendicular to a third plane 
in space, then P, and P, are parallel. 


118. A plane and a line in space are either intersecting or parallel. 


(c) Use the procedure in part (a) to find the distance between the 
lines. 


L: x =3t,y=2-t,z l+t 
L; x= 1 + 4s,y=-—2+s,z 3 — 3s 


(d) Develop a formula for finding the distance between the skew 


lines. 
L: x= x + at, y = y tbtz-ztet 
Lj x = x, as, y = ya + bys, Z = Z3 + CS 


L, 
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Right circular cylinder: 
xl.yzg 


Rulings are parallel to z-axis 
Figure 11.56 


liM Recognize and write equations of cylindrical surfaces. 
E Recognize and write equations of quadric surfaces. 
liM Recognize and write equations of surfaces of revolution. 


Cylindrical Surfaces 


The first five sections of this chapter contained the vector portion of the preliminary 
work necessary to study vector calculus and the calculus of space. In this and the next 
section, you will study surfaces in space and alternative coordinate systems for space. 
You have already studied two special types of surfaces. 


1. Spheres: (x — xo)? + (y — yo)? + (z — %)? = r? Section 11.2 


2. Planes: ax + by +cz+d=0 Section 11.5 


A third type of surface in space is a cylindrical surface, or simply a cylinder. To 
define a cylinder, consider the familiar right circular cylinder shown in Figure 11.56. 
The cylinder was generated by a vertical line moving around the circle x? + y? = a? 
in the xy-plane. This circle is a generating curve for the cylinder, as indicated in the 
next definition. 


Definition of a Cylinder 


Let C be a curve in a plane and let L be a line not in a parallel plane. The set 
of all lines parallel to L and intersecting C is a cylinder. The curve C is the 
generating curve (or directrix) of the cylinder, and the parallel lines are 
rulings. 


Without loss of generality, you can 
assume that C lies in one of the three 
coordinate planes. Moreover, this text 
restricts the discussion to right cylinders— 
cylinders whose rulings are perpendicular 
to the coordinate plane containing C, 
as shown in Figure 11.57. Note that the 
rulings intersect C and are parallel to the 
line L. 

For the right circular cylinder shown in 
Figure 11.56, the equation of the generating 
curve in the xy-plane is 


Generating 
Rulings intersect C curve C 


and are parallel to L. 


Right cylinder: A cylinder whose rulings 
are perpendicular to the coordinate plane 
containing C 

x2 + y? = æ. Figure 11.57 

To find an equation of the cylinder, note that you can generate any one of the rulings by 
fixing the values of x and y and then allowing z to take on all real values. In this sense, 
the value of z is arbitrary and is, therefore, not included in the equation. In other words, 
the equation of this cylinder is simply the equation of its generating curve. 


A Ry e Equation of cylinder in space 


Equations of Cylinders 


The equation of a cylinder whose rulings are parallel to one of the coordinate 
axes contains only the variables corresponding to the other two axes. 
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Sketching a Cylinder 


Sketch the surface represented by each equation. 
az=y b.z-sinx Ozxz2m 
Solution 


a. The graph is a cylinder whose generating curve, z — y?, is a parabola in the yz-plane. 
The rulings of the cylinder are parallel to the x-axis, as shown in Figure 11.58(a). 

b. The graph is a cylinder generated by the sine curve in the xz-plane. The rulings are 
parallel to the y-axis, as shown in Figure 11.58(b). 


Generating curve C 
lies in yz-plane 


Generating curve C 


lies in xz-plane n 


Cylinder: z = y? Cylinder: z = sin x 


(a) Rulings are parallel to x-axis. (b) Rulings are parallel to y-axis. 


Figure 11.58 | 


Quadric Surfaces 


The fourth basic type of surface in space is a quadric surface. Quadric surfaces are the 
three-dimensional analogs of conic sections. 


Quadric Surface 


The equation of a quadric surface in space is a second-degree equation in 
three variables. The general form of the equation is 


Ax? + By? + C2 + Dxy + Exz + Fyz + Gx + Hy + Iz * J — 0. 


There are six basic types of quadric surfaces: ellipsoid, hyperboloid of one 
sheet, hyperboloid of two sheets, elliptic cone, elliptic paraboloid, and 
hyperbolic paraboloid. 


The intersection of a surface with a plane is called the trace of the surface in 
the plane. To visualize a surface in space, it is helpful to determine its traces in some 
well-chosen planes. The traces of quadric surfaces are conics. These traces, together 
with the standard form of the equation of each quadric surface, are shown in the table 
on the next two pages. 

In the table on the next two pages, only one of several orientations of each quadric 
surface is shown. When the surface is oriented along a different axis, its standard 
equation will change accordingly, as illustrated in Examples 2 and 3. The fact that 
the two types of paraboloids have one variable raised to the first power can be helpful 
in classifying quadric surfaces. The other four types of basic quadric surfaces have 
equations that are of second degree in all three variables. 
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Ellipsoid 
2 2 2 
L a ed 
ev P e 
Trace Plane 
Ellipse Parallel to xy-plane 
Ellipse Parallel to xz-plane 
Ellipse Parallel to yz-plane 


The surface is a sphere when 
a=b=c#0. 


Hyperboloid of One Sheet 


x2 y»? z2 u 

m p ee 
Trace Plane 
Ellipse Parallel to xy-plane 
Hyperbola Parallel to xz-plane 
Hyperbola Parallel to yz-plane 


The axis of the hyperboloid 
corresponds to the variable whose 
coefficient is negative. 


Hyperboloid of Two Sheets 


c 
Trace Plane 

Ellipse Parallel to xy-plane 
Hyperbola Parallel to xz-plane 
Hyperbola Parallel to yz-plane 


The axis of the hyperboloid 
corresponds to the variable whose 
coefficient is positive. There is no 
trace in the coordinate plane 
perpendicular to this axis. 
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Elliptic Cone 


x2 y? 2 

ep a 
Trace Plane 
Ellipse Parallel to xy-plane 
Hyperbola Parallel to xz-plane 
Hyperbola Parallel to yz-plane 


The axis of the cone corresponds to the 
variable whose coefficient is negative. 
The traces in the coordinate planes 
parallel to this axis are intersecting 
lines. 


xy-trace 
(one point) 


— y 


parallel to 
xy-plane 


Elliptic Paraboloid 


2 2 


= 2 y 
CONTE 
Trace Plane 
Ellipse Parallel to xy-plane 
Parabola Parallel to xz-plane 
Parabola Parallel to yz-plane 


The axis of the paraboloid corresponds 
to the variable raised to the first power. 


xy-trace 
(one point) 


Hyperbolic Paraboloid 


2 2 
-- x 
pe 
Trace Plane 
Hyperbola Parallel to xy-plane 
Parabola Parallel to xz-plane 
Parabola Parallel to yz-plane 


The axis of the paraboloid 
corresponds to the variable raised to 
the first power. 
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Hyperboloid of two sheets: 
2 wd 
y x 


x7 


Figure 11.59 


Figure 11.60 


To classify a quadric surface, begin by writing the equation of the surface in 
standard form. Then, determine several traces taken in the coordinate planes or taken 
in planes that are parallel to the coordinate planes. 


Sketching a Quadric Surface 


Classify and sketch the surface 
4x? — 3y? + 1272+ 12 = 0. 


Solution Begin by writing the equation in standard form. 


4x2 — 3y? -1224 12-20 Write original equation. 
2 2 
X 
pt a dati. Divide by — 12. 
2 x 
y: = = —gza] Standard form 


From the table on pages 800 and 801, you can conclude that the surface is a hyperboloid 
of two sheets with the y-axis as its axis. To sketch the graph of this surface, it helps to 
find the traces in the coordinate planes. 


Eau 
xy-trace (z = 0): 4 3 =1 Hyperbola 
2 2 
xz-trace (y = 0): A + T --—] No trace 
LlgpX. E 
yz-trace (x = 0): 4 D 1 Hyperbola 


The graph is shown in Figure 11.59. 


Sketching a Quadric Surface 


Classify and sketch the surface 
x—-y-4g2-0. 


Solution Because x is raised only to the first power, the surface is a paraboloid. The 
axis of the paraboloid is the x-axis. In standard form, the equation is 


x = y + Az. Standard form 


Some convenient traces are listed below. 


xy-trace (z — 0): x=y Parabola 
xz-trace (y = 0): x = A42 Parabola 
y 2 
parallel to yz-plane (x = 4): 4 + pe 1 Ellipse 
The surface is an elliptic paraboloid, as shown in Figure 11.60. a 


Some second-degree equations in x, y, and z do not represent any of the basic types 
of quadric surfaces. For example, the graph of 


»-cyr-g220 Single point 
is a single point, and the graph of 
x*-y-2l Right circular cylinder 


is a right circular cylinder. 


4 2 E 


6-3 (eo. zu 


x 
An ellipsoid centered at (2, — 1, 1) 
Figure 11.61 
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For a quadric surface not centered at the origin, you can form the standard 
equation by completing the square, as demonstrated in Example 4. 


A Quadric Surface Not Centered at the Origin 


eee [> See LarsonCalculus.com for an interactive version of this type of example. 
Classify and sketch the surface 
w+ 2y + 2— 4x + 4y —- 274+ 3=0. 
Solution Begin by grouping terms and factoring where possible. 
x — 4x + 2(y? + 2y) +2 — 2z = -3 
Next, complete the square for each variable and write the equation in standard form. 


2- 4x+ )+ Uy +2y+ )+(2-2z+ )=-3 


Ge = 4x + 4) + 20? + 2y + 1) + (2 — 2z + 1) 2-344421 
(x= 2} + 2(y +1} +(z-1}=4 
k-22 (FI -1 
"ELI RD D 


From this equation, you can see that the quadric surface is an ellipsoid that is centered 
at (2, — 1, 1). Its graph is shown in Figure 11.61. a 


A 3-D graphing utility can help you visualize a surface in 
space.* Such a graphing utility may create a three-dimensional graph by sketching 
several traces of the surface and then applying a “hidden-line” routine that blocks out 
portions of the surface that lie behind other portions of the surface. Two examples of 
figures that were generated by Mathematica are shown below. 


z z 


, Generated by Mathematica 
Generated by Mathematica 7 


Elliptic paraboloid Hyperbolic paraboloid 
y» 2 y» xg 
mune ED 
Tg gd 7 16 16 


Using a graphing utility to graph a surface in space requires practice. For one 
thing, you must know enough about the surface to be able to specify a viewing 
window that gives a representative view of the surface. Also, you can often improve 
the view of a surface by rotating the axes. For instance, note that the elliptic 
paraboloid in the figure is seen from a line of sight that is "higher" than the line of 
sight used to view the hyperbolic paraboloid. 


€ € 06 6 6 6 0 6 9 06 6 06 6 0€ eee 09 06 € 0€ 6 09 06 € 06 € 6 6 6 € 6 0 96 0 6 06 6 € 6 9 6 6 6 


* Some 3-D graphing utilities require surfaces to be entered with parametric equations. For a discussion of this 
technique, see Section 15.5. 
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Generating curve 


Circular 
cross section 


Figure 11.62 


z 
A | Surface: 
| 2 


hs 
9 J 


2 
Pea 


Generating curve 
9x? = y? 


Figure 11.63 
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Surfaces of Revolution 


The fifth special type of surface you will study is a surface of revolution. In Section 7.4, 
you studied a method for finding the area of such a surface. You will now look at a 
procedure for finding its equation. Consider the graph of the radius function 


Generating curve 


y = r(z) 


in the yz-plane. When this graph is revolved about the z-axis, it forms a surface of 
revolution, as shown in Figure 11.62. The trace of the surface in the plane z = Z is a 
circle whose radius is r(zọ) and whose equation is 


yy = [re 


Replacing z, with z produces an equation that is valid for all values of z. In a similar 
manner, you can obtain equations for surfaces of revolution for the other two axes, and 
the results are summarized as follows. 


Circular trace in plane: z = Zo 


Surface of Revolution 

If the graph of a radius function r is revolved about one of the coordinate 
axes, then the equation of the resulting surface of revolution has one of the 
forms listed below. 


1. Revolved about the x-axis: y? + z2 = [r(x)P 
2. Revolved about the y-axis: x? + 2? = [r(y)P 
3. Revolved about the z-axis: x? + y? = [r(z)? 


Finding an Equation for a Surface of Revolution 


Find an equation for the surface of revolution formed by revolving (a) the graph of 
y = 1/z about the z-axis and (b) the graph of 9x? = y? about the y-axis. 


Solution 


a. An equation for the surface of revolution formed by revolving the graph of 


Le = Radius function 
Z 


about the z-axis is 
Py [pur 
dod (4) 
Xe E =ļ|-]. 
d Zz 


b. To find an equation for the surface formed by revolving the graph of 9x? = y? about 
the y-axis, solve for x in terms of y to obtain 


Revolved about the z-axis 


Substitute 1/z for r(z). 


Radius function 


1 
zl43/2 = 
x 3" r(y). 
So, the equation for this surface is 


2+ 2 = ([r(y)P 


Revolved about the y-axis 


1 2 
Pt e= (br) Substitute 1 y? for r(y). 
2 2 = 1 3 : E 
wee eS gs Equation of surface 
The graph is shown in Figure 11.63. au 
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The generating curve for a surface of revolution is not unique. For instance, the 
surface 


LHS 

can be formed by revolving either the graph of 
I= 

about the y-axis or the graph of 
g-e? 


about the y-axis, as shown in Figure 11.64. 


N 


Generating curve 
in yz-plane 


E d 


Generating curve 


in xy-plane 
X-e? 


Figure 11.64 


Finding a Generating Curve 


Find a generating curve and the axis of revolution for the surface 
L +3% 42-9. 


Solution The equation has one of the forms listed below. 


xX + y? = lr) F Revolved about z-axis 
y? +2? = ro P Revolved about x-axis 
P+ ea [r(y)P Revolved about y-axis 


Surface: 
ar 2 2 
Because the coefficients of x and z* are equal, —|,2, 3,2, -2=9 


you should choose the third form and write 


Generating curve 


r+ 2 = 9 — 3y. 


The y-axis is the axis of revolution. You can 
choose a generating curve from either of the 
traces 


r= 9- 3y? Trace in xy-plane 
or 

2 = = 2 : 

Z 9 3y*. Trace in yz-plane 


For instance, using the first trace, the generating 


curve is the semiellipse 
Generating curve 
in xy-plane 


. x= V9 —3y? 
The graph of this surface is shown in 
Figure 11.65. Figure 11.65 a 


x= J a= 3y. Generating curve 
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11.6 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Quadric Surfaces How are quadric surfaces and 
conic sections related? 


. Classifying an Equation What does the equation 
z = X? represent in the xz-plane? What does it represent 
in three-space? 

. Trace of a Surface What is meant by the trace of a 
surface? How do you find a trace? 


. Think About |t Does every second-degree 
equation in x, y, and z represent a quadric surface? Explain. 


Matching In Exercises 5-10, match the equation with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) z (b) 


6. 15x? — 4y? + 152 = —4 


8. y? = 4x2 + 922 


Sketching a Surface in Space In Exercises 
11-14, describe and sketch the surface. 


11. 45229 
13. 42 + y?-4 


12. ? +z=6 
14.  - 2 = 25 


Sketching a Quadric Surface In Exercises 
15-26, classify and sketch the quadric surface. Use 
Y 3 acomputer algebra system or a graphing utility to 
confirm your sketch. 


x y? ze 
a a De pes 
» Ae = y^ 1 16 16 25 * 35 1 
. 16x? — y? + 162 = 4 18. z = x? + 4y* 

y y 
24 4 Bou» zc ue 
xXckptz 1 20. 2 -— x 4 1 

y 
seta 22.322 -y + x? 
x)-—-y-ctz-0 24. 2 = 2y? + 22 
.x2—-ytg2-20 26. —8x? + 18? + 182 = 2 


EXPLORING CONCEPTS 

27. Hyperboloid Explain how to determine whether 
a quadric surface is a hyperboloid of one sheet or a 
hyperboloid of two sheets. 


28. Ellipsoid Is every trace of an ellipsoid an ellipse? 
Explain. 


29. Quadric Surface Is there a quadric surface whose 
traces are all parabolas? Explain. 


30. 5 HOW DO YOU SEE IT? The four figures 


below are graphs of the quadric surface 

z = x? + y?. Match each of the four graphs with 
the point in space from which the paraboloid is 
viewed. 


Z 


x 


(i) (0, 0, 20) 
(iii) (20, 0, 0) 


(ii) (0, 20, 0) 
(iv) (10, 10, 20) 


Finding an Equation for a Surface of 
Revolution In Exercises 31-36, find an 
equation for the surface of revolution formed by 
revolving the curve in the indicated coordinate 
plane about the given axis. 


Se 


Equation Coordinate Axis of 
of Curve Plane Revolution 
31. z = Sy yz-plane y-axis 
32. 2 = 9y yz-plane y-axis 
33. y? = & yz-plane z-axis 
34. z = lnx xz-plane z-axis 
35. xy = 2 xy-plane x-axis 
36. 2z = J4- à xz-plane x-axis 


Gm] Finding a Generating Curve In Exercises 
1 37—40, find an equation of a generating curve given 
the equation of its surface of revolution. 


37. 2t y—2z2-0 
38. x? + z? = cos? y 

39. 82 +y +2 =5 
40. 62 + 2y? + 22 = 1 


Finding the Volume of a Solid In Exercises 41 and 42, 
use the shell method to find the volume of the solid below the 
surface of revolution and above the xy-plane. 


41. The curve z = 4x — x? in the xz-plane is revolved about the 
Z-axis. 


42. The curve 


z=siny, Osysm 


in the yz-plane is revolved about the z-axis. 


Analyzing a Trace In Exercises 43 and 44, analyze the 
trace when the surface 
=x? + Gy’ 
is intersected by the indicated planes. 
43. Find the lengths of the major and minor axes and the 


coordinates of the foci of the ellipse generated when the 
surface is intersected by the planes given by 


(a z=2 and (b) z=8. 


44. Find the coordinates of the focus of the parabola formed when 
the surface is intersected by the planes given by 


(a) y=4 and (b) x=2. 
Finding an Equation of a Surface In Exercises 45 and 


46, find an equation of the surface satisfying the conditions, 
and identify the surface. 


45. The set of all points equidistant from the point (0, 2, 0) and the 
plane y = —2 

46. The set of all points equidistant from the point (0, 0, 4) and the 
xy-plane 


Denis Tabler/Shutterstock.com 
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e 47, Geographye e e ee e cocooooooooooo 
Because of the forces caused by its rotation, Earth is an e 
oblate ellipsoid rather than a sphere. The equatorial radius . 


is 3963 miles and the polar 
radius is 3950 miles. 

Find an equation of 

the ellipsoid. (Assume 

that the center of Earth 

is at the origin and 

that the trace formed 

by the plane z = 0 
corresponds to the 
equator.) 


48. Machine Design The top of a rubber bushing designed to 
absorb vibrations in an automobile is the surface of revolution 
generated by revolving the curve 


1 
= >y +1 
zZ 2" 


for 0 < y € 2 in the yz-plane about the z-axis. 
(a) Find an equation for the surface of revolution. 


(b) All measurements are in centimeters and the bushing is set 
on the xy-plane. Use the shell method to find its volume. 


(c) The bushing has a hole of diameter 1 centimeter through 
its center and parallel to the axis of revolution. Find the 
volume of the rubber bushing. 


49. Using a Hyperbolic Paraboloid Determine the 
intersection of the hyperbolic paraboloid 


with the plane bx + ay — z = 0. (Assume a, b > 0.) 


50. Intersection of Surfaces Explain why the curve of 
intersection of the surfaces x? + 3y? — 22? + 2y = 4 and 
2x? + 6y? — Ag — 3x = 2 lies in a plane. 


51. Think About it Three types of classic topological surfaces 
are shown below. The sphere and torus have both an “inside” 
and an “outside.” Does the Klein bottle have both an “inside” 
and an "outside?" Explain. 


Sphere Torus 


Klein bottle Klein bottle 
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11.7 Cylindrical and Spherical Coordinates 


Cylindrical coordinates: 


Zo 220. 9 
r =x +y 

Rectangular y 

di : tan 02 — 
coordinates: x 
x=rcos 0 Z=Z 
y-rsinO 
Z=z (x, y, z) 


Figure 11.66 


Figure 11.67 


iM Use cylindrical coordinates to represent surfaces in space. 
iM Use spherical coordinates to represent surfaces in space. 


Cylindrical Coordinates 


You have already seen that some two-dimensional graphs are easier to represent in 
polar coordinates than in rectangular coordinates. A similar situation exists for surfaces 
in space. In this section, you will study two alternative space-coordinate systems. The 
first, the cylindrical coordinate system, is an extension of polar coordinates in the 
plane to three-dimensional space. 


The Cylindrical Coordinate System 


In a cylindrical coordinate system, a point P in space is represented by an 
ordered triple (r, 9, z). 


1. (r, O) is a polar representation of the projection of P in the xy-plane. 


2. zis the directed distance from (r, 8) to P. 


To convert from rectangular to cylindrical coordinates (or vice versa), use the 
conversion guidelines for polar coordinates listed below and illustrated in Figure 11.66. 


Cylindrical to rectangular: 


x-—rcosO, y-rsinO z=z 
Rectangular to cylindrical: 

DO 2 ae = 

r= 7+ y, tan 0 = 7, zz 


The point (0, 0, 0) is called the pole. Moreover, because the representation of a point 
in the polar coordinate system is not unique, it follows that the representation in the 
cylindrical coordinate system is also not unique. 


EXAMPLE 1 Cylindrical-to-Rectangular Conversion 


Convert the point (r, 0, z) = (4, 57/6, 3) to rectangular coordinates. 


Solution Using the cylindrical-to-rectangular conversion equations produces 


psd = (-2) = -2/3 


6 2 
5n 1 
6 - 4(5) 5s 


So, in rectangular coordinates, the point is 


(x,y,z) = (724/3,2, 3) 
as shown in Figure 11.67. | 


y = 4sin 


z= 3. 
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S1 12824 Rectangular-to-Cylindrical Conversion 


Convert the point 


(x, y, 2) = (1, V3, 2) 


to cylindrical coordinates. 


N 


Solution Use the rectangular-to-cylindrical conversion equations. 


r=+/1+3= +2 


œ y, 2) = (1, v3, 2) 


tnO= /3 mr» 0 = arctan /3 + mn = 3 + m 


z=2 


You have two choices for r and infinitely many choices for 0. As shown in Figure 11.68, 
two convenient representations of the point are 


Tl 
(2 3 2) r > 0 and 9 in Quadrant I 
and 
: 4m 
Figure 11.68 —2, 3" 2]. r < O and 0 in Quadrant III au 


Cylindrical coordinates are especially convenient for representing cylindrical 
surfaces and surfaces of revolution with the z-axis as the axis of symmetry, as shown 
in Figure 11.69. 


x?4y?29 
r=3 


z 
A 


f - 
i 


Cylinder Paraboloid Cone Hyperboloid 
Figure 11.69 


Vertical planes containing the z-axis and horizontal planes also have simple cylindrical 
coordinate equations, as shown in Figure 11.70. 


Vertical Horizontal 


plane: 


=ë 


Figure 11.70 
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Rectangular: Cylindrical: 
xi. y2 = 42? : psa? 


Figure 11.71 


Rectangular: Cylindrical: 
y =x r 2 csc Ó cot O 


z 


Figure 11.72 


Cylindrical: 
r? cos 20 22-120 


Figure 11.73 


EXAMPLE 3 Rectangular-to-Cylindrical Conversion 


Find an equation in cylindrical coordinates for the surface represented by each 
rectangular equation. 


a. x? + y? = 42? 
b. yy =x 
Solution 
a. From Section 11.6, you know that the graph of 
x + y? = 42? 
is an elliptic cone with its axis along the z-axis, as shown in Figure 11.71. When you 
replace x? + y? with r?, the equation in cylindrical coordinates is 
x + y = 42? Rectangular equation 
r? = 4. Cylindrical equation 
b. The graph of the surface 
2 = 


y X 


is a parabolic cylinder with rulings parallel to the z-axis, as shown in Figure 11.72. 
To obtain the equation in cylindrical coordinates, replace y? with r? sin? O and x with 
r cos 0, as shown. 


2 = 


y x Rectangular equation 
r? si? 0 = rcos 0 Substitute r sin O for y and r cos 0 for x. 
r(r sin? 8 — cos 8) =0 Collect terms and factor. 
r sin? O — cos 8 = 0 Divide each side by r. 
cos 0 
r= sin? 8 Solve for r. 
r = csc 8 cot 0 Cylindrical equation 


Note that this equation includes a point for which r = 0, so nothing was lost 
by dividing each side by the factor r. H 


Converting from cylindrical coordinates to rectangular coordinates is less 
straightforward than converting from rectangular coordinates to cylindrical coordinates, 
as demonstrated in Example 4. 


C61 1425-24 Cylindrical-to-Rectangular Conversion 


Find an equation in rectangular coordinates for the surface represented by the 
cylindrical equation 


r?cos20 - 2 4-1-90. 


Solution 
r?cos20- 22-120 Cylindrical equation 
r?(cos? O — sin? 8) + 2 +1=0 Trigonometric identity 
r? cos? O — r? sin? O + 2 = —1 
y= y? +z2= -1 Replace r cos 0 with x and r sin 0 with y. 
y? -x-2=1 Rectangular equation 


This is a hyperboloid of two sheets whose axis lies along the y-axis, as shown in 
Figure 11.73. | 


z Prime, 
meridian 


= 


Equator 


Figure 11.74 


r=p sin ġ= Vx? +y? 


Spherical coordinates 
Figure 11.75 
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Spherical Coordinates 


In the spherical coordinate system, each point is represented by an ordered triple: the 
first coordinate is a distance, and the second and third coordinates are angles. This 
system is similar to the latitude-longitude system used to identify points on the surface 
of Earth. For example, the point on the surface of Earth whose latitude is 40° North 
(of the equator) and whose longitude is 80° West (of the prime meridian) is shown in 
Figure 11.74. Assuming that Earth is spherical and has a radius of 4000 miles, you 
would label this point as 


(4000, — 80^, 50°). 


mw 80? clockwise a. m down from 


prime meridian North Pole 


The Spherical Coordinate System 

In a spherical coordinate system, a point P in space is represented by an 
ordered triple (p, 8, d), where p is the lowercase Greek letter rho and @ is 
the lowercase Greek letter phi. 

1. pis the distance between P and the origin, p = 0. 


2. O is the same angle used in cylindrical coordinates for r = 0. 


3. (is the angle between the positive z-axis and the line segment OP, 
0sosm 


Note that the first and third coordinates, p and Ọ, are nonnegative. 


The relationship between rectangular and spherical coordinates is illustrated in 
Figure 11.75. To convert from one system to the other, use the conversion guidelines 
listed below. 


Spherical to rectangular: 


x = psin$cosO, y-psin$sinO, z= pcos 


Rectangular to spherical: 


OP xA? A tan @ =~, b = arccos 


S 

Vor ap y? dp E 

To change coordinates between the cylindrical and spherical systems, use the 
conversion guidelines listed below. 

Spherical to cylindrical (r =0): 


r = pP sin? d, 0-0, z=Pcosd 


Cylindrical to spherical (r =0): 
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The spherical coordinate system is useful primarily for surfaces in space that have 
a point or center of symmetry. For example, Figure 11.76 shows three surfaces with 
simple spherical equations. 


z 
A 
| 
z^ 
x 


Sphere: Vertical half-plane: Half-cone: T 
f- pa es 


Figure 11.76 


SC 1122: Rectangular-to-Spherical Conversion 


e e e e © See LarsonCalculus.com for an interactive version of this type of example. 


Find an equation in spherical coordinates for the surface represented by each 
rectangular equation. 


a. Cone: x7 +y = 2 b. Sphere: x? + y! + 2 — 4z=0 
Solution 
a. Use the spherical-to-rectangular equations 
x = psin@dcos8, y=Ppsingsin®8, and z= pcos 
and substitute in the rectangular equation as shown. 
x y? = 72 
@ sin? d cos? O + p? sin? d sin? O = @ cos? $ 
@ sin? d(cos? O + sin? 0) = ~ cos? $ 
p? sin? $ = @ cos? $ 


in2 
sin 
2 9 = p20 
cos? $ 
26021 
Rectangular: Spherical: m 9 
x? +y? +z? —42=0 p=4cos ġ tang = +1 
: So, you can conclude that 
b E or = 3n 
4 4° 


The equation @ = 11/4 represents the upper half-cone, and the equation @ = 31/4 
represents the lower half-cone. 


b. Because (f = x? + y? + z? and z= pcos $, the rectangular equation has the 
following spherical form. 


œ —4pcosd=0 => g(p-4cosd)- 0 
Temporarily discarding the possibility that p = 0, you have the spherical equation 


p-4cos- O0 or p=4cos®@. 


Note that the solution set for this equation includes a point for which p = 0, so 
nothing is lost by discarding the factor p. The sphere represented by the equation 
Figure 11.77 p = 4cos $ is shown in Figure 11.77. 


11.7 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Cylindrical Coordinates Describe the cylindrical 
coordinate system in your own words. 


2. Spherical Coordinates Describe the position of the 
point (2, 0°, 30°) given in spherical coordinates. 


ms m] Cylindrical-to-Rectangular Conversion In 


a E A Exercises 3-8, convert the point from cylindrical 
rat coordinates to rectangular coordinates. 
3. (—7, 0, 5) 4. (2, —m, —4) 


«(n «(4 
(m) e(t) 


Rectangular-to-Cylindrical Conversion In 


EIE 
Bir Exercises 9-14, convert the point from rectangular 
- ES coordinates to cylindrical coordinates. 


9. (0,5, 1) 10. (6,2/3, — 1) 
11. (2, -2, -4) 12. (3, —3, 7) 
13. (1, 3, 4) 14. (2/3, -2, 6) 


F Rectangular-to-Cylindrical Conversion In 
E F E Exercises 15-22, find an equation in cylindrical 
seen coordinates for the surface represented by the 

rectangular equation. 


15. z=4 16. x =9 

17. 2 + y2- 22 =5 18.:-2-y-11 

19. y = x? 20. x7 + y? = 8x 

21. y°=10-2 22.72 +y+2-32=0 


PED Cylindrical-to-Rectangular Conversion In 
Exercises 23-30, find an equation in rectangular 
coordinates for the surface represented by the 


m 


25 cylindrical equation, and sketch its graph. 
23. r= 3 24.:— —2 
T 1 
25. 0- 7 26. r= 52 
2.DPct2-5 28. z = r?° cos? 0 
29. r= Asin 8 30. r = 2cos 8 


Rectangular-to-Spherical Conversion In Exercises 
31-36, convert the point from rectangular coordinates to 
spherical coordinates. 


31. (4, 0, 0) 32. (—4, 0, 0) 
33. (—2, 2/3, 4) 34. (-5, —5, /2) 
35. (/3, 1,2 /3) 36. (-1,2, 1) 


Spherical-to-Rectangular Conversion In Exercises 
37-42, convert the point from spherical coordinates to 
rectangular coordinates. 


TL TI Tt 
s (85 s (on) 
Tt 
39. (12, T0) 40 (o. n 
m i 3m m 
a (551) o (230. 


[m];; Ee Rectangular-to-Spherical Conversion In 

Lir hy Exercises 43-50, find an equation in spherical 

[a] xf: 1 coordinates for the surface represented by the 
"* rectangular equation. 


43. y — 44.2—-6 
45. x? +y + z —49 46. 24 y —32- 
47. x? + y? = 16 48. x = 13 


49. x7 + y? = 22? 50. 2 +y+2-92=0 


[n] E35 [um] Spherical-to-Rectangular Conversion In 


Fd vi y a Exercises 51—58, find an equation in rectangular 
D coordinates for the surface represented by the 
spherical equation, and sketch its graph. 

51. p=1 52. 0 = Su 
4 
It It 
55. p = 4cos 56. p = 2sec$ 
57. p = csc à 58. p = 4 csc $ sec 8 


Cylindrical-to-Spherical Conversion In Exercises 
59-64, convert the point from cylindrical coordinates to 
spherical coordinates. 


Tt Tt 
s (4.0 so. (s.- 3.) 
Tt Tt 
a. (s 5.9 "TEE 
Tt 
63. (12, T, 5) 64. (4 » 3) 


Spherical-to-Cylindrical Conversion In Exercises 65-70, 
convert the point from spherical coordinates to cylindrical 


coordinates. 

65 (10, P 1 66 (4 B n) 

67 (6-5.7) 68 (s ST n) 
69 (s. m n) 70. (7, x zn) 
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Matching In Exercises 71—76, match the equation (written 
in terms of cylindrical or spherical coordinates) with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


z £ 
(a) x (b) z 
344 > E; E 
1 1 [| 1 
+} 1 I 1 X 
| ME EE 
| a ME c 
a 2 A SE 
3 ——Je 4 1 AL 
d. uz. nime y uM Lu =y 
x7 3 4 4 
J 
x 
rd z 
© (d) : 
st 
5 En 


(e) T (f) 


71. r=5 72.0=7 

73. p=5 74. $- 
4 

75. r? =z 

76. p = 4sec 


77. Spherical Coordinates Explain why in spherical 
coordinates the graph of 8 = c is a half-plane and not an entire 
plane. 


HOW DO YOU SEE IT? Identify the 
surface graphed and match the graph with its 
rectangular equation. Then find an equation in 
cylindrical coordinates for the equation given in 
rectangular coordinates. 


@ 2+ y= 52 
Gi) 2 y = 2 =D 


Converting a Rectangular Equation In Exercises 
79-86, convert the rectangular equation to an equation in 
(a) cylindrical coordinates and (b) spherical coordinates. 


79. X2 +y+2=27 80. 42 + y) = z2 
8L. 2L +y *2-—2z2-0 82. 2 +y =z 
83. 32 + y? = 4y 84. x? + y? = 45 
85. 2 — y = 86. y=4 


Sketching a Solid In Exercises 87-90, sketch the solid that 
has the given description in cylindrical coordinates. 
872.00zsm/20srs2,0szs4 

88. -7/2 < O < n/2,0 <r <3,0<z<rcos® 

89. 0<0<20,0SrsSsarszsa 

90. 0<0<20,2<r<4z<-r+6r-8 


Sketching a Solid In Exercises 91-94, sketch the solid that 
has the given description in spherical coordinates. 


91. 0<8<270,0 < < 71/6,0 < p< asec 
92. 0 < O < 27, T/4 < < T/2,0< p< 1 
93. 0 < O < T/2,0 < ọ < n/2,0<sp=<2 
9%4.0<0<7,0 < O08 7/2,15 93 


EXPLORING CONCEPTS 

Think About It In Exercises 95-100, find inequalities 
that describe the solid and state the coordinate system 
used. Position the solid on the coordinate system such that 
the inequalities are as simple as possible. 


95. A cube with each edge 10 centimeters long 


96. A cylindrical shell 8 meters long with an inside diameter 
of 0.75 meter and an outside diameter of 1.25 meters 


97. A spherical shell with inside and outside radii of 
4 inches and 6 inches, respectively 


98. The solid that remains after a hole 1 inch in diameter is 
drilled through the center of a sphere 6 inches in diameter 
99, The solid inside both x +y +z7=9 and 


=) y 


. The solid between the spheres x? + y? + z? = 4 and 
x? + y? z = 9, and inside the cone z? = x? + y? 


True or False? In Exercises 101 and 102, determine 
whether the statement is true or false. If it is false, explain why 
or give an example that shows it is false. 


101. The cylindrical coordinates of a point (x, y, z) are unique. 


102. The spherical coordinates of a point (x, y, z) are unique. 


103. Intersection of Surfaces Identify the curve of 
intersection of the surfaces (in cylindrical coordinates) 
z = sin andr = 1. 


104. Intersection of Surfaces Identify the curve of 
intersection of the surfaces (in spherical coordinates) 
p = 2 sec and p = 4. 


Review Exercises 


Review Exercises 815 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Writing Vectors in Different Forms In Exercises 1 and 
2,letu — PO and v = PR and (a) write u and v in component 
form, (b) write u and v as the linear combination of the 
standard unit vectors i and j, (c) find the magnitudes of u and 
v, and (d) find —3u + v. 


1. P = (1, 2), Q = (4, 1), R = (5.4) 
2. P = (—2, —1), Q = (5, — 1), R = (2,4) 


Finding a Vector In Exercises 3 and 4, find the component 
form of v given its magnitude and the angle it makes with the 
positive x-axis. 


3. |v|| = 8, Ə = 60° 4, ||v|| = 550 = 225° 


5. Finding Coordinates of a Point Find the coordinates 
of the point located in the xy-plane, four units to the right of 
the xz-plane, and five units behind the yz-plane. 


6. Using the Three-Dimensional Coordinate System 
Determine the location of a point (x, y, z) that satisfies the 
condition y — 3. 


Finding the Distance Between Two Points in Space 


In Exercises 7 and 8, find the distance between the points. 


7. (1,6,3), (72,3, 5) 
8. (-2, 1, —5), (4, — 1, — 1) 


Finding the Equation of a Sphere In Exercises 9 and 
10, find the standard equation of the sphere with the given 
characteristics. 


9. Center: (3, —2, 6); Radius: 4 
10. Endpoints of a diameter: (0, 0, 4), (4, 6, 0) 
Finding the Equation of a Sphere In Exercises 11 and 


12, complete the square to write the equation of the sphere in 
standard form. Find the center and radius. 


11. X2 + y? +z -— 4x- 6y+4=0 
12. 2 + y? + 2 — 10x + 6y — 4z + 34 = 0 


Writing a Vector in Different Forms In Exercises 13 
and 14, the initial and terminal points of a vector are given. 
(a) Sketch the directed line segment. (b) Find the component 
form of the vector. (c) Write the vector using standard unit 
vector notation. (d) Sketch the vector with its initial point at 


the origin. 
13. Initial point: (2, — 1, 3) 14. Initial point: (6, 2, 0) 


Terminal point: (4, 4, —7) Terminal point: (3, —3, 8) 


Finding a Vector In Exercises 15 and 16, find the vector z, 
given that u = (5, —2, 35, v = (0,2, 1», and w = (—6, —6,2). 
15. z = —u + 3v + jw 

16. u-v+w-2z=0 


Using Vectors to Determine Collinear Points In 
Exercises 17 and 18, use vectors to determine whether the 
points are collinear. 


17. (3, 4, — 1), (1, 6, 9), (5. 3, —6) 

18. (5, —4, 7), (8, —5, 5), (11, 6, 3) 

19. Finding a Unit Vector Find a unit vector in the direction 
of u = (2,3, 5). 

20. Finding a Vector Find the vector v of magnitude 8 in the 
direction (6, —3, 2). 


Finding Dot Products In Exercises 21 and 22, let u — PO 
and v = PR, and find (a) the component forms of u and v, 
(b) u * v, and (c) v ° v. 
21. P = (5,0, 0), Q = (4, 4, 0), R = (2, 0, 6) 
22. P = (2, —1, 3), Q = (0,5, 1), R = (5, 5, 0) 
Finding the Angle Between Two Vectors In Exercises 
23 and 24, find the angle E between the vectors (a) in radians 
and (b) in degrees. 
23. u = S[cos(3m/4)i + sin(31/4)j] 

v = 2[cos(2m/3)i + sin(2m/3)j] 
24. u = (1,0, -3, v= (2, —2, 1) 


Comparing Vectors In Exercises 25 and 26, determine 
whether u and v are orthogonal, parallel, or neither. 


25. u = (7, —2, 3) 
ymo 


26. u = (-3,0,9) 
= (1,0, -3) 
Finding the Projection of u onto v In Exercises 27 and 


28, (a) find the projection of u onto v, and (b) find the vector 
component of u orthogonal to v. 


27.u = 41 + 2j, v = 3i+ 4j 

28. u = (1, —1,1), v= (2,0,2) 

29. Orthogonal Vectors Find two vectors in opposite 
directions that are orthogonal to the vector u = (5, 6, — 3). 


30. Work An object is pulled 8 feet across a floor using a force 
of 75 pounds. The direction of the force is 30? above the 
horizontal. Find the work done. 


Finding Cross Products In Exercises 31 and 32, find 
(a) u x v, (b) v x u, and (c) v x v. 


31. u = 4i + 3j + 6k 
v=5i+2j+k 


32. u = (0, 2, 1) 
v = (1, —3, 4) 


33. Finding a Unit Vector Find a unit vector that is 
orthogonal to both u = (2, — 10, 8) and v = (4, 6, — 8). 


34. Area Find the area of the parallelogram that has the vectors 
u = (3, — 1, 5) and v = (2, —4, 1) as adjacent sides. 
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35. Torque A vertical force of 40 pounds acts on a wrench, as 
shown in the figure. Find the torque at P. 


36. Volume Use the triple scalar product to find the volume 
of the parallelepiped having adjacent edges u = 2i + j, 
v = 2j + k, and w = —j + 2k. 


Finding Parametric and Symmetric Equations In 
Exercises 37 and 38, find sets of (a) parametric equations and 
(b) symmetric equations of the line that passes through the two 
points. (For each line, write the direction numbers as integers.) 


37. (3,0,2), (9, 11, 6) 38. (— 1,4,3), (8, 10, 5) 


Finding Parametric Equations In Exercises 39 and 40, 
find a set of parametric equations of the line with the given 
characteristics. 


39. The line passes through the point (—6, —8,2) and is 
perpendicular to the xz-plane. 
40. The line passes through the point (1, 2, 3) and is parallel to the 


line given by x = y = z. 


Finding an Equation of a Plane In Exercises 41—44, find 
an equation of the plane with the given characteristics. 


41. The plane passes through (—3, —4,2), (—3,4, 1), and 
(1, 1, —2). 


42. The plane passes through the point (—2,3,1) and is 
perpendicular ton = 3i — j +k. 


43. The plane contains the lines given by 


x—1 


=y=z+1 
Sy ye. 
and 
xctl 
= l= p 
x z 


44. The plane passes through the points (5, 1, 3) and (2, —2, 1) 
and is perpendicular to the plane 2x + y — z = 4. 


45. Distance Find the distance between the point (1, 0, 2) and 
the plane 2x — 3y + 6z = 6. 


46. Distance Find the distance between the point (3, —2, 4) 
and the plane 2x — 5y + z = 10. 

47. Distance Find the distance between the planes 
5x — 3y + z = 2 and 5x — 3y + z = —3. 


48. Distance Find the distance between the point (—5, 1, 3) 
and the line given by x = 1 + t, y = 3 — 2t, and z = 5 — t. 
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Sketching a Surface in Space In Exercises 49-58, 
describe and sketch the surface. 


49. x+ 2y +3z=6 50. y = z2? 

51. y = 32 52. y = cos z 
x2 y? 

53. —-+-4+2=1 54. 16x? + 16? — 92 = 0 
16 9 
2 oy x y pg 

55, goo 56. 0 a 
16 9 * 25 4 100 

587. x2 - 2-4 58. y+ 2 — 16 


59. Surface of Revolution Find an equation for the surface 
of revolution formed by revolving the curve z? — 2y in the 
yz-plane about the y-axis. 


60. Surface of Revolution Find an equation for the surface 
of revolution formed by revolving the curve 2x + 3z = 1 in 
the xz-plane about the x-axis. 


Converting Rectangular Coordinates In Exercises 61 
and 62, convert the point from rectangular coordinates to 
(a) cylindrical coordinates and (b) spherical coordinates. 


61. (— /3, 3, —5) 


Cylindrical-to-Rectangular Conversion In Exercises 
63 and 64, convert the point from cylindrical coordinates to 
rectangular coordinates. 


62. (8, 8, 1) 


63. (5, 11, 1) 64. (-2 = 3) 
Spherical-to-Rectangular Conversion In Exercises 65 
and 66, convert the point from spherical coordinates to 
rectangular coordinates. 


Tt 
65. (4 TL, m) 


Converting a Rectangular Equation In Exercises 67 
and 68, convert the rectangular equation to an equation in 
(a) cylindrical coordinates and (b) spherical coordinates. 


66. (s au 1 


67. 2 — y? 2 2z 68. 2 + y+ 2 = 16 
Cylindrical-to-Rectangular Conversion In Exercises 
69 and 70, find an equation in rectangular coordinates for the 
surface represented by the cylindrical equation, and sketch its 
graph. 


69. z = r? sin? O + 3r cos O 

70. r = —5z 

Spherical-to-Rectangular Conversion In Exercises 71 
and 72, find an equation in rectangular coordinates for the 


surface represented by the spherical equation, and sketch its 
graph. 


IL 
71. 0 - rà 


72. p = 9 sec 8 


P.S. Problem Solving 817 


See CalcChat.com for tutorial help and 


worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Proof Using vectors, prove the Law of Sines: If a, b, and c 


are the three sides of the triangle shown in the figure, then 


snA sinB  sinC 
lal — Ibl fell” 


2. Using an Equation Consider the function 


f(x) = [ J/t* + 1 dt. 


0 


f (a) Use a graphing utility to graph the function on the interval 


=2 Sx s. 

(b) Find a unit vector parallel to the graph of f at the point 
(0, 0). 

(c) Find a unit vector perpendicular to the graph of f at the 
point (0, 0). 

(d) Find the parametric equations of the tangent line to the 
graph of f at the point (0, 0). 


. Proof Using vectors, prove that the line segments joining the 
midpoints of the sides of a parallelogram form a parallelogram 
(see figure). 


. Proof Using vectors, prove that the diagonals of a rhombus 
are perpendicular (see figure). 


. Distance 
(a) Find the shortest distance between the point Q(2, 0, 0) and 
the line determined by the points P,(0, 0, 1) and P,(0, 1, 2). 


(b) Find the shortest distance between the point Q(2, 0, 0) 
and the line segment joining the points P,(0,0, 1) and 
P,(0, 1, 2). 


6. Orthogonal Vectors Let P, be a point in the plane with 


normal vector n. Describe the set of points P in the plane for 
which (n + PP.) is orthogonal to (n = PP,). 


. Volume 


(a) Find the volume of the solid bounded below by the 
paraboloid 


z=% +y 
and above by the plane z = 1. 
(b 


— 


Find the volume of the solid bounded below by the elliptic 
paraboloid 
ey 
pg 
and above by the plane z = k, where k > 0. 


(c) Show that the volume of the solid in part (b) is equal 
to one-half the product of the area of the base times the 
altitude, as shown in the figure. 


rd 


Base 


| 


Altitude 


| 


. Volume 


(a) Use the disk method to find the volume of the sphere 
xTyctegz-rn 
2 2 2 


(b) Find the volume of the ellipsoid = TE 


. Proof Prove the following property of the cross product. 


(u x v) x (w x z) = [(u x v) * z]|w - [(u x v) * w]z 


. Using Parametric Equations Consider the line given 


by the parametric equations 


x=-t+3, y=5ttl, z=2t-1 


and the point (4, 3, s) for any real number s. 


(a) Write the distance between the point and the line as a 
function of s. 


(b) Use a graphing utility to graph the function in part (a). 
Use the graph to find the value of s such that the distance 
between the point and the line is minimum. 


(c) Use the zoom feature of a graphing utility to zoom out 
several times on the graph in part (b). Does it appear that 
the graph has slant asymptotes? Explain. If it appears to 
have slant asymptotes, find them. 
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11. 


12. 
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Sketching Graphs Sketch the graph of each equation 
given in spherical coordinates. 

(a) p—2sin$ (b p= 2cos d 

Sketching Graphs Sketch the graph of each equation 
given in cylindrical coordinates. 

(a) r = 2cos 8 (b) z = r?cos 20 


A tetherball weighing 1 pound is pulled 
outward from the pole by a horizontal force u until the rope 
makes an angle of 0 degrees with the pole (see figure). 


(a) Determine the resulting tension in the rope and the 
magnitude of u when 0 = 30°. 


(b) Write the tension T in the rope and the magnitude of u as 
functions of 9. Determine the domains of the functions. 


(c) Use a graphing utility to complete the table. 


e 0° | 10° | 20° | 30° | 40° | 50° | 60° 


T 


lul 


(d) Use a graphing utility to graph the two functions for 
0° < 8 < 60°. 


(e) Compare T and ||ul| as 0 increases. 


(f) Find (if possible) 
lim T and lim |ull. 
02n/2- 02n/2- 


Are the results what you expected? Explain. 


Figure for 14 


Figure for 13 


£e 14. Towing A loaded barge is being towed by two tugboats, 


and the magnitude of the resultant is 6000 pounds directed 
along the axis of the barge (see figure). Each towline makes 
an angle of 0 degrees with the axis of the barge. 


(a) Find the tension in the towlines when 8 = 20°. 


(b) Write the tension T of each line as a function of 9. 
Determine the domain of the function. 


(c) Use a graphing utility to complete the table. 


Ə | 10° | 20° | 30° | 40° | 50° | 60° 


If 


(d) Use a graphing utility to graph the tension function. 


(e) Explain why the tension increases as O increases. 


Vectors and the Geometry of Space 


15. 


16. 


17. 


18. 


19. 


Proof Consider the vectors 


u = (cosQ,sinO, 0) and v = (cos B, sin B, 0) 
where Q > B. Find the cross product of the vectors and use the 
result to prove the identity 


sin(a — B) = sin a cos B — cos asin f. 


Latitude-Longitude System Los Angeles is located at 
34.05? North latitude and 118.24? West longitude, and Rio de 
Janeiro, Brazil, is located at 22.90? South latitude and 43.23? 
West longitude (see figure). Assume that Earth is spherical and 
has a radius of 4000 miles. 


z Prime 
meridian 


Los Angeles 


Equator 
Rio de Janeiro 


(a) Find the spherical coordinates for the location of each city. 
(b) Find the rectangular coordinates for the location of each city. 


(c) Find the angle (in radians) between the vectors from the 
center of Earth to the two cities. 


(d) Find the great-circle distance s between the cities. 
(Hint: s — r9) 

(e) Repeat parts (a)-(d) for the cities of Boston, located at 
42.36? North latitude and 71.06? West longitude, and 
Honolulu, located at 21.31? North latitude and 157.86? 
West longitude. 


Distance Between a Point and a Plane Consider the 
plane that passes through the points P, R, and S. Show that the 
distance from a point Q to this plane is 

Ju (v x w)| 


Distance = 
lu x vll 


where u — PR, v — PS, and w — PQ. 


Distance Between Parallel Planes Show that the 
distance between the parallel planes 


ax +by+cz+d,=0 and ax+ by+cz+d,=0 
is 

ld, — d| 
Jd BT 


Intersection of Planes Show that the curve of 
intersection of the plane z = 2y and the cylinder x? + y? = 1 
is an ellipse. 


Distance — 
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12.1 Vector-Valued Functions 


Curve in a plane 


zZ 


Curve in space 


Curve C is traced out by the terminal 
point of position vector r(t). 
Figure 12.1 


liM Analyze and sketch a space curve given by a vector-valued function. 
E Extend the concepts of limits and continuity to vector-valued functions. 


Space Curves and Vector-Valued Functions 


In Section 10.2, a plane curve was defined as the set of ordered pairs (f(t), g(t) 
together with their defining parametric equations x = f(t) and y = g(t), where f 
and g are continuous functions of ¢ on an interval J. This definition can be extended 
naturally to three-dimensional space. A space curve C is the set of all ordered triples 
(f (t), g(t), h(t)) together with their defining parametric equations 


x-—f(), y= g(t), and z= A(t) 


where f, g, and h are continuous functions of t on an interval Z. 

Before looking at examples of space curves, a new type of function, called a 
vector-valued function, is introduced. This type of function maps real numbers to 
vectors. 


Definition of Vector-Valued Function 


A function of the form 


r(r) = fi + gj 


r(t) = f(oi Eus edj + h(t)k Space 


is a vector-valued function, where the component functions f, g, and h are 
real-valued functions of the parameter t. Vector-valued functions are sometimes 
denoted as 


r(t) = (FO, 8) 


Technically, a curve in a plane or in space consists of a collection of points and 
the defining parametric equations. Two different curves can have the same graph. For 
instance, each of the curves 


r(t) = sin ti + costj and r(f) = sin Pi + cos Pj 


has the unit circle as its graph, but these equations do not represent the same curve— 
because the circle is traced out in different ways on the graphs. 

Be sure you see the distinction between the vector-valued function r and the 
real-valued functions f, g, and h. All are functions of the real variable t, but r(t) is 
a vector, whereas f(t), g(t), and h(t) are real numbers (for each specific value of t). 
Real-valued functions are sometimes called scalar functions to distinguish them from 
vector-valued functions. 

Vector-valued functions serve dual roles in the representation of curves. By letting 
the parameter t represent time, you can use a vector-valued function to represent motion 
along a curve. Or, in the more general case, you can use a vector-valued function to 
trace the graph of a curve. In either case, the terminal point of the position vector 
r(t) coincides with the point (x, y) or (x, y, z) on the curve given by the parametric 
equations, as shown in Figure 12.1. The arrowhead on the curve indicates the curve's 
orientation by pointing in the direction of increasing values of t. 


| r(t) = 2 cos ti —3 sin tj | 


The ellipse is traced clockwise as t 
increases from 0 to 27. 
Figure 12.2 


In 1953, Francis Crick and James D. 


Watson discovered the double helix 
structure of DNA. 
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Unless stated otherwise, the domain of a vector-valued function r is considered to 
be the intersection of the domains of the component functions f, g, and h. For instance, 
the domain of r(t) = In tà + /1 — tj + tk is the interval (0, 1]. 


EXAMPLE 1 Sketching a Plane Curve 


Sketch the plane curve represented by the vector-valued function 
r(t) = 2 cos ti — 3 sin tj; OSt S 2. Vector-valued function 
Solution From the position vector r(t), you can write the parametric equations 
x=2cost and y= —3sint. 


Solving for cost and sin: and using the identity cos?¢ + sin? t = 1, you get the 
rectangular equation 


x2 y? 


— + — 
24 F 


=]. Rectangular equation 


The graph of this rectangular equation is the ellipse shown in Figure 12.2. The curve 
has a clockwise orientation. That is, as t increases from 0 to 27, the position vector r(t) 
moves clockwise, and its terminal point traces the ellipse. 


Sketching a Space Curve 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


Sketch the space curve represented by the vector-valued function 


r(t) = 4 cos ti + 4 sin tj + tk, OStS 4m. Vector-valued function 
Solution From the first two parametric . 
equations i Cylinder: 
x? +y? =16 


x=4cost and y=4sint 
you can obtain 
x) + y? — 16. Rectangular equation 


This means that the curve lies on a right circular 
cylinder of radius 4, centered about the z-axis. 
To locate the curve on this cylinder, you can 
use the third parametric equation 


> y 


z=t. 


: : r(t) = 4 cos ti + 4 sin tj + tk 
In Figure 12.3, note that as t increases from 0 [ro : | 


to 4m, the point (x, y, z) spirals up the cylinder As t increases from 0 to 4T, two 
to produce a helix. A real-life example of a spirals on the helix are traced out. 
helix is shown in the drawing at the left. Figure 12.3 a 


In Examples 1 and 2, you were given a vector-valued function and were asked to 
sketch the corresponding curve. The next two examples address the reverse problem— 
finding a vector-valued function to represent a given graph. Of course, when the graph 
is described parametrically, representation by a vector-valued function is straightforward. 
For instance, to represent the line in space given by x = 2+ f, y = 3t, and z = 4 — t, 
you can simply use the vector-valued function 


r(t) = (2 + fi + 3tj + (4 — Dk. 


When a set of parametric equations for the graph is not given, the problem of representing 
the graph by a vector-valued function boils down to finding a set of parametric equations. 
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There are many ways to parametrize 
this graph. One way is to let x — t. 
Figure 12.4 


os Curves in space 
; can be specified in various 

* ways. For instance, the curve 

. in Example 4 is described as 
the intersection of two surfaces 
* jn space. 


ETTUTTE Representing a Graph: Vector-Valued Function 


Represent the parabola 
y-xx-l 
by a vector-valued function. 


Solution Although there are many ways to choose the parameter t, a natural choice 
is to let x = t. Then y = £? + 1 and you have 


r(t) =tit (+ 1)j. Vector-valued function 


Note in Figure 12.4 the orientation produced by this particular choice of parameter. 
Had you chosen x = —t as the parameter, the curve would have been oriented in the 
opposite direction. 


EXAMPLE 4 Representing a Graph: Vector-Valued Function 


Sketch the space curve C represented by the intersection of the semiellipsoid 


2 2 
ey 


z2 
— = bei 
2*5 + 1, z20 


and the parabolic cylinder y = x?. Then find a vector-valued function to represent the 
graph. 


Solution The intersection of the two surfaces is shown in Figure 12.5. As in 
Example 3, a natural choice of parameter is x = f. For this choice, you can use the 
given equation y = x? to obtain y = £?. Then it follows that 


s L y Poof == (6+ e4- e) 
4 12 24 12 24 24 24 : 


Because the curve lies above the xy-plane, you should choose the positive square root 
for z and obtain the parametric equations 
(6 + ?)(4 — ?) 

6 ; 


xt y=, and z= 


The resulting vector-valued function is 


(6 + P4 — 2?) 


)-tüü-tfPj- 
r(t) = ti * £j 6 


k -2ztf1z2 Vector-valued function 
(Note that the k-component of r(t) implies —2 < t < 2.) From the points (— 2, 4, 0) 
and (2, 4, 0) shown in Figure 12.5, you can see that the curve is traced as f increases 
from — 2 to 2. 


Parabolic cylinder C: x=t 


2 


=t 


y= 
mE X t?)(4 -1?) 
i 6 
Curve in 
space 
c (2,4, 0) 
e^ 4 j 


y 


The curve C is the intersection of the semiellipsoid and the parabolic cylinder. 
Figure 12.5 M| 
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Limits and Continuity 


Many techniques and definitions used in the calculus of real-valued functions can be 
applied to vector-valued functions. For instance, you can add and subtract vector-valued 
functions, multiply a vector-valued function by a scalar, take the limit of a vector- 
valued function, differentiate a vector-valued function, and so on. The basic approach 
is to capitalize on the linearity of vector operations by extending the definitions on a 
component-by-component basis. For example, to add two vector-valued functions (in 
the plane), you can write 


ri) + rO = [fi()i * gO] + LAM + g0] Sum 
= [AO + AO + [e (0 + e 01i. 
To subtract two vector-valued functions, you can write 
ro) — r) = [i + e] — Loi + ex] Difference 
- [fi -Oli + [sO — gx0]j. 
Similarly, to multiply a vector-valued function by a scalar, you can write 
cr(t) — c[ fi(£)i + gj] Scalar multiplication 
fii + cgiDj. 
To divide a vector-valued function by a scalar, you can write 


r) LAO + gO 
AQ, | $0, 


Cc 


0 Scalar division 


This component-by-component extension of operations with real-valued functions to 
vector-valued functions is further illustrated in the definition of the limit of a vector-valued 
function. 


Definition of the Limit of a Vector-Valued Function 
1. If r is a vector-valued function such that r(t) = f(t)i + g(t)j, then 


ime = [tim soli + | im «à | j iis 
ta ta ta 
provided f and g have limits as t a. 
2. If r is a vector-valued function such that r(t) = f(t)i + g(2)j + h(t)k, then 


lim r() = [im soh i [im «| TI [im nok —— 


provided f, g, and h have limits as t a. 


If r(t) approaches the vector L as t— a, then the length of the vector r(t) — L 
approaches 0. That is, 


|r(f)) - L|2 0 as ta. 


This is illustrated graphically in Figure 12.6. With this definition of the limit of a 


As t approaches a, r(f) approaches the vector-valued function, you can develop vector versions of most of the limit theorems 


limit L. For the limit L to exist, it is given in Chapter 1. For example, the limit of the sum of two vector-valued functions 
not necessary that r(a) be defined or is the sum of their individual limits. Also, you can use the orientation of the curve r(t) 
that r(a) be equal to L. to define one-sided limits of vector-valued functions. The next definition extends the 


Figure 12.6 notion of continuity to vector-valued functions. 
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For each value of a, the curve 
represented by the vector-valued 
function r(t) = ti + aj + (à — £)k 
is a parabola. 

Figure 12.7 


€ 9 6 06 6 6 6 0€ 9 06 9 eee ee * 6 


Almost 
any type of three-dimensional 
sketch is difficult to do by hand, 
but sketching curves in space is 
especially difficult. The problem 
is trying to create the illusion 
of three dimensions. Graphing 
utilities use a variety of techniques 
to add “three-dimensionality” 
to graphs of space curves. One 
way is to show the curve on a 
surface, as in Figure 12.7. 
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Definition of Continuity of a Vector-Valued Function 


A vector-valued function r is continuous at the point given by t — a when the 
limit of r(r) exists as t— a and 


lim r(t) = r(a). 


A vector-valued function r is continuous on an interval Z when it is continuous 
at every point in the interval. 


From this definition, it follows that a vector-valued function is continuous at f = a 
if and only if each of its component functions is continuous at t = a. 


Continuity of a Vector-Valued Function 


Discuss the continuity of the vector-valued function 
r(t) =tți+aj+ (a? = ??)k ais a constant. 
att = 0. 


Solution As ¢ approaches 0, the limit is 


MCN KEW 
imr = [iy t+ [igaj + [ime - me 


= 0i + aj + a’k 
= aj + «^k. 
Because 
r(0) = (0)i + (a)j + (a?)k 
= aj + ak 


you can conclude that r is continuous at t = 0. By similar reasoning, you can conclude 
that the vector-valued function r is continuous at all real-number values of f. au 


For each value of a, the curve represented by the vector-valued function in 
Example 5 
r(t) =titajt+ (a? = P)k a is a constant. 


is a parabola. You can think of each parabola as the intersection of the vertical plane 


y = a and the hyperbolic paraboloid 
y-3-zr 


as shown in Figure 12.7. 


EXAMPLE 6 Continuity of a Vector-Valued Function 


Determine the interval(s) on which the vector-valued function 
r(t) = ti + Jt 4 1j (2+ Dk 

is continuous. 

Solution The component functions are 
fd =t g()-.t-1, and A(t) = (? + 1). 


Both f and h are continuous for all real-number values of t. The function g, however, 
is continuous only for t 2 — 1. So, r is continuous on the interval [— 1, oc). a 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Vector-Valued Function Describe how you can 
use a vector-valued function to represent a curve. 


. Continuity of a Vector-Valued Function 
Describe what it means for a vector-valued function r(t) to 
be continuous at a point. 


opro Finding the Domain In Exercises 3-10, find 
EL AVE fi} the domain of the vector-valued function. 


att 
ORS ry 


3. r(t) = 


1 t 

i + Lj — 3rk 
ro aie al 
. r(t) 4 — Pi + Pj — 6tk 


4 
5. r(t) = In ti — e'j — tk 
6. r(r) = sin ti + 4 cos tj + tk 
7. r(t) = E(t) + G(?, where 
F(t) = cos ti — sin tj + J/tk, G(r) = cos ti + sin tj 
8. r(t) = F(t) — G(t), where 
F(A = Inti + 5tj — 32k, G( = i + 4tj — 32°k 
9. r(t) = F(t) x G(t), where 
F(r) = sin ti + cos tj, G(t) = sin tj + cos tk 
10. r(t) = F(t) x G(t), where 


Sti 4 : + (t+ 2)k 


F(A = Pi — tj + tk, G(r) - T 


[m] [m] Evaluating a Function In Exercises 11 and 12, 
eee evaluate the vector-valued function at each given 


one value of t. 

11. r(t) = ifi — (t — 0j 
(a) r(1) (b) r(0) 
(d) r(2 + Ar) — r(2) 

12. r(t) = cos ti + 2 sin tj 
(a) r(0) (b) r(r/4) (c) r(6 — n) 
(d) r(r/6 + Ar) — r(rt/6) 


(c) r(s + 1) 


Writing a Vector-Valued Function In Exercises 13-16, 
represent the line segment from P to Q by a vector-valued 
function and by a set of parametric equations. 

13. P(0, 0, 0), Q(5, 2, 2) 14. P(0, 2, — 1), Q(4, 7, 2) 

15. P(-3, —6, - 1), Q(- 1, -9, —8) 

16. P(1, —6, 8), Q( -3, —2, 5) 


Think About t In Exercises 17 and 18, find r(¢) - u(¢). Is the 
result a vector-valued function? Explain. 


17. r(A = (3t — Di + {Pj + 4k, ul) = Pi — 8j + Pk 
18. r(r) = (3 cos t, 2 sint,t — 2), u(t) = (4 sin t, — 6 cos t, t) 


Matching In Exercises 19-22, match the equation with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) z (b) 


(c) 


19. r(t) = ti + 2j + Pk, -2zt-2 
20. r(t) = cos(rtf)i + sin(t)j + tk, -1z1z1 
21. r(t) = ti + Pj + ek, —2z1tz2 


22. r( = ti + In tj + “k, 0l<t<5 


CERA Sketching a Plane Curve In Exercises 23—30, 

Ey sketch the plane curve represented by the vector- 
valued function and give the orientation of the 
curve. 


23. r) = i (t — Dj 24. r() = (5 — ñi + Vij 


25. r(A = Pi * Pj 

26. r(t) = (? + t + (? — Dj 
27. r(0) = cos Oi + 3 sin 0j 
28. r(r) = 2cos ti + 2 sin tj 
29. r(0) = 3 sec Oi + 2 tan Oj 
30. r(t) = 2cos? ti + 2 sin? rj 


[s]3X* [m] Sketching a Space Curve In Exercises 31-38, 

p Ey sketch the space curve represented by the vector- 

ees valued function and give the orientation of the 
=E curve. 


31. r(A = (—t + 1)i + (4t + 2)j + (2t + 3)k 
32. r(t) = ti + (2t — 5)j + 3tk 

33. r(t) 
34. r(t) = ti + 3cos tj + 3 sin tk 
35. r(t) = 2 sin ti + 2cos tj + ek 
36. r(t) = Pi + 21j + žtk 

37. r(t) = (t, Ê, 31°) 


38. r(t) = (cos t + tsin t, sint — tcos t, f) 


2 cos ti + 2 sin tj + tk 
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a Identifying a Common Curve In Exercises 39 and 40, use 


a computer algebra system to graph the vector-valued function 
and identify the common curve. 


39. r(t = lei + tj Pk 


40. r(t) = — 2 sin ti + 2cos tj + \/2 sin tk 


Ag Transformations of Vector-Valued Functions In 


Exercises 41 and 42, use a computer algebra system to 
graph the vector-valued function r(¢). For each u(t), make a 
conjecture about the transformation (if any) of the graph of 
r(t). Use a computer algebra system to verify your conjecture. 


41. r(t) = 2cos ti + 2 sin tj + Hk 


(a) u(t) = 2(cos t — 1)i + 2 sin tj + 57k 
(b) u(t) = 2 cos ti + 2 sin tj + 2tk 
(c) u(t) = 2 cos(- Di + 2 sin(—Aj + H-k 
(d) u(t) = 6 cos ti + 6 sin tj + 5tk 
42. r(t) = ti + 2j + iPk 
(a) u(t) = (~hi + (792j + 1(— 99k 
(b) u(t) = Pi + tj + iPk 
(c) u(t) = ti + £j + (15 + 4)k 
(d) u(t) = ti + 2j + Pk 


Writing a Transformation In Exercises 43-46, consider 
the vector-valued function r(t) = 372i + (t — 1)j + tk. Write a 
vector-valued function u(¢) that is the specified transformation 
of r. 

43. A vertical translation two units upward 


44. A horizontal translation one unit in the direction of the positive 
x-axis 


45. The y-value increases by a factor of two 


46. The z-value increases by a factor of three 


ORO 
aes 


Representing a Graph by a Vector-Valued 
Function In Exercises 47-54, represent the 
plane curve by a vector-valued function. (There 
are many correct answers.) 


47. y=x+5 48. 2x -3y 4 5-0 

49. y = (x — 2)? 50. y=4- x 

51. x? + y? = 25 52. (x - 20 +y=4 
e yp - » 

53. T ed =1 54.24% =1 

3. dg 4 16 


Representing a Graph by a Vector-Valued 
#6 Function In Exercises 55-62, sketch the space 
ol Aay curve represented by the intersection of the 

1AA surfaces. Then represent the curve by a vector- 
valued function using the given parameter. 


Surfaces Parameter 
585.z—x +y, xty=0 xt 
56.2—-xà-y, z= x= 2cost 


Surfaces Parameter 
57. 324 y—-4, z= x — 2sint 
58.480 +4°4+2=16 x= z=t 
59. 2 +y +2 =4 x+z=2 x=1+sint 
60. 2 +y +z2=10, x+y=4 x=2+sint 
6l. 2 +2=4, y+? =4 x = t (first octant) 
62. x2 +y +z = 16, xy=4 x = t (first octant) 
63. Sketching a Curve Show that the vector-valued 


64. 


zr 
65. 
66. 
67. 
68. 
69. 


70. 


a 


function r(t) = ti + 2t cos tj + 2t sin tk lies on the cone 
4x? = y? + 2. Sketch the curve. 


Sketching a Curve Show that the vector-valued 
function r(t) = e™ cos ti + e™ sin tj + e^'k lies on the cone 
zZ? = x? + y? Sketch the curve. 


TE Finding a Limit In Exercises 65-70, find the limit 
(if it exists). 


lim i + cos tj + sin tk) 
Tl 


t>2 t 


a( — cos 1a 208) 
t 

. 1 

d (Vii + ES ET ) 


lim | e'i + Tj + die 


170 


lim | £i + 31j + 
p 


lim (es + E t HK) 
t= oo 
aE] Continuity of a Vector-Valued Function In 


Exercises 71-76, determine the interval(s) on which 
the vector-valued function is continuous. 


1 
71. r( = = i i+ zj 
72. r(t) = Jti + Jt — 1j 
73. r(t) = ti + arcsin tj + (t — 1k 
74. r(t) = 2e i + ej + In(t — 1)k 
75. r(t) = (e~', P, tan f) 
76. r(t) = (8, Vi, V1) 


EXPLORING CONCEPTS 

77. Think About lt Consider first-degree polynomial 
functions f(t), g(t), and h(t). Determine whether the 
curve represented by r(t) = f(i + g(tj + ADK is a 
line. Explain. 


. Think About |t The curve represented by 
r(t) = f(£i + g(0j + h()k is a line. Are f, g, and h 
first-degree polynomial functions of t? Explain. 


. Continuity of a Vector-Valued Function Give 
an example of a vector-valued function that is defined 
but not continuous at t = 3. 


80. Comparing Functions Which of the following vector- 
valued functions represent the same graph? 


(a) r(t) = (—3 cos t + 1)i + (5sint + 2)j + 4k 
(b) r(A = 4i + (—3 cost + 1)j + (5sint + 2)k 
(c) r(t) = (3 cost — 1)i + (—5 sin t — 2)j + 4k 
(d) r(A = (—3 cos 2t + 1)i + (5sin2t + 2)j + 4k 


e81. Staircaseeeeeeeececccoccocccccccecco 


The outer bottom edge 
of a staircase is in 

the shape of a helix of 
radius 1 meter. The 
staircase has a height of 
4 meters and makes two 
complete revolutions 
from top to bottom. 

Find a vector-valued 
function for the staircase. 
Use a computer algebra 
system to graph your function. 
(There are many correct answers.) 


82. 5 HOW DO YOU SEE IT? The four figures 


below are graphs of the vector-valued function 
r() = 4 cos ti + 4 sin tj + as 


Match each of the four graphs with the point in 
space from which the helix is viewed. 


(a) g (b) z 
A 
= l 
y 
M 
Generated by Mathematica 


Generated by Mathematica 
(c) (d) i 
| = 
x a 


Generated by Mathematica 


Generated by Mathematica 


(i) (0, 0, 20) 
(ii) (20, 0, 0) 
(iii) (—20, 0, 0) 
(iv) (10, 20, 10) 


leungchopan/Shutterstock.com 
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83. Proof Let r(r) and u(r) be vector-valued functions whose 
limits exist as t — c. Prove that 


lim [r(? x u()] = lim r(t) x lim u(t). 


84. Proof Let r(r) and u(t) be vector-valued functions whose 
limits exist as t — c. Prove that 


lim [r(?) - u(¢)] = lim r(?) * lim u(?). 
rete tc The 
85. Proof Prove that if r is a vector-valued function that is 


continuous at c, then ||r|| is continuous at c. 


86. Verifying a Converse Verify that the converse of 
Exercise 85 is not true by finding a vector-valued function r 
such that ||r|| is continuous at c but r is not continuous at c. 


Think About It In Exercises 87 and 88, two particles travel 
along the space curves r(t) and u(ż). 

87. If r(r) and u(t) intersect, will the particles collide? 

88. If the particles collide, do their paths r(t) and u(t) intersect? 


Particle Motion In Exercises 89 and 90, two particles travel 
along the space curves r(t) and u(?). Do the particles collide? Do 
their paths intersect? 


89. r(t) = ti + (9t — 20)j + Pk 

u(t) = (3t + 4)i + Pj + (5t — 4)k 
90. r(t) = ti + £?j + Pk 

u(t) = (—2t + 3)i + 8rj + (12t + 2)k 


SECTION PROJECT MMBBBEBENIDN 


Witch of Agnesi 


In Section 3.5, you studied a famous curve called the Witch of 
Agnesi. In this project, you will take a closer look at this function. 


Consider a circle of radius a centered on the y-axis at (0, a). 
Let A be a point on the horizontal line y = 2a, let O be the origin, 
and let B be the point where the segment OA intersects the circle. 
A point P is on the Witch of Agnesi when P lies on the horizontal 
line through B and on the vertical line through A. 


(a) Show that the point A is traced out by the vector-valued 


function 


r,(8) = 2a cot Oi + 2aj, 0«0«n 


where 0 is the angle that OA makes with the positive x-axis. 


(b) Show that the point B is traced out by the vector-valued 
function r,(0) = a sin 20i + a(1 — cos 20)j, 0 < 8 < m. 


(c) Combine the results of parts (a) and (b) to find the vector- 
valued function r(9) for the Witch of Agnesi. Use a graphing 
utility to graph this curve for a = 1. 


(d) Describe the limits dim r(0) and gim r(9). 
> (+ Im 
(e 


ei 


Eliminate the parameter O and determine the rectangular 
equation of the Witch of Agnesi. Use a graphing utility to 
graph this function for a = 1 and compare your graph with 
that obtained in part (c). 
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12.2 Differentiation and Integration of Vector-Valued Functions 


In addition to 
r'(t), other notations for the 
derivative of a vector-valued 
function are 


rol, and D[x(9]. 


dr 
dt’ 


r(t+ Ar) —r(f) 


r(t+ Ar) 


X 


Figure 12.8 


E Differentiate a vector-valued function. 
E Integrate a vector-valued function. 


Differentiation of Vector-Valued Functions 


In Sections 12.3-12.5, you will study several important applications involving the 
calculus of vector-valued functions. In preparation for that study, this section is devoted 
to the mechanics of differentiation and integration of vector-valued functions. 

The definition of the derivative of a vector-valued function parallels the definition 
for real-valued functions. 


Definition of the Derivative of a Vector-Valued Function 
The derivative of a vector-valued function r is 


na n V(t + At) — r(t) 
i a A 


for all t for which the limit exists. If r'(r) exists, then r is differentiable at t. 
If r'(t) exists for all t in an open interval 7, then r is differentiable on the 
interval Z. Differentiability of vector-valued functions can be extended to 
closed intervals by considering one-sided limits. 


Differentiation of vector-valued functions can be done on a component-by- 
component basis. To see why this is true, consider the function r(t) = f()i + g(dj. 
Applying the definition of the derivative produces the following. 


r(t + At) — r(t) 


= —S 
= f(t + Adi + g(t tani - f(di — g(0j 
At> 0 t 
- jim, [[ e+ 89 = 100, , [6-22 - a] 
- { i, [1522 LOY [gg [ite 0 ON, 
= Oi e 


This important result is listed in the theorem shown below. Note that the derivative of the 
vector-valued function r is itself a vector-valued function. You can see from Figure 12.8 
that r'(r) is a vector tangent to the curve given by r(t) and pointing in the direction of 
increasing f-values. 


Differentiation of Vector-Valued Functions 


1. If r(t) = f(t)i + g(t)j, where f and g are differentiable functions of t, then 


r(t) = fDi + g'(0)j. Plane 
2. If r(A = f()i + g()j + h(t)k, where f, g, and h are differentiable functions 
of t, then 


r'(t) = fai t e')j + h'(t)k. Space 


=3 -2 2 


Figure 12.9 
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EXAMPLE 1 Differentiation of a Vector-Valued Function 


a [> See LarsonCalculus.com for an interactive version of this type of example. 
For the vector-valued function 
r(t) = tà + (2 + 2)j 


find r'(r). Then sketch the plane curve represented by r(t) and the graphs of r(1) and 
r'(1). 


Solution  Differentiate on a component-by-component basis to obtain 
r'(t — i - 2rj. Derivative 


From the position vector r(t), you can write the parametric equations x = t and 
y = ť + 2. The corresponding rectangular equation is y = x? + 2. When t = 1, 


r(1) =i+ 3j 
and 
r'(1) =i * 2j. 
In Figure 12.9, r(1) is drawn starting at the origin, and r'(1) is drawn starting at the 


terminal point of r(1). Note that at (1, 3), the vector r'(1) is tangent to the curve given 
by r(t) and is pointing in the direction of increasing t-values. a 


Higher-order derivatives of vector-valued functions are obtained by successive 
differentiation of each component function. 


ETTUTTTE) Higher-Order Differentiation 


For the vector-valued function 
r(t) = cos ti + sin tj + 27k 

find each of the following. 

a. r'(r) 

b. r’(t) 

c. r'(t) - r"(r) 

d. r(t) x r"(r) 


Solution 
a. r'(f = —sin ti + cos tj + 2k First derivative 
b. r”( = —cos ti — sin tj + Ok 
= —cos fi — sin tj Second derivative 
c. r'(f) - r'(f) = sin t cos t — sin t cos t = 0 Dot product 
i j k 
d. r'(t) x r’(t) = |—sinź cost 2 Cross product 


—cost —sint 0 


cost 2, —sint 2|. —sint cost 
= : 1 — jF ; 
—sint 0 —cost 0 —cost —sint 
= 2sin ti — 2cos tj + k a 


In Example 2(c), note that the dot product is a real-valued function, not a 
vector-valued function. 


830 


—6 + 


| r(t) = (5 cos t —cos 5t)i + (5 sin t —sin 51)j | 


The epicycloid is not smooth at the 
points where it intersects the axes. 
Figure 12.10 


. Note that 
Property 5 applies only to 
three-dimensional vector-valued 
functions because the cross 
product is not defined for 
two-dimensional vectors. 


ecc 06099090909 
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The parametrization of the curve represented by the vector-valued function 
r(r) = fi + g()j + hOk 


is smooth on an open interval J when f", g’, and h’ are continuous on / and r'(tr) # 0 
for any value of t in the interval /. 


EXAMPLE 3 Finding Intervals on Which a Curve Is Smooth 


Find the intervals on which the epicycloid C given by 
r(t) = (5cost — cos 52)i + (5sint — sin 5j, O<t < 270 
is smooth. 
Solution The derivative of r is 
r'(t) = (—5sint + 5 sin 5t)i + (5 cost — 5 cos 51)j. 
In the interval [0, 211], the only values of t for which 
r'(r) = 0i + 0j 
are t = 0, 1/2, ru 37/2, and 2m. Therefore, you can conclude that C is smooth on the 
intervals 


T T 3n 3n 
(0.5) n) (mi) m (Rm) 


as shown in Figure 12.10. | 


In Figure 12.10, note that the curve is not smooth at points at which the curve 
makes abrupt changes in direction. Such points are called cusps or nodes. 

Most of the differentiation rules in Chapter 2 have counterparts for vector-valued 
functions, and several of these are listed in the next theorem. Note that the theorem 
contains three versions of "product rules." Property 3 gives the derivative of the 
product of a real-valued function w and a vector-valued function r, Property 4 gives the 
derivative of the dot product of two vector-valued functions, and Property 5 gives the 
derivative of the cross product of two vector-valued functions (in space). 


A 12.2 


Properties of the Derivative 


Let r and u be differentiable vector-valued functions of t, let w be a 
differentiable real-valued function of f, and let c be a scalar. 


d f 
1. Sfer()] = cr'() 


2. ro) uta] aw) 


3. EWOO] = wr + weld 

4. “Tri iul] exe ui dcr Dou 

5. ro) x uid] ca) cut) axo Rae 

6. riv] = eww RETE 


7. Ifr(t) + r(t) = c, then rÒ + r'() = 0. [n] 32 
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Proof To prove Property 4, let 
r(A ^ f(ti * gj and u(t) = fDi + g Dj 


where fi, f>, g,, and g, are differentiable functions of t. Then 


r(t) + u(t) =f, 0AM + g,(t)g,(0) 


and it follows that 

Exploration P 

Let r(A = cos ti + sin tj. qt) Ol — fi) + f'OAO + 8 O8 + a, 020 
Sketch the graph of r(t). 

Explain why the graph is a - [AORA + 2.08.01 + LA'OLO + ei Qe] 
r(t) - u'(t) + r(t) + ul). 


Proofs of the other properties are left as exercises (see Exercises 61—65 and Exercise 68). 


circle of radius 1 centered at 
the origin. Calculate r(Tt/4) 
and r'(rt/4). Position the 


vector r'(Tt/4) so that its d 
initial point is at the terminal 
point of r(Tt/4). What do EXAMPLE 4 Using Properties of the Derivative 
you observe? Show that 
r(1) + r(?) is constant and For r(t) = l — j + In tk and u(t) = Pi — 2tj + k, find each derivative. 
that r(t) * r'(t) = 0 for all t. t 
How does this example d 
relate to Property 7 of a. gO - u(7)] 
Theorem 12.2? d 
b. rU x u'())] 
Solution 
, Ley A ; : . 
a. Because r'(tr) = -zÍ + 7k and u'(r) = 2ti — 2j, you have 
d 
^ [r() - u()] 
= r(t) * u'(r) + r'(r) - ult) 
= (4 -j+ ink) + (28 — 2j) + (-4i + tk) e (Pi — 2tj + k) 
1 
=2+2+(—-1)+ 7 
—— 
t 
b. Because u'(f) = 2ti — 2j and u’(t) = 2i, you have 
d Lu n I I 
qu x vO] = [u® x w'()] + [u'() x wo] 
i j k 
=|P -%2 1+0 
2 0 0 
-[[7 b £ ji E — 24) 
o o m2 of | o 
= 0i — (—2)j + 4tk 
= 2j + 4tk. E 


Try reworking parts (a) and (b) in Example 4 by first forming the dot and cross 
products and then differentiating to see that you obtain the same results. 
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Integration of Vector-Valued Functions 


The next definition is a consequence of the definition of the derivative of a vector- 
valued function. 


Definition of Integration of Vector-Valued Functions 


1. If r(t) = f(t)i + g(t)j, where f and g are continuous on [a, b], then the 
indefinite integral (antiderivative) of r is 


Í d= | l Ko a " | Í e() «| j 


and its definite integral over the interval a € t € bis 


[ r(t) dt = n arli + p g() |i. 


. If r(A = f()i + g(tj + Ak, where f, g, and h are continuous on [a, b], 
then the indefinite integral (antiderivative) of r is 


fora [fads fonab [fo 


and its definite integral over the interval a € t € bis 


Í KT | [ fü) arli " | Í 2 a j+ | Í WO ak 


The antiderivative of a vector-valued function is a family of vector-valued 
functions all differing by a constant vector C. For instance, if r(t) is a three-dimensional 
vector-valued function, then for the indefinite integral fr(r) dt, you obtain three 
constants of integration 


fro dt = F(t) + C, fzo dt = G(t) + C,, fro dt = H(t) + C, 


where F'(t) = f(t), G(t) = g(t), and H'(t) = h(t). These three scalar constants produce 
one vector constant of integration 


fro dt = [F(t) + Cli + [G0 + C ]j + [H@ + C]k 


= [F(r + Gj + H(Ak] + [Ci + Cj + Ck] 
=RA+C 
where R'(r) = r(?). 


EXAMPLE 5 Integrating a Vector-Valued Function 


Find the indefinite integral 


| (ti + 3j) at. 
Solution Integrating on a component-by-component basis produces 


2 
Jeie3pa i+ sg c. E 
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Example 6 shows how to evaluate the definite integral of a vector-valued function. 


EXAMPLE 6 Definite Integral of a Vector-Valued Function 


Evaluate the integral 


1 1 
- 1 

= 3/5 : -r ; 

[ova [ (wae, re k) ar 


Solution 


1 1 
i r(t) dt = (| p 2 (f; aii «([ etd) 
0 0 0 
3 1 
= G al i+ |t ul j+ EM k 
4 0 0 0 
a. 


= Zit (In2)j + (1 - +) iu 


As with real-valued functions, you can narrow the family of antiderivatives of 
a vector-valued function r' down to a single antiderivative by imposing an initial 
condition on the vector-valued function r. This is demonstrated in the next example. 


EXAMPLE 7 The Antiderivative of a Vector-Valued Function 


Find the antiderivative of 


, : ae 1 
r'(t) = cos 2t — 2 sin tj + Trp" 


that satisfies the initial condition 
r(0) = 3i — 2j + k. 


Solution 


r(t) = r'(t) dt 


= (| cos 2a) + (| -2sineat)j + (m reas) 


1 
= (Iso 2t + ci + (2cost + C,)j + (arctan t + C3)k 


Letting t = 0, you can write 

r(0) = (0+ C)i + (2+ C,)j + (0 + Cj)k. 
Using the fact that r(0) = 3i — 2j + k, you have 

(0+ Ci + (2+ C,)j + (0 + C,)k = 3i — 2j + K. 
Equating corresponding components produces 

C,73, 2+C,=-2, and C,=1. 


So, the antiderivative that satisfies the initial condition is 


r(t) = (3 sin 2f + 3)i + + (2cost — 4)j + (arctant + 1)k. a 
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12.2 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Derivative Describe the relationship between the 
graph of r’(¢,) and the curve represented by r(¢). 


. Integration Explain why the family of vector-valued 
functions that are the antiderivatives of a vector-valued 
function differ by a constant vector. 


Pale) Differentiation of Vector-Valued Functions 

cetur In Exercises 3-10, find r‘(¢), r(t), and r'(tọ) for 

[s]! t the given value of /,. Then sketch the curve 

n represented by the vector-valued function and 
sketch the vectors r(£,) and r'(t,). 


3. r(t) = (1 


4. r(A - (1 i * Pj, 1-1 


P)i+ tj, t3 


T T 
5. r(t) = cos ti + sin tj, tọ = 2 


6. r(t) = 3 sin ti + 4costj, tj = 5 
7. r(t) = (e, 5, t =0 
8. r(r) = (e e), tf =0 


9. r(t) = 2cos ti + 2 sin tj + tk, tọ 


10. r(A = ti + Pj + 3k, | =2 

Finding a Derivative In Exercises 11-18, find r'(r). 
11. r(?) = t^i — 5tj 

12. r() = Jti * (1— 0)j 

13. r(t) = 3 cos? ti + 2 sin? tj + k 

14. r(t) = 4 /ri + P rj + In ëk 

15. r(t) = ei + 4j  5te'k 

16. r(t) = (£, cos 3t, sin 3t) 

17. r(t) = (t sin t, t cos t, t) 


18. r(t) = (arcsin t, arccos t, 0) 


Higher-Order Differentiation In Exercises 19-22, find 
(a) r'(?), (b) r"(O, and (c) r'(?) + r'(0). 

20. r(t = (? + di  (? — Dj 
22. r(t) = 8 cos ti + 3 sin tj 


19. r(?) = Pi + ifj 
21. r(t) = 4 cos ti + 4 sin rj 


DID Higher-Order Differentiation In Exercises 
ic: “fj 23-26, find (a) r'(?), (b) r'(r), (c) r'  r"(t), and 
[s] ess i qr ro. 

23. r(t 
24. r(t) = Pi + (22 + 3)j + (3t — 5)k 
25. r( = 
26. r(t) = 


=5Pi — tj + wk 


(cos t + t sin t, sin t — t cos t, t) 


(e^, £, tan f) 


[e] [a] Finding Intervals on Which a Curve Is 

Met fy Smooth In Exercises 27-34, find the open 
B interval(s) on which the curve given by the vector- 

"* valued function is smooth. 

27. r(t) = £i £j 28. r(t) = 5Pi — r^j 

29. r(0) = 2 cos? Oi + 3 sin? jj O < O< 2n 

30. r(0) = (8 + sin Qi + (1 — cos Ojj, O< O< 2n 
2t a wW, 

BFP 8E 

32. r(t) = e'i — e™'j + 3tk 

33. r(r) = ti — 3tj + tan fk 

34. r(t) = Vti + (2 — 1)j + Tk 


31. r(t) 


m Using Properties of the Derivative In 
#€ Exercises 35 and 36, use the properties of the 


DERE derivative to find the following. 
(a) r'() à) “(ar - w0] © ŽE 


@ FO -u@] © SiO xuo] D Sre 
35. r(t) = ti + 3tj + Pk, ult) = 4ti + 2j + Pk 

36. r(t) = (t, 2 sin t, 2 cos t), u(t) = ( 2 sin f, 2 cos j 

uio Two a In Exercises 37 and 38, find 
(a) 5 — 2 [r() - u(?)] and (b) 3 — ALO x u(t)] in two different ways. 


) E ind the product M id differentiate. 
(ii) Apply the properties of Theorem 12.2. 


37. r(t) = ti + 2Pj + Pk, u(t) = tk 
38. r(t) = cos ti + sin tj + tk, u(t) =j + tk 


mige Finding an Indefinite Integral In Exercises 
ues 39-46, find the indefinite integral. 


39. spin + j + 9k) dt 


41. (i tj- Pk) dt 


43. IE + 4) + 5'k) dt 


44, [ve ti + 1 i zi) dt 


45. fei + j + t cos tk) dt 


40. Í (415i + 6tj — 4 1k) dt 


42. fma + lj + J dt 


46. Je sin ti + cot tj) dt 
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Pall Evaluating a Definite Integral In Exercises 
“alte 47-52, evaluate the definite integral. 


1 
47. Í (8ti + tj — k) dt 
0 


1 
48. Í (ti + Pj + 3/tk) dt 


=i 


n/2 
49. Í [(5 cos Ai + (6 sin Aj + k] dt 
0 
1/4 
50. i [(sec t tan t)i + (tan j + (2 sin t cos 1k] dt 
0 


2 3 
51. Í (ti + e'j — te'k) dt 52. [ ti + 8| dt 
0 0 


[n] ID Finding an Antiderivative In Exercises 
ri č 53-58, find r(f) that satisfies the initial condition(s). 


Oat 

53. r'(r) = 4e”i + 3e'j, r(0) = 2i 

54. r'( = 32j + 6 /tk, r(0) =i + 2j 

55. r"(r) = —32j, r'(0) = 600,/3i + 600j, r(0) = 0 
56. r"(f)) = —4 cos tj — 3 sin tk, r'(0) = 3k, r(0) = 4j 
57. r'(r) = te^ — e™'j +k, r(0)=żi-j+k 


1. 1 ET 
T pl T ns r(1) — 2i 


58. r'() = i 


EXPLORING CONCEPTS 

59. Using a Derivative The three components of the 
derivative of the vector-valued function u are positive at 
t = tọ. Describe the behavior of u at t = tọ. 


60. Think About It Find two vector-valued functions 
f(r) and g(t) such that 


[ [E(t < g(0] dt + n f(r) «| . li g(t) a 


Proof In Exercises 61-68, prove the property. In each case, 
assume r, u, and v are differentiable vector-valued functions of 
t in space, w is a differentiable real-valued function of t, and c 
is a scalar. 


61. [orto] = ni) 

62. (ro) + w()] — rO + u'() 

63. [wi)r()] = war) + w'(Gr() 

64. 2 [r() au] = x) xu + rÀ xui) 
65. Z [rD] = rww O 


66. <e x r'()] = rð x r"(n) 


67. 2 tr(0) + [u() x v(9]) = r'(0 + [u(? x vA] + 
r(¢) * [u'() x vA] + 
r(t) * [u(t) x vð] 

68. If r(¢) + r(?) is a constant, then r(t) * r'(r) = 0. 


69. Particle Motion A particle moves in the xy-plane 
along the curve represented by the vector-valued function 
r(t) = (t — sin ñi (1 — cos pj. 


A (a) Use a graphing utility to graph r. Describe the curve. 


(b) Find the minimum and maximum values of ||r’|| and ||r”||. 


70. Particle Motion A particle moves in the yz-plane 
along the curve represented by the vector-valued function 
r(t) = (2 cos Aj + (3 sin fk. 


(a) Describe the curve. 
(b) Find the minimum and maximum values of ||r'|| and ||r" |. 


71. Perpendicular Vectors Consider the vector-valued 
function r(t) = (e' sin di + (e'cosf)j. Show that r(t) and 
r"(r) are always perpendicular to each other. 


72. 5 HOW DO YOU SEE IT? The graph shows 
a vector-valued function r(f) for 0 < t < 2m 
and its derivative r'(t) for several values of t. 


(a) For each derivative shown in the graph, determine 
whether each component is positive or negative. 


(b) Is the curve smooth on the interval [0, 2rt]? 
Explain. 


True or False? In Exercises 73-76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


73. If a particle moves along a sphere centered at the origin, then 
its derivative vector is always tangent to the sphere. 


74. The definite integral of a vector-valued function is a real 
number. 


75. Url] = lio 


76. If r and u are differentiable vector-valued functions of t, then 


£r) + ul] = rO + wO. 
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12.3 Velocity and Acceleration 


Exploration 


Exploring Velocity 
Consider the circle given by 


r(t) = (cos ux)i + (sin w)j. 


(The symbol w is the Greek 
letter omega.) Use a graphing 
utility in parametric mode 

to graph this circle for 
several values of w. How 
does u affect the velocity of 
the terminal point as it traces 
out the curve? For a given 
value of w, does the speed 
appear constant? Does the 
acceleration appear constant? 
Explain your reasoning. 


2 


E Describe the velocity and acceleration associated with a vector-valued function. 
E Use a vector-valued function to analyze projectile motion. 


Velocity and Acceleration 


You are now ready to combine your study of parametric equations, curves, vectors, and 
vector-valued functions to form a model for motion along a curve. You will begin by 
looking at the motion of an object in the plane. (The motion of an object in space can 
be developed similarly.) 

As an object moves along a curve in the plane, the coordinates x and y of its center 
of mass are each functions of time ft. Rather than using the letters f and g to represent 
these two functions, it is convenient to write x = x(t) and y = y(t). So, the position 
vector r(t) takes the form 


r(t) = x(ri  y(0j. 


The beauty of this vector model for representing motion is that you can use the first 
and second derivatives of the vector-valued function r to find the object's velocity and 
acceleration. (Recall from the preceding chapter that velocity and acceleration are both 
vector quantities having magnitude and direction.) To find the velocity and acceleration 
vectors at a given time f, consider a point Q(x(t + At), y(t + At)) that is approaching 
the point P(x(z), y(t) along the curve C given by r(t) = x(t)i + y()j, as shown in 
Figure 12.11. As Ar 0, the direction of the vector PO (denoted by Ar) approaches 
the direction of motion at time t. 


Ar = r(t + At) — r(t) 
Ar r(t + A?) — r(t) 


Position vector 


At At 
ji Ar | ji r(t + At) — r(t) 
A At heat At 


When this limit exists, it is defined as the velocity vector or tangent vector to the 
curve at point P. Note that this is the same limit used to define r'(r). So, the direction of 
r'(t) gives the direction of motion at time t. Moreover, the magnitude of the vector r'(f) 


llrOll = lxi + y'OIll = OP + DOP 


gives the speed of the object at time f. 


Velocity vector _- <“ 
at time t id A 


Velocity vector 
at time t 


r(t) 
r(t+ Ar) 


| > xX > xX 


A : 
As At 2 0, m" approaches the velocity vector. 


Figure 12.11 


Similar to how r'(f) is used to find velocity, you can use r”(t) to find acceleration, 
as indicated in the definitions at the top of the next page. 


€060609009902909999 


In Example 1, note 
that the velocity and acceleration 
vectors are orthogonal at any 
point in time (see Figure 12.12). 
This is characteristic of motion 
at a constant speed. (See 
Exercise 59.) 


12.3 Velocity and Acceleration 


Definitions of Velocity and Acceleration 


If x and y are twice-differentiable functions of t, and r is a vector-valued 
function given by r(t) = x(r)i + y(t)j, then the velocity vector, acceleration 
vector, and speed at time ft are as follows. 


rO = xi + y 
r6) -a"Q + "OI 


Irol = OF DOT 


Velocity = v(t) 


Acceleration = a(t) 
Speed = ||v()] = 


For motion along a space curve, the definitions are similar. That is, for 
r(A = x(di + y(Oj + z())k 


you have the following. 


Velocity = v(t) r'(t) x'(di + y(0j + z'(Ak 
Acceleration = a(t) r’(t) x" (i+ y" (Oj + z'()k 
Speed = | vO] = |r| = KOF + Ly OF + E OF 
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EXAMPLE 1 Velocity and Acceleration Along a Plane Curve 


Find the (a) velocity vector, (b) speed, and (c) acceleration vector for the particle that 


moves along the plane curve C described by 


Position vector 


t t 
r(t) = 2 sin I + 2 cos j* 


Solution 


t. t 
1l — sin 


73 


a. v(t) = r'(t) = cos Velocity vector 


N 


Speed (at any time) 


Acceleration vector 


The parametric equations for the curve in 
Example 1 are 


Circle: x? +y? =4 


t t 
x= 2sin 5 and y = 2 cos 5. 


By eliminating the parameter f, you obtain the 
rectangular equation 


v(t) 


x? y? - 4. 


Rectangular equation 


So, the curve is a circle of radius 2 centered at 
the origin, as shown in Figure 12.12. Because 
the velocity vector 
2 


v(t) = cos Ii— sint] 
2 9" 


mue Í. 
r() -2sin,i*2cos,j 


has a constant magnitude but a changing 
direction as f increases, the particle moves 


around the circle at a constant speed. a constant speed. 


Figure 12.12 


The particle moves around the circle at 


838 


r(t) = (t? —4)i + tj 


4-4 


At each point on the curve, the 
acceleration vector points to the right. 
Figure 12.13 


Sun 
Ou 


At each point in the comet’s orbit, 
the acceleration vector points toward 
the sun. 


Figure 12.14 


Curve: 
r(f) = ti + £j + 3tk, t z0 


Figure 12.15 
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EXAMPLE 2 Velocity and Acceleration Vectors in the Plane 


Sketch the path of an object moving along the plane curve given by 


r(t) = (? — 4)i + tj 


Position vector 
and find the velocity and acceleration vectors when t = 0 and t = 2. 


Solution Using the parametric equations x — f? — 4 and y — f, you can determine 
that the curve is a parabola given by 


x=y-4 


Rectangular equation 
as shown in Figure 12.13. The velocity vector (at any time) is 


v(t) = r'( = 2ti +j 


Velocity vector 
and the acceleration vector (at any time) is 


a(t) = r'(r) = 2i. 


Acceleration vector 

When t = 0, the velocity and acceleration vectors are 
v(0) = 2(0i + j— j and a(0) = 2i. 

When t = 2, the velocity and acceleration vectors are 


v2) = 22)i+ j=4i+ j and a(2)- 2i. ü 


For the object moving along the path shown in Figure 12.13, note that the 
acceleration vector is constant (it has a magnitude of 2 and points to the right). This 
implies that the speed of the object is decreasing as the object moves toward the vertex 
of the parabola, and the speed is increasing as the object moves away from the vertex 
of the parabola. 

This type of motion is not characteristic of comets that travel on parabolic paths 
through our solar system. For such comets, the acceleration vector always points to the 
origin (the sun), which implies that the comet's speed increases as it approaches the 
vertex of the path and decreases as it moves away from the vertex. (See Figure 12.14.) 


EXAMPLE 3 Velocity and Acceleration Vectors in Space 


de p- See LarsonCalculus.com for an interactive version of this type of example. 
Sketch the path of an object moving along the space curve C given by 

r(t) = ti + Pj + 3tk, t20 Position vector 
and find the velocity and acceleration vectors when t = 1. 


Solution Using the parametric equations x = t and y = £?, you can determine that 
g p q y y 


the path of the object lies on the cubic cylinder given by 
yar: Rectangular equation 


Moreover, because z = 3t, the object starts at (0, 0, 0) and moves upward as t increases, 
as shown in Figure 12.15. Because r(t) = ti + Pj + 31k, you have 

v(t) = r'( 2 i + 32j + 3k Velocity vector 
and 

a(t) = r"(t) = 6rj. Acceleration vector 
When ż = 1, the velocity and acceleration vectors are 


vi) 2 r(1) =i+ 3j -3k and a(l) = r'(1) = 6j. a 


Curve: 


" t2 $ 2 
r(t)=i+ ree jttk 


The object takes 2 seconds to move 
from point (1, 2, 0) to point (1, 4, 4) 
along the curve. 

Figure 12.16 
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So far in this section, you have concentrated on finding the velocity and 
acceleration by differentiating the position vector. Many practical applications involve 
the reverse problem—finding the position vector for a given velocity or acceleration. 
This is demonstrated in the next example. 


EXAMPLE 4 Finding a Position Vector by Integration 


An object starts from rest at the point (1, 2, 0) and moves with an acceleration of 
a(t) = j + 2k Acceleration vector 


where ||a(r)|| is measured in feet per second per second. Find the location of the object 
after t = 2 seconds. 


Solution From the description of the object's motion, you can deduce the following 
initial conditions. Because the object starts from rest, you have 


v(0) = 0. 
Moreover, because the object starts at the point (x, y, z) = (1, 2, 0), you have 
r(0) = x(0)i + y(0)j + z(O)k = li + 2j + Ok =i + 2j. 


To find the position vector, you should integrate twice, each time using one of the initial 
conditions to solve for the constant of integration. The velocity vector is 


v(t) = | a(t) dt 


= IL + 2k) dt 
tj + 2tk + C 


where C = Cj + Cj + Ck. Letting t= 0 and applying the initial condition 
v(0) = 0, you obtain 


v0) = Ci+ CGj* Ck-0 m$ C,=C,=C,=0. 


So, the velocity at any time f is 
v(t) = tj + 2fk. Velocity vector 


Integrating once more produces 


= Í (tj + 2tk)dt 
12 
= zi +rťk+C 


where C = Cj + C3j + Ck. Letting t — 0 and applying the initial condition 
r(0) = i + 2j, you have 


r(0 = Gi + Cj Ck-i-2j WM C,=1,0,=2,C,=0. 


So, the position vector is 
B 
r(t) =i+ (5 EE 2j + PK. Position vector 


The location of the object after t = 2 seconds is given by 
r(2) = i + 4j + 4k 
as shown in Figure 12.16. au 
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j vo = Initial velocity 


v(t) 


Vo= v(0) 


} Initial height 


Figure 12.17 


| Voll = vg = initial speed 


rol] = ^ = initial height 


y 
À 


X= ||vo]| cos 8 


y = ||vol| sin 6 


Figure 12.18 
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Projectile Motion 


To derive the parametric equations for the path of a projectile, assume that gravity is 
the only force acting on the projectile after it is launched. So, the motion occurs in a 
vertical plane, which can be represented by the xy-coordinate system with the origin 
as a point on Earth's surface, as shown in Figure 12.17. For a projectile of mass m, the 
force due to gravity is 


F=- mgj Force due to gravity 


where the acceleration due to gravity is g = 32 feet per second per second, or 
9.8 meters per second per second. By Newton’s Second Law of Motion, this same force 
produces an acceleration a = a(t) and satisfies the equation F = ma. Consequently, the 
acceleration of the projectile is given by ma = —mgj, which implies that 


a-—-— gj. Acceleration of projectile 


EXAMPLE 5 Derivation of the Position Vector for a Projectile 


A projectile of mass m is launched from an initial position rọ with an initial velocity vp. 
Find its position vector as a function of time. 


Solution Begin with the acceleration a(r) = — gj and integrate twice. 
v(t) = fo dt = [a dt = — gtj + C, 


1 
r(t) = [ro dt = [cu + C,) dt= E TC; tC, 
You can use the initial conditions v(0) = v, and r(0) = r, to solve for the constant 
vectors C, and C,. Doing this produces 
Ci =v% and C, =r». 


Therefore, the position vector is 


l ,. 
r(t) = -58fj + tvo + ro- Position vector a 


In many projectile problems, the constant vectors r and v, are not given explicitly. 
Often you are given the initial height h, the initial speed v,, and the angle 0 at which 
the projectile is launched, as shown in Figure 12.18. From the given height, you can 
deduce that ry = hj. Because the speed gives the magnitude of the initial velocity, it 
follows that v, = ||v,|| and you can write 


Vo = xi + yj 
= (Ilvoll cos 6)i + (|| vol sin 9)j 
= w cos Bi + v, sin Oj. 


So, the position vector can be written in the form 


RU 2 
r(t) = —58f J + tvo + ro Position vector 


1 
= ~ 580 + tv, cos Oi + ftv, sin Oj + hj 


= (v cos 9)ri + L + (vo sin 8)r — zer i 
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THEOREM 12.3 Position Vector for a Projectile 


Neglecting air resistance, the path of a projectile launched from an initial 
height h with initial speed v, and angle of elevation 0 is described by the 


vector function 
r(t) = (vo cos 0)ri + [h + (vo sin 9)t — Ler] j 


where g is the acceleration due to gravity. 


Describing the Path of a Baseball 


A baseball is hit 3 feet above ground level at 
100 feet per second and at an angle of 45° with 
respect to the ground, as shown in Figure 12.19. 
Find the maximum height reached by the 
baseball. Will it clear a 10-foot-high fence 
located 300 feet from home plate? 


Solution You are given 


h=3, v= 100, and 0 = 45°. 


Figure 12.19 


So, using Theorem 12.3 with g = 32 feet per 
second per second produces 


r(t) = (100 cos ur & |: " (100 sin 2j = 16" | 
= (50/20) + (3 + 50/2¢ — 162)j. 
The velocity vector is 
v(t) = v(t) = 502i + (50/2 — 322)j. 
The maximum height occurs when 
y(t) = 50/2 — 32t 


is equal to 0, which implies that 


t= m = 2.2] seconds. 


So, the maximum height reached by the ball is 


y=3+ so (522) i TEA 


1 16 
649 
8 
= 81 feet. Maximum height when t ~ 2.21 seconds 


The ball is 300 feet from where it was hit when 
x(t) = 300 => 5042: = 300. 


Solving this equation for t produces t = 3/2 = 4.24 seconds. At this time, the height 
of the ball is 


y=3 + 50,/2(3 V2) — 16(3./2P 
= 303 — 288 
= 15 feet. Height when t = 4.24 seconds 


Therefore, the ball clears the 10-foot fence for a home run. al 
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12.3 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Velocity Vector An object moves along a curve in the 
plane. What information do you gain about the motion of 
the object from the velocity vector to the curve at time t? 


. Acceleration Vectors For each scenario, describe 
the direction of the acceleration vectors. Explain your 
reasoning. 


(a) A comet traveling through our solar system in a 
parabolic path 


(b) An object thrown on Earth's surface 


opo Finding Velocity and Acceleration Along 

mmu a Plane Curve In Exercises 3-10, the position 

rates vector r describes the path of an object moving in 
SHPTU the xy-plane. 


(a) Findthe velocity vector, speed, and acceleration 
vector of the object. 


(b) Evaluate the velocity vector and acceleration 
vector of the object at the given point. 


(c) Sketch a graph of the path and sketch the 
velocity and acceleration vectors at the given 


point. 

Position Vector Point 
3. r(t) = 3t + (t — 1)j (3, 0) 
4. r(t) 2 ti - (- 2 + 4)j (1, 3) 
5. r(r) = Pit tj (4, 2) 
6. r() = 4e + Lit ij (3, 2) 
7. r(t) = 2 cos ti + 2 sin rj (V2, 4/2) 
8. r(r) = 3cos ti + 2 sin tj (3, 0) 
9. r(t) = (t — sint, 1 — cos f) (m, 2) 
10. r(t) = (e^, e? (1, 1) 


mje [m] Finding Velocity and Acceleration Vectors 
Eke ^ 

pas 3 in Space In Exercises 11-20, the position vector 
oe r describes the path of an object moving in space. 


(a) Find the velocity vector, speed, and acceleration 
vector of the object. 


(b) Evaluate the velocity vector and acceleration 
vector of the object at the given value of t. 


Position Vector Time 
11. r(t) = ti + 5tj + 3tk t=1 
12. r(t) = 4ti + 4tj — 2tk t=3 
13. r(?) = ti + £j + Pk t=4 
14. r(t) = 3ti + tj + {fk t=2 


15. r(t) = ti — tj + V9 — Pk t=0 


16. r(t) = Pi + tj + 28k t=4 


Position Vector Time 
17. r(t) = (4t, 3 cos t, 3 sin t) t=T 
18. r(t) = (2 cost, sin 3t, ?) t= T 
19. r(t) = (e' cos t, e' sin t, e) t=0 
20. r(t) = (in t, E 1) = /3 


[n]z7[m] Finding a Position Vector by Integration 
qud ty In Exercises 21-26, use the given acceleration 
uu vector and initial conditions to find the velocity 
-=E and position vectors. Then find the position at time 

t — 2. 


21. al) 2i jk, v(0 =0, r(0) — 0 

22. a(t) = 2i + 3k, v(0 = 4j, r(0-0 

23. a(t) = tj + tk, v(1 =5j, r(1) 20 

24. a(t) = —32k, v(0)—3i — 2j +k, r(0) — 5j 2k 
25. a(t) = —costi — sin tj, v(0) =j+k, r(0)—i 
26. a(t) = e'i — 8k, v(0) = 2i+ 33 +k, r(0) — 0 


Projectile Motion In Exercises 27-40, use the model for 
projectile motion, assuming there is no air resistance and 
g = 32 feet per second per second. 


27. ^ baseball is hit from a height of 2.5 feet above the ground 
with an initial speed of 140 feet per second and at an angle of 
22? above the horizontal. Find the maximum height reached 
by the baseball. Determine whether it will clear a 10-foot-high 
fence located 375 feet from home plate. 


28. Determine the maximum height and range of a projectile 
fired at a height of 3 feet above the ground with an initial 
speed of 900 feet per second and at an angle of 45? above the 
horizontal. 


29. A baseball, hit 3 feet above the ground, leaves the bat at an 
angle of 45? and is caught by an outfielder 3 feet above the 
ground and 300 feet from home plate. What is the initial speed 
of the ball, and how high does it rise? 


30. A baseball player at second base throws a ball 90 feet to the 
player at first base. The ball is released at a point 5 feet above 
the ground with an initial speed of 50 miles per hour and at 
an angle of 15? above the horizontal. At what height does the 
player at first base catch the ball? 


31. Eliminate the parameter f from the position vector for the 

motion of a projectile to show that the rectangular equation is 
20 
y= -ES 2 + (tan O)x + h. 
2vg 

32. The path of a ball is given by the rectangular equation 
y = x — 0.00532. Use the result of Exercise 31 to find the 
position vector. Then find the speed and direction of the ball 
at the point at which it has traveled 60 feet horizontally. 


33. The Rogers Centre in Toronto, Ontario, has a center field 


fence that is 10 feet high and 400 feet from home plate. A ball 
is hit 3 feet above the ground and leaves the bat at a speed of 
100 miles per hour. 


(a) The ball leaves the bat at an angle of O = ©, with the 
horizontal. Write the vector-valued function for the path 


BE 39. 
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38. A projectile is fired from ground level at an angle of 12? with 


the horizontal. The projectile is to have a range of 200 feet. 
Find the minimum initial speed necessary. 


Use a graphing utility to graph the paths of a projectile for 
the given values of O and vp. For each case, use the graph to 
approximate the maximum height and range of the projectile. 


of the ball. (Assume that the projectile is launched from ground level.) 


d (b) Use a graphing utility to graph the vector-valued function (a) 8 = 10°, v, = 66 ft/sec 
for 6, = 10°, 9 15°, 6, 20 , and 6, = 25 . Use the (b) 8 = 10°, v, = 146 ft/sec 
graphs to approximate the minimum angle required for the 
hit to be a home run. (c) 8 = 45°, vy = 66 ft/sec 

(c) Determine analytically the minimum angle required for (d) 0 = 45°, v, = 146 ft/sec 
the hit to be a home run. (e) 0 = 60°, v, = 66 ft/sec 


(f) 8 = 60°, vy = 146 ft/sec 


40. Find the angles at which an object must be thrown to obtain 
(a) the maximum range and (b) the maximum height. 


ee 34. Football ee cece ecececereceevneeevneeceece 


The quarterback of a 
football team releases a 
pass at a height of 7 feet 
above the playing field, 
and the football is caught 
by a receiver 30 yards 
directly downfield at a 
height of 4 feet. The pass 
is released at an angle of 
35° with the horizontal. 


Projectile Motion In Exercises 41 and 42, use the model 
for projectile motion, assuming there is no air resistance and 
g = 9.8 meters per second per second. 


41. Determine the maximum height and range of a projectile fired 
at a height of 1.5 meters above the ground with an initial speed 
of 100 meters per second and at an angle of 30° above the 
horizontal. 


(a) Find the speed of the football when it is released. 42 


A projectile is fired from ground level at an angle of 8? with 
the horizontal. The projectile is to have a range of 50 meters. 


Find the minimum initial speed necessary. 


(b) Find the maximum height of the football. 


(c) Find the time the receiver has to reach the proper 


position after the quarterback releases the football. 


43. Shot-Put Throw The path of a shot thrown at an angle O is 


35. A bale ejector consists of two variable-speed belts at the end 
of a baler. Its purpose is to toss bales into a trailing wagon. 
In loading the back of a wagon, a bale must be thrown to a 


position 8 feet above and 16 feet behind the ejector. 


r(t) = (vy cos 9)ri + L + (vo sin 8)t — 5s i 


where v, is the initial speed, A is the initial height, ¢ is the time 
in seconds, and g is the acceleration due to gravity. Verify that 


: "T NO the shot will in in the air for a total of 
(a) Find the minimum initial speed of the bale and the xui c E CE Ed 


corresponding angle at which it must be ejected from the 
baler. 


vo sin O + /v2 sin? 0 + 2gh 
$ 


seconds 


(b) The ejector has a fixed angle of 45°. Find the initial speed 


: and will travel a horizontal distance of 
required. 


2 
xg cos Y ( 2 feet. 
8 Vo 


36. A bomber is flying horizontally at an altitude of 30,000 feet 
with a speed of 540 miles per hour (see figure). When should 
the bomb be released for it to hit the target? (Give your answer 
in terms of the angle of depression from the plane to the 


target.) What is the speed of the bomb at the time of impact? 


sin 0 + sin? 0 + 


ee 44. Shot-Put Throw «e«*eeeeeeeeeccccccc 


A shot is thrown from a 
height of h = 5.75 feet 
with an initial speed 

of v, = 41 feet per 
second and at an angle of 
0 = 42.5? with the 
horizontal. Use the result 
of Exercise 43 to find 

the total time of travel ^ 
and the total horizontal e. 
distance traveled. E 


540 mi/h ` 


— 


37. A shot fired from a gun with a muzzle speed of 1200 feet 
per second is to hit a target 3000 feet away. Determine the 
minimum angle of elevation of the gun. 


Aspen Photo/Shutterstock.com; PCN Photography/Alamy stock photo 
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Cycloidal Motion In Exercises 45 and 46, consider the 
motion of a point (or particle) on the circumference of a rolling 
circle. As the circle rolls, it generates the cycloid 


r(t) = b(& — sin ex)i + b(1 — cos oy) j 


where w is the constant angular speed of the circle and b is the 
radius of the circle. 


45. Find the velocity and acceleration vectors of the particle. Use 
the results to determine the times at which the speed of the 
particle will be (a) zero and (b) maximized. 


46. Find the maximum speed of a point on the circumference of 
an automobile tire of radius 1 foot when the automobile is 
traveling at 60 miles per hour. Compare this speed with the 
speed of the automobile. 


Circular Motion In Exercises 47-50, consider a particle 
moving on a circular path of radius b described by 


r(t) = b cos Wi + b sin ej 
where w = du/dt is the constant angular speed. 


47. Find the velocity vector and show that it is orthogonal to r(t). 
48. (a) Show that the speed of the particle is bw. 


e" (b) Use a graphing utility in parametric mode to graph the 
circle for b = 6. Try different values of w. Does the graphing 
utility draw the circle faster for greater values of W? 


49. Find the acceleration vector and show that its direction is 
always toward the center of the circle. 


50. Show that the magnitude of the acceleration vector is bUJ. 


Circular Motion In Exercises 51 and 52, use the results of 
Exercises 47—50. 


51. A psychrometer (an instrument used to measure humidity) 
weighing 4 ounces is whirled horizontally using a 6-inch string 
(see figure). The string will break under a force of 2 pounds. 
Find the maximum speed the instrument can attain without 
breaking the string. (Use F — ma, where m — 1/128.) 


- 


4 


E 


Figure for 51 


Figure for 52 


52. A 3400-pound automobile is negotiating a circular interchange 
of radius 300 feet at 30 miles per hour (see figure). Assuming 
the roadway is level, find the force between the tires and the 
road such that the car stays on the circular path and does not 
skid. (Use F = ma, where m = 3400/32.) Find the angle 
at which the roadway should be banked so that no lateral 
frictional force is exerted on the tires of the automobile. 


EXPLORING CONCEPTS 
53. Constant Speed Explain how a particle can be 
accelerating even though its speed is constant. 


54. Think About t Considera particle that is moving along 
the space curve given by r,(r) = Pi (3 — t)j + 2Pk. 
Write a vector-valued function r, for a particle that 


moves four times as fast as the particle represented by 
r,. Explain how you found the function. 


. Circular Motion Consider a particle that moves 
around a circle. Is the velocity vector of the particle 
always orthogonal to the acceleration vector of the 
particle? Explain. 


56. Particle Motion Consider a particle moving on an 
elliptical path described by r(t) = a cos wi + b sin wj, 
where W = dO/dt is the constant angular speed. 


(a) Find the velocity vector. What is the speed of the particle? 


(b) Find the acceleration vector and show that its direction is 
always toward the center of the ellipse. 


57. Path of an Object When ¢ = 0, an object is at the point 
(0, 1) and has a velocity vector v(0) = —i. It moves with an 
acceleration of a(r) = sin ti — cos tj. Show that the path of 
the object is a circle. 


HOW DO YOU SEE IT? The graph shows 
the path of a projectile and the velocity and 
acceleration vectors at times f, and t;. Classify 
the angle between the velocity vector and the 
acceleration vector at times /, and t;. Using the 
vectors, is the speed increasing or decreasing at 
times f, and ¢,? Explain your reasoning. 


D) 


A v(t) 


59. Proof Prove that when an object is traveling at a constant 
speed, its velocity and acceleration vectors are orthogonal. 


60. Proof Prove that an object moving in a straight line at a 
constant speed has an acceleration of 0. 


True or False? In Exercises 61—63, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


61. The velocity vector points in the direction of motion. 


62. If a particle moves along a straight line, then the velocity and 
acceleration vectors are orthogonal. 


63. A velocity vector of variable magnitude cannot have a 
constant direction. 
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12.4 Tangent Vectors and Normal Vectors 


r() =ti+ t7j 


The direction of the unit tangent vector 
depends on the orientation of the curve. 
Figure 12.20 


E Find a unit tangent vector and a principal unit normal vector 
at a point on a space curve. 
E Find the tangential and normal components of acceleration. 


Tangent Vectors and Normal Vectors 


In the preceding section, you learned that the velocity vector points in the direction 
of motion. This observation leads to the next definition, which applies to any smooth 
curve—not just to those for which the parameter represents time. 


Definition of Unit Tangent Vector 


Let C be a smooth curve represented by r on an open interval /. The unit 
tangent vector T(ż) at t is defined as 


-rO , 
T(t) = ror r (t) # 0. 


Recall that a curve is smooth on an interval when r’ is continuous and nonzero on 
the interval. So, “smoothness” is sufficient to guarantee that a curve has a unit tangent 
vector. 


EXAMPLE 1 Finding the Unit Tangent Vector 


Find the unit tangent vector to the curve given by 
r(t) = tà * £j 

when ft = 1. 

Solution The derivative of r(f) is 
r'(t) =it 2tj. Derivative of r(r) 


So, the unit tangent vector is 


"(t 

Ti) = rol Definition of T(!) 
1 

= ——(j + 2rj). Substitute for r'(r). 


J1 + 4£ 


When ¢ = 1, the unit tangent vector is 


1 
T(1) = —=(i + 2j 
(1) st j) 
as shown in Figure 12.20. au 


In Example 1, note that the direction of the unit tangent vector depends on the 
orientation of the curve. For the parabola described by 


r(t) = —(t — 2)i + (t — 2?j 


T(1) would still represent the unit tangent vector at the point (1, 1), but it would point 
in the opposite direction. Try verifying this. 
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Curve: 
r(t) 22cos ti + 2 sin tj + tk 


The tangent line to a curve at a point is 
determined by the unit tangent vector 
at the point. 

Figure 12.21 


The tangent line to a curve at a point is the line that passes through the point and 
is parallel to the unit tangent vector. In Example 2, the unit tangent vector is used to 
find the tangent line at a point on a helix. 


EXAMPLE 2 Finding the Tangent Line at a Point on a Curve 


Find T(t) and then find a set of parametric equations for the tangent line to the helix 
given by 


r(t) = 2cos ti + 2 sin tj + tk 
; = AM 
at the point (v2, Ja. 1j 


Solution The derivative of r(f) is 


r'(t) = —2sinti+ 2cos tj + k 


which implies that |r'(r|| = J/4 sin? t + 4cos?t + 1 = ,/5. Therefore, the unit 
tangent vector is 


_ rd) 
TO = Foal 


1 TARN . 
= —~(—2 sin ti + 2 cos tj + k). Unit tangent vector 


i 


At the point [. / 2, Ja. T/ 4), t = 1/4 and the unit tangent vector is 


(3) l (2 " 2x21 ¥ 3 


4 Js 2 2 


= AC J2i + /2j +k). 


Using the direction numbers a — - 2, b= Jf. and c = 1, and the point 
Ga. yp 2) = (3/2, J2, n/ 4), you can obtain the parametric equations (given with 
parameter 5) listed below. 


x=x,+as= J2-— J2s 


y = yı + bs = V2 + 2s 


It 
Zz {boats 


This tangent line is shown in Figure 12.21. a 


In Example 2, there are infinitely many vectors that are orthogonal to the tangent 
vector T(r). One of these is the vector T(z). This follows from Property 7 of Theorem 12.2. 
That is, 


TO TÒ =|TOR=1 e» TH TO = 0. 


By normalizing the vector T'(r), you obtain a special vector called the principal unit 
normal vector, as indicated in the next definition. 


Definition of Principal Unit Normal Vector 


Let C be a smooth curve represented by r on an open interval 7. If T'(r) 0, 
then the principal unit normal vector at ¢ is defined as 


T'(r) 


NO = rr 
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EXAMPLE 3 Finding the Principal Unit Normal Vector 


Find N(¢) and N(1) for the curve represented by r(t) = 3ti + 22j. 
Solution By differentiating, you obtain 

r'(r) = 3i + 4tj 
which implies that 

Ix] = V9 + 162. 


So, the unit tangent vector is 


r'(t) 
TO = i 
Irol 
= : (3i + 4tj) Unit tangent vect 
Se Ly). nit tangent vector 
J9 + 162 i i 
Using Theorem 12.2, differentiate T(t) with respect to t to obtain 
1 16t 
Td) = —— (4j 3i + 4tj 


12 


= OF 16897 x TA C 4d + 3j) 


which implies that 


[9 «162 12 
ITON= 12V ( 1 1625 7 9+ 165 


Therefore, the principal unit normal vector is 
. TO 
Irc 
_ 1 
J9 + 167 


When ¢ = 1, the principal unit normal vector is 


N(f) 


(- 4ti + 3j). Principal unit normal vector 


N(1) = Ca + 3j) 


as shown in Figure 12.22. 


» = 


Curve: 
r(r) = 3ti+ 2j g 


3T N(1) = Ci + 3j) 


T(1) = Gi + 4j) 


The principal unit normal vector points 
toward the concave side of the curve. 


Figure 12.22 
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The principal unit normal vector can be difficult to evaluate algebraically. For 
plane curves, you can simplify the algebra by finding 


T(r) = x(t)i + »0j Unit tangent vector 


and observing that N(t) must be either 
N,() = yi = xj or No) = —»x(i + xj. 


Because J/[x(t)]? + [y() = 1, it follows that both N,(r) and N,(¢) are unit normal 
vectors. The principal unit normal vector N is the one that points toward the concave 
side of the curve, as shown in Figure 12.22 (see Exercise 72). This also holds for curves 
in space. That is, for an object moving along a curve C in space, the vector T(r) points 
in the direction the object is moving, whereas the vector N(f) is orthogonal to T(t) and 
points in the direction in which the object is turning, as shown in Figure 12.23. 


z 


At any point on a curve, a unit normal vector 
is orthogonal to the unit tangent vector. The 
principal unit normal vector points in the 
direction in which the curve is turning. 
Figure 12.23 


on EXAMPLE 4 Finding the Principal Unit Normal Vector 


Find the principal unit normal vector for the helix r(t) = 2 cos fi + 2 sin tj + tk. 


Helix: 
r(t) 22cos ti + 2 sin tj + tk 


Solution From Example 2, you know that the unit tangent vector is 


1 
T(t) = —~(-2 sin ti + 2 cos tj + k). Unit tangent vector 


J5 
So, T(t) is given by 
T(t) = A cos ti — 2 sin tj). 
Because ||T’(s)|| = 2/ /5, it follows that the principal unit normal vector is 
T'() 
I'T'o] 


1 
= 3C? cos fi — 2 sin tj) 


N( = 


. ! : = —cos fi — sin tj. Principal unit normal vector 
N(t) is horizontal and points toward the 


Z-axis. Note that this vector is horizontal and points toward the z-axis, as shown in 
Figure 12.24 Figure 12.24. au 
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Tangential and Normal Components of Acceleration 


In the preceding section, you considered the problem of describing the motion of an 
object along a curve. You saw that for an object traveling at a constant speed, the 
velocity and acceleration vectors are perpendicular. This seems reasonable, because the 
speed would not be constant if any acceleration were acting in the direction of motion. 
You can verify this observation by noting that 


r"(r) * r'()) = 0 


when ||r'(r)|| is a constant. (See Property 7 of Theorem 12.2.) 

For an object traveling at a variable speed, however, the velocity and acceleration 
vectors are not necessarily perpendicular. For instance, you saw that the acceleration 
vector for a projectile always points down, regardless of the direction of motion. 

In general, part of the acceleration (the tangential component) acts in the line of 
motion, and part of it (the normal component) acts perpendicular to the line of motion. 
In order to determine these two components, you can use the unit vectors T(t) and N(1), 
which serve in much the same way as do i and j in representing vectors in the plane. 
The next theorem states that the acceleration vector lies in the plane determined by T(t) 
and N(?). 


THE! j| 


OREM 12.4 Acceleration Vector 


Ld 
If r(t) is the position vector for a smooth curve C and N(f) exists, Li iri 
then the acceleration vector a(t) lies in the plane determined by LE dens à 
T(t) and N(?). olr 


Proof To simplify the notation, write T for T(r), T' for T’(t), and so on. Because 
T = r'/|r'| = v/||v||, it follows that 


v = ||v||T. 


By differentiating, you obtain 


, 


a=v 
= “liv + Wire Product Rule 
d MU 
= Sivle + rem (I) 
d , 
= “Livi + Ivi. N=TY/IT"| 


Because a is written as a linear combination of T and N, it follows that a lies in the 
plane determined by T and N. | 


The coefficients of T and N in the proof of Theorem 12.4 are called the tangential 
and normal components of acceleration and are denoted by 


d L 
ay = [lvl] and ay = IvllIT'I. 


So, you can write 
a(t) = a4T(r) + auN(I). 


The next theorem lists some convenient formulas for a4 and ay. 
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The tangential and normal components 
of acceleration are obtained by 
projecting a onto T and N. 

Figure 12.25 


EM 12.5 Tangential and Normal Components 
of Acceleration 


If r(t) is the position vector for a smooth curve C [for which N(¢) exists], then 
the tangential and normal components of acceleration are as follows. 


d v*a 
ar = vli =a- T= 
r= z lvl vi 


lvxal_ 4 p—z 
ay = | vl||T']| = a ° N = = Val. — a2 n 
s = [vil Tl ivi lal? — as Em 
Note that ay 2 0. The normal component of acceleration is also n e 
called the centripetal component of acceleration. As a 


Proof Note that a lies in the plane of T and N. So, you can use Figure 12.25 to 
conclude that, for any time t, the components of the projection of the acceleration vector 
onto T and onto N are given by a4 = a * T and ay = a * N, respectively. Moreover, 
because a = v' and T = v/||v||, you have 


v y'a 
TTC *a- ; 
ape a dM 


In Exercises 74 and 75, you are asked to prove the other parts of the theorem. ad 


EXAMPLE 5 Tangential and Normal Components of Acceleration 


e. e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


Find the tangential and normal components of acceleration for the position vector given 
by r(t) = 3ti — tj + Pk. 


Solution Begin by finding the velocity, speed, and acceleration. 


v(t) = r'(t) 23i — j + 2k Velocity vector 
v(0]| = VƏ +1 +4P = J10 + 4? Speed 
l| v(9] = v p 

a(t = r”(t) = 2k Acceleration vector 


By Theorem 12.5, the tangential component of acceleration is 


v'a 4t : i , 
= Tangential component of acceleration 


-ivi 10 + 42 


and because 


ar 


i j k 
vxa-|3 -1 2tft|- —2i- 6j 
0 0 2 


the normal component of acceleration is 


_|vxall | /4-36 | 2/10 


^N ^ [vl 10-428 /10+42 


Normal component of acceleration 


In Example 5, you could have used the alternative formula for ay as follows. 


rro 16? 24/10 
= 2m = 2 _ 
ay = Jal? — af (2) 10-428 ^ /io+4p 


The normal component of acceleration 
is equal to the radius of the cylinder 
around which the helix is spiraling. 
Figure 12.26 


Ir() = (50 2i + (50 /2r —1665j | 


y 


!-Ü| 95 50 75 100 125 150 


The path of a projectile 
Figure 12.27 
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ZOUH Finding a; and ay for a Circular Helix 


Find the tangential and normal components of acceleration for the helix given by 


r(t) = bcos ti + b sin tj + ctk, b> 0. 


Solution 
v(t) = r'(r) = —bsin ti + b cos tj + ck Velocity vector 
lv(0]] = VH sin? t + b cos? t + 2 = JB? + c Speed 
a(t) = r"(t) = —bcos ti — b sin tj Acceleration vector 


By Theorem 12.5, the tangential component of acceleration is 


| .v:a  PDsintcost — D^sintcost - O0. _ 0 Vasccutial énmpsneni 
i: iiv] v b2 + c2 : of acceleration 


Moreover, because 


lal = b? cos? t + b? sin? t = b 


you can use the alternative formula for the normal component of acceleration to obtain 


= = " Normal component 
UN ~ val i af B vo? — 0 = b. of acceleration 


Note that the normal component of acceleration is equal to the magnitude of the 
acceleration. In other words, because the speed is constant, the acceleration is 
perpendicular to the velocity. See Figure 12.26. 


EXAMPLE 7 Projectile Motion 


The position vector for the projectile shown in Figure 12.27 is 


r(t) = (50./21)i + (50.2: — 16®)j. Position vector 
Find the tangential components of acceleration when t = 0, 1, and 25 J2/16. 
Solution 

v(t) = 50 /2i + (50/2 — 321)j Velocity vetor 

lv(0] = 24/50? — 16(50) /2r + 162? Speed 

a(t) = —32j Acceleration vector 


The tangential component of acceleration is 
v(t) : a(t) = 32(50 J2 = 321) Tangential component 


|| v(2) || B 2/502 = 16(50) /2t iis 1682 of acceleration 
At the specified times, you have 


-32(50./2) = 
—————L--—]6J2-* —22. 

ay(0) 100 6 "i 6 

—32(50,/2 — 32) 
2/50? — 16(50) /2 + 16? 
: (52) | -3x50/2- 5042) _ 

TU 16 50/2 
You can see from Figure 12.27 that at the maximum height, when t = 25/2/16, the 
tangential component is 0. This is reasonable because the direction of motion is 
horizontal at the point and the tangential component of the acceleration is equal to the 
horizontal component of the acceleration. au 


ay(t) = 


—15.4 


ay(1) = 


0. 
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12.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Unit Tangent Vector How is the unit tangent vector 
related to the orientation of a curve? Explain. 


2. Principal Unit Normal Vector In what direction 
does the principal unit normal vector point? 


[e] T [a] Finding the Unit Tangent Vector In 
EE fi Exercises 3-8, find the unit tangent vector to the 
ds 


curve at the specified value of the parameter. 


3. r(t) = Zi 25, t=1 
4. r() = Fi + 2Pj, t—1 


5. r(t) = 5costi + 5sintj, t= = 


6. r(t) = 6 sin ti — 2 cos tj, t= > 


7. r(t) = 3ti — Intj, t=e 


8. r(t) = e' costi + æj, t=0 


Finding a Tangent Line In Exercises 9-14, 
find the unit tangent vector T(/ and a set of 
parametric equations for the tangent line to the 
space curve at point P. 


9. r(t) = rti + ĉj + tk, P(0, 0,0) 

10. r() = Zi + tj + 4k, P(1, 1,9) 

11. r(t) = costi + 3 sin tj + (3t — 4)k, P(1,0, —4) 
12. r() = (t,t, /4 - B), PCI, 1, V3) 

13. r(t) = (2 cos t, 2 sin t, 4), P( I9: a. 4) 

14. r(t) = (2 sin t, 2 cos t, 4 sin? t), P(1, J3, 1) 


Finding the Principal Unit Normal Vector 
In Exercises 15-20, find the principal unit normal 
vector to the curve at the specified value of the 
parameter. 


15. r() = ti c inj t=2 16 r()-1- $j, t=3 


17. r(t) = ti + Pj -Intk, t=1 
18. r() = /2ti+ ej + e~k, t=0 
an 


19. r(t) = 6costi + 6sintj +k, t 
20. r( = cos 3ti + 2 sin 3tj +k, t=T 


Sketching a Graph and Vectors In Exercises 21-24, 
sketch the graph of the plane curve r(¢) and sketch the vectors 
T(f) and N(?) at the given value of t. 


21. r(t) = ti + i t=2 


22. r(t) = ti- Pj, t= 1 


23. r(t) = Qt + Di - 2j, t= 2 


24. r(t) = 2cos ti + 2sintj, t= — 
OFA Finding Tangential and Normal Components 
D. (3 of Acceleration In Exercises 25-30, find the 
TES A i 
tangential and normal components of acceleration 
=E at the given time ¢ for the plane curve r(t). 
"A 
25. r(t) = ti + D t=1 
26. r(t) = Pi + 2tj, t= 1 
27. r(A = elite j, t=0 
28. r(r) = ei + ej, t=0 


29. r(t) = e' cos tit e'sintj, t= 


N| 


30. r( = 4 cos 3ti + 4 sin 3tj, t=7 


Circular Motion In Exercises 31-34, consider an object 
moving according to the position vector 


r(t) = a cos Wi + a sin Yj. 


31. Find T(t), N(?), ay, and ay. 
32. Determine the directions of T and N relative to the position 


vector r. 


33. Determine the speed of the object at any time ft and explain its 
value relative to the value of a4. 


34. When the angular speed w is halved, by what factor is ay 
changed? 


Din Finding Tangentialand Normal Components 

P" F $) of Acceleration In Exercises 35-40, find the 

n tangential and normal components of acceleration 
=E at the given time ¢ for the space curve r(t). 


35. r( = ti + 2tj — 3tk, t—1 


36. r(r) = cos ti + sin tj + 2tk, t= S 


37. r( = ti + j+ =k, t=1 


38. r(t) = Qt — li + Pj — 4tk, t=2 
39. r(r) = e'sinti + e cos tj + ek, t=0 
40. r(t) = e'i + 2tj + ek, t=0 


EXPLORING CONCEPTS 
41. Acceleration Describe the motion of a particle when 
the normal component of acceleration is 0. 


42. Acceleration Describe the motion of a particle when 
the tangential component of acceleration is 0. 


43. Finding Vectors An object moves along the path given by 
r(t) = 3ti + 4tj. 


Find v(t), a(t), T(t), and N(r) (if it exists). What is the form of 
the path? Is the speed of the object constant or changing? 


44( )) HOW DO YOU SEE IT? The figures show 
the paths of two particles. 


(ii) 


(a) Which vector, s or t, represents the unit tangent 
vector? Explain. 


(b) Which vector, y or z, represents the principal unit 
normal vector? Explain. 


45. Cycloidal Motion The figure shows the path of a particle 
modeled by the vector-valued function 


r(t) = (ru — sin Tt, 1 — cos rt). 

The figure also shows the vectors v(7)/|| v(t) || and a(1)/||a(1) || at 
the indicated values of t. 

(a) Find ay and ay at t = 5, t= l, andźt = 3. 


(b) Determine whether the speed of the particle is increasing 
or decreasing at each of the indicated values of t. Give 
reasons for your answers. 


Figure for 45 Figure for 46 


46. Motion Along an Involute of a Circle The figure 
shows a particle moving along a path modeled by 


r(t) = (cos TU + TU sin TU, sin TU — TU cos Tt). 


The figure also shows the vectors v(t) and a(t) for t = 1 and 
t=2. 

(a) Find ay and ay at t = 1 and t = 2. 

(b) Determine whether the speed of the particle is increasing 


or decreasing at each of the indicated values of t. Give 
reasons for your answers. 
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Finding a Binormal Vector In Exercises 47-52, find the 
vectors T and N and the binormal vector B — T x N for the 
vector-valued function r(¢) at the given value of t. 


t T 
47. r(t) - 2 ti + 2sintj + —k, t= 
r(t) cos ti sin tj + 5 5 
B 
48. r(A = ti *- £j à 3E t=1 


49. r(t) =i + sintj + costk, t= à 


50. r(r) = 2e'i + e cos tj + e sin tk, t=0 


51. r( = 4sinti + 4costj + 2tk, t= 3 
: — n 
52. r(t) = 3 cos 2ti + 3 sin 2tj + tk, t= ri 


Alternative Formula for the Principal Unit Normal 
Vector In Exercises 53-56, use the vector-valued function 
r(¢) to find the principal unit normal vector N(f) using the 
alternative formula 


_ (v: a- (v* av 
-J(v*)a- (v + al 


N 


53. r(t) = 3ti + 2£j 

54. r(t) = 3 cos 2ti + 3 sin 2tj 

55. r(r) = 2ti + 4tj + Pk 

56. r(t) = 5cos ti + 5 sin tj + 3tk 


57. Projectile Motion Find the tangential and normal 
components of acceleration for a projectile fired at an angle 
9 with the horizontal at an initial speed of vy. What are the 
components when the projectile is at its maximum height? 


58. Projectile Motion Use your results from Exercise 57 to 
find the tangential and normal components of acceleration for 
a projectile fired at an angle of 45? with the horizontal at an 
initial speed of 150 feet per second. What are the components 
when the projectile is at its maximum height? 


+ 59. Projectile Motion A projectile is launched with an initial 


speed of 120 feet per second at a height of 5 feet and at an 
angle of 30° with the horizontal. 


(a) Determine the vector-valued function for the path of the 
projectile. 


(b) Use a graphing utility to graph the path and approximate 
the maximum height and range of the projectile. 


(c) Find v(t), ||v(7) 
(d) Use a graphing utility to complete the table. 


, and a(t). 


t 0.5 | 1.0 | 1.5 | 2.0 | 2.5 | 3.0 


Speed 


(e) Use a graphing utility to graph the scalar functions a4 and 
dy. How is the speed of the projectile changing when ay 
and ay have opposite signs? 
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ee 60. Projectile Motion A projectile is launched with an initial 


62. 


63. 


64. 


speed of 220 feet per second at a height of 4 feet and at an 
angle of 45? with the horizontal. 


(a) Determine the vector-valued function for the path of the 
projectile. 


(b) Use a graphing utility to graph the path and approximate 
the maximum height and range of the projectile. 


(c) Find v(t), ||v(?) ||, and a(z). 
(d) Use a graphing utility to complete the table. 


t 0.5 | 1.0 | 1.5 | 2.0 | 2.5 | 3.0 


Speed 


e 61. Air Traffic Control e e e e.o ccoo o ooo oo 


Because of a storm, 
ground controllers 
instruct the pilot of a 
plane flying at an 
altitude of 4 miles to 
make a 90° turn and 
climb to an altitude of 
4.2 miles. The model for 
the path of the plane 
during this maneuver is 


r(t) = (10 cos 107z, 10 sin 107, 4 + 4t), 0 t A 


where t is the time in hours and r is the distance in miles. 
(a) Determine the speed of the plane. 
(b) Calculate ay and ay. Why is one of these equal to 0? 


Projectile Motion A plane flying at an altitude of 
36,000 feet at a speed of 600 miles per hour releases a bomb. 
Find the tangential and normal components of acceleration 
acting on the bomb. 


Centripetal Acceleration An object is spinning at a 
constant speed on the end of a string, according to the position 
vector r(t) = a cos wti + a sin uxj. 


(a) When the angular speed w is doubled, how is the 
centripetal component of acceleration changed? 


(b) When the angular speed is unchanged but the length of 
the string is halved, how is the centripetal component of 
acceleration changed? 


Centripetal Force An object of mass m moves at a 
constant speed v in a circular path of radius r, according to the 
position vector r(t) = r cos Wri + r sin Wj. 


(a) The force required to produce the centripetal component 
of acceleration is called the centripetal force and is given 
by F = mv?/r. Use F = ma to verify the centripetal force. 


(b) Newton’s Law of Universal Gravitation is given by 
F = GMm/d?, where d is the distance between the 
centers of the two bodies of masses M and m, and G is the 
gravitational constant. Use this law to show that the speed 
required for circular motion is v = ./GM/r. 


Cylonphoto/Shutterstock.com 


| 


Orbital Speed In Exercises 65-68, use the result of Exercise 
64 to find the speed necessary for the given circular orbit 
around Earth. Let GM — 9.56 x 10* cubic miles per second per 
second, and assume the radius of Earth is 4000 miles. 


65. The orbit of the International Space Station 255 miles above 
the surface of Earth 


66. The orbit of the Hubble telescope 340 miles above the surface 
of Earth 


67. The orbit of a heat capacity mapping satellite 385 miles above 
the surface of Earth 


68. The orbit of a communications satellite r miles above the 
surface of Earth that is in geosynchronous orbit. [The satellite 
completes one orbit per sidereal day (approximately 23 hours, 
56 minutes) and therefore appears to remain stationary above 
a point on Earth.] 


True or False? In Exercises 69 and 70, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


69. The velocity and acceleration vectors of a moving object are 
always perpendicular. 


70. If ay = 0 for a moving object, then the object is moving in a 
straight line. 


71. Motion of a Particle A particle moves along a path 
modeled by 


r(t) = cosh(br)i + sinh(br)j 


where b is a positive constant. 
(a) Show that the path of the particle is a hyperbola. 
(b) Show that a(t) = P?r(r). 


72. Proof Prove that the principal unit normal vector N points 
toward the concave side of a plane curve. 


73. Proof Prove that the vector T'(f) is 0 for an object moving 
in a straight line. 


= Iv x all 
Ivl 


75. Proof Prove that ay = Jal? — ag. 


74. Proof Prove that ay 


PUTNAM EXAM CHALLENGE 


76. A particle of unit mass moves on a straight line under the 
action of a force which is a function f(v) of the velocity v 
of the particle, but the form of this function is not known. 
A motion is observed, and the distance x covered in time 
t is found to be connected with t by the formula 


x — at + b? + ct 


where a, b, and c have numerical values determined by 
observation of the motion. Find the function f(v) for the 
range of v covered by the experiment. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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12.5 Arc Length and Curvature 


Exploration 


Arc Length Formula The 
formula for the arc length 
of a space curve is given 
in terms of the parametric 
equations used to represent 
the curve. Does this mean 
that the arc length of the 
curve depends on the 
parameter being used? 
Would you want this to be 
true? Explain your reasoning. 
Here is a different 
parametric representation of 
the curve in Example 1. 


4 1 
= Pi + Tj + =14 
r(t) = £i sti stk 


Find the arc length from 
t=Otot= /2 and 
compare the result with that 
found in Example 1. 


| r(f) 2 ti ipn + ink 


E Find the arc length of a space curve. 

E Use the arc length parameter to describe a plane curve or space curve. 
E Find the curvature of a curve at a point on the curve. 

li Use a vector-valued function to find frictional force. 


Arc Length 


In Section 10.3, you saw that the arc length of a smooth plane curve C given by the 
parametric equations x = x(t) and y = y(t), a € t € b,is 


= f JEOE+ DOF at 


In vector form, where C is given by r(t) = x(t)i + y(t)j, you can rewrite this equation 
for arc length as 


ee f lela 


The formula for the arc length of a plane curve has a natural extension to a smooth 
curve in space, as stated in the next theorem. 


THEOREM 12.6 


Arc Length of a Space Curve 


If C is a smooth curve given by r(t) = x(r)i + y(t)j + z(f)k on an interval 
[a, b], then the arc length of C on the interval is 


s= f VOP + Ly'OP + [z (P ar = f I[r'(o|| ar. 


Finding the Arc Length of a Curve in Space 


e « « eœ See LarsonCalculus.com for an interactive version of this type of example. 


Find the arc length of the curve given by 


4 1 
t) = ti + 4387] + -Pk 
r() = d € BPP +S 


from t = 0 to t = 2, as shown in Figure 12.28. 


Solution Usinga(r) = t, y(t) = 38/2, andz(t) = $2, youobtainx'(r) = 1, y'(r) = 2112, 
and z'(f) = t. So, the arc length from t = 0 to t = 2 is given by 


= | JEO DOT * OR at 


Formula for arc length 


As t increases from 0 to 2, the vector 
r(t) traces out a curve. 
Figure 12.28 


2 
-Í JA * 4t+ P dt 
0 


Integration tables 
(Appendix B), Formula 26 


- | ema 


= |: +2 GF PHB - mjet) + VEFFE Zu 


- 2/13 — 5 in(4 + /13)-1+ E 
= 4.816. H 
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Curve: 
r(t) =b cos ti +b sin tj - 1 —b? tk 


One turn of a helix 
Figure 12.29 


s(t) = f Vix wr + Ly’ Wr + [z^ GP du 


X 


Figure 12.30 


Finding the Arc Length of a Helix 


Find the length of one turn of the helix given by 
r(t) = b cos ti + b sin tj + V1 — b? tk 
as shown in Figure 12.29. 
Solution Begin by finding the derivative. 
r(t) = —b sinti + bcos tj + /1 — bk Derivative 
Now, using the formula for arc length, you can find the length of one turn of the helix 


by integrating ||r'(r)|| from 0 to 27. 


2m 
Ss = Í EKO) Il dt Formula for arc length 
0 


n 
= f /b(sin2 t + cos? f) + (1 — P2) dt 
0 


2n 
l dt 
0 


= 20M 


Il 

- 
i 
o N 
a 


So, the length is 2T units. au 


Arc Length Parameter 


You have seen that curves can be represented by vector-valued functions in different 
ways, depending on the choice of parameter. For motion along a curve, the convenient 
parameter is time ¢. For studying the geometric properties of a curve, however, the 
convenient parameter is often arc length s. 


Definition of Arc Length Function 


Let C be a smooth curve given by r(t) defined on the closed interval [a, b]. For 
a S t < b, the arc length function is 


s(t) = Í I|r'(u) | du = f VWP + WP + RP au. 


The arc length s is called the arc length parameter. (See Figure 12.30.) 


Note that the arc length function s is nonnegative. It measures the distance along C 
from the initial point (x(a), y(a), z(a)) to the point (x(®, y(®, z(1)). 

Using the definition of the arc length function and the Second Fundamental 
Theorem of Calculus, you can conclude that 


ric EXO) |l. Derivative of arc length function 


In differential form, you can write 


ds = |x'()| at. 


»— < 


r(t) (3 —30i + 4tj 
0xtrsl 


The line segment from (3, 0) to (0, 4) 
can be parametrized using the arc 
length parameter s. 

Figure 12.31 
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Finding the Arc Length Function for a Line 


Find the arc length function s(t) for the line segment given by 
r(A = 3 — 3i + 4j; Osts1 


and write r as a function of the parameter s. (See Figure 12.31.) 


Solution Because r'( = —3i + 4j and 
Ir = v3 +4 =5 
you have 


ie Í lr'Gol du 


- [sau 
0 


= 5t. 
Using s = 5t (or t = s/5), you can rewrite r using the arc length parameter as follows. 
3 4 
«9 = (3 - $i $s. O<s<5 au 


One of the advantages of writing a vector-valued function in terms of the arc length 
parameter is that | r'(s)| = 1. For instance, in Example 3, you have 


Ie - J/(-3) «(S)» 


So, for a smooth curve C represented by r(s), where s is the arc length parameter, the 
arc length between a and b is 


b 
Length of arc — f li Cs) || ds 


b 
-|a 


=b-a 
= length of interval. 


Furthermore, if t is any parameter such that ||r'(?)| = 1, then t must be the arc length 
parameter. These results are summarized in the next theorem, which is stated without 
proof. 


THEOREM 12.7 Arc Length Parameter 
If C is a smooth curve given by 

r(s) = x(s)i + y(s)j Plane curve 
or 

r(s) = x(s)i + y(s)j + z(s)k Space curve 
where s is the arc length parameter, then 

lr) = 1. 


Moreover, if t is any parameter for the vector-valued function r such that 
lx (0)]| = 1, then t must be the arc length parameter. 
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y 


o y 


| >= X 


Curvature at P is greater than at Q. 
Figure 12.32 


The magnitude of the rate of change of 
T with respect to the arc length is the 
curvature of a curve. 

Figure 12.33 


(r, 0) 


The curvature of a circle is constant. 
Figure 12.34 


Curvature 


An important use of the arc length parameter is to find curvature—the measure of how 
sharply a curve bends. For instance, in Figure 12.32, the curve bends more sharply at P 
than at Q, and you can say that the curvature is greater at P than at Q. You can calculate 
curvature by calculating the magnitude of the rate of change of the unit tangent vector 
T with respect to the arc length s, as shown in Figure 12.33. 


Definition of Curvature 


Let C be a smooth curve (in the plane or in space) given by r(s), where s 
is the arc length parameter. The curvature K at s is 


K= |E] - rron. 


A circle has the same curvature at any point. Moreover, the curvature and the 
radius of the circle are inversely related. That is, a circle with a large radius has a 
small curvature, and a circle with a small radius has a large curvature. This inverse 
relationship is made explicit in the next example. 


EXAMPLE 4 Finding the Curvature of a Circle 


Show that the curvature of a circle of radius r is 


Solution Without loss of generality, you can consider the circle to be centered at the 
origin. Let (x, y) be any point on the circle and let s be the length of the arc from (r, 0) 
to (x, y), as shown in Figure 12.34. By letting 9 be the central angle of the circle, you 
can represent the circle by 


r(0) = r cos Oi + r sin 6j. 0 is the parameter. 
Using the formula for the length of a circular arc s — 79, you can rewrite r(O) in terms 


of the arc length parameter as follows. 


5. os . 
r(s) = rcos-1+ rsin—J Arc length s is the parameter. 
r F 


So, r(s) = —sin Ži + cos j, and it follows that |r'(s)| = 1, which implies that the 
r r 


unit tangent vector is 


r'(s) s s 
T(s) = = —sin-i + cos -j 
\|r’(s) | r r 
and the curvature is 
1 1 
K =||T%)|| | cos Či sin sil = 
r r Eo d r 
at every point on the circle. a 


Because a straight line does not curve, you would expect its curvature to be 0. Try 
checking this by finding the curvature of the line given by 


3 je 4a 
r(s) (3 S + z5. 
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In Example 4, the curvature was found by applying the definition directly. This 
requires that the curve be written in terms of the arc length parameter s. The next theorem 
gives two other formulas for finding the curvature of a curve written in terms of an 
arbitrary parameter f. The proof of this theorem is left as an exercise [see Exercise 82, 
parts (a) and (b)]. 


Formulas for Curvature 
If C is a smooth curve given by r(t), then the curvature K of C at t is 


_ ITO _ lle) x r" 
Irol Irop ` 


K 


Because ||r'(r)|| = ds/dt, the first formula implies that curvature is the ratio of the 
rate of change of the unit tangent vector T to the rate of change of the arc length. To 
see that this is reasonable, let At be a “small number." Then, 


T() _ [T + A) - T()]/At _ T(t A) - To) _ AT 
ds/dt [s(t + A) — s(D]/At s(t + At) —s( — As 


In other words, for a given As, the greater the length of AT, the more the curve bends 
at t, as shown in Figure 12.35. 


Figure 12.35 EXAMPLE 5 Finding the Curvature of a Space Curve 


Find the curvature of the curve given by 
1 
r(t) = 2i + 2j — atk. 


Solution It is not apparent whether this parameter represents arc length, so you 
should use the formula K = ||T'(2)||/|v |. 


r(t) = 2i + 2tj — łk 


Irol = V4 + 424+ 4 Length of r'() 
=(?+2 
r‘(t) 
T0 = Tal 
_ 2i + 24j — fk 
P+2 
TO = (£ + 2)(2j — 2tk) — (209i + 2tj — tk) 
(P + 2)? 
—4ti + (4 — 2P)j — 4tk 
(P + 2)? 
Iro = J162 + 16 — 162 + 41 + 162 
(P + 2)? 
. A 4 2) 
(£ + 2p 
2 is 
= TE Length of T'(r) 
Therefore, 
K I T'()) I 2 Curvature I. | 


jr @ + 27 
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The next theorem presents a formula for calculating the curvature of a plane curve 
given by y — f(x). 


THEC 


If C is the graph of a twice-differentiable function given by y — f(x), 


‘Vi 12.9 Curvature in Rectangular Coordinates 


then the curvature K at the point (x, y) is Ona 
gr- Vl ERAT 
[1 + (y p72 uer 


Proof By representing the curve C by r(x) = xi + f(x)j + Ok, where x is the 
parameter, you obtain r'(x) = i + f'(x)j, 


lel = V1 LPGOF 
and r"(x) = f"(x)j. Because r'(x) x r"(x) = f"(x)k, it follows that the curvature is 


— [r'&9 x r'G9] 
[Ge [P 


y 7 If" Œ| 


K 


r=radiusof | {1 + [PG) PP? 


curvature 


mc D 
de guo a 


Let C be a curve with curvature K at point P. The circle passing through point 

P with radius r = 1/K is called the circle of curvature when the circle lies on the 

concave side of the curve and shares a common tangent line with the curve at point P. 

Ò The radius is called the radius of curvature at P, and the center of the circle is called 

the center of curvature. 

The circle of curvature gives you a nice way to estimate the curvature K at a point 

P on a curve graphically. Using a compass, you can sketch a circle that lies against the 

The circle of curvature concave side of the curve at point P, as shown in Figure 12.36. If the circle has a radius 
Figure 12.36 of r, then you can estimate the curvature to be K = 1/r. 


Center of 
curvature 


EXAMPLE 6 Finding Curvature in Rectangular Coordinates 


Find the curvature of the parabola given by 


= = Hy 
i P(2, 1) EC 4* 


at x — 2. Sketch the circle of curvature at (2, 1). 


Solution The curvature at x — 2 is as follows. 


, x , 
se ae pes 
"no a "no 1 
3+ y 2 y 2 
1 
a+ fa ee - Ly"| zd 
K-t+oyp2 *72 


The circle of curvature 


. Because the curvature at P(2, 1) is L it follows that the radius of the circle of curvature 
Figure 12.37 


at that point is 2. So, the center of curvature is (2, — 1), as shown in Figure 12.37. [In 
the figure, note that the curve has the greatest curvature at P. Try showing that the 
curvature at Q(4, 0) is 1/257? e 0.177.] a 


The amount of thrust felt by passengers 
in a car that is turning depends on two 
things—the speed of the car and the 
sharpness of the turn. 

Figure 12.38 


**REMARK Note that 
Theorem 12.10 gives additional 
formulas for ay and ay. 
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Arc length and curvature are closely related to the tangential and normal components 
of acceleration. The tangential component of acceleration is the rate of change of the 
speed, which in turn is the rate of change of the arc length. This component is negative 
as a moving object slows down and positive as it speeds up—regardless of whether the 
object is turning or traveling in a straight line. So, the tangential component is solely a 
function of the arc length and is independent of the curvature. 

On the other hand, the normal component of acceleration is a function of both speed 
and curvature. This component measures the acceleration acting perpendicular to the 
direction of motion. To see why the normal component is affected by both speed and 
curvature, imagine that you are driving a car around a turn, as shown in Figure 12.38. 
When your speed is high and the turn is sharp, you feel yourself thrown against the car 
door. By lowering your speed or taking a more gentle turn, you are able to lessen this 
sideways thrust. 

The next theorem explicitly states the relationships among speed, curvature, and 
the components of acceleration. 


THEOREM 12.10 Acceleration, Speed, and Curvature 


If r(t) is the position vector for a smooth curve C, then the acceleration vector 
is given by 


[2] 22 [u] 
iut 


Proof For the position vector r(t), you have 
a(t) = a4T + ayN 


d 
== + lvl Ir" 
vlt] Idtm 


d?s ds \? 
= ant + (4) N. | 


JCU Tangential and Normal Components of Acceleration 
Find a4 and ay for the curve given by 
r(t) = 2ti + Pj — 38k. 


Solution From Example 5, you know that 


ds 2 
> = rol = 2 +2 K = 
di Irol = s and (2 + 2y 
Therefore, 
d?s . 
ay = d£ — 2t Tangential component 


2 2 
ay = (4) = ( (P + 2)? = 2. Normal component a 
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Figure 12.40 


Application 


There are many applications in physics and engineering dynamics that involve the 
relationships among speed, arc length, curvature, and acceleration. One such application 
concerns frictional force. 

A moving object with mass m is in contact with a stationary object. The total force 
required to produce an acceleration a along a given path is 


F = ma 
d?s ds V? 
= m| 5 |T + mk| Ë 
(E) ý (2) " 
= ma4T + mayxN. 


The portion of this total force that is supplied by the stationary object is called the force 
of friction. For example, when a car moving with constant speed is rounding a turn, 
the roadway exerts a frictional force that keeps the car from sliding off the road. If the 
car is not sliding, the frictional force is perpendicular to the direction of motion and has 
magnitude equal to the normal component of acceleration, as shown in Figure 12.39. 
The potential frictional force of a road around a turn can be increased by banking the 
roadway. 


The force of friction is perpendicular to the direction of motion. 
Figure 12.39 


EXAMPLE 8 Frictional Force 


A 360-kilogram go-cart is driven at a speed of 60 kilometers per hour around a circular 
racetrack of radius 12 meters, as shown in Figure 12.40. To keep the cart from skidding 
off course, what frictional force must the track surface exert on the tires? 


Solution The frictional force must equal the mass times the normal component of 
acceleration. For this circular path, you know that the curvature is 


K = — Curvature of circular racetrack 


Therefore, the frictional force is 


1 60,000 mV? 
=(360 o SN 3600 om) 


= 8333 (kg)(m)/sec?. a 
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SUMMARY OF VELOCITY, ACCELERATION, AND CURVATURE 


Unless noted otherwise, let C be a curve (in the plane or in space) given by the 
position vector 


r(t) = x(t)i F y(t)j Curve in the plane 


r(t) = x(t)i + y(t)j sp z(t)k Curve in space 
where x, y, and z are twice-differentiable functions of t. 


Velocity vector, speed, and acceleration vector 
v(t) = r’(t) Velocity vector 


E 
Ivo = Irol - 2 in 


a(t) r"(r) Acceleration vector 
ayT(t) + ayN(t) 


' ds. 
K is curvature and ns speed. 


Unit tangent vector and principal unit normal vector 


r'(t) 


Unit tangent vector 
- [Tl T(r Ol Principal unit normal vector 


Components of acceleration 
v'a ds 
lv] — a 


a: T 


Tangential component of acceleration 


Normal component of acceleration 


: ds . 
K is curvature and Pi speed. 
a 


Formulas for curvature in the plane 
"| 


[1 + (y 23/2 C given by y = f(x) 
|x'y " yx 


[WP + OFF? 


Formulas for curvature in the plane or in space 


K= C given by x = x(t), y = y(t) 


= = |T(s ES = Ir" s I s is arc length parameter. 


ITO _ lr) x rO| 


= |r | = n TE t is general parameter. 


a(t) + NÒ 


Ivo JP 


Cross product formulas apply only to curves in space. 
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12.5 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Curvature Consider points P and Q on a curve. What 
does it mean for the curvature at P to be less than the 
curvature at Q? 


. Arc Length Parameter Let r(f) be a space curve. 
How can you determine whether ¢ is the arc length 
parameter? 


Finding the Arc Length of a Plane Curve In Exercises 
3-8, sketch the plane curve and find its length over the given 
interval. 


3. r(t) = 35i — tj, [0,3] 
5. r(t) = fi + Pj, [0,1] 

6. r(t) = ?i— 4tj, [0,5] 

7. r(t) = a cos ti + asin? tj, [0, 2r] 
8 


4. r(t) =ti+ Pj, [0,4] 


. r( = acos ti + asin tj, [0, 2m] 


9. Projectile Motion The position of a baseball is 
represented by r(t) = 50./2ti (3 50/21 1612)j. Find 
the arc length of the trajectory of the baseball. 


10. Projectile Motion The position of a baseball is 
represented by r(A = 40 /3ti + (4 + 40t — 16/)j. Find the 
arc length of the trajectory of the baseball. 


ei Finding the Arc Length of a Curve in 
Hy 


I hy Space In Exercises 11-16, sketch the space 
EB curve and find its length over the given interval. 
aa ee 


11. r(t) = —ti + 4tj + 3tk, [0,1] 
12. r(t) =i+ 2j + Pk, [0,2] 


13. r(t) = (4t, — cos t, sin t}, |o. x 


14. r(t) = (2 sin t, 5t, 2 cos £}, [0, rt] 
15. r(t) = a cos ti + a sin tj + btk, [0, 2m] 


` " Tt 
16. r(r) = (cos t + tsin t, sint — t cos t, f), |o. 2| 


17. Investigation Consider the graph of the vector-valued 
function r(t) = ti + (4 — 2)j + Pk on the interval [0, 2]. 


(a) Approximate the length of the curve by finding the length 
of the line segment connecting its endpoints. 


(b) Approximate the length of the curve by summing the 
lengths of the line segments connecting the terminal points 
of the vectors r(0), r(0.5), r(1), r(1.5), and r(2). 


(c) Describe how you could obtain a more accurate 
approximation by continuing the processes in parts (a) and (b). 
A (d) Use the integration capabilities of a graphing utility to 
approximate the length of the curve. Compare this result 

with the answers in parts (a) and (b). 


18. Investigation Consider the helix represented by the 
vector-valued function r(t) = (2 cos t, 2 sin t, t). 


(a) Write the length of the arc s on the helix as a function of t 
by evaluating the integral 


ja Í l JEWE + DWP + WP au. 


(b) Solve for ft in the relationship derived in part (a), 
and substitute the result into the original vector-valued 
function. This yields a parametrization of the curve in 
terms of the arc length parameter s. 


(c) Find the coordinates of the point on the helix for arc 
lengths s = \/5 and s = 4. 


(d) Verify that ||r’(s)|] = 1. 


Finding Curvature In Exercises 19—22, find 
Fi the curvature of the curve, where s is the arc length 
^ parameter. 


19. r(s) (1 I (1 2j 


2 


20. r(s) = (3+ Si 9 j 


21. r(s) 


ON CP S 
COS 8171 9 3) * sings 


22. r(s) = cos si + sin sj + 5k 


Finding Curvature In Exercises 23—28, find the curvature 
of the plane curve at the given value of the parameter. 


23. r(t) = 44 — 2t, t=1 24.r()—- Pi j t=2 


1 
26. r(A = ti + Fj, t= 2 


1 
7 = fi + — = 
25. r(t) = ti Deo! 1 9 


27. r(t) = (t, sin t), t= ^ 


28. r(t) = (Scost,4sint), t—— 


[m]pS [m] Finding Curvature In Exercises 29-36, find the 
MA y curvature of the curve. 
[a] Fa 


29. r(t) = 4 cos 2Tti + 4 sin 2ruj 
30. r(t) = 2 cos Tti + sin ruj 
31. r(t) = a cos ui + a sin Wj 


32. r(t) = a cos Wri + b sin uxj 


2 
33. r(f) = ti + Pj + Sk 


1 
34. r(t) = 20i + tj + atk 


35. r(t) = 4ti + 3 cos tj + 3 sin tk 


36. r(t) = e”i + e” cos tj + e” sin tk 


Finding Curvature In Exercises 37-40, find the curvature 
of the curve at the point P. 


37. r(t) = 3ti + 2£j, 
38. r(t) = e'i + 4tj, 


P(—3, 2) 
P(1, 0) 


3 
39. r() = d + Pj 4 n P(2, 4, 2) 
40. r(t) = e' cos ti + e'sintj + e'k, P(1,0, 1) 


Finding Curvature in Rectangular 
Coordinates In Exercises 41-48, find the 
curvature and radius of curvature of the plane 
curve at the given value of x. 


41. y=6x, x=3 4. y-x-i x=2 
43. y - 5? +7, x 1 44. y -2/9— xX, x 40 
45. y — sin 2x, x= 46. y e^ x=8 


47. y=x, x=2 
48. y= x”, x=1, n22 
Maximum Curvature In Exercises 49-54, (a) find the 


point on the curve at which the curvature is a maximum and 
(b) find the limit of the curvature as x oc. 


49. y= (x 1? +3 50. y= x3 
1 

51. y = x25 52. y=- 
yur prc 
53. y = Inx 54. y = e 


Curvature In Exercises 55-58, find all points on the graph 


of the function such that the curvature is zero. 
55.y—-1-x* 56. y = (x — 2)° + 3x 


57. y= cos 5 58. y = sinx 


EXPLORING CONCEPTS 


59. Curvature Consider the function f(x) = e^. What 
value(s) of c produce a maximum curvature at x = 0? 


60. Curvature Given a twice-differentiable function 
y = f(x), determine its curvature at a relative extremum. 
Can the curvature ever be greater than it is at a relative 
extremum? Why or why not? 


Ae 61. Investigation Consider the function f(x) = x* — x. 


(a) Use a computer algebra system to find the curvature K of 
the curve as a function of x. 


(b) Use the result of part (a) to find the circles of curvature 
to the graph of f when x — 0 and x — 1. Use a computer 
algebra system to graph the function and the two circles of 
curvature. 


(c) Graph the function K(x) and compare it with the graph of 
f (x). For example, do the extrema of f and K occur at the 
same critical numbers? Explain your reasoning. 


O6photo/Shutterstock.com 
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62. Motion of a Particle A particle moves along the plane 
curve C described by r(t) = ti + fj. 


(a) Find the length of C on the interval 0 < ¢ < 2. 
(b) Find the curvature of C at t = 0, t = 1, and t = 2. 
(c) Describe the curvature of C as t changes from t = 0 to 
[— 2. 
63. Investigation Find all a and b such that the two curves 
given by 


x 

= ax(b — x) and = 
y, = ax(b — x) ag 
intersect at only one point and have a common tangent line 
and equal curvature at that point. Sketch a graph for each set 


of values of a and b. 


64. 5 HOW DO YOU SEE IT? Using the graph 
of the ellipse, at what point(s) is the curvature 
the least and the greatest? 


65. Sphere and Paraboloid A sphere of radius 4 is dropped 
into the paraboloid given by z = x? + y?. 


(a) How close will the sphere come to the vertex of the 
paraboloid? 


(b) What is the radius of the largest sphere that will touch the 
vertex? 


e 66. Speed 


The smaller the curvature 
of a bend in a road, 

the faster a car can 

travel. Assume that the 
maximum speed around 
a turn is inversely 
proportional to the square 
root of the curvature. 

A car moving on the path 
y = i, where x and y 
are measured in miles, can safely go 30 miles per hour 
at (1, 3, How fast can it go at G, 3)? 


67. Center of Curvature Let C be a curve given by y = f(x). 
Let K be the curvature (K # 0) at the point P(xo, Yọ) and let 
_itf (x9? 
f" (x) t 
Show that the coordinates (a, D) of the center of curvature at P 
are (a, B) = (xo — f'Gu)z, Yo + z). 
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68. Center of Curvature Use the result of Exercise 67 to 
find the center of curvature for the curve at the given point. 


x? 1 
(a) y= e*, (0,1) () y= p (1 » (c) y = x, (0, 0) 


69. Curvature A curve C is given by the polar equation 
r = f(0). Show that the curvature K at the point (r, O) is 


— |2(r? — re" + r?| 


ET qe + ARP 


[Hint: Represent the curve by r(0) = r cos Oi + r sin 9j.] 


70. Curvature Use the result of Exercise 69 to find the 
curvature of each polar curve. 


(a r-— l1 t sin (D r=9 
(d) r= e9 


71. Curvature Given the polar curve r — e^9, a > 0, use the 
result of Exercise 69 to find the curvature K and determine the 
limit of K as (a) 92 oo and (b) a> coc. 


ll 


(c) r 2 asin8 


72. Curvature at the Pole Show that the formula for the 
curvature of a polar curve r = f(O) given in Exercise 69 
reduces to K = 2/|r’| for the curvature at the pole. 


Curvature at the Pole In Exercises 73 and 74, use the 
result of Exercise 72 to find the curvature of the rose curve at 
the pole. 


73. r = 4 sin 20 74. r = cos 30 


75. Proof For a smooth curve given by the parametric equations 
x = f(t) and y = g(t), prove that the curvature is given by 


y les’ = L'Oro 
(FOP + Te OPP? 


fe 76. Horizontal Asymptotes Use the result of Exercise 75 to 


find the curvature K of the curve represented by the parametric 
equations x(t) = £ and y(t) = 12. Use a graphing utility to 
graph K and determine any horizontal asymptotes. Interpret 
the asymptotes in the context of the problem. 


77. Curvature of a Cycloid Use the result of Exercise 75 to 
find the curvature K of the cycloid represented by the parametric 
equations 


x(8) = a(0 — sinO) and (90) = a(1 — cos 9). 


What are the minimum and maximum values of K? 


78. Tangential and Normal Components of 
Acceleration Use Theorem 12.10 to find ay and ay for 
each curve given by the vector-valued function. 


(a) r(r) = 3Pi + (3t — P)j 
(b) r() = ti + 2j + {fk 

79. Frictional Force A 5500-pound vehicle is driven at a 
speed of 30 miles per hour on a circular interchange of radius 


100 feet. To keep the vehicle from skidding off course, what 
frictional force must the road surface exert on the tires? 


80. Frictional Force A 6400-pound vehicle is driven at a 
speed of 35 miles per hour on a circular interchange of radius 
250 feet. To keep the vehicle from skidding off course, what 
frictional force must the road surface exert on the tires? 


81. Curvature Verify that the curvature at any point (x, y) on 
the graph of y — cosh x is 1/y?. 


82. Formulas for Curvature Use the definition of curvature 
in space, K = ||T'(s)|| = ||r"(s)|| to verify each formula. 


og- ITI 
@ k= Troll 

_ |r'@ x rOl 
0 K- TOP 

_ alt- N 
© K 7 KOP 


True or False? In Exercises 83-86, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. The arc length of a space curve depends on the parametrization. 
84. The curvature of a plane curve at an inflection point is zero. 
85. The curvature of a parabola is a maximum at its vertex. 


86. The normal component of acceleration is a function of both 
speed and curvature. 


Kepler's Laws In Exercises 87—94, you are asked to verify 
Kepler's Laws of Planetary Motion. For these exercises, 
assume that each planet moves in an orbit given by the vector- 
valued function r. Let r = ||r||, let G represent the universal 
gravitational constant, let M represent the mass of the sun, and 
let m represent the mass of the planet. 

d 
87. Prove that r +r’ = r Z. 

dt 
88. Using Newton’s Second Law of Motion, F = ma, and 

Newton’s Second Law of Gravitation 
GmM 


E r 
pr 


show that a and r are parallel, and that r(t) x r'(r) = L is a 
constant vector. So, r(t) moves in a fixed plane, orthogonal to L. 


d|r 1 ; 
89. Prove that A = pl xr’) xr]. 


[ 


r 
GM 


91. Prove Kepler's First Law: Each planet moves in an elliptical 
orbit with the sun as a focus. 


r ; 
90. Show that xL---eisaconstant vector. 


92. Assume that the elliptical orbit 


ed 


p—————— 
1+ ecos 0 


is in the xy-plane, with L along the z-axis. Prove that 


93. Prove Kepler's Second Law: Each ray from the sun to a planet 
sweeps out equal areas of the ellipse in equal times. 


94. Prove Kepler's Third Law: The square of the period of a 
planet's orbit is proportional to the cube of the mean distance 
between the planet and the sun. 


Review Exercises 


Review Exercises 867 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Domain and Continuity In Exercises 1—4, (a) find the 
domain of r, and (b) determine the interval(s) on which the 
function is continuous. 


1 
1. r(t) = tan ti + j + fk 2. v() = Vti + — tk 


3. r(t) = JP — 9i — j + In(t — Dk 


4. r(t) = (2t + Di + £j + tk 


Evaluating a Function In Exercises 5 and 6, evaluate the 
vector-valued function at each given value of t. 


5. r(r) = (2t + I)i + 2j — Jt - 2k 
(a) r(0) (b) r(-2) (c) r(e- 1) 


(d) r(1 + Aż) — r(1) 
6. r(r) = 3 cos ti + (1 — sin tj — tk 


«x0 mE) ors- 
(d) rm + A?) — r(n) 


Writing a Vector-Valued Function In Exercises 7 and 
8, represent the line segment from P to Q by a vector-valued 
function and by a set of parametric equations. 


7. P(3,0,5, Q2, —2, 3) 
8. P(-2, -3,8, Q(5.1, -2) 
Sketching a Curve In Exercises 9—12, sketch the curve 


represented by the vector-valued function and give the 
orientation of the curve. 


9. r(t) = (T cos t, T sin f) 

10. r( = (t + 2,2 — 1) 

11. r(t) = (t + 1)i + (3t — Lj + 2tk 
12. r(t) = 2 cos ti + tj + 2 sin tk 


Representing a Graph by a Vector-Valued Function In 
Exercises 13 and 14, represent the plane curve by a 
vector-valued function. (There are many correct answers.) 


13. 3x + 4y — 122 0 14. y= 9 -— x? 


Representing a Graph by a Vector-Valued Function In 
Exercises 15 and 16, sketch the space curve represented by the 
intersection of the surfaces. Then use the parameter x = ¢ to 
find a vector-valued function for the space curve. 


15.z= x2 +y, y=2 
16. 2 +2 =4 x-y=0 


Finding a Limit In Exercises 17 and 18, find the limit. 
1 
17. lim ( V3 i+ Ing ^) 
t 


in2 
18. lim (55 fit etj +t ax) 


t>0 


Higher-Order Differentiation In Exercises 19 and 20, 
find (a) r'(t, (b) r"(t), and (c) r'() - r"(t). 


19. r(t) = (P + 4t — 32j 
20. r(t) = 5cos ti + 2 sin tj 


Higher-Order Differentiation In Exercises 21 and 22, 
find (a) r'(t), (b) r"(£), (c) r'(t) * r" (n, and (d) r'(?) x r"(t). 

21. r(A = 28i + 4tj — Pk 

22. r(A = (4t + 3)i + Pj + (22 + 4k 


Finding Intervals on Which a Curve is Smooth In 
Exercises 23 and 24, find the open interval(s) on which the 
curve given by the vector-valued function is smooth. 


23. r(t = (r — 19i + (r — Dj 


24. x(t) Li trj + I Ik 


Using Properties of the Derivative In Exercises 25 and 
26, use the properties of the derivative to find the following. 


d d 
dt dt 
(d) Lr -w)] (e FIR xu)] (f) = [wQ2] 


25. r(r) = 3ti + (t — Dj, u(r) = ti 2j + {ek 


(a) r'(t) (b) uO — 2r()] © [Bre] 


a ; ix Soe al 
26. r(t) = sin ti + cos tj + tk, u(t) = sin ti + cos tj d n 


Finding an Indefinite Integral In Exercises 27-30, find 
the indefinite integral. 


27. Je + 5tj + 8Pk) dt 28. [i — 2tj + Intk) dt 
29. [ova + 5j $ 3 dt — 30. [c fi + j + ek) dt 


Evaluating a Definite Integral In Exercises 31—34, 
evaluate the definite integral. 


2 
31. Í (3ti + 2Pj — Pk) dt 
-2 
3 
32. Í (ti + Jt} + 4tk) dt 
0 
2 
33. Í (e'i — 32j — k) dt 
0 
T/3 
34. Í (2 cos ti + sin tj + 3k) dt 
0 
Finding an Antiderivative In Exercises 35 and 36, find 
r(¢) that satisfies the initial condition(s). 


35. r'(r) = 2ti + æj + ek, r(0) =i + 3j — 5k 
36. r'(r) = sec ti + tan tj + Pk, r(0) = 3k 
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Finding Velocity and Acceleration Vectors in Space 
In Exercises 37- 40, the position vector r describes the path of 
an object moving in space. (a) Find the velocity vector, speed, 
and acceleration vector of the object. (b) Evaluate the velocity 
vector and acceleration vector of the object at the given value 
oft 


Position V ector Time 
37. r(t) = 4ti + 8j — tk t-1 
38. r(t) = Jti + 5tj + 2t?k t=4 
39. r(t) = (cos? t, sin? t, 3t) t-m 
40. r(t) = (t, —tant, et) t-0 


Projectile Motion In Exercises 41 and 42, use the model 
for projectile motion, assuming there is no air resistance and 
g — 32 feet per second per second. 


41. A baseball is hit from a height of 3.5 feet above the ground 
with an initial speed of 120 feet per second and at an angle of 
30° above the horizontal. Find the maximum height reached 
by the baseball. Determine whether it will clear an 8-foot-high 
fence located 375 feet from home plate. 


42. Determine the maximum height and range of a projectile fired 
at a height of 6 feet above the ground with an initial speed of 
400 feet per second and an angle of 60? above the horizontal. 


Finding the Unit Tangent Vector |n Exercises 43 and 
44, find the unit tangent vector to the curve at the specified 
value of the parameter. 


43. r(t) = 6ti - €?j, t=2 


44. r(t) = 2sinti + 4 costj, t-$ 
Finding a Tangent Line |n Exercises 45 and 46, find the 


unit tangent vector T (t and a set of parametric equations for 
the tangent line to the space curve at point P. 


45. r(t) = e? + costj — sin3tk, P(1,1,0) 
46. r(t) = ti + tj + Ck, P(2, 4, £) 
Finding the Principal Unit Normal Vector In Exercises 


47- 50, find the principal unit normal vector to the curve at the 


specified value of the parameter. 
47. r(t) = 2ti + 325j, t=1 48 r(t)=ti+Intj, t=2 


49. r(t) = 3cos2ti + 3sin2tj + 3k, t=— 


50. r(t) = 4costi+ 4sintj +k, t= 


Finding Tangential and Normal Components of 
Acceleration In Exercises 51 and 52, find the tangential 
and normal components of acceleration at the given time 1 for 
the plane curve r(8. 

3. ` - 
51. r(t) = ns etj, t-3 


52. r(t) = 3 cos 2ti + 3sin2tj, t= P 


Finding Tangential and Normal Components of 
Acceleration In Exercises 53 and 54, find the tangential 
and normal components of acceleration at the given time 1 for 
the space curve r(8. 


53. r(t) = sinti — 3tj + costk, t= e 


t3 
54. r(t) = 3! 


6j + Uk, t=2 


Finding the Arc Length of a Plane Curve |n Exercises 
55- 58, sketch the plane curve and find its length over the given 
interval. 

55. r(t) = 2ti — 3tj, [0,5] 

56. r(t) = t?i+ 2tk, [0,3] 


57. r(t) = 2 sinti + j, LII 


58. r(t) = 10 costi + 10sintj, [O, 2m] 

Finding the Arc Length of a Curve in Space In 
Exercises 59- 62, sketch the space curveand find its length over 
the given interval. 

59. r(t) = —3ti + 2tj + 4tk, [0,3] 

60. r(t) = ti + tj + 2tk, [0,2] 


61. r(t) = (8 cost, 8 sint, D, |o d 


62. r(t) = (2(sint — t cost), 2(cost + tsin t), t), |o. z] 


Finding Curvature In Exercises 63- 66, find the curvature 
of the curve. 


63. r(t) = 3ti + 2tj 

64. r(t) = 2 ti + 3tj 

65. r(t) = 2ti + 3?j + t?k 

66. r(t) = 2ti + 5 cos tj + 5 sin tk 


Finding Curvature |n Exercises 67 and 68, find the 
curvature of the curve at the point P. 


67. r(t) = 5t2i + tj + $t3k, P(5,1, 3) 
68. r(t) = 4costi + 3sintj + tk, P(—4,0, m) 


Finding Curvature in Rectangular Coordinates |n 
Exercises 69- 72, find the curvature and radius of curvature of 
the plane curve at the given value of x. 

69.y-àÀ)-x x=4 
71. y= Inx, x=1 


70. y = e??, x=0 


= = i 
72. y =tanx, x 4 


73. Frictional Force A 7200-pound vehicle is driven at a 
speed of 25 miles per hour on a circular interchange of radius 
150 feet. To keep the vehicle from skidding off course, what 
frictional force must the road surface exert on the tires? 


P.S. Problem Solving 869 


See CalcChat.com tor tutorial help and 


worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


. Cornu Spiral The cornu spiral is given by 


t 2 ] 2 
x(t) = Í cos( =£) du and y( = Í sin( ™) du. 
o 2 0 2 


The spiral shown in the figure was plotted over the interval 
—"ns:151. 


Generated by Mathematica 


(a) Find the arc length of this curve from t = 0 to t = a. 
(b) Find the curvature of the graph when t = a. 


(c) The cornu spiral was discovered by James Bernoulli. He 
found that the spiral has an amazing relationship between 
curvature and arc length. What is this relationship? 


. Radius of Curvature Let T be the tangent line at the point 
P(x, y) on the graph of the curve x2/? + y?/3 = @?/3, a > 0, as 
shown in the figure. Show that the radius of curvature at P is 
three times the distance from the origin to the tangent line T. 


. Projectile Motion A bomber is flying horizontally at an 
altitude of 3200 feet with a speed of 400 feet per second when 
it releases a bomb. A projectile is launched 5 seconds later from 
a cannon at a site facing the bomber and 5000 feet from the 
point that was directly beneath the bomber when the bomb was 
released, as shown in the figure. The projectile is to intercept 
the bomb at an altitude of 1600 feet. Determine the required 
initial speed and angle of inclination of the projectile. (Ignore 
air resistance.) 


Projectile 


Cannon 


4. Projectile Motion Repeat Exercise 3 for the case in which 


the bomber is facing away from the launch site, as shown in 
the figure. 


5. Cycloid Consider one arch of the cycloid 


r(0) = (8 — sin Oji + (1 — cos ©)j, 0< O< 2n 


as shown in the figure. Let s(0) be the arc length from the 
highest point on the arch to the point (x(0), y(0)), and let 
((0) = 1/K be the radius of curvature at the point (x(0), y(0)). 
Show that s and p are related by the equation s? + (? = 16. 
(This equation is called a natural equation for the curve.) 


4 m 
3 po 
24 8). 1) 


. Cardioid Consider the cardioid 


r-1-—cos0, 0<0<20 


as shown in the figure. Let s(9) be the arc length from the point 
(2, T) on the cardioid to the point (r, 8), and let p(8) = 1/K be 
the radius of curvature at the point (r, 8). Show that s and p are 
related by the equation s? + 99? = 16. (This equation is called 
a natural equation for the curve.) 


Na 


(r, 8) 


(2, m) 


7. Proof Ifr(¢) is a nonzero differentiable function of t, prove that 


d  r(0) * r'(?) 
qroll = mop 
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8. Satellite A communications satellite moves in a circular Ae 13. Arc Length and Curvature Consider the vector-valued 


Binormal Vector 


orbit around Earth at a distance of 42,000 kilometers from the 
center of Earth. The angular speed 


EA =w= 5 radian per hour 


is constant. 


(a) Use polar coordinates to show that the acceleration vector 
is given by 


" ar _ E (£ x | d? m 
dt? a a] |" |" ae 
where u, = cos Gi + sin Oj is the unit vector in the radial 

direction and Ug = — sin Bi + cos Oj. 


ZJ 
dt dt |"? 


(b) Find the radial and angular components of acceleration for 
the satellite. 


In Exercises 9-11, use the binormal 


vector defined by the equation B = T x N. 


9. 


10. 


11. 


12. 


Find the unit tangent, principal unit normal, and binormal 
vectors for the helix 


r(t) = 4 cos ti + 4 sin tj + 3tk 

at t = 11/2. Sketch the helix together with these three mutually 
orthogonal unit vectors. 

Find the unit tangent, principal unit normal, and binormal 
vectors for the curve 

r(t) = cos ti + sin tj — k 

at t = T1/4. Sketch the curve together with these three mutually 
orthogonal unit vectors. 

(a) Prove that there exists a scalar ų called the torsion, such 


that dB/ds = — TN. 


(b) Prove that BN = —KT + 1B. 


ds. 
(The three equations dT/ds = KN, dN/ds = —KT + 1B, 
and dB/ds = —TN are called the Frenet-Serret formulas.) 


Exit Ramp A highway has an exit ramp that begins at the 
origin of a coordinate system and follows the curve 
1 
= 5/2 
Pl 


to the point (4, 1) (see figure). Then it follows a circular path 
whose curvature is that given by the curve at (4, 1). What is 
the radius of the circular arc? Explain why the curve and the 
circular arc should have the same curvature at (4, 1). 


» 


14. 


function 


r(t) = (tcos Tt, sint, OSt S 2. 


(a) Use a graphing utility to graph the function. 

(b) Find the length of the arc in part (a). 

(c) Find the curvature K as a function of t. Find the curvature 
att = 0,t = l, andt = 2. 

(d) Use a graphing utility to graph the function K. 

(e) Find (if possible) lim K. 

100 

(f) Using the result of part (e), make a conjecture about the 

graph of r as t oc. 


Ferris Wheel You want to toss an object to a friend who 
is riding a Ferris wheel (see figure). The following parametric 
equations give the path of the friend r,(r) and the path of 
the object r(t). Distance is measured in meters, and time is 
measured in seconds. 


ri) is(sin m) i (16 15 cos x) 
r(t) = [22 — 8.03(¢ — t) Jit 
[1 + 11.47(t — t) — 49(t — ty]j 


(a) Locate your friend's position on the Ferris wheel at time 
t — 0. 


(b) Determine the number of revolutions per minute of the 
Ferris wheel. 


(c) What are the speed and angle of inclination (in degrees) at 
which the object is thrown at time t = tọ? 


f (d) Use a graphing utility to graph the vector-valued functions 


using a value of f; that allows your friend to be within 
reach of the object. (Do this by trial and error.) Explain 
the significance of tọ. 


(e) Find the approximate time your friend should be able to 
catch the object. Approximate the speeds of your friend 
and the object at that time. 


Functions of Several Variables 
H U oH gH U 4 3 E E SH gH 38 J 


ED Introduction to Functions of Several Variables 
: Limits and Continuity 
Diete Partial Derivatives 

j nere Differentials 
Dii Chain Rules for Functions of Several Variables 
$4 dde Directional Derivatives and Gradients 


Tangent Planes and Normal Lines 
Extrema of Functions of Two Variables 
Applications of Extrema 

Lagrange Multipliers 


— — 


Ocean Floor (Exercise 66, p. 930) 


Manufacturing 
(Example 2, p. 959) 


Marginal Costs 
(Exercise 118, p. 902) 


Forestry (Exercise 77, p. 882) 
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13.1 


Introduction to Functions of Several Variables 


Exploration 

Without using a graphing 
utility, describe the graph 
of each function of two 
variables. 

az= +y 

biz xiy 

C z—x^-cty 

d. z= xb +y 


e z= Vl =x +y 


\S 

X33 

"- = zi 
— 

* e 


MARY FAIRFAX SOMERVILLE 
(1780-1872) 


Somerville was interested 


in the problem of creating 


geometric models for functions 


of several variables. Her 
most well-known book, The 
Mechanics of the Heavens, was 
published in 1831. 


See LarsonCalculus.com to read 


more of this biography. 


liM Understand the notation for a function of several variables. 
iM Sketch the graph of a function of two variables. 

E Sketch level curves for a function of two variables. 

E Sketch level surfaces for a function of three variables. 

li Use computer graphics to graph a function of two variables. 


Functions of Several Variables 


So far in this text, you have dealt only with functions of a single (independent) variable. 
Many familiar quantities, however, are functions of two or more variables. Here are 
three examples. 


1. The work done by a force, W — FD, is a function of two variables. 
2. The volume of a right circular cylinder, V = TUA, is a function of two variables. 


3. The volume of a rectangular solid, V = lwh, is a function of three variables. 


The notation for a function of two or more variables is similar to that for a function of 
a single variable. Here are two examples. 


z= f(x, y) =x? + xy Function of two variables 
—— 
2 variables 


and 


w = f(x,y,z) =x + 2y — 3z 
s à 
3 variables 


Function of three variables 


Definition of a Function of Two Variables 


Let D be a set of ordered pairs of real numbers. If to each ordered pair (x, y) in 
D there corresponds a unique real number f(x, y), then f is a function of 
x and y. The set D is the domain of f, and the corresponding set of values for 


f(x, y) is the range of f. For the function 


z = f(x, y) 


x and y are called the independent variables and z is called the dependent 
variable. 


Similar definitions can be given for functions of three, four, or n variables, where 
the domains consist of ordered triples (xj, xX, x4), quadruples (x;, X2, x4, X4), and 
n-tuples (x,, X2, . . ., x,). In all cases, the range is a set of real numbers. In this chapter, 
you will study only functions of two or three variables. 

As with functions of one variable, the most common way to describe a function 
of several variables is with an equation, and unless it is otherwise restricted, you can 
assume that the domain is the set of all points for which the equation is defined. For 
instance, the domain of the function 


fxy-2--y 
is the entire xy-plane. Similarly, the domain of 
fx, y) = In xy 


is the set of all points (x, y) in the plane for which xy > 0. This consists of all points in 
the first and third quadrants. 


Mary Evans Picture Library/The Image Works 


e 
Domain of 
s vx? y? —9 
fo, y= 
Figure 13.1 
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EXAMPLE 1 Domains of Functions of Several Variables 


Find the domain of each function. 
JL + y-9 x 


x b. g(x,y, z) = J/9-x-y-2 


a. fx, y) = 


Solution 
a. The function f is defined for all points (x, y) such that x # 0 and 
r+y2 9, 


So, the domain is the set of all points lying on or outside the circle x? + y? = 9 
except those points on the y-axis, as shown in Figure 13.1. 


b. The function g is defined for all points (x, y, z) such that 
x Ty-c-g2«9. 


Consequently, the domain is the set of all points (x, y, z) lying inside a sphere of 
radius 3 that is centered at the origin. a 


Functions of several variables can be combined in the same ways as functions of 
single variables. For instance, you can form the sum, difference, product, and quotient 
of two functions of two variables as follows. 


(f+ g(x, y) = f(x,y) = ex, y) Sum or difference 
(fg)(x, y) = f(x, y)g(x, y) Product 
f _ f(x,y) 
ae y) = gx, ny g(x, y) #0 Quotient 


You cannot form the composite of two functions of several variables. You can, however, 
form the composite function (g ° h)(x, y), where g is a function of a single variable and 
his a function of two variables. 


(g ° h)Go y) = g(h(x, y)) Composition 


The domain of this composite function consists of all (x, y) in the domain of h such that 
h(x, y) is in the domain of g. For example, the function 


foy) = /16- 4x? - y 

can be viewed as the composite of the function of two variables given by 
h(x, y = 16 — 4x? — y? 

and the function of a single variable given by 
glu) = Ju. 


The domain of this function is the set of all points lying on or inside the ellipse 
4x? + y? = 16. 

A function that can be written as a sum of functions of the form cx"'y" (where c is 
a real number and m and n are nonnegative integers) is called a polynomial function 
of two variables. For instance, the functions 


fly y) =x? +y — 2xy+x4+2 and g(x,y) = 3x’?+x-2 


are polynomial functions of two variables. A rational function is the quotient of two 
polynomial functions. Similar terminology is used for functions of more than two variables. 
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Surface: z = f(x, y) 
n 


x 


Figure 13.2 


[ Surface: z= V16 —4x? —y? 


Domain 


The graph of 

fG y) = 16 — 4x? — y? is the 
upper half of an ellipsoid. 
Figure 13.3 
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Figure 13.4 


The Graph of a Function of Two Variables 


As with functions of a single variable, you can learn a lot about the behavior of a function 
of two variables by sketching its graph. The graph of a function f of two variables 
is the set of all points (x, y, z) for which z = f(x, y) and (x, y) is in the domain of f. 
This graph can be interpreted geometrically as a surface in space, as discussed in 
Sections 11.5 and 11.6. In Figure 13.2, note that the graph of z — f(x, y) is a surface 
whose projection onto the xy-plane is D, the domain of f. To each point (x, y) in D there 


corresponds a point (x, y, z) on the surface, and, conversely, to each point (x, y, z) on the 
surface there corresponds a point (x, y) in D. 


Describing the Graph of a Function of Two Variables 


Consider the function given by 

fay = V16- 4- y. 
a. Find the domain and range of the function. 
b. Describe the graph of f. 


Solution 


a. The domain D implied by the equation of f is the set of all points (x, y) such that 
16 — 4x7 - y = 0. 


So, D is the set of all points lying on or inside the ellipse 


= - =] Elli in th l 
+ 7 ipse in the xy-plane 
4 16 i 


The range of f is all values z = f(x, y) such that 0 < z < \/16, or 
Oszs4. 


Range of f 
b. A point (x, y, z) is on the graph of f if and only if 
z= Jie Ag y 
zZ = 16 — 4° — y? 
Ag +y +z2=16 


2 


x) y z 
A quy ue us <7< 
4 16 16 ip Hes cm 


From Section 11.6, you know that the graph of f is the upper half of an ellipsoid, as 
shown in Figure 13.3. 


To sketch a surface in space by hand, it helps to use traces in planes parallel to the 
coordinate planes, as shown in Figure 13.3. For example, to find the trace of the surface 
in the plane z = 2, substitute z = 2 in the equation z = \/16 — 4x? — y? and obtain 

—— 2 y 
2 = 16-42 -y Wh a 


+2 =1, 
12 


So, the trace is an ellipse centered at the point (0, 0, 2) with major and minor axes of 
lengths 4/3 and 2/3. 


Traces are also used with most three-dimensional graphing utilities. For instance, 


Figure 13.4 shows a computer-generated version of the surface given in Example 2. 


For this graph, the computer took 25 traces parallel to the xy-plane and 12 traces in 
vertical planes. 


If you have access to a three-dimensional graphing utility, use it to graph several 


surfaces. 


Figure 13.7 
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Level Curves 


A second way to visualize a function of two variables is to use a scalar field in which 
the scalar 


z = f(x y) 


is assigned to the point (x, y). A scalar field can be characterized by level curves (or 
contour lines) along which the value of f(x, y) is constant. For instance, the weather 
map in Figure 13.5 shows level curves of equal pressure called isobars. In weather 
maps for which the level curves represent points of equal temperature, the level curves 
are called isotherms, as shown in Figure 13.6. Another common use of level curves is 
in representing electric potential fields. In this type of map, the level curves are called 
equipotential lines. 


D 


CL 


Level curves show the lines of equal Level curves show the lines of equal 

pressure (isobars), measured in millibars. temperature (isotherms), measured in 
degrees Fahrenheit. 

Figure 13.5 Figure 13.6 


Contour maps are commonly used to show regions on Earth's surface, with the 
level curves representing the height above sea level. This type of map is called a 
topographic map. For example, the mountain shown in Figure 13.7 is represented by 
the topographic map in Figure 13.8. 


Figure 13.8 


A contour map depicts the variation of z with respect to x and y by the spacing 
between level curves. Much space between level curves indicates that z is changing 
slowly, whereas little space indicates a rapid change in z. Furthermore, to produce a 
good three-dimensional illusion in a contour map, it is important to choose c-values 
that are evenly spaced. 


Alfred B. Thomas/Earth Scenes/Animals Animals; USGS 
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" | Surface: 
2.2 
= geyt-x 


Hyperbolic paraboloid 
Figure 13.11 
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Sketching a Contour Map 


The hemisphere 


f(x,y) = V64- x2 — y 
is shown in Figure 13.9. Sketch a contour map of this surface using level curves 
corresponding toc = 0,1,2,. . .,8. 
Solution For each value of c, the equation f(x, y) = c is a circle (or point) in the 
xy-plane. For example, when c, = 0, the level curve is 

xX + y = 64 


Circle of radius 8 


which is a circle of radius 8. Figure 13.10 shows the nine level curves for the 
hemisphere. 


Surface: 


fla, y) = V64 =x? -y? 


Hemisphere 
Figure 13.9 


Contour map 
Figure 13.10 


Sketching a Contour Map 


eee [> See LarsonCalculus.com for an interactive version of this type of example. 


The hyperbolic paraboloid 


z=y—-x 


is shown in Figure 13.11. Sketch a contour map of this surface. 


Solution For each value of c, let f(x, y) = c and sketch the resulting level curve in 
the xy-plane. For this function, each of the level curves (c # 0) is a hyperbola whose 
asymptotes are the lines y = +x. When c < 0, 


iu à i =12 c=0 
the transverse axis is horizontal. For instance, the — _ 5 $ P, --2 
level curve for c = —4 is K f c 4 
4 [c= 
Ses 

E s cq Nee io 

2 2 c=-12 
When c > 0, the transverse axis is vertical. For Hi ) ' Hx 
instance, the level curve for c = 4 is ES 4 

P Sai 

2 2 : 4 


When c = 0, the level curve is the degenerate 
conic representing the intersecting asymptotes, 
as shown in Figure 13.12. 


Hyperbolic level curves (at 
increments of 2) 
Figure 13.12 | 


z= 100x9.6,04 


y c= 80,000 c = 160,000 


(2000, 1000) 


(1000, 500) 


Level curves (at increments of 10,000) 
Figure 13.13 
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One example of a function of two variables used in economics is the Cobb-Douglas 
production function. This function is used as a model to represent the numbers of units 
produced by varying amounts of labor and capital. If x measures the units of labor and 
y measures the units of capital, then the number of units produced is 


f(x, y) = Cxty!~2 


where C and a are constants with 0 < a < 1. 


The Cobb-Douglas Production Function 


A manufacturer estimates a production function to be 
f(x, y) = 100604 


where x is the number of units of labor and y is the number of units of capital. Compare 
the production level when x = 1000 and y = 500 with the production level when 
x — 2000 and y — 1000. 


Solution When x = 1000 and y = 500, the production level is 


f(1000, 500) = 100(100095) (50004) 
- 75,786. 


When x — 2000 and y — 1000, the production level is 


f(2000, 1000) = 100(200095)(100094) 
151,572. 


t 


The level curves of z = f(x, y) are shown in Figure 13.13. Note that by doubling both 
x and y, you double the production level (see Exercise 83). a 


Level Surfaces 


The concept of a level curve can be extended by one dimension to define a level 
surface. If f is a function of three variables and c is a constant, then the graph of the 
equation 

J Hz) = 


is a level surface of f, as shown in Figure 13.14. 


Level surfaces of f 
Figure 13.14 
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Figure 13.15 
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EXAMPLE 6 Level Surfaces 


Describe the level surfaces of 
fax, y, z) = 42 +y 4 2. 

Solution Each level surface has an equation of the form 
A! +y+2=c. Equation of level surface 


So, the level surfaces are ellipsoids (whose cross sections parallel to the yz-plane are 
circles). As c increases, the radii of the circular cross sections increase according to the 
square root of c. For example, the level surfaces corresponding to the values c — 0, 
c — 4, and c — 16 are as follows. 


4x? + y»? +2=0 Level surface for c = 0 (single point) 
x2 y? z2 . . 
eh a = Level surface for c = 4 (ellipsoid) 
1 4 4 
E at eT Level surface f 16 (ellipsoid) 
So ee a eL evel surface for c = ellipsoi 
4 16 16 ? 
These level surfaces are shown in Figure 13.15. a 


If the function in Example 6 represented the temperature at the point (x, y, z), then 
the level surfaces shown in Figure 13.15 would be called isothermal surfaces. 


Computer Graphics 


The problem of sketching the graph of a surface in space can be simplified by using 
a computer. Although there are several types of three-dimensional graphing utilities, 
most use some form of trace analysis to give the illusion of three dimensions. To use 
such a graphing utility, you usually need to enter the equation of the surface and the 
region in the xy-plane over which the surface is to be plotted. (You might also need to 
enter the number of traces to be taken.) For instance, to graph the surface 


f(x,y) = (2 + yel 


you might choose the following bounds for x, y, and z. 


—-3sxs3 Bounds for x 
—-3<sys3 Bounds for y 
O0Oszs3 Bounds for z 


Figure 13.16 shows a computer-generated graph 
of this surface using 26 traces taken parallel to 
the yz-plane. To heighten the three-dimensional 
effect, the program uses a "hidden line” routine. 
That is, it begins by plotting the traces in the 
foreground (those corresponding to the largest 
x-values), and then, as each new trace is plotted, 
the program determines whether all or only part 
of the next trace should be shown. 

The graphs on the next page show a variety 
of surfaces that were plotted by computer. If you 
have access to a computer drawing program, use 
it to reproduce these surfaces. Remember also Figure 13.16 
that the three-dimensional graphics in this text 
can be viewed and rotated. These rotatable graphs 
are available at LarsonCalculus.com. 


[fe 9) = 2+ yeh o 
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f(x, y) = sin x sin y 


880 Chapter 13 
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13.1 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Think About lt Explain why z? = x + 3y is not a 
function of x and y. 


2. Function of Two Variables What is a graph 
of a function of two variables? How is it interpreted 
geometrically? 


3. Determining Whether a Graph Is a Function 
Use the graph to determine whether z is a function of x 
and y. Explain. 


4. Contour Map Explain how to sketch a contour map 
of a function of x and y. 


Determining Whether an Equation Is a Function In 
Exercises 5-8, determine whether z is a function of x and y. 
5. x?z + 3y? — xy = 10 
x y? 


TRE 
4'9** 


6. x22 -2xy — y= 
8.ztxlnny— 8yz =0 
opro Evaluating a Function In Exercises 9-20, 
Tum 


"^ evaluate the function at the given values of the 
ops 3 independent variables. Simplify the results. 
ale 


9. f(x,y) = 2x —y +3 10. f(x,y) = 4 — x — 4y? 


(a) f(0,2) — (b) f(—1,0) (a) f(0,0) — (b) f(0, 1) 
(c) f(5.30) (d) fG, y) (c) f(2,3) (® fly) 
(e) fG&, 4) | (£) f(S,0) (e) fG, 0) ®© fe 1) 
11. f(x, y) = xe” 12. g(x, y) = In|x + y| 
(a) f(—1,0) (b) f(0, 2) (a) g(1,0) — (b) &(0, =£) 
(c) fG,3) (d fl —») (c) &(e, 0) (d) gle, e) 
13. hy) => 14. f( y.) = Jet ytz 
(a) h(—1,3, —1) (a) f(2,2, 5) 
(b) A(2, 2, 2) (b) f(0, 6, —2) 
(c) A(4, 4t, 2) (c) f(8, —7,2) 
(d) h(—3,2,5) (d) f(0, 1, — 1) 
15. f(x, y) = xsin y 
(a) f, T/4) (b) f(3.,1) © f(-3,0) (d) f(4, n/2) 


16. V(r, h) = rh 


(a) V(3, 10) (b) V(5,2) (c) V(4, 8) (d) V(6, Tt) 
17. g(x, y) = Í “(21 — 3) dt 

DaO (41) (o £43) — (d) g(3,0) 
18. g(x, y) = [ia 

(641 263 © 625) @ a7) 


19. f(x, y) = 2x + y? 


@ ft Any) = sls) 
Ax 


20. f(x, y) = 3x? — 2y 


D f(x + Ax, y) — f, y) 
Ax 


b) fe y + Ay) - fi y 


( m 


) fos y + Ay) — fG y) 
A 
y 


( (b 


4& Function In Exercises 21-32, find the domain 


TRO Finding the Domain and Range of a 
RE k 


E: r j and range of the function. 
halk 
21. f(x, y) = 3x7 — y 22. f(x, y) = e» 
23. glx, y) = x /y 24. g(x,y) = a 
xc ve 
25. z = = 26. z = 2 
xy XE y 


27. f, y) = /4— x - y» 28. f(x,y) = /9- 628 + y? 
29. f(x, y) = arccos(x + y) 30. f(x, y) = arcsin( y/x) 
31. f(x, y) = In(5 — x — y) 32. f(x, y) = In(xy — 6) 


33. Think About It The graphs labeled (a), (b), (c), and (d) are 
graphs of the function f(x, y) ^ —4x/(x? + y? + 1). Match 
each of the four graphs with the point in space from which the 
surface is viewed. The four points are (20, 15, 25), 
(— 15, 10, 20), (20, 20, 0), and (20, 0, 0). 

(a) i 


A 


Generated by Maple 


Generated by Maple 
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34. Think About It Use the function given in Exercise 33. dd. Gy) tud 50. f(x,y) = cos + 2) 
(a) Find the domain and range of the function. 4 


(b) Identify the points in the xy-plane at which the function 
value is 0. 

(c) Does the surface pass through all the octants of the rectangular 
coordinate system? Give reasons for your answer. 


[s]Zz*[g] Sketching a Surface In Exercises 35-42, 
Kip. FER describe and sketch the surface given by the 
r function. 

[m]; E 


35. f(x,y) = 4 36. f(x, y) = 6 — 2x — 3y më] Sketching a Contour Map In Exercises 
37. f(x,y) = y? 38. g(x, y) = Sy ME f 51-58, describe the level curves of the function. 
Sketch a contour map of the surface using level 


39. z= -2 -y 40. z=} / ZF y7 [E] 
41. f(x, y) = e™ 


_ JAY, x20,y20 
aa sls) = [m x<Oory <0 


* curves for the given c-values. 


51. z=x+y, c= —1,0,2,4 
52. z = 6 — 2x — 3y, c = 0, 2, 4, 6, 8, 10 


53. z = 0*4 c = 0,1, 2, 3,4 


A Graphing a Function Using Technology In Exercises 
54. f(x,y) = V9- xX- y, c= 0,1, 2,3 
43-46, use a computer algebra system to graph the function. Jy) e 


, 55. f(x, y) = xy c= +1, £2,. . ., +6 
43.z=yx -x2 +1 44. z= 144 — 16x? 2 
: : : ji ( /2) ° i n 9 56. f(x, y) = gn, c= 2, 3, 4, » Da 

45. y= x 46. y) xsi 

Fl, y) = xe B. fg) esimy 57. f(x y) =x/(2 y), c = +4, +1, +3, +2 
Matching In Exercises 47-50, match the graph of the 58. f(x, y) = Inx — y), c = 0, +5, +1, +3, £2 
surface with one of the contour maps. [The contour maps are 
labeled (a), (b), (c), and (d).] BIB Graphing Level Curves Using Technology In Exercises 

59-62, use a graphing utility to graph six level curves of the 

(a) j (b) : function. 


59. f(x, y) -:2- «2 60. f(x, y) = |x] 


61. g(x,y) = 


62. h(x, y) = 3sin(|x| + |y]) 


]1-2-y 


EXPLORING CONCEPTS 


63. Vertical Line Test Does the Vertical Line Test apply 
to functions of two variables? Explain your reasoning. 


(c) (d) 


64. Using Level Curves All of the level curves of the 
surface given by z = f(x, y) are concentric circles. Does 
this imply that the graph of f is a hemisphere? Illustrate 
your answer with an example. 


. Creating a Function Construct a function whose 
level curves are lines passing through the origin. 


. Conjecture Consider the function f(x, y) — xy, for 
x 2 Oand y 2 0. 


(a) Sketch the graph of the surface given by f. 


47. f(x,y) = el-x-Y 48. f(x, y) = el- +y? (b) Make a conjecture about the relationship between 
the graphs of f and g(x, y) = f(x, y) — 3. Explain 
your reasoning. 


(c) Repeat part (b) for g(x, y) = —f(x, y). 
(d) Repeat part (b) for g(x, y) = i fx y). 


(e) On the surface in part (a), sketch the graph of 
z = f(x, x). 
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Writing In Exercises 67 and 68, use the graphs of the level 
curves (c-values evenly spaced) of the function f to write a 
description of a possible graph of f. Is the graph of f unique? 
Explain. 


67. 4 68. y 
A A 


ZNS 
= 


69. Investment In 2016, an investment of $1000 was made 
in a bond earning 6% compounded annually. Assume that the 
buyer pays tax at rate R and the annual rate of inflation is Z. In 
the year 2026, the value V of the investment in constant 2016 
dollars is 


V(I, R) = 1000] # 3:006 = Sr 


1+] 


Use this function of two variables to complete the table. 


Inflation Rate 


Tax Rate | 0 | 0.03 | 0.05 


0 


0.28 


0.35 


70. Investment A principal of $5000 is deposited in a savings 
account that earns interest at a rate of r (written as a decimal), 
compounded continuously. The amount A(r, f) after t years is 


A(r, t) = 5000e". 


Use this function of two variables to complete the table. 


Number of Years 


Rate | 5 | 10 | 15 | 20 


0.02 


0.03 


0.04 


0.05 


LI Sketching a Level Surface In Exercises 

v? 71-76, describe and sketch the graph of the level 
rra surface f(x,y,z) = c at the given value of c. 

a f (x, y» z) 

72. f(x, y, z) = 4x 

73. f(x,y,z) = x 

74. f(x,y,z) = x2 iy? 


Val Thoermer/Shutterstock.com 


=x-ytzc=1 


ty+2z,c=4 


yt+t2,c=9 


Zz e-1 


75. f(x,y,z) = A? + 4 5 0-0 
76. f(x,y,z) = sinx- z, c =0 


e 77. Forestry eooeoeoeveveeeeeeeeeee eee @ 


The Doyle Log Rule is 
one of several methods 
used to determine the 
lumber yield of a log 
(in board-feet) in terms 
of its diameter d (in 
inches) and its length L 
(in feet). The number 
of board-feet is 


N(d, L) = (44). 


3 
X 
s 

, 


| E ~~ 


(a) Find the number of board-feet of lumber in a log 
22 inches in diameter and 12 feet in length. 


(b) Find N(30, 12). 


78. Queuing Model The average length of time that a 
customer waits in line for service is 


1 
x-y 


W(x, y) = x>y 


where y is the average arrival rate, written as the number of 
customers per unit of time, and x is the average service rate, 
written in the same units. Evaluate each of the following. 


(a) W(15,9) (b) W(15, 13) 
(c) W(12, 7) (d) W(5,2) 


79. Temperature Distribution The temperature T (in 
degrees Celsius) at any point (x, y) on a circular steel plate of 
radius 10 meters is 


T = 600 — 0.752 — 0.75? 


where x and y are measured in meters. Sketch the isothermal 
curves for T = 0, 100, 200,. . .,600. 

80. Electric Potential The electric potential V at any point 
(x, y) is 

— 5 

Jere ty 


Sketch the equipotential curves for V = 5 V= 


V(x, y) = 
$, andV = j 


em Cobb-Douglas Production Function In 

Exercises 81 and 82, use the Cobb-Douglas 
production function to find the production level 
when x — 600 units of labor and y — 350 units of 


n 


SE 


capital. 
81. f(x, y) = 8049505 82. f(x, y) = 100x9.65,035 
83. Cobb-Douglas Production Function Use the 


Cobb-Douglas production function, f(x, y) = Cx^y!-^, to 
show that when the number of units of labor and the number 
of units of capital are doubled, the production level is 
also doubled. 


84. 


85. 


86. 


87. 


88. 


NASA 


Cobb-Douglas Production Function Show that 
the Cobb-Douglas production function z = Cx“y!~¢ can be 
rewritten as 


int 2 InC 4 aln 
y y 


Ideal Gas Law According to the Ideal Gas Law, PV = KT, 
where P is pressure, V is volume, T is temperature (in 
kelvins), and k is a constant of proportionality. A tank contains 
2000 cubic inches of nitrogen at a pressure of 26 pounds per 
square inch and a temperature of 300 K. 


(a) Determine k. 
(b) Write P as a function of V and T and describe the level curves. 


Modeling Data The table shows the net sales x (in billions 
of dollars), the total assets y (in billions of dollars), and the 
shareholder's equity z (in billions of dollars) for Walmart for the 


years 2010 through 2015. (Source: Wal-Mart Stores, Inc.) 
Year | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 
x 405.0 | 418.5 | 443.4 | 465.6 | 473.1 | 482.2 
y 170.7 | 180.8 | 193.4 | 203.1 | 204.8 | 203.7 
Z 70.7 | 68.5 | 71.3 | 76.3 | 76.3 | 81.4 
A model for the data is z = f(x, y) = 0.428x — 0.653y + 8.172. 


(a) Complete a fourth row in the table using the model to 
approximate z for the given values of x and y. Compare 
the approximations with the actual values of z. 


(b) Which of the two variables in this model has more 
influence on shareholder’s equity? Explain. 


(c) Simplify the expression for f(x, 150) and interpret its 
meaning in the context of the problem. 


Meteorology Meteorologists measure the atmospheric 
pressure in millibars. From these observations, they create 
weather maps on which the curves of equal atmospheric 
pressure (isobars) are drawn (see figure). On the map, the 
closer the isobars, the higher the wind speed. Match points A, 
B, and C with (a) highest pressure, (b) lowest pressure, and 
(c) highest wind velocity. 


Figure for 87 Figure for 88 


Acid Rain The acidity of rainwater is measured in units 
called pH. A pH of 7 is neutral, smaller values are increasingly 
acidic, and larger values are increasingly alkaline. The map 
shows curves of equal pH and gives evidence that downwind 
of heavily industrialized areas, the acidity has been increasing. 
Using the level curves on the map, determine the direction of 
the prevailing winds in the northeastern United States. 
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. Construction Cost A rectangular storage box with an 


open top has a length of x feet, a width of y feet, and a height 
of z feet. It costs $4.50 per square foot to build the base and 
$2.50 per square foot to build the sides. Write the cost C of 
constructing the box as a function of x, y, and z. 


90. 5 HOW DO YOU SEE IT? The contour map 


of the Southern Hemisphere shown in the figure 
was computer generated using data collected 
by satellite instrumentation. Color is used to 
show the “ozone hole" in Earth's atmosphere. 
The purple and blue areas represent the lowest 
levels of ozone, and the green areas represent 
the highest levels. (Source: NASA) 


(a) Do the level curves correspond to equally spaced 
ozone levels? Explain. 


(b) Describe how to obtain a more detailed contour 
map. 


True or False? In Exercises 91—94, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


91. 
92. 
93. 
94. 


If f (xs, yo) = fx. yı), then x, = x, and y, = yy. 
If f is a function, then f(ax, ay) = a?f(x, y). 
The equation for a sphere is a function of three variables. 


Two different level curves of the graph of z — f(x, y) can 
intersect. 


PUTNAM EXAM CHALLENGE 
95. Let f: R? R be a function such that 


f(x,y) + fly, 2) + f(z x) = 0 


for all real numbers x, y, and z. Prove that there exists a 


function g: IR R such that 


f(xy) = g(x) — gy) 


for all real numbers x and y. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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13.2 Limits and Continuity 


Functions of Several Variables 


SONYA KOVALEVSKY 
(1850-1891) 


Much of the terminology used 
to define limits and continuity 
of a function of two or three 
variables was introduced by 
the German mathematician 
Karl Weierstrass (1815-1897). 
Weierstrass’s rigorous 
approach to limits and other 
topics in calculus gained him 
the reputation as the “father of 
modern analysis.” Weierstrass 
was a gifted teacher. One of his 
best-known students was the 
Russian mathematician Sonya 
Kovalevsky, who applied many 
of Weierstrass’s techniques 

to problems in mathematical 
physics and became one of the 
first women to gain acceptance 
as a research mathematician. 


9781337275347_1302.indd 884 


iM Understand the definition of a neighborhood in the plane. 

iM Understand and use the definition of the limit of a function of two variables. 
E Extend the concept of continuity to a function of two variables. 

E Extend the concept of continuity to a function of three variables. 


Neighborhoods in the Plane 


In this section, you will study limits and continuity involving functions of two or three 
variables. The section begins with functions of two variables. At the end of the section, 
the concepts are extended to functions of three variables. 

Your study of the limit of a function of two variables begins by defining a 
two-dimensional analog to an interval on the real number line. Using the formula for 
the distance between two points 


(x,y) and (xy Yo) 


in the plane, you can define the &-neighborhood about (xp, Yo) to be the disk centered 
at (xo, Yo) with radius 5 > 0 


n eA Open disk 


as shown in Figure 13.17. When this formula contains the less than inequality sign, 
<, the disk is called open, and when it contains the less than or equal to inequality 
sign, <, the disk is called closed. This corresponds to the use of < and < to define open 
and closed intervals. 


_— Boundary 
D point 


N 
Boundary of R 


» X 


The boundary and interior points of a 
region R 
Figure 13.18 


An open disk 
Figure 13.17 


Let the region R be a set of points in the plane. A point (Xp, Yo) in R is an interior 
point of R if there exists a O-neighborhood about (x, yo) that lies entirely in R, as 
shown in Figure 13.18. If every point in R is an interior point, then R is an open region. 
A point (Xp, y) is a boundary point of R if every open disk centered at (xp, Yọ) contains 
points inside R and points outside R. If R contains all its boundary points, then R is a 
closed region. 


E FOR FURTHER INFORMATION For more information on Sonya Kovalevsky, see 
the article “S. Kovalevsky: A Mathematical Lesson" by Karen D. Rappaport in The 
American Mathematical Monthly. 'To view this article, go to MathArticles.com. 


Sarin Images/Granger, NYC — All rights reserved. 
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Limit of a Function of Two Variables 


Definition of the Limit of a Function of Two Variables 


Let f be a function of two variables defined, except possibly at (xp, Yọ), on an 
open disk centered at (xo, yo), and let L be a real number. Then 


lim f(x,y) =L 


(x, y)> (xo. Yo) 


if for each e > O there corresponds a 6 > 0 such that 


| f(x, y) - L| <e whenever 0 < J (x = x)? + (y = yp)? < 6 


Graphically, the definition of the limit 
of a function of two variables implies that 
for any point (x, y) # (xo, Yo) in the disk of 
radius 6, the value f(x, y) lies between L + € 
and L — e, as shown in Figure 13.19. Lr 4 

The definition of the limit of a function L—et 
of two variables is similar to the definition 7 
of the limit of a function of a single 
variable, yet there is a critical difference. 
To determine whether a function of a single 
variable has a limit, you need only test the i 
approach from two directions—from the Pda 

h $ (x, y) Xo Yo) * 
right and from the left. When the function Disk of radius 6 
approaches the same limit from the right 
and from the left, you can conclude that the value Foe y) lies betwèen È + eand 
limit exists. For a function of two variables, L-e. 
however, the statement Figure 13.19 


LJ 
i 
1 
1 
I 
' 
1 
1 
1 
[ 
1 
[ 
T 
1 

e 
l 


For any (x, y) in the disk of radius 6, the 


(x, y) > (xo. Yo) 


means that the point (x, y) is allowed to approach (xo, yo) from any direction. If the value of 


f(x, y) 


lim 
(x, y)> Gi. yo) 


is not the same for all possible approaches, or paths, to (xo, yo), then the limit does not exist. 


Verifying a Limit by the Definition 


Show that lim x=a. 
(x, y)> (a, b) 


Solution Let f(x, y) = x and L = a. You need to show that for each & > 0, there 
exists a C-neighborhood about (a, b) such that 


| f(x, y) L| = |x- a| < e 
whenever (x, y) # (a, b) lies in the neighborhood. You can first observe that from 


0< (x-a? *(y-b?«6 


it follows that 
|fG y) = L| = |x= al 
- e-a 
< Jœ- a+ Obr 
< 6 


So, you can choose 6 = e, and the limit is verified. H 
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Figure 13.20 
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Functions of Several Variables 


Limits of functions of several variables have the same properties regarding sums, 
differences, products, and quotients as do limits of functions of single variables. (See 
Theorem 1.2 in Section 1.3.) Some of these properties are used in the next example. 


EXAMPLE 2 Finding a Limit 


Find the limit. 


; 5x2 
lim s y 3 
Q5 y)2 (0,2) x^ + y 


Solution By using the properties of limits of products and sums, you obtain 


lim — 5x’y = 5(12)(2) = 10 


(x, y)> (1, 2) 
and 
lim +y) = (1? + 27) =5. 
(x, y)> (1, 2) ( y)-t 
Because the limit of a quotient is equal to the quotient of the limits (and the denominator 
is not 0), you have 


di a ag 
(wy 0,217 +y 5 i 


EXAMPLE 3 Finding a Limit 


. 5x? 
lim 3 Y z: 
(x, y)2 (0,0) x^ + y 


Find the limit: 


Solution In this case, the limits of the numerator and of the denominator are both 0, 
so you cannot determine the existence (or nonexistence) of a limit by taking the limits 
of the numerator and denominator separately and then dividing. From the graph of f in 
Figure 13.20, however, it seems reasonable that the limit might be 0. So, you can try 
applying the definition to L = 0. First, note that 


bls muy 


and 


x + y? < 

Then, in a €-neighborhood about (0, 0), you have 
0< /2à-y«6 

and it follows that, for (x, y) # (0, 0), 


5x?y 
x? + y? 


[f(, y) - 0| = 


IA IA 

an 
b 

ES 

N 

+ 

Se 

N 


So, you can choose 6 = e/5 and conclude that 


5x? 
lim 5 - 
(x,y) (0,0) x^ + y 


=0. i 
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For some functions, it is easy to recognize that a limit does not exist. For instance, 
it is clear that the limit 


1 


in |—5—— 
(x,y) (0,0) x? + y? 


does not exist because the values of f(x, y) increase without bound as (x, y) approaches 
(0, 0) along any path (see Figure 13.21). 

For other functions, it is not so easy to recognize that a limit does not exist. For 
instance, the next example describes a limit that does not exist because the function 
approaches different values along different paths. 


A Limit That Does Not Exist 


x . 
e e e e > See LarsonCalculus.com for an interactive version of this type of example. 


does not exist. Show that the limit does not exist. 


es NS 
lim (5 =) 
(x, y> (0,0) \x* + y 


lim | 5—— 
(3) (0,0) 32 + y? 
Figure 13.21 


Solution The domain of the function 


consists of all points in the xy-plane except for the point (0, 0). To show that the limit as 
(x, y) approaches (0, 0) does not exist, consider approaching (0, 0) along two different 
“paths,” as shown in Figure 13.22. Along the x-axis, every point is of the form 


(x, 0) 
and the limit along this approach is 


x2 — 02 


li ^N 
(x. 0) (0, 0) E + 0? 


2 
) = lim 1^- I. Limit along x-axis 
(x, 0) (0, 0) 


However, when (x, y) approaches (0, 0) along the line y — x, you obtain 


x2 — x2\2 0 \2 
li = li =z] =0. Limit along line y = 
@ a> 40,0) (5 + s (s, 0,0) A E iih ca dise 
This means that in any open disk 
centered at (0, 0), there are points (x, y) z Along x-axis: (x, 0) > (0, 0) 
at which f takes on the value 1 and Limit is 1. 


other points at which f takes on the 
value 0. For instance, 


foy) 21 


at (1, 0), (0.1, 0), (0.01, 0), and 
(0.001, 0), and 


Al =x: (x, x) > (0, 0) 
fay) = 0 DCN ges 
at (1, 1), (0.1, 0.1), (0.01, 0.01), and (: : xy 
I ————-|d : 
(0.001, 0.001). So, f does not have a (900,0 (42 + y2) COPS noL exist 


limit as (x, y) approaches (0, 0). Figure 13.22 ul 


In Example 4, you could conclude that the limit does not exist because you found 
two approaches that produced different limits. Be sure you understand that when two 
approaches produce the same limit, you cannot conclude that the limit exists. To form 
such a conclusion, you must show that the limit is the same along all possible approaches. 
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e. REMARK This definition 
of continuity can be extended 
to boundary points of the open 
region R by considering a 
special type of limit in which 
(x, y) is allowed to approach 
(xo Yo) along paths lying in the 
region R. This notion is similar 
to that of one-sided limits, as 
discussed in Chapter 1. 


LUON NS 


Continuity of a Function of Two Variables 


Notice in Example 2 that the limit of f(x, y) = 5x2y/(x? + y?) as (x, y) 5 (1, 2) can 
be evaluated by direct substitution. That is, the limit is f(1, 2) — 2. In such cases, the 
function f is said to be continuous at the point (1, 2). 


Definition of Continuity of a Function of Two Variables 


A function f of two variables is continuous at a point (xp, Yọ) in an open 
region R if f(x, Yo) is defined and is equal to the limit of f(x, y) as (x, y) 
approaches (xo, Yo). That is, 


F(x, y) = fo Yo). 


im 
(x, y) 9 (xo. Yo) 


The function f is continuous in the open region R if it is continuous at every 
point in R. 


In Example 3, it was shown that the function 


5x?y 
x + y? 


f(x, y) = 


is not continuous at (0, 0). Because the limit at this point exists, however, you can 
remove the discontinuity by defining f at (0, 0) as being equal to its limit there. Such a 
discontinuity is called removable. In Example 4, the function 


fo. = (SS) 


x? + y? 


was also shown not to be continuous at (0, 0), but this discontinuity is nonremovable. 


THEOREM 13.1 Continuous Functions of Two Variables 


If k is areal number and f(x, y) and g(x, y) are continuous at (x, yo), then the 
following functions are also continuous at (x, yo). 


1. Scalar multiple: kf 2. Sum or difference: f+ g 
3. Product: fg 4. Quotient: f/g, g(xy, yg) # 0 


Theorem 13.1 establishes the continuity of polynomial and rational functions at 
every point in their domains. Furthermore, the continuity of other types of functions 
can be extended naturally from one to two variables. For instance, the functions whose 
graphs are shown in Figures 13.23 and 13.24 are continuous at every point in the plane. 


z 


z 


Surface: 


Surface: f(x, y) = lsin? +y?) 2775 
á Z fŒ, y) = (cos y?)e V * +y" 


SQQ 


AN 


The function f is continuous at every point in the The function f is continuous at every point in 
plane. the plane. 
Figure 13.23 Figure 13.24 
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The next theorem states conditions under which a composite function is continuous. 


THEOREM 13.2 Continuity of a Composite Function 


If h is continuous at (xp, Yọ) and g is continuous at A(xo, Yọ), then the composite 
function given by (g ° h)(x, y) = g(h(x, y)) is continuous at (xo, yo). That is, 


g(h(x, y)) = glh(Xo, Yo): 


lim 
(x, y)> (xo. Yo) 


Note in Theorem 13.2 that is a function of two variables and g is a function of 
one variable. 


EXAMPLE 5 Testing for Continuity 


Discuss the continuity of each function. 


x — 2y | 2 
x+y? b. g(x, y) y= 


a. f(x, y) = 


Solution 


a. Because a rational function is continuous at every point in its domain, you can 
conclude that f is continuous at each point in the xy-plane except at (0, 0), as shown 
in Figure 13.25. 


The function 


= 


2 
yor 


g(x, y) = 


is continuous except at the points at which the denominator is 0. These points are 
given by the equation 


y-x-0. 


So, you can conclude that the function is continuous at all points except those lying 
on the parabola y = x”. Inside this parabola, you have y > x’, and the surface 
represented by the function lies above the xy-plane, as shown in Figure 13.26. 
Outside the parabola, y < x’, and the surface lies below the xy-plane. 


The function f is not continuous at (0, 0). The function g is not continuous on the 
parabola y = x. 
Figure 13.25 Figure 13.26 [| 
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Functions of Several Variables 


Continuity of a Function of Three Variables 


The preceding definitions of limits and continuity can be extended to functions of three 
variables by considering points (x, y, z) within the open sphere 


(= Koa qn (y E Ya)? vg Zoho < &. Open sphere 


The radius of this sphere is 6, and the sphere is centered at (Xp, Yo, Zp), as shown in 
Figure 13.27. 


x 


Open sphere in space 
Figure 13.27 


A point (xo, Yo Zo) in a region R in space is an interior point of R if there exists a 
O-sphere about (Xp, Yo, Zo) that lies entirely in R. If every point in R is an interior point, 
then R is called open. 


Definition of Continuity of a Function of Three Variables 


A function f of three variables is continuous at a point (xq, yo, zo) in an 
open region R if f(x Yo Zo) is defined and is equal to the limit of f(x, y, z) as 
(x, y, z) approaches (xo, yo, Zo). That is, 


TUS » z) = f(xo. Yo» zo). 


im 
(x, y, 22 (xo. Yor Zo) 


The function f is continuous in the open region R if it is continuous at every 
point in R. 


CY 83:3 Testing Continuity of a Function of Three Variables 


Discuss the continuity of 


ME OMM 
)c-Ly-r 


f(x,y, 2) = 


Solution The function f is continuous except at the points at which the denominator 
is 0, which are given by the equation 

x-ty-z-0. 
So, f is continuous at each point in space except at the points on the paraboloid 


z—xbvty. | 
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13.2 Limits and Continuity 891 


See CalcChat.com tor tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Describing Notation Write a brief description of the 


meaning of the notation i lim bu f(xy) = 
xX, y 


2. Limits Explain how examining limits along different 
paths might show that a limit does not exist. Does this 
type of examination show that a limit does exist? Explain. 


miam Verifying a Limit by the Definition In 
tt; Exercises 3-6, use the definition of the limit of a 


[u] “dte function of two variables to verify the limit. 
. lm x*=1 4. lm x=4 
(x, y)> (1, 0) (x, y)> (4, —1) 
5. li --—3 6. lim =b 
(x, 2. =3) » (x, yok (a, b) p 


Using Properties of Limits In Exercises 7-10, find the 
indicated limit by using the limits 


—4 and lim 
ee "à (x, y) = "om g(x,y) = 


7. lim glx, y] 8. 


Gy) (a, b) 


E 3f, y) 
[f(x y) w " g(x, y) " 


; f(x, y) + g(x, y) 
- (x, 2 b) Lf. vg (x, »] 1. (x, n. Mi f(x, y) l 


m Limit and Continuity In Exercises 11-24, find 


sti the limit and discuss the continuity of the function. 
3 k 


ES 


so li mm + 4y? + 
(x, qm, 1) (E 2y) 12. (x, d 1, V 3y 5) 
13. lim e» is.. im Es 
(x, y)> (1, 2) (x, Mer 2x41 
+ 
15. lim = 16. li EE 


lim 
@ > (0, 2) y Q32(712 x — y 


, Xy ; x 
17. | S 18. 1 
Gl D2 + y? Gams) x y 
x 
19. lim cos 20. lim sin — 
@ y)> (n/3,2 »* "n (x, y)> (m, —4) y 
21. arcsin xy 22. arccos(x/y) 


i 
(x, res 70, ) 1 — xy œ> 01 1+ xy 


23. lim JVxtytz 24. lim xe» 


(x, y, z)> (1, 3, 4) (x, y, 22 (72, 1, 0) 

jb Finding a Limit In Exercises 25-36, find the 
swe) limit (if it exists). If the limit does not exist, explain 
why. 


TS 1 2. 
25. lim ~ 26. lim —2— 
(x, ti, 1) 1+ xy (x, 3*0, -1) 1 + xy? 


1 
28. li ES 
: (x, 3 0) x2y? 


lim 
(x,y) (0.0) x + y 
x-y x= y= 1 

29. 30. 

(x, ae 9 Sx — Sy 
: x+y 
lim 2 

(x, yoo, Ox t y 


in | ——— — 
(x, y)> (2,1) ./x — y= 1 


31. lim =~~ 
(x) (0, 0) x? — y? 
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x 


33. pi, o) (x2 + D? + 1) 34 


. l In(x? + y2 
(x, y) (0, 0) ( y ) 


: Xy T yz TX R xy + yg + xz? 
35. lim ———5—— 5 36. m Y 
(»22(.00) x? + y? + z (»22(,00 x2 + y + 22 


EXPLORING CONCEPTS 


37. Limits If f(2,3) =4, can you conclude anything 


about lim, || f(x, y)? Explain. 
x,y)? 


38. Limits If , um f(x,y) ^ 4, can you conclude 


> (2, 3) 
anything n. i o 3)? Explain. 


39. Think About It Given that, ,, Im, M f(x, y) = 0, does 


f(x, 0) = 0? "s. 


(x, dio, 0) 


40. 5 HOW DO YOU SEE IT? The figure shows the 
graph of f(x, y) = In(x? + y?). From the graph, 
does it appear that the limit at each point exists? 


z 


(et b (b) (0,3) (c) (0,0) (d) (2,0) 


Continuity In Exercises 41 and 42, discuss the continuity 
of the function and evaluate the limit of f(x, y) (if it exists) as 
(x, y) > (0, 0). 


4l. f(x,y) =e” 
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cos(x? + y?) 


42. f(x,y) =1 


x+y? 
cc < 22) 


Bi Limit and Continuity In Exercises 43-46, use a graphing 
utility to make a table showing the values of f (x, y) at the given 
points for each path. Use the result to make a conjecture about 
the limit of f(x,y) as (x, y) 5 (0, 0). Determine analytically 
whether the limit exists and discuss the continuity of the function. 


_ V 
43. f(x, y) = POETE 

Path: y = 0 

Points: (1, 0), (0.5, 0), 
(0.1, 0), (0.01, 0), 
(0.001, 0) 

Path: y =x 

Points: (1, 1), (0.5, 0.5), 
(0.1, 0.1), (0.01, 0.01), 
(0.001, 0.001) 
-7 

44. f(x,y) = ur y 

Path: x = y? 

Points: (1, 1), (0.25, 0.5), 
(0.01, 0.1), 
(0.0001, 0.01), 
(0.000001, 0.001) 

Path: x = —y? 


Points: (— 1, 1), (— 0.25, 0.5), 
(— 0.01, 0.1), 
(— 0.0001, 0.01), 
(— 0.000001, 0.001) 
ENTM A 
45. f(x, y) > e+ 
Path: y = 0 


Points: (1, 0), (0.5, 0), 
(0.1, 0), (0.01, 0), 
(0.001, 0) 

Path: y = x 

Points: (1, 1), (0.5, 0.5), 
(0.1, 0.1), 
(0.01, 0.01), 
(0.001, 0.001) 


9781337275347_1302.indd 892 


| 2x — yl 
46. f(x,y) = ree 
Path: y = 0 
Points: (1, 0), (0.25, 0), 
(0.01, 0), 
(0.001, 0), 
(0.000001, 0) 


Path: y = x 


Points: (1, 1), (0.25, 0.25), 
(0.01, 0.01), 
(0.001, 0.001), 
(0.0001, 0.0001) 


2 2 
47. Limit Consider lim 


(x, y) (0, 0) 


(see figure). 


(a) Determine (if possible) the limit along any line of the 
form y = ax. 


(b) Determine (if possible) the limit along the parabola 
y-x. 
(c) Does the limit exist? Explain. 


2. 


48. Limit Consider lim 


. y . 
I — 2 (see figure). 
(sy) (0,0) x^ + y? ( gure) 


Comparing Continuity In Exercises 49 and 50, discuss the 
continuity of the functions f and g. Explain any differences. 


Aeg, 
49. f(x, y) = I: Fy? (x, y) * (0, 0) 
0, (x, y) = (0, 0) 


x^— yt 
eR (s.9) # (0,0) 
Lo (70.0 
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x? + 2xy? + y? 


50. f(x,y) = ety C (x, y) # (0, 0) 
0, (x, y) = (0, 0) 
x2 + Qxy? + y) 
wel pey 9 UNS 
I, (x, y) = (0, 0) 


69. FO - 


g(x, y) = 2x — 3y 
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70. f(t) = 1 


=f% 


gay) =L 4 y* 


Finding a Limit In Exercises 71-76, find each limit. 


o jm, 


f(x + Ax, y) - f(x,y) 


Finding a Limit Using Polar Coordinates In Exercises 
51-56, use polar coordinates to find the limit. [Hint: Let 
x = r cos Band y = r sin 8 and note that (x, y) > (0, 0) implies 
r 0.] 


2 3 4 


: xy? = 
5h (x, Hh, 0x? + y? 52. (x, 2. 9x» 4 y? 
; xy . il 
53. lim |—5——5 54. lim |———— 
(x, y)> (0, 0) x2 + y? (x, y) (0, 0) +y 
55. li 24y 56. li nb rud 
ER cos(x? + y?) 6 To sin /x2 + y? 


Finding a Limit Using Polar Coordinates In Exercises 
57-60, use polar coordinates and L'Hópital's Rule to find the 
limit. 


sind + y? 
57. im — 
(x, y) (0, 0) x) ry 
PUDE 
&& qu M E) 
(0,0) x + y 
: ]— 2 4 y2 
59. lim edu yy 
(x, y)> (0, 0) x2 + y 
. i 2 4. y2 2 4 y2 
60 Pere 0) (x y ) In(x y ) 


Es n Continuity In Exercises 61-66, discuss the 


ET. continuity of the function. 


[n] rod 
1 
61. f(x, y, z) = ————— 
BOE EYE 
Z 
62. f(x,y,z) = Pey cus 
63. fœ y, 3) = HE 
64. f(x, y, z) = xy sinz 
sin xy 
s #0 
65. fa) = m^ 7 
1, xy =0 
sina? =y) 4. 5 
66. f(x, y) = L- y’ ey 
1, x = y? 


Continuity of a Composite Function In Exercises 
67-70, discuss the continuity of the composite function f ° g. 


67. f(t) = 68. FO =< 


g(x,y) = 2x — 3y gxy-2x-y 
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Ax 
71. f(x y) =x? — 4y 72. f(x,y) = 3x7 + y? 
73. f(x,y) == 
74. f(x, y) = y 
75. f(x,y) = 3x + xy — 2y 
76. f(x,y) = Vy(y + 1) 


Finding a Limit Using Spherical Coordinates In 
Exercises 77 and 78, use spherical coordinates to find the limit. 
[Hint: Let x = psin $ cos 8, y = psin $ sin 8 and z = pcos 4, 
and note that (x, y, z) > (0, 0, 0) implies p 0*.] 


XYZ 


T. lim »gaivoe 
(x, »)-» (0.0, 0) X +y + 2 


1 
78. li tan~ !| ———-_——. 
1 6.) 0 0, 0) an (= +y + z 


True or False? In Exercises 79-82, determine whether the 

statement is true or false. If it is false, explain why or give an 

example that shows it is false. 

79. A closed region contains all of its boundary points. 

80. Every point in an open region is an interior point. 

81. If T is continuous for all nonzero x and y, and f (0, 0) = 0, then 
(à; Jum (0, o fe Hn = 0. 

82. If g is a continuous function of x, / is a continuous function of 
y, and f(x, y) = g(x) + A(y), then f is continuous. 


83. Finding a Limit Find the following limit. 


lim w|i | 
Gs y) (0, 1) à +(y- 1)? 


84. Continuity For the function 


F(x, y) = (E) 


define f(0, 0) such that f is continuous at the origin. 


85. Proof Prove that 
o, It, LAG») + 80] L + Lp 
where f(x,y) approaches L, and g(x,y) approaches L, as 
(x, y)> (a, b). 

86. Proof Prove that if f is continuous and f(a, b) < 0, 
then there exists a O-neighborhood about (a,b) such that 
f(x, y) < 0 for every point (x, y) in the neighborhood. 
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13.3 Partial Derivatives 


Functions of Several Variables 


JEAN LE ROND D'ALEMBERT 
(1717-1783) 


The introduction of partial 
derivatives followed Newton's 
and Leibniz's work in calculus 
by several years. Between 

1730 and 1760, Leonhard Euler 
and Jean Le Rond d'Alembert 
separately published several 
papers on dynamics, in which 
they established much of the 
theory of partial derivatives. 
These papers used functions of 
two or more variables to study 
problems involving equilibrium, 
fluid motion, and vibrating 
strings. 

See LarsonCalculus.com to read 
more of this biography. 


@ Find and use partial derivatives of a function of two variables. 
E Find and use partial derivatives of a function of three or more variables. 
E Find higher-order partial derivatives of a function of two or three variables. 


Partial Derivatives of a Function of Two Variables 


In applications of functions of several variables, the question often arises, “How will the 
value of a function be affected by a change in one of its independent variables?" You 
can answer this by considering the independent variables one at a time. For example, 
to determine the effect of a catalyst in an experiment, a chemist could conduct the 
experiment several times using varying amounts of the catalyst while keeping constant 
other variables such as temperature and pressure. You can use a similar procedure to 
determine the rate of change of a function f with respect to one of its several independent 
variables. This process is called partial differentiation, and the result is referred to as 
the partial derivative of f with respect to the chosen independent variable. 


Definition of Partial Derivatives of a Function of Two Variables 


If z = f(x, y), then the first partial derivatives of f with respect to x and y 
are the functions f, and f, defined by 
f(x + Ax, y) — fG y) 


fx. y) = a Ax 


Partial derivative with respect to x 


and 


Partial derivative with respect to y 


provided the limits exist. 


This definition indicates that if z = f(x, y), then to find f,, you consider y constant 
and differentiate with respect to x. Similarly, to find f, you consider x constant and 
differentiate with respect to y. 


EXAMPLE 1 Finding Partial Derivatives 


a. To find f, for f(x, y) = 3x — x?y? + 2xy, consider y to be constant and differentiate 
with respect to x. 


f(x y) = 3 — 2xy? + 62y 
To find f., consider x to be constant and differentiate with respect to y. 


fx y) = = 2xy + 2x 


Partial derivative with respect to x 


Partial derivative with respect to y 


b. To find f, for f(x, y) = (In x)(sin x?y), consider y to be constant and differentiate 
with respect to x. 


f(x, y) = (In x) (cos x2y)(2xy) + sin 


Partial derivative with respect to x 


To find f,, consider x to be constant and differentiate with respect to y. 


fj») = (In x) (cos x^y)G?) 


Partial derivative with respect to y 


Gianni Dagli Orti/The Art Archive/Alamy Stock Photo 
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e 


is The notation 
0z/àx is read as “the partial 
derivative of z with respect to 
x," and dz/dy is read as “the 
partial derivative of z with 
respect to y.” 


4 (Xo: Yor Zo) 
—— s 
ae P — y 
Plane: y = yg 
af 
—= sl in x-directi 
d slope in x-direction 


Figure 13.28 


i (Xo; Yo Zo) 


\ 


Plane: x = xg 


— = slope in y-direction 


Figure 13.29 
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Notation for First Partial Derivatives 
For z = f(x, y), the partial derivatives f, and f, are denoted by 


az 


fey) = fey == SE 


Ox 


Partial derivative with respect to x 


and 


az 
oy 


Partial derivative with respect to y 


pie) *463 == 


The first partials evaluated at the point (a, b) are denoted by 
0z 
=| fab) 


(a, b) 


E f(a, b). 


(a, b) 


EXAMPLE 2 Finding and Evaluating Partial Derivatives 


For f(x, y) = xe*^, find f, and f, and evaluate each at the point (1, In 2). 


Solution Because 
fo y) = xe*(2xy) + e” 
the partial derivative of f with respect to x at (1, In 2) is 


f(A, In 2) = e™2(2 In2) + e^? 


Partial derivative with respect to x 


= 4]n2 + 2. 
Because 
— xy, 2 
fo y) = xe* (x?) 
2. 
= ey Partial derivative with respect to y 


the partial derivative of f with respect to y at (1, In 2) is 
f, 1n 2) = e? 
- 2. a 


The partial derivatives of a function of two variables, z = f(x, y), have a useful 
geometric interpretation. If y = yp, then z = f(x, y) represents the curve formed by 
intersecting the surface z = f(x, y) with the plane y = yọ, as shown in Figure 13.28. 
Therefore, 


gi j= dini Fo + Ax, Yo) nri yo) 
xo Jo/ 7 AI Ax 


represents the slope of this curve at the point (Xp, yo, f (xo, Yo)). Note that both the curve 
and the tangent line lie in the plane y = yọ. Similarly, 


F(x, Yo + Ay) = Fo Yo) 


fe») = im, 


represents the slope of the curve given by the intersection of z = f(x, y) and the plane 
X = xg at (xo, yo, f (xy, Yo)), as shown in Figure 13.29. 

Informally, the values of df/dx and df/dy at the point (Xp, Yo, Zo) denote the slopes 
of the surface in the x- and y-directions, respectively. 
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Surface: 
f(x, y) = 1 —-(x -1? -(y -2? 


Figure 13.32 


Finding the Slopes of a Surface 


Hen [> See LarsonCalculus.com for an interactive version of this type of example. 
Find the slopes in the x-direction and in the y-direction of the surface 


x 25 
Ur di Y. + — 
f(x, y) rae *X 


at the point (5, 1, 2). 


Solution The partial derivatives of f with respect to x and y are 


f, y) — —x and FAX, y) = —2y. Partial derivatives 
So, in the x-direction, the slope is 
1 1 
lt 1) = 73 Figure 13.30 
and in the y-direction, the slope is 
DE \)=-2 Figure 13.31 
AP . igure 13.3 
z z 
A Surface: A 
x 25 
m eve 4 
+ 
(1) 
E \2 
— 
—— 2 
2 y 5 a | ) 
3 | Slope in x-direction: 2 -1 | Slope in y-direction: 
x X 
1 djs-i | i ) "E 
A 2 Aa! 2 
Figure 13.30 Figure 13.31 


Finding the Slopes of a Surface 


Find the slopes of the surface 
f(x,y) = 1- œ- 1}? — (y— 2p 
at the point (1, 2, 1) in the x-direction and in the y-direction. 
Solution The partial derivatives of f with respect to x and y are 
Joy) = — 20-1) and f(»y)- Xy- 2). Partial derivatives 
So, at the point (1, 2, 1), the slope in the x-direction is 
f(,2)9-2(0-1)-20 
and the slope in the y-direction is 
FCA, 2) = -2(2-2)=0 


as shown in Figure 13.32. 


The area of the parallelogram is 
ab sin 9. 


Figure 13.33 


asin 


13.3 Partial Derivatives 897 


No matter how many variables are involved, partial derivatives can be interpreted 
as rates of change. 


EXAMPLE 5 Using Partial Derivatives to Find Rates of Change 


The area of a parallelogram with adjacent sides a and b and included angle 0 is given 
by A = ab sin 6, as shown in Figure 13.33. 


a. Find the rate of change of A with respect to a for a = 10, b = 20, and O = 11/6. 


b. Find the rate of change of A with respect to O for a = 10, b = 20, and O = m/6. 
Solution 


a. To find the rate of change of the area with respect to a, hold b and O constant and 
differentiate with respect to a to obtain 


ðA : f ; TM 
Ja = b sin O. Find partial derivative with respect to a. 
a 


For a = 10, b = 20, and 0 = 11/6, the rate of change of the area with respect to a is 


ae = 20 sin x = 10. Substitute for b and 8. 
da 6 
b. To find the rate of change of the area with respect to O, hold a and b constant and 


differentiate with respect to O to obtain 


ðA . . "^.WT 
90 = ab cos 8. Find partial derivative with respect to 9. 
For a = 10, b = 20, and O = 11/6, the rate of change of the area with respect to 0 is 
0A T = 
08 — 200 cos 6 — 100 J3. Substitute for a, b, and 9. au 


Partial Derivatives of a Function of Three or More Variables 


The concept of a partial derivative can be extended naturally to functions of three or 
more variables. For instance, if w — f(x, y, z), then there are three partial derivatives, 
each of which is formed by holding two of the variables constant. That is, to define 
the partial derivative of w with respect to x, consider y and z to be constant and 
differentiate with respect to x. A similar process is used to find the derivatives of w 
with respect to y and with respect to z. 


ee E OU 
em = f(x,y,z) = sim, P y+ “2 = Tos y, z) 
ES = f(x, y, z) = lim 2 pat E — f(x y. z) 
In general, if w = f(x}, x5, . . - , x,), then there are n partial derivatives denoted by 
= =f Wty sa pte k=1,2,. ont 


To find the partial derivative with respect to one of the variables, hold the other 
variables constant and differentiate with respect to the given variable. 
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Note that the 
two types of notation for mixed 
partials have different conventions 
for indicating the order of 


differentiation. 
9 9f = arf Right-to- 
dy NOx ðyðx left order 
Left-to- 
LE - Ta TAS 


right order 
You can remember the order by 
observing that in both notations 
you differentiate first with respect 
to the variable “nearest” f. 


EXAMPLE 6 Finding Partial Derivatives 


a. To find the partial derivative of f(x, y, z) = xy + yz? + xz with respect to z, consider 
x and y to be constant and obtain 


0 
p + yZ + xz] = 2yz + x. 


b. To find the partial derivative of f(x, y, z) = z sin(xy? + 2z) with respect to z, consider 
x and y to be constant. Then, using the Product Rule, you obtain 


0 0 0 
exe) 1 2 + = —l oi 2 + + 1 2: + Euh 
az Lc sino? + 22] = (2 [sini? + 22)] + sino? + 22) Iz] 
= (z)[cos(xy? + 2z)|(2) + sin(xy? + 2z) 
= 2z cos(xy? + 2z) + sin(xy? + 2z). 
c. To find the partial derivative of 


xtytz 
f(x, y, z, w) m 


with respect to w, consider x, y, and z to be constant and obtain 


O;/xtytzZz XE yt Z 
2l w l 2 ` a 


Ww 


Higher-Order Partial Derivatives 


As is true for ordinary derivatives, it is possible to take second, third, and higher-order 
partial derivatives of a function of several variables, provided such derivatives exist. 
Higher-order derivatives are denoted by the order in which the differentiation occurs. 
For instance, the function z = f(x, y) has the following second partial derivatives. 


1. Differentiate twice with respect to x: 


EE 

Gu Ne aye e 

2. Differentiate twice with respect to y: 
ee, 
dy \dy Qe? "5m 


3. Differentiate first with respect to x and then with respect to y: 


E (2) of 


dy NOx ðyðx foy 


4. Differentiate first with respect to y and then with respect to x: 


ð (2) E =i, 


ox \dy oxdy 


The third and fourth cases are called mixed partial derivatives. 
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EXAMPLE 7 Finding Second Partial Derivatives 


Find the second partial derivatives of 
F(x, y) = 3xy? — 2y + 5x y! 
and determine the value of f,,(— 1, 2). 
Solution Begin by finding the first partial derivatives with respect to x and y. 
Fa, y) = 3y? + 10x? and f(x,y) = 6xy — 2 + 10x4y 
Then, differentiate each of these with respect to x and y. 
f(x, y) = 10y? and f(x, y) = 6x + 10x? 
fo y) = 6y + 20xy and f(x, y) = 6y + 20xy 
At (— 1, 2), the value of f, is 
fol 1,2) = 12 — 40 = —28. F| 


Notice in Example 7 that the two mixed partials are equal. Sufficient conditions for 
this occurrence are given in Theorem 13.3. 


THEOREM 13.3 Equality of Mixed Partial Derivatives 
If f is a function of x and y such that f., and f,, are continuous on an open disk 


R, then, for every (x, y) in R, 
fo Y) = fab). 


Theorem 13.3 also applies to a function f of three or more variables as long as all 
second partial derivatives are continuous. For example, if 


w= f(x, y z) Function of three variables 


and all the second partial derivatives are continuous in an open region R, then at 
each point in R, the order of differentiation in the mixed second partial derivatives is 
irrelevant. If the third partial derivatives of f are also continuous, then the order of 
differentiation of the mixed third partial derivatives is irrelevant. 


Finding Higher-Order Partial Derivatives 


Show that f. = fax and f... = f... = f... for the function 
f(x,y,z) = ye + xInz. 
Solution 


First partials: 
fo yz) = ye + nz f(x,y,z) = 
Second partials (note that the first two are equal): 
Je y: z) = 7 FAX, yz) = i fx, y, z) = x 


Third partials (note that all three are equal): 


1 1 1 
fae Y z) = He fao Y, 2) = —> fao yz) = -z E 
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13.3 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. First Partial Derivatives List three ways of writing 
the first partial derivative with respect to x of z — f(x, y). 


. First Partial Derivatives Sketch a surface 
representing a function f of two variables x and y. Use the 
sketch to give geometric interpretations of df/dx and df/dy. 


. Higher-Order Partial Derivatives Describe the 
order in which the differentiation of f(x, y, z) occurs for 
(a) fix, and (b) 9?f/àxàz. 


. Mixed Partial Derivatives If f is a function of x 
and y such that fj, and f, are continuous, what is the 
relationship between the mixed partial derivatives? 


Examining a Partial Derivative In Exercises 5-10, 
explain whether the Quotient Rule should be used to find the 
partial derivative. Do not differentiate. 


af xy ) 2( xl ) 
= 2(3 -3 ý ay y3 

So wa 
h 2G +1 Be ax\x? + 1 

9( x 3f xy 
* As + z) n E t ;) 


ft] Finding Partial Derivatives In Exercises 
11-40, find both first partial derivatives. 


es 
11. f(x, y) = 2x — 5y + 3 12. f(x,y) =x? 2 + 4 
13. z = 6x — xy + 8y? 14. f(x, y) = 40y^? 
15. z = x /y 16. z = 2y! /x 
17. z = e" 18. z = ev» 
19. z = x?e? 20. z = Tye* 
21. z= LE 22. z = In /xy 
23. z = In? + y?) 24. z= n x i 

2 2 
ma + 26 z= T 
27. h(x, y) = ety) 28. g(x,y) = In? + y? 
29. f(xy) = V2 + y? 30. f(x, y) = /2x + y? 
31. z = cos xy 32. z = sin(x + 2y) 
33. z — tan(2x — y) 34. z — sin 5x cos 5y 
35. z = e sin 8xy 36. z = cos(x? + y?) 
37. z = sinh(2x + 3y) 38. z = cosh xy? 
39. f(x, y) = fe — 1) dt 

d . 

40. f(x, y) [ (2t + 1) dt 4 Í (2t — 1) dt 


[s] Finding Partial Derivatives In Exercises 
'"* 41-44, use the limit definition of partial derivatives 
1 to find f,(x, y) and f,(x, y). 


41. f(x, y) = 3x + 2y 42. f(x,y) =x? — Ixy + y? 


43. f(x,y) = J/xty 44. f(x, y) = 


xy 


zc) Finding and Evaluating Partial Derivatives 
ck "^ In Exercises 45-52, find f, and f, and evaluate 


each at the given point. 
[m] 
t 


45. f(x, y) = e*y?, (In 3,2) 


47. f(x, y) = cos(2x — y), u J 


46. f(x, y) = x In 5y, (1, 1) 


48. f(x, y) = sin xy, (2. 7) 


49. f(x, y) = arctan = (2,-2) 50. f(x, y) = arccos xy, (1, 1) 


81. f(x,y) = I 2-2) 
TEN. (1, 1) 
VAx + 5y? 


Finding the Slopes of a Surface In Exercises 
53-56, find the slopes of the surface in the x- and 
y-directions at the given point. 


54. z= J25- xL- y 
(3, 0, 4) 


52. f(x,y) = 


55. (x,y) =4- x2 -y 
(1,1,2) 


56. h(x, y) =x — y? 
(=2;1,3) 
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Riu] Finding Partial Derivatives In Exercises BB Finding Partial Derivatives Using Technology In 


mc mam 57—62, find the first partial derivatives with respect 
ou j to x, y, and z. 

57. H(x, y, z) = sin(x + 2y + 3z) 

58. f(x, y, z) = 3x°y — Sxyz + 10yz? 


59. w= Je +y +Z 


_ xz 
60. w = ur 
61. F(x, y, z) = InJ/x? + y + 2 
1 
62. G(x, y, z 
yz) Jie- y- zZ 


Finding and Evaluating Partial Derivatives In Exercises 
63—68, find f., f,, and f, and evaluate each at the given point. 


63. f(x, y, z) = xyz, (1, 1, 1) 


64. f(x, y, z) = x2y? + 2xyz — 3yz, (72, 1,2) 
I 
65. f(x y, 2 = ——. (1, - 1, —1) 
= xy 
66. fG y, z) x + y + z (3 1, 1) 


67. f(x, y, z) = zsin(x + 6y), (o. D -4) 
68. f(x,y, 2) = V3 * y! — 22, (1, -2, 1) 


Using First Partial Derivatives In Exercises 69-76, find 
all values of x and y such that f,(x, y) = 0 and f(x,y) = 0 
simultaneously. 


69. f(x,y) = x? + xy + y! — 2x + 2y 
70. f(x,y) - x2 xy +y- 5x t y 
71. f(x, y) =x? + 4xy + y? — 4x + 16y + 3 
72, fx, y) um —a ey 
1 
73. f(x,y) = ree) 


74. f(x, y) = 3x3 — 12xy + y? 
75. fx, y) = ec t»*» 
76. f(x, y) = In? + y? + 1) 


Exercises 77-86, find the four second partial 


EM [s] Finding Second Partial Derivatives In 
t t derivatives. Observe that the second mixed partials 


are equal. 
77. z = 3xy? 78. z =x? + 3y? 
79. z = x* — 2xy + 3y3 80. z = xt — 32y? + yt 
81. z= V2 +y 


82. z = In(x — y) 

83. z = e* tany 

84. z = 2xe” — 3ye ™ 
85. z = cos xy 


86. 


arctan 


N 
ll 
M I< 


Exercises 87-90, use a computer algebra system to find the 
first and second partial derivatives of the function. Determine 
whether there exist values of x and y such that f,(x, y) = 0 and 
fy x, y) = 0 simultaneously. 


87. f(x, y) = xsec y 88. f(x,y) = /25- x2 - y? 
B x s 
89. f(x, y) = In Ey 90. f(x, y) 205 


[n]; [s] Finding Higher-Order Partial Derivatives 
RET ty In Exercises 91-94, show that the mixed partial 
[m] es derivatives f,,,, fyxy and f, are equal. 
91. f(x,y,z) = xyz 
92. f(x, y, z) = x? — 3xy + 4yz +z 
93. f(x, y, z) = e^" sin yz 

2z 
x+y 


94. f(x, yz) = 


Laplace’s Equation In Exercises 95-98, show that the 
function satisfies Laplace's equation 07z/0x? + 07z/dy? = 0. 


95. z = 5xy 96. z = i(& — e~) sinx 


y 


97. z = e* sin y 98. z = arctan — 
x 


Wave Equation In Exercises 99-102, show that the function 
satisfies the wave equation 02z/0t? = c?(0?z/0x?). 
99, z = sin(x — ct) 
100. z = cos(4x + 4ct) 
101. z = In(x + ct) 
102. z = sin Wet sin Wi 


Heat Equation In Exercises 103 and 104, show that the 
function satisfies the heat equation 0z/0t = c?(0?z/0x?). 


103. z 


ll 


x 
e-' cos — 
[s 


ll 


104. z = e~ sin 
€ 
Cauchy-Riemann Equations In Exercises 105 and 106, 


show that the functions u and v satisfy the Cauchy-Riemann 
equations 


105. u = x? — y^, v = 2xy 

106. u = e* cos y, v = e* sin y 

Using First Partial Derivatives In Exercises 107 and 108, 
determine whether there exists a function f (x, y) with the given 


partial derivatives. Explain your reasoning. If such a function 
exists, give an example. 


107. f(x, y) = —3 sin(3x — 2y), f(x, y) = 2 sin(3x — 2y) 
108. f(x, y) = 2x + y, fo y) =x — 4y 
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EXPLORING CONCEPTS 


109. Think About It Consider z = f(x, y) such that 
z, = z, Does z = c(x + y)? Explain. 


110. First Partial Derivatives Given z = f(x)g(y), 


111. 


find z, + z,. 
Sketching a Graph Sketch the graph of a function 


z — f(x, y) whose derivative f, is always negative and 
whose derivative f, is always positive. 


. Sketching a Graph Sketch the graph of a function 
z = f(x, y) whose derivatives f, and f, are always 
positive. 


. Think About It The price P (in dollars) of a used 
car is a function of its initial cost C (in dollars) and its 
age A (in years). What are the units of dP/dA? Is 9P/8A 
positive or negative? Explain. 


u4 ) HOW DO YOU SEE IT? Use the graph 


115. 


116. 


117. 


of the surface to determine the sign of each 
partial derivative. Explain your reasoning. 


(a) f.(4, 1) 
(9) ff 1l, =2) 


(b) f,(4, 1) 
(d) (71. -2) 


Area  Theareaofatriangleisrepresented by A = Sab sin 0, 
where a and b are two of the side lengths and @ is the angle 
between a and b. 


(a) Find the rate of change of A with respect to b for a — 4, 
b = 1, and 0 = rA. 


(b) Find the rate of change of A with respect to 0 for a — 2, 
b = 5,andO = n/3. 


Volume The volume of a right-circular cone of radius r 
and height h is represented by V = inc. 


(a) Find the rate of change of V with respect to r for r — 2 
and h = 2. 


(b) Find the rate of change of V with respect to h for r = 2 
and h = 2. 


Marginal Revenue A pharmaceutical corporation has 
two plants that produce the same over-the-counter medicine. 
If x, and x, are the numbers of units produced at plant 1 and 
plant 2, respectively, then the total revenue for the product is 
given by R = 200x, + 200x, — 4x? — 8x,x, — 4x3. When 
Xx, = 4 and x, = 12, find (a) the marginal revenue for plant 1, 
dR/dx,, and (b) the marginal revenue for plant 2, dR/dx). 


Amy Walters/Shutterstock.com 


e 118. Marginal Costs ««««e«e«eseecececccce 


A company manufactures 
two types of wood- 
burning stoves: a 
freestanding model and 

a fireplace-insert model. 
The cost function for 
producing x freestanding 
and y fireplace-insert 
stoves is 


C = 324/ xy + 175x 4 
(a) Find the marginal costs (9C/àx and dC/dy) when x = 80 


(b) When additional production is required, which model of 


119. 


120. 


121. 


122. 


123. 


205y + 1050. 
and y — 20. 


stove results in the cost increasing at a higher rate? How 
can this be determined from the cost model? 


Psychology Early inthe twentieth century, an intelligence 
test called the Stanford-Binet Test (more commonly known 
as the IQ test) was developed. In this test, an individual’s 
mental age M is divided by the individual’s chronological 
age C and then the quotient is multiplied by 100. The result 
is the individual's JQ. 


IQ(M, C) = x x 100 


Find the partial derivatives of JQ with respect to M and with 
respect to C. Evaluate the partial derivatives at the point 
(12, 10) and interpret the result. (Source: Adapted from 
Bernstein/Clark-Stewart/Roy/Wickens, Psychology, Fourth 
Edition) 


Marginal Productivity Consider the Cobb-Douglas 
production function f(x, y) = 200497,92, When x = 1000 
and y — 500, find (a) the marginal productivity of labor, 
9f/ àx, and (b) the marginal productivity of capital, af/dy. 
Think About It Let N be the number of applicants to a 
university, p the charge for food and housing at the university, 
and t the tuition. Suppose that N is a function of p and t such 
that 90N/àp < 0 and dN/dt < 0. What information is gained 
by noticing that both partials are negative? 


Investment The value of an investment of $1000 earning 
696 compounded annually is 


V, R) = 1000] + + 0.06(1 — s! 


1+] 


where / is the annual rate of inflation and R is the tax rate for 
the person making the investment. Calculate V,(0.03, 0.28) 
and V,(0.03, 0.28). Determine whether the tax rate or the rate 
of inflation is the greater “negative” factor in the growth of 
the investment. 


Temperature Distribution The temperature at any 
point (x, y) ona steel plate is T = 500 — 0.62 — 1.5y?, where 
x and y are measured in meters. At the point (2, 3), find the 
rates of change of the temperature with respect to the distances 
moved along the plate in the directions of the x- and y-axes. 


124. 


125. 


126. 


Apparent Temperature A measure of how hot weather 
feels to an average person is the Apparent Temperature 
Index. A model for this index is 


A = 0.885t — 22.4h + 1.20th 


0.544 


where A is the apparent temperature in degrees Celsius, ft is 
the air temperature, and A is the relative humidity in decimal 
form. (Source: The UMAP Journal) 


when t = 30? and h = 0.80. 


. ,0A ðA 
(a) Find ái and ah 


(b) Which has a greater effect on A, air temperature or 
humidity? Explain. 


Ideal Gas Law The Ideal Gas Law states that 


PV = nRT 


where P is pressure, V is volume, n is the number of moles of 
gas, R is a fixed constant (the gas constant), and T is absolute 
temperature. Show that 


oT oP oV — 
oP oV OT 


=l. 


Marginal Utility The utility function U = f(x, y) is a 
measure of the utility (or satisfaction) derived by a person 
from the consumption of two products x and y. The utility 
function for two products is 


U = —5x? + xy — 3y. 
(a) Determine the marginal utility of product x. 


(b) Determine the marginal utility of product y. 


(c) When x = 2 and y = 3, should a person consume one 
more unit of product x or one more unit of product y? 
Explain your reasoning. 


fe (d) Use a computer algebra system to graph the function. 


127. 


Interpret the marginal utilities of products x and y 
graphically. 


Modeling Data Personal consumption expenditures (in 
billions of dollars) for several types of recreation from 
2009 through 2014 are shown in the table, where x is the 
expenditures on amusement parks and campgrounds, y is the 
expenditures on live entertainment (excluding sports), and 


z is the expenditures on spectator sports. (Source: U.S. 
Bureau of Economic Analysis) 

Year | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 

x 37.2 | 38.8 | 41.3 | 446 | 47.0 | 50.3 

y 25.2 | 263 | 283 | 28.5 | 28.0 | 30.0 

Z 18.8 | 19.2 | 20.4 | 20.6 | 21.6 | 22.4 


A model for the data is given by 


z = 0.23x + 0.14y + 6.85. 
(a) Find ge and ae 
Ox oy 


(b) Interpret the partial derivatives in the context of the problem. 


128. 
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Modeling Data The table shows the national health 
expenditures (in billions of dollars) for the Department of 
Veterans Affairs x, workers’ compensation y, and Medicaid z 
from 2009 through 2014. (Source: Centers for Medicare 
and Medicaid Services) 


Year 


2009 | 2010 | 2011 2012 | 2013 | 2014 


42.5 45.7 48.2 49.8 52.8 57.2 


36.0 36.1 39.1 41.7 44.1 47.3 


374.5 | 397.2 | 406.4 | 422.0 | 446.7 | 495.8 


129. 


130. 


131. 


A model for the data is given by 


z = —0.1202 + 0.657y? + 17.70x — 51.53y + 842.5. 


. , 9z 9 
(a) Find ag and p 


(b) Determine the concavity of traces parallel to the xz-plane. 
Interpret the result in the context of the problem. 

(c) Determine the concavity of traces parallel to the yz-plane. 
Interpret the result in the context of the problem. 


Using a Function Consider the function defined by 


we- y?) E: 
gy (x, y) # (0, 0) 


0, (x, y) = (0,0) 


fy) = 


(a) Find f(x, y) and f,(x, y) for (x, y) # (0, 0). 
(b) Use the definition of partial derivatives to find f.(0, 0) 
and f,(0, 0). 


L f0, 0) = lim ft 9 - f(0, 2| 


(c) Use the definition of partial derivatives to find f, (0, 0) 
and f,,(0, 0). 


(d) Using Theorem 13.3 and the result of part (c), what can 
be said about f, or f,.? 


Using a Function Consider the function 
Poss o, 
(a) Find f,(0, 0) and f,(0, 0). 


(b) Determine the points (if any) at which f(x, y) or f(x, y) 
fails to exist. 


Using a Function Consider the function 
Fa y) = Gà + yp" 
Show that 


4x » 
fx y) = 4 302 + y) (x, y) # (0, 0) 
0, (x, y) = (0,0) 


E FOR FURTHER INFORMATION For more information 


about this problem, see the article “A Classroom Note on a 


Naturally Occurring Piecewise Defined Function” by Don Cohen 


in Mathematics and Computer Education. 
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13.4 Differentials 


iM Understand the concepts of increments and differentials. 
iM Extend the concept of differentiability to a function of two variables. 
E Use a differential as an approximation. 


Increments and Differentials 


In this section, the concepts of increments and differentials are generalized to functions 
of two or more variables. Recall from Section 3.9 that for y = f(x), the differential of 
y was defined as 


dy = f'(x) dx. 


Similar terminology is used for a function of two variables, z — f(x, y). That is, Ax and 
Ay are the increments of x and y, and the increment of z is 


Az = f(x + Ax, y + Ay) — f(x, y). Increment of z 


Definition of Total Differential 


If z = f(x, y) and Ax and Ay are increments of x and y, then the differentials 
of the independent variables x and y are 


dx = Ax and dy = Ay 


and the total differential of the dependent variable z is 


dz Oz 
= + = + ; 
dz Im dx By dy = f(x, y) dx fis y) dy 


This definition can be extended to a function of three or more variables. For 
instance, if w = f(x, y, z, u), then dx = Ax, dy = Ay, dz = Az, du = Au, and the total 
differential of w is 


EXAMPLE 1 Finding the Total Differential 


Find the total differential for each function. 
a. z = 2xsiny — 32y? bw=xr+y+2 
Solution 


a. The total differential dz for z = 2x sin y — 3x2y? is 


dz = —dx + —dy Total differential dz 
y 


= (2 sin y — 6xy?) dx + (2x cos y — 6x?y) dy. 


b. The total differential dw for w = x? + y? + z? is 


dw = dx + dy + dz Total differential dw 


= 2x dx + 2y dy + 2z dz. a 


Figure 13.34 


13.4 Differentials 905 


Differentiability 


In Section 3.9, you learned that for a differentiable function given by y — f(x), you 
can use the differential dy — f'(x) dx as an approximation (for small Ax) of the value 
Ay — f(x -- Ax) — f(x). When a similar approximation is possible for a function of 
two variables, the function is said to be differentiable. This is stated explicitly in the 
next definition. 


Definition of Differentiability 


A function f given by z = f(x, y) is differentiable at (x, yọ) if Az can be 
written in the form 


Az = fixo, yo) Ax + fx, Yo) Ay + &j Ax + e,Ay 


where both £, and e, > 0 as 
(Ax, Ay) > (0, 0). 


The function f is differentiable in a region R if it is differentiable at each 
point in R. 


Showing that a Function Is Differentiable 


Show that the function 


f(x, y) = x? + 3y 


is differentiable at every point in the plane. 


Solution Letting z = f(x, y), the increment of z at an arbitrary point (x, y) in the 
plane is 
Az = f(x + Ax, y + Ay) — f(x, y) Increment of z 
(x + Ax)? + 3(y + Ay) — G2 + 3y) 
x? + 2xAx + (Ax)? + 3y + 3Ay — x? —3y 
2xAx + (Ax)? + 3Ay 
= 2x(Ax) + 3(Ay) + Ax(Ax) + O(Ay) 
= f(x, y)Ax + £i, y)Ay + &eiAx  &jAy 


where e, = Ax and e, = 0. Because e, > 0 and e, 0 as (Ax, Ay) > (0, 0), it follows 
that f is differentiable at every point in the plane. The graph of f is shown in 
Figure 13.34. au 


Be sure you see that the term “differentiable” is used differently for functions 
of two variables than for functions of one variable. A function of one variable is 
differentiable at a point when its derivative exists at the point. For a function of two 
variables, however, the existence of the partial derivatives f, and f, does not guarantee 
that the function is differentiable (see Example 5). The next theorem gives a sufficient 
condition for differentiability of a function of two variables. 


THEOREM 13.4 Sufficient Condition for Differentiability 
If f is a function of x and y, where f, and f, are continuous in 


Dec 
an open region R, then f is differentiable on R. Mu i 
ORs we 


A proof of this theorem is given in Appendix A. 
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Gye (p Ax y) Got Ay t dy) 


The exact change in z is Az. This 
change can be approximated by the 
differential dz. 

Figure 13.35 


f(x + Ax, y € Ay). f(x, y) 


L1 
(1.01, 0.97) 


As (x, y) moves from the point (1, 1) 
to the point (1.01, 0.97), the value of 
f(x, y) changes by about 0.0137. 
Figure 13.36 


Functions of Several Variables 


Approximation by Differentials 


Theorem 13.4 tells you that you can choose (x + Ax, y + Ay) close enough to (x, y) to 
make e, Àx and e,Ay insignificant. In other words, for small Ax and Ay, you can use 


the approximation 
Az = dz. 


Approximate change in z 


This approximation is illustrated graphically in Figure 13.35. Recall that the partial 
derivatives dz/dx and dz/dy can be interpreted as the slopes of the surface in the 
x- and y-directions. This means that 


represents the change in height of a plane that is tangent to the surface at the point 
(x, y, f(x, y)). Because a plane in space is represented by a linear equation in the 
variables x, y, and z, the approximation of Az by dz is called a linear approximation. 
You will learn more about this geometric interpretation in Section 13.7. 


EXAMPLE 3 Using a Differential as an Approximation 


e «© p See LarsonCalculus.com for an interactive version of this type of example. 
Use the differential dz to approximate the change in 
z= /4-~-y 


as (x, y) moves from the point (1, 1) to the point (1.01, 0.97). Compare this approximation 
with the exact change in z. 


Solution Letting (x, y) = (1, 1) and (x + Ax, y + Ay) = (1.01, 0.97) produces 
dx = Ax = 0.01 and dy = Ay = —0.03. 
So, the change in z can be approximated by 
- -y 

= RM A 

J4A— x3 —-y JA—x3 -y 
When x = 1 and y = 1, you have 

1 0.02 
— —=(-0.03) = —== 
qu e 


In Figure 13.36, you can see that the exact change corresponds to the difference in the 
heights of two points on the surface of a hemisphere. This difference is given by 


Az = f(1.01, 0.97) — f(1, 1) 
= /4-(rL0p-(097-J/4-9-mn 
~ 0.0137. 


Az = dz = 2 Ay. 


1 
Az = =o /2(0.01) ~ 0.0141. 


A function of three variables w = f(x, y, z) is differentiable at (x, y, z) provided that 
Aw = f(x + Ax, y + Ay, z + Az) — f(x, y, z) can be written in the form 


Aw = f,Ax + f Ay + fAz + e Ax + Ay + &eAz 


where £}, &, and e,;70 as (Ax, Ay, Az) 2 (0,0,0). With this definition of 
differentiability, Theorem 13.4 has the following extension for functions of three 
variables: If f is a function of x, y, and z, where f,, f,, and f, are continuous in an open 
region R, then f is differentiable on R. 

In Section 3.9, you used differentials to approximate the propagated error 
introduced by an error in measurement. This application of differentials is further 
illustrated in Example 4. 


x 


Volume = xyz 
Figure 13.37 
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EXAMPLE 4 Error Analysis 


The possible error involved in measuring each dimension of a rectangular box is 
+0.1 millimeter. The dimensions of the box are x = 50 centimeters, y = 20 centimeters, 
and z = 15 centimeters, as shown in Figure 13.37. Use dV to estimate the propagated 
error and the relative error in the calculated volume of the box. 


Solution The volume of the box is V = xyz, so 


aV oV oV 
dV — 3 dx + yo o; ^ 


= yz dx + xz dy + xy dz. 


Using 0.1 millimeter — 0.01 centimeter, you have 
dx = dy = dz = +0.01 
and the propagated error is approximately 
dV = (20)(15)(+0.01) + (50)(15)(+0.01) + (50)(20)(+0.01) 
= 300(+0.01) + 750(+£0.01) + 1000(+0.01) 
2050(+0.01) 


= +20.5 cubic centimeters. 


Because the measured volume is 
V = (50)(20)(15) = 15,000 cubic centimeters 
the relative error, AV/V, is approximately 


AV dV +20.5 
zz = sz + 
V V 15,000 S 


which is a percent error of about 0.14%. F| 


As is true for a function of a single variable, when a function in two or more variables 
is differentiable at a point, it is also continuous there. 


THEOREM 13.5 Differentiability Implies Continuity 


If a function of x and y is differentiable at (xo, yọ), then it is 
continuous at (xo, Yo). 


Proof Let f be differentiable at (xp, Yọ), where z = f(x, y). Then 


Az = [fixo Yo) + e] Ax + [f xo. yo) + e] Ay 


where both s, and &; 0 as (Ax, Ay) > (0, 0). However, by definition, you know that 
Azis 


Az = f(x + Ax, yo + Ay) — F(X, Yo). 
Letting x = xy + Ax and y = yọ + Ay produces 


F(x, y) — fx Yo) = Lfxo Yo) + e Ax + [f (xo. Yo) + &] Ay 
= [fo Yo) + eil — x) + [xo Yo) + e — yo). 


Taking the limit as (x, y) > (x9, yo), you have 
fe y) = Fao Yo) 


which means that f is continuous at (xo, yo). i 


lim 
Go y)2 (xo. Yo 
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Functions of Several Variables 


Remember that the existence of f, and f, is not sufficient to guarantee differentiability, 
as illustrated in the next example. 


EXAMPLE 5 A Function That Is Not Differentiable 


For the function 


I» k 
fay) = 12 ty” (x, y) # (0, 0) 
0, (x, y) = (0, 0) 


show that f,(0, 0) and f,(0, 0) both exist but that f is not differentiable at (0, 0). 
Solution You can show that f is not differentiable at (0, 0) by showing that it is not 
continuous at this point. To see that f is not continuous at (0, 0), look at the values of 


f(x, y) along two different approaches to (0, 0), as shown in Figure 13.38. Along the 
line y = x, the limit is 


— 3x? 3 
li = li = -> 
Gs) 0, of » G.)5(0,0) 232 2 
whereas along y — — x, you have 
32 3 


lim Lu 
(x, —x)> (0,0) 232 2 


li y= 
o, im of (x, y) 
So, the limit of f(x, y) as (x, y) — (0, 0) does not exist, and you can conclude that f is 
not continuous at (0, 0). Therefore, by Theorem 13.5, you know that f is not differentiable 
at (0, 0). On the other hand, by the definition of the partial derivatives f, and Íy you 
have 


f(Ax, 0) — f(0,0  . 0-0 


f(0, 0) = lim. m lim => = 0 
and 
ou JAY IUS.) 0. _ 
0.) = en Us Hm By C 


So, the partial derivatives at (0, 0) exist. 


-0 , (x, y) (0,0) 
fe -4 Py? 
0, (x, y) = (0, 0) 


Along the line y = —x, 
f(x, y) approaches 3/2. 


Along the line y = x, 
f(x, y) approaches —3/2. 


Figure 13.38 ai 


A graphing utility can be used to graph piecewise-defined 
functions like the one given in Example 5. For instance, the graph shown at the left 
e was generated by Mathematica. 


13.4 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Approximation Describe the change in accuracy of 
dz as an approximation of Az as Ax and Ay increase. 


2. Linear Approximation What is meant by a linear 
approximation of z = f(x, y) at the point P(xo, yo)? 


[n] iin Finding a Total Differential In Exercises 3-8, 


LEP find the total differential. 
[n] a A 
3. z = 5xy? 4. z = 2x3y — Bxy4 


1 rae) 12232 
5. z = 3(e"* —e* ») 


7. w = xyz + sin yz 


6. z =e“ tany 

8. w = (x + y)/(z — 3y) 

[m] P [w] Using a Differential as an Approximation 
EA r In Exercises 9-14, (a) find f(2, 1) and f (2.1, 1.05) 


oe and calculate Az, and (b) use the total differential 
"nS dz to approximate Az. 


9. f(x, y) = 2x — 3y 
11. f(x,y) = 16 — 2 — y? 
13. f(x, y) = ye* 


10. f(x,y) = x2 + y? 


12. f(x, y) = y/x 
14. f(x,y) = xcosy 


Approximating an Expression In Exercises 15-18, find 

z = f(x, y) and use the total differential to approximate the 

quantity. 

1 — (3.05 1-2 
(5.95)? e 

17. sin[(1.05? + (0.95?] — sin(I? + 1?) 

18. (4.03? + (3.1)? — VE + 3? 


15. (2.01)X9.02) — 22+ 9 16. 


EXPLORING CONCEPTS 


19. Continuity If f, and f, are each continuous in an 
open region R, is f(x, y) continuous in R? Explain. 


20.{ )) HOW DO YOU SEE IT? Which point has a 
greater differential, (2, 2) or (G, Du Explain. 
(Assume that dx and dy are the same for both 
points.) 


21. Area The area of the shaded rectangle in the figure is 
A = Ih. The possible errors in the length and height are A7 
and Ah, respectively. Find dA and identify the regions in the 
figure whose areas are given by the terms of dA. What region 
represents the difference between AA and dA? 


Ant An] 
um" 1 CON 
Figure for 21 Figure for 22 


22. Volume The volume of the red right circular cylinder in the 
figure is V = TU?h. The possible errors in the radius and the 
height are Ar and Ah, respectively. Find dV and identify the 
solids in the figure whose volumes are given by the terms of 
dV. What solid represents the difference between AV and dV? 


23. Volume The possible error involved in measuring each 
dimension of a rectangular box is +0.02 inch. The dimensions 
of the box are 8 inches by 5 inches by 12 inches. Approximate 
the propagated error and the relative error in the calculated 
volume of the box. 


24. Volume The possible error involved in measuring each 
dimension of a right circular cylinder is +0.05 centimeter. 
The radius is 3 centimeters and the height is 10 centimeters. 
Approximate the propagated error and the relative error in the 
calculated volume of the cylinder. 


25. Numerical Analysis A right circular cone of height 
h — 8 meters and radius r — 4 meters is constructed, and 
in the process, errors Ar and Ah are made in the radius 
and height, respectively. Let V be the volume of the cone. 
Complete the table to show the relationship between AV and 
dV for the indicated errors. 


dV | AV | AV — dV 
or | or or 
Ar Ah dS | AS | AS — dS 
0.1 0.1 
0.1 —0.1 
0.001 0.002 
—0.0001 | 0.0002 


Table for Exercises 25 and 26 


26. Numerical Analysis A right circular cone of height 
h — 16 meters and radius r — 6 meters is constructed, and 
in the process, errors of Ar and Ah are made in the radius 
and height, respectively. Let S be the lateral surface area of 
the cone. Complete the table above to show the relationship 
between AS and dS for the indicated errors. 
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28. 


29. 


30. 


31. 
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27. Wind Chill €€0600006000006000090090909099^069 
The formula for wind chill C (in degrees Fahrenheit) is given by : 


C = 35.74 + 0.6215T — 35.7516 + 0.4275Ty9-16 ° 


where v is the wind 
speed in miles per hour 
and T is the temperature 
in degrees Fahrenheit. 
The wind speed is 

23 + 3 miles per hour 
and the temperature 

is 8° + 1°. Use dC to 
estimate the maximum 
possible propagated error and relative error in calculating the 
wind chill. (Source: National Oceanic and Atmospheric 
Administration) 


Resistance The total resistance R (in ohms) of two resistors 
connected in parallel is given by 

i 4 4 

R R Ry 

Approximate the change in R as R, is increased from 10 ohms 
to 10.5 ohms and R, is decreased from 15 ohms to 13 ohms. 


Power Electrical power P is given by 


E? 


P= 
R 


where E is voltage and R is resistance. Approximate the 
maximum percent error in calculating power when 120 volts is 
applied to a 2000-ohm resistor and the possible percent errors 
in measuring E and R are 3% and 4%, respectively. 


Acceleration The centripetal acceleration of a particle 
moving in a circle is a = v?/r, where v is the velocity and r 
is the radius of the circle. Approximate the maximum percent 
error in measuring the acceleration due to errors of 3% in v and 
2% in r. 


Volume A trough is 16 feet long (see figure). Its cross 
sections are isosceles triangles with each of the two equal sides 
measuring 18 inches. The angle between the two equal sides is 9. 


Not drawn to scale 


(a) Write the volume of the trough as a function of 9 
and determine the value of O such that the volume is a 
maximum. 


(b) The maximum error in the linear measurements is one-half 
inch and the maximum error in the angle measure is 2°. 
Approximate the change in the maximum volume. 


Roberto Caucino/Shutterstock.com 


32. 


33. 


34. 


35. 
37. 


Sports A baseball player in center field is playing 
approximately 330 feet from a television camera that is behind 
home plate. A batter hits a fly ball that goes to the wall 420 feet 
from the camera (see figure). 


(a) The camera turns 9? to follow the play. Approximate the 
number of feet that the center fielder has to run to make 
the catch. 


(b) The position of the center fielder could be in error by as 
much as 6 feet and the maximum error in measuring the 
rotation of the camera is 1°. Approximate the maximum 
possible error in the result of part (a). 


Inductance The inductance L (in microhenrys) of a 
straight nonmagnetic wire in free space is 


L= 0.00021 = = 0.75) 


where h is the length of the wire in millimeters and r is 
the radius of a circular cross section. Approximate L when 
r=2+ $ millimeters and h = 100 + iM millimeters. 


Pendulum The period T of a pendulum of length L is 
= (2n JL) / /g, where g is the acceleration due to gravity. 
A pendulum is moved from the Canal Zone, where g — 32.09 
feet per second per second, to Greenland, where g — 32.23 feet 
per second per second. Because of the change in temperature, 
the length of the pendulum changes from 2.5 feet to 2.48 feet. 
Approximate the change in the period of the pendulum. 


IE aie Differentiability In Exercises 35-38, show that 
the function is differentiable by finding values 
ERER of & and z, as designated in the definition of 

a differentiability, and verify that both z, and & 
approach 0 as (Ax, Ay) (0, 0). 


foy x -— 2x + y 
fœ y) = xy 


36. f(x,y) =x? +y 
38. f(x, y) = 5x — 10y + y? 


[s] 53 i Differentiability In Exercises 39 and 40, use the 


pet 
[alee 


39. 


40. 


6 function to show that f,(0, 0) and f,(0, 0) both exist 
but that f is not differentiable at (0, 0). 


f(xy) = mE (x, y) # (0, 0) 
h (x, y) = (0, 0) 
f(x, y) = o (x, y) # (0,0) 
» (x, y) = (0, 0) 
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13.5 Chain Rules for Functions of Several Variables 


E Use the Chain Rules for functions of several variables. 
E Find partial derivatives implicitly. 


Chain Rules for Functions of Several Variables 


Your work with differentials in the preceding section provides the basis for the extension 
of the Chain Rule to functions of two variables. There are two cases. The first case 
involves w as a function of x and y, where x and y are functions of a single independent 
variable f, as shown in Theorem 13.6. 


Chain Rule: One Independent Variable 


Let w = f(x, y), where f is a differentiable function of x and y. If x = g(t) 
and y — h(t), where g and h are differentiable functions of t, then w is a 


Chain Rule: one independent variable differentiable function of t. and 


w is a function of x and y, which are 


each functions of t. This diagram dw  Owdx , ow dy 

represents the derivative of w with dt ox dt dy dt [n] 23m 

respect to t. : . -— Ere. à 

Figure 13.39 The Chain Rule is shown schematically in Figure 13.39. a alae 
A proof of this theorem is given in Appendix A. CO Bs 


Chain Rule: One Independent Variable 


Let w = x?y — y?, where x = sin f and y = e'. Find dw/dt when t = 0. 
Solution By the Chain Rule for one independent variable, you have 
dw dwdx , Ow dy 
dt Ox dt ðy dt 
= 2xy(cos f) + (x? — 2y)e! 
= 2(sin t)(e’)(cos f) + (sin? t — 2e?)e' 


= 2e! sint cos t + e' sin? t — 2e”. 


When f = 0, it follows that 


dw _ 


m a 


The Chain Rules presented in this section provide alternative techniques for 
solving many problems in single-variable calculus. For instance, in Example 1, you 
could have used single-variable techniques to find dw/dt by first writing w as a function 
of t, 


w-xy-y 


(sin 1)?(e’) — (e)? 


2t 


= e'silt—e 
and then differentiating as usual. 
dw 


ro 2e! sint cos t + e' sin? t — 2e? 
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Paths of two objects traveling in 
elliptical orbits 
Figure 13.40 


The Chain Rule in Theorem 13.6 can be extended to any number of variables. For 
example, if each x; is a differentiable function of a single variable t, then for 


w = f dou X) 

you have 
dw | OwdX, ðw dx, ow dx, 
dt dx, dt — 0x, dt ox, dt' 


An Application of a Chain Rule to Related Rates 


Two objects are traveling in elliptical paths given by the following parametric equations. 


X,— 4cost and y =2sint First object 
X, = 2sin2t and y, = 3cos2t Second object 
At what rate is the distance between the two objects changing when t = T? 


Solution From Figure 13.40, you can see that the distance s between the two objects 
is given by 


sS = J - xj + (y; ui y? 
and that when t = T, you have x, = —4, y, = 0, x, = 0, y, = 3, and 
s= (0 c 4 o (3 - 0? — 5. 


When f = T, the partial derivatives of s are as follows. 


Os — (x, = xj) 1 4 
= = —2(0-4)-2-c 
Oxy US = x + (y> m y 5 5 
as — ne = " 0) = 3 
dy, ix =X) + (y; — yj) 5 5 
Os (x, E x) 1 4 
= -£(0-4)-c 
OX, (xy — x) + O — y,)? 5 5 
as = yı) = 13 9) =3 
dy» s = xi) + (y2 ES yj) 5 5 


When t = T, the derivatives of x,, y;, X2, and y, are 


dx, — bp 
ac sint = 

d 

2L = 2eost = —2 
ci 2t—4 
d cos 2t = 

d 

S2 = —6 sin 2r = 0. 


So, using the appropriate Chain Rule, you know that the distance is changing at a rate of 


ds as dx, | as ay, , ds dx; As dy, 
dt Ox, dt dy, dt Ox, dt dy, dt 


-Cos Cen «jo Cho 


E 
2 


Chain Rule: two independent variables 
Figure 13.41 


13.5 Chain Rules for Functions of Several Variables 913 


In Example 2, note that s is the function of four intermediate variables, xj, y,, x5, 
and y,, each of which is a function of a single variable t. Another type of composite 
function is one in which the intermediate variables are themselves functions of more 
than one variable. For instance, for w = f(x, y), where x = g(s, t) and y = h(s, t), it 
follows that w is a function of s and t, and you can consider the partial derivatives of 
w with respect to s and t. One way to find these partial derivatives is to write w as a 
function of s and t explicitly by substituting the equations x = g(s, t) and y = h(s, f) 
into the equation w — f(x, y). Then you can find the partial derivatives in the usual way, 
as demonstrated in the next example. 


EXAMPLE 3 Finding Partial Derivatives by Substitution 


Find dw/ds and ðw/ðt for w = 2xy, where x = s? + t? and y = s/t. 
Solution Begin by substituting x = s? + t? and y = s/t into the equation w = 2xy 


to obtain 


s s? 
w = 2xy = 2(s? + ZU = x2 + s) 


Then, to find dw/ds, hold t constant and differentiate with respect to s. 


ðt t 
_ aS + st? 
ELE 
2st? — 253 
NE E 


Theorem 13.7 gives an alternative method for finding the partial derivatives in 
Example 3 without explicitly writing w as a function of s and f. 


THEOREM 13.7 Chain Rule: Two Independent Variables 


Let w = f(x, y), where f is a differentiable function of x and y. If x = g(s, t) 
and y = h(s, t) such that the first partials 0x/0s, dx/dt, dy/ds, and dy/dt all 
exist, then dw/ds and ðw/ðt exist and are given by 


Ow — Ow Ox , ðw Oy 
os ox Os oy Os 


and 
ðw " ðw Ox 4 ow y m: E] 
ðt Ox ðt | Oy ðt End 
m" 
The Chain Rule is shown schematically in Figure 13.41. Beta: 


Proof To obtain dw/9ds, hold t constant and apply Theorem 13.6 to obtain the desired 
result. Similarly, for dw/dt, hold s constant and apply Theorem 13.6. ad 
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The Chain Rule with Two Independent Variables 


sd [> See LarsonCalculus.com for an interactive version of this type of example. 
Use the Chain Rule to find dw/ds and ðw/ðt for 
w = 2xy 


where x = s? + f? and y = s/t. 


Solution Note that these same partials were found in Example 3. This time, using 


Theorem 13.7, you can hold ¢ constant and differentiate with respect to s to obtain 


ðw | OW Ox + ðw Oy 
ðs Ox Os ðy Os 


= 5g d ni) 


$ 1 ; 
= x) (2s)  2(s? + ext) Substitute fory and s? + f for x. 


4g? 28 + 21? 
+ 
t t 
| 6s? + 28° 
zc x 


Similarly, holding s constant gives 


ðw | OÓwOx , Ow Oy 
ot ox Ot oy Ot 


= 2y(21) + 2»( =") 


S =g " 
= x) (21) + 2(s? + (=) Substitute = for yand s* + P for x. 


25? + 2st? 
2 
| Ast? — 28 — 2st? 
à 
. 24 = 25° 
8 ^7 


4s 


The Chain Rule in Theorem 13.7 can also be extended to any number of variables. 


For example, if w is a differentiable function of the n variables 


AX X3. 
where each x; is a differentiable function of the m variables t, tj, . . ., tn then for 
w = f(x, Xx... x) 


you obtain the following. 


ðw ðw Ox, ai ðw OX, ðw ðX, 
Ot, Ox, Of; OX, Ot; Ox, Of, 
ð ðw Ox Ox. OX, 
w _ dwar | aw am | aw x, 
Ot, OX, Ot, | Ox, OL, OX, Oty 
ðw dw OX, Fe ðw OX, Ea ðw OX, 


+ 
ðt Ox, Ol, OX Ot, Ox, Of, 


m 
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The Chain Rule for a Function of Three Variables 


Find dw/ds and dw/dt when s = 1 and t = 27 for 
w = xy + yz + xz 
where x = s cos t, y = s sin f, and z = t. 
Solution By extending the result of Theorem 13.7, you have 


Ow Owox , Ow Oy , Ow Oz 

Os Ox Os dy Os Oz OS 
= (y + z)(cos f) + (x + z)(sin f) + (y + x)(0) 
= (y + z)(cos f) + (x + z)(sin t). 


When s = 1 and ¢ = 27, you have x = 1, y = 0, and z = 2T. So, 


ð 
S = (0 + 2m)(1) + (1 + 2m)(0) = 27. 
Furthermore, 


ðw _ ðw Ox ðw ðY | ðw Oz 
ðt ox ðt | Oy ðt Oz Ot 
= (y + z)(—s sin t) + (x + z)(scos f) + (y + x)(1) 


and for s = 1 and t = 27, it follows that 


~ = (0 + 2m)(0) + (1 + 2r)(1) + (0 + 1)(1) 


=2 +27. F| 


Implicit Partial Differentiation 


This section concludes with an application of the Chain Rule to determine the derivative of 
a function defined implicitly. Let x and y be related by the equation F(x, y) = 0, where 
y = f(x) is a differentiable function of x. To find dy/dx, you could use the techniques 
discussed in Section 2.5. You will see, however, that the Chain Rule provides a 
convenient alternative. Consider the function 


w = F(x, y) = F(x, f(x). 
You can apply Theorem 13.6 to obtain 


dw pu yak dy 
de F (x, y) a + F (x; y) dx 


Because w = F(x, y) = 0 for all x in the domain of f, you know that 


dw _ 


2 Y” 


and you have 


F (x, ye + F (x, ye = 0. 

Now, if F, (x, y) # 0, you can use the fact that dx/dx = 1 to conclude that 
dy _ _ Fx») 
dx F(x, y 


A similar procedure can be used to find the partial derivatives of functions of several 
variables that are defined implicitly. 


916 Chapter 13 Functions of Several Variables 


THEOREM 13.8 Chain Rule: Implicit Differentiation 
If the equation F(x, y) — 0 defines y implicitly as a differentiable function of 


x, then 
dy F(x, y) 
—— — F ; 
dx — Fy y)’ 93 v0 


If the equation F(x, y, z) = 0 defines z implicitly as a differentiable function 
of x and y, then 
Oz F (x, y, z) Oz Fs y, z) 


aa d NN : | 
ax F (x, y, 2) Ar Ex, 3 (x,y,z) #0 


This theorem can be extended to differentiable functions defined implicitly with 
any number of variables. 


EXAMPLE 6 Finding a Derivative Implicitly 


Find dy/dx for 
yty—5y-xr+4=0. 
Solution Begin by letting 
F(x, y) = y? + y? — 5y — xX? + 4. 


Then 

Compare the 

solution to Example 6 with 
the solution to Example 2 in Using Theorem 13.8, you have 


tion 2.5. 
Section 2.5 dy F (x, y) —(-2x) 2x 


dx F(x, y) (003?42y-5 3y-2y-5 


EXAMPLE 7 Finding Partial Derivatives Implicitly 


Find àz/0x and ðz/ðy for 


F(x,y) --2x and Fy) = 3y + 2y- 5. 


3x?z — xy? + 223+ 3y2— 5— 0. 
Solution Begin by letting 

F(x, y, z) = 3x?z — xy? + 223 + 3yz — 5. 
Then 

F (x, y, z) = 6xz — 2xy? 

F(x, y, 2) = —2xy + 3z 
and 

F(x, y, z) = 3x? + 622 + 3y. 
Using Theorem 13.8, you have 

dz F(x, y, z) 2xy? — 6xz 


ax F (x,y,z) 3x2 + 62 + 3y 
and 


Oz — Fx, y. z) 2x?y — 3z E 
ðy F (x,y,z) 3x2 + 6z? + By 
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1 3 n 5 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


oprig Finding Partial Derivatives In Exercises 

CONCEPT CHECK ol T 15-18, find 0w/0s and ðw /ðt using the appropriate 

1. Chain Rule Consider w = f(x, y), where x = g(s, t) r idis Chain Rule. Evaluate each partial derivative at the 
and y = h(s, t). Describe two ways of finding the partial "T given values of s and t. 

derivatives dw/ds and dw/dt. 


RES a l . . Function Values 
. Implicit Differentiation Why is using the Chain J| RR ry s=1, 1=3 
Rule to determine the derivative of the equation 
F(x, y) = 0 implicitly easier than using the method you xcsth y=s-t 
learned in Section 2.5? 16. w = y! — 3x2y s=-l, t=2 


x=e, y=e 


ORO Using the Chain Rule In Exercises 3-6, find 17. w = sin(2x + 3y) s=0 t= 3 
Hea. $ dw /dt using the appropriate Chain Rule. Evaluate 
ES *3 dw/dt at the given value of t. ea M d aes n 
Hi 18. w =x? -y s=3, t=- 
Function Value 4 
x =scost, y=ssint 
3.w =x + 5y t=2 
x=2t, y=t Palle] Using Different Methods In Exercises 19-22, 
4.w= Ty t=0 PES ez find 0w/0s and Ow /dt (a) by using the appropriate 
[s] t Chain Rule and (b) by converting w to a function of 
x — cost, y =e! —-7* sandt before differentiating. 
5. w — xsiny t=0 


19. w = xyz, x=st+t y=s-t, z=st? 
x=e,y=1-t 


20. w =x +y? +z, x-tsins y-tcoss z= st? 


IL 
6. w = 1n? t=— 21.w —ze", x=s-t, y=stt, z=st 
x 


. 22. w —xcosyz x= 3, gP,:z—-s—2t 
x= cost, y = sint y y 


x 23-26, differentiate implicitly to find dy/dx. 


z find dw /di ( ) by u th Ch Rul E i 
ie F. n t (a sin e appropriate ain e ay Ret 
um qu L y using pproprt 1 ajos 


Using Different Methods In Exercises 7-12 pum Finding a Derivative Implicitly In Exercises 


ol and (b) by converting w to a function of t before [n] 

differentiating. 23. 2— xy ty! -x t y-0 24. sec xy + tanxy - 5 — 0 

X 
UE TT 2 r=, y=? 25. ln /x3? +y +tx+y=4 26. za 28 
8. w = cos(x — y, x^", y-1 CIE Finding Partial Derivatives Implicitly In 
9. w=xX +y +2, x=cost, y=sint, z—e E SU; Exercises 27-34, differentiate implicitly to find the 
zi | first partial derivatives of z. 
10. w —xycosz, x=t, y ^ z-arccost [n] od 
ll.w-xyctxzcty, x=t-1, y=P-1, z=t 2.02 +y~t+2=1 28. xz + yz - xy =0 
12.w — xb xy, x=, y=2, z=2 29. x2 -2yz + 2= 30. x + sin(y + z) - 0 
31. tan(x + y) + cosz = 2 32. z = e* sin(y + z) 


Projectile Motion In Exercises 13 and 14, the parametric 
equations for the paths of two objects are given. At what rate 
is the distance between the two objects changing at the given 34. xIny + yz c 2-8 
value of t? 


33. e= + xy 2 0 


Finding Partial Derivatives Implicitly In Exercises 


13. x, = l0cos2r, y, = 6 sin 2t First object 35-38, differentiate implicitly to find the first partial 
xXx, = Tcost, y, = Asint Second object derivatives of w. 
t = n/2 35. 7xy + yz — 4wz + wz + wx - 6-0 

14. x, = 48/2t, y, = 48./2t — 1622 First object 36. 33 + y! + 2 — 5yw + 10w? = 2 
xX, = 48/31, y, = 48t — 167? Second object 37. cos xy + sin yz + wz = 20 


t=1 38.w — Vx- y- Vy -—z=0 


91 
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Homogeneous Functions A function f is homogeneous 


of 


degree n when f(tx,ty) = t"f(x, y). In Exercises 39-42, 


(a) show that the function is homogeneous and determine n, 
and (b) show that xf x, y) + yf,(x,y) = nf Œ, y). 


39. 


41. 


43. 


44. 


f(x, y) = 2x? — 5xy 40. f(x, y) = 38 — 392 + y? 


ty 


f(x, y) = ev» 42. f(x, y) = xcos 5 


Using a Table of Values Let w = f(x, y), x = g(0), 
and y = h(t), where f, g, and h are differentiable. Use the 
appropriate Chain Rule and the table of values to find dw/dt 
when t = 2. 


h(2) | g'Q) | n'Q) 


-1 6 


gQ) 
4 3 


444.3) | £43) 
=5 7 


Using a Table of Values Let w = f(x, y), x = g(s, t), 
and y = h(s, t), where f, g, and h are differentiable. Use the 
appropriate Chain Rule and the table of values to find w,(1, 2). 


g(1, 2) | AM, 2) | (12) | A(1,2) | (43) | (4.3) 


4 3 =3 5 m 7 


EXPLORING CONCEPTS 
Ow — 


45. Using the Chain Rule Show that ~w + E 0 


for w = f(x, y), x = u — v, and y = v — u. 


46. Using the Chain Rule Demonstrate the result of 
Exercise 45 for w — (x — y) sin(y — x). 
. Using the Chain Rule Let F(u, v) be a function 


of two variables. Find a formula for f'(x) when 
(a) f(x) = F(4x, 4) and (b) f(x) = F(—2x, x’). 


HOW DO YOU SEE IT? The path of an 
object represented by w — f(x, y) is shown, 
where x and y are functions of t. The point on the 
graph represents the position of the object. 


Determine whether each of the following is 
positive, negative, or zero. 


dx d 
oF (5 e 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


Volume and Surface Area The radius of a right 
circular cylinder is increasing at a rate of 6 inches per minute, 
and the height is decreasing at a rate of 4 inches per minute. 
What are the rates of change of the volume and surface area 
when the radius is 12 inches and the height is 36 inches? 


Ideal Gas Law The Ideal Gas Law is 
PV = mRT 


where P is the pressure, V is the volume, m is the constant 
mass, R is a constant, T is the temperature, and P and V are 
functions of time. Find dT/dt, the rate at which the temperature 
changes with respect to time. 


Moment of Inertia An annular cylinder has an inside 
radius of r, and an outside radius of r, (see figure). Its moment 
of inertia is 


I= im(r + rà) 


where m is the mass. The two radii are increasing at a rate of 
2 centimeters per second. Find the rate at which / is changing 
at the instant the radii are 6 centimeters and 8 centimeters. 
(Assume mass is a constant.) 


Figure for 52 


Figure for 51 


Volume and Surface Area The two radii of the frustum 
of a right circular cone are increasing at a rate of 4 centimeters 
per minute, and the height is increasing at a rate of 12 centimeters 
per minute (see figure). Find the rates at which the volume and 
surface area are changing when the two radii are 15 centimeters 
and 25 centimeters and the height is 10 centimeters. 


Cauchy-Riemann Equations Given the functions 
u(x, y) and v(x, y), verify that the Cauchy-Riemann equations 
ðu ov d ðu ðv 
ox oy isi oy Ox 


can be written in polar coordinate form as 


ðu 1 ðv ðv 1 ðu 


ar r ae and ar r að 


Cauchy-Riemann Equations Demonstrate the result of 
Exercise 53 for the functions 


u=InJ/x? + y) and v= arctan r 


Homogeneous Function Show that if f(x,y) is 
homogeneous of degree n, then 


xf y) + yf, y) = nf (x, y). 


[Hint: Let g(t) = f(tx, ty) = t"f(x, y). Find g'(t) and then let 
t— 1] 
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13.6 Directional Derivatives and Gradients 


Figure 13.43 


X 


Figure 13.44 


Surface: 
z=f(x, y) 


(Xo, Yo frg. Yq) 


(x, y. f Gc, y) 


@ Find and use directional derivatives of a function of two variables. 

E Find the gradient of a function of two variables. 

E Use the gradient of a function of two variables in applications. 

E Find directional derivatives and gradients of functions of three variables. 


Directional Derivative 


You are standing on the hillside represented : 

by z — f(x, y) in Figure 13.42 and want to 

determine the hill's incline toward the z-axis. 

You already know how to determine the slopes 

in two different directions—the slope in the 

y-direction is given by the partial derivative 

f x. y), and the slope in the x-direction is given 

by the partial derivative f,(x, y). In this section, 

you will see that these two partial derivatives 

can be used to find the slope in any direction. 
To determine the slope at a point on 

a surface, you will define a new type of 

derivative called a directional derivative. Figure 13.42 

Begin by letting z = f(x, y) be a surface and 

P(Xo, Yo) be a point in the domain of f, as shown in Figure 13.43. The “direction” of 

the directional derivative is given by a unit vector 


u = cos Gi + sin 8j 


where O is the angle the vector makes with the positive x-axis. To find the desired 
slope, reduce the problem to two dimensions by intersecting the surface with a vertical 
plane passing through the point P and parallel to u, as shown in Figure 13.44. This 
vertical plane intersects the surface to form a curve C. The slope of the surface at 
(Xo. Yo f xo. Yo)) in the direction of u is defined as the slope of the curve C at that point. 

Informally, you can write the slope of the curve C as a limit that looks much like 
those used in single-variable calculus. The vertical plane used to form C intersects the 
xy-plane in a line L, represented by the parametric equations 


x = xy + fcos 8 
and 
Y = Yo + tsinð 


so that for any value of t, the point Q(x, y) lies on the line L. For each of the points P 
and Q, there is a corresponding point on the surface. 


(Xo Yor f xo» Yo)) Point above P 
(x, y, f(x, y)) Point above Q 
Moreover, because the distance between P and Q is 


V(x — xy? + (y — yg? = V(t cos 8? + (t sin 9? 
= |t| 


you can write the slope of the secant line through (Xp, yo. f (xy, Yo)) and (x, y, f(x, y)) as 


f(x, y) = Fike Yo) x fx, + tcos 8, Yo + f sin 8) = fos Yo) 
t t ` 


Finally, by letting t approach 0, you arrive at the definition on the next page. 
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e 


ee Be sure you 
understand that the directional 
derivative represents the 
rate of change of a function 
in the direction of the unit 
vector u = cos Ol + sin 6j. 
Geometrically, you can interpret 
the directional derivative as 
giving the slope of a surface in 
the direction of u at a point on 
the surface. (See Figure 13.46.) 


x 
The vector u 


Figure 13.45 


Definition of Directional Derivative 


Let f be a function of two variables x and y and let u = cos Bi + sin 9j be 
a unit vector. Then the directional derivative of f in the direction of u, 
denoted by D, f, is 


f(x + tcos 6, y + tsin ©) — f(x, y) 


D, fG, y) = lim : 


provided this limit exists. 


Calculating directional derivatives by this definition is similar to finding the 
derivative of a function of one variable by the limit process (see Section 2.1). A simpler 
formula for finding directional derivatives involves the partial derivatives f, and f,. 


THEOREM 13.9 Directional Derivative 


If f is a differentiable function of x and y, then the directional derivative of f 
in the direction of the unit vector u = cos Oi + sin Oj is [152 [s] 


Da f (x, y) = f(x, y) cos 0 + bns y) sin 0. ~ Bir fi 
ae 


Proof For a fixed point (xo, Yo), let 
x = Xg + tcosð and y= y + tsin ð. 


Then, let g(t) = f(x, y). Because f is differentiable, you can apply the Chain Rule given 
in Theorem 13.6 to obtain 


g(t) = f, y)x'(t) + Le y)y'(t) Apply Chain Rule (Theorem 13.6). 
= f(x, y) cos O + f,(x, y) sin 8. 


If t = 0, then x = x, and y = yo, so 


g'(0) = f.(%, yo) cos O + F,(Xo, Yo) sin ©. 
By the definition of g'(f), it is also true that 


t20 t 
i f(x + tcos 0, yo + tsin O) — f(x, Yo) 
~ in t i 
Consequently, D, f (xo. yo) = F,(%o, yo) cos O + F,(X%o, Yo) sin ©. | 


There are infinitely many directional derivatives of a surface at a given point—one 
for each direction specified by u, as shown in Figure 13.45. Two of these are the partial 
derivatives f, and f.. 


1. Direction of positive x-axis (9 = 0): u = cos Oi + sin Oj = i 


D; f(x. y) = f(x, y) cos 0 + f(x, y) sin 0 = f.x, y) 


2. Direction of positive y-axis (e = 2. u = cos ji t sin 7j =j 


Tt 


Dj f(x, y) = f(x. y) cos 5 + f(x, y) sin a F(x, y) 
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Finding a Directional Derivative 
Find the directional derivative of 
fa y-4----— Surface 
at (1, 2) in the direction of 


u= (cos iy + (sin T Directi 
3 3 J- rection 


Solution Because f(x,y) = —2x and f(x,y) = —y/2 are continuous, f is 
differentiable, and you can apply Theorem 13.9. 


1» 


fæ ea i? -1y? D, f(x. y) = f(x, y) cos 0 + f(x, y) sin O = (—2x) cos 0 + (33) sin 8 


Surface: | 


Evaluating at O = 1/3, x = 1, and y = 2 produces 


2.0.3 = Cay) + ol) 
— 
=~ — 1.866. See Figure 13.46. 


Note in Figure 13.46 that you can interpret the directional derivative as giving the slope 
Figure 13.46 of the surface at the point (1, 2, 2) in the direction of the unit vector u. u 


You have been specifying direction by a unit vector u. When the direction is given 
by a vector whose length is not 1, you must normalize the vector before applying the 
formula in Theorem 13.9. 


ETTUTTE Finding a Directional Derivative 


TET [> See LarsonCalculus.com for an interactive version of this type of example. 
Find the directional derivative of 

f(x, y) = x? sin 2y Surface 
at (1, 11/2) in the direction of 

v = 3i — 4j. Direction 


Solution Because f,(x, y) = 2x sin 2y and f, (x, y) = 2x? cos 2y are continuous, f is 
differentiable, and you can apply Theorem 13.9. Begin by finding a unit vector in the 
direction of v. 


4 
u ivi Ži — $j cos @i + sin Gj 


Using this unit vector, you have 


D, f(x, y) = (2x sin 2y)(cos 9) = (2x? cos 2y)(sin ©) 


D,s(1.3) = (2 sin (2) + (2 cos »(-2) 


PE See Figure 13.47. 
Figure 13.47 5 ee Figure a 
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(x, y, fœ, y) 


-}--- EET 


E: aa 


y" 
x 


The gradient of f is a vector in the 


xy-plane. 
Figure 13.48 


The Gradient of a Function of Two Variables 


The gradient of a function of two variables is a vector-valued function of two variables. 
This function has many important uses, some of which are described later in this section. 


Definition of Gradient of a Function of Two Variables 


Let z = f(x, y) be a function of x and y such that f, and f, exist. Then the 
gradient of f, denoted by Vf(x, y), is the vector 


Vf(x, y) = f(x, yi + f, y). 


(The symbol Vf is read as “del f.”) Another notation for the gradient is given 
by grad f(x, y). In Figure 13.48, note that for each (x, y), the gradient Vf(x, y) 
is a vector in the plane (not a vector in space). 


Notice that no value is assigned to the symbol V by itself. It is an operator in the 
same sense that d/dx is an operator. When V operates on f(x, y), it produces the vector 


Vf(x, y). 


EXAMPLE 3 Finding the Gradient of a Function 


Find the gradient of 
f, y) = yInx + xy? 
at the point (1, 2). 


Solution Using 
_y B 
f» = * + y? and feu y) = In x + 2xy 


you have 
Vfl, y) = fj Go yi + foc y)j 


= (2 + 5j + (In x + 2xy)j. 


x 
At the point (1, 2), the gradient is 
v/(1, 2) = (2 + ny + [In 1 + 2(1)(2)]j 
= 6i + 4j. P| 


Because the gradient of f is a vector, you can write the directional derivative of f 
in the direction of u as 


Dy f(x, y) = [AG y)i + AG, y)j] * (cos Bi + sin 9j). 


In other words, the directional derivative is the dot product of the gradient and the 
direction vector. This useful result is summarized in the next theorem. 


THEOREM 13.10 Alternative Form of the Directional Derivative 


If f is a differentiable function of x and y, then the directional derivative of f 
in the direction of the unit vector u is 


D, f(x, y) = Vf(x, y) * u. 
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Using Vf(x, y) to Find a Directional Derivative 


Find the directional derivative of f(x, y) = 3x? — 2y? at (-&, 0) in the direction from 
P(—3, 0) to Q(0, 1). 
Solution Because the partials of f are continuous, f is differentiable and you can 
apply Theorem 13.10. A vector in the specified direction is 
MS 3 3 
—-íos-2hge(-0i:i2242,4 
PQ (o ji (1 — 0)j git i 
and a unit vector in this direction is 
FO 3, 1d. OE 
u = — = = + z) Unit vector in direction of PQ 
IP9] 


Because Vf(x, y) = f(x, yji + f(x, y)j = Oxi — 4yj, the gradient at (-& 0) is 


v(-5 o x: zi t Oj. Gradient at (—3, 0) 
4 2 
Consequently, at (-2, 0), the directional derivative is 
3 3 
D.s 7 o = vi T o u 
9 3 4 
-2i poil. (2i 4i 
( 2 oi) (5 $i) 


=i Directional derivative at (-3, 0) 


See Figure 13.49. ai 


Figure 13.49 
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. Property 2 of 
Theorem 13.11 says that at the 
point (x, y), f increases most 
rapidly in the direction of the 
gradient, Vf(x, y). 


z 

į .Maximum 
p 

increase 


. OS y, fæ, y)) 


The gradient of f is a vector in the 
xy-plane that points in the direction 
of maximum increase on the surface 
given by z = f(x, y). 

Figure 13.50 


Applications of the Gradient 


You have already seen that there are many directional derivatives at the point (x, y) on a 
surface. In many applications, you may want to know in which direction to move so that 
f(x, y) increases most rapidly. This direction is called the direction of steepest ascent, 
and it is given by the gradient, as stated in the next theorem. 


THE! M 13.11 Properties of the Gradient 
Let f be differentiable at the point (x, y). 
1. If Vf(x, y) = 0, then D, f(x, y) = 0 for all u. 


2. The direction of maximum increase of f is given by Vf(x, y). The maximum 
value of D, f(x, y) is 


IIVfx, yl. Maximum value of D, f (x, y) 
3. The direction of minimum increase of f is given by — Vf(x, y). oral 
The minimum value of D, f(x, y) is 3 s. 3 
[Ex 
= IIVf x, y). Minimum value of D, f(x, y) PEE 


Proof If Vf(x, y) = 0, then for any direction (any u), you have 
D, f(x, y) = Vf(x. y) * u 
= (0i + 0j) * (cos 0i + sin 9j) 
= 0. 
If Vf(x, y) # 0, then let $ be the angle between V/(x, y) and a unit vector u. Using the 
dot product, you can apply Theorem 11.5 to conclude that 
D, f(x, y) = Vf(x. y) * u 
= Vf. y)]| [lull cos $ 
= | fix. y)| cos $ 
and it follows that the maximum value of D, f(x, y) will occur when 
cos $ — 1. 


So, @ = 0, and the maximum value of the directional derivative occurs when u has the 
same direction as Vf(x, y). Moreover, this largest value of D, f(x, y) is precisely 


If Gs y) cos $ = [WAC y). 
Similarly, the minimum value of D, f(x, y) can be obtained by letting 
$-mn 


so that u points in the direction opposite that of Vf(x, y), as shown in Figure 13.50. 


To visualize one of the properties of the gradient, imagine a skier coming down a 
mountainside. If f(x, y) denotes the altitude of the skier, then — Vf(x, y) indicates the 
compass direction the skier should take to ski the path of steepest descent. (Remember 
that the gradient indicates direction in the xy-plane and does not itself point up or down 
the mountainside.) 

As another illustration of the gradient, consider the temperature 7(x, y) at any 
point (x, y) on a flat metal plate. In this case, V7(x, y) gives the direction of greatest 
temperature increase at the point (x, y), as illustrated in the next example. 


Level curves: 
T(x, y) = 20 —4x? —y? 


s 


The direction of most rapid increase 
in temperature at (2, —3) is given by 
— 16i + 6j. 

Figure 13.51 


Level curves: 
T(x, y) = 20 —4x? —y? 


y 
A 
5 


(2, 3) 


5 


Path followed by a heat-seeking 
particle 
Figure 13.52 
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EXAMPLE 5 Finding the Direction of Maximum Increase 


The temperature in degrees Celsius on the surface of a metal plate is 
T(x, y) = 20 — 42 — y? 


where x and y are measured in centimeters. In what direction from (2, —3) does the 
temperature increase most rapidly? What is this rate of increase? 


Solution The gradient is 
VT(x, y) = TG, y)i + T,(x, y)j = —8xi — 2yj. 

It follows that the direction of maximum increase is given by 
V7(2, —3) = —16i + 6j 

as shown in Figure 13.51, and the rate of increase is 


IVZ, —3)|| = /256 + 36 = V292 = 17.09? per centimeter. a 


The solution presented in Example 5 can be misleading. Although the gradient 
points in the direction of maximum temperature increase, it does not necessarily point 
toward the hottest spot on the plate. In other words, the gradient provides a local 
solution to finding an increase relative to the temperature at the point (2, — 3). Once you 
leave that position, the direction of maximum increase may change. 


Finding the Path of a Heat-Seeking Particle 


A heat-seeking particle is located at the point (2, — 3) on a metal plate whose temperature 
at (x, y) is 


T(x, y) = 20 — 4x? — y?, 


Find the path of the particle as it continuously moves in the direction of maximum 
temperature increase. 


Solution Let the path be represented by the position vector 
r(1) = xi + yj. 
A tangent vector at each point (x(t), y(t) is given by 


; dx, , dy, 
jm ee. a 1 
FU) dt dt 
Because the particle seeks maximum temperature increase, the directions of r'(t) and 
VT(x, y) = —8xi — 2yj are the same at each point on the path. So, 
_  & oy = 19 
8x = kT and dy =k 


where k depends on t. By solving each equation for dt/k and equating the results, you 
obtain 

EE. ae EN. 

—8x  —2y 
The solution of this differential equation is x = Cy*. Because the particle starts at 


the point (2, — 3), you can determine that C = 2/81. So, the path of the heat-seeking 
particle is 


2 
=. yd 
ae a 


The path is shown in Figure 13.52. a 
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(a) The surface is given by 
f(x,y) = y — sinx. 


y Gradient is 
A normal to the 
37 level curve. 


(b) The level curve is given by f(x, y) = 0. 
Figure 13.53 


Functions of Several Variables 


In Figure 13.52, the path of the particle (determined by the gradient at each point) 
appears to be orthogonal to each of the level curves. This becomes clear when you 
consider that the temperature T(x, y) is constant along a given level curve. So, at any 
point (x, y) on the curve, the rate of change of T in the direction of a unit tangent 


vector u is 0, and you can write 
Vf(x, y) * u = DyT(x, y) = 0. 


u is a unit tangent vector. 


Because the dot product of Vf(x, y) and u is 0, you can conclude that they must be 
orthogonal. This result is stated in the next theorem. 


THEOREM 13.12 Gradient Is Normal to Level Curves 


If f is differentiable at (x, yy) and Vf(x;, Yo) # 0, then Vf(x,, Yo) is normal to 
the level curve through (xo, yo). 


EXAMPLE 7 Finding a Normal Vector to a Level Curve 


Sketch the level curve corresponding to c = 0 for the function given by 
f(x, y) = y — sinx 

and find a normal vector at several points on the curve. 

Solution The level curve for c = 0 is given by 

=> y-sinx 

as shown in Figure 13.53(a). Because the gradient of f at (x, y) is 
Vf(x, y) = file yi + foo yj 


= —cosxit j 


0=y- sinx 


you can use Theorem 13.12 to conclude that Vf(x, y) is normal to the level curve at the 
point (x, y). Some gradients are 


3 
P anu d cox eS 

| 

Mia 
| 
a 

i a 
Il 

[ES 


Vf(0,0) = -i+j 
2-2 
v(s. i) =j 
TE 


and 
Vf(r, 0) =i + j. 
These are shown in Figure 13.53(b). a 


VfQ, —,1) = 4i —2j —4k 


Level surface and gradient at (2, — 1, 1) 
for f(x, y, z) = x3 + y? — 4z 
Figure 13.54 
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Functions of Three Variables 


The definitions of the directional derivative and the gradient can be extended naturally 
to functions of three or more variables. As often happens, some of the geometric 
interpretation is lost in the generalization from functions of two variables to those 
of three variables. For example, you cannot interpret the directional derivative of a 
function of three variables as representing slope. 

The definitions and properties of the directional derivative and the gradient of a 
function of three variables are listed below. 


Directional Derivative and Gradient for Three Variables 


Let f be a function of x, y, and z with continuous first partial derivatives. The 
directional derivative of f in the direction of a unit vector 


u = ai + bj + ck 


is given by 

Da f(x, y, z) = of y, z) + bfx, y, z) + efx, y, z). 
The gradient of f is defined as 

Vf(x, y, z) = fx, y, i + foc y, 2j + fos y, z)k. 


Properties of the gradient are as follows. 


s Da f(x, y, z) = MPG y, z) *u 
. If Vf(x, y, z) = 0, then D, f(x, y. z) = 0 for all u. 


. The direction of maximum increase of f is given by Vf(x, y, z). The 
maximum value of D, f(x, y, z) is 


IIVfx, y, z)ll. Maximum value of D, f (x, y, z) 


. The direction of minimum increase of f is given by — Vf(x, y, z). The 
minimum value of D, f(x, y, z) is 


E IV (x, y» z)ll. Minimum value of D, f(x, y, z) 


You can generalize Theorem 13.12 to functions of three variables. Under suitable 
hypotheses, 


Vf (xo, Jo: Zo) 


is normal to the level surface through (xp, yo, Zo). 


Finding the Gradient of a Function 


Find Vf(x, y, z) for the function 
foy, 2 — 3 ty -4 
and find the direction of maximum increase of f at the point (2, — 1, 1). 
Solution The gradient is 
VE, y, 2) = fx y, Di + FO. y. DI + LO. y, Dk 
= 2xi + 2yj — 4k. 
So, it follows that the direction of maximum increase at (2, — 1, 1) is 


Vf (2, =], 1) = 4i — 2j — 4k. See Figure 13.54. a 
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13.6 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Directional Derivative For a function f(x, y), when 
does the directional derivative at the point (xo, yy) equal 


the partial derivative with respect to x at the point (xo, yo)? 
What does this mean graphically? 


. Gradient What is the meaning of the gradient of a 
function f at a point (x, y)? 


1 Finding a Directional Derivative In Exercises 
gt ty 3-6, use Theorem 13.9 to find the directional 
; pata derivative of the function at P in the direction of 

the unit vector u = cos 8i + sin gj. 


3. f(x,y) =x? - y P(1,,-2, 0- 2 


FORM RN EL 
4. fes y) = — y P(3,0, 0 E 
5. f(x,y) = sinQx + y), P(O), 0— -7 
6. g(x,y) = xe, P(0,2), O= T 


Pee Finding a Directional Derivative In Exercises 

—10, use Theorem 13.9 to find the directional 
zr derivative of the function at P in the direction of v. 
i 


7. f(x,y) = 3x — Axy + 9y, P(L2, v= git $j 
2 

$6) 2-X PA), vo guy 

9. (x, y) = JP +y, P(3,4, v= 3i- 4j 

10. h(x, y) = e- €^, P(00, v=itj 


Finding a Directional Derivative In Exercises 11-14, use 
Theorem 13.9 to find the directional derivative of the function 
at P in the direction of PQ. 


11. f(x, y) 232 + 3y, P(L, 1, Q(4,5) 


12. f(x, y) = cos(x + y), P(0, T0), off o 


13. f(x,y) =e’ sinx, P(0,0, Q(2, 1) 
14. f(x,y) = sin 2x cosy, P(t, 0), off. n) 


mE Finding the Gradient of a Function In 
P 4€ Exercises 15-20, find the gradient of the function 
Su at the given point. 
Ti pa y) = 3x + 5y? + 1, (2,1) 
16. g(x, y) = 2xe”/*, (2,0) 


Qr 
7. 2 = MEY 4, (2,3) 


18. z = cos(x? + y?, (3, —4) 


19. w = 6xy — y? + 2xyz3, (-1,5,—1) 
20. w = xtan(y + z), (4,3, -1) 
Finding a Directional Derivative In Exercises 21—24, use 


the gradient to find the directional derivative of the function at 
P in the direction of v. 


i+ 3j) 


22. h(x, y) = e ?* sin y, (1.5) v=-i 


1 f(x, y) = xy, P(0, —2), v= 


3. fx, y2 = 2 +y +z, PU, 1,1), vo opea) 


24. f(x,y,z) = xy + yz + xz P(L2,-1, v-2i*j-k 
mala Finding a Directional Derivative In 
46, Exercises 25-28, use the gradient to find the 


DER , directional derivative of the function at P in the 
direction of PQ. 

5. g(x,y) =x? +y? +1, P(L2, Q(2,3) 

6. f; y) = 3x2 — y? + 4, P(-1,4), Q(3,6) 

7. g(x, y, z) = xye*, PQ,4,0, Q(0, 0, 0) 

28. A(x, y, z) = In(x + y + z), P(1,0, 0), 


O(4, 3, 1) 


oR [s] Using Properties of the Gradient In 
et hy Exercises 29-38, find the gradient of the function 
wea ; and the maximum value of the directional 
derivative at the given point. 


29. f(x,y) 2 2 - x/v, (0,3) 


HEP 
Pp OD 


30. f(x, y) 


31. A(x, y) = x tan y, (2 m) 


32. 16. = yeoste =»), (0,5) 


33. f(x, y) = sin x2y?, E n) 


34. e(x, y) = In3jx* + y^, (1,2) 

35. f(x,y,z) = Jv? +y +2, (1,4,2) 
1 

36. w = , (0,0,0 


37. w = xy2, (2,1,1) 
38. f(x, y,z) = xe”, (2,0, —4) 
[m] zi [w] Finding a Normal Vector to a Level 
A a Curve In Exercises 39-42, find a normal vector 
En to the level curve f(x, y) = c at P. 
40. f(x, y) = x2 + y? 
c= 25, P(3,4) 


39. f(x, y) = 6 — 2x — 3y 
c — 6, P(0,0) 


41. 


X 
fl, y) = xy 42. fr, y) = x2 + y 
c= -3, P(-1,3) c-i P(L1) 


Using a Function In Exercises 43—46, (a) find the gradient 
of the function at P, (b) find a unit normal vector to the level 
curve f(x, y) = c at P, (c) find the tangent line to the level 
curve f(x, y) = c at P, and (d) sketch the level curve, the unit 
normal vector, and the tangent line in the xy-plane. 


43. 


45. 


47. 


48. 


f(x, y) = 4? — y 44. f(x,y) =x- y 


c= 6, P(2, 10) >= 3, P(4,-1) 
f(x, y) = 3x? — 2y? 46. f(x, y) = 9x? + 4y? 
c=1, P(1,1) c= 40, P(2,-1) 


Using a Function Consider the function 


an 


foy ed 3 7 


(a) Sketch the graph of f in the first octant and plot the point 
(3, 2, 1) on the surface. 

(b) Find D, f(3, 2), where u = cos 0i + sinOj, using each 
given value of 0. 


Tt 


, OE 2 L2 o, mM . n 
(i) = Gi) 0 3 (ii) 0 3 (iv) 0 6 


(c) Find D, f (3, 2), where u = I using each given vector v. 
v 


à v=itj (i) v = —3i — 4j 
Gii) v is the vector from (1, 2) to (— 2, 6). 
(iv) v is the vector from (3, 2) to (4, 5). 

(d) Find Vf(x, y). 


(e) Find the maximum value of the directional derivative at 
(3, 2. 


(f) Find a unit vector u orthogonal to Vf(3, 2) and calculate 
D, f (3, 2). Discuss the geometric meaning of the result. 


Using a Function Consider the function 

fy -79—2-—y. 

(a) Sketch the graph of f in the first octant and plot the point 
(1, 2, 4) on the surface. 

(b) Find D, f(1, 2), where u = cos Bi + sin Oj, using each 
given value of 9. 


ge th avast asg 4 LH 
)0-2 n (ii) 8 3 (iii) 0 n (iv) 0 5 


(c) Find D, f(1, 2), where u = Ir using each given vector v. 


G v=3i+j Gi v = —8i — 6j 
(iii) v is the vector from (— 1, — 1) to (3, 5). 
(iv) v is the vector from (— 2, 0) to (1, 3). 

(d) Find Vf(1, 2). 


(e) Find the maximum value of the directional derivative at 
(1, 2). 


(f) Find a unit vector u orthogonal to Vf(1, 2) and calculate 
D, f (1, 2). Discuss the geometric meaning of the result. 


BB 49. 
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Investigation Consider the function 


f(y) =P -y 

at the point (4, — 3, 7). 

(a) Use a computer algebra system to graph the surface 
represented by the function. 


(b) Determine the directional derivative D, f(4, —3) as a 
function of O, where u = cos Oi + sin Oj. Use a computer 


algebra system to graph the function on the interval 
[0, 210). 


Approximate the zeros of the function in part (b) and 
interpret each in the context of the problem. 


(e) 


(d) 


Approximate the critical numbers of the function in part 
(b) and interpret each in the context of the problem. 


(e) Find |Vf(4, —3)| and explain its relationship to your 
answers in part (d). 

(f) Use a computer algebra system to graph the level curve 
of the function f at the level c — 7. On this curve, graph 
the vector in the direction of Vf(4, —3) and state its 
relationship to the level curve. 

50. Investigation Consider the function 
E 8y 
f(x. y) = 1+x7+ y? 


(a) Analytically verify that the level curve of f(x, y) at the 
level c = 2 is a circle. 


(b) At the point (./3, 2) on the level curve for which c — 2, 
sketch the vector showing the direction of the greatest rate 
of increase of the function. To print a graph of the level 
curve, go to MathGraphs.com. 


(c) At the point (V3, 2) on the level curve for which c = 2, 
sketch a vector such that the directional derivative is 0. 


AL (d) Use a computer algebra system to graph the surface to 


53. 


verify your answers in parts (a)-(c). 


EXPLORING CONCEPTS 

51. Think About It Consider v = 3u. Is the directional 
derivative of a differentiable function f(x, y) in the 
direction of v at the point (xy Yọ) three times the 
directional derivative of f in the direction of u at the 


point (xo, Yọ)? Explain. 


. Sketching a Graph and a Vector Sketch the 
graph of a surface and select a point P on the surface. 
Sketch a vector in the xy-plane giving the direction of 
steepest ascent on the surface at P. 


Topography The surface of a mountain is modeled by the 
equation 


h(x, y) = 5000 — 0.001x? — 0.0045?. 


A mountain climber is at the point (500, 300, 4390). In what 
direction should the climber move in order to ascend at the 
greatest rate? 
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HOW DO YOU SEE IT? The figure shows 
a topographic map carried by a group of hikers. 
Sketch the paths of steepest descent when 

the hikers start at point A and when they start 
at point B. (To print an enlarged copy of the 
graph, go to MathGraphs.com.) 


55. Temperature The temperature at the point (x, y) on a metal 
plate is T(x, y) = x/(x? + y?). Find the direction of greatest 
increase in heat from the point (3, 4). 


56. Temperature The temperature at the point (x, y) on a 
metal plate is T(x, y) = 400€ *»/2 x = 0, y 2 0. 


A (a) Use a computer algebra system to graph the temperature 
distribution function. 


(b) Find the directions of no change in heat on the plate from 
the point (3, 5). 


(c) Find the direction of greatest increase in heat from the 
point (3, 5). 


Finding the Direction of Maximum 
Increase In Exercises 57 and 58, the temperature 
in degrees Celsius on the surface of a metal plate 
===" is given by T(x, y), where x and y are measured in 
centimeters. Find the direction from point P where 
the temperature increases most rapidly and this 
rate of increase. 


57. Tx, y) = 80 — 32 — y, P( 
58. T(x, y) = 50 — x2 — 4y?, 


eisai 
Rage 
[n] Hou 1 


59. T(x, y) = 400 — 2x? — y? 
60. T(x, y) = 100 — x? — 2y?, 


1, 5) 
P(2, —1) 
Finding the Path of a Heat-Seeking 
Particle In Exercises 59 and 60, find the path of 


a heat-seeking particle placed at point P on a metal 
plate whose temperature at (x, y) is T(x, y). 


P(10, 10) 
P(4, 3) 
True or False? In Exercises 61-64, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


61. If f(x,y) = V1 — x? — y?, then D, f(0, 0) = 0 for any unit 
vector u. 


62. If f(x,y) = x + y, then -1 < D, f(x,y) < 1. 
63. If D, f(x, y) exists, then D, f(x, y) = —D, f(x, y). 


Andrey_Kuzmin/Shutterstock.com 


64. If D, f(x, Yo) = c for any unit vector u, then c = 0. 
65. Finding a Function Find a function f such that 
Vf = e* cos yi — e*sin yj + zk. 


e66. Ocean Floor «eeeeeeeccccccc.ccic(c 


A team of oceanographers is mapping the ocean floor to : 
assist in the recovery of a sunken ship. Using sonar, they ê 
develop the model : 
D 250 + 30? + 50sin2, OS x <2, Qépes c 
where D is the depth 


in meters, and x and 
y are the distances in 
kilometers. 


(a) Use a computer 
algebra system to 
graph D. 


(b) Because the graph in 
part (a) is showing 
depth, it is not a map of the ocean floor. How could the 
model be changed so that the graph of the ocean floor 
could be obtained? 


(c) What is the depth of the ship if it is located at the 
coordinates x = 1 and y = 0.5? 


(d) Determine the steepness of the ocean floor in the positive 
x-direction from the position of the ship. 


(e) Determine the steepness of the ocean floor in the positive 
y-direction from the position of the ship. 


(f) Determine the direction of the greatest rate of change of 
depth from the position of the ship. 


67. Using a Function Consider the function 
fy) = Vw 


(a) Show that f is continuous at the origin. 


(b) Show that f; and f, exist at the origin but that the directional 
derivatives at the origin in all other directions do not exist. 


AL (c) Use a computer algebra system to graph f near the origin 
to verify your answers in parts (a) and (b). Explain. 


68. Directional Derivative Consider the function 


ji s (x,y) # (0,0) 
0, (x, y) # (0, 0) 


and the unit vector 


1 
u = —(i+ j). 

Ja y 
Does the directional derivative of f at P(0, 0) in the direction 
of u exist? If f(0, 0) were defined as 2 instead of 0, would the 
directional derivative exist? Explain. 
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Exploration 


Billiard Balls and Normal 
Lines In each of the three 
figures below, the cue ball is 
about to strike a stationary 
ball at point P. Explain how 
you can use the normal line 
to the stationary ball at point 
P to describe the resulting 
motion of each of the two 
balls. Assuming that each 
cue ball has the same speed, 
which stationary ball will 
acquire the greatest speed? 
Which will acquire the least? 
Explain your reasoning. 


Moving 
cue ball 


Normal line 
to stationary 
ball at point P 


Stationary 
ball 


Normal line 


to stationary 2 

ball at ix P AO 
y Moving 

Q.. 


cue ball 
2 ball 


Normal line 
to stationary 
ball at point P 


cue ball 


Stationary 
ball 


E Find equations of tangent planes and normal lines to surfaces. 
E Find the angle of inclination of a plane in space. 
iM Compare the gradients Vf(x, y) and VF(x y, 2. 


Tangent Plane and Normal Line to a Surface 
So far, you have represented surfaces in space primarily by equations of the form 
Equation of a surface S 


z = f(x, y). 


In the development to follow, however, it is convenient to use the more general 
representation F(x, y, z) = 0. For a surface S given by z = f(x, y), you can convert to 
the general form by defining F as 


F(x, y, z) = f, y) — 


Because f(x, y) — z = 0, you can consider S to be the level surface of F given by 


F(x, y, z) = 0. 


EXAMPLE 1 Writing an Equation of a Surface 


For the function 


Alternative equation of surface S 


Fx, yz2-20-y-g2-4 

describe the level surface given by 
F(x, y, z) = 0. 

Solution The level surface given by F(x, y, z) = 0 can be written as 
P+ty~+2=4 


which is a sphere of radius 2 whose center is at the origin. a 


You have seen many examples of the usefulness of normal lines in applications 
involving curves. Normal lines are equally important in analyzing surfaces and solids. 
For example, consider the collision of two billiard balls. When a stationary ball is 
struck at a point P on its surface, it moves along the line of impact determined by 
P and the center of the ball. The impact can occur in two ways. When the cue ball is 
moving along the line of impact, it stops dead and imparts all of its momentum to the 
stationary ball, as shown in Figure 13.55. 


SS Line of y 


`S SW) impact Fol E ji jf 
A A 
" Line of ©” ^ — Lineof © © 
EY 


impact, » impacta 


Figure 13.55 Figure 13.56 

When the cue ball is not moving along the line of impact, it is deflected to one side or 
the other and retains part of its momentum. The part of the momentum that is transferred 
to the stationary ball occurs along the line of impact, regardless of the direction of the 
cue ball, as shown in Figure 13.56. This line of impact is called the normal line to the 
surface of the ball at the point P. 
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Tangent plane to surface S at P 
Figure 13.57 


e*0€0600060029090292909099 90€ 


[] 


ee In the remainder 
of this section, assume 
VF (Xp; yo, Zo) to be nonzero 
unless stated otherwise. 


In the process of finding a normal line to a surface, you are also able to solve the 
problem of finding a tangent plane to the surface. Let S be a surface given by 


F(x, y, z) = 0 


and let P(Xp, Yo, Zo) be a point on S. Let C be a curve on S through P that is defined by 
the vector-valued function 


r(t) = x(t)i + (0j + 2(k. 
Then, for all t, 
F(x(t), yO), z(0) = 0. 


If F is differentiable and x'(r), y'(t), and z'(f) all exist, then it follows from the Chain 
Rule that 


0 = F(t) 
= F (x, y, z)x'(t) + Fs y, z)y'() + F(x, y, oe. 
At (Xo Yo Zo), the equivalent vector form is 


0 = VF(x,, Yo zo) * r' (tj). 


e I E 


Gradient Tangent vector 


This result means that the gradient at P is orthogonal to the tangent vector of every curve 
on S through P. So, all tangent lines on S lie in a plane that is normal to VF (Xo, Yo» Zo) 
and contains P, as shown in Figure 13.57. 


Definitions of Tangent Plane and Normal Line 


Let F be differentiable at the point P(xp, Yo, Zo) on the surface S given by 
F(x, y, z) = 0 such that 


VF (Xo; Yo: Zo) * 0. 


1. The plane through P that is normal to VF(x,, yo. Zo) is called the tangent 
plane to S at P. 

2. The line through P having the direction of VF(x,, Yo, Zo) is called the 
normal line to S at P. 


To find an equation for the tangent plane to S at (xy, yo, Zo), let (x, y, z) be an 
arbitrary point in the tangent plane. Then the vector 


v=(x- xj)i + (y a yo)j Ti Zo)k 


lies in the tangent plane. Because VF(xo, yo, Zo), is normal to the tangent plane at 
(Xo, Yo Zo), it must be orthogonal to every vector in the tangent plane, and you have 


VF(xo, yo Zo) * v = 0 


which leads to the next theorem. 


THEOREM 13.13 Equation of Tangent Plane 


If F is differentiable at (xp, yo, Zo), then an equation of the tangent plane to the 
surface given by F(x, y, z) = 0 at (Xp, Yo» Zo) is 


F (xo, Jo Zo) (x = Xo) + F (xo, Yo» Zo) (y = Yo) 3b Fb. Yo» Zo) (z = Zo) =0. 


13.7 Tangent Planes and Normal Lines 


| Some EXAMPLE 2 Finding an Equation of a Tangent Plane 
three-dimensional graphing 
utilities are capable of graphing Find an equation of the tangent plane to the hyperboloid 


iments N 2-9 o 

z at the point (1, — 1, 4). 

Solution Begin by writing the equation of the surface as 
2 — 2x7 — 2y — 12 = 0. 

Then, considering 


y F(x, y, z) = 2 — 2x — 2y? — 12 


you have 


Generated by Mathematica 
Sphere: x? + y? + z2 = F (x, y, z) = — 4x, F (x, y, z) = —4y, and F (x, y, z) = 2z. 


At the point (1, — 1, 4), the partial derivatives are 
F(1,—1,4) = —4, F, —1,4)=4, and F/(1,—1,4) = 8. 
So, an equation of the tangent plane at (1, — 1, 4) is 
—-4A(x—1)-*4(y*0)-8(z-4)-0 
—4x+ 4+4y+4+8z-32=0 
—4x + 4y + 8z - 24=0 
x—-y-2z2t6-90. 


Figure 13.58 shows a portion of the hyperboloid and the tangent plane. 


Surface: 
z? —2x? -2y? -1220 


Tangent plane to surface 
Figure 13.58 
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To find an equation of the tangent plane at a point on a surface given by 


z — f(x, y), you can define the function F by 
F(x, y, z) = f, y) = z. 


Then S is given by the level surface F(x, y, z) = 0, and by Theorem 13.13, an equation 


of the tangent plane to S at the point (x9, yo, Zo) is 


TEC lee) GU C (on 
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ims 


Figure 13.59 


Surface: xyz = 12 


VFQ, —2, -3) 
Figure 13.60 


Functions of Several Variables 


Finding an Equation of the Tangent Plane 


Find an equation of the tangent plane to the paraboloid 


1 
-1- (2 + 4y? 
z=1 TE 4y?) 


at the point (1, 1, 4). 


Solution From z = f(x, y) = 1 — 452 + 4y?), you obtain 


fay) = -3 m £01 = -i 
and 
fe»--2 æ sa) = -$ 


So, an equation of the tangent plane at (1, 1, 1) is 


fG, I)(x = 1) +AA, Dy = 1) = (z — z) = 0 


1 4 1 
-ie«- 0-367 n- (:- 1) o 
1 4 3 
=- x=- =z ta, 
a 0 
This tangent plane is shown in Figure 13.59. a 


The gradient VF(x, y, z) provides a convenient way to find equations of normal 
lines, as shown in Example 4. 


Finding an Equation of a Normal Line to a Surface 


tee > See LarsonCalculus.com for an interactive version of this type of example. 
Find a set of symmetric equations for the normal line to the surface 

xyz — 12 
at the point (2, — 2, — 3). 
Solution Begin by letting 

F(x, y, z) = xyz — 12. 
Then, the gradient is given by 

VF(x, y, z) = Fo, y, zji + Fi, y, dj + F(x, y, Dk 

= yzi + xzj + xyk 

and at the point (2, —2, — 3), you have 

VF(2, —2, —3) = (—2)(—3)i + (2)(-3)j + 27 2)k 

= 6i — 6j — 4k. 


The normal line at (2, —2, —3) has direction numbers 6, —6, and —4, and the 
corresponding set of symmetric equations is 


xX—2. yr. 23 
6 —6 —4 ` 


See Figure 13.60. au 


Ellipsoid: x? + 2y? + 2z? = 20 | 
- 0,1,3) 


| Paraboloid: x? + y? +z =4 


Figure 13.61 
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Knowing that the gradient V F(x, y, z) is normal to the surface given by F(x, y, z) = 0 
allows you to solve a variety of problems dealing with surfaces and curves in space. 


Finding the Equation of a Tangent Line to a Curve 


Find a set of parametric equations for the tangent line to the curve of intersection of 
the ellipsoid 


x? + 2y? + 22 = 20 Ellipsoid 
and the paraboloid 

rP+y+z=4 Paraboloid 
at the point (0, 1, 3), as shown in Figure 13.61. 


Solution Begin by finding the gradients to both surfaces at the point (0, 1, 3). 


Ellipsoid Paraboloid 

F(x, y, Zz) = x? + 2y? + 22 — 20 Gx, yg =x +y +z-4 
VF(x, y, z) = 2xi + 4yj + 4zk VG(x, y, z) = 2xi + 2yj + k 
VF(0, 1,3) = 4j + 12k VG(0,1,3) = 2j + k 


The cross product of these two gradients is a vector that is tangent to both surfaces at 
the point (0, 1, 3). 


i j k 
VF(0,1,3) x VG(0,1,3)=|0 4 12| = —20i 
0 2 1 


So, the tangent line to the curve of intersection of the two surfaces at the point (0, 1, 3) 
is a line that is parallel to the x-axis and passes through the point (0, 1, 3). Because 
—20i = —20(i + Oj + Ok), the direction numbers are 1, 0, and 0. So a set of 
parametric equations for the tangent line passing through the point (0, 1, 3) is x = t, 
y = l, andz = 3. au 


The Angle of Inclination of a Plane 


Another use of the gradient VF(x, y, z) is to determine the angle of inclination of the 
tangent plane to a surface. The angle of inclination of a plane is defined as the angle 0 
(0 < 0 < z/2) between the given plane and the xy-plane, as shown in Figure 13.62. 
(The angle of inclination of a horizontal plane is defined as zero.) Because the vector k 
is normal to the xy-plane, you can use the formula for the cosine of the angle between 
two planes (given in Section 11.5) to conclude that the angle of inclination of a plane 
with normal vector n is 


lnek] _ Ink 
cos G = = 5 Angle of inclination of a plane 
lol [P| lll d 
Z 
A 
n\9| k 
3 -— [ 
" I ae y 
ET 
p O 


x 


The angle of inclination 
Figure 13.62 
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Finding the Angle of Inclination of a Tangent Plane 


Find the angle of inclination of the tangent plane to the ellipsoid 


X vig 


2 
2 i2 37! 


at the point (2, 2, 1). 
Solution Begin by letting 


g 2 2 
Meris ptu 1. 


Then, the gradient of F at the point (2, 2, 1) is 


y 2z 


VF(x, y, z) = ji + eJ + 3k 
: VF(2, 2, 1) = j + j + Fk. 
? K[|0f4 yF (2, 2, 1) Because VF(2, 2, 1) is normal to the tangent plane and k is normal to the xy-plane, it 
P 4 | follows that the angle of inclination of the tangent plane is 
C og- VFD -k| 2/3 _ JP 
Mc] y IIVF(2,2, Dl — Va + 073)? + Q/3* 3 
z 2 l which implies that 
0= ma = 35.3? 
Figure 13.63 as shown in Figure 13.63. H 


A special case of the procedure shown in Example 6 is worth noting. The angle of 
inclination 0 of the tangent plane to the surface z = f(x, y) at (xo Yo Zo) is 


1 


cos @ = : Alternative formula for angle of 
Lf, Yo)? + [.f, Go. y)P + 1 inclination (See Exercise 63.) 


A Comparison of the Gradients Vf(x, y) and VAX, y, 2) 


This section concludes with a comparison of the gradients Vf(x, y) and VF(x, y, z). 
In the preceding section, you saw that the gradient of a function f of two variables 
is normal to the level curves of f. Specifically, Theorem 13.12 states that if f is 
differentiable at (xo, Yo) and Vf(%p, Yo) # 0, then Vf(x;, y) is normal to the level curve 
through (xo, Yo). Having developed normal lines to surfaces, you can now extend this 
result to a function of three variables. The proof of Theorem 13.14 is left as an exercise 
(see Exercise 64). 


HEOREM 13.14 Gradient Is Normal to Level Surfaces 
If F is differentiable at (xp, yo, Zo) and 
VF(xo, yo, Zo) ¥ 0 


| then V F(x,, Yo, Zo) is normal to the level surface through (Xp, yo. zo). 


When working with the gradients Vf(x, y) and VF(x, y, z), be sure you remember 
that Vf(x, y) is a vector in the xy-plane and VF(x, y, z) is a vector in space. 


13.7 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Tangent Vector Consider a point (xo, yo, Zo) on a 
surface given by F(x, y, z) = 0. What is the relationship 
between VF (x, Yo, Zo) and any tangent vector v at 
(Xo Yor Zo)? How do you represent this relationship 
mathematically? 


. Normal Line Consider a point (xy, yo, Zo) on a surface 
given by F(x, y, z) — 0. What is the relationship between 
V F(xs, Yo» Zo) and the normal line through (xo, yo, Zo)? 


DEM Describing a Surface In Exercises 3-6, 
RE describe the level surface F(x, y, z) — 0. 

^ [p 

[n] iè 


3. F(x, y, z) = 3x — 5y + 3z — 15 
4. F(x,y, z) = 36 - 2 -y -z2 
5. F(x, y, z) = 4x? + 9y? — 4z? 

6. F(x, y, z) = 16x? — 9y? + 36z 


[m] 3 [m] Finding an Equation of a Tangent Plane In 


Ei 3 Exercises 7-16, find an equation of the tangent 
fy » 


[s] plane to the surface at the given point. 


7T.z—-x)b +y +3 8. fa) = 
(2, 1, 8) (1,2,2) 

zZ 
A 
10+ 
8| 
B 
at 
2t 

2 a » 

4 ey 


9.z:— J2 +y, (3,4,5) 
10. g(x, y) = arctan 5 (1, 0, 0) 
11. g(x,y) =x +y, (1, -1,2) 


12. f(x,y) =x — dy +y’, (1,2,1) 
13. h(x, y) = In /x3ó + y*, (3,4,1n5) 


14. f(x, y) = sin x cos y, (z e 3) 
( 


15. x3? + y? — 52? = 15, 4, —2, 1) 
16. x? +22 =y, (1,3, —2) 


Bae] Finding an Equation of a Tangent Plane 
4& and a Normal Line In Exercises 17-26, 


eias (a) find an equation of the tangent plane to the 
` "* surface at the given point and (b) find a set of 

symmetric equations for the normal line to the 
surface at the given point. 

17.x+y+z2=9, (3,3,3) 

18. 2-y-472-29, (1,2,2) 

19. 2 + 2y -2-7, (1,-1,2) 

20. z= 16 — x? — y?, (2,2,8) 

21. z=x — y?r, (3,2,5) 

22. xyy—z=0, (-2, -3,6) 

23. xyz = 10, (1,2, 5) 

24. 6xy =z, (-L 1, —6) 

25. z = ye”, (0,2,2) 

26. yInxz = 2, (e,2,1) 


m Finding the Equation of a Tangent Line 
„more to a Curve In Exercises 27-32, find a set of 


Ck parametric equations for the tangent line to the 


curve of intersection of the surfaces at the given 
point. 

27. 32 +y=2, z=x, (1,1,1) 

28.z=x2 +y, z=4-y, (2,-1,5) 

29. x2 +2=25, y+2=25, (3,3,4) 

30. z= V2 +y, 5x—-2y +3z= 22, (3,4,5) 

31. 2 +y +z =14, x—-y-z-0, (3,1,2) 

32.z =x +y, x+ y+ 6z = 33, (1,2,5) 


Finding the Angle of Inclination of a 
Tangent Plane In Exercises 33-36, find the 
angle of inclination of the tangent plane to the 
surface at the given point. 

33. 320 + 2y? — z = 15, (2,2,5) 

34. 2xy — 23 = 0, (2,2,2) 

35. x? — y} +z=0, (1,2,3) 

36. 2 y =5, (2,1,3) 

Horizontal Tangent Plane In Exercises 37-42, find the 
point(s) on the surface at which the tangent plane is horizontal. 
37.:-3—-2-y-6 

38. z = 3x? + 2y? — 3x + 4y — 5 

39. z =x? — xy + y? — 2x — 2y 

40. z = 4x? + 4xy — 2y? + 8x — 5y — 4 

41. z = 5xy 


B eG 
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Tangent Surfaces In Exercises 43 and 44, show that the 
surfaces are tangent to each other at the given point by showing 
that the surfaces have the same tangent plane at this point. 


43. x? + 2y? + 32 = 3, 3 + y? + z + 6x — 10y + 14 — 0, 
(-1,1, 0) 

44. x? + y? + 2 — 8x — 12y + 4z + 42 = 0, 

y + 2z = 7, (2,3, 3) 


2 


x 


Perpendicular Tangent Planes In Exercises 45 and 46, 
(a) show that the surfaces intersect at the given point and 
(b) show that the surfaces have perpendicular tangent planes 
at this point. 
45. z = 2xy?, 8x2 — 5 — 8z = —13, (1, 1,2) 
46. x? + y? + 24 2x — 4y — 4z- 12 =0, 

4x2 + y? + 162 = 24, (1, -2, 1) 


EXPLORING CONCEPTS 


47. Tangent Plane The tangent plane to the surface 
represented by F(x, y, z) = 0 at a point P is also tangent 
to the surface represented by G(x, y, z) = 0 at P. Is 
VF(x, y, z) = VG(x, y, z) at P? Explain. 


. Normal Lines For some surfaces, the normal lines at 
any point pass through the same geometric object. What 
is the common geometric object for a sphere? What is the 
common geometric object for a right circular cylinder? 
Explain. 


49. Using an Ellipsoid Find a point on the ellipsoid 
3x? + y? + 3z? = 1 where the tangent line is parallel to the 
plane — 12x + 2y + 6z = 0. 


50. Using a Hyperboloid Find a point on the hyperboloid 
xX? + 4y? — z? = 1 where the tangent plane is parallel to the 
plane x + 4y — z = 0. 


51. Using an Ellipsoid Find a point on the ellipsoid 
x? + Ay) + z = 9 where the tangent plane is perpendicular 
to the line with parametric equations 


x72-—4ty-71 t 8t and z = 3 — 2t. 


HOW DO YOU SEE IT? The graph shows 
the ellipsoid x? + 4y? + z? = 16. Use the 
graph to determine the equation of the tangent 
plane at each of the given points. 


(a) (4, 0, 0) 


(b) (0, —2,0) (c) (0,0, —4) 


53. Investigation Consider the function 
2 Axy 
fe» = gy) 
on the intervals —2 < x  2andO0 s y < 3. 


(a) Find a set of parametric equations of the normal line and 
an equation of the tangent plane to the surface at the point 
(1, 1, 1). 


(b) Repeat part (a) for the point (= 1,2, -1. 


ee (c) Use a computer algebra system to graph the surface, the 
normal lines, and the tangent planes found in parts (a) and (b). 


54. Investigation Consider the function 
_ siny 
Ma) == 
on the intervals -3 < x € 3and 0 < y < 2r. 


(a) Find a set of parametric equations of the normal line and 
an equation of the tangent plane to the surface at the point 


m 1 
(2 zt) 


(b) Repeat part (a) for the point (-3 a 3 


3 2°2 
B (c) Use a computer algebra system to graph the surface, the 
normal lines, and the tangent planes found in parts (a) and (b). 


55. Using Functions Consider the functions 
y 
f(x, y) =6-} -7 and g(x, y) = 2x + y. 


(a) Find a set of parametric equations of the tangent line to the 
curve of intersection of the surfaces at the point (1, 2, 4) 
and find the angle between the gradients of f and g. 


fb (b) Use a computer algebra system to graph the surfaces and 
the tangent line found in part (a). 


56. Using Functions Consider the functions 
fG y) = V16 — x3 — y? + 2x — 4y 


and 


"o 


2 


gy) = 1 — 32 + y? + 6x + 4y. 
B (a) Use a computer algebra system to graph the first-octant 
portion of the surfaces represented by f and g. 


(b) Find one first-octant point on the curve of intersection and 
show that the surfaces are orthogonal at this point. 


(c) These surfaces are orthogonal along the curve of intersection. 
Does part (b) prove this fact? Explain. 


Writing a Tangent Plane In Exercises 57 and 58, show 
that the tangent plane to the quadric surface at the point 
(Xo, yo» zo) can be written in the given form. 


2 2 2 
57. Ellipsoid: = + z T zi =1 
Tangent plane: Tož + Yoy + P =1 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


2 2 2 

Hyperboloid: A + - = a =] 
. XoX YoY Zoz E 
Tangent plane: ud p" zZ d = 


Tangent Planes of a Cone Show that any tangent plane 
to the cone 

2=@xr py 

passes through the origin. 


Tangent Planes Let f be a differentiable function and 
consider the surface 


E 


Show that the tangent plane at any point P(x,, yo, zy) on the 
surface passes through the origin. 


Approximation Consider the following approximations 
for a function f(x, y) centered at (0, 0). 


Linear Approximation: 

P(x, y) = f(0, 0) + f, (0, 0)x + f, (0, Oy 

Quadratic Approximation: 

P (x, y) = f(0, 0) + f (0, 0)x + f,(0, O)y + 
1/.,(0. Ox + f, (0, 0)xy + 3f, (0, 0)? 


[Note that the linear approximation is the tangent plane to the 
surface at (0, 0, f(0, 0)).] 


(a) Find the linear approximation of f(x, y) = e*~” centered 
at (0, 0). 


(b) Find the quadratic approximation of f(x,y) = e*~” 
centered at (0, 0). 


(c) When x = 0 in the quadratic approximation, you obtain 
the second-degree Taylor polynomial for what function? 
Answer the same question for y = 0. 


(d) Complete the table. 


x | ccu ep Cod Pax, y) 
0 | 0 
0 | 01 
0.2 | 0.1 
0.2 | 0.5 
1 | 05 


(e) Use a computer algebra system to graph the surfaces 
z = f(x,y), z = P(x, y), and z = P,(x, y). 

Approximation Repeat Exercise 61 for the function 

f(x,y) = cos(x + y). 

Proof Prove that the angle of inclination 0 of the tangent 

plane to the surface z = f(x, y) at the point (xp, yo, Zo) is given by 


1 
[f xo. Yo) P. + [f xo. yo? + i 


Proof Prove Theorem 13.14. 


cos @ = 
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SECTION PROJECT €0€00060000090909^9 


Wildflowers 


The diversity of wildflowers in a meadow can be measured by 
counting the numbers of daisies, buttercups, shooting stars, and so 
on. When there are n types of wildflowers, each with a proportion 
p; of the total population, it follows that 


Pit Py tess tp, = 1. 
The measure of diversity of the population is defined as 
H=- b» D; log;p;. 

= 


In this definition, it is understood that p, log, p; = 0 when p; = 0. 
The tables show proportions of wildflowers in a meadow in May, 
June, August, and September. 


May 


Flower type | 1|2 | 3 | 4 


Proportion 


June 


Flower type | 1 | 2 | 3 | 4 


Proportion 


BI 


BI 
E 
BI 


August 


Flower type | 1 | 2 | 3 | 4 


© 
= 


Proportion 


RI 
[o 


September 


Flower type | 1 | 2 | 3 | 4 


Proportion 0;0;0/ 1 


(a) Determine the wildflower diversity for each month. How 
would you interpret September’s diversity? Which month had 
the greatest diversity? 


(b) When the meadow contains 10 types of wildflowers in roughly 
equal proportions, is the diversity of the population greater 
than or less than the diversity of a similar distribution of 
4 types of flowers? What type of distribution (of 10 types of 
wildflowers) would produce maximum diversity? 


(c) Let H, represent the maximum diversity of n types of 
wildflowers. Does H, approach a limit as n approaches 00? 


B FOR FURTHER INFORMATION Biologists use the concept 
of diversity to measure the proportions of different types of organisms 
within an environment. For more information on this technique, 
see the article "Information Theory and Biological Diversity" by 
Steven Kolmes and Kevin Mitchell in the UMAP Modules. 
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13.8 Extrema of Functions of Two Variables 


E Find absolute and relative extrema of a function of two variables. 
E Use the Second Partials Test to find relative extrema of a function of two variables. 


Absolute Extrema and Relative Extrema 


In Chapter 3, you studied techniques for finding the extreme values of a function of 
a single variable. In this section, you will extend these techniques to functions of two 


n variables. For example, in Theorem 13.15 below, the Extreme Value Theorem for a 
Minium Maximum function of a single variable is extended to a function of two variables. 
| — e. Consider the continuous function f of two variables, defined on a closed bounded 
region R in the xy-plane. The values f(a, b) and f(c, d) such that 


fla, b) S f(x, y) z f(c, d) (a, b) and (c, d) are in R. 


e 
" y forall (x, y) in R are called the minimum and maximum of f in the region R, as shown 
, 


OECD A 


. in Figure 13.64. Recall from Section 13.2 that a region in the plane is closed when it 
contains all of its boundary points. The Extreme Value Theorem deals with a region in 
Closed bounded the plane that is both closed and bounded. A region in the plane is bounded when it is 


region R a subregion of a closed disk in the plane. 


1 
' 
1 
1 
e. 1 
1 1 
1 1 
+ 1 
1 1 
n D 
1 1 
1 e 
1 
1 
è 


R contains point(s) at which f(x, y) is a 
minimum and point(s) at which f(x, y) T 
is a maximum. THEOREM 13.15 Extreme Value Theorem 

Figure 13.64 


Let f be a continuous function of two variables x and y defined on a closed 
bounded region R in the xy-plane. 


1. There is at least one point in R at which f takes on a minimum value. 


2. There is at least one point in R at which f takes on a maximum value. | 


A minimum is also called an absolute minimum and a maximum is also called an 
absolute maximum. As in single-variable calculus, there is a distinction made between 
absolute extrema and relative extrema. 


Definition of Relative Extrema 


Let f be a function defined on a region R containing (xp, yo). 


1. The function f has a relative minimum at (xo, yo) if 


fœ, y) 2 FQ, Yo) 


for all (x, y) in an open disk containing (Xp, yo). 


2. The function f has a relative maximum at (xo, Yo) if 


fœ y) s Fo Yo) 


for all (x, y) in an open disk containing (xo, Yo). 


To say that f has a relative maximum at (x9, yo) means that the point (Xp, yo, zo) is 
at least as high as all nearby points on the graph of 


z = f(x, y). 


Relative extrema Similarly, f has a relative minimum at (xp, Yọ) when (xy, Yo» Zo) is at least as low as all 
Figure 13.65 nearby points on the graph. (See Figure 13.65.) 
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To locate relative extrema of f, you can investigate the points at which the gradient 
of f is 0 or the points at which one of the partial derivatives does not exist. Such points 
are called critical points of f. 


Definition of Critical Point 


Let f be defined on an open region R containing (Xp, yo). The point (xo, Yo) is 
a critical point of f if one of the following is true. 


l. fixo. Yo) = 0 and fiy, Yo) = 0 
2. f (xo, yo) or f, (xo, yo) does not exist. 


KARL WEIERSTRASS Recall from Theorem 13.11 that if f is differentiable and 
(1815-1897) 


Vf (xo, Yo) = fixo. Yok + Go» Yoj = 0i + 0j 
Although the Extreme Value di mee lids: 
Theorem had been used by then every directional derivative at (xp, Yọ) must be 0. This implies that the function has 
earlier mathematicians, the first a horizontal tangent plane at the point (Xp, yo), as shown in Figure 13.66. It appears that 


to provide a rigorous proof 
was the German mathematician 
Karl Weierstrass. Weierstrass 


also provided rigorous Surface: 
justifications for many other " z=f(, y) 


such a point is a likely location of a relative extremum. This is confirmed by Theorem 13.16. 


Surface: 
z=f(x, y) 


N 
— N 


mathematical results already in 
common use. We are indebted 


to him for much of the logical 

foundation on which modern 

calculus is built. (Xo. Yo Zo) 

See LarsonCalculus.com to read PE. " oo 

more of this biography. é ? Å. : 
(Xo. Yo) it Gr, Yo) 


x^ x 


(Xo. Yo» Zo) 


Relative maximum Relative minimum 
Figure 13.66 


THEOREM 13.16 Relative Extrema Occur Only at Critical Points 


If f has a relative extremum at (xo, Yọ) on an open region R, then (Xp, yo) is a 
critical point of f. 


Exploration 


Use a graphing utility to graph z = x? — 3xy + y? using the bounds 0 < x < 3, 
0 < y < 3, and —3 < z < 3. This view makes it appear as though the surface 
has an absolute minimum. Does the surface have an absolute minimum? Why or 
why not? 


Jacques Boyer/Roger-Viollet/The Image Works 
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Surface: 
f(x, y) = 2x? + y? + 8x —6y + 20 


px 


6 
5t 
4+ 
31 172, 3,3) 
2 1 
| l 
—4 : 
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The function z — f(x, y) has a relative 
minimum at (— 2, 3). 
Figure 13.67 


Surface: 
f(x y) 21 —(2 + y2)5 


f 0,0, 1) 
y 


f(x, y) and f(x, y) are undefined at 
(0, 0). 
Figure 13.68 


EXAMPLE 1 Finding a Relative Extremum 


Pads [> See LarsonCalculus.com for an interactive version of this type of example. 
Determine the relative extrema of 
f(x, y) = 2x2 + y? + 8x — 6y + 20. 
Solution Begin by finding the critical points of f. Because 
foy = 4x + 8 Partial with respect to x 
and 
fay) = 2y — 6 Partial with respect to y 


are defined for all x and y, the only critical points are those for which both first partial 
derivatives are 0. To locate these points, set f(x, y) and f,(x, y) equal to 0, and solve 
the equations 


4x+8=0 and 2y—6=0 


to obtain the critical point (— 2, 3). By completing the square for f, you can see that for 
all (x, y) # (—2, 3) 


f(x y) -2(x + 2)? + (y — 3)? +3 > 3. 


So, a relative minimum of f occurs at (—2, 3). The value of the relative minimum is 
f(—2, 3) = 3, as shown in Figure 13.67. E 


Example 1 shows a relative minimum occurring at one type of critical point—the 
type for which both f(x, y) and f(x, y) are 0. The next example concerns a relative 
maximum that occurs at the other type of critical point—the type for which either 
fex, y) or f(x, y) does not exist. 


~ EXAMPLE 2 Finding a Relative Extremum 


Determine the relative extrema of 
fay 91 (Qr + y), 
Solution Because 


2x 


fs. y-- 302 + yy Partial with respect to x 
and 
2 
Ls y) xd 302 DE. B Partial with respect to y 


it follows that both partial derivatives exist for all points in the xy-plane except for 
(0, 0). Moreover, because the partial derivatives cannot both be 0 unless both x and y 
are 0, you can conclude that (0, 0) is the only critical point. In Figure 13.68, note that 
f (0, 0) is 1. For all other (x, y), it is clear that 


fiy == Gs yy <1, 
So, f has a relative maximum at (0, 0). ud 
In Example 2, f(x, y) = 0 for every point on the y-axis other than (0, 0). However, 


because £05 y) is nonzero, these are not critical points. Remember that one of the 
partials must not exist or both must be 0 in order to yield a critical point. 


If d > 0, then 
f. (a, b) and f, (a, b) must 
have the same sign. This 
means that f,,(a, b) can be 
replaced by f,,(a, b) in the 
first two parts of the test. 
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The Second Partials Test 


Theorem 13.16 tells you that to find relative extrema, you need only examine values of 
f(x, y) at critical points. However, as is true for a function of one variable, the critical 
points of a function of two variables do not always yield relative maxima or minima. 
Some critical points yield saddle points, which are neither relative maxima nor relative 
minima. 

As an example of a critical point that does 
not yield a relative extremum, consider the 
hyperbolic paraboloid 


f(y) =y- 


as shown in Figure 13.69. At the point (0, 0), 
both partial derivatives 


f(x y) —2x and fos y = 2y 


are 0. The function f does not, however, have a 
relative extremum at this point because in any 
open disk centered at (0, 0), the function takes 
on both negative values (along the x-axis) and 
positive values (along the y-axis), So, the point 


(0, 0, 0) is a saddle point of the surface. (The Saddle point at (0, 0, 0): 
term “saddle point” comes from the fact that f.(0. 0) = f,(0, 0) = 0 
surfaces such as the one shown in Figure 13.69 Figure 13.69 


resemble saddles.) 

For the functions in Examples 1 and 2, it was relatively easy to determine the relative 
extrema, because each function was either given, or able to be written, in completed 
square form. For more complicated functions, algebraic arguments are less convenient 
and it is better to rely on the analytic means presented in the following Second Partials 
Test. This is the two-variable counterpart of the Second Derivative Test for functions 
of one variable. The proof of this theorem is best left to a course in advanced calculus. 


13.17 Second Partials Test 


Let f have continuous second partial derivatives on an open region containing 
a point (a, b) for which 


fía,b)- 0 and f(a,b)= 0. 
To test for relative extrema of f, consider the quantity 
d = f, (a, b)f (a, b) — [f (a. b). 


1. If d > O and f(a, b) > 0, then f has a relative minimum at (a, b). 
2. If d > O and f (a, b) < 0, then f has a relative maximum at (a, b). 
3. If d « 0, then (a, b, f(a, b)) is a saddle point. 


4. The test is inconclusive if d = 0. 


A convenient device for remembering the formula for d in the Second Partials Test 
is given by the 2 x 2 determinant 


_ duas b) fi (a, b) 
fx(a, b) Jd b) 


where f(a, b) = f, (a, b) by Theorem 13.3. 


d 
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Relative 
maximum 


L fas y) = =x? + Axy —2y? + 1 


Figure 13.70 


x + Ifx = 0, 


Hf y =0, then f(x, y) = 0. 


then f(x, y) = 0. 
Figure 13.71 


Functions of Several Variables 


EXAMPLE 3 Using the Second Partials Test 


Find the relative extrema of f(x, y) = —x3 + 4xy — 2? + 1. 
Solution Begin by finding the critical points of f. Because 
f(x y) = —3x? + 4y and Tos y) = 4x — 4y 


exist for all x and y, the only critical points are those for which both first partial 


derivatives are 0. To locate these points, set f. (x, y) and f,(x, y) equal to 0 to obtain 
—3x° + 4y =0 and 4x—4y-O. 


From the second equation, you know that x = y, and, by substitution into the first 
equation, you obtain two solutions: y = x = 0 and y = x = a. Because 


Tons y) = — 6x, fy, y) = —4, and T5 y) m 4 
it follows that, for the critical point (0, 0), 
d = f.(0,0)f,(0,0) — [f,(0, OP = 0 — 16 < 0 


and, by the Second Partials Test, you can conclude that (0, 0, 1) is a saddle point of f. 
EM " 44 
Furthermore, for the critical point G, 3 


n3 83- [x59] 


= —8(—4) — 16 
— 16 
20 


and because fA s. 4) = —8 < 0, you can conclude that f has a relative maximum at 
$1 , as shown in Figure 13.70. 


The Second Partials Test can fail to find relative extrema in two ways. If either of 
the first partial derivatives does not exist, you cannot use the test. Also, if 


d = fala, b) f, (a, b) — [f (a, b)P = 0 


the test fails. In such cases, you can try a sketch or some other approach, as demonstrated 
in the next example. 


EXAMPLE 4 Failure of the Second Partials Test 


Find the relative extrema of f(x, y) = x2y?. 


Solution Because f(x, y) = 2xy? and f,(x, y) = 2x?y, you know that both partial 
derivatives are 0 when x = 0 or y = O. That is, every point along the x- or y-axis is a 
critical point. Moreover, because 


Flr, y) = 2y5 foy) = 2x, and f(x, y) = 4xy 
you know that 
d = f(x, y) fy y) — [fy y) P 
= 4x?y? — 16x?y? 
—12:02 


which is 0 when either x = 0 or y = 0. So, the Second Partials Test fails. However, 
because f(x, y) = 0 for every point along the x- or y-axis and f(x, y) = xy? > 0 for 
all other points, you can conclude that each of these critical points yields an absolute 
minimum, as shown in Figure 13.71. | 
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Absolute extrema of a function can occur in two ways. First, some relative extrema 
also happen to be absolute extrema. For instance, in Example 1, f(— 2, 3) is an absolute 
minimum of the function. (On the other hand, the relative maximum found in Example 3 
is not an absolute maximum of the function.) Second, absolute extrema can occur at a 
boundary point of the domain. This is illustrated in Example 5. 


EXAMPLE 5 Finding Absolute Extrema 


Find the absolute extrema of the function 
F(x, y) = sin xy 

on the closed region given by 
O0sxsnm and Osys |l. 

Solution From the partial derivatives 


fy) = ycosxy and f(x,y) = xcosxy 


you can see that each point lying on the hyperbola xy = 11/2 is a critical point. These 
points each yield the value 


fly) = sin 21 


2 
which you know is the absolute maximum, as 
shown in Figure 13.72. The only other critical 
point of f lying in the given region is (0, 0). It 


yields an absolute minimum of 0, because Absolute 


minima 


< < 
ea m Absolute. — 


maxima 


implies that 


0 < sin xy < 1. 
To locate other absolute extrema, you should 
consider the four boundaries of the region formed i 
by taking traces with the vertical planes x = 0, 3 
X = TL y = 0, and y = 1. In doing this, you will Fi 
find that sin xy = O at all points on the x-axis, at i Domain: 
all points on the y-axis, and at the point (Tt, 1). Absolute 0zxxzm 
Each of these points yields an absolute minimum E 0sysl 
for the surface, as shown in Figure 13.72. Figure 13.72 a 


The concepts of relative extrema and critical points can be extended to functions 
of three or more variables. When all first partial derivatives of 
w = Foods eu Xp) 


exist, it can be shown that a relative maximum or minimum can occur at 
(Xis X2, X3, . . .,x,) only when every first partial derivative is 0 at that point. This 
means that the critical points are obtained by solving the following system of equations. 


fons X2 X3- »,X,) 70 


f tis» Xn rad) 50 


f bs p E seg x,) =0 


The extension of Theorem 13.17 to three or more variables is also possible, although 
you will not study such an extension in this text. 
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1 3 n 8 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Function of Two Variables For a function of two 
variables, describe (a) relative minimum, (b) relative 


maximum, (c) critical point, and (d) saddle point. 


. Second Partials Test Under what condition does 
the Second Partials Test fail? 


[s] J[s] Finding Relative Extrema In Exercises 3-8, 
^* identify any extrema of the function by recognizing 
its given form or its form after completing the 
square. Verify your results by using the partial 
derivatives to locate any critical points and test for 
relative extrema. 


3. g(x, y) = (x - 1)? + (y - 3 

4. g(x,y) -5—-(x—-6? — (y + 2)? 

5. fx y) = V2 +y +1 

6. f(x,y) = V49 - x-2} -y 

7. f(x,y) = x3 +y + 2x — 6y + 6 

8. f(x, y) xi — y? + 10x + 12y — 64 


Using the Second Partials Test In Exercises 
9—24, find all relative extrema and saddle points of 
the function. Use the Second Partials Test where 
applicable. 


9. f(x, y) =x? + y? + 8x — 12y - 3 
10. gi, y) = = -x-y 

11. f(x,y) = -2xy* 12. f(x,y) = axy 
13. f(x, y) 3x2 — 2y? + 3x — 4y +5 
14. h(x, y) = x* — 3xy — y? 

15. f(x, y) = 7x? + 2y? — 7x + 16y — 13 
16. f(x,y) = +y 

17. D—x3-xytiy-2xoy 

18. z 5x? + 4xy — y? + 16x + 10 
19. f(x, y) = —4Q2 + y? + 81)'^ 

20. h(x, y) = Q2 +y +2 

21. ya -y -y — d y 


22. f(x, y) = 2xy - ixt + y) +1 


23. z =e *siny 


> y 


x 


&e Finding Relative Extrema and Saddle Points Using 
Technology In Exercises 25-28, use a computer algebra 
system to graph the surface and locate any relative extrema 
and saddle points. 


E —4x 

rt+yti 
26. z = cosx + sin y, —m/2«x«m/2, -M <y <T 
27. z = (x2 + 4y?)e! 72? 28. z = e” 


25. z 


A Finding Relative Extrema In Exercises 29 and 30, examine 
the function for extrema without using the derivative tests and 
use a computer algebra system to graph the surface and verify 
your answers. (Hint: By observation, determine whether it is 
possible for z to be negative. When is z equal to 0?) 

E ei 


AET umen 30. z = ery 


Think About It In Exercises 31-34, determine whether 
there is a relative maximum, a relative minimum, a saddle 
point, or insufficient information to determine the nature of 
the function f(x, y) at the critical point (x, yo). 

31. fio Yo) = 9, f, o. Yo) = 4, Foo yY) = 6 

32. fal Yo) UEM fj gs Yo) = —8, feos Yo) =2 

33. faxo, yo) = —9, fy xo, Yo) = 6, foo Yo) =10 

34. f..(% Yo) = 25, fyo Yo) = 8, foo y) = 10 


BB Finding Relative Extrema and Saddle Points In 


Exercises 35-38, (a) find the critical points, (b) test for relative 
extrema, (c) list the critical points for which the Second 
Partials Test fails, and (d) use a computer algebra system to 
graph the function, labeling any extrema and saddle points. 


35. f(x, y) =e +y 

36. f(x, y) = 30 + y? — 6x? + Ox? + 12x + 27y + 19 
37. fx y) = (x— Dy + 4)? 

38. f(x, y) = x2 + y” 


[eT [e] Finding Absolute Extrema In Exercises 
pone #€ 39-46, find the absolute extrema of the function 


aCe 


oe à over the region R. (In each case, R contains the 
xm boundaries. Use a computer algebra system to 
confirm your results. 
39. f(x, y) = x? — Axy + 5 
R-íGy:1sxsz40zsy»yz2) 
40. f(x,y) =x + xy, R= {(x, y): |x| < 2, |y] < 1} 
41. f(x, y) = 12 — 3x — 2y 


R: The triangular region in the xy-plane with vertices (2, 0), 
(0, 1), and (1, 2) 


42. f(x,y) = (x - »* 
R: The triangular region in the xy-plane with vertices (2, 0), 
(0, 1), and (1, 2) 


43. f(x, y) = 32 + 2y? — 4y 


R: The region in the xy-plane bounded by the graphs of y = x? 
andy = 4 


44. f(x, y) = 2x - 2xy + y? 


R: The region in the xy-plane bounded by the graphs of y = x? 
andy = 1 


45. f(x, y) = 2? + 2xy + y? R = {(x, y): |x| < 2, 


- Axy 
46. f(xy) = (x2 + D? + 1) 


R={(x,y:0<xs 10s ys 1} 


y| = 1} 


Examining a Function In Exercises 47 and 48, find 
the critical points of the function and, from the form of the 
function, determine whether a relative maximum or a relative 
minimum occurs at each point. 


47. f(x,y,z) =x? + (y — 3)? + (ze + 1)? 
48. f(x y, z) = 9 — [x(y - Iz + 2)P 
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EXPLORING CONCEPTS 

49. Using the Second Partials Test A function f 
has continuous second partial derivatives on an open 
region containing the critical point (3, 7). The function 
has a minimum at (3, 7), and d > O for the Second 
Partials Test. Determine the interval for f,,(3, 7) when 
f, 7) = 2 and f,,(3, 7) = 8. 


. Using the Second Partials Test A function f 
has continuous second partial derivatives on an open 


region containing the critical point (a, b). If f,,(a, b) and 
f, (a. b) have opposite signs, what is implied? Explain. 


Sketching a Graph In Exercises 51 and 52, sketch 
the graph of an arbitrary function f satisfying the given 
conditions. State whether the function has any extrema or 
saddle points. (There are many correct answers.) 


51. All of the first and second partial derivatives of f are 0. 
52. f(x, y) > O and f, (x, y) < 0 for all (x, y). 


53. Comparing Functions Consider the functions 


fay) =x- y and glx, y) =X + 
(a) Show that both functions have a critical point at (0, 0). 


(b) Explain how f and g behave differently at this critical 
point. 


54. 5 HOW DO YOU SEE IT? Determine 
whether each labeled point is an absolute 
maximum, an absolute minimum, or neither. 


True or False? In Exercises 55—58, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


55. If f has a relative maximum at (xo, yo, Zo), then 


fixo Yo) = fo, yo) = 0. 
56. If fixo Yo) = AXo» Yo) = 0, then f has a relative extremum 
at (xo. Yo. zo). 


57. Between any two relative minima of f, there must be at least 
one relative maximum of f. 


58. If f is continuous for all x and y and has two relative minima, 
then f must have at least one relative maximum. 
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13.9 Applications of Extrema 


^ (4, 0, 0) 


X 


Figure 13.73 


In many applied 
problems, the domain of the 
function to be optimized is a 
closed bounded region. To find 
minimum or maximum points, 
you must not only test critical 
points, but also consider the 
values of the function at points 
on the boundary. 


iM Solve optimization problems involving functions of several variables. 
liM Use the method of least squares. 


Applied Optimization Problems 


In this section, you will study a few of the many applications of extrema of functions 
of two (or more) variables. 


EXAMPLE 1 Finding Maximum Volume 


e e p See LarsonCalculus.com for an interactive version of this type of example. 


A rectangular box is resting on the xy-plane with one vertex at the origin. The opposite 
vertex lies in the plane 


6x + 4y + 3z = 24 
as shown in Figure 13.73. Find the maximum volume of the box. 


Solution Let x, y, and z represent the length, width, and height of the box. 
Because one vertex of the box lies in the plane 6x + 4y + 3z = 24, you know that 
z= (24 — 6x — 4y). So, you can write the volume xyz of the box as a function of 
two variables. 


VG. y) = WOLA — 6x — 4)] 
1 (2Axy — 6x2y — Axy?) 


Next, find the first partial derivatives of V. 


Vx, y) = HUS — 12xy — 42) = 3 (24 — 12x — 4y) 


1 
V(x, y) = 304 — 6x? — 8xy) = 304 — 6x — 8y) 


Note that the first partial derivatives are defined for all x and y. So, by setting 
V(x, y) and V(x, y) equal to 0 and solving the equations 1y(24 — 12x — 4y) = 0 and 
Ix(24 — 6x — 8y) = 0, you obtain the critical points (0, 0), (4, 0), (0, 6), and ($, 2). 
At (0, 0), (4, 0), and (0, 6), the volume is 0, so these points do not yield a maximum 
volume. At the point G, 2), you can apply the Second Partials Test. 


V(x, y) = —4y 


— 8x 
Vey) = EN 


1 
Vos y) = 304 — 12x — 8y) 


Because 
V. 2)v,6.2) - [v S. 2] = -9(79) - (-§) = $ > 0 


and 
Vs 2)- -8«0 
you can conclude from the Second Partials Test that the maximum volume is 
$2) = 3124(5)(2) - e(3)*0 — 4(3)(2)] = S cubic unis. 


Note that the volume is 0 at the boundary points of the triangular domain of V. a 
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Applications of extrema in economics and business often involve more than one 
independent variable. For instance, a company may produce several models of one type 
of product. The price per unit and profit per unit are usually different for each model. 
Moreover, the demand for each model is often a function of the prices of the other models 
(as well as its own price). The next example illustrates an application involving two 
products. 


EXAMPLE 2 Finding the Maximum Profit 


A manufacturer determines that the profit P (in dollars) obtained by producing and 
selling x units of Product 1 and y units of Product 2 is approximated by the model 


P(x, y) = 8x + 10y — (0.001)(32 + xy + y?) — 10,000. 
Find the production level that produces a maximum profit. What is the maximum profit? 
Solution The partial derivatives of the profit function are 
P(x, y) = 8 — (0.001)(2x + y) 
and 
Ps, y) = 10 — (0.001)(x + 2y). 
By setting these partial derivatives equal to 0, you obtain the following system of equations. 
8 — (0.001)(2x + y) = 0 
10 — (0.001)(x + 2y) = 0 
After simplifying, this system of linear equations can be written as 
2x * y= 8000 
x + 2y = 10,000. 


Solving this system produces x — 2000 and y — 4000. The second partial derivatives 
of P are 

P,,(2000, 4000) = — 0.002 

P,,(2000, 4000) = — 0.002 

P.,(2000, 4000) = —0.001. 


Because P., < 0 and 
P „(2000, 4000)P,,(2000, 4000) — [P.,(2000, 4000)? = (— 0.002)? — (—0.001)? 


is greater than 0, you can conclude that the production level of x = 2000 units and 
y — 4000 units yields a maximum profit. The maximum profit is 


P(2000, 4000) 
— 8(2000) -- 10(4000) — (0.001)[2000? -- 2000(4000) -- 4000?] — 10,000 
— $18,000. a 


In Example 2, it was assumed that the manufacturing plant is able to produce the 
required number of units to yield a maximum profit. In actual practice, the production 
would be bounded by physical constraints. You will study such constrained optimization 
problems in the next section. 


lij FOR FURTHER INFORMATION For more information on the use of mathematics 
in economics, see the article “Mathematical Methods of Economics" by Joel Franklin 
in The American Mathematical Monthly. To view this article, go to MathArticles.com. 
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A method 
for finding the least squares 
regression quadratic for 
a collection of data is 
described in Exercise 31. 


The Method of Least Squares 


Many of the examples in this text have involved mathematical models. For instance, 
Example 2 involves a quadratic model for profit. There are several ways to develop 
such models; one is called the method of least squares. 

In constructing a model to represent a particular phenomenon, the goals are 
simplicity and accuracy. Of course, these goals often conflict. For instance, a simple 
linear model for the points in Figure 13.74 is 


y= 1.9x — 5. 


However, Figure 13.75 shows that by choosing the slightly more complicated quadratic 
model 


y = 0.20x? — 0.7x + 1 


you can achieve greater accuracy. 
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Figure 13.74 Figure 13.75 


As a measure of how well the model y = f(x) fits the collection of points 


1G. yı), (xs; yj. (xs. y) ts (X, A 


you can add the squares of the differences between the actual y-values and the values 
given by the model to obtain the sum of the squared errors 


n 
a x [f(x) — y. Sum of the squared errors 
= 


Graphically, S can be interpreted as the sum of 
the squares of the vertical distances between the 
graph of f and the given points in the plane, as 
shown in Figure 13.76. If the model is perfect, 
then S = 0. However, when perfection is not 
feasible, you can settle for a model that 
minimizes S. For instance, the sum of the squared 
errors for the linear model in Figure 13.74 is 


S = 17.6. 


Statisticians call the linear model that minimizes 
S the least squares regression line. The proof Sum of the squared errors: 
that this line actually minimizes S involves the S = d? + d? + d} 
minimizing of a function of two variables. Figure 13.76 


ADRIEN-MARIE LEGENDRE 
(1752-1833) 


The method of least squares 

was introduced by the French 
mathematician Adrien-Marie 
Legendre. Legendre is best known 
for his work in geometry. In fact, 


his text Elements of Geometry 
was so popular in the United 
States that it continued to be 
used for 33 editions, spanning a 
period of more than 100 years. 
See LarsonCalculus.com to read 


more of this biography. 
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THEOREM 13.18 Least Squares Regression Line 


The least squares regression line for {(x,, y,), (5, y5), . - . (S, y,)} is given 


by f(x) = ax + b, where 


[E] 


ou 


ORS 


a Aa 1/< £ i 
1 1 j and b= H$ NP aX, x): pur 
5 Xi = 


| us 


Proof Let S(a, b) represent the sum of the squared errors for the model 
f(x) = ax +b 


and the given set of points. That is, 


S(a, b) = 


where the points (x; y;) represent constants. Because S is a function of a and b, you 
can use the methods discussed in the preceding section to find the minimum value of S. 
Specifically, the first partial derivatives of S are 


n 


S, (a, b) = > 2x(ax; + b — yj) 
= 2a. xe + 25 gy 23) Xyj 
eA e iz 
and 
Sa, b) = S 2(ax, + b — y) 


{Z1 
= aÑ x; + 2nb — 2v Yi 
i=1 = 


By setting these two partial derivatives equal to 0, you obtain the values of a and b 
that are listed in the theorem. It is left to you to apply the Second Partials Test (see 
Exercise 41) to verify that these values of a and b yield a minimum. | 


If the x-values are symmetrically spaced about the y-axis, then È x; = 0 and the 
formulas for a and b simplify to 


> Xiyi 


i-1 


and 


» Yr 


This simplification is often possible with a translation of the x-values. For instance, 
given that the x-values in a data collection consist of the values 9, 10, 11, 12, and 13, 
you could let 11 be represented by 0. 
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Finding the Least Squares Regression Line 


Find the least squares regression line for the points 
(-3,0, (-L1) (0,2), and (2,3). 


Solution The table shows the calculations involved in finding the least squares 
regression line using n = 4. 


x y a 

=3 0 0 9 

—1 1 =] 1 

0 2 0 0 

2 3 6 4 
S used Y »-6 Š xy = 5 DERE" 
e iz e f£ 


Applying Theorem 13.18 produces 


4(5) — (- 26 
4(14) — (—2)? 
oe 
13 
and 
1 n 
b=*(Sy,- aD 
nS i=1 
1 8 
i js i3 2) 
2n 
26 
Many The least squares regression line is 
calculators have “built-in” least 
f 8 47 
squares regression programs. f(x) = 13* T 26 
If your calculator has such a 
program, use it to duplicate as shown in Figure 13.77. 


the results of Example 3. 


Least squares regression line 
Figure 13.77 au 


13.9 Exercises 


13.9 Applications of Extrema 953 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Applied Optimization Problems In your own 
words, state the problem-solving strategy for applied 
minimum and maximum problems. 


. Method of Least Squares In your own words, 
describe the method of least squares for finding 
mathematical models. 


oko Finding Minimum Distance In Exercises 3 
EA and 4, find the minimum distance from the point 
cis. à to the plane x — y + z = 3. (Hint: To simplify the 


computations, minimize the square of the distance.) 


3. (1, —3, 2) 4. (4,0, 6) 

Finding Minimum Distance In Exercises 5 and 6, 
find the minimum distance from the point to the surface 
z = y1 — 2x — 2y. (Hint: To simplify the computations, 
minimize the square of the distance.) 


5. (-2, —2, 0) 6. (—4, 1, 0) 
m]: HE] Finding Positive Numbers In Exercises 7-10, 
Pot Ey find three positive integers x, y, and z that satisfy 
ors I the given conditions. 

LG 


7. The product is 27, and the sum is a minimum. 
8. The sum is 32, and P = xy’z is a maximum. 
9. The sum is 30, and the sum of the squares is a minimum. 


10. The product is 1, and the sum of the squares is a minimum. 


11. Cost A home improvement contractor is painting the walls 
and ceiling of a rectangular room. The volume of the room is 
668.25 cubic feet. The cost of wall paint is $0.06 per square 
foot and the cost of ceiling paint is $0.11 per square foot. Find 
the room dimensions that result in a minimum cost for the 
paint. What is the minimum cost for the paint? 


12. Maximum Volume The material for constructing the 
base of an open box costs 1.5 times as much per unit area as 
the material for constructing the sides. For a fixed amount of 
money C, find the dimensions of the box of largest volume 
that can be made. 


13. Volume and Surface Area Show that a rectangular box 
of given volume and minimum surface area is a cube. 


14. Maximum Volume Show that the rectangular box of 
maximum volume inscribed in a sphere of radius r is a cube. 


15. Maximum Revenue A company manufactures running 
shoes and basketball shoes. The total revenue (in thousands 
of dollars) from x, units of running shoes and x, units of 
basketball shoes is 


R = —5x? — 8x2 — 2x,x, + 42x, + 102x, 


where x, and x, are in thousands of units. Find x, and x, so as 
to maximize the revenue. 


16. Maximum Profit A corporation manufactures candles at 
two locations. The cost of producing x, units at location 1 is 
C, = 0.02x? + 4x, + 500 and the cost of producing x, units 
at location 2 is C, = 0.05x2 + 4x, + 275. The candles sell for 
$15 per unit. Find the quantity that should be produced at each 
location to maximize the profit P = 15(x, + x) — C; — Cy. 


17. Hardy-Weinberg Law Common blood types are 
determined genetically by three alleles A, B, and O. (An allele 
is any of a group of possible mutational forms of a gene.) A 
person whose blood type is AA, BB, or OO is homozygous. A 
person whose blood type is AB, AO, or BO is heterozygous. 
The Hardy-Weinberg Law states that the proportion P of 
heterozygous individuals in any given population is 


P(p, q,r) = 2pq + 2pr + 2qr 


where p represents the percent of allele A in the population, 
q represents the percent of allele B in the population, and r 
represents the percent of allele O in the population. Use the 
fact that 


ptqtr=1 


to show that the maximum proportion of heterozygous 
individuals in any population is 2 

18. Shannon Diversity Index One way to measure species 
diversity is to use the Shannon diversity index H. If a habitat 


consists of three species, A, B, and C, then its Shannon diversity 
index is 


H = —xlnnx — ylny — zlnz 


where x is the percent of species A in the habitat, y is the 
percent of species B in the habitat, and z is the percent of 
species C in the habitat. Use the fact that 


xtyctz-l 


to show that the maximum value of H occurs when 
x=y=z= i. What is the maximum value of H? 


19. Minimum Cost A water line is to be built from point P 
to point S and must pass through regions where construction 
costs differ (see figure). The cost per kilometer (in dollars) is 
3k from P to Q, 2k from Q to R, and k from R to S. Find x and 
y such that the total cost C will be minimized. 


30 —2x 


Figure for 19 


Figure for 20 


20. Area A trough with trapezoidal cross sections is formed by 
turning up the edges of a 30-inch-wide sheet of aluminum (see 
figure). Find the cross section of maximum area. 


954 Chapter 13 Functions of Several Variables 


ob TC Finding the Least Squares Regression A 30. Modeling Data The ages x (in years) and systolic blood 


i TM JU Line In Exercises 21—24, (a) find the least squares pressures y (in mmHg) of seven men are shown in the table. 
‘ol map regression line and (b) calculate S, the sum of the 
47V" squared errors. Use the regression capabilities of a Age, x 16 25 39 | 45 49 64 70 
graphing utility to verify your results. . 
Systolic 
21. A 22. : Blood 109 | 122 | 150 | 165 | 159 | 183 | 199 
253 
3+ ( . ) 4+ Pressure, y 
ral F 062 
(0, 1) (=, 1) gem ap ° (a) Use the regression capabilities of a graphing utility to find 
(2,0) le (3,0) IT * the least squares regression line for the data. 
+4 44+ x 3 ES uu 123 = (b) Use a graphing utility to plot the data and graph the model. 
AT 2+ (c) Use the model to approximate the change in systolic blood 
pressure for each one-year increase in age. 
23. A 24. A (d) A 30-year-old man has a systolic blood pressure of 
4 {Oo 4) a+ oo. 180 mmHg. Describe how including this information 
(1, 3) 1 (4, 2) (6, 2) would affect the model. 
Ip e BGD 41 
5. 14 ee 
aD Tao 6,9 EXPLORING CONCEPTS 
i ee (2, 0) f Ea a AA 31. Method of Least Squares Find a system of 
P R x | is 456 equations whose solution yields the coefficients a, b, and 
1 2 3 4 2,0) c for the least squares regression quadratic 
Bj Finding the Least Squares Regression Line In yrar+ byte 
Exercises 25-28, find the least squares regression line for the for the points (xy). Gs yh. y) by 
points. Use the regression capabilities of a graphing utility to NP 
. . Sh / minimizing the sum 
verify your results. Use the graphing utility to plot the points 
and graph the regression line. " 
dia m S(a, b, c) = X, (y; - ax? ;— or. 
25. (0,0), (1, 1), (3, 6), (4, 8), (5.9) us 
26. (0, 4), (4, 1), (7, a 
27. (0,6), (4,3), (5,0), (8, —4), (10, —5) f VM; 
| ? 
28. (6,4), (1,2), (3,3), 7 6), (11,8), (13, 8) 32. 5 HOW DO YOU SEE IT? Match the regression 
equation with the appropriate graph. Explain your 
AL 29. Modeling Data The table shows the gross income tax reasoning. (Note that the x- and y-axes are broken.) 
collections (in billions of dollars) by the Internal Revenue (a) y = 0.22x — 7.5 
Service for individuals x and businesses y for selected years. (b) y = —0.35x + 11.5 


(Source: U.S. Internal Revenue Service) 


(c) y = 0.09x + 19.8 


Year 1980 | 1985 | 1990 | 1995 (d) y = —129x + 89.8 


Individual, x | 288 397 540 676 


Business, y 72 11 110 174 


Year 2000 | 2005 | 2010 | 2015 


Individual, x | 1137 | 1108 | 1164 | 1760 


Business, y 236 307 278 390 10 15 20 25 


(a) Use the regression capabilities of a graphing utility to find Gii) A 


the least squares regression line for the data. 


(b) Use the model to estimate the business income taxes collected 
when the individual income taxes collected is $1300 billion. 


(c) In 1975, the individual income taxes collected was 
$156 billion and the business income taxes collected was 
$46 billion. Describe how including this information 
would affect the model. 1800 2400 SU SE G0 GS 1075 


Exercises 33—36, use the result of Exercise 31 to find the least 
squares regression quadratic for the points. Use the regression 
capabilities of a graphing utility to verify your results. Use the 
graphing utility to plot the points and graph the least squares 
regression quadratic. 


33. (-2,0), (- 1,0), (0, D), (1,2), Q, 5) 
34. (-4, 5), (—2, 6), (2, 6, (4,2) 

35. (0,0), (2. 2), (3, 6, (4, 12) 

36. (0, 10), (1,9), (2, 6), (3, 0) 


37. Modeling Data After a new turbocharger for an 
automobile engine was developed, the following experimental 
data were obtained for speed y in miles per hour at two-second 
time intervals x. 


Time, x 0} 2 4 6 8 10 


Speed, y | 0 | 15 | 30 | 50 | 65 | 70 


(a) Use the result of Exercise 31 to find the least squares 
regression quadratic for the data. 


AL (b) Use a graphing utility to plot the points and graph the model. 


BB 38. Modeling Data The table shows the total numbers 


of enrollees y (in millions) for the Veterans Health 
Administration for 2010 through 2014. Let x = 0 represent the 
year 2010. (Source: U.S. Department of Veterans Affairs) 


Year, x 2010 | 2011 | 2012 | 2013 | 2014 


Total Enrollees, y 8.3 8.6 8.8 8.9 9.1 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. 


(b) Use the regression capabilities of a graphing utility to find 
the least squares regression quadratic for the data. 


(c) Use a graphing utility to plot the data and graph the models. 


(d) Use both models to forecast the total number of enrollees 
for the year 2025. How do the two models differ as you 
extrapolate into the future? 


fe 39. Modeling Data A meteorologist measures the atmospheric 


pressure P (in kilograms per square meter) at altitude h (in 
kilometers). The data are shown below. 


Altitude, h 0 5 10 15 20 


Pressure, P | 10,332 | 5583 | 2376 | 1240 | 517 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the points (h, In P). 


(b) The result in part (a) is an equation of the form 
In P = ah + b. Write this logarithmic form in exponential 
form. 


(c) Use a graphing utility to plot the original data and graph 
the exponential model in part (b). 


13.9 Applications of Extrema 955 


B Finding the Least Squares Regression Quadratic In B 40. Modeling Data The endpoints of the interval over which 


distinct vision is possible are called the near point and far point 
of the eye. With increasing age, these points normally change. 
The table shows the approximate near points y (in inches) 
for various ages x (in years). (Source: Ophthalmology & 
Physiological Optics) 


Age, x 16 | 32 | 44 50 60 


Near Point, y | 3.0 | 4.7 | 9.8 | 19.7 | 39.4 


(a) Find a rational model for the data by taking the reciprocals 
of the near points to generate the points (x, 1/y). Use the 
regression capabilities of a graphing utility to find the least 
squares regression line for the revised data. The resulting 
line has the form 1/y = ax + b. Solve for y. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Do you think the model can be used to predict the near 
point for a person who is 70 years old? Explain. 


41. Using the Second Partials Test Use the Second 
Partials Test to verify that the formulas for a and b given in 
Theorem 13.18 yield a minimum. 


n n 2 
| t Use the fact that n>, xm ($ x) | 


i=1 


SECTION PROJECT IBN! 


Building a Pipeline 
An oil company wishes to construct a pipeline from its offshore 
facility A to its refinery B. The offshore facility is 2 miles from 


shore, and the refinery is 1 mile inland. Furthermore, A and B are 
5 miles apart, as shown in the figure. 


The cost of building the pipeline is $3 million per mile in the 
water and $4 million per mile on land. So, the cost of the pipeline 
depends on the location of point P, where it meets the shore. What 
would be the most economical route of the pipeline? 


Imagine that you are to write a report to the oil company 
about this problem. Let x be the distance shown in the figure. 
Determine the cost of building the pipeline from A to P and the 
cost of building it from P to B. Analyze some sample pipeline 
routes and their corresponding costs. For instance, what is the cost 
of the most direct route? Then use calculus to determine the route 
of the pipeline that minimizes the cost. Explain all steps of your 
development and include any relevant graphs. 
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13.10 Lagrange Multipliers 


LAGRANGE MULTIPLIERS 


The Method of Lagrange Multipliers 
is named after the French 
mathematician Joseph-Louis 


Lagrange. Lagrange first introduced 
the method in his famous paper 
on mechanics, written when he 
was just 19 years old. 


iM Understand the Method of Lagrange Multipliers. 
liM Use Lagrange multipliers to solve constrained optimization problems. 
liM Use the Method of Lagrange Multipliers with two constraints. 


Lagrange Multipliers 


Many optimization problems have restrictions, or constraints, on the values that can be 
used to produce the optimal solution. Such constraints tend to complicate optimization 
problems because the optimal solution can occur at a boundary point of the domain. 
In this section, you will study an ingenious technique for solving such problems. It is 
called the Method of Lagrange Multipliers. 

To see how this technique works, consider the problem of finding the rectangle of 
maximum area that can be inscribed in the ellipse 


2 2 


x M 


xt pol 


Let (x, y) be the vertex of the rectangle in the first quadrant, as shown in Figure 13.78. 
Because the rectangle has sides of lengths 2x and 2y, its area is given by 


f(x, y) = 4xy. Objective function 
You want to find x and y such that f(x, y) is a maximum. Your choice of (x, y) is restricted 
to first-quadrant points that lie on the ellipse 
2 


y 
gg 


= ]. Constraint 


Now, consider the constraint equation to be a fixed level curve of 


The level curves of f represent a family of hyperbolas 
f(x, y) = 4xy = k. 


In this family, the level curves that meet the constraint correspond to the hyperbolas 
that intersect the ellipse. Moreover, to maximize f(x, y), you want to find the hyperbola 
that just barely satisfies the constraint. The level curve that does this is the one that is 
tangent to the ellipse, as shown in Figure 13.79. 


Ellipse: A Level curves of f: 
2 y " dxy =k 
+= A : 


5 + 
-k=72 
Lk =56 
~k = 40 
-k-224 
X 
jp +s 
4 5 6 
Y . . ey 
Objective function: f(x, y) = 4xy Constraint: g(x, y) = 3 + Bo 1 


Figure 13.78 Figure 13.79 
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Lagrange’s 
Theorem can be shown to 
be true for functions of three 
variables, using a similar 
argument with level surfaces 
and Theorem 13.14. 
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As you will 
see in Examples 1 and 2, the 
Method of Lagrange Multipliers 
requires solving systems of 
nonlinear equations. This 
often can require some tricky 
algebraic manipulation. 
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To find the appropriate hyperbola, use the fact that two curves are tangent at a 
point if and only if their gradients are parallel. This means that Vf(x, y) must be a scalar 
multiple of Vg(x, y) at the point of tangency. In the context of constrained optimization 
problems, this scalar is denoted by A (the lowercase Greek letter lambda). 


Vf (x, y) = AVg(x, y) 


The scalar A is called a Lagrange multiplier. Theorem 13.19 gives the necessary 
conditions for the existence of such multipliers. 


THEOREM 13.19 Lagrange's Theorem 


Let f and g have continuous first partial derivatives such that f has 
an extremum at a point (Xp, yo) on the smooth constraint curve mrem 
glx, y) = c. If Ve(xo Yo) # 0, then there is a real number A such that FRE 


Vf (Xo, Yo) = AW (Xp y. 


Proof To begin, represent the smooth curve given by g(x, y) = c by the vector- 
valued function 


r(t) = x(t)i + yj, 


where x’ and y' are continuous on an open interval /. Define the function h as 
h(t) = f(x(t), y(t)). Then, because f(x, yo) is an extreme value of f, you know that 


h(to) 7, falto), y(t9)) = Fo Yo) 
is an extreme value of h. This implies that h'(to) = 0, and, by the Chain Rule, 
h'(t) = Fo yo)x (to) id foo, yo)y (t) = Vf (xo, Yo) x r'(to) = 0. 


So, Vf(x,, Yo) is orthogonal to r'(tj). Moreover, by Theorem 13.12, Vg(xo Yo) is also 
orthogonal to r'(tọ). Consequently, the gradients Vf(x,, yo) and Vg(xo, y) are parallel, 
and there must exist a scalar A such that 


Vf (xo, yo) = ÀV g(xo, yo). 


r'(r) #0 


The Method of Lagrange Multipliers uses Theorem 13.19 to find the extreme 
values of a function f subject to a constraint. 


Method of Lagrange Multipliers 


Let f and g satisfy the hypothesis of Lagrange's Theorem, and let f have a 
minimum or maximum subject to the constraint g(x, y) = c. To find the 
minimum or maximum of f, use these steps. 


1. Simultaneously solve the equations Vf(x, y) = AVg(x, y) and g(x, y) = c 
by solving the following system of equations. 
Fil, y) = M y) 
foe y) = Ag x. y) 
gx. y) = c 
2. Evaluate f at each solution point obtained in the first step. The greatest 


value yields the maximum of f subject to the constraint g(x, y) = c, and the 
least value yields the minimum of f subject to the constraint g(x, y) = c. 
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Constrained Optimization Problems 


In the problem at the beginning of this section, you wanted to maximize the area 
of a rectangle that is inscribed in an ellipse. Example 1 shows how to use Lagrange 
multipliers to solve this problem. 


EXAMPLE 1 Using a Lagrange Multiplier with One Constraint 


Find the maximum value of f(x, y) = 4xy, where x > 0 and y > 0, subject to the 
constraint (x?/3?) + (y?/42) = 1. 
Solution To begin, let 
2 y 
sa y= t+ pal 
By equating Vf(x, y) = 4yi + 4xj and AVg(x, y) = (22x/9)i + (Ay/8)j, you obtain the 
following system of equations. 


2 
y= —AÀx (x, y) = Ae. (x, y) 
9 
1 
x= Fh f y) = Ag, y) 
2 2 
- F z =1 Constraint 


Note in Example 1 


that writing the constraint as From the first equation, you obtain A = 18y/x, and substitution into the second equation 


produces 
2 y : 
"p z : (8) 2-9 
4x 8x E» x 16: 
or 
A Substituting this value for x? into the third equation produces 
x y 
a*4 17 1/9 1 z 
3 æ ( E 2=1 2= = +2. /2 
Aol ie m y =8 mb y= +272. 


does not affect the solution—the 
constant is eliminated when you 
form Vg. 9 


qe ou 


Because y > 0, choose the positive value and find that 


3 
= +7 
oe J2 


Because x > 0, choose the positive value. So, the maximum value of f is 


2/2) = 4 —= W2 = 24. 

(25243) 5e = a 
Example 1 can also be solved using the techniques you learned in Chapter 3. To 

see how, try to find the maximum value of A = 4xy given that (x?/3?) + (y?/4?) = 1. 

To begin, solve the second equation for y to obtain y = NA 9 — x°, Then substitute into 

the first equation to obtain A — 4x(4 J9 — x 2). Finally, use the techniques of Chapter 3 

to maximize A. 


For some industrial applications, 
a robot can cost more than the 
annual wages and benefits for 
one employee. So, manufacturers 
must carefully balance the 
amount of money spent on labor 
and capital. 


lij FOR FURTHER INFORMATION 
For more information on the use of 
Lagrange multipliers in economics, 
see the article "Lagrange Multiplier 
Problems in Economics" by John 
V. Baxley and John C. Moorhouse 
in The American Mathematical 
Monthly. To view this article, 

go to MathArticles.com. 


13.10 


GC 45355 A Business Application 


The Cobb-Douglas production function (see Section 13.1) for a manufacturer is given 
by 


f(x, y) = 100x3/4 y!/4 
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Objective function 


where x represents the units of labor (at $150 per unit) and y represents the units of 
capital (at $250 per unit). The total cost of labor and capital is limited to $50,000. Find 
the maximum production level for this manufacturer. 


Solution The gradient of f is 
Vf(x, y) = 75x-V*yV^i + 25xY^y-73/4j. 
The limit on the cost of labor and capital produces the constraint 
g(x, y) = 150x + 250y = 50,000. Constraint 
So, AVg(x, y) = 150Ai + 250Aj. This gives rise to the following system of equations. 
75x V^yl/^ = 150A fos y) = Ns y) 
2533/4^y 3/4 = 250A fo») = Ne Gs y) 
150x + 250y = 50,000 Constraint 


By solving for A in the first equation 


25x MAyVA xc My 
150 2 


1/4 


À 


and substituting into the second equation, you obtain 


—1/4 1/4 
25x3/4y73/4 = as (127) 


25x — 125y 
x = 5y. 


Multiply by x!/+3/4, 


By substituting this value for x in the third equation, you have 

150(5y) + 250y = 50,000 

1000y — 50,000 
y — 50 units of capital. 

This means that the value of x is 

x = 5(50) 

= 250 units of labor. 

So, the maximum production level is 


(250, 50) = 100(250)3/4(50)!/4 
16,719 units of product. al 


t 


Economists call the Lagrange multiplier obtained in a production function the 
marginal productivity of money. For instance, in Example 2, the marginal productivity 
of money at x = 250 and y = 50 is 


x UM (250)- /4(50)!/4 
HE EN 2 


=~ 0.334 


which means that for each additional dollar spent on production, an additional 0.334 unit 
of the product can be produced. 


RicAguiar/Getty Images 
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Point of tangency 


(3, —9, 4) ! | Plane: 
2x —3y —4z = 49 


Figure 13.80 
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Functions of Several Variables 


Lagrange Multipliers and Three Variables 


Hn [> See LarsonCalculus.com for an interactive version of this type of example. 
Find the minimum value of 
f(x, y, z) = 2x2 + y? + 322 Objective function 
subject to the constraint 2x — 3y — 4z = 49. 
Solution Let g(x, y, z) = 2x — 3y — 4z = 49. Then, because 
Vf (x, y, z) = 4xi + 2yj + 6zk 
and 
AVg(x, y, z) = 2Ai — 3Aj — 4Ak 


you obtain the following system of equations. 


4x = 2A f(x, y.) = Asx, y, z) 
2y = —3A fo yz) = Agy(x, y. z) 
6z = —4A f y, z) = Nis y, z) 
2x — 3y — 4z = 49 Constraint 
The solution of this system is x = 3, y = — 9, and z = — 4. So, the optimum value of f is 
fG, -9, 4) = 26} + (=9)? + 3(-4)" 
= 147. 


From the original function and constraint, it is clear that f(x, y, z) has no maximum. So, 
the optimum value of f determined above is a minimum. a 


A graphical interpretation of constrained optimization problems in two variables 
was given at the beginning of this section. In three variables, the interpretation is 
similar, except that level surfaces are used instead of level curves. For instance, 
in Example 3, the level surfaces of f are ellipsoids centered at the origin, and the 
constraint 


2x — 3y — 4z = 49 


is a plane. The minimum value of f is represented by the ellipsoid that is tangent to the 
constraint plane, as shown in Figure 13.80. 


EXAMPLE 4 Optimization Inside a Region 


Find the extreme values of 
f(x,y) = x? + 2y? — 2x + 3 Objective function 
subject to the constraint x? + y? x 10. 
Solution To solve this problem, you can break the constraint into two cases. 


a. For points on the circle x? + y? = 10, you can use Lagrange multipliers to find that 
the maximum value of f(x, y) is 24—this value occurs at (— 1, 3) and at (— 1, —3). 
In a similar way, you can determine that the minimum value of f(x, y) is approximately 
6.675—this value occurs at (J 10, 0). 


b. For points inside the circle, you can use the techniques discussed in Section 13.8 to 
conclude that the function has a relative minimum of 2 at the point (1, 0). 


By combining these two results, you can conclude that f has a maximum of 24 at 
(—1, +3) and a minimum of 2 at (1, 0), as shown in Figure 13.81. | 


The systems of 
equations that arise when the 
Method of Lagrange Multipliers 
is used are not, in general, 
linear systems, and finding the 


solutions often requires ingenuity. 
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The Method of Lagrange Multipliers with Two Constraints 


For optimization problems involving two constraint functions g and h, you can introduce 
a second Lagrange multiplier, p (the lowercase Greek letter mu), and then solve the 
equation 


Vf = AVg + Wh 


where the gradients are not parallel, as illustrated in Example 5. 


CTI Optimization with Two Constraints 


Let T(x, y, z) = 20 + 2x + 2y + 2 represent the temperature at each point on the 
sphere 


P+ty+2= 11. 


Find the extreme temperatures on the curve formed by the intersection of the plane 
x + y + z = 3 and the sphere. 


Solution The two constraints are 

gi yog-x-y-z2-1l and A(xyz-x^y-z-3. 
Using 

VT(x, y, z) = 2i * 2j + 2zk 

AVg(x, y, z) = 2Axi + 2Ayj + 2Ack 
and 

W(x, y, z) = pi + uj + pk 


you can write the following system of equations. 


2-2Xx-Uu T(x, y, z) = Ag (x, y, z) + uh, y, z) 
2=2Ay+u T,(x, y, z) = Agy(x, y, z) + uh Gs y, z) 
2z = 2 + u T(x, y, 2) = Ne, Gs y, 2) + Mh y, 2) 
x2 + y? +z = 11 Constraint 1 
xXtytz-3 Constraint 2 


By subtracting the second equation from the first, you obtain the following system. 
Ax — y) = 0 
2z(1 — A) - u=0 
xc-ytgz2-ll 
xtytz-3 

From the first equation, you can conclude that A = 0 or x = y. For A = 0, you can 
show that the critical points are (3, — 1, 1) and (— 1, 3, 1). (Try doing this—it takes 
a little work.) For A # 0, then x = y and you can show that the critical points occur 
when x = y = (3 € 24/3)/3 and z = (3 x 4,/3)/3. Finally, to find the optimal 
solutions, compare the temperatures at the four critical points. 


T(3, -1, 1) = T(- 1,3, 1) = 25 


31/3 31243 3 441] 91 — 
a a a a x ==, 30.33 
r| E 3 — 3 AS E 7 san 


So, T = 25 is the minimum temperature and T = 2 is the maximum temperature on 
the curve. a 
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13.10 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Constrained Optimization Problems Explain 
what is meant by constrained optimization problems. 


. Method of Lagrange Multipliers In your own 
words, describe the Method of Lagrange Multipliers for 
solving constrained optimization problems. 


Using Lagrange Multipliers In Exercises 
3-10, use Lagrange multipliers to find the indicated 
extrema, assuming that x and y are positive. 


. Maximize f(x, y) = xy 
Constraint: x + y = 10 
4. Minimize f(x, y) = 2x + y 
Constraint: xy = 32 
5. Minimize f(x, y) = 32 + y? 
Constraint: x + 2y —-5 =0 
6. Maximize f(x, y) = x? — y? 
Constraint: 2y — x? = 0 
7. Maximize f(x, y) = 2x + 2xy + y 
Constraint: 2x + y = 100 
8. Minimize f(x, y) = 3x + y + 10 
Constraint: x?y = 6 
9. Maximize f(x, y) = /6 — 33 — y? 
Constraint: x + y - 2-70 
10. Minimize f(x, y) = VÆ + y? 
Constraint: 2x + 4y — 15 = 0 


opio Using Lagrange Multipliers In Exercises 
EET, hy 11-14, use Lagrange multipliers to find the 
= E 3 indicated extrema, assuming that x, y, and z are 
ad c 2 


positive. 


11. Minimize f(x, y, z) = X2 + yz 


Constraint: x +y+z—-9=0 


12. Maximize f(x, y, z) = xyz 


Constraint: x + y+z—-—3=0 
13. Minimize f(x, y, z) = x? + y? + 2 


Constraint: x t+y+z=1 
14. Maximize f(x,y,z) =x+y+z 


Constraint: x? + y 4722-21 


[m] pes: [m] Using Lagrange Multipliers In Exercises 


Mh 7 15 and 16, use Lagrange multipliers to find any 
ote extrema of the function subject to the constraint 


erty si. 
15. f(x,y) =x + 3xy +y? 16. f(x,y) =e 4 


orgo Using Lagrange Multipliers In Exercises 

rati E 17 and 18, use Lagrange multipliers to find the 

one indicated extrema of f subject to two constraints, 
assuming that x, y, and z are nonnegative. 


17. Maximize f(x, y, z) = xyz 


Constraints: x + y+ z= 32, x-y+z=0 
18. Minimize f(x, y, z) = x? + y^ + 2 
2226, xty=12 


Constraints: x 


ofeg Finding Minimum Distance In Exercises 
Eh hy 19-28, use Lagrange multipliers to find the 
ol ‘uta minimum distance from the curve or surface 
“ to the indicated point. (Hint: To simplify the 
computations, minimize the square of the distance.) 


Curve Point 
19. Line: x + y= 1 (0, 0) 
20. Line: 2x + 3y = -1 (0, 0) 
21. Line: x -y=4 (0, 2) 
22. Line: x + 4y = 3 (1, 0) 
23. Parabola: y = x? (0, 3) 
24. Parabola: y = x? (—3, 0) 
25. Circle: x? + (y — 1? = (4, 4) 
26. Circle: (x — 4)? + y? = 4 (0, 10) 

Surface Point 
27. Plane: x +y+z=1 (2, 1, 1) 
28. Cone: z = /2 + y? (4, 0, 0) 


Intersection of Surfaces In Exercises 29 and 30, use 
Lagrange multipliers to find the highest point on the curve of 
intersection of the surfaces. 
29. Cone: x? + yl-2- 
Plane: x + 2z = 4 


30. Sphere: x? + y? + 2? = 36 
Plane: 2x +y—z=2 
Using Lagrange Multipliers In Exercises 31-38, use 
Lagrange multipliers to solve the indicated exercise in 

Section 13.9. 
31. Exercise 3 
33. Exercise 7 
35. Exercise 11 
37. Exercise 17 


32. Exercise 4 
34. Exercise 8 
36. Exercise 12 
38. Exercise 18 


39. Maximum Volume Use Lagrange multipliers to find the 
dimensions of a rectangular box of maximum volume that can 
be inscribed (with edges parallel to the coordinate axes) in the 
ellipsoid 
ey 

at pa F 


z 
a 2 


C 


=1. 


40. 5 HOW DO YOU SEE IT? The graphs show 


43 


44. 


the constraint and several level curves of the 
objective function. Use the graph to approximate 
the indicated extrema. 


(a) Maximize z = xy (b) Minimize z = x? + y? 


Constraint: 2x + y= 4 Constraint: x +y—-—4=0 


See OLY 


EXPLORING CONCEPTS 


41. Method of Lagrange Multipliers Explain why 
you cannot use Lagrange multipliers to find the minimum 
of the function f(x,y) =x subject to the constraint 
yt+xt+-3=0. 


. Method of Lagrange Multipliers Draw the level 
curves for f(x, y) = x? + y? = c forc = 1, 2, 3, and 4, 
and sketch the constraint x + y = 2. Explain analytically 
how you know that the extremum of f(x, y) = x? + y? at 


(1, 1) is a minimum instead of a maximum. 


. Minimum Cost A cargo container (in the shape of a 


rectangular solid) must have a volume of 480 cubic feet. The 
bottom will cost $5 per square foot to construct, and the sides 
and the top will cost $3 per square foot to construct. Use 
Lagrange multipliers to find the dimensions of the container 
of this size that has minimum cost. 


Geometric and Arithmetic Means 


(a) Use Lagrange multipliers to prove that the product of three 
positive numbers x, y, and z, whose sum has the constant 
value S, is a maximum when the three numbers are equal. 
Use this result to prove that 


Yxyz < Tm 


(b) Generalize the result of part (a) to prove that the product 
XQ(X3X4* + +X, is a maximum when 


n 
P = = 
XQ— Xy = X, X 5 x, = S, and all x, 2 0. 
1 


Then prove that 


P PX, tx, tt tx 


3 n 
n $ E «x 
V XXX x, = : 


This shows that the geometric mean is never greater than 
the arithmetic mean. 


45. Minimum Surface Area Use Lagrange multipliers to 


find the dimensions of a right circular cylinder with volume V, 
and minimum surface area. 
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46. Temperature Let T(x, y,z) = 100 + x? + y? represent 
the temperature at each point on the sphere 


X +y +z = 50. 


Use Lagrange multipliers to find the maximum temperature 
on the curve formed by the intersection of the sphere and the 
plane x — z = 0. 


47. Refraction of Light When light waves traveling in a 
transparent medium strike the surface of a second transparent 
medium, they tend to “bend” in order to follow the path of 
minimum time. This tendency is called refraction and is 
described by Snell’s Law of Refraction, 
sinO, sin, 


Vi Vo 


where 0, and O, are the magnitudes of the angles shown in 
the figure, and v, and v, are the velocities of light in the two 
media. Use Lagrange multipliers to derive this law using 
xty-a. 


PR 
ü ! Medium 1 
d, MNT | 
x e y į 
Medium 2 A — d, f 
— a —— | ——> 
Figure for 47 Figure for 48 


48. Area and Perimeter A semicircle is on top of a rectangle 
(see figure). When the area is fixed and the perimeter is a 
minimum, or when the perimeter is fixed and the area is a 
maximum, use Lagrange multipliers to verify that the length 
of the rectangle is twice its height. 


[m]; [u] Production Level In Exercises 49 and 50, use 
dcr hy Lagrange multipliers to find the maximum 
SER production level when the total cost of labor (at 
—7* $112 per unit) and capital (at $60 per unit) is 
limited to $250,000, where P is the production 
function, x is the number of units of labor, and y is 


the number of units of capital. 


49. P(x, y) = 100x925,075 50. P(x, y) = 100x94,9.6 


Cost In Exercises 51 and 52, use Lagrange multipliers to 
find the minimum cost of producing 50,000 units of a product, 
where P is the production function, x is the number of units of 
labor (at $72 per unit), and y is the number of units of capital 
(at $80 per unit). 


51. P(x, y) = 1003925975 52. P(x, y) = 100x994 


PUTNAM EXAM CHALLENGE 


53. A can buoy is to be made of three pieces, namely, a 
cylinder and two equal cones, the altitude of each cone 


being equal to the altitude of the cylinder. For a given area 
of surface, what shape will have the greatest volume? 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Evaluating a Function In Exercises 1 and 2, evaluate 
the function at the given values of the independent variables. 
Simplify the results. 


1. f(x,y) = xy- 3 


(a) (0,4) (b f(2,-1) © f(-3.2) (d) fl, 7) 
2. f(x,y) = 6 — 4x — 2y? 
(a) f(0,2) — (b) f(5,0) (0 /(-1, -2) (d) f(-3,y) 


Finding the Domain and Range of a Function In 
Exercises 3 and 4, find the domain and range of the function. 
m 


3. f(x, y) y 


4. fix y) = /36- 2? — y? 


Sketching a Surface In Exercises 5 and 6, describe and 
sketch the surface given by the function. 


5. f(x, y) = -2 6. g(x,y) =x 


Sketching a Contour Map In Exercises 7 and 8, describe 
the level curves of the function. Sketch a contour map of the 
surface using level curves for the given c-values. 


7. 22 3—2x ty, c=0,2,4,6,8 
8. z = 2x2? + y?, c= 1,2,3,4,5 


9. Conjecture Consider the function f(x, y) = x? + y?. 
(a) Sketch the graph of the surface given by f. 


(b) Make a conjecture about the relationship between the 
graphs of f and g(x,y) = f(x,y) + 2. Explain your 
reasoning. 


(c) Make a conjecture about the relationship between the 
graphs of f and g(x,y) = f(x,y — 2). Explain your 
reasoning. 


(d) On the surface in part (a), sketch the graphs of z = f(1, y) 
and z — f(x, 1). 


10. Cobb-Douglas Production Function A manufacturer 
estimates that its production can be modeled by 
f(x y) = 10039802 
where x is the number of units of labor and y is the number of 
units of capital. 
(a) Find the production level when x — 100 and y — 200. 
(b) Find the production level when x — 500 and y — 1500. 
Sketching a Level Surface In Exercises 11 and 12, 


describe and sketch the graph of the level surface f(x, y, z) = c 
at the given value of c. 


11. f(x, y, z) = x 
12. f(x,y,z) = 4x7 — y? + 42, c-0 


ytz, c=2 


Limit and Continuity In Exercises 13-18, find the limit (if 
it exists) and discuss the continuity of the function. 


: xy ; Xy 
13. 1 ERN 14. | 
: ETT D + y? (x, 3t Nx — y 
+ xe” i x 
15. im LE 16. lim | ———; 
(&2(00 l-cx (x, y)> (0,0) x^ + y 
I ; 
17. A. 18. sin ~ 


lim lim 
(x,y, > (—3, 1,2) XY — Z (y 220,3. 2y 


Finding Partial Derivatives In Exercises 19-26, find all 
first partial derivatives. 


19. f(x,y) = 5x3 + Ty — 3 20. f(x, y) = 4x? — 2xy + y? 


22. f(x,y) = S 


21. f(x, y) = e* cos y TEY 


23. f(x, y) = y?ev* 
25. f(x, y, z) = 2xz) + 6xyz 


24. z = InG? + y? + 1) 
26 w = VL -y -z 
Finding and Evaluating Partial Derivatives In 


Exercises 27—30, find all first partial derivatives, and evaluate 
each at the given point. 


27. f(x,y) =x? — y, (0,2) 28. f(x,y) = xe”, (—1,1) 
29. f(x,y,z) = xy cos xz, (2,3, — n/3) 
30. fy, = V2 +y- z7, (-3,-3,1) 


Finding Second Partial Derivatives In Exercises 31-34, 
find the four second partial derivatives. Observe that the 
second mixed partials are equal. 


x 


31. f(x, y) = 32 — xy + 2p? 32. h(x, y) = 


x+y 

33. h(x, y) = xsiny + ycosx 34. g(x,y) = cos(x — 2y) 

35. Finding the Slopes of a Surface Find the slopes of 
the surface z = x?In(y + 1) in the x- and y-directions at the 
point (2, 0, 0). 


36. Marginal Revenue A company has two plants that 
produce the same lawn mower. If x, and x, are the numbers 
of units produced at plant 1 and plant 2, respectively, then the 
total revenue for the product is given by 


R = 300x, + 300x, — 5x? — 10xix, — 5x2. 


When x, = 5 and x, = 8, find (a) the marginal revenue for 
plant 1, aR/dx,, and (b) the marginal revenue for plant 2, 
OR/ OX. 


Finding a Total Differential In Exercises 37—40, find the 
total differential. 


37. z — x sin xy 38. z = 5x^y? 
3x + 4y 
= 2442 = 9432 = 
39. w = 3xy 2x7 yz 40. w 353 


Using a Differential as an Approximation In Exercises 
41 and 42, (a) find f(2, 1) and f(2.1, 1.05) and calculate Az and 
(b) use the total differential dz to approximate Az 


41. f(x y) = 4x + 2y 42. f(x,y) = 36 — x? — y? 

43. Volume The possible error involved in measuring each 
dimension of a right circular cone is +3 inch. The radius is 
2 inches and the height is 5 inches. A pproximate the propagated 
error and the relative error in the calculated volume of 
the cone. 


44. Lateral Surface Area Approximate the propagated error 
and the relative error in the calculated lateral surface area of 
the cone in Exercise 43. (T he lateral surface area is given by 


A = nr + he) 


Differentiability |n Exercises 45 and 46, show that the 
function is differentiable by finding values of =, and = as 
designated in the definition of differentiability, and verify that 
both z, and =, approach 0 as (Ax, Ay) (0, 0). 


45. f(x y) = 6x — y? 
46. f(x, y) = xy? 
Using Different Methods In Exercises 47-50, find 


dwd (a) by using the appropriate Chain Rule and (b) by 
converting wto a function of tbefore differentiating. 


47. w = Inx? + y, x=2t, y-4-t 
48. w —y?^—x, x=cost, y=sint 
49. w=x’z+y+z, x=e, y= z=t? 


50. w = sinx + yz + 2z, x -arcint - 1), y=t?, z=3 


Using Different Methods In Exercises 51 and 52, find 
Ow/ór and ðw/ ðt (a) by using the appropriate C hain Rule and 
(b) by converting wto a function of r and tbefore differentiating. 


SL w=", X=2r+t y=rt, z=2r-t 


52. w = X? + y? +7z?, x=rcost y=rsint, z=t 
Finding a Derivative Implicitly In Exercises 53 and 54, 
differentiate implicitly to find dy/dx 
53. x? — xy + 5y - 0 
2 
24-3 
x+y 


Finding Partial Derivatives Implicitly In Exercises 
55 and 56, differentiate implicitly to find the first partial 
derivatives of z 


55. X? + xy +y*+yz+22=0 

56. xz? — ysinz = 0 

Finding a Directional Derivative In Exercises 57 and 
58, use Theorem 13.9 to find the directional derivative of the 
function at P in the direction of v. 

57. f(x,y) = xy, P(—5,5, v=3i- 4j 

58. f(x,y) - iy - X, P(1,4), v=2i+j 
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Finding a Directional Derivative |n Exercises 59 and 
60, use the gradient to find the directional derivative of the 
function at P in the direction of v. 

59, w = y? + xz, P(L2,2, v—2i- j + 2k 

60. w = 5x + 2xy — 3y’z, P(1,0,1), v=i+j-k 


Using Properties of the Gradient In Exercises 61- 66, 
find the gradient of the function and the maximum value of the 
directional derivative at the given point. 

61. z = x?y, (2,1) 62. z = e™>* cosy, (o. 7) 
-——L.. (11 6. z=, (2,1) 
oxy v tE yay v" 
65. w = x4y — yzz, (-1,12) 

66. w = e{*+y+7, (5,0,2) 


63. z 


Using a Function In Exercises 67 and 68, (a) find the 
gradient of the function at P, (b) find a unit normal vector to 
the level curve f(x y) = c at P, (c) find the tangent line to the 
level curve f(x, y = c at P, and (d) sketch the level curve, the 
unit normal vector, and the tangent line in the xy-plane. 


67. f(x, y) = 9x? — 4y? 68. f(x, y) = 4ysinx — y 


"Eu 
c = 3, (£1) 


Finding an Equation of a Tangent Plane In Exercises 
69- 72, find an equation of the tangent plane to the surface at 
the given point. 

69.7—»x?- y? +2, (1,3,12) 

70. 9x2 + y? + 4z? = 25, (0, -3,2) 

71. z = —9 + 4x — 6y - x? - y?, (2, -3, 4) 

72. f(x,y) = /25 - y?, (2,3, 4) 


Finding an Equation of a Tangent Plane and a Normal 
Line In Exercises 73 and 74, (a) find an equation of the 
tangent plane to the surface at the given point and (b) find a 
set of symmetric equations for the normal line to the surface 
at the given point. 


73. f(x, y) = xy, (2,1,4 
7.2- /9-x! - y? (1,2,2) 
Finding the Angle of Inclination of a Tangent Plane 


In Exercises 75 and 76, find the angle of inclination of the 
tangent plane to the surface at the given point. 


c = 65, P(3,2) 


75. x2 + y? + ZZ = M, (2,1,3) 
76. xy + yz = 32, (—4,1,6) 
Horizontal Tangent Plane In Exercises 77 and 78, find 


the point(s) on the surface at which the tangent plane is 
horizontal. 


77.2 =9 — 2x2 + y? 
78. z = 2xy + 3x + 5y 
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Using the Second Partials Test In Exercises 79—84, 
find all relative extrema and saddle points of the function. 
Use the Second Partials Test where applicable. 


79. 
80. 
81. 
82. 


83. 


84. 


85. 


86. 


87. 


88. 


f(x, y) = —x? — 4y? + 8x — 8y — 11 
fG y) =x? — y? — 16x — 16y 
f(x, y) = 2x? + Oxy + 9y? + 8x + 14 
F(x, y) = xy? 
1 1 

=xy +-+- 
fœ sayt i 
f(x, y) = —8&? + 4xy — y? + 12x 7 
Finding Minimum Distance Find the minimum 
distance from the point (2, 1, 4) to the surface x + y + z = 4. 
(Hint: To simplify the computations, minimize the square of 
the distance.) 
Finding Positive Numbers Find three positive integers, 
x, y, and z, such that the product is 64 and the sum is a minimum. 
Maximum Revenue A company manufactures two 
types of bicycles, a racing bicycle and a mountain bicycle. The 
total revenue (in thousands of dollars) from x, units of racing 
bicycles and x, units of mountain bicycles is 
R = —6x? — 10x? — 2x,x, + 32x, + 84x, 


where x, and x, are in thousands of units. Find x, and x, so as 
to maximize the revenue. 


Maximum Profit A corporation manufactures digital 
cameras at two locations. The cost of producing x, units at 
location 1 is C, = 0.05x? + 15x, + 5400 and the cost of 
producing x, units at location 2 is C, = 0.03x2 + 15x, + 6100. 
The digital cameras sell for $180 per unit. Find the quantity 
that should be produced at each location to maximize the 
profit P = 180(x, + x) — C, — Cs. 


ee Finding the Least Squares Regression Line In 
Exercises 89 and 90, find the least squares regression line for 
the points. Use the regression capabilities of a graphing utility 
to verify your results. Use the graphing utility to plot the points 
and graph the regression line. 


89. 
90. 


91. 


(0, 4), (1, 5), (3, 6), (6, 8), (8, 10) 
(0, 10), (2, 8), (4, 7), (7, 5), (9, 3), (12, 0) 


Modeling Data An agronomist used four test plots to 
determine the relationship between the wheat yield y (in 
bushels per acre) and the amount of fertilizer x (in pounds per 
acre). The results are shown in the table. 


Fertilizer, x | 100 | 150 | 200 | 250 


Yield, y 35 44 50 56 


f (a) Use the regression capabilities of a graphing utility to find 


the least squares regression line for the data. 


(b) Use the model to approximate the wheat yield for a 
fertilizer application of 175 pounds per acre. 


BB 92. 


Modeling Data The table shows the yield y (in milligrams) 
of a chemical reaction after t minutes. 


Minutes, t 1 2 3 4 
Yield, y 12 | 7.1 9.9 13.1 
Minutes, t 5 6 7 8 
Yield, y 15.5 16.0 | 17.9 | 18.0 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. Then use the 
graphing utility to plot the data and graph the model. 


(b) Use a graphing utility to plot the points (In f, y). Do these 
points appear to follow a linear pattern more closely than 
the plot of the given data in part (a)? 


(c) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the points (In t, y) and 
obtain the logarithmic model y = a + b In f. 


(d) Use a graphing utility to plot the original data and graph 
the linear and logarithmic models. Which is a better 
model? Explain. 


Using Lagrange Multipliers In Exercises 93-98, use 
Lagrange multipliers to find the indicated extrema, assuming 
that x and y are positive. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


Minimize f(x, y) = x? + y? 
Constraint: x + y - 8-0 
Maximize f(x, y) = xy 
Constraint: x + 3y —6 — 0 
Maximize f(x, y) = 2x + 3xy + y 


Constraint: x + 2y = 29 
Minimize f(x, y) = xX — y? 
Constraint: x — 2y + 6 = 0 
Maximize f(x, y) = 2xy 
Constraint: 2x + y = 12 
Minimize f(x, y) = 320 — y 
Constraint: 2x — 2y + 5 = 0 


Minimum Cost A water line is to be built from point P 
to point S and must pass through regions where construction 
costs differ (see figure). The cost per kilometer (in dollars) 
is 3k from P to Q, 2k from Q to R, and k from R to S. For 
simplicity, let k = 1. Use Lagrange multipliers to find x, y, and 
z such that the total cost C will be minimized. 


P.S. Problem Solving 967 


See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


Figure for 1 


2. 


. Area 


P.S. Problem Solving 


Heron's Formula states that the area of a triangle with 
sides of lengths a, b, and c is given by 


A = Js(s — aYs — b)(s — c) 


actb-cc 


where s — , as shown in the figure. 


(a) Use Heron's Formula to find the area of the triangle with 
vertices (0, 0), (3, 4), and (6, 0). 


(b) Show that among all triangles having a fixed perimeter, the 
triangle with the largest area is an equilateral triangle. 


(c) Show that among all triangles having a fixed area, the 
triangle with the smallest perimeter is an equilateral triangle. 


He fi 
Figure for 2 


Minimizing Material An industrial container is in the 
shape of a cylinder with hemispherical ends, as shown in the 
figure. The container must hold 1000 liters of fluid. Determine 
the radius r and length h that minimize the amount of material 
used in the construction of the tank. 


. Tangent Plane Let P(x, yo, Zo) bea point in the first octant 


on the surface xyz — 1, as shown in the figure. 


(a) Find the equation of the tangent plane to the surface at the 
point P. 


(b) Show that the volume of the tetrahedron formed by the 
three coordinate planes and the tangent plane is constant, 
independent of the point of tangency (see figure). 


. Using Functions Use a graphing utility to graph the functions 


f(x)  3x3—1 and g(x) =x 
in the same viewing window. 


(a) Show that 


lim[f() — g@)]=0 and lim [f(x) — g(x)] = 0. 


(b) Find the point on the graph of f that is farthest from the 
graph of g. 


5. Finding Maximum and Minimum Values 


(a) Let f(x, y) = x — y and g(x, y) = x? + y? = 4. Graph various 
level curves of f and the constraint g in the xy-plane. Use 
the graph to determine the maximum value of f subject 
to the constraint g — 4. Then verify your answer using 
Lagrange multipliers. 


(b Let f(x,y) x-— y and g(x,y) =x +y =0. Find 
the maximum and minimum values of f subject to the 
constraint g — 0. Does the Method of Lagrange Multipliers 
work in this case? Explain. 


6. Minimizing Costs A heated storage room has the shape 
of a rectangular prism and has a volume of 1000 cubic feet, as 
shown in the figure. Because warm air rises, the heat loss per 
unit of area through the ceiling is five times as great as the heat 
loss through the floor. The heat loss through the four walls is 
three times as great as the heat loss through the floor. Determine 
the room dimensions that will minimize heat loss and therefore 
minimize heating costs. 


V = xyz = 1000 ft? 


md 


x 


7. Minimizing Costs Repeat Exercise 6 assuming that the 


heat loss through the walls and ceiling remain the same, but the 
floor is insulated so that there is no heat loss through the floor. 


8. Temperature Consider a circular plate of radius 1 given 


by x? + y? < 1, as shown in the figure. The temperature at any 
point P(x, y) on the plate is T(x, y) = 2x? + y? — y + 10. 


(a) Sketch the isotherm T(x, y) — 10. To print an enlarged copy 
of the graph, go to MathGraphs.com. 


(b) Find the hottest and coldest points on the plate. 


9. Cobb-Douglas Production Function Consider the 


Cobb-Douglas production function 


f(x, y) = Cx! O0<a<l. 


ð ð 
(a) Show that f satisfies the equation x2 + d =f. 


(b) Show that f(tx, ty) = tf(x, y). 


968 


10. 


11. 
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Minimizing Area Consider the ellipse 
2 2 

s.a 

@ b 


that encloses the circle x? + y? = 2x. Find values of a and b 
that minimize the area of the ellipse. 


Projectile Motion A projectile is launched at an angle of 
45? with the horizontal and with an initial velocity of 64 feet 
per second. A television camera is located in the plane of the 
path of the projectile 50 feet behind the launch site (see figure). 


A 
TOS PS 
- x 
¢ N 
a ` 
* remm al S 
4*6. y) Ew 
* >. hj 
2 \ 
4-70 As 
zie ENS 
(50.0 -44 ase i 
ee > x 


(a) Find parametric equations for the path of the projectile in 
terms of the parameter t representing time. 


(b) Write the angle u that the camera makes with the 
horizontal in terms of x and y and in terms of t. 


da 


(c) Use the results of part (b) to find dr 


Fe (d) Use a graphing utility to graph u in terms of t. Is the 


12. 


Bg 13. 


14. 


graph symmetric to the axis of the parabolic arch of the 
projectile? At what time is the rate of change of u greatest? 


(e) At what time is the angle u maximum? Does this occur 
when the projectile is at its greatest height? 


Distance Consider the distance d between the launch site 
and the projectile in Exercise 11. 


(a) Write the distance d in terms of x and y and in terms of the 
parameter f. 


(b) Use the results of part (a) to find the rate of change of d. 
(c) Find the rate of change of the distance when t = 2. 


(d) When is the rate of change of d minimum during the flight 
of the projectile? Does this occur at the time when the 
projectile reaches its maximum height? 


Finding Extrema and Saddle Points Using 
Technology Consider the function 
F(x, y) = (ax? + e, 0 < Jal < B 


(a) Use a computer algebra system to graph the function for 
Q@ = 1 and B= 2, and identify any extrema or saddle 
points. 


(b) Use a computer algebra system to graph the function for 
a= —1 and P = 2, and identify any extrema or saddle 
points. 


(c) Generalize the results in parts (a) and (b) for the function f. 


Proof Prove that if f is a differentiable function such that 
Vf(xo, Yo) = 0, then the tangent plane at (xo, yo) is horizontal. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Area The figure shows a rectangle that is approximately 
l = 6 centimeters long and h = 1 centimeter high. 


~ l=6 cm > 


h=1 cm 


(a) Draw a rectangular strip along the rectangular region 
showing a small increase in length. 


(b) Draw a rectangular strip along the rectangular region 
showing a small increase in height. 


(c) Use the results in parts (a) and (b) to identify the measurement 
that has more effect on the area A of the rectangle. 


(d) Verify your answer in part (c) analytically by comparing 
the value of dA when dl = 0.01 and when dh = 0.01. 


Tangent Planes Let f be a differentiable function of 
one variable. Show that all tangent planes to the surface 
z = yf(x/y) intersect in a common point. 


Wave Equation Show that 


u(x, t) = [sin t) + sin(x + A] 


is a solution to the one-dimensional wave equation 


Pu _ Pu 
of? Ox?” 


Wave Equation Show that 


"m site ci) + fæ + cù] 


is a solution to the one-dimensional wave equation 
u ,9u 
——0—. 
or ax? 


(This equation describes the small transverse vibration of an 
elastic string such as those on certain musical instruments.) 


Verifying Equations Consider the function w — f(x, y), 
where x = r cos Band y = r sin 8. Verify each of the following. 


ðw dw ðw sin O 
(a) € cos 0 
ox or 90 r 
Ow ow. 04 dw cos 8 
= sin O + 
oy or 00 r 


v (ef )- (5) GN] 
ax) — Vy ar) |. 2/90 
Using a Function Demonstrate the result of Exercise 


19(b) for 


w = arctan y 
X 


Laplace's Equation  Rewrite Laplace's equation 


8u : 8u ; 8u 
ox oy oz 


in cylindrical coordinates. 
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14.1 Iterated Integrals and Area in the Plane 


E Evaluate an iterated integral. 
E Use an iterated integral to find the area of a plane region. 


Iterated Integrals 


In Chapters 14 and 15, you will study several applications of integration involving functions 
of several variables. Chapter 14 is like Chapter 7 in that it surveys the use of integration 
to find plane areas, volumes, surface areas, moments, and centers of mass. 

In Chapter 13, you saw that it is meaningful to differentiate functions of several 
variables with respect to one variable while holding the other variables constant. You can 
integrate functions of several variables by a similar procedure. For example, consider 
the partial derivative f(x, y) = 2xy. By considering y constant, you can integrate with 
respect to x to obtain 


f(x, y) = 3:06 y) dx Integrate with respect to x. 
= 2xy dx Hold y constant. 
= y i 2x dx Factor out constant y. 
= y(x?) + C(y) Antiderivative of 2x is x?. 
= xy + C(y). C(y) is a function of y. 


The “constant” of integration, C( y), is a function of y. In other words, by integrating 
with respect to x, you are able to recover f(x, y) only partially. The total recovery of a 
function of x and y from its partial derivatives is a topic you will study in Chapter 15. 
For now, you will focus on extending definite integrals to functions of several variables. 
For instance, by considering y constant, you can apply the Fundamental Theorem of 
Calculus to evaluate 


2y iu 2y 
f 2xyidx}= e| = QyPy — (1)?y = 4» — y. 
, 


| " £3 


x is the variable Replace x by The result is 
of integration the limits of a function 
and y is fixed. integration. of y. 


Similarly, you can integrate with respect to y by holding x fixed. Both procedures are 
summarized as follows. 


h0) h(y) 
f de = f| =A) AO) Wi espero 
hy Cy) hyCy) 
gx) g(x) 
Ae dr = f » 760) — fs si) wiegt, 
S16 gi (x 


Note that the variable of integration cannot appear in either limit of integration. For 
instance, it makes no sense to write 


Í y dx. 
0 


e 09 06 6 0 9 6 06 9 6 06 09 6 ee o 


Remember that 
you can check an antiderivative 
using differentiation. For 
instance, in Example 1, you can 
verify that 


xy? + y? 
is the correct anitderivative by 


finding 


à 
ay” +, 
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EXAMPLE 1 Integrating with Respect to y 


Evaluate Í (2xy + 3y?) dy. 
1 
Solution Considering x to be constant and integrating with respect to y, you have 
Í (2xy + 3y?) dy = |» +y l Integrate with respect to y. 
1 1 


= (2x3) — (x + 1) 
—2x —*x-—]. au 


Notice in Example 1 that the integral defines a function of x and can itself be 
integrated, as shown in the next example. 


EXAMPLE 2 The Integral of an Integral 


2 x 
Evaluate | f (2xy + 3y?) a dx. 
bs 


Solution Using the result of Example 1, you have 


[ [[ex+axa]e= [ e-s- 1) dx 


x4 x2 2 
za B = ? = xf Integrate with respect to x. 
=4-(-1) 
= 5. E 


The integral in Example 2 is an iterated integral. The brackets used in Example 2 
are normally not written. Instead, iterated integrals are usually written simply as 


b fg) d thy) 
f f(x, y) dy dx and Í f(x, y) dx dy. 


g,Q) hy) 
The inside limits of integration can be variable with T 
respect to the outer variable of integration. However, E. Ria Eid 
the outside limits of integration must be constant 1 Ey xx 


with respect to both variables of integration. After 
performing the inside integration, you obtain a 
"standard" definite integral, and the second integration 
produces a real number. The limits of integration for (hemes 
an iterated integral identify two sets of boundary 
intervals for the variables. For instance, in Example 2, 
the outside limits indicate that x lies in the interval 
1 < x < 2 and the inside limits indicate that y lies in 
the interval 1 € y < x. Together, these two intervals The region of integration for 
determine the region of integration R of the iterated Í S f(x,y) dy dx 
integral, as shown in Figure 14.1. ' 

Because an iterated integral is just a special type Figure 14.1 
of definite integral —one in which the integrand is also 
an integral—you can use the properties of definite 
integrals to evaluate iterated integrals. 


> X 


t4 -----4----- 


I 
1 
I 
1 
| 
1 
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Region is bounded by 
a €x Sb and 

y 8) Sy S2g,00 

A 


85 
R 
8j 
a 


> b 
u^ - 


b 
Ama [. C dx; 
© la z 


Vertically simple region 
Figure 14.2 


es Be sure you see 
that the orders of integration 
of these two integrals are 
different—the order dy dx 
corresponds to a vertically 
simple region, and the order 
dx dy corresponds to a 
horizontally simple region. 


Area of a Plane Region 


In the remainder of this section, you will take another look at the problem of finding 
the area of a plane region. Consider the plane region R bounded by a < x < b and 
g,(x) € y < g(x), as shown in Figure 14.2. The area of R is 


f [go(x) — 8,09] dx. 


Using the Fundamental Theorem of Calculus, you can rewrite the integrand 
g(x) — g,(x) as a definite integral. Specifically, consider x to be fixed and let y vary 
from g,(x) to g;(x), and you can write 


g(x) g(x) 
f dy = >| dc 


gi) 8, (x) 


Area of R 


Combining these two integrals, you can write the area of the region R as an iterated integral 


b 0) 
1i. "dea [| du^ dx 
gix) a gi) 


= | taco [e (x) 02] dx. Area of R 


Region is bounded by 
c Sy Sd and 
hy) Sx Sh,(y) 


Placing a representative rectangle in the region R 
helps determine both the order and the limits of 
integration. A vertical rectangle implies the order 

dy dx, with the inside limits of integration 
corresponding to the upper and lower bounds of d 
the rectangle, as shown in Figure 14.2. This type 

of region is vertically simple, because the outside 
limits of integration represent the vertical lines dA 


x=a and x=b Cem 
Similarly, a horizontal rectangle implies the 


order dx dy, with the inside limits of integration h h =x 
determined by the left and right bounds of : F 
hy) E 
Area = F n dx (dy, 
hi) 


the rectangle, as shown in Figure 14.3. This 
type of region is horizontally simple, because 
the outside limits of integration represent the 


honzontal Tines Horizontally simple region 


Figure 14.3 
y=c and y=d. 


The iterated integrals used for these two types of simple regions are summarized as follows. 


Area of a Region in the Plane 


1. If R is defined by a < x < band g,(x) < y < g,(x), where g, and g, are 
continuous on [a, b], then the area of R is 


gx) 
asf [ dy dx. 
g,Q) 


Figure 14.2 (vertically simple) 


2. If R is defined by c < y < d and h(y) < x < h,(y), where h, and h, are 
continuous on [c, d], then the area of R is 


d hy) 
4-[] dx dy. 
c Jhi) 


Figure 14.3 (horizontally simple) 
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If all four limits of integration happen to be constants, then the region of integration 
is rectangular, as shown in Example 3. 


EXAMPLE 3 The Area of a Rectangular Region 


Use an iterated integral to represent the area of the rectangle shown in Figure 14.4. 


Solution The region shown in Figure 14.4 is both vertically simple and horizontally 


Rectangular region simple, so you can use either order of integration. By choosing the order dy dx, you 
if eee obtain the following. 
b (d b Ja 
dy dx = l dx Integrate with respect to y. 
d =c R {| d f ‘ € i 
b 
= Í (d — c) dx 
C|----4 i a 
| | ^ 
1 X = |a — Zi Integrate with respect to x. 
a b a 
| 
b —a = (d — c)(b — a) 
Figure 14.4 


Notice that this answer is consistent with what you know from geometry. 


EXAMPLE 4 Finding Area by an Iterated Integral 


Use an iterated integral to find the area of the region bounded by the graphs of 
f(x) = sinx Sine curve forms upper boundary. 
and 
g(x) = cos x Cosine curve forms lower boundary. 
between x = 11/4 and x = 570/4. 


Solution Because f and g are given as functions of x, a vertical representative 
rectangle is convenient, and you can choose dy dx as the order of integration, as shown 
in Figure 14.5. The outside limits of integration are 


Tt 5n 


4 4° 


Moreover, because the rectangle is bounded above by f(x) = sinx and below by 
g(x) = cos x, you have 


570/4 sin x 
Sm/4 psinx ^w, — Area of R = f f dy dx 
Area -| Í dy‘dx, 1/4 Jcosx 
T/A Jcosx 57/4 S 
Figure 14.5 = J dx Integrate with respect to y. 
n/4 cos x 


570/4 
= f (sin x — cos x) dx 


n/4 
570/4 
= | —cos x — sin x| Integrate with respect to x. 
n/4 
= 2/9, E 


The region of integration of an iterated integral need not have any straight lines as 
boundaries. For instance, the region of integration shown in Figure 14.5 is vertically 
simple even though it has no vertical lines as left and right boundaries. The quality that 
makes the region vertically simple is that it is bounded above and below by the graphs 
of functions of x. 
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(a) 
y 
À R: 0 sx <4 
zJ 0 xy €x 
2-4 
1+ 
1 i |» X 
L. 2 ARA 3 


(b) 
Figure 14.6 


One order of integration will often produce a simpler integration problem than 
the other order. For instance, try reworking Example 4 with the order dx dy. You may 
be surprised to see that the task is formidable. However, if you succeed, you will see 
that the answer is the same. In other words, the order of integration affects the ease of 
integration but not the value of the integral. 


EXAMPLE 5 Comparing Different Orders of Integration 


S dh [> See LarsonCalculus.com for an interactive version of this type of example. 


Sketch the region whose area is represented by the integral 


2 (4 
f f dx dy. 
0 Jy? 


Then find another iterated integral using the order dy dx to represent the same area and 
show that both integrals yield the same value. 
Solution From the given limits of integration, you know that 

y<sxs4 


Inner limits of integration 


which means that the region R is bounded on the left by the parabola x = y? and on the 


right by the line x = 4. Furthermore, because 
Osy<s2 


Outer limits of integration 


you know that R is bounded below by the x-axis, as shown in Figure 14.6(a). The value 
of this integral is 


24 2 44 
f f dx dy = | x| dy 
0 Jy? o dy 


- [6-56 


3 |2 
[esl 


16 
B. 


Integrate with respect to x. 


Integrate with respect to y. 


To change the order of integration to dy dx, place a vertical rectangle in the region, as 
shown in Figure 14.6(b). From this, you can see that the constant bounds 0 < x < 4 
serve as the outer limits of integration. By solving for y in the equation x — y?, you can 
conclude that the inner bounds are 0 S y < Jx. So, the area of the region can also be 
represented by 


4 (x 
NI dy dx. 
0 JO 


By evaluating this integral, you can see that it has the same value as the original integral. 


Integrate with respect to y. 


Integrate with respect to x. 


Some 
computer software can perform 
symbolic integration for integrals 
such as those in Example 6. 

If you have access to such 
software, use it to evaluate the 
integrals in the exercises and 
examples given in this section. 


In Examples 3 
through 6, be sure you see the 
benefit of sketching the region 
of integration. You should 
develop the habit of making 
sketches to help you determine 
the limits of integration for all 
iterated integrals in this chapter. 
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Sometimes it is not possible to calculate the area of a region with a single iterated 
integral. In these cases, you can divide the region into subregions such that the area of 
each subregion can be calculated by an iterated integral. The total area is then the sum 
of the iterated integrals. 


EXAMPLE 6 An Area Represented by Two Iterated Integrals 


Find the area of the region R that lies below the parabola 
y=4x- x? Parabola forms upper boundary. 
above the x-axis, and above the line 
y= —-3x+ 6. 


Line and x-axis form lower boundary. 


Solution Begin by dividing R into the two subregions R, and R, shown in Figure 14.7. 


T 
1 


2 pax —x? a> 4 4x —x 7- 
Area =Í Í dy dx; +f Í dy dx, 
1 J3x+6 0 d 


Figure 14.7 


In both regions, it is convenient to use vertical rectangles, and you have 


2 4x—x? 4 rAx—x? 
aea [| oves [T dy dx 

] J—-3x-6 2 JO 

2 


4 
-Í (4x — 8 + ar eas | (4x — x?) dx 
1 2 


7x2 x 2 x3 |4 
EE Za ee 
E 3 e| E ji 


8 7,1 64 8 
=(14-5-12-1+ 1+6) + (32-%- s +$) 
-5 

2. 


The area of the region is 15/2 square units. Try checking this using the procedure for 
finding the area between two curves, as presented in Section 7.1. au 


At this point, you may be wondering why you would need iterated integrals. After 
all, you already know how to use conventional integration to find the area of a region 
in the plane. (For instance, compare the solution to Example 4 in this section with that 
given in Example 3 in Section 7.1.) The need for iterated integrals will become clear in 
the next section. In this section, primary attention is given to procedures for finding the 
limits of integration of the region of an iterated integral, and the following exercise set 
is designed to develop skill in this important procedure. 
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14.1 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Iterated Integral Explain what is meant by an 
iterated integral. How is it evaluated? 


2. Region of Integration Sketch the region of 
integration for the iterated integral. 


2 r2—x 
Í Í f(x, y) dy dx. 
i Jo 


ml; z Evaluating an 2m In Exercises 3-10, 


4—x? 
5. Í xy dy 6. Í (x? + 3y?) dy 
0 a 
Yay Icy 
| YDA dx, y>0 s | (x? + y?) dx 
iba EE 


1/2 
10. Í sin? x cos y dx 
y 


ELI Evaluating an Iterated Integral In Exercises 


By 11-28, evaluate the iterated integral. 


1 2 
11. NI (x + y) dy dx 12. Í (x2 — y?) dy dx 
-1J-2 
m/4 (1 In4 fIn3 
13. f [yo vaya 14. Í Í e**» dy dx 
o Jo 
6x? ly 
15. [ Í x? dy dx 16. Í Í (6x + Sy?) dx dy 
o Jo o Jo 


T/2 f' cos x 
17. Í Í (1 + sin x) dy dx 
0 0 


4 (x 
18. Í Í 2ye * dy dx 
1 J1 


lfx 4 rx 
xp sees 20. | Í /64 — x dy dx 
—4Jo 


: 


2y-y? 
(x + y) dx dy a 3y dx dy 
2—6y 


3 
4 

23. Ip ; A-F yar dy 24. í [ FET dx dy 

T/2 f2 cos 0 1/4 f3 cos 8 
25. f f r dr dO 26. f P r dr d 

T/2 f'sinO T/4 f'cos 8 
27. Í Í Or dr dO 28. Í Í 3r? sin 8 dr dO 

0 0 0 0 


Evaluating an Improper Iterated Integral In Exercises 
29-32, evaluate the improper iterated integral. 


oo f1/x 3 foo 2 
29. y dy dx 30. Í Í —— dy dx 
| | oJo 1 *» 


a. [| L didi 32 | Í xye + dx dy 
1 Ji XY o Jo 


ES Finding the Area of a Region In Exercises 
ux A: 33-36, use an iterated integral to find the area of 
een the region. 


34. 


36. >? 


— N w A Un 
1 
T 


——— E... 


EID Finding the Area of a Region In Exercises 
Ex 37—42, use an iterated integral to find the area of 
esM the region bounded by the graphs of the equations. 


4l. y=4- x, y=x4 


2 
2 


Changing the Order of Integration In Exercises 43-50, 
sketch the region R of integration and change the order of 


integration. 
4 fy 4 2 
43. Í Í f(x, y) dx dy 44. Í Í f(x, y) dx dy 
0 Jo 0 Jy 
2 rJ/A—x: 2 74-2 
45. Í Í f(x,y) dydx 46. Í Í f(x, y) dy dx 
-2 Jo 0 Jo 
2 e 
48. Í f(x,y) dy dx 
—14J0 


10 fin y 
47. Í f(x, y) dx dy 
1 Jo 


1 1 T/2 COS X 
49. Í f(x, y) dy dx 50. Í f(x, y) dy dx 


—1 dx? —n/2J0 


p 


"* Exercises 51-60, sketch the region R whose area 

Hs is given by the iterated integral. Then change the 

* order of integration and show that both orders 
yield the same area. 


1 2 2 4 
51. NI dy dx 52. n dx dy 
0 Jo 1 J2 
12 9 (3 
53. | dx dy 54. NI dy dx 
0 J2y 0 J Ix 
1 rJ 2 p/4—x 
55. [| dx dy se. | Í dy dx 
o J- ITF -2 J- JE 
2 rx 4 r4—x 
57. [f aaff dy dx 
o Jo 2 Jo 
4 rx/2 6 r6—x 
ss. | dy dx + ni dy dx 
0 Jo 4 Jo 
1 y 2 4-2 
59. NI dx dy oo. | Í dx dy 
0 Jy —2J0 


Changing the Order of Integration In Exercises 61-66, 
sketch the region of integration. Then evaluate the iterated 
integral. (Hint: Note that it is necessary to change the order 
of integration.) 


2 [2 
61. Í xA/ l1 + y? dy dx 
0 Jx 


172 
63. l i 4e” dy dx 
0 J2x 
Df 
65. Í Í sin x? dx dy 
0 Jy 


EXPLORING CONCEPTS 

67. Area of a Circle Write an iterated integral that 
represents the area of a circle of radius 5 centered at the 
origin. Verify that your integral produces the correct area. 


a 
E 


orio Changing the Order of Integration In 
Eee 


4723 
e. [| z2——3À dy dx 
0 4A2ty 


2 [2 
64. [ Í e^* dy dx 
0 Jx 


2 [4 
66. [ [sinis 
0 Jy? 


. Using Different Methods Express the area of the 
region bounded by x = V4 — 4), y = 1, and x = 2 in 
at least two different ways, one of which is an iterated 
integral. Do not find the area of the region. 


. Think About lt Determine whether each expression 
represents the area of the shaded region (see figure). 


5rJ50—y 
(a) Í Í dy dx 
0 Jy 


5 7 /50—x2 
off dy dx 
0 Jx 


5 fy 5/2 rJ50-y 
(c) NI acay + [ Í dx dy 
0 JO 3 0 
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70. 5 HOW DO YOU SEE IT? Use each order 
of integration to write an iterated integral that 
represents the area of the region R (see figure). 


(a) area - [fat 
(b) Area — i dy dx 
y 


ee Evaluating an Iterated Integral Using Technology In 


Exercises 71-76, use a computer algebra system to evaluate the 
iterated integral. 


1 f2y 
71. Í Í sin(x + y) dx dy 
0 Jy 


2 r4A-x? 
72. Í Í e? dy dx 
o Jo 


4 fy 2 
73. aa a 
| o (x + DG + 1) 
22 
74. NI J 16 — x? — y? dy dx 
0 Jx 


2m f1--cos 6 
75. Í Í 6r? cos 0 dr dO 
o Jo 


T/2 f1+sin 8 
76. i Í 156r dr dO 
0 0 


dx dy 


BB Comparing Different Orders of Integration Using 


Technology In Exercises 77 and 78, (a) sketch the region 
of integration, (b) change the order of integration, and (c) use 
a computer algebra system to show that both orders yield the 
same value. 


2 (4J/2y 
77. Í Í (x2y — xy?) dx dy 
0 Jy? 


2 [A— (2/4) "m 
78. CENE EDU 

? LT. e+ yt ig an 
True or False? In Exercises 79 and 80, determine whether 


the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


b (d d (b 
79. MECS TE f(x, y) dx dy 


lfx 1 fy 
80. [T rnga [ [ro dx dy 
0 Jo o Jo 
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14.2 Double Integrals and Volume 


Surface: P 
z=f(, y) 


— y 


Figure 14.8 


z 


Surface: z 
z=f@y)} 4 


The rectangles lying within R form an 
inner partition of R. 
Figure 14.9 


l™ Use a double integral to represent the volume of a solid region and use properties 
of double integrals. 

@ Evaluate a double integral as an iterated integral. 

E Find the average value of a function over a region. 


Double Integrals and Volume of a Solid Region 


You already know that a definite integral over an interval uses a limit process to assign 
measures to quantities such as area, volume, arc length, and mass. In this section, you 
will use a similar process to define the double integral of a function of two variables 
over a region in the plane. 

Consider a continuous function f such that f(x, y) = 0 for all (x, y) ina region R in 
the xy-plane. The goal is to find the volume of the solid region lying between the surface 
given by 

Z= f(x, y) Surface lying above the xy-plane 
and the xy-plane, as shown in Figure 14.8. You can begin by superimposing a rectangular 
grid over the region, as shown in Figure 14.9. The rectangles lying entirely within R 
form an inner partition A, whose norm ||A|| is defined as the length of the longest 
diagonal of the n rectangles. Next, choose a point (x; y,) in each rectangle and form the 
rectangular prism whose height is 

f(x, y) Height of ith prism 
as shown in Figure 14.10. Because the area of the ith rectangle is 


AA; Area of ith rectangle 


[i 


it follows that the volume of the ith prism is 
f(x, y) AA; Volume of ith prism 


and you can approximate the volume of the solid region by the Riemann sum of the volumes 
of all n prisms, 


bj f(x; y) AA; Riemann sum 

i=1 
as shown in Figure 14.11. This approximation can be improved by tightening the mesh 
of the grid to form smaller and smaller rectangles, as shown in Example 1. 


Rectangular prism whose base has an Volume approximated by rectangular 
area of AA, and whose height is f(x, y) prisms 
Figure 14.10 Figure 14.11 


Surface: 
fo. y)=1 hx? Fy? 


Figure 14.12 
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Approximating the Volume of a Solid 


Approximate the volume of the solid lying between the paraboloid 


1 1 
= ee SD iaai EAR 
f(x,y) 71 geo 


and the square region R given by O < x < 1,0 < y < 1. Use a partition made up of 
squares whose sides have a length of I 


Solution Begin by forming the specified partition of R. For this partition, it is convenient 
to choose the centers of the subregions as the points at which to evaluate f(x, y). 


(2 6) 6) (9 
G9 6) Gy Gd) 
G) GU) Ga) (G9 
G) 6) GƏ) Gad) 


Because the area of each square is AA; = a you can approximate the volume by the 
sum 


i i 1 1 1 
= — =x2 — —y2]| — |] = 
X f(x; y) AA; > (1 at 7 3 li i =| 0.672. 


This approximation is shown graphically in Figure 14.12. The exact volume of the solid 
is Z (see Example 2). You can obtain a better approximation by using a finer partition. 
For example, with a partition of squares with sides of length m: the approximation 
is 0.668. au 


Some three-dimensional 
graphing utilities are capable of graphing 
figures such as that shown in Figure 14.12. 
For instance, the graph shown at the right was 
drawn with a computer program. In this graph, 
note that each of the rectangular prisms lies 
within the solid region. 


€ 6 06 6 6 6 6 06 6 * 9 6 6 * 6 6» 6 


In Example 1, note that by using finer partitions, you obtain better approximations 
of the volume. This observation suggests that you could obtain the exact volume by 
taking a limit. That is, 


Volume = lim » yj) AA.. 
Jm, 25 fC y) AA; 


The precise meaning of this limit is that the limit is equal to L if for every & > 0, there 
exists a O > O such that 


L- Y, fou. y) AA; <e 
=) 


for all partitions A of the plane region R (that satisfy ||Al| < 6) and for all possible 
choices of x; and y; in the ith region. 

Using the limit of a Riemann sum to define volume is a special case of using the 
limit to define a double integral. The general case, however, does not require that the 
function be positive or continuous. 


980 Chapter 14 Multiple Integration 


Exploration Definition of Double Integral 


The entries in the table 
represent the depths (in 
yards) of earth at the centers 
of the squares in the figure 
below. 


If f is defined on a closed, bounded region R in the xy-plane, then the double 
integral of f over R is 


f fre y) dA = jm, »u y) AA; 


provided the limit exists. If the limit exists, then f is integrable over R. 


10 | 20 | 30 
90 | 70 Having defined a double integral, you will I 
70 | 40 see that a definite integral is occasionally referred R=R UR, 


to as a single integral. 
50 | 40 Sufficient conditions for the double integral 
50 | 30 of f on the region R to exist are that R can 
be written as a union of a finite number of 
nonoverlapping subregions (see Figure 14.13) that 
are vertically or horizontally simple and that f is 
continuous on the region R. This means that the 
intersection of two nonoverlapping regions is a set 
that has an area of 0. In Figure 14.13, the area of 
the line segment common to R, and R, is 0. 

A double integral can be used to find the 
volume of a solid region that lies between the 
xy-plane and the surface given by z — f(x, y). 


The two regions A, and R, are 
nonoverlapping. 
Figure 14.13 


Approximate the number of 
cubic yards of earth in the 
first octant. (This exploration 
was submitted by Robert 
Vojack.) 


Volume of a Solid Region 


If f is integrable over a plane region R and f(x, y) = 0 for all (x, y) in R, then 
the volume of the solid region that lies above R and below the graph of f is 


V= [ [roo dA. 


Double integrals share many properties of single integrals. 


THEOREM 14.1 Properties of Double Integrals 


Let f and g be continuous over a closed, bounded plane region R, and let c be 
a constant. 


1. NI f(x, y) dA = ef [s dA 
2. | fue e sean = | soam = | [ato an 


3. [ [reo an 20, if f(x,y) 20 
R 


a [fran = | [etna itr = aen 


5. NES y)dA = Í fro y)dA + Í fre y) dA, where R is the union 
R R, R, 


of two nonoverlapping subregions R, and R}. 


z22— 


Triangular 


. 2—x cross section 
Base: y = T4 


Volume: Í A(x) dx 
0 
Figure 14.14 


v 


2 


y=0 y= T 


Triangular cross section 
Figure 14.15 


N 


y 
g 


Integrate with respect to y to obtain the area of the cross section. 


Figure 14.16 


x 
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Evaluation of Double Integrals 


Normally, the first step in evaluating a double integral is to rewrite it as an iterated integral. 
To show how this is done, a geometric model of a double integral is used as the volume 
of a solid. 

Consider the solid region bounded by the plane z = f(x, y) = 2 — x — 2y and the 
three coordinate planes, as shown in Figure 14.14. Each vertical cross section taken 
parallel to the yz-plane is a triangular region whose base has a length of y = (2 — x)/2 
and whose height is z = 2 — x. This implies that for a fixed value of x, the area of the 
triangular cross section is 


(2 — xP 
qs 


aues 5 (base) (height) = AG ; *lo je 


By the formula for the volume of a solid with known cross sections (see Section 7.2), 
the volume of the solid is 
b 


Volume = f A(x) dx 


Formula for volume 


4 Substitute. 
-xF . 
e 12 Integrate with respect to x. 
0 
2 TN l 
= 3 Volume of solid region (See Figure 14.14.) 


This procedure works no matter how A(x) is obtained. In particular, you can find A(x) 
by integration, as shown in Figure 14.15. That is, you consider x to be constant and 
integrate z = 2 — x — 2y from 0 to (2 — x)/2 to obtain 


(2—x)/2 
A(x) = f (2 =x = 2y) dy Apply formula for area. 
0 


(2—x)/2 


Integrate with respect to y. 


= le -xy- | 


_ (2 — x? 
— 7 


0 


Area of triangular cross section (See Figure 14.15.) 
Combining these results, you have the iterated integral 


2 (2-32 
Volume — NS y) dA — f Í (2 — x — 2y) dy dx. 
R o Jo 


To understand this procedure better, it helps to imagine the integration as two sweeping 
motions. For the inner integration, a vertical line sweeps out the area of a cross section. 
For the outer integration, the triangular cross section sweeps out the volume, as shown 


in Figure 14.16. 
Z Z 
E. y A y - A y 


Integrate with respect to x to obtain the volume of the solid. 
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The next theorem was proved by the Italian mathematician Guido Fubini 
(1879—1943). The theorem states that if R is a vertically or horizontally simple region 
and f is continuous on R, then the double integral of f on R is equal to an iterated integral. 


THEOREM 14.2 Fubini’s Theorem 
Let f be continuous on a plane region R. 


1. If R is defined by a < x € b and g,(x) S y < g,(x), where g, and g, are 
continuous on [a, b], then 


B(x) 
[ [roo y) dA = [ eae 
a Jgj(x 


2. If R is defined by c < y < d and h(y) S x < h,(y), where h, and h, are 
continuous on [c, d], then 


d f'híy 
[ras = | dum: 
hi Cy) 


EXAMPLE 2 Evaluating a Double Integral as an Iterated Integral 


Evaluate y 


1 1 R:0sxs1 
t- ke- ie) aa 0 sy <1 
[Jl 5% 2» d 


where R is the region given by 


0sxsl Osyszl 


Solution Because the region R is a square, 

it is both vertically and horizontally simple, and 
you can use either order of integration. Choose 
dy dx by placing a vertical representative 
rectangle in the region (see the figure at the 


right). This produces the following. | [re TE [ [re mv 
R i oJo d 


1 1 E 1 1 
-i-a f (1 - he — hy) dy ae 
[Jl 2 2 o Jo 2 2 
1 
1 4 
" 2 
MIC 7% J 6 d 


2 
2 | 


The double integral evaluated in Example 2 represents the volume of the solid 
region approximated in Example 1. Note that the approximation obtained in Example 1 
is quite good (0.672 vs. 2), even though you used a partition consisting of only 
16 squares. The error resulted because the centers of the square subregions were 
used as the points in the approximation. This is comparable to the Midpoint Rule 
approximation of a single integral. 
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The difficulty of evaluating a single integral i f(x) dx usually depends on the 
function f, not on the interval [a, b]. This is a major difference between single and 
Volume of a Paraboloid double integrals. In the next example, you will integrate a function similar to the one 
Sector The solid in in Examples 1 and 2. Notice that a change in the region R produces a much more difficult 
Example 3 has an elliptical integration problem. 

(not a circular) base. 


PNE ol 
Neo Da rs EXAMPLE 3 Finding Volume by a Double Integral 


by the circular paraboloid 


Exploration 


z-aq-xx-y,a»0 Find the volume of the solid region bounded by the paraboloid z = 4 — x? — 2y? and 


the xy-plane, as shown in Figure 14.17(a). 
and the xy-plane. How many 
ways of finding the volume Solution By letting z = 0, you can see that the base of the region in the xy-plane 


of this solid do you now is the ellipse x? + 2y? = 4, as shown in Figure 14.17(b). This plane region is both 
know? For instance, you vertically and horizontally simple, so the order dy dx is appropriate. 

could use the disk method 

to find the volume as a solid de 4— x2 

of revolution. Does each Variable bounds for y: — z $S 5 


method involve integration? 


z Constant bounds for x: - 25 x < 2 


The volume is 


2 rJa—3)/2 
V= Í | (4 xD = 2y?) dy dx See Figure 14.17(b). 
-2J- 4 -x9/2 
2 3 -0 
= Í K — xy - » i dx 
= 3 |-Ja-3)/2 
4 ie j 
m — Q2)3/2 
WA M x2)3/2 dx 
4 n/2 
~ 3/2 , 16 cost 0 dO x — 2sinO 
-n/2 
n/2 
e 9 0 6 9 6 6 9 6 6 9 6 6 9 6 6 9 6 -Sof cost 0 40 
è 3/2 0 
ee In Example 3, 
note the usefulness of . 128 (=) waiss Fame 
Wallis’s Formula to evaluate 3 /2 16 
ue cos" 0 d8. You may want 3]. om, 
to review this formula in 
Section 8.3. 


Surface: 
f(x, y) 24 —x? —2y? 


Base: 2 Sx x2 


—/4 —x2)/2 sy «4 —x2)2 
» 
A 


2+ 


Ax 


3" Volume: 
P 2 r/ 4-32 d 
3 4 =x? —2y?) dyidx) 
E es dia 
(a) (b) 


Figure 14.17 a 
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Ere 


| 


Base is bounded by y — 0, y — x, and 
x= 1. 
Figure 14.18 


In Examples 2 and 3, the problems could be solved with either order of integration 
because the regions were both vertically and horizontally simple. Moreover, had you 
used the order dx dy, you would have obtained integrals of comparable difficulty. There 
are, however, some occasions when one order of integration is much more convenient than 
the other. Example 4 shows such a case. 


EXAMPLE 4 Comparing Different Orders of Integration 


re [> See LarsonCalculus.com for an interactive version of this type of example. 
Find the volume of the solid region bounded by the surface 

f(x,y) = ew Surface 
and the planes z = 0, y = 0, y = x, and x = 1, as shown in Figure 14.18. 


Solution The base of the solid region in the xy-plane is bounded by the lines y = 0, 
x — l, and y — x. The two possible orders of integration are shown in Figure 14.19. 


(1, 1) 


(1, 0) 


1 (s 2 
| Í e™ dyidx; 
0/0 ve: 


Figure 14.19 


By setting up the corresponding iterated integrals, you can see that the order dx dy 
requires the antiderivative 


fer dx 


which is not an elementary function. On the other hand, the order dy dx produces 


1 fx 1 ix 
f Í e * dy dx — l e * J dx Integrate with respect to y. 
o Jo 0 0 
1 
= f xe-* dx 
0 
] l| 
= =g 7 Integrate with respect to x. 
2 0 
1/1 
=--(--1 
2\e 
e—1 i 
= 2 Volume of solid region (See Figure 14.18.) 
e 


t 
o 
2 
D 


Try using a symbolic integration utility to evaluate the iterated 
integral in Example 4. 
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Volume of a Region Bounded by Two Surfaces 


Find the volume of the solid region bounded above by the paraboloid 


z=] =s y? Paraboloid 
and below by the plane 
z=1-y Plane 


as shown in Figure 14.20. 


Paraboloid: 
z=1 =x? —y? 


Figure 14.20 


>< 


Solution  Equating z-values, you can determine that the intersection of the two 
surfaces occurs on the right circular cylinder given by 


pegyedqexea mw x—)—) 
So, the region R in the xy-plane is a circle, as shown in Figure 14.21. Because the volume 


of the solid region is the difference between the volume under the paraboloid and the 
volume under the plane, you have 


Volume = (volume under paraboloid) — (volume under plane) 


J|y-** yy 
> Xx B (1— x2 — y) ea - [ [77 _(1 = y) dx dy 
Jy-y —Jy-y? 


Vy-y 
R: 0xysl (y — y — x?) dx dy 
-/y —y! xx s Jy —y? yy 
Figure 14.21 Iry 
, lo == =| dy 
—Jy-¥ 


"Tu 
= f (y — y? dy 
3Jo 


nht 


4\/1\ (' x5 
ze = = /2 
S9 [t - e - Pew 
m V? cost g 
6] y. 2 


1 n/2 
= Al cost 0 dO 
0 


= (93) Wallies Forma 
6/\16 allis’s Formula 


IL 


~ 32° a 


dO 2y— 1 —sin8 
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Average Value of a Function 


Recall from Section 4.4 that for a function f in one variable, the average value of f on 
the interval [a, b] is 


1 b 
zl f(x) dx. 


Given a function f in two variables, you can find the average value of f over the plane 
region R as shown in the following definition. 


Definition of the Average Value of a Function Over a Region 


If f is integrable over the plane region R, then the average value of f over R is 


Average value = L f f f(x, y) dA 
A Jn 


where A is the area of R. 


ETTUTTTIT: Finding the Average Value of a Function 


Find the average value of 


mss 


over the plane region R, where R is a rectangle with vertices 
(0,0), (4, 0), (4, 3), and (0,3). 


Solution The area of the rectangular region R is 


A = (4)(3) = 12 
as shown in Figure 14.22. The bounds for x are i 
Osx<4 -6 


and the bounds for y are 
0ys3. 


So, the average value is 


Average value — i i f f(x, y) dA 


(afe 


Figure 14.22 


Qu ERE = 
M 

ale 
en 

— 

oo 

ams 


14.2 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Approximating the Volume of a Solid In your 
own words, describe the process of using an inner partition 


to approximate the volume of a solid region lying above 
the xy-plane. How can the approximation be improved? 


. Fubini's Theorem What is the benefit of Fubini's 
Theorem when evaluating a double integral? 


[n] [m] Approximation In Exercises 3-6, approximate 
the integral J, f f(x, y) dA by dividing the rectangle 

[mj R with vertices (0,0), (4,0), (4,2), and (0,2) 
* into eight equal squares and finding the sum 


8 
Y, f Go y) AA;, where (x, y) is the center of the ith 
a 


square. Evaluate the iterated integral and compare 
it with the approximation. 


4 r2 1 4 2 
| formaa 4 AN xy dy dx 
o Jo 


s | [eon « [T ers E Gt DoF) 


Evaluating a Double Integral In Exercises 7-12, sketch 
the region R and evaluate the iterated integral f, f f(x, y) dA. 


2[1 n fmn/2 
7. Í Í (1 — 4x + 8y)dydx 8. Í Í sin? x cos? y dy dx 
o Jo o Jo 


6 (3 
9. Í (x + y) dx dy 
0 Jy/2 


4 (y 

10. i Í xy? dx dy 
0 Jy/2 
3 9-3? 

uf f° 
-3J- /9-x 
1 1 fl-y 

12. If ea s || e“ dx dy 
0 Jy-1 0 JO 


Evaluating a Double Integral In Exercises 
13-20, set up integrals for both orders of integration. 
Use the more convenient order to evaluate the 
integral over the plane region R. 


13. | [yan 
R 


R: rectangle with vertices (0, 0), (0, 5), (3, 5), (3, 0) 


14. f [snxsinyaa 
R 


R: rectangle with vertices (—T1, 0), (n, 0), (ru r2), (— T, r2) 


y 
15. [Java 


R: trapezoid bounded by y = x, y = 2x, x= 1, x =2 


dy dx 


(x + y) dy dx 


16. Í Í xe" dA 
R, 


R: triangle bounded by y = 4 — x, y 20, x =0 


17. [[-» dA 
R, 


R: region bounded by y = 4 — 32, y=4-x 


X 
"TP 


R: region bounded by y = 0, y = /x, x=4 


» [fro 


R: sector of a circle in the first quadrant bounded by 


y= /25 — x, 3x —4y 2-0, y ^ 0 


20. Í Í (x? + y?) dA 


R: semicircle bounded by y = V4 —3?, y ^ 0 


m'm] Finding Volume In Exercises 21-26, use a 


A double integral to find the volume of the indicated 


[s] solid. 


21. 


23. 


25. 
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Finding Volume In Exercises 27 and 28, use an improper 
double integral to find the volume of the indicated solid. 


27. 28. z S 
A 
1 


1 O0<x<0 
O<y<oo ; i P ~y 
^- y fP 
x 
a O0<x<0 
2 O<sy<oco 


x 


Finding Volume In Exercises 29-34, set up and evaluate a 
double integral to find the volume of the solid bounded by the 
graphs of the equations. 


29. z = xy, z = 0, y = x, x = 1, first octant 


30.z=0, z=x7,x=0,x=2, y=0, y=4 


2, 


31.z=xt+y, 2 ty 4, first octant 
1 


1+ y” 


32. z = x=0,x=2, y20 


33. y = 4— x^, z = 4 — xX, first octant 
34.0 + 2=1, y +z 


1, first octant 


[s]Z2[s] Volume of a Region Bounded by Two 
ia Surfaces In Exercises 35-40, set up a double 
1. integral to find the volume of the solid region 
"* bounded by the graphs of the equations. Do not 
evaluate the integral. 


[s] 


y, L£ +y =4z=0 

38. z = sin? x, z= 0, 0Ssx<sm,0<y<5 
39. z = x + 2y?, z = 4y 

40. z= x2 +y, z=18- x2 -y 


m Finding Volume Using Technology In Exercises 41—44, 


use a computer algebra system to find the volume of the solid 
bounded by the graphs of the equations. 


41.7-9—x—y5z-0 
42. 2? =9-y, 2= 
2 
1+x2+y? * 
44.z=In(l+x+y), z=0, y=0,x=0,x=4- Vy 


9 — y, first octant 


43. z 


0 y=0,x=0, y 0.5x + 1 


studioloco/Shutterstock.com 


Evaluating an Iterated Integral In Exercises 45-50, 
sketch the region of integration. Then evaluate the iterated 
integral, changing the order of integration if necessary. 


1 (1/2 In 10 
45. Í Í e™® dx dy 46. f ips —— dy dx 
0 Jy/2 


2 r/A-xi 
47. Í J/4 — y dydx 48. NI 
T pi 


2J- /4—x? 


2 p4 
49. [T sin y? dy dx 


[s]ZT[s] Average Value In Exercises 51-56, find the 
iu average value of f (x, y) over the plane region R. 


dx 
ks 7 


2 
50. IT Jy cos y dy dx 
x/2 


51. f(x,y) =x 

R: rectangle with vertices (0, 0), (4, 0), (4, 2), (0, 2) 
52. f(x, y) = 2xy 

R: rectangle with vertices (0, 1), (1, 1), (1, 6), (0, 6) 
53. f(x, y) = x2 + y? 

R: square with vertices (0, 0), (2, 0), (2, 2), (0, 2) 


54. f(x,y) = 


55. f(x, y) = e'*», R: triangle with vertices (0, 0), (0, 1), (1, 1) 
56. f(x, y) = sin(x + y) 
R: rectangle with vertices (0, 0), (Tu, 0), (rt, rU), (0, T) 


RB R: triangle with vertices (0, 0), (1, 0), (1, 1) 


» 57. Average Production « «««««e«eececcccci 


The Cobb-Douglas 
production function 

for an automobile 
manufacturer is 

fü y) = 10039595. 

where x is the number of 
units of labor and y is 

the number of units of 
capital. Estimate the average 
production level when the 
number of units of labor x varies between 200 and 250 and the 
number of units of capital y varies between 300 and 325. 


58. Average Temperature The temperature in degrees 
Celsius onthe surface of ametal plateis T(x, y) = 20 — 4x? — y?, 
where x and y are measured in centimeters. Estimate the average 
temperature when x varies between 0 and 2 centimeters and y 
varies between 0 and 4 centimeters. 


EXPLORING CONCEPTS 

59. Volume Let R be a region in the xy-plane whose area 
is B. When f(x, y) = k for every point (x, y) in R, what is 
the value of f, f f(x, y) dA? Explain. 


60. Volume Let the plane region R be a unit circle and 
let the maximum value of f on R be 6. Is the greatest 
possible value of ff f(x, y) dy dx equal to 6? Why or 
why not? If not, what is the greatest possible value? 


Probability A joint density function of the continuous random 
variables x and y is a function f(x, y) satisfying the following 
properties. 


(a) f(x, y) =0 for all (x, y) 


(b) [ [ f(x,y) dA =1 
(c) P[G, y) € R] = ii [reo an 


In Exercises 61—64, show that the function is a joint density 
function and find the required probability. 


ues L OsxsiLhisys4 
. fiy) = 
? 0, elsewhere 
PO <xs< 1,1 < y< 3) 
1 
sy Usss20sys.J5 
62. f(x, y) = 
0, elsewhere 


POsx<s1,0sy< 2) 


5(9—-x-y, OS x53,3 5 ys6 
63. f(x, y) e á x 


: elsewhere 
PO <Sx<1,3<ys<6) 
e*-’, x20,y20 
64. f(x,y) = | : 


0, elsewhere 
POsxsi,xsysl) 


65. Proof Let f be a continuous function such that 
0 € f(x, y) S 1 over a region R of area 1. Prove that 
0 < fuf f(y) dA < 1. 

66. Finding Volume Find the volume of the solid in the first 
octant bounded by the coordinate planes and the plane 


set 


x 
~ 4442-1 
a Cc 


> 


where a > 0, b > 0, andc > 0. 


67. Approximation The table shows values of a function f 
over a square region R. Divide the region into 16 equal squares 
and select (x,, y,) to be the point in the ith square closest to the 
origin. Approximate the value of the integral below. Compare 
this approximation with that obtained by using the point in the 
ith square farthest from the origin. 


4 (4 
Í f(x, y) dy dx 
0 


0 


y 
e pee eee MES e 


2 28 | 27 | 24 | 19 | 12 
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c&( )) HOW DO YOU SEE IT? The figure below 
shows Erie County, New York. Let f(x, y) 
represent the total annual snowfall at the point 
(x, y) in the county, where R is the county. 
Interpret each of the following. 


(a) S y) dA 


CETT 


True or False? In Exercises 69 and 70, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


69. The volume of the sphere x? + y? + z2 = 1 is given by the 
integral 


Df 
ves[ | == Fara 
o Jo 


70. If f(x, y) < g(x,y) for all (x, y) in R, and both f and g are 
continuous over R, then fpf f(x, y) dA < fpf g(x, y) dA. 


71. Maximizing a Double Integral Determine the region R 
in the xy-plane that maximizes the value of 


[fona 


72. Minimizing a Double Integral Determine the region R 
in the xy-plane that minimizes the value of 


[ [ena 


73. Average Value Let 
f(x) = I eè dt. 
1 


Find the average value of f on the interval [0, 1]. 
74. Using Geometry Use a geometric argument to show that 


3 (Vy 
Í J9 — 38 = yh de dy = = 
j 2 


0 


PUTNAM EXAM CHALLENGE 


75. Evaluate fof? es^. dy dx, where a and b are 
positive. 


76. Show that if À » j there does not exist a real-valued 
function u such that for all x in the closed interval 
0 < x< 1, u(x) = 1 + Af! u(yuy — x) dy. 


These problems were composed by the Committee on the Putnam Prize 
Competition. © The Mathematical Association of America. All rights reserved. 
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14.3 Change of Variables: Polar Coordinates 


(a) 
Figure 14.23 


NIA 


Polar sector 
Figure 14.24 


iM Write and evaluate double integrals in polar coordinates. 


Double Integrals in Polar Coordinates 


Some double integrals are much easier to evaluate in polar form than in rectangular 
form. This is especially true for regions such as circles, cardioids, and rose curves, and 
for integrands that involve x? + y?. 

In Section 10.4, you learned that the polar coordinates (r, O) of a point are related 
to the rectangular coordinates (x, y) of the point as follows. 


x=rcos® and y-rsinO 


r= x+y? and tan 9 =~ 
x 


EXAMPLE 1 Using Polar Coordinates to Describe a Region 


Use polar coordinates to describe each region shown in Figure 14.23. 


y y 


(b) (c) 


Solution 
a. The region R is a quarter circle of radius 2. It can be described in polar coordinates as 


R-í((r89 :0srzs2, 0sO0zm/2) 


b. The region R consists of all points between concentric circles of radii 1 and 3. It can 
be described in polar coordinates as 


R-í((89:1srs3, 0<0<27}. 


c. The region R is a cardioid with a = b = 3. It can be described in polar coordinates as 


R-Í((r8: O< r<3+3sin0, 0 < 6< 2n}. " 
The regions in Example 1 are special cases of polar sectors 
i tr, 9): Un ES IP SS Dy 6, <0< 96) Polar sector 


as shown in Figure 14.24. 


Polar grid superimposed over region R 
Figure 14.25 
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To define a double integral of a continuous function z — f(x, y) in polar coordinates, 
consider a region R bounded by the graphs of 


r= g (0) and r= g,(0) 


and the lines 9 = & and O = P. Instead of partitioning R into small rectangles, use 
a partition of small polar sectors. On R, superimpose a polar grid made of rays and 
circular arcs, as shown in Figure 14.25. The polar sectors R; lying entirely within R 
form an inner polar partition A, whose norm ||A|| is the length of the longest diagonal 
of the n polar sectors. 

Consider a specific polar sector R, as shown in Figure 14.26. It can be shown (see 
Exercise 68) that the area of R; is 


AA; = r; Ar, AO, Area of R; 


where Ar, = r, — r, and A0, = 0, — 0,. This implies that the volume of the solid of 
height f(r; cos O, r; sin 6) above R, is approximately 


f(r, cos 8, r; sin )r; Ar; A6, 


and you have 


| ree y) dA ~ Y, f(r,cos 8, r; sin 8,)r; Ar, AO, 
R [ESI 
The sum on the right can be interpreted as a Riemann sum for 


f(r cos 9, r sin 8)r. 


The region R corresponds to a horizontally simple region S in the r0-plane, as shown 
in Figure 14.27. The polar sectors R; correspond to rectangles S;, and the area AA; of 
S; is Ar; A0, So, the right-hand side of the equation corresponds to the double integral 


[ [re cos O, r sin O)r dA. 
s 


From this, you can apply Theorem 14.2 to write 


[ [ro dA = f [recos 0, r sin O)r dA 


B (89 
= f f(r cos 9, r sin O)r dr dO. 


a Jg,(9) 


This suggests the theorem on the next page, the proof of which is discussed in Section 14.8. 


The polar sector R; is the set of all points Horizontally simple region S 
(r, 8) such that r, < r < r, and Figure 14.27 
Ə < 0 < 0, 


Figure 14.26 
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Exploration 


Volume of a Paraboloid 
Sector In the Exploration 
on page 983, you were asked 
to summarize the different 
ways you know of finding 


the volume of the solid 
bounded by the paraboloid 
z=a@-x-y,a>0 


and the xy-plane. You now 
know another way. Use it to 
find the volume of the solid. 


Ril srsVJ/5 
0 <0 <20 + 


Figure 14.29 


THEO! 


:M 14.3 Change of Variables to Polar Form 


Let R be a plane region consisting of all points (x, y) = (r cos 0, r sin ©) 
satisfying the conditions 0 < g,(8) < r < g,(8),a < 0 < B, where 

0 < (B — a) < 27. If g, and g, are continuous on [a B] and f is continuous 
on R, then 


(8) 
E. (x, y) dA = [T^ f(r cos 9, r sin O)r dr dO. 
a Jg (© 


If z = f(x, y) is nonnegative on R, then the integral in Theorem 14.3 can be 
interpreted as the volume of the solid region between the graph of f and the region R. 
When using the integral in Theorem 14.3, be certain not to omit the extra factor of r 
in the integrand. 

The region R is restricted to two basic types, r-simple regions and €-simple 
regions, as shown in Figure 14.28. 


"n 
2 0 Fixed bounds for 6: 2 Variable bounds for €: 
£/ =B qa < 0 €h,(r) x0 Sh (r) 
D Variable bounds for r: E m Ay Fixed bounds for r: 
0 xg,(8) <r <g,(8) n rr, 
bun b h 
0 -Q li. ` 1 
1 7 Ar À 
»0 0 
r=r, r=r 


r-Simple region 0-Simple region 


Figure 14.28 


EXAMPLE 2 Evaluating a Double Polar Integral 


Let R be the annular region lying between the two circles x? + y? = 1 and x? + y? = 5. 
Evaluate the integral 


[Jo + y) dA. 


Solution The polar boundaries are 1 € r < \/5 and 0 < 0 x 27, as shown in 
Figure 14.29. Furthermore, x? = (r cos 0)? and y = r sin 8. So, you have 


an r/5 
[Jo + y) dA = f f (r? cos? 0 + r sin 9)r dr dO 
R o Ji 


an f /5 
T (7? cos? 0 + r? sin 8) dr dO 


0 


r E 
x ( cos? 0 + = sin 2] dO 
o \4 1 
zi (sse cos? v= : > sin o) dð 
0 
a i nat 


_ (30+ 3sin20 5/5- cos 6" 
P 3 
6 


[Surface: z=V 16 —x? —y? | 


x 


R: x? + y? <4 
Figure 14.30 


** REMARK To see the 
benefit of polar coordinates 
in Example 3, you should try 
to evaluate the corresponding 
rectangular iterated integral 


V4-y? 
NI J16 — x? — y? dx dy. 
-2 


J4-y 


eoeceeoeeveeeeee o\ / 
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In Example 2, be sure to notice the factor of r with dr dO in the integrand. This comes 
from the formula for the area of a polar sector. In differential notation, you can write 
dA = r dr dO 


which indicates that the area of a polar sector increases as you move away from the origin. 


Change of Variables to Polar Coordinates 


Use polar coordinates to find the volume of the solid region bounded above by the 
hemisphere 


z= /16-x2- y Hemisphere forms upper surface. 
and below by the circular region R given by 
x)eyz4 Circular region forms lower surface. 
as shown in Figure 14.30. 
Solution In Figure 14.30, you can see that R has the bounds 
—~/4-y<xs /4-y, -2<y<2 
and that 0 € z < \/16 — x? — y?. In polar coordinates, the bounds are 


O<srs2 and OS O<2T 


with height z = \/16 — x? — y? = J/16 — °°. Consequently, the volume V is 


= f I f (x, y) dA Formula for volume 
R 


2n (2 
= i Í V16 — r°rdr dð Polar coordinates 
0 0 


1 2" 2 
== 3 f (16 mi r2 | dð Integrate with respect to r. 
0 0 


2n 
= Í (24/3 — 64) dO 
3Jo 


2m 
= -$ (3 J3 — sel Integrate with respect to 8. 
0 
- EL (8 — 3/3) 
~ 46.979. 4 


TECHNOLOGY Any computer algebra system that can evaluate double integrals 
in rectangular coordinates can also evaluate double integrals in polar coordinates. 
The reason this is true is that once you have formed the iterated integral, its value is 
not changed by using different variables. In other words, if you use a computer algebra 
system to evaluate 


on (2 
Í J16 — x? x dx dy 


0 0 


you should obtain the same value as that obtained in Example 3. 


Just as with rectangular coordinates, the double integral 


[Je 


can be used to find the area of a region in the plane. 
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Figure 14.31 


0-Simple region 
Figure 14.32 


Finding Areas of Polar Regions 


*DP See LarsonCalculus.com for an interactive version of this type of example. 


To use a double integral to find the area enclosed by the graph of r — 3 cos 30, let R 
be one petal of the curve shown in Figure 14.31. This region is r-simple, and the 
boundaries are —Tt/6 < O < ri/6 and 0 < r < 3 cos 30. So, the area of one petal is 


1 T/6 f3cos30 
=A = dA = r dr dO 
3 R —n/6J0 
1/6 273 cos 30 
= 4 d8 
—mn/6 2 Jo 


9 n/6 
= Al cos? 30 40 


—n/6 


Integrate with respect to r. 


n/6 
f (1 + cos 60) 40 


—n/6 
11/6 
Integrate with respect to 9. 


-o+ + =sin Ju 


T/6 

ot 

4 

So, the total area is A = 971/4. E 


As illustrated in Example 4, the area of a region in the plane can be represented by 


B (e: 
le r dr dO. 
a Jg,(8) 


— 0, you obtain 


g2(8) 29 
af T r dr dQ = [ ^ 


which agrees with Theorem 10.13. 
So far in this section, all of the examples of iterated integrals in polar form have 
been of the form 


(9) 
[| f(r cos O, r sin 8)r dr dO 
a Jg (© 


in which the order of integration is with respect to r first. Sometimes you can obtain a 
simpler integration problem by integrating with respect to O first. 


EXAMPLE 5 Integrating with Respect to € First 


Find the area of the region bounded above by the spiral r = rt/(30) and below by the 
polar axis, between r — 1 and r — 2. 


For g,(8 


1 (* , 
— | [z.(8)F 40 


Solution The region is shown in Figure 14.32. The polar boundaries for the region are 


1<r<2 and ge. 
3r 


So, the area of the region can be evaluated as follows. 


2 (m/(3r) 2 n/r) 2 2 
a= da. = | 6] a= | fa - €] Em | 
E ab 3 


14.3 Exercises 


14.3 Change of Variables: Polar Coordinates 995 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

Choosing a Coordinate System In Exercises 1 and 
2, the region R for the integral ff f(x, y) dA is shown. 
State whether you would use rectangular or polar 
coordinates to evaluate the integral. 


2. 


. Describing Regions In your own words, describe 
r-simple regions and -simple regions. 


. Using Polar Coordinates Sketch the region of 
integration represented by the double integral 


2n f 6 
Í Í f(r, 8)r dr dO. 
o Ja 


[=] Describing a Region In Exercises 5-8, use 


ov mye] 


n [=] Evaluating a Double Integral In Exercises 
LE d 9-16, evaluate the double integral ff f(r, 8 dA 
and sketch the region R. 


T (2 cos 8 T2 (sin 8 
" f r dr dO 10. Í Í r dr dO 
0 0 


n fi 
11. Í Í 6r? sin 8 dr dO 
o Jo 


1/4 f4 
12. Í Í r° sin 8 cos 8 dr dO 
o Jo 
n/2 73 
13. Í [ 67 race 
o Ji 
n/2 73 
14. Í Í re" dr dO 
o Jo 
T/2 ¢1+sin 9 
15. Í Í Or dr dO 
o Jo 


T/2 ¢1—cos 0 
16. Í i (sin O)r dr dO 
o Jo 


[m] [s] Converting to Polar Coordinates In 
F fi Exercises 17—26, evaluate the iterated integral by 
AER converting to polar coordinates. 

17. [ p 


JA—x 
i [| x dy dx 
o Jo 
2 r/A-x 
19. Í A (x? + y?) dy dx 
-2Jo 
Jx—Xxi 
20. lh MEE 
Jx—Xx 
J1-x 
a. (| (x? + 
o Jo 
2 (V357 
22. | Jx? + y? dx dy 
0 Jy 
2 (V2x= x2 
23. || xy dy dx 
o Jo 
4 (Ay y? 
af] X? dx dy 
o Jo 


JA = 
25. Í Í cos(x? + y?) dy dx 
-1Jo 


di dy 


y?) dy dx 


yy? dy dx 


V6 ( / 6-3 
26. Í Í sin Vx? + y? dy dx 
o Jo 


Converting to Polar Coordinates In Exercises 27 and 
28, write the sum of the two iterated integrals as a single 
iterated integral by converting to polar coordinates. Evaluate 
the resulting iterated integral. 

J= 


2 fx 2/2 
n. | [6e | V2 + y? dy dx 
o Jo 2 Jo 


(5./2)/2 px 5 J25-x 
28. | fosa | Í xy dy dx 
0 0 (5./2)/2 Jo 
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Converting to Polar Coordinates In Exercises 29-32, 45. 46. m" 


use polar coordinates to set up and evaluate the double integral 


faf f(x,y) dA. Taten] @ 
AN 


29. fly y) =x +y "um 
R: xX? + y? < 36, x V/A» 
30. f(x, y) = ec *»? 


Rà-yz25,x20 


i 


IV 
e 
=< 

IV 

e 

N 


v 


Area In Exercises 47—52, sketch a graph of the region bounded 
by the graphs of the equations. Then use a double integral to 
find the area of the region. 


31. f(x, y) = arctan 


Ret+ty2z1xc+ys40sysx 
32. fy) =9- x2- y? 47. Inside the circle r = 2 cos O and outside the circle r = 1 

R: P+y<s9x20,y20 48. Inside the cardioid r = 2 + 2 cos O and outside the circle 

r=1 

OE [m] Volume In Exercises 33-38, use a double 49. Inside the circle r= 3cos 0 and outside the cardioid 
Ao. XE integral in polar coordinates to find the volume of red dessB 
Hiit the solid bounded by the graphs of the equations. 

apud 50. Inside the cardioid r = 1 + cos 9 and outside the circle 
33. z = xy, x? + y? = 1, first octant r — 3cos 0 
34. z= x2 +y°+3,72=0, 2 +y=1 51. Inside the rose curve r = 4 sin 30 and outside the circle r = 2 
35. z = Ver +y, z=0, x +y = 25 52. Inside the circle r = 2 and outside the cardioidr = 2 — 2 cos 0 
36. z = In? + y”), z= 0, 2 +V212+y <4 
37. Inside the hemisphere z = V16 — x? — y? and inside the EXPLORING CONCEPTS 

cylinder x? + y? — 4x = 0 53. Area Express the area of the region in the figure using 


the sum of two double polar integrals. Then find the area 
of the region without using integrals. 


38. Inside the hemisphere z = ./16 — x? — y? and outside the 
cylinder x? + y? = 


39. Volume Usea double integral in polar coordinates to find a 
such that the volume inside thehemispherez = V16 — x? — y? 
and outside the cylinder x? + y? = a? is one-half the volume 
of the hemisphere. 


40. Volume Use a double integral in polar coordinates to find 
the volume of a sphere of radius a. | 


54. Comparing Integrals Let R be the region bounded 


[n] allel Area In Exercises 41-46, use a double integral to 
by the circle x? + y? = 9. 


pr YE find the area of the shaded region. 

Diss | 

42. n (a) Set up the integral | | f(x, y) dA. 
R. 


Giga 
| (b) Convert the integral in part (a) to polar coordinates. 


(c) Which integral would you choose to evaluate? Why? 


«55. Population e «e ee«seeeececeeceeccccccE€c 


The population density of a city is approximated by the model 


F(x, y) = 400067901679 


43. 44. 


for the region 

x? y? < 49, where x 
and y are measured in 
miles. Integrate the 
density function over the 
indicated circular region 
to approximate the 
population of the city. 


ValeStock/Shutterstock.com 


56. 5 HOW DO YOU SEE IT? Fach figure shows 
a region of integration for the double integral 
Jn] f(x, y) dA. For each region, state whether 
horizontal representative elements, vertical 
representative elements, or polar sectors would 
yield the easiest method for obtaining the limits 
of integration. Explain your reasoning. 


(b) (c) 


E » 


57. Volume Determine the diameter of a hole that is drilled 
vertically through the center of the solid bounded by the graphs 
of the equations z = 25e- ^ *»)/^, z = 0, and x? + y? = 16 
when one-tenth of the volume of the solid is removed. 


e58. Glacier eeeeeeeeccccccccccc:ccie 


Horizontal cross sections of a piece of ice that broke from a 
glacier are in the shape of a quarter of a circle with a radius of 
approximately 50 feet. The base is divided into 20 subregions, 
as shown in the figure. At the center of each subregion, the 
height of the ice is measured, yielding the following points in 
cylindrical coordinates. 


(5. 16. 7). (15, Te 8), (25, tes 10), (35. 76: 12), (45, 76:9). 
(5. 38. 9). (15, Tes 10), (25, 18. 14), (35, Te 15). (45, 6. 10), 
(5. 56. 9). (15. Tes 11), (25, 16. 15), (35. 16. 18). (45. T6, 14). 
(5.72. 5), (15, 8), (25,7. 11), (35,72. 16), (45,72. 12) 
(a) Approximate the volume of the piece of ice. 


(b) Ice weighs approximately 57 pounds per cubic foot. 
Approximate the weight of the piece of ice. 


(c) There are 7.48 gallons of water per cubic foot. 
Approximate the number of gallons of water in the piece 
of ice. 


NIA 
o 
a 


> 0 


A 
10 20 30 40 50 


e Approximation In Exercises 59 and 60, use a computer 
algebra system to approximate the iterated integral. 


n/2 
s». | [VFR sin Bara 
/4 JO 


T/4 f4 
60. Í Í 5rev dr dO 
0 0 


Serjio74/Shutterstock.com 


——S”—“—— 
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True or False? In Exercises 61 and 62, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


61. If fRS f(r, ©) dA > 0, then f(r, ©) > 0 for all (r, O) in R. 


62. If f(r, O) is a constant function and the area of the region S is 
twice that of the region R, then 


2 | [pea = | [ 0. an. 


63. Probability The value of the integral 


r= f e * P dx 
—oo0 


is required in the development of the normal probability 
density function. 


(a) Use polar coordinates to evaluate the improper integral. 


oo oo 
P= (f en 2] en? ay 
—oo0 — oo 
oo oo 
- Í Í e- 692 dA 
—ooJ —oo 


(b) Use the result of part (a) to determine /. 


E FOR FURTHER INFORMATION For more information 
on this problem, see the article “Integrating e~* Without Polar 
Coordinates" by William Dunham in Mathematics Teacher. To 
view this article, go to MathArticles.com. 


64. Evaluating Integrals Use the result of Exercise 63 and a 
change of variables to evaluate each integral. No integration is 


required. 
(b) Í e ^* dx 


(a) Í e^* dx 


65. Think About lt Consider the region R bounded by the 
graphs of y = 2, y = 4, y = x, and y = \/3x and the double 
integral f, f f (x, y) dA. Determine the limits of integration when 
the region R is divided into (a) horizontal representative elements, 
(b) vertical representative elements, and (c) polar sectors. 


66. Think About It Repeat Exercise 65 for a region R bounded 
by the graph of the equation (x — 2)? + y? = 4. 
67. Probability Find k such that the function 


fey) = | 


ke- ty), x20,y20 
0, elsewhere 


is a probability density function. (Hint: Show that 


SRS F(x, y) dA = 1) 


68. Area Show that the area A of the polar sector R (see figure) is 
A = rArA®, where r = (r; + r,)/2 is the average radius of R. 
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14.4 Center of Mass and Moments of Inertia 


E Find the mass of a planar lamina using a double integral. 
E Find the center of mass of a planar lamina using double integrals. 
liM Find moments of inertia using double integrals. 


Mass 


y Section 7.6 discussed several applications of integration involving a lamina of constant 
density p. For example, if the lamina corresponding to the region R, as shown in Figure 
14.33, has a constant density p, then the mass of the lamina is given by 


$2 
R Mass — pA — | [as = [ [oo Constant density 
R R 


If not otherwise stated, a lamina is assumed to have a constant density. In this section, 

Ti = di however, you will extend the definition of the term lamina to include thin plates of 
| i ., Variable density. Double integrals can be used to find the mass of a lamina of variable 
x=a x=b density, where the density at (x, y) is given by the density function p 


Lamina of constant density p 


hae 14.33 Definition of Mass of a Planar Lamina of Variable Density 


If pis a continuous density function on the lamina corresponding to a plane 
region R, then the mass m of the lamina is given by 


m = NES y) dA. Variable density 
R 


Density is normally expressed as mass per unit volume. For a planar lamina, however, 
density is mass per unit surface area. 


EXAMPLE 1 Finding the Mass of a Planar Lamina 


Find the mass of the triangular lamina with vertices (0, 0), (0, 3), and (2, 3), given that 
the density at (x, y) is p(x, y) = 2x + y. 


y Solution As shown in Figure 14.34, region R has the boundaries x = 0, y = 3, and 
|o, 3) (2,3) y = 3x/2 (or x = 2y/3). Therefore, the mass of the lamina is 


m= - | fore» dA 
2y/3 
ie (2x + y) dx dy 
o Jo 


2y/3 
>r = l 24 | dy Integrate with respect to x. 
(0,0) ; 2 3 0 9 
: : . 10 
Lamina of variable density = ae dy 
A(x, y) = 2x + y 9 
Figure 14.34 10 [33] 
m B Integrate with respect to y. 
9 L3 Jo 
= 10. 


In Figure 14.34, note that the planar lamina is shaded so that the darkest shading 
corresponds to the densest part. a 


» X 


Density at (x, y): P(x, y) = kx? + y? 
Figure 14.35 
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Finding Mass by Polar Coordinates 


Find the mass of the lamina corresponding to the first-quadrant portion of the circle 
r+y=4 

where the density at the point (x, y) is proportional to the distance between the point 

and the origin, as shown in Figure 14.35. 


Solution At any point (x, y), the density of the lamina is 


py) = kV = 0} + (y - 0} 
- kx +y 


where k is the constant of proportionality. Because0 < x  2andü0 < y € JA —- xi, 
the mass is given by 


m= [Jue + y! dA 
R 


2 p JT 
[f k/x? + y? dy dx. 
o Jo 


To simplify the integration, you can convert to polar coordinates, using the bounds 
0xO0zxm/2 and 0S r82. 


So, the mass is 


m= [Jue + y! dA 
R 
n/2f2 
= Í f k Jr? r dr dO Polar coordinates 
0 0 


n/2 r2 
= Í f kr? dr dO Simplify integrand. 
0 0 


V2 3p 

r H 

= e] dO Integrate with respect to r. 
0 3 Jo 


8| A"? 
= -19 Integrate with respect 8. 
= E : a 


On many occasions, this text has mentioned the benefits of 
computer programs that perform symbolic integration. Even if you use such a program 
regularly, you should remember that its greatest benefit comes only in the hands of a 
knowledgeable user. For instance, notice how much simpler the integral in Example 2 
becomes when it is converted to polar form. 


Rectangular Form Polar Form 


2 rJ/4—xi n/2 2 
f Í kV + y? dy dx f Í kr? dr d8 
o Jo o Jo 


If you have access to software that performs symbolic integration, use it to evaluate 
both integrals. Some software programs cannot handle the first integral, but any 
program that can handle double integrals can evaluate the second integral. 
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M, = (mass)(y,) 
M, = (mass)(x;) 
Figure 14.36 
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Moments and Center of Mass 


For a lamina of variable density, moments of mass are defined in a manner similar to 
that used for the uniform density case. For a partition A of a lamina corresponding to a 
plane region R, consider the ith rectangle R; of one area AA;, as shown in Figure 14.36. 
Assume that the mass of R, is concentrated at one of its interior points (x; y;). The 
moment of mass of R; with respect to the x-axis can be approximated by 


(Mass)(y;) ^ [pG;, y) AAJ). 
Similarly, the moment of mass with respect to the y-axis can be approximated by 
(Mass)(x;) ~ [P(x y) AA]. 


By forming the Riemann sum of all such products and taking the limits as the norm of 
A approaches 0, you obtain the following definitions of moments of mass with respect 
to the x- and y-axes. 


Moments and Center of Mass of a Variable Density Planar Lamina 


Let p be a continuous density function on the planar lamina R. The moments 
of mass with respect to the x- and y-axes are 


Me [Jor dA 
d 


M, = Í f (Dlx, y) dA. 


If m is the mass of the lamina, then the center of mass is 


If R represents a simple plane region rather than a lamina, then the point (x, y) 
is called the centroid of the region. 


For some planar laminas with a constant density p, you can determine the center 
of mass (or one of its coordinates) using symmetry rather than using integration. 
For instance, consider the laminas of constant density shown in Figure 14.37. Using 
symmetry, you can see that y = 0 for the first lamina and x = 0 for the second lamina. 


R:0sxs1 R: — /1 —y? Exz 1 —y? 
—V/1 =x? sy x1 —x? 0xyzxl 
z z 
A A 
1T 11 
As -1 
> ^H id 
—l -1 C 
~ ~ i A 
`a 1 Ay > y 
1» JA 1 y 
^ Zz 
x x 


Lamina of constant density that is 
symmetric with respect to the x-axis 
Figure 14.37 


Lamina of constant density that is 
symmetric with respect to the y-axis 
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EXAMPLE 3 Finding the Center of Mass 


PTY [> See LarsonCalculus.com for an interactive version of this type of example. 


Variable density: Find the center of mass of the lamina corresponding to the parabolic region 


p, y) = ky y 2 
| 0Sys4-x Parabolic region 


the x-axis, as shown in Figure 14.38. 


To find y, first find the mass of the lamina. 


2 r4-x 
m= Í ky dy dx 


-2 J0 
»- X 2 4—x 
= jl | dx 
; : : , 2)-5' lo 
Parabolic region of variable density 5 
Figure 14.38 - k (16 — 8x2 + x) dx 
2-2 
k 8x3 x? |? 
= 1 + 
2 | ix 3 5 k 
64 32 
mE 32 = mt 
(2-43) 
_ 256k 
15 


Next, find the moment of mass about the x-axis. 


2 ra-x 
M,- f (xd) dy dx 
—2J/0 
2 4—x2 


k : 
—-—| y dx 
jJ. 0 


2 
- | (64 — 48x2 + 12x* — x5) dx 


where the density at the point (x, y) is proportional to the distance between (x, y) and 


Solution The lamina is symmetric with respect to the y-axis and p(x, y) = ky, where 
k is the constant of proportionality. So, the center of mass lies on the y-axis and x = 0. 


Integrate with respect to y. 


Integrate with respect to x. 


Mass of the limina 


Integrate with respect to y. 


3J-2 
k 120 xP 
= [64x — 16x + S Integrate with respect to x. 
3 5 7] 
_ 4096k TE ere 
LT GET oment oi mass about x-axis 
105 
So, 
"— — M.  4096k/105 16 
ariable R: —2 Sx S y= = = 
density: 0 xy x4 -x? m 256k/15 7 
P(x, y) = ky : 16 
z Choe E and the center of mass is (0, 7 ). a 
E / (o. £) 
| 7 Although you can think of the moments M, and M, as measuring the tendency 
y; — A to rotate about the x- or y-axis, the calculation of moments is usually an intermediate 
j / 4 -" step toward a more tangible goal. The use of the moments M, and M, is typical—to 
f3 ' find the center of mass. Determination of the center of mass is useful in a variety of 


applications that allow you to treat a lamina as if its mass were concentrated at just 


one point. Intuitively, you can think of the center of mass as the balancing point of the 
lamina. For instance, the lamina in Example 3 should balance on the point of a pencil 


Figure 14.39 placed at (0, 16). as shown in Figure 14.39. 
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Moments of Inertia 


The moments of M, and M, used in determining the center of mass of a lamina are 
sometimes called the first moments about the x- and y-axes. In each case, the moment is 
the product of a mass times a distance. 


= | [neos oa m, = [ [conis oa 


E | 


Distance Distance 
: Mass à Mass 
to x-axis to y-axis 


You will now look at another type of moment—the second moment, or the moment 
of inertia of a lamina about a line. In the same way that mass is a measure of the 
tendency of matter to resist a change in straight-line motion, the moment of inertia 
about a line is a measure of the tendency of matter to resist a change in rotational 
motion. For example, when a particle of mass rn is a distance d from a fixed line, its 
moment of inertia about the line is defined as 


I = md? = (mass)(distance)?. 


As with moments of mass, you can generalize this concept to obtain the moments of 
inertia about the x- and y-axes of a lamina of variable density. These second moments 
are denoted by /, and /,, and in each case the moment is the product of a mass times 
the square of a distance. 


n= | fora = [fene nan 


E EN 


Square of distance Square of distance 
q . Mass q : Mass 
to x-axis to y-axis 


The sum of the moments J, and J, is called the polar moment of inertia and is denoted 
by J). For a lamina in the xy-plane, I, represents the moment of inertia of the lamina 
about the z-axis. The term “polar moment of inertia” stems from the fact that the square 
of the polar distance r is used in the calculation. 


E Í Í (2 + y2)plx, y) da = Í Í (r2), y) dA 


. EXAMPLE 4 Finding the Moment of Inertia 


Find the moment of inertia about the x-axis of the lamina in Example 3. 


Solution From the definition of moment of inertia, you have 


2 f4—x 
L= Í (Pky) dy dx 
—2J0 
k 2 4—x2 
m 4 y dx Integrate with respect to y. 
=} 0 


2 
= í f (256 — 256x2 + 96x4 — 16x6 + x8) dx 
=2 


k 2 3 5 1 7 9 ]2 

= 2 | 256 T + ^ = + S i Integrate with respect to x. 

_ 32,768k F E T EES i 
315 oment of inertia about x-axis 


Planar 


a 


lamina revolving at w radians 


per second 
Figure 14.40 


y 
Á 
2 Variable 
density: R: 0 <x S0 
P(x, y) =x 0 Sy Ssin x 


> xX 


Figure 14.41 
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The moment of inertia / of a revolving lamina can be used to measure its kinetic 
energy. For example, suppose a planar lamina is revolving about a line with an angular 
speed of w radians per second, as shown in Figure 14.40. The kinetic energy E of the 
revolving lamina is 


E 


1 
= Iw. 
5 lor 


Kinetic energy for rotational motion 


On the other hand, the kinetic energy E of a mass m moving in a straight line at a 
velocity v is 
1 


= mv. 


2 


E Kinetic energy for linear motion 
So, the kinetic energy of a mass moving in a straight line is proportional to its mass, 
but the kinetic energy of a mass revolving about an axis is proportional to its moment 
of inertia. 

The radius of gyration F of a revolving mass m with moment of inertia / is defined as 


Radius of gyration 
m 


If the entire mass were located at a distance F from its axis of revolution, it would have 
the same moment of inertia and, consequently, the same kinetic energy. For instance, 
the radius of gyration of the lamina in Example 4 about the x-axis is 


- JE E Oo 7 15 
m 256k/15 21 
Finding the Radius of Gyration 


Find the radius of gyration about the y-axis for the lamina corresponding to the region 
R:0 < y < sinx,0 < x < T, where the density at (x, y) is given by (Xx, y) = x. 


e 2.469. 


“<I! 


Solution The region R is shown in Figure 14.41. By integrating (Xx, y) = x over the 
region R, you can determine that the mass of the region is it. The moment of inertia 
about the y-axis is 


Tl fsin x 
D= Í f X? dy dx 
0 JO 
T sinx 
Í xy dx 
0 0 


Integrate with respect to y. 


n 
= f xX sin x dx 
0 
n 
= | ax = 6) (sin x) = (x3 — 6x) (cos 9| Integrate with respect to x. 
0 
= IP — OM. Moment of inertia about y-axis 


So, the radius of gyration about the y-axis is 


y 


eI 
I 


t 


Radius of gyration about y-axis 
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1 4 n 4 Exerc ises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Mass of a Planar Lamina Explain when you should 


use a double integral to find the mass of a planar lamina. 21. y = sin E y=0,x=0,x=3, p=k 
. Moment of Inertia Describe what the moment of 
inertia measures. 22. y = cos i ,y=0, x=0, x=4, p=ky 


23. y= V36- x, 0<Sy<x, p=k 


ge Finding the Mass of a Lamina In Exercises NDS — 
E 3 3—6, find the mass of the lamina described by the 24. à + y! 216, x 20, y 2 0, P= KG? + y’) 
inequalities, given that its density is (Xx, y) = xy 


BB Finding the Center of Mass Using Technology In 


.0sxs2,0syz2 Exercises 25-28, use a computer algebra system to find the 
4 dme3szSgzrexs4w mass and center of mass of the lamina bounded by the graphs 
oe a ene * of the equations for the given density. 
5.0sxs10sys Jl-x " E " " " " 
. e 5 x x , 
6.x20,3<ys3+/9-# y y p = kwy 


26. y=Inx, y=0, x=1, x=e, p= k/x 
Finding the Center of Mass In Exercises 7-10, find the 
mass and center of mass of the lamina corresponding to the 
region R for each density. 


27. r = 2 cos 30, zx asc p=k 
28. r= 1+ cos, p=k 


7. R: square with vertices (0, 0), (a, 0), (0, a), (a, a) 
Finding the Radius of Gyration About Each Axis In 
@) p=k b p= (Qp-k Exercises 29-34, verify the given moment(s) of inertia and find 
8. R: rectangle with vertices (0, 0), (a, 0), (0, b), (a, b) X and y. Assume that each lamina has a density of p= 1 gram 
(a) p— ky (b) p= ka + y?) per square centimeter. (These regions are common shapes used 


in engineering. 
9. R: triangle with vertices (0, 0), (0, a), (a, a) n e) 


(a) p=k (b) p=ky (c) p= kx 29. Rectangle 30. Right triangle 
10. R: triangle with vertices (0, 0), (a/2, a), (a, 0) T I, ibi? 7 1,= ibn? 
(a) P=k (b) p= ky 1,25 bh I,- ib 
11. Translations in the Plane Translate the lamina in jh h 


Exercise 7 to the right five units and determine the resulting 
center of mass. 


12. Conjecture Use the result of Exercise 11 to make a | E | dd 
conjecture about the change in the center of mass when a 

lamina of constant density is translated c units horizontally or 31. Circle 32. Semicircle 

d units vertically. Is the conjecture true when the density is not y y 

constant? Explain. 


mg [s] Finding the Center of Mass In Exercises 


EEF, 13-24, find the mass and center of mass of the 
E lamina bounded by the graphs of the equations for 
the given density. 
13. y= Vx, y=0,x=1, p= ky 
14. y =x}, y 20, x 22, p= kxy 33. Quarter circle 34. Ellipse 
15. y = 4/x, y=0, x - x -4 P= kx? y y 
1 
x 


17. y= e% y=0,x=0,x=1, p=k 
18. y= e™, y=0, x=0, x= 1, p= ky? 


I= iTab(a? + b?) 
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OR Finding Moments of Inertia and Radii of 

+e d P3 Gyration In Exercises 35-38, find 1,, 1,, lọ X, EXPLORING CONCEPTS 

udo and y for the lamina bounded by the graphs of the 47. Polar Moment of Inertia What does it mean for 
"TT equations. an object to have a greater polar moment of inertia than 


another object? 


35. y=4- x, y 0, x>0, p— kx 
36 y =x, y =x, P= kxy 


37. y = Vx, y= 0, x=4, p= kxy 48.{ )j HOW DO YOU SEE IT? The center of 
38. y= xX, yY =x, p= kx mass of the lamina of constant density shown in 
the figure is (2, 8), Make a conjecture about how 
e Finding a Moment of Inertia Using Technology In the center of mass (x, y) changes for each given 


Exercises 39-42, set up the double integral required to find nonconstant density p(x, y). Explain. (Make your 
the moment of inertia about the given line of the lamina bounded conjecture without performing any calculations.) 
by the graphs of the equations for the given density. Use a 
computer algebra system to evaluate the double integral. 

39. x2 + y = b, p= k, line: x = a (a > b) 

40. y Jx, y=0, x= 4, p= kx, line: x = 6 

41. y= Væ — x, y=0, p= ky, line: y=a 

42. y=4-— x, y=0, p= k, line: y= 2 


Hydraulics In Exercises 43—46, determine the location of 
the horizontal axis y, at which a vertical gate in a dam is to be 
hinged so that there is no moment causing rotation under the 
indicated loading (see figure). The model for y, is (a) px, y)=ky (b) p, y) = k|2 - x| 

" (c) px y) = ky (D px y) = K(4 — x)(4 — y) 


- y 


XT7y-— 
hA 


C. f : . 49. Proof Prove the following Theorem of Pappus: Let R be a 
where y is the y-coordinate of the centroid of the gate, J; is the region in a plane and let L be a line in the same plane such that 
moment of inertia of the gate about the line y = y, h is the depth L does not intersect the interior of R. If r is the distance 


of the centroid below the surface, and A is the area of the gate. between the centroid of R and the line, then the volume V of 


the solid of revolution formed by revolving R about the line is 
V = 2TUA, where A is the area of R. 


SECTION PROJECT MOS 


Center of Pressure on a Sail 


The center of pressure on a sail is the point 5 Yp) at which the 
total aerodynamic force may be assumed to act. If the sail is 
represented by a plane region R, then the center of pressure is 


43. j 
PEE SpJ xy dA mid e SRS Y? dA 
? [nf y dA o f ydA. 
Consider a triangular sail with vertices at (0, 0), (2, 1), and (0, 5). 
Verify the value of each integral. 
a 
(a) Í Í ydA = 10 
» X > xX R. 
b b 
35 
y y b dA = — 
45. A 46. =L (b) Í l Xy 6 
——— p — y= L d 1 
| E o [[va - 
ie 6 
-— Calculate the coordinates 
a (x. Yp) of the center of 
pressure. Sketch a graph of the sail and indicate 
=x the location of the center of pressure. 


Eugene Sergeev/Shutterstock.com 
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14.5 Surface Area 


Figure 14.43 


liM Use a double integral to find the area of a surface. 


Surface Area 


At this point, you know a great deal about the Sura: z 
solid region lying between a surface and a 
closed and bounded region R in the xy-plane, 
as shown in Figure 14.42. For example, you 
know how to find the extrema of f on R 
(Section 13.8), the area of the base R of the 
solid (Section 14.1), the volume of the solid 
(Section 14.2), and the centroid of the base R 
(Section 14.4). 

In this section, you will learn how to find 5 
the upper surface area of the solid. Later, P 
you will learn how to find the centroid of the i Region R in xy-plane 
solid (Section 14.6) and the lateral surface 
area (Section 15.2). 

To begin, consider a surface S given by 


— y 


Figure 14.42 


z= f(x, y) Surface defined over a region R 


defined over a region R. Assume that R is closed and bounded and that f has continuous 
first partial derivatives. To find the surface area, construct an inner partition of R 
consisting of n rectangles, where the area of the ith rectangle R; is AA; = Ax; Ay, as 
shown in Figure 14.43. In each R, let (x; y;) be the point that is closest to the origin. At 
the point (x; y; z) = (x; y; f(x; y;)) on the surface S, construct a tangent plane T,. The 
area of the portion of the tangent plane that lies directly above R; is approximately equal 
to the area of the surface lying directly above R;. That is, AT; ^ AS,. So, the surface 
area of S is approximated by 


>, AS, ~ X, AT, 
{Z1 {Z1 

To find the area of the parallelogram AT,, note that its sides are given by the vectors 
u = Axi + fix, y) Axk 

and 


v = Ay,j + f(x, y) Ayk. 


From Theorem 11.8, the area of AT; is given by ||u x v||, where 
i j k 
ux v= |Ax, 0 TU y) Ax; 


0 Ay — fx y) Ay; 
= — f(x, y) Ax;Ayà — fons y) Ax;Ay,j + Ax,Ay;k 
et 95 yji = TAEA yj +k] AA, 
So, the area of AT; is |u x v|| = [fi y) F + LG y)P + 1 AA, and 


Surface area of S ~ Y AS, 


i=1 


E > VY + [AG y)P + LAG) y) P AA; 


This suggests the definition of surface area on the next page. 


Note that the 
. differential ds of arc length in 
the xy-plane is 


OW FO) E ax 


and the differential dS of surface 
area in space is 


OVE Tf XE + D JE aa. 


e e 6 06 6 6 6 6 6 6 0e 6 * o eee 


Rix? +y? <1 


Figure 14.44 
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Definition of Surface Area 


If f and its first partial derivatives are continuous on the closed region R in the 
xy-plane, then the area of the surface S given by z = f(x, y) over R is defined as 


Surface area — Í Í dS 
R 


: Í Í JTF TRE + LAGE aA. 


As an aid to remembering the double integral for surface area, it is helpful to note 
its similarity to the integral for arc length. 


b 
Length on x-axis: f dx 
b b 
Arc length in xy-plane: f ds = f J1 + [f'Œx) P dx 


Area in xy-plane: Í Í dA 
R 


Surface area in space: f f dS = f f JF DE VP + Ee, y) fP 2A 


Like integrals for arc length, integrals for surface area are often very difficult to 
evaluate. However, one type that is easily evaluated is demonstrated in the next example. 


The Surface Area of a Plane Region 


Find the surface area of the portion of the plane 
z=2-x-y 
that lies above the circle x? + y? < 1 in the first quadrant, as shown in Figure 14.44. 


Solution Note that f(x, y) 22 — x — y, fy) = —1, and f(x,y) = —1 are 
continuous on the region R. So, the surface area is given by 


S= [J Ji + Lf x, pP T LAC, IZ dA Formula for surface area 
R 


= [J J1 + (—1} + (-1? dA Substitute. 


[Jom 
- |] a 


Note that the last integral is J3 times the area of the region R. Because R is a quarter 
circle of radius 1, the area of R is 1Tt(12) or 11/4. So, the area of S is 


S = 4/3 (area of R) 
Tt 


J3n 
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Finding Surface Area 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


Find the area of the portion of the surface f(x, y) = 1 — x? + y that lies above the 
triangular region with vertices (1, 0, 0), (0, — 1, 0), and (0, 1, 0), as shown in Figure 14.45. 


Solution Because f,(x, y) = —2x and f(x, y) = 1, you have 


S= ia) J1+TAG. P+ TAG, yP dA = [J J1 + 4x? + 1 dA. 


In Figure 14.46, you can see that the bounds for R are 0<x<S1 and 
x— 1s y< 1 — x. So, the integral becomes 


1 fl-x 
S= f Ji 2+ 4x? dy dx Apply formula for surface area. 
0 


x=1 


x—1 


1 =x 
[2*8 | dx 
0 


: 1 
Figure 14.45 = l |o —-xJ/2T 42 —(x— 1I)/2 + TJ dx 
0 
y : P GNI TE) D EETENUER Integration tables (Appendix B), 
i = i (2 J/2 + 4x? — 2x J/2 + 4e) dx Formula 26 and Power Rule 


6 0 


4/6 + ilo 4.5) = VB - in 3+ 3/3 


T PS 253/2 11 
= [evz + 42 + Inox + /2 F 42) — eee 


= 1.618. 


1 
ei Change of Variables to Polar Coordinates 


Find the surface area of the paraboloid z = 1 + x? + y? that lies above the unit circle, 
Figure 14.46 as shown in Figure 14.47. 


Solution Because f,(x, y) = 2x and f,(x, y) = 2y, you have 


s= [| / EUG E Ua = | | Vora nan. 


You can convert to polar coordinates by letting x = r cos 0 and y = r sin ©. Then, 
because the region R is bounded by 0 < r < 1 and 0 < O < 2m, you have 


an f1 
S= | Í J1 + 4r? r dr dO Polar coordinates 
0 JO 


2n 

1 1 

= —(1 ES ape dg Integrate with respect to r. 
o 12 ò 


2n ra 
-| 545 —1 9 


o 12 


— 2n 
- 28/8 e] 


12 
n(5./5 — 1) 
x 6 
Figure 14.47 = 5.33. a 


Integrate with respect to 9. 
0 
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Finding Surface Area 


Find the surface area S of the portion of the hemisphere 
fing = v25- 2- y Hemisphere 


that lies above the region R bounded by the circle x? + y? < 9, as shown in Figure 14.48. 


Hemisphere: 


FQ, y) = v25 —x? -y? 
z 


Solution The first partial derivatives of f are 


=x 


Jas. y) us J25-x3- y 


and 
=Y. 
x,y) = 
Aay) JR EIAS 
Figure 14.48 and, from the formula for surface area, you have 


aS = V1 + [f Gs y)P + DG yP aA 


EE a D ET 
i t J5- x-y i J05- x -y 

5 
J25— 3 -y 


So, the surface area is 


5 
S= — dA. 
NI J25— x) —- y 


You can convert to polar coordinates by letting x = r cos O and y = r sin O. Then, 
because the region R is bounded by 0 < r < 3 and 0 < O < 27, you obtain 


dA. 


2m (3 5 
S= f ; JB? r dr dO Polar coordinates 


2n 3 
= sf —-J25— r l dð Integrate with respect to r. 
0 0 


2n 
Jl dð 
0 


= 107. Integrate with respect to 8. a 


The procedure used in Example 4 can be extended to find the surface area of a 
sphere by using the region R bounded by the circle 3? + y? < a’, where 0 < a < 5, as 
shown in Figure 14.49. The surface area of the portion of the hemisphere 


Say) = v25 -x2 -y 


lying above the circular region can be shown to be 


5 
S= — dA 
NI Ja5-3-y 


2" fa 5 

5 Í E 
o J s 25 op 

= 10n(5 — J25 = a2). 


By taking the limit as a approaches 5 and doubling the result, you obtain a total area of 
Figure 14.49 1007. (The surface area of a sphere of radius r is S = 4TU?.) 


Hemisphere: 


flea 25 = -y? 
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Figure 14.50 


É > xX 
N 
s 
` 
` 
` 
` " 
a o .02—— 
N 4 


One-fourth of the region R is bounded 


IL IL 
byO<rs 0and-— < 0 < — 
y r sec an 4 4 


Figure 14.51 


You can use Simpson’s Rule or the Trapezoidal Rule to approximate the value 
of a double integral, provided you can get through the first integration. This is demonstrated 
in the next example. 


Approximating Surface Area by Simpson's Rule 


Find the area of the surface of the paraboloid 
fay =2- x2- y Paraboloid 
that lies above the square region bounded by 
—]1sxs1 and -lsy<l 
as shown in Figure 14.50. 
Solution Using the partial derivatives 
fœ y) = -2x and f(x,y) = —2y 


you have a surface area of 


S= ME T Lf. yf T Lf os yf dA Formula for surface area 
R 


= [Jv + (—2x)? + (—2y)? dA Substitute. 
R 


E Í Í J1 + 4x2 + Ay? dA. Simplify. 
R. 


In polar coordinates, the line x = 1 is given by 
recos8@=1 or r= sec8 


and you can determine from Figure 14.51 that one-fourth of the region R is bounded by 
Tl Tl 
=7 Ss d —-—s0s-— 
O<rssecO an n 8 4 


Letting x = r cos 8 and y = r sin 9 produces 


1 1 — 
4 S = z Í Í "i 1 + 4x? + 4y? dA One-fourth of surface area 
R 
T/4 fsecO 
= f AT + 4r? r dr dO Polar coordinates 
—n/4JO0 
n/4 1 sec 0 
= f "m F 4r?)3/2 | dO Integrate with respect to r. 
—n/4 0 
1 n/4 


= — [(1 + 4 sec? 9572 — 1] 48. 
12 -—m/4 
After multiplying each side by 4, you can approximate the integral using Simpson's 
Rule with n — 10 to find that the area of the surface is 


12 


1 11/4 
S= (4) f [(1 + 4 sec? 0)3/2 — 1] 40 ~ 7.450. H 
11/4 


Most computer programs that are capable of performing 

symbolic integration for multiple integrals are also capable of performing numerical 

* approximation techniques. If you have access to such software, use it to approximate 
. the value of the integral in Example 5. 


14.5 Exercises 


14.5 Surface Area 1011 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Surface Area What is the differential of surface area, 
dS, in space? 


. Numerical Integration Write a double integral that 


represents the surface area of the portion of the plane 
z = 3 that lies above the rectangular region with vertices 
(0, 0), (4, 0), (0, 5), and (4, 5). Then find the surface area 
without integrating. 


mae Finding Surface Area In Exercises 3-16, find 


BE 4* the area of the surface given by z = f(x, y) that lies 
x E * above the region R. 
[m] Pru 


3. f(x, y) = 2x + 2y 
R: triangle with vertices (0, 0), (4, 0), (0, 4) 
4. f(x, y) = 15 + 2x — 3y 
R: square with vertices (0, 0), (3, 0), (0, 3), (3, 3) 
5. f(xy) =4 + 5x + 6y, R= {(x, y): X + y < 4} 
6. f(x, y) = 12 + 2x — 3y, R = {(x, y): xX + y? < 9} 
7. f(x,y) =9- x? 
R: square with vertices (0, 0), (2, 0), (0, 2), (2, 2) 
8. f(x,y) =y 
R: square with vertices (0, 0), (3, 0), (0, 3), (3, 3) 
9. f(x, y) =3 + 2:02 
R: rectangle with vertices (0, 0), (0, 4), (1, 4), (1, 0) 
10. f(x,y) = 2 + $9? 
R={(x,y): OS x52,05ys2-x} 
11. f(x, y) = In|sec x| 


R = 45 y): 05s 0s suns] 


IA 


12. f(x,y) 213-32 - y, R= (uy: 2 + y? 
13. f(x,y) = VX + y R = (y): 0 s f(xy) 
14. f(x,y) = xy, R = {(x, y): x? + y! s 16} 
15. fx, y) = VE- L -y 

R={(x,y): x +y <P, 0<b<a} 
16. fx, y) = JP -2 -y 


R-ly:x-cysaj 


4j 
1} 


IA 


gr » the area of the surface. 
oi 
Lo fe 


Eel Finding Surface Area In Exercises 17-20, find 


17. The portion of the plane z = 12 — 3x — 2y in the first octant 


18. The portion of the paraboloid z = 16 — x? — y? in the first 
octant 


19. The portion of the sphere x? + y? + z? = 25 inside the 
cylinder x? + y? = 9 


20. The portion of the cone z = 2./x? + y? inside the cylinder 
r+y=4 


f Finding Surface Area Using Technology In Exercises 


21-26, write a double integral that represents the surface area 
of z = f(x,y) that lies above the region R. Use a computer 
algebra system to evaluate the double integral. 
21. f(x,y) = 2y + x?, R: triangle with vertices (0, 0), (1, 0), (1, 1) 
22. f(x, y) = 2x + y?, R: triangle with vertices (0, 0), (2, 0), (2, 2) 
23. fx, y) 29 x — y, R= 16, y): 0 = fx, y) 
24. f(x,y) - x5 t y R= 16,5: 0 < f(x, y) s 16} 
25. f(x,y) =4- x2 -y 

R={(x,y): OS x<10sy<s I} 
26. f(x, y) = $332 + cos x 

R={(x,y): OS xs 10s ys 1} 


Setting Up a Double Integral In Exercises 27-30, set up 
a double integral that represents the area of the surface given 
by z = f(x, y) that lies above the region R. 


27. f(x,y) =e”, R = {(x,y) OS x 5 4,0 < y< 10} 

28. f(x y) = x? — 3xy - y? 
R-í(y:0sxs40zsyzx 

29. f(x,y) = e™ siny, R = {(x, y): X + y? < 4} 


30. f(x, y) = cos(x? + y?), R= fa y: +y s 5 


EXPLORING CONCEPTS 

31. Surface Area Will the surface area of the graph of 
a function z = f(x, y) that lies above a region R increase 
when the graph is shifted k units vertically? Explain 
using the partial derivatives of z. 


2 [) HOW DO YOU SEE IT? Consider the surface 
fx, y) = x? + y? (see figure) and the surface 
area of f that lies above each region R. Without 
integrating, order the surface areas from least to 
greatest. Explain. 


(a) R: rectangle with vertices (0, 0), (2, 0), (2, 2), (0, 2) 
(b) R: triangle with vertices (0, 0), (2, 0), (0, 2) 


(c) R = f(x, y): x2 + y? < 4, first quadrant only} 
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33. Surface Area Answer each question about the surface 
area S on a surface given by a positive function z = f(x, y) that 
lies above a region R in the xy-plane. Explain each answer. 


(a) Is it possible for S to equal the area of R? 
(b) Can S be greater than the area of R? 
(c) Can S be less than the area of R? 


34. Surface Area Consider the surface f(x, y) = x + y. What 
is the relationship between the area of the surface that lies 
above the region 


R, = {@%, y): x2 +y < 1} 


and the area of the surface that lies above the region 


R, = {x y): x + y? < 4}? 


35. Product Design A company produces a spherical object 
of radius 25 centimeters. A hole of radius 4 centimeters is 
drilled through the center of the object. 


(a) Find the volume of the object. 
(b) Find the outer surface area of the object. 


.36. Modeling Data e «««««eseeccccccc 


A company builds a warehouse with dimensions 30 feet by 
50 feet. The symmetrical shape and selected heights of the 
roof are shown in the figure. 


z 
25 $0, 0, 25) 
(0, 5, 22) 


(0, 10, 17) 


(0, 15, 0) 
20 ET 


Ld 
x 


(a) Use the regression capabilities of a graphing utility to 
find a model of the form 


z = ay + by! c cy t d 
for the roof line. 


(b) Use the numerical integration capabilities of a graphing 
utility and the model in part (a) to approximate the 
volume of storage space in the warehouse. 


(c) Use the numerical 
integration 
capabilities of a 
graphing utility and 
the model in part (a) 
to approximate the | 
surface area of the roof. | 


(d 


— 


Approximate the arc 

length of the roof line : 
and find the surface area of the roof by multiplying the . 
arc length by the length of the warehouse. Compare the ° 
results and the integrations with those found in part (c). : 


AlexKZ/Shutterstock.com 


37. Surface Area Find the surface area of the solid of intersection 
of the cylinders x? + z? = 1 and y? + z? = 1 (see figure). 


z 


38. Surface Area Show that the surface area of the cone 
z=k/x + yk 0, that lies above the circular region 
x2 + y? < r? in the xy-plane is rtu? /I? + 1 (see figure). 


Zz 


r 


x 


SECTION PROJECT BB] 


Surface Area in Polar Coordinates 


(a) Use the formula for surface area in rectangular coordinates to 
derive the following formula for surface area in polar coordinates, 
where z = f(x, y) = f(r cos O, r sin O). (Hint: You will need 
to use the Chain Rule for functions of two variables.) 


s= || eee lera 
R r 


(b) Use the formula from part (a) to find the surface area of the 
paraboloid z = x? + y? that lies above the circular region 
x? + y? < 4 in the xy-plane (see figure). 


x 


Use the formula from part (a) to find the surface area of 
z = xy that lies above the circular region x? + y? < 16 in the 
xy-plane. Compare your answer with your answer to 
Exercise 14. 


14.6 Triple Integrals and Applications 1013 


14.6 Triple Integrals and Applications 


E Use a triple integral to find the volume of a solid region. 
E Find the center of mass and moments of inertia of a solid region. 


Triple Integrals 


The procedure used to define a triple integral follows that used for double integrals. 
Consider a function f of three variables that is continuous over a bounded solid region 
Q. Then encompass Q with a network of boxes and form the inner partition consisting 
of all boxes lying entirely within Q, as shown in Figure 14.52. The volume of the ith 
box is 


AV, = Ax; AyjAz;. Volume of ith box 


The norm |A|| of the partition is the length of the longest diagonal of the n boxes in the 
partition. Choose a point (x; y; z;) in each box and form the Riemann sum 


fts M z;) AV.. 


Ms 


i=1 


Taking the limit as ||A|| ^ 0 leads to the following definition. 


Definition of Triple Integral 


If f is continuous over a bounded solid region Q, then the triple integral of f 
over Q is defined as 


f [ [reo z) dV — mun Y f. MZ zj AV, 
Q 


-1 


provided the limit exists. The volume of the solid region Q is given by 


Volume of Q — Ii dV. 
Q 


X 


Volume of Q ~ 5 AV, Some of the properties of double integrals in Theorem 14.1 can be restated in terms 
ral of triple integrals. 


1. f[ [624v e [ [ [00v 
Q Q 

2. ff [teo + as adav- | [js aav MESEL 
Q Q Q 

3. [fresa [f [resov || osa 
Q Qı Q2 


In the properties above, Q is the union of two nonoverlapping solid subregions Q, 
and Q,. If the solid region Q is simple, then the triple integral fff f(x, y, z) dV can be 
evaluated with an iterated integral using one of the six possible orders of integration 
listed below. 


dx dy dz dydxdz dz dx dy 
dx dz dy dydzdx dz dy dx 


Figure 14.52 
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e 


ee 


Exploration 


Volume of a Paraboloid 
Sector In the Explorations 
on pages 983 and 992, you 
were asked to summarize 
the different ways you know 
of finding the volume of 

the solid bounded by the 
paraboloid 


a>0O 


z— ag -33-y, 


and the xy-plane. You now 
know one more way. Use 
it to find the volume of 
the solid. 


To do the last 
integration in Example 1, use 


integration by parts three times. 
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The following version of Fubini’s Theorem describes a region that is considered 
simple with respect to the order dz dy dx. Similar versions of this theorem can be given 
for the other five orders. 


THEOREM 14.4 Evaluation by Iterated Integrals 


Let f be continuous on a solid region Q defined by 


asxczb, 


h(x) sys h(x), 


£0 y) S z < gx y) 


where /1,, h, g,, and g, are continuous functions. Then, 


b (hy) (a(x, y) 
ff [ps2 [1 f(x, y, z) dz dy dx. 
E a Jh,(x) J g(x, y) 


To evaluate a triple iterated integral in the order dz dy dx, hold both x and y constant 
for the innermost integration. Then hold x constant for the second integration. 


EXAMPLE 1 Evaluating a Triple Iterated Integral 


Evaluate the triple iterated integral 


2 fx (x+y 
i f Í e'(y + 2z) dz dy dx. 
0 JO JO 


Solution For the first integration, hold x and y constant and integrate with respect 


to z. 
2 fx (x+y 2 fx x+y 
EN e*(y + 2z) dz dy dx = f Í e(yz + 2] dy dx 
0 Jo Jo 0 Jo 0 


2 fx 
= f Í elx + 3xy + 2y?) dy dx 
o Jo 


For the second integration, hold x constant and integrate with respect to y. 


2 fx 2 3xy? 2y3 ba 
er(x? + 3xy + 2y?) dy dx = EC += + zx dx 
o Jo 0 2 3 / lo 


19 [7 
=— | pe dx 
6 Jo 
Finally, integrate with respect to x. 
19 ^ 19 E 
=] ped = Blew — 3x2 + 6x — J 
6 Jo 6 0 


e 
19{— + 1 
(5 +1) 


= 65.797 ü 


Example 1 demonstrates the integration order dz dy dx. For other orders, you can 
follow a similar procedure. For instance, to evaluate a triple iterated integral in the 
order dx dy dz, hold both y and z constant for the innermost integration and integrate 
with respect to x. Then, for the second integration, hold z constant and integrate with 
respect to y. Finally, for the third integration, integrate with respect to z. 
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To find the limits for a particular order of integration, it is generally advisable first 
. to determine the innermost limits, which may be functions of the outer two variables. 
Then, by projecting the solid Q onto the coordinate plane of the outer two variables, 
E you can determine their limits of integration by the methods used for double integrals. 

For instance, to evaluate 


' 2 [| [52r 
(aco Li | Q 


i es M first determine the limits for z; the integral then has the form 
x \ 1 y 
Ee J fl [ y) 


fG y. 2) «| dy dx. 


Projection onto xy-plane g(x, y) 


Solid region Q lies between two surfaces. By projecting the solid Q onto the xy-plane, you can determine the limits for x and y as 


Figure 14.53 you did for double integrals, as shown in Figure 14.53. 
EXAMPLE 2 Using a Triple Integral to Find Volume 
(ep end oy yi Find the volume of the ellipsoid given by 4x? + 4y? + z? = 16. 
z 


Solution Because x, y, and z play similar roles in the equation, the order of integration 
is probably immaterial, and you can arbitrarily choose dz dy dx. Moreover, you can 
simplify the calculation by considering only the portion of the ellipsoid lying in the 
first octant, as shown in Figure 14.54. From the order dz dy dx, you first determine the 
bounds for z. 


0szz2/4—-x-y Bounds for z 
In Figure 14.55, you can see that the bounds for x and y are 
Os<sx<2 and Osys JA — xi. Bounds for x and y 


So, the volume of the ellipsoid is 


V= i Í f dV Formula for volume 


Q 
2 [V472 [2/472 
— 8 f i Í dz dy dx Convert to iterated integral. 
0 JO 0 


2p V4? 2/4—x3i—yi 
8 Zz dy dx 
0 Jo 0 


Ellipsoid: 4x? + 4y? + z? = 16 


Figure 14.54 
2JA—xi 
— 16 Í Í Ja-)-y dy dx Integration tables (Appendix B), 
0 JO 


Formula 37 


2 ax 
8 4—x^—y-(A—x arcsin ——} | d 
| b PE aa JA-X)h C7 


= s[ to + (4 — x?) arcsin(1) — 0 — 0] dx 


= Í (4 - (5) dx 


Figure 14.55 3" 


1016 


Chapter 14 Multiple Integration 


Example 2 is unusual in that all six possible orders of integration produce integrals 
of comparable difficulty. Try setting up some other possible orders of integration to find 
the volume of the elipsoid. For instance, the order dx dy dz yields the integral 


4 16—27/2 f /16—4y?— 2/2 
V= J [ f dx dy dz. 
0 Jo 0 


The evaluation of this integral yields the same volume obtained in Example 2. This 
is always the case—the order of integration does not affect the value of the integral. 
However, the order of integration often does affect the complexity of the integral. In 
Example 3, the given order of integration is not convenient, so you can change the order 
to simplify the problem. 


Changing the Order of Integration 


Jmn/2 (Jn/2 (3 
Evaluate f Í Í sin(y?) dz dy dx. 
0 X 1 


Solution Note that after one integration 

in the given order, you would encounter the 
integral 2 f sin(y?) dy, which is not an 
elementary function. To avoid this problem, 
change the order of integration to dz dx dy so 
that y is the outer variable. From Figure 14.56, 
you can see that the solid region Q is 


T 
O<x«< 2 
xSys i 

2 
1l<z<3 


and the projection of Q in the xy-plane yields 
the bounds 


< < E 
osys 


0S xS y. 


and 


So, evaluating the triple integral using the 
order dz dx dy produces Figure 14.56 


MB ry (3 2 fy 3 
Í [| sin(y2) dz ac = | [ 69) dx dy 
0 0 J1 0 0 1 
V2 fy 
=2 f li sin( y?) dx dy 
0 0 
J/n/2 


» 
= Ji x sino | dy 
0 0 


J)n/2 
=2 f y sin(y?) dy 
0 
J/n/2 
= -eos)| T 
0 


Q: 0 =z <1 —y? 
1 -y Sx £3 —y 
0sysl 


Figure 14.57 


N 


Hemisphere: 


z= fi —x2 —y? 


y 
Circular base: 
x?4y?21 


Q: 0 sz SV/1 —x? —y? 


—/1—y?zxsy1-y? 
-l sy <1 


Figure 14.58 


Q: x? +y? sz s /6 —x? —y? 
—/2 -x? zyzy2-x? 
v2 =x sv2 


Figure 14.59 
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EXAMPLE 4 Determining the Limits of Integration 


Set up a triple integral for the volume of each solid region. 


a. The region in the first octant bounded above by the cylinder z = 1 — y? and lying 
between the vertical planes x + y = 1andx + y = 3 


b. The upper hemisphere z = V1 — x? — y? 


c. The region bounded below by the paraboloid z = x? + y? and above by the sphere 
P+yt+2=6 


Solution 


a. In Figure 14.57, note that the solid is bounded below by the xy-plane (z = 0) and 
above by the cylinder z = 1 — y?. So, 


Oszsl- y Bounds for z 


Projecting the region onto the xy-plane produces a parallelogram. Because two sides 
of the parallelogram are parallel to the x-axis, you have the following bounds: 


l-ysxs3-y and Osysl. Bounds for x and y 


So, the volume of the region is given by 


1 f3-» f1-»? 
MUN EET 
A o Ji-y Jo 


b. For the upper hemisphere z = \/1 — x? — y?, you have 
Oszs J1-23-y. Bounds for z 


In Figure 14.58, note that the projection of the hemisphere onto the xy-plane is the 
circle 


rPty=) 
and you can use either order dx dy or dy dx. Choosing the first produces 
-J/l-ysxs /l-y and -Ilsy<l Bounds for x and y 


which implies that the volume of the region is given by 


| p/P p/i-g-y 
effe [7T [eae 
A -1J- /1-yJo 


c. For the region bounded below by the paraboloid z = x? + y? and above by the 
sphere x? + y? + z? = 6, you have 


ePt+ysezs J6— 3 — y. Bounds for z 


The sphere and the paraboloid intersect atz = 2. Moreover, you can see in Figure 14.59 
that the projection of the solid region onto the xy-plane is the circle 


x Ty = 2. 
Using the order dy dx produces 
-J2-i3 sys J2- and -J2 <x< aft Bounds for x and y 


which implies that the volume of the region is given by 


J2 [(J2-x rpJ6-x-y 
Al mua . 
—-J2J- /2—-x3Jio y? 
Q 
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Center of Mass and Moments of Inertia 


In the remainder of this section, two important engineering applications of triple integrals 
are discussed. Consider a solid region Q whose density is given by the density 
function p The center of mass of a solid region Q of mass m is given by (x, y, Z), 
where 


m= fi A(x, y, z) aV Mass of the solid 
Q 


M, = f f f x(Xx, y» z) dV First moment about yz-plane 
Q 


M.-— f f f yx, y, z) dV First moment about xz-plane 
Q 


My = f f f zp(x, y, z) dV First moment about xy-plane 
Q 
and 
= M,. = M. ER M Xy 
x= ^, y TT ^ Lo 
m m m 


The quantities M., M,.. and M, are called the first moments of the region Q about the 
yz-, xz-, and xy-planes, respectively. 

The first moments for solid regions are taken about a plane, whereas the second 

eec cocco ocsocicocn moments for solids are taken about a line. The second moments (or moments of inertia) 


E In engineering about the x-, y-, and z-axes are 


and physics, the moment of " " 

herta ota massis usedto L= (y? + 2)elx, y, z) dV Moment of inertia about x-axis 
find the time required for the Q 

mass to reach a given speed of 

rotation about an axis, as shown I, = (x? + z) px, MA z) dV Moment of inertia about y-axis 
in Figure 14.60. The greater the Q 

moment of inertia, the longer 

a force must be applied for the 


and 
mass to reach the given speed. = 2 2 er ae 
8 P L= IH (x? + y?) gx, y, z) dV. Moment of inertia about z-axis 
Q 


For problems requiring the calculation of all three moments, considerable effort can be 
saved by applying the additive property of triple integrals and writing 
L = Le + La L z Dz i La and I. = I. + I 


where Zy I. and Z, are 


Ily ~ MES y, z) dV 
Q 


Figure 14.60 L= f f f yP, y, z) dV 
Q 


and 
1,- MES y, z) dV. 
Q 


Zz 


i 
" 
/ 


# 
x 


Variable density: 
x. y, z) = KG? + y! + 2) 
Figure 14.61 
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Finding the Center of Mass of a Solid Region 


er, > See LarsonCalculus.com for an interactive version of this type of example. 


Find the center of mass of the unit cube shown in Figure 14.61, given that the density 
at the point (x, y, z) is proportional to the square of its distance from the origin. 


Solution Because the density at (x, y, z) is proportional to the square of the distance 
between (0, 0, 0) and (x, y, z), you have 


pos y, z) = kG2 + y! + 2’) 


where k is the constant of proportionality. You can use this density function to find the 
mass of the cube. Because of the symmetry of the region, any order of integration will 
produce an integral of comparable difficulty. 


lfifl 
m = Í Í f k(x? + y? T 2) dz dy dx Apply formula for mass of a solid. 
0 JO JO 
NE g] 
=k [e + yaz c e dy dx Integrate with respect to z. 
0 Jo 3 lo 
lfi 1 
-af f (e+ 2+ i)aas 
0 JO 
1 1 y] 
= IG + A T z] dx Integrate with respect to y. 
o 3 3 Jo 
1 
2 
=k Í E t 2) dx 
0 3 
B zl 
=k Integrate with respect to x. 
3 3 lo 
=k 


The first moment about the yz-plane is 


Apply formula for first moment 


iriri 
M,, =k Í Í Í x(x? + y? + 2) dz dy dx abal ye PRE, 


1 1 1 
= 1 T f (x2 + y+ 2) dz a dx. Factor. 
0 0 JO 


Note that x can be factored out of the two inner integrals, because it is constant with 
respect to y and z. After factoring, the two inner integrals are the same as for the 
mass m. Therefore, you have 


i 2 
M; = 1 e + 3 dx 
0 


4 2] 
X X 
=k +> Integrate with respect to x. 
4 3 Jo 
Tk 
= 12 First moment about yz-plane 


So, 


M, 7k/12 7 
m k 12 


Finally, from the nature of p and the symmetry of x, y, and z in this solid region, you 
have x — y — z, and the center of mass is (3, i i). F| 
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Hemisphere: 


Circular base: 
x y? =4 


Variable density: p(x, y, z) = kz 
Figure 14.62 
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EXAMPLE 6 Moments of Inertia for a Solid Region 


Find the moments of inertia about the x- and y-axes for the solid region lying between 
the hemisphere 


gea cy 


and the xy-plane, given that the density at (x, y, z) is proportional to the distance 
between (x, y, z) and the xy-plane. 


Solution The density of the region is given by 
Fx, y, z) = kz 


where k is the constant of proportionality. Considering the symmetry of this problem, 
you know that J, = /,, and you need to find only one moment, such as /,. From 
Figure 14.62, choose the order dz dy dx and write 


n= [f [0+ aos adv 
Q 
2 RAO pS F 
= f l : (y? + 22)(kz) dz dy dx 
-2J - /4- xl 
| n x 222 pU 
=k 
-2J —/4—x2 Jr t4 0 
VT ay) ea 
=k + lo dx 
-2 = P 2 4 


4 — x)? — yt] dy dx 


_k Í 2)2 ED 
-* [e xy 5 | o% 


Moment of inertia about x-axis 


x—y? 


dy dx 


i 


n/2 
= » 64 cos? 8 dO 
0 


1:2 
5 32 
= 8kTL 
So, 7, = 8h = L. F| 


Trigonometric substitution: x = 2 sin 8 


Wallis’s Formula 


In Example 6, notice that the moments of inertia about the x- and y-axes are equal 
to each other. The moment about the z-axis, however, is different. Does it seem that 
the moment of inertia about the z-axis should be less than or greater than the moments 
calculated in Example 6? By performing the calculations, you can determine that 

16 
I = —kKit. 
* 3 
This tells you that the solid shown in Figure 14.62 has a greater resistance to rotation 
about the x- or y-axis than about the z-axis. 


14.6 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Triple Integrals What does Q = Ii dV represent? 


2. Changing the Order of Integration Why is it 
beneficial to be able to change the order of integration for 
a triple integral? Explain. 


[s]]3][m] Evaluating a Triple Iterated Integral In 
*pTaerye; Exercises 3-10, evaluate the triple iterated integral. 


sc 
a 

3 (21 

NI (x + y + z) dx dz dy 
0 JO JO 
21 72 

4. Í Í xyz dx dy dz 
0 JO J—1 
1 fx [xy 

5. Í Í Í x dz dy dx 
0 Jo JO 
4 rlfx 

7. Í Í Í 2ze™® dy dx dz 
1 JO JO 
4 re ri/xz 

8. Í i Í In z dy dz dx 
1J1 JO 
4 [(m/2fl-3x 

9. Í Í Í x cos y dz dy dx 
-3Jo Jo 
T/2 fy/2 (1/y 

10. Í Í Í sin y dz dx dy 

0 0 0 


Evaluating a Triple Iterated Integral Using 
Technology In Exercises 11 and 12, use a computer algebra 
system to evaluate the triple iterated integral. 


J9- y? 
11. IT NETT 
3 (2- (5/3) [6-2y-3: 
12. Í Í Í ze Y dx dz dy 
0 JO 0 


Setting Up a Triple Integral In Exercises 13-18, set up a 
triple integral for the volume of the solid. Do not evaluate the 
integral. 


9 ry/3 p. / y? 92 
6. [ Í Í z dz dx dy 
0 JO 0 


13. The solid in the first octant bounded by the coordinate planes 
and the plane z = 7 — x — 2y 


14. The solid bounded by z = 9 — x*,z = 0, y 
15. The solid bounded by z = 6 — x? — y? and z = 0 
16. The solid bounded by z = V1 — x? — y? and z = 0 


17. The solid that is the common interior below the sphere 
x2 + y2 + 2 = 80 and above the paraboloid z = }(x? + y?) 


18. The solid bounded above by the cylinder z = 4 — x? and 
below by the paraboloid z = x? + 3y? 


0, and y = 2x 


[m] 3j[m] Volume In Exercises 19-24, use a triple integral 
Nd I to find the volume of the solid bounded by the 


21. z = 62, y = 3 — 3x, first octant 
22.z=9- x3, y x)-2,y-0,z 


0, x20 
23.7—2—yz-—-4—y5x-0,x-3,y-0 


24. z= Jx, y 2 x * 2, y= x, first octant 


[xt] Changing the Order of Integration In 


a: Pt Exercises 25-30, sketch the solid whose volume 


oes 3 is given by the iterated integral. Then rewrite the 
=E integral using the indicated order of integration. 


iro ry 
25. Í Í Í dz dy dx 
0 J—1J0 


Rewrite using dy dz dx. 


1 lfl-x 
26. Í Í Í dz dx dy 
—1Jy2 J0 


Rewrite using dx dz dy. 


4 [(4—3)/2 r(12—-3x—6y)/4 
27. NI Í dz dy dx 
0 Jo 0 


Rewrite using dy dx dz. 


3 rJ/9—x r6-x-y 
28. Í Í Í dz dy dx 
0 J0 0 


Rewrite using dz dx dy. 
Il fĒv1-y» 2 F4 [VYA 
».[[| dz dx dy 0. [T] dz dy dx 
0 Jy JO 0 J2x JO 
Rewrite using dz dy dx. Rewrite using dx dy dz. 


Orders of Integration In Exercises 31-34, write a triple 
integral for f(x, y, z) — xyz over the solid region Q for each of 
the six possible orders of integration. Then evaluate one of the 
triple integrals. 


3.0-((5y2:0sxsL0syzs5xux0zszz3 
33.0-((5y2:0sxs2,2sys40zszz2-x 
33. Q = {(x, y, z): 2 +y < 9,0 <z<4} 

34. Q -((Gy2:0xsL0sys1-xh0szs6) 


1022 Chapter 14 Multiple Integration 


Orders of Integration In Exercises 35 and 36, the figure B Centroid In Exercises 47-52, find the centroid of the solid 


shows the region of integration for the given integral. Rewrite 
the integral as an equivalent iterated integral in the five other 
orders. 


1 (1-»? (1-y 3 rx 9-2 
35. [f Í dz dx dy 36. IT dz dy dx 
0 Jo 0 0 Jo Jo 
i i 


x 20 


y 20 
E A g= 


[E] Center of Mass In Exercises 37—40, find the 
"^? mass and the indicated coordinate of the center of 


graphs of the equations. 


37. Find x using (Xx, y, z) = k. 

Q: 2x + 3y + 6z = 12, x 20, y 20, z=0 
38. Find y using p(x, y, z) = ky. 

Q: 3x + 3y + 5z = 15, x 20, y 20, z=0 
39. Find Z using (Xx, y, z) = kx. 

Q:z=4-xz=0, y=0, y=4,x=0 
40. Find y using (Xx, y, z) = k. 


x y z 
ES -+4+-= = = — 
Q PEE E 1 (a,b,c > 0), x=0, y=0,z=0 


Center of Mass In Exercises 41 and 42, set up the triple 
integrals for finding the mass and the center of mass of the 


solid of density p bounded by the graphs of the equations. Do not 
evaluate the integrals. 


4. x=0, x b, y=0, y=b,z=0,z 
42. x=0, x=a, y=0, y=b, z=0, z 


b, f(x, y, z) = kxy 
c, P(x, y, z) = kz 


Think About It The center of mass of a solid of constant 
density is shown in the figure. In Exercises 43-46, make a 
conjecture about how the center of mass (x, y, z) will change 
for the nonconstant density fXx,y,z). Explain. (Make your 
conjecture without performing any calculations.) 


43. olx, y, z) = kx 
45. Q(x, y, z) = k(y + 2) 


44. p(x, y, z) = kz 
46. Qo, y, z) = kxz(y + 2)? 


57. 1, = ism (3a? + L?) 


region bounded by the graphs of the equations or described by 
the figure. Use a computer algebra system to evaluate the triple 
integrals. (Assume uniform density and find the center of mass.) 


47. TENER z=h 


48. y 9—x^z-yz-0 
49. z= J167 2-7, z=0 


50. z PFT? 0, x 2,x=2, y=0, y=1 
51. z 
A 
(0, 0, 4) e 
p Ny 
x 7 65.0,0) (0, 3, 0) 


mass of the solid region Q of density p bounded by the a Moments of Inertia In Exercises 53-56, find Z,, I,, and I, 


for the solid of given density. Use a computer algebra system 
to evaluate the triple integrals. 


53. (a) p=k 54. (a) po, y, z) = k 
(b) P= kxyz (b) p, y. z) = k(x? + y?) 
x Z 
A à 


a 


55. (a) p(x, y, z) =k 56. (a) p = kz 
(b) p= ky (b) p= K(4 — z) 
va FA 
n A 


4 


x^ 


e Moments of Inertia In Exercises 57 and 58, verify the 


moments of inertia for the solid of uniform density. Use a 
computer algebra system to evaluate the triple integrals. 


I = 33m(3a? + L?) 


Moments of Inertia In Exercises 59 and 60, set up a triple 
integral for the moment of inertia about the z-axis of the solid 
region Q of density p Do not evaluate the integral. 
59. O={(x,y,2: -lsxs1,-Isys1l0szs1-x} 
p a / x2 + y? + z2 
60. Q = {(x, y, 2: à-*ysL0szs4-2-y)j 
p= ke 


Setting Up Triple Integrals In Exercises 61 and 62, use 
the description of the solid region to set up the triple integral 
for (a) the mass, (b) the center of mass, and (c) the moment of 
inertia about the z-axis. Do not evaluate the integrals. 


61. The solid bounded by z = 4 — x? — y? and z = 0 with density 
plx, y, z) = kz 

62. The solid in the first octant bounded by the coordinate planes 
and x? + y? + z? = 25 with density p(x, y, z) = kxy 


Average Value In Exercises 63-66, find the average value 
of the function over the given solid region. The average value of 
a continuous function f(x, y, z) over a solid region Q is 


1 
Average value — LSS [ress z) dV 
Q 


where V is the volume of the solid region Q. 
63. f(x, y, z) = 2 + 4 over the cube in the first octant bounded by 
the coordinate planes and the planes x = 1, y = 1, andz = 1 


64. f(x, y, z) = xyz over the cube in the first octant bounded by 
the coordinate planes and the planes x = 4, y = 4, andz = 4 

65. f(x, y, z) =x + y + z over the tetrahedron in the first octant 
with vertices (0, 0, 0), (2, 0, 0), (0, 2, 0), and (0, 0, 2) 


66. f(x,y,z) =x +y over the solid bounded by the sphere 
P+yt2=3 


EXPLORING CONCEPTS 

67. Moment of Inertia Determine whether the moment 
of inertia about the y-axis of the cylinder in Exercise 57 
will increase or decrease for the nonconstant density 


A(x, y, z) = Sx? + 2. 


. Using Different Methods Find the volume of 
the sphere x? + y? + z? = 9 using the shell method and 
using a triple integral. Compare your answers. 
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EXPLORING CONCEPTS (continued) 


69. Think About t Which of the integrals below is equal 
3r2p1 
9 : 
to fJ. |. fo v 2 dz dy dx? Explain. 


3 r2fl 
of] f(x, y, z) dz dx dy 
1 JO J-1 


1 23 
(b) Í Í f(x, y, z) dx dy dz 
—1J0 J1 


2r3fl 
(c) Í li [ f(x, y. z) dy dx dz 
0 JI J—1 


70. 5 HOW DO YOU SEE IT? Consider two 


solids of equal weight, as shown below. 


Axis of 
revolution 


Axis of 
revolution 


Solid A Solid B 


(a) Because the solids have the same weight, 
which has the greater density? Explain. 

(b) Which solid has the greater moment of inertia? 
Explain. 

(c) The solids are rolled down an inclined plane. 
They are started at the same time and at the 
same height. Which will reach the bottom first? 
Explain. 


= 71. Maximizing a Triple Integral Find the solid region Q 


where the triple integral 


fJ [a - 22-5 sav 
Q 


is a maximum. Use a computer algebra system to approximate 
the maximum value. What is the exact maximum value? 


72. Finding a Value Solve for a in the triple integral. 


1 f3-a-y?fA-x—-y? 
14 
dz dx dy = — 


PUTNAM EXAM CHALLENGE 
73. Evaluate 


f wal 1 n 
lim Ll . [eoe [Es +m + . + x)} d di t dx, 


noo 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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14.7 Triple Integrals in Other Coordinates 


PIERRE SIMON DE LAPLACE 
(1749-1827) 


One of the first to usea 


cylindrical coordinate system 
was the French mathematician 
Pierre Simon de Laplace. 
Laplace has been called the 
"Newton of France," and he 
published many important 
works in mechanics, differential 
equations, and probability. 

See LarsonCalculus.com to read 
more of this biography. 


liM Write and evaluate a triple integral in cylindrical coordinates. 
liM Write and evaluate a triple integral in spherical coordinates. 


Triple Integrals in Cylindrical Coordinates 


Many common solid regions, such as spheres, ellipsoids, cones, and paraboloids, can yield 
difficult triple integrals in rectangular coordinates. In fact, it is precisely this difficulty 
that led to the introduction of nonrectangular coordinate systems. In this section, you will 
learn how to use cylindrical and spherical coordinates to evaluate triple integrals. 

Recall from Section 11.7 that the rectangular conversion equations for cylindrical 
coordinates are 


x =rcos9 
y=rsin9 z 
Z= 2. 


An easy way to remember these conversions 
is to note that the equations for x and y are 
the same as in polar coordinates and z is 
unchanged. 

In this coordinate system, the simplest solid 
region is a cylindrical block determined by 


= 
I^ 


r zr, 


— 
00598, 8-0 A6; 
and Volume of cylindrical block: 


AV, = r;Ar;A8,Az; 


usz22z Figure 14.63 


as shown in Figure 14.63. 
To obtain the cylindrical coordinate form of a triple integral, consider a solid region 
Q whose projection R onto the xy-plane can be described in polar coordinates. That is, 


Q = {(x, y, z): (x, y) is in R, h(x, y) = Z E h(x, yl 
and 
R-í((r8: 8, 0-98, g,(0 <r g,(9). 


If f is a continuous function on the solid Q, then you can write the triple integral of f 
over Q as 


[fesoa [fL 


where the double integral over R is evaluated in polar coordinates. That is, R is a plane 
region that is either r-simple or 6-simple (see Section 14.3). If R is r-simple, then the 
iterated form of the triple integral in cylindrical form is 


(8) fh,(r cos 8, r sin ©) 
J][ reso (Me [ I I f(r cos 8, r sin 0, z)r dz dr dO. 
(8) Jh,(r cos 8, r sin ©) 


This is only one of six possible orders of integration. The other five are dz dO dr, 
dr dz dO, dr dO dz, dO dz dr, and dO dr dz. 


The Granger Collection, NYC 


Integrate with respect to z. 
Figure 14.64 


Sphere: 
x4y?42224 


» N 


Cylinder: 
r=2sin 0 


Figure 14.65 
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To visualize a particular order of integration, it helps to view the iterated integral 
in terms of three sweeping motions, each adding another dimension to the solid. For 
instance, in the order dr d9 dz, the first integration occurs in the r-direction as a point 
sweeps out a ray. Then, as 9 increases, the line sweeps out a sector. Finally, as z increases, 
the sector sweeps out a solid wedge, as shown in Figure 14.64. 


Exploration 


Volume of a Paraboloid Sector In the 
Explorations on pages 983, 992, and 1014, you 
were asked to summarize the different ways 
you know of finding the volume of the solid 
bounded by the paraboloid 


a>0O 


z=a—x-y, 


and the xy-plane. You now know one more 
way. Use it to find the volume of the solid. 
Compare the different methods. What are the 
advantages and disadvantages of each? 


Finding Volume in Cylindrical Coordinates 


Find the volume of the solid region Q cut from the sphere x? + y? + z? = 4 by the 
cylinder r = 2 sin 0, as shown in Figure 14.65. 


Solution Because x? + y? + z? = r? + 2? = 4, the bounds on z are 
—-/4-P<728 (4-7. 


Let R be the circular projection of the solid onto the r6-plane. Then the bounds on R are 


Bounds for z 


Osrs2sin0 and OxOc-zrm. Bounds for R 
So, the volume of Q is 
"n (2sin0 f /4— 72 
V= r dz dr dO Apply formula for volume. 


0 Jo -J4-ri 


T/2 f'2sin 0 7 /4—r2 
of Í | r dz dr dO 
0 0 -J4-r 


n/2 2 sin O 
of Í 2r./4 — r? dr dO 
0 0 


v2 5 2 sin 
-2f -2 (4 = rae] dð 


Use symmetry to rewrite bounds for 9. 


Integrate with respect to z. 


Integrate with respect to r. 
0 


4 n/2 

-4f (8 — 8 cos? 9) 40 
0 
u 32 s Q in? 9)] dO Factor and use trigonometric 
5 A [1 ~ (cos ya E )] d identity cos? O = 1 — sin? 0. 
+3 T/2 
= "o — sin@ + E J Integrate with respect to 9. 
0 

1 

= FIEL — 4) 


L 


9.644. a 
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0 zz x16 —4r? 


z 


(Ellipsoid: 4x? + 4y? +z? = 16 


Figure 14.66 


MERES 


x Q: Bounded by 
z=x2?+y? 
and 
z=4 


Figure 14.67 
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Finding Mass in Cylindrical Coordinates 


Find the mass of the ellipsoid Q given by 4x? + 4y? + z? = 16, lying above the 
xy-plane. The density at a point in the solid is proportional to the distance between the 
point and the xy-plane. 


Solution The density function is (Xr,O,z) = kz, where k is the constant of 
proportionality. The bounds on z are 


0 sz s /16 — 42? -4 = J16- 4r 
where 0 < r < 2and 0 < 9 < 27, as shown in Figure 14.66. The mass of the solid is 


2n (2 r./16—4r? 
m= f Í f kzr dz dr dO 
o Jo 


0 
2 


Apply formula for mass of a solid. 


kc (77 V 16-4 
LS zr r dð Integrate with respect to z. 
2 0 0 0 
k 2n 2 
= al Í (16r — 4r?) dr dO 
2 0 0 
k 2n 
= al [sr = r| dO Integrate with respect to r. 
2 0 0 
2" 
— 8k l dO 
0 
= en«. Integrate with respect to 9. a 


Integration in cylindrical coordinates is useful when factors involving x? y? 


appear in the integrand, as illustrated in Example 3. 


EXAMPLE 3 Finding a Moment of Inertia 


Find the moment of inertia about the axis of symmetry of the solid Q bounded by the 
paraboloid z = x? + y? and the plane z = 4, as shown in Figure 14.67. The density at 
each point is proportional to the distance between the point and the z-axis. 


Solution Because the z-axis is the axis of symmetry and p(x, y, z) = kx? + y?, 
where k is the constant of proportionality, it follows that 


L = ff k(x? + y) Je Y yl dV. Moment of inertia about z-axis 
Q 


In cylindrical coordinates, 0 € r € x? + y? = Jz and 0 < 0 < 2m. So, you have 


4 (2n f /z 
L- j Í Í r°(r)r dr dð dz 
o Jo Jo 
4 [2T 5 Jz 
= [ f z] dO dz 
0 Jo 5 Jo 
4 r2n 75/2 
= ra dð dz 
0 Jo 


Cylindrical coordinates 


Integrate with respect to r. 


4 
k 

= 5 i gi (2m) dz Integrate with respect to 0. 

0 

2n | 2 ^| ; 

=e la Integrate with respect to z. 

517 0 

512km 


€ € 6 6 e 06 6 6 6 6 9 6 6 69 6 6 6 6 


ee 


The Greek letter 
p used in spherical coordinates 
is not related to density. Rather, 
it is the three-dimensional 
analog of the r used in polar 
coordinates. For problems 
involving spherical coordinates 
and a density function, this 
text uses a different symbol to 
denote density. 
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Triple Integrals in Spherical Coordinates 


Triple integrals involving spheres or cones are often easier to evaluate by converting to 
spherical coordinates. Recall from Section 11.7 that the rectangular conversion equations 
for spherical coordinates are 


x = psin $ cos 8 
y = psin $ sin 0 
z = pcos Q. 
In this coordinate system, the simplest region is a spherical block determined by 


((p96:pspsp, 93058, $626] 


where p, 2 0, 8, — 0, < 27, and z 
050,5 $, < T, as shown in 
Figure 14.68. If (p, 9, d) is a point in the 
interior of such a block, then the volume 
of the block can be approximated by 
AV = Q? sin 5ApAQAO. (See Exercise 8 in 
the Problem Solving exercises at the end 
of this chapter.) 
Using the usual process involving an 
inner partition, summation, and a limit, you 
can develop a triple integral in spherical x 
coordinates for a continuous function f Spherical block: AV, ~ Q? sin b; Af; AġQ; A9, 
defined on the solid region Q. This formula, Figure 14.68 
shown below, can be modified for different 
orders of integration and generalized to 
include regions with variable boundaries. 


IA 


&€ fé re 
MESE a=] Í f(psin $ cos 0, psin $ sin 9, p cos ġ)@ sin 6 dp d$ dO 
6, 1 P 
Q 


Like triple integrals in cylindrical coordinates, triple integrals in spherical 
coordinates are evaluated with iterated integrals. As with cylindrical coordinates, you 
can visualize a particular order of integration by viewing the iterated integral in terms 
of three sweeping motions, each adding another dimension to the solid. For instance, 
the iterated integral 


2n (7/4 3 
Í Í p sin 6 dp do dO 
o Jo Jo 


(which is used in Example 4) is illustrated in Figure 14.69. 


p varies from 0 to 3 with $ and O Q varies from 0 to 11/4 8 varies from 0 to 27. 
held constant. with O held constant. 
Figure 14.69 
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Upper nappe 
of cone: 
axr+y? 


Figure 14.70 


Multiple Integration 


Finding Volume in Spherical Coordinates 


Find the volume of the solid region Q bounded below by the upper nappe of the cone 
z = x? + y? and above by the sphere x? + y? + z? = 9, as shown in Figure 14.70. 


Solution In spherical coordinates, the equation of the sphere is 
PHarty+e=o p» p-3 


Furthermore, the sphere and cone intersect when 


(2 -y)-z2-()-2-29 wp m 


v2 


and, because z = p cos Q, it follows that 
3 MI IL 
(55) e = oi 
Consequently, you can use the integration order dpdo d9, where 0 < p < 3, 
0 < < r/A, and O < 0 < 2r. The volume is 


2n (7/4 f3 
V= Í Í Í ? sin (0) dp do dð Apply formula for volume. 
0 JO 0 


271 (7/4 
= Í f 9 sin (0) do dO Integrate with respect to p. 
0 0 
2n n/4 
=9 Í — COS | dO Integrate with respect to d. 
0 0 
2n 
2 
=9 f (1 - x do 
0 2 


3 
N 
| 
IS 


Integrate with respect to 9. 


t 
o 
wv 
nN 
Oo 


Finding the Center of Mass of a Solid Region 


* eœ See LarsonCalculus.com for an interactive version of this type of example. 
Find the center of mass of the solid region Q of uniform density from Example 4. 


Solution Because the density is uniform, you can consider the density at the point 
(x, y, z) to be k. By symmetry, the center of mass lies on the z-axis, and you need 
only calculate z — M,,/m, where m = kV = 9km(2 = sf 2). Because z = pcos Ọ, it 
follows that 


m, = [f [em - e [ S (ocos t sin a a0ap 
Q 


32M ai 2 anya 
-+f | pi ? d0 dp 
0 Jo 2 0 
NEN uu kAn(^ ,, 81m 
-& f p dð dp = T [ pap = "EE 
_ My aum/s  _ 92+ V2) 


m  9km(2— J2) 16 
and the center of mass is approximately (0, 0, 1.920). | 


So, 


e 1.920 


Bj Evaluating a 
Technology In Exercises 9 and 10, use a computer algebra 


14.7 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Volume Explain why triple integrals that represent 
the volumes of solids are sometimes easier to evaluate in 
cylindrical or spherical coordinates instead of rectangular 
coordinates. 


. Differential of Volume What is the differential 
of volume, dV, for (a) cylindrical coordinates and 
(b) spherical coordinates? Choose one order of integration 
for each system. 


Evaluating a Triple Iterated Integral In Exercises 3-8, 


evaluate the triple iterated integral. 


n2 (3 1/4 76 r6—r 
«p | rcos 8dr dta: « | [J rz dz dr dO 
-1 0 o JoJo 
T/2 f'cos 8 r3 r? 
s | Í Í 2r sin 8 dz dr dO 
o Jo 0 
T/2 (m r2 
« | NI e-P Q dp dO d$ 
o Jo Jo 


2n (7/2 fsin$ 
7. ll Í Í pcos $ dp do dO 
o Jo Jo 


1/4 (7/4 f'cos 8 
8. Í Í p sin $ cos $ dp dO do 
o Jo Jo 


Triple Iterated Integral Using 


system to evaluate the triple iterated integral. 


4 n/2 
9, I f f re" dO dr dz 
0 
T/2 fm f'sin8 
10. Í Í Í 29? cos b dp dO d$ 
o JoJo 


Volume In Exercises 11-14, sketch the solid region whose 


volume is given by the iterated integral and evaluate the iterated | 26 


integral. 


T/2 (3 fe” 2n (24/2 r6 
11. | Í Í r dz dr dð 12. Í Í Í r dz dr d® 
0 JO o Jo 9-2 


13. LET D? sin $ dp dh dO 


n/6 
2n fm (5 

14. | NI (? sin $ dp dd dO 
0 0 J2 


DR Volume In Exercises 15-20, use cylindrical 


ia coordinates to find the volume of the solid. 
SEN 
Ek 


Tide inside both x? + y? + z2? = 36 

and (x — 3)? + y? =9 
16. Solid inside x2 + y? + 2 = 16 and outside z = Vx + y? 
17. Solid bounded above by z = 2x and below by z = 2x? + 2y? 


18. Solid bounded above by z = 2 — x? — y? and below by 
z= x2 + y? 

19. Solid bounded by the graphs of the sphere 7? + z? = 
the cylinder r — 5 cos 8 


20. Solid inside the sphere x? + y? + z2 = 
nappe of the cone z? = x? + y? 


25 and 


4 and above the upper 


E Mass In Exercises 21 and 22, use cylindrical 
coordinates to find the mass of the solid Q of 


DH » density p 

21. re 0 <z<9-x-— 2y, x2 +y <4} 
po y, z) = kx? + y? 

22. Q = {(x,y,z): OS z < 12e% +), x2 + y2 < 4, x 2 0, y 20) 
Ax, y, z) = k 


Using Cylindrical Coordinates In Exercises 23-28, use 
cylindrical coordinates to find the indicated characteristic of 
the cone shown in the figure. 


23. Find the volume of the cone. 


24. Find the centroid of the cone. 


fe 25. Find the center of mass of the cone, assuming that its density 


at any point is proportional to the distance between the point 
and the axis of the cone. Use a computer algebra system to 
evaluate the triple integral. 


. Find the center of mass of the cone, assuming that its density at 
any point is proportional to the distance between the point and 
the base. Use a computer algebra system to evaluate the triple 
integral. 


27. Assume that the cone has uniform density and show that the 
moment of inertia about the z-axis is 
= 3.2 
I, = mro. 


28. Assume that the density of the cone is p(x, y, z) = k/x2 + y? 
and find the moment of inertia about the z-axis. 


[n]z5 [m] Moment of Inertia In Exercises 29 and 30, use 
rri cylindrical coordinates to verify the given moment 
E of inertia of the solid of uniform density. 
E" 


29. Cylindrical shell: I, = 5m(a? + b?) 


O<asrsb, Ozzzh 
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ee 30. Right circular cylinder: 7, = ma? 
r=2asin0, OSz<sh 
(Use a computer algebra system to evaluate the triple integral.) 


[s]:&T[m] Volume In Exercises 31-34, use spherical 
[EET f coordinates to find the volume of the solid. 
rt de 


[n] £: e 


31. Solid inside x? + y? + z? = 9, outside z = Vx? + y?, and 
above the xy-plane 


32. Solid bounded above by x? + y? +z? =z and below by 
= Je y 


Ae 33. The torus given by p= 4sin $ (Use a computer algebra 
system to evaluate the triple integral.) 


34. The solid between the spheres 


P+ty+2=@ ad +y +z? =b, b>a, 


and inside the cone z? = x? + y? 


Mass In Exercises 35 and 36, use spherical coordinates to find 
the mass of the sphere x? + y? + z? = a? with the given density. 


35. The density at any point is proportional to the distance 
between the point and the origin. 


36. The density at any point is proportional to the distance 
between the point and the z-axis. 


[s]5:T[s] Center of Mass In Exercises 37 and 38, use 
Kr a spherical coordinates to find the center of mass of 


EE I 
ETE. the solid of uniform density. 


ES E 
Ld 


37. Hemispherical solid of radius r 


38. Solid lying between two concentric hemispheres of radii r and 
R, where r « R 


Moment of Inertia In Exercises 39 and 40, use spherical 
coordinates to find the moment of inertia about the z-axis of 
the solid of uniform density. 


Tt 
2 


39. Solid bounded by the hemisphere p = cos Ọ, 2 << 


and the cone $ = a 


40. Solid lying between two concentric hemispheres of radii r and 
R, where r « R 


Converting Coordinates In Exercises 41-44, convert the 


integral from rectangular coordinates to both cylindrical and 
spherical coordinates, and evaluate the simplest iterated integral. 


2 r/4A-x r4 
a. [ [ Í x dz dy dx 
-3J- faa Jery 


42. [f Í VX + y dz dy dx 
o Jo 0 


1 fr/1-23 f(i-J/1-2-y 
af Í x dz dy dx 
-1J- /1-x3J1 


3 r/9—x3 p. /9—xi-y 
44. Í Í Í Je + y + 2 dz dy dx 
0 JO 0 


EXPLORING CONCEPTS 
45. Using Coordinates Describe the surface whose 
equation is a coordinate equal to a constant for each of the 


coordinates in (a) the cylindrical coordinate system and 
(b) the spherical coordinate system. 


4&[ )) HOW DO YOU SEE IT? The solid is 
bounded below by the upper nappe of a cone 
and above by a sphere (see figure). Would 
it be easier to use cylindrical coordinates or 


spherical coordinates to find the volume of the 
solid? Explain. 


Upper nappe of cone: 
g2= x24 y2 


PUTNAM EXAM CHALLENGE 


47. Find the volume of the region of points (x, y, z) such that 
(x? + y?! + 2? + 8)? s 36(x? + y?). 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


SECTION PROJECT BEBE] 


Wrinkled and Bumpy Spheres 


In parts (a) and (b), find the volume of the wrinkled sphere or 
bumpy sphere. These solids are used as models for tumors. 
(a) Wrinkled sphere 
p= 1 + 0.2 sin 89 sin $ 
0<O0s2n,0<O<T 


(b) Bumpy sphere 
p= 1 + 0.2 sin 89 sin 4$ 
0<O0<2n,0<O<T 
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liM FOR FURTHER INFORMATION For more information on 
these types of spheres, see the article “Heat Therapy for Tumors" 
by Leah Edelstein-Keshet in The UMAP Journal. 
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14.8 Change of Variables: Jacobians 


CARL GUSTAV JACOBI 
(1804-1851) 


The Jacobian is named after the 
German mathematician Carl 
Gustav Jacobi. Jacobi is known 
for his work in many areas of 
mathematics, but his interest 

in integration stemmed from 
the problem of finding the 
circumference of an ellipse. 

See LarsonCalculus.com to read 
more of this biography. 


iM Understand the concept of a Jacobian. 
i Use a Jacobian to change variables in a double integral. 


Jacobians 


For the single integral 


Í Í f(x) dx 


you can change variables by letting x = g(u), so that dx = g'(u) du, and obtain 


[ rovac= f reo au 


where a = g(c) and b = g(d). Note that the change of variables process introduces an 
additional factor g'(u) into the integrand. This also occurs in the case of double integrals 


: ax ay _ ay as 
J [76 n = [| etuv n, vy] ES - 22 a 
————— RE 


Jacobian 


where the change of variables x = g(u, v) and y = A(u, v) introduces a factor called the 
Jacobian of x and y with respect to u and v. In defining the Jacobian, it is convenient to 
use the determinant notation shown below. 


Definition of the Jacobian 


If x = g(u, v) and y = A(u, v), then the Jacobian of x and y with respect to u 
and v, denoted by a(x, y)/d(u, v), is 


ax dx 
ðu ðv 
dy dy 
ðu av 


EXAMPLE 1 The Jacobian for Rectangular-to-Polar Conversion 


Find the Jacobian for the change of variables defined by 
x=rcos® and y-rsin8. 


Solution From the definition of the Jacobian, you obtain 


ax ax 
ala, ») = ibus Definition of Jacobian 
a(r,8) jay oy 
ðr 00 
cosO -—rsinO 
= sin 6 "TM Substitute. 


= rco? O + rsin? 0 


= r(cos? 0 + sin? 0) Factor. 


Find determinant. 


=r Trigonometric identity | 


Interfoto/Personalities/Alamy Stock Photo 


1032 


[7] 
A T(r, 0) = (r cos 6, r sin 0) 
0-p 


r-b 


>r 


mTe--- 


S in the region in the r6-plane that 
corresponds to R in the xy-plane. 
Figure 14.71 


Region R in the xy-plane 
Figure 14.72 


Region S in the uv-plane 
Figure 14.73 


Chapter 14 Multiple Integration 


Example 1 points out that the change of variables from rectangular to polar coordinates 
for a double integral can be written as 


MES y)dA = [fre cos 0, r sin 8)r dr dO, r > 0 
R s. 


= f [recos 6. rsin 0) E] ara 


where S is the region in the 7O-plane that corresponds to the region R in the xy-plane, 
as shown in Figure 14.71. This formula is similar to that found in Theorem 14.3 on 
page 992. 

In general, a change of variables using a one-to-one transformation T from a 
region S in the uv-plane to a region R in the xy-plane is given by 


T(u, v) — (slu, v), h(u, v)) 


where g and h have continuous first partial derivatives in the region S. Note that the 
point (u, v) lies in S and the point (x, y) lies in R. In most cases, you are hunting for a 
transformation in which the region S is simpler than the region R. 


(x y) = 


Finding a Change of Variables to Simplify a Region 


Let R be the region bounded by the lines 


x-—2y=0, x -2y 2 4, x - y - 4, and x+y=1 


as shown in Figure 14.72. Find a transformation T from a region S to R such that S is 


a rectangular region (with sides parallel to the u- or v-axis). 


Solution To begin, let u = x + y and v = x — 2y. Solving this system of equations 
for x and y produces T(u, v) — (x, y), where 
lout) and y l(u- ») 
x = >(2u = z(u — v). 
3 ý T 
The four boundaries for R in the xy-plane give rise to the following bounds for S in the 
uv-plane. 


Bounds in the xy-Plane Bounds in the uv-Plane 


xt*y-l = u= 1 
xt+y=4 = u=4 
x—2y-20 => v=0 
x—2y 2 —4 => y — —4 


The region S is shown in Figure 14.73. Note that the transformation 
1 1 
T, v) = (wy) = (32u + vl, zu — v] 


maps the vertices of the region S onto the vertices of the region R, as shown below. 


T(1, 0) = (42a) + o jt - ol) = (s 3) 

714, 0) = (£124) + ol y4- 01) = E 5) 

T(4, -4) = (ipo - 41 oe a) - (55) 

T(1, -4) = (áp - 41 =e a1) = (- 55) 7 


y 


A 
(u, v + Av) (u + Au, v + Av) 


(u, v) (u + Au, v) 


Area of $ — Au Av 
Au > 0, Av > 0 
Figure 14.74 


M=(x, y) N 


> xX 
x= g(u, v) 
y= h(u, v) 


The vertices in the xy-plane are 
M(g(u, v), hu, v)), 

N(g(u + Au, v), h(u + Au, v)), 
P(g(u + Au, v + Av), 

h(u + Au, v + Av)), and 
O(g(u, v + Av), h(u, v + Av)). 
Figure 14.75 
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Change of Variables for Double Integrals 


THEOREM 14.5 Change of Variables for Double Integrals 
Let R be a vertically or horizontally simple region in the xy-plane, and let S 
be a vertically or horizontally simple region in the uv-plane. Let T from S 
to R be given by T(u, v) = (x, y) = (g(u, v), h(u, v)), where g and h have 
continuous first partial derivatives. Assume that T is one-to-one except 
possibly on the boundary of S. If f is continuous on R, and d(x, y)/d(u, v) 
1s nonzero on $, then 


osgo 
[| foo acd = | | rat v), hu, o) BE] au a m 


Proof Consider the case in which S is a rectangular region in the uv-plane with 
vertices (u, v), (u + Au, v), (u + Au, v + Av), and (u, v + Av), as shown in Figure 14.74. 
The images of these vertices in the xy-plane are shown in Figure 14.75. If Au and Av 
are small, then the continuity of g and h implies that R is approximately a parallelogram 
determined by the vectors MN and MO. So, the area of R is 


AA = |MN x MO |. 


Moreover, for small Au and Av, the partial derivatives of g and h with respect to u can 
be approximated by 


g (u, v) = glu + Au, y= glu, v) and h (u,v) =~ hlu + Au, v) — hlu, DI 
j Au u Au 


Consequently, 
MN = [glu + Au, v) — glu, v)]i + [hw + Au, v) — hlu, v)]j 
~ [g,(u, v) Auļi + [h,(u, v) Au]j 


0. 0 
= 7 Aui + 2 Auj. 
ðu ðu 


— 9g à 
Similarly, you can approximate MQ by em Avi + = Avj, which implies that 
D y 


ig — 0 k| pe o» 
x ð 0 ð 0 
MN x MO = Au Zau 0} = |” “| Au Avk. 
ðu ðu ox oy 
à z 
oF AY 9y Av 0 ov Sm 
ðv ðv 
It follows that, in Jacobian notation, 
LL NES: Y 0 
AA ~ || MN x MO ~ ees Au Av. 
O(u, v) 


Because this approximation improves as Au and Av approach 0, the limiting case can 
be written as 


a(x, y) 
O(u, v) 


dA ~ [HIN x MO] ~ | | cav. 


So, 
[ res y) dx dy = [freu v), hlu, D du dv. | 
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" u=1 


Figure 14.77 


The next two examples show how a change of variables can simplify the integration 
process. The simplification can occur in various ways. You can make a change of 
variables to simplify either the region R or the integrand f(x, y), or both. 


Using a Change of Variables to Simplify a Region 


* « «© e> See LarsonCalculus.com for an interactive version of this type of example. 


Let R be the region bounded by the lines 


x—2y 2-0, x -2y— —4, x+y=4, and x t y-1 


as shown in Figure 14.76. Evaluate the double integral 


[J 3xy dA. 
R 


Solution From Example 2, you can use the change of variables 
x= Ly +v) and y= l6: — y). 
3 3 


(Note that the region S is shown in Figure 14.77.) The partial derivatives of x and y are 


ox 2 ox 1 ð 1 oy 1 
um a = d =L u 
ju 4 a 4 a Y '" w 3 


which implies that the Jacobian is 


Ox Ox 

a(x, y) _ ðu av 

alu, v) — dy oy 

ðu av 

2 1 

243 3 

NN NE 

3 3 

__2_1 

| 9 9 
-t 
ci 


So, by Theorem 14.5, you obtain 


[J 3xy dA = [J 3| hu +v) HC 7 a 2 "T 


470 4 
- | (2u? — uv — v?) dv du 
1 


Region R in the xy-plane 
Figure 14.78 


REA dein T 
EL) G, D 


Region S in the uv-plane 
Figure 14.79 
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Change of Variables: Simplifying an Integrand 


Let R be the region bounded by the square with vertices (0, 1), (1, 2), (2, 1), and (1, 0). 
Evaluate the integral 


J (x + y)? sin*(x — y) dA. 


Solution Note that the sides of R lie on the lines x + y= 1,x-—y=1,x+ y= 3, 
and x — y = —1, as shown in Figure 14.78. Letting u = x + y and v = x — y, you can 
determine the bounds for region S in the uv-plane to be 


l1sus3 and -lsvéEel 
as shown in Figure 14.79. Solving for x and y in terms of u and v produces 


1 1 
= — + =c — : 
x— (uc v) and y 2 (u — v) 


The partial derivatives of x and y are 


ox 1 ox 1 oy 1 dy 1l 
au 2 dv 2 Ou 2 ane dv 


which implies that the Jacobian is 


Ox Ox 1 1 
alx, y) _ |ðu dv] |2 2 1 1. 1 
à(u v) jay ay} |l 1! 4 4 2 
2 2 


ðu ðv 


By Theorem 14.5, it follows that 


[J (x + y? sin(x — y) dA = Í f u?(sin? x) du dv 
= sf (sin? v) al dv 


1 
= Bf sin?v dv 
3 J- 


Bt 
z » (1 — cos 2v) dv 
-1 

13 1. ! 
= nb = 3 sin z| 

13 l. I 
= n — 5 sin 2 + B sin( 2| 
= Bo — sin 2) 
~ 2.363. a 


In each of the change of variables examples in this section, the region S has been a 
rectangle with sides parallel to the u- or v-axis. Occasionally, a change of variables can 
be used for other types of regions. For instance, letting T(u, v) = (x, ly) changes the 
circular region u? + v? = 1 to the elliptical region 

y) 
2I]. 
TT 
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14.8 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Jacobian Describe how to find the Jacobian of x and 
y with respect to u and v for x = g(u, v) and y = h(u, v). 


2. Change of Variable When is it beneficial to use the 
Jacobian to change variables in a double integral? 


Elh E] Finding a Jacobian In Exercises 3-10, find the 
Eus Jacobian (x, y)/O(u, v) for the indicated change of 


variables. 


. X = uv — 2u, y = uv 


4. 

5 

6 

7. x= ucos 0 — vsinO, y = usin Ə + vcosO 
8 x=ut1, y=9v 

9. x = e" sin y, y = e" cos v 

10. x =u/v, y=ut+yv 

opio Using a Transformation In Exercises 11-14, 
UR sketch the image S in the uv-plane of the region R 


ol Hy t in the xy-plane using the given transformations. 
11. x = 3u + 2v 12. x = i(4u — v) 
y = 3v y= z(u — y) 
y y 
A A 
(2, 3) cu 
5 ats 
‘T (6,3) 
3 
2 
1 
x 


(0,0)2 3 4 5 6 


13. x = $(u + v) 14. x = i(v — u) 
y-iu-9 -— 


fb Verifying a Change of Variables In Exercises 15 and 16, 


verify the result of the indicated example by setting up the integral 
using dy dx or dx dy for dA. Then use a computer algebra 
system to evaluate the integral. 


15. Example 3 16. Example 4 


ERSE Evaluating a Double Integral Using a 
Change of Variables In Exercises 17-22, use 


Er the indicated change of variables to evaluate the 
imd double integral. 
17. hg + y?) dA 18. [ Je — x) dA 
R 
= Xu v) x 2 i(v-u) 
uec n y = 7(3u — v) 
y y 
A A 
OD at «09 
34 (2, 3) 
2+ 
lr (2,1) 
NGO 
0, -0 TaLi 
19 [ he-» dA 20. NES + yje dA 
R R 
x=uty x 2 }(u +v) 
you y = $(u — ») 
y 
A A 


4+ (3,3) (7,3) 


(0,0) (4,0)6 8 


21. Í i e^? dA 
R 
x= E y= uv 


y 
l 


Em 


Finding Volume Using a Change of Variables In 
Exercises 23-30, use a change of variables to find the volume 
of the solid region lying below the surface z = f(x, y) and above 
the plane region R. 


23. f(x, y) = 9xy 


R: region bounded by the square with vertices (1, 0), (0, 1), 
(1, 2), (2, 1) 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


F(x, y) = Gx + 2y* /2y - x 

R: region bounded by the parallelogram with vertices (0, 0), 
(—2, 3), (2, 5), (4, 2) 

f(x,y) = (x + ye 

R: region bounded by the square with vertices (4, 0), (6, 2), 
(4, 4), (2, 2) 

f(x, y) = & + y sin(x — y) 

R: region bounded by the square with vertices (Tt, 0), 
(37/2, 1/2), (T, 1), (11/2, 1/2) 

fG y) = Vx — yx + 4y) 

R: region bounded by the parallelogram with vertices (0, 0), 
(1, 1), (5, 0), (4, — 1) 

F(x, y) = Gx + 2)Qy = x? 

R: region bounded by the parallelogram with vertices (0, 0), 
(—2, 3), (2, 5), (4, 2) 

fy) = Vx * y 

R: region bounded by the triangle with vertices (0, 0), (a, 0), 
(0, a), where a > 0 


SENE.) NN 
f(x y) 1+ xy 
R: region bounded by the graphs of xy = 1, xy = 4, x = 1, 


x = 4 (Hint: Let x = u, y = v/u.) 


EXPLORING CONCEPTS 

31. Using a Transformation The substitutions 
u = 2x — y and v =x + y make the region R (see 
figure) into a simpler region S in the uv-plane. Determine 
the total number of sides of S that are parallel to either 
the u-axis or the v-axis. 


32. 5 HOW DO YOU SEE IT? The region R is 
transformed into a simpler region S (see figure). 
Which substitution can be used to make the 
transformation? 


33. 


34. 
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Using an Ellipse Consider the region R in the xy-plane 
bounded by the ellipse (x?/a?) + (y?/D?) = 1 and the 
transformations x — au and y — bv. 


(a) Sketch the graph of the region R and its image S under the 
given transformation. 
“4 906 y) 
(b) Find ali, VY 
(c) Find the area of the ellipse using the indicated change of 
variables. 


Volume Use the result of Exercise 33 to find the volume 
of each dome-shaped solid lying below the surface z — f(x, y) 
and above the elliptical region R. (Hint: After making the 
change of variables given by the results in Exercise 33, make 
a second change of variables to polar coordinates.) 


(a) f(x,y) 216-33 -y5g i X <1 


= Tl x y? . E d y 
(b) f(x, y) Acos 5 PA 60 9d 


Finding a Jacobian In Exercises 35—40, find the Jacobian 


9x, y, z) 
ó(u, Vy w) 


for the indicated change of variables. If 


x = fu, v, w), y = glu, v, w), 


and z = h(u,v, w) 


then the Jacobian of x, y, and z with respect to u, v, and w is 


Ox Ox Ox 

ðu Ov Ow 
9(,y.z) _ |Oy Oy y 
O(u, v, w) ðu ðv w| 

à o öz 

ðu ðv Ow 
35. x = u(1 — v), y = uv(1 — w), z = ww 
36. x = 4u — v, y= dv -w, zcuctw 
37. x= Y(u + v), y iu v), z = 2uvw 
38. x =u-—vtw, y=2u,z7z=utvt+w 
39. Spherical Coordinates 


40. 


x = psin $ cos €, y = psin Ẹsin 9, z = pcos $ 
Cylindrical Coordinates 


x = rcos O, y = rsin 9,z =z 


PUTNAM EXAM CHALLENGE 


41. Let A be the area of the region in the first quadrant 
bounded by the line y = Ix the x-axis, and the ellipse 


+ y? = 1. Find the positive number m such that 

equal to the area of the region in the first quadrant 

ded by the line y = mx, the y-axis, and the ellipse 
2 = 

ty =l. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Evaluating an Integral In Exercises 1 and 2, evaluate the 
integral. 


3x y? x 
1. sin(xy) d 2. Í 
f xy) ay yy FEES 


Evaluating an Iterated Integral In Exercises 3-6, evaluate 
the iterated integral. 


lfitx 
3. NI (3x + 2y) dy dx 
o Jo 


2 (2x 
4. Í Í (x? + 2y) dy dx 
0 2 


1frJ/-x* 
| | X) dy dx 
o Jo 


1 f2y 
6. Í (9 + 3x2 + 3y?) dx dy 
o Jo 


Finding the Area of a Region In Exercises 7-10, use an 
iterated integral to find the area of the region bounded by the 
graphs of the equations. 


7. x+3y=3,x=0,y=0 


8.y—-6x—xhy-x-2x 
9, y=x, y-2x -2, x -0, x - 4 
10.x=y+1,x=0, y=0, y=2 


Changing the Order of Integration In Exercises 11-14, 
sketch the region R whose area is given by the iterated integral. 
Then change the order of integration and show that both 
orders yield the same area. 


5 r4 
11. [J dy dx 
1 Jo 
3 r9—y 
». f| dx dy 
-3Jo 


2 f3—-y 
13. dx dy 
0 Jy/2 


3 fx 6 f6-x 
14. f [on [] dy dx 
o Jo 3 Jo 


Evaluating a Double Integral In Exercises 15 and 16, 
set up integrals for both orders of integration. Use the more 
convenient order to evaluate the integral over the plane 
region R. 


15. NEZ 
R 


R: rectangle with vertices (0, 0), (0, 4), (2, 4), (2, 0) 


16. Í Jj 6x? dA 
R 


R: region bounded by y = 0, y = Vx, x = 1 


Finding Volume In Exercises 17-20, use a double integral 
to find the volume of the indicated solid. 


17. 


19. 


—-] €x <1 
-lsysl 


Average Value In Exercises 21 and 22, find the average 
value of f(x, y) over the plane region R. 
21. f(x) = 16-3? -y 

R: rectangle with vertices (2, 2), (—2, 2), (—2, — 2), (2, — 2) 
22. f(x) = 22 + y? 

R: square with vertices (0, 0), (3, 0), (3, 3), (0, 3) 


23. Average Temperature The temperature in degrees 
Celsius on the surface of a metal plate is 


T(x, y) = 40 — 6x? — y? 


where x and y are measured in centimeters. Estimate the 
average temperature when x varies between 0 and 3 centimeters 
and y varies between 0 and 5 centimeters. 


24. Average Profit A firm's profit P (in dollars) from 
marketing two television models is 


P = 192x + 576y — x? — 5y? — 2xy — 5000 


where x and y represent the numbers of units of the two 
television models. Estimate the average weekly profit when x 
varies between 40 and 50 units and y varies between 45 and 
60 units. 


Converting to Polar Coordinates In Exercises 25 and 26, 
evaluate the iterated integral by converting to polar coordinates. 


5 pr 5-x? 
25. Í Í J£ + y! dy dx 
0 0 


4 p J6- 
26. Í Í (x2 + y?) dx dy 
0 JO 


Volume In Exercises 27 and 28, use a double integral in 
polar coordinates to find the volume of the solid bounded by 
the graphs of the equations. 

27. z = xy?, x? + y? = 9, first octant 

28. z 25—x— y, z—0, à +y = 16 


Area In Exercises 29 and 30, use a double integral to find the 
area of the shaded region. 


TU 
29. 2 30. 


y 


Area In Exercises 31 and 32, sketch a graph of the region 
bounded by the graphs of the equations. Then use a double 
integral to find the area of the region. 


31. Inside the limaçon r = 3 + 2 cos O9 and outside the circle r = 4 


32. Inside the circle r= 3sin O0 and outside the cardioid 
r=1+sin0 


B 33. Area and Volume Consider the region R in the xy-plane 


bounded by (x? + y?)? = 9(x? — y?). 

(a) Convert the equation to polar coordinates. Use a graphing 
utility to graph the equation. 

(b) Use a double integral to find the area of the region R. 


(c) Use a computer algebra system to find the volume 
of the solid region bounded above by the hemisphere 


z= /9 — x? — y? and below by the region R. 


34. Converting to Polar Coordinates Write the sum 
of the two iterated integrals as a single iterated integral by 
converting to polar coordinates. Evaluate the resulting iterated 


integral. 
8//13 [3x/2 4 J16— x2 
Í xy dy dx + Í xy dy dx 
0 0 0 


8//13 


Finding the Mass of a Lamina In Exercises 35 and 36, 
find the mass of the lamina described by the inequalities, given 
that its density is (Xx, y) = x + 3y. 


35.0<x<1,0<y<2 


36.x 20,05 ys /A—-x 


Finding the Center of Mass In Exercises 37-40, find the 
mass and center of mass of the lamina bounded by the graphs 
of the equations for the given density. 


37. y= x, y=0, x =2, p= kx 
2 


38. y 2g 0,x=1,x=2, p= ky 
39. y = 2x, y = 2x, x 2 0, yz 0, p = kxy 


40. y=6-x, y=0, x=0, p= kx? 


Review Exercises 1039 


Finding Moments of Inertia and Radii of Gyration In 
Exercises 41 and 42, find Z, Z, Iọ x, and y for the lamina 


bounded by the graphs of the equations. 


41.» 2-0, y 2, x 0x73, p= kx 
42. y=4- x, y=0, x>0, p= ky 
Finding Surface Area In Exercises 43—46, find the area 
of the surface given by z = f (x, y) that lies above the region R. 
43. f(x,y) = 25 - 2— y? 
R = {(x, y): x2 + y? s 25} 
44. f(x, y) = 8 + 4x — 5y 
R1 y: 2 +y < 1} 
45. f(x,y) =9- y 
R: triangle with vertices (—3, 3), (0, 0), (3, 3) 
46. f(x,y) -4— à 
R: triangle with vertices (—2, 2), (0, 0), (2, 2) 


47. Building Design A new auditorium is built with a 
foundation in the shape of one-fourth of a circle of radius 
50 feet. So, it forms a region R bounded by the graph 
of x? + y? = 50? with x= 0 and y = 0. The following 
equations are models for the floor and ceiling. 


x+y 


Floor: z = 
oor: Z 5 


Ceiling: z = 20 + aa 


(a) Calculate the volume of the room, which is needed to 
determine the heating and cooling requirements. 


(b) Find the surface area of the ceiling. 


Ae 48. Surface Area The roof over the stage of an open air theater 


at a theme park is modeled by 


2 + 2 
= 25/1 + — (x? + y?)/1000 (Ex 
f(x y) s| e cos? "1000 


where the stage is a semicircle bounded by the graphs of 
y = /50? — x? and y = 0. 
(a) Use a computer algebra system to graph the surface. 


(b) Use a computer algebra system to approximate the number 
of square feet of roofing required to cover the surface. 


Evaluating a Triple Iterated Integral In Exercises 
49-52, evaluate the triple iterated integral. 


412 

49. Í Í Í (2x + y + 4z) dy dz dx 
0 Jo JO 
1 (1 fay 

50. Í Í Í y dz dx dy 
0 JO 0 
2 r2 1 

51. i Í Í (e* + y? + 2) dx dy dz 
0 J1 JO 


3m 5 
52. Í Í Í z sin x dy dx dz 
0 Jrn/2J2 


fe Evaluating a 


fe Evaluating a 
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Triple Iterated Integral Using 
Technology In Exercises 53 and 54, use a computer algebra 
system to evaluate the triple iterated integral. 


| pice pie 
53. Í Í Í (x? + y?) dz dy dx 
-1J-J1-# 


- JI=¥=¥ 


54. Í Í Í xyz dz dy dx 
0 JO 0 


Volume In Exercises 55 and 56, use a triple integral to find 
the volume of the solid bounded by the graphs of the equations. 


55.z2—xy,z-0,02xs3,0sys4 


56.z7=8-x-y, z=0, y=x%,y=3,x=0 


Changing the Order of Integration In Exercises 57 
and 58, sketch the solid whose volume is given by the iterated 
integral. Then rewrite the integral using the indicated order of 
integration. 


1 fy JI-x* 
57. Í Í Í dz dx dy 
0 Jo JO 


Rewrite using the order dz dy dx. 


6 r6—-x f6—-x—y 
58. Í i Í dz dy dx 
0 JO 0 


Rewrite using the order dy dx dz. 


Center of Mass In Exercises 59 and 60, find the mass 
and the indicated coordinate of the center of mass of the solid 
region Q of density p bounded by the graphs of the equations. 


59. Find x using (Xx, y, z) = k. 
Q:x+y+z=10,x=0, y=0, z=0 

60. Find y using (Xx, y, z) = kx. 
Q:z=5-y,z=0, y=0,x=0,x=5 


Evaluating a Triple Iterated Integral In Exercises 61-64, 
evaluate the triple iterated integral. 


3 (m/3 f4 
61. Í r cos 0 dr dO dz 
0 


n/6 JO 


n/2 f3 f4-z 
62. Í z dr dz dð 
0 


0 JO 


T (m/2 psin® 
63. Í p sin 0 cos 8 dp dO d$ 
0 


0 0 
T/4 (7/4 f'cos > 
64. Í Í Í cos 0 dp dọ dO 
0 0 0 


Triple Iterated Integral Using 
Technology In Exercises 65 and 66, use a computer algebra 
system to evaluate the triple iterated integral. 


T f2 r3 
e. | | | ver aacacee 
0 JO JO 


rT/2 (2 fcos $ 
66. Í Í Í (? cos 8 dp 40 d$ 
0 0 0 


Volume In Exercises 67 and 68, use cylindrical coordinates 
to find the volume of the solid. 


67. Solid bounded above by z = 8 — x? — y? and below by 
z=xrty? 


68. Solid bounded above by 33? + 3y? + z? = 45 and below by 
the xy-plane 


Volume In Exercises 69 and 70, use spherical coordinates to 
find the volume of the solid. 


69. Solid bounded above by x? + y? + z? = 4 and below by 
z = 3x? + 3y? 
70. Solid bounded above by x? + y? + z? = 36 and below by 


z=J/e+y 


Finding a Jacobian In Exercises 71-74, find the Jacobian 
O(x, y)/O(u, v) for the indicated change of variables. 


71. x = 3uv, y = 2(u — v) 


72. xu +v, y=- y 


73. x = usin O + v cos O, y = u cos O + vsin ð 
V 
74. x 2 w, y 2 — 
X = uv, y m 
Evaluating a Double Integral Using a Change of 


Variables In Exercises 75-78, use the indicated change of 
variables to evaluate the double integral. 


75. [J meen dA 76. [i dA 
R R 


1 1 
x — z(u + v) x — qu t v) 
1 1 
y=5 o») y 7 53(v- 9 
y y 
A 
4+ 
(2, 3) 
3 + 
27 (3, 2) 


} t H I— x 
1 2 3 4 
77. [Jo + x?) dA 
R 
X=U 
y= Fle - 9 
y 
A 
"| (4,4) 
^ta» 
3-r 
24 
(4, 2) 
ET T, 
—á 934—934 # 
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See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Volume Find the volume of the solid of intersection of the 


three cylinders x? + z? = 1, y? + 2 = 1, and x? + y? = 1 (see 


figure). 


ET. -34- 


2. Surface Area Let a, b, c, and d be positive real numbers. 


The portion of the plane ax + by + cz = d in the first octant is 
shown in the figure. Show that the surface area of this portion 
of the plane is equal to 


AQ) ESSE 


where A(R) is the area of the triangular region R in the xy-plane, 
as shown in the figure. 


»— N 


. Using a Change of Variables The figure shows the 
region R bounded by the curves 


2 


x x 
y= Vu y= 25 yos and y = —. 


4 


Use the change of variables x = u!/5y?/5 and y = w2/3v'/3 to 
find the area of the region R. 


f 
4. Proof Prove that lim Í Í x"y" dx dy = 0. 
n>% Jo Jo 


5. Deriving a Sum Derive Euler’s famous result that was 


mentioned in Section 9.3, 


by completing each step. 


1 
umo 


(a) Prove that 


dv = ! arctan — —— + C 
2— +y? /2 — u /2 — u 


J2/2. fu 2 n 
(b) Prove that J, = f f. 1-494 dv du — 18 


2 


by using the substitution u = 4/2 sin 8. 
(c) Prove that 


-u+ 2 
Er KR = 2— z z dv du 


-4 pMELIM 
n/6 cos 8 


by using the substitution u = 4/2 sin 0. 
(d) Prove the trigonometric identity 


1 — sin® = tan] 202 - 3| 


cos 0 


—u+ 2 TÉ 
(e) Prove that Z -| ML P iA z dv du = 9 


(f) Use the formula for the sum of an infinite geometric series 
to verify that 


1 1 1 
-Í Í dx dy. 
o Jo l — xy 


(g) Use the change of variables 


+ -— 
s J and y= = 


V2 V2 


to prove that 


1fl 
1 i 
= dx dy = I, + hL = —. 
(Ts : ! ? 6 


. Evaluating a Double Integral Evaluate the integral 


oo oo 1 
I| doque 


. Evaluating Double Integrals Evaluate the integrals 


dx dy and dy dx. 
Les ? NN * 


Are the results the same? Why or why not? 


. Volume Show that the volume of a spherical block can 


be approximated by AV = @ sin ọ Ap Ap A0. (Hint: See 
Section 14.7, page 1027.) 
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Evaluating an Integral 
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In Exercises 9 and 10, evaluate the 


integral. (Hint: See Exercise 63 in Section 14.3.) 


9. 


10. 


11. 


12. 


13. 


14. 


Í Xhe-* dx 
0 

1 
Í In D dx 
oNV x 


Joint Density Function Consider the function 


ke- e *»/a, 


B x20,y 20 
fy) -fy 


elsewhere. 


Find the relationship between the positive constants a and k 
such that f is a joint density function of the continuous random 
variables x and y. (Hint: See Exercises 61—64 in Section 14.2) 


Volume Find the volume of the solid generated by 
revolving the region in the first quadrant bounded by y = e^* 
about the y-axis. Use this result to find 


oo 
Í e^* dx. 
—oo0 


Volume and Surface Area From 1963 to 1986, the 
volume of the Great Salt Lake approximately tripled while 
its top surface area approximately doubled. Read the article 
"Relations between Surface Area and Volume in Lakes" 
by Daniel Cass and Gerald Wildenberg in The College 
Mathematics Journal. Then give examples of solids that 
have “water levels" a and b such that V(b) = 3V(a) and 
A(b) — 2A(a), where V is volume and A is area (see figure). 


aS 


P V(b) 


V(a) 


Proof The angle between a plane P and the xy-plane is 9, 
where 0 x O < 11/2. The projection of a rectangular region 
in P onto the xy-plane is a rectangle whose sides have lengths 
Ax and Ay, as shown in the figure. Prove that the area of the 
rectangular region in P is sec 9 Ax Ay. 


Area: sec Ó AxAy 


0x UE 


Area in xy-plane: AxAy 


Ay 


15. 


16. 


17. 


18. 


Surface Area Use the result of Exercise 14 to order the 
planes in ascending order of their surface areas for a fixed 
region R in the xy-plane. Explain your ordering without doing 
any calculations. 


(a) z 2x 

(b 25 

(c) z, = 10 — 5x + 9y 
(d) z4 =3 +x- 2y 


Sprinkler Consider a circular lawn with a radius of 10 feet, 
as shown in the figure. Assume that a sprinkler distributes 
water in a radial fashion according to the formula 


r r 
fO = i87 165 


(measured in cubic feet of water per hour per square foot of 
lawn), where r is the distance in feet from the sprinkler. Find 
the amount of water that is distributed in 1 hour in the following 
two annular regions. 


^ 


A={(r,9):4 <r < 5,0 < 0 < 2n} 
B={(r,9):9 sr 


IA 


10,0 < 0 < 2m} 


Is the distribution of water uniform? Determine the amount of 
water the entire lawn receives in 1 hour. 


Changing the Order of Integration Sketch the solid 
whose volume is given by the sum of the iterated integrals 


6 f3 fy 6 r(12—2)/2 f6-y 
a Í dx dy dz + Ju dx dy dz. 
0 Jz/2Jz/2 0 J3 z/2 


Then write the volume as a single iterated integral in the order 
dy dz dx and find the volume of the solid. 


Volume The figure shows a solid bounded below by the 
plane z = 2 and above by the sphere x? + y? + z? = 8. 


(a) Find the volume of the solid using cylindrical coordinates. 


(b) Find the volume of the solid using spherical coordinates. 


15 Vector Analysis 


SEE da dos 15.1 Vector Fields 
bare Le Line Integrals 
01124153 Conservative Vector Fields and Independence of Path 
15.4 Green's Theorem 
: : -15.5 Parametric Surfaces 
15.6 Surface Integrals 
15.7 Divergence Theorem 


15.8 Stokes's Theorem 


* e ù, o 


€ 6 6 9 6 6 9 eee 09 0 O 9 0 06 eee 6 9 6 O0 0 6 09 O0 9 9 0 0 9 9 0 0 9 6 9 9 9 9 0 9 9 6 6 * 9» 6 6 


e 9 o o » o v e| 


Work (Exercise 35, p. 1077) 


Finding Surface Area 
(Example 6, p. 1093) 


Building Design 
(Exercise 74, p. 1068) 


Earth's Magnetic Field (Exercise 78, p. 1054) 


Clockwise from top left, Caroline Warren/Photodisc/Getty Images; Catmando/Shutterstock.com; 
nui7711/Shutterstock.com; Thufir/Big Stock Photo; Michelangelus/Shutterstock.com 
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15.1 Vector Fields 


i Understand the concept of a vector field. 

liM Determine whether a vector field is conservative. 
E Find the curl of a vector field. 

E Find the divergence of a vector field. 


Vector Fields 


In Chapter 12, you studied vector-valued functions—functions that assign a vector to 
a real number. 'There you saw that vector-valued functions of real numbers are useful 
in representing curves and motion along a curve. In this chapter, you will study two 
other types of vector-valued functions—functions that assign a vector to a point in the 
plane or a point in space. Such functions are called vector fields, and they are useful in 
representing various types of force fields and velocity fields. 


Definition of Vector Field 


A vector field over a plane region R is a function F that assigns a vector 
F(x, y) to each point in R. 


A vector field over a solid region Q in space is a function F that assigns a 
vector F(x, y, z) to each point in Q. 


Although a vector field consists of infinitely many vectors, you can get a good idea 
of what the vector field looks like by sketching several representative vectors F(x, y) 
whose initial points are (x, y). 

The gradient is one example of a vector field. For instance, if 


F(x, y) = xy + 3xy? 
then the gradient of f 
Vf (x, y) = fx, yi + foo y)j 
= (2xy + 3y3)i + (x2 + 9xy2)j Vector field in the plane 


is a vector field in the plane. From Chapter 13, the graphical interpretation of this field 
is a family of vectors, each of which points in the direction of maximum increase along 
the surface given by z — f(x, y). 

Similarly, if 


f(x,y, 2) = x? + y? + 2 
then the gradient of f 
Vf(x, y, z) =f, y, Di + FO y, DI + foc y, OK 
= 2xi + 2yj + 2zk Vector field in space 


is a vector field in space. Note that the component functions for this particular vector 
field are 2x, 2y, and 2z. 
A vector field 


F(x, y, z) = M(x, y, zi + N(x, y, z2)j + P(x, y, Dk 


is continuous at a point if and only if each of its component functions M, N, and P is 
continuous at that point. 
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Velocity field Some common physical examples of vector fields are velocity fields, gravitational 
fields, and electric force fields. 


1. Velocity fields describe the motions of systems of particles in the plane or in space. 
For instance, Figure 15.1 shows the vector field determined by a wheel rotating on 
an axle. Notice that the velocity vectors are determined by the locations of their 
initial points—the farther a point is from the axle, the greater its velocity. Velocity 
fields are also determined by the flow of liquids through a container or by the flow 
of air currents around a moving object, as shown in Figure 15.2. 


2. Gravitational fields are defined by Newton's Law of Gravitation, which states 
that the force of attraction exerted on a particle of mass m, located at (x, y, z) by a 
particle of mass m, located at (0, 0, 0) is 


Rotating wheel 
Figure 15.1 F ||  —Gmm, 
, , S 735. >., >U 
(x, y, 2) x? + y? + 2? 


where G is the gravitational constant and u is the unit vector in the direction from 
the origin to (x, y, z). In Figure 15.3, you can see that the gravitational field F has 
the properties that F(x, y, z) always points toward the origin, and that the magnitude 
of F(x, y, z) is the same at all points equidistant from the origin. A vector field with 
these two properties is called a central force field. Using the position vector 


r=xi+ yj + zk 


for the point (x, y, z), you can write the gravitational field F as 


oral r ) _ —Gmm, 
Ir? — Mii lri 
: 3. Electric force fields are defined by Coulomb's Law, which states that the force 


exerted on a particle with electric charge q, located at (x, y, z) by a particle with electric 
charge q, located at (0, 0, 0) is 


Air flow vector field 
Figure 15.2 F(x, y, z) = 


u. 


C 
eena = P 


where r = xi + yj + zk, u = r/|r 
of units for ||r||, qı, and qz. 


Note that an electric force field has the same form as a gravitational field. That is, 


|, and c is a constant that depends on the choice 


m, is located at (x, y, z). 
m, is located at (0, 0, 0). 


Gravitational force field 
Figure 15.3 


k 
F(x, y, z) = Ti 


Such a force field is called an inverse square field. 


Definition of Inverse Square Field 


Let r(t) = x(t)i + y(t)j + z(t)k be a position vector. The vector field F is an 
inverse square field if 


k 
F(x, y, z) = ee 


where k is a real number and 
"d 
Ii] 


is a unit vector in the direction of r. 
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Figure 15.4 


Because vector fields consist of infinitely many vectors, it is not possible to create 
a sketch of the entire field. Instead, when you sketch a vector field, your goal is to 
sketch representative vectors that help you visualize the field. 


Sketching a Vector Field 


Sketch some vectors in the vector field 
F(x, y) = —yi + xj. 


Solution You could plot vectors at several random points in the plane. It is more 
enlightening, however, to plot vectors of equal magnitude. This corresponds to finding 
level curves in scalar fields. In this case, vectors of equal magnitude lie on circles. 


\|F || =c Vectors of length c 
JL +y =c 
x? + y? = c? Equation of circle 


To begin making the sketch, choose a value for c and plot several vectors on the 
resulting circle. For instance, the following vectors occur on the unit circle. 


Point Vector 

(1, 0) F(1, 0) = j 

(0, 1) F(0, 1) = -i 
(— 1, 0) F(-1,0) = -j 
(0, — 1) F(0,—-1)- i 


These and several other vectors in the vector field are shown in Figure 15.4. Note in the 
figure that this vector field is similar to that given by the rotating wheel shown in Figure 15.1. 


EXAMPLE 2 Sketching a Vector Field 


Sketch some vectors in the vector field 
F(x, y) = 2xi + yj. 


Solution For this vector field, vectors of y 
equal magnitude lie on ellipses given by at 


IF] = c 3+ 
v (2x)? + (y? =c c= L 
which implies that Wwe 
Ax? + y? = e. Equation of ellipse 4+ 3 24 i2 3 
For c = 1, sketch several vectors 2xi + yj of p^. SRI 


magnitude 1 at points on the ellipse given by /7 - A 
3 pe 


4x? + y? = 1. 


For c = 2, sketch several vectors 2xi + yj of 
magnitude 2 at points on the ellipse given by 


4x? + y? — 4. 
These vectors are shown in Figure 15.5. Figure 15.5 a 
A computer algebra system can be used to graph vectors in a 


vector field. If you have access to a computer algebra system, use it to graph several 
representative vectors for the vector field in Example 2. 
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Sketching a Velocity Field 


Sketch some vectors in the velocity field 
v(x, y, z) = (16 — x? — y?)k 
where x? + y? x 16. 


Solution You can imagine that v describes the velocity of a liquid flowing through a 
tube of radius 4. Vectors near the z-axis are longer than those near the edge of the tube. 
For instance, at the point (0, 0, 0), the velocity vector is v(0, 0, 0) = 16k, whereas at 
the point (0, 3, 0), the velocity vector is v(0, 3, 0) — 7k. Figure 15.6 shows these and 
several other vectors for the velocity field. From the figure, you can see that the speed 
of the liquid is greater near the center of the tube than near the edges of the tube. 


Conservative Vector Fields 


Notice in Figure 15.5 that all the vectors appear to be normal to the level curve from 
which they emanate. Because this is a property of gradients, it is natural to ask whether 
the vector field 


F(x, y) = 2x + yj 


is the gradient of some differentiable function f. The answer is that some vector fields 
can be represented as the gradients of differentiable functions and some cannot—those 
that can are called conservative vector fields. 


Definition of Conservative Vector Field 


v(x, y, z) = (16 23? —y?)k 


Velocity field: | 


A vector field F is called conservative when there exists a differentiable function 
Figure 15.6 f such that F — Vf. The function f is called the potential function for F. 


EXAMPLE 4 Conservative Vector Fields 


a. The vector field given by F(x, y) = 2xi + yj is conservative. To see this, consider 
the potential function f(x, y) = x? + 1y?. Because 


Vf = 2xi + yj = F 


it follows that F is conservative. 


b. Every inverse square field is conservative. To see this, let 


k —k 
F(x,y,z) = —u and 


X, , Z = 
RE a rr ee 
where u = r/|lr||. Because 
_ kx : ky í kz 
Vf (x2 + y? + gyn! i (x? + y? + gy i (x2 + y? + EU 
E k ( xi + yj + zk ) 
x2 +y HIA 


= rli) 


MS 
Ly 


it follows that F is conservative. | 
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ss Theorem 15.1 
is valid on simply connected 
domains. A plane region R is 
simply connected when every 
simple closed curve in R 
encloses only points that are 
in R. (See Figure 15.26 in 
Section 15.4.) 


As can be seen in Example 4(b), many important vector fields, including gravitational 
fields and electric force fields, are conservative. Most of the terminology in this 
chapter comes from physics. For example, the term “conservative” is derived from the 
classic physical law regarding the conservation of energy. This law states that the sum 
of the kinetic energy and the potential energy of a particle moving in a conservative 
force field is constant. (The kinetic energy of a particle is the energy due to its motion, 
and the potential energy is the energy due to its position in the force field.) 

The next theorem gives a necessary and sufficient condition for a vector field in 
the plane to be conservative. 


Test for Conservative Vector Field in the Plane 


Let M and N have continuous first partial derivatives on an open disk R. 
The vector field F(x, y) = Mi + Nj is conservative if and only if mkm 


aN _ ðM (hat 
ax — dy” OFT | 


Proof To prove that the given condition is necessary for F to be conservative, suppose 
there exists a potential function f such that 


F(x, y) = Vf(x, y) = Mi + Nj. 
Then you have 


oM 


PARET y) = M = fo y) = y 


LEDEN mb fa) 


and, by the equivalence of the mixed partials fj, and f,,, you can conclude that 
ðN/ðx = 0M/ày for all (x, y) in R. The sufficiency of this condition is proved in 
Section 15.4. a 


EXAMPLE 5 Testing for Conservative Vector Fields in the Plane 


Determine whether the vector field given by F is conservative. 
a. F(x, y) = x?yi + xyj 
b. F(x, y) = 2xi + yj 
Solution 
a. The vector field 
F(x, y) = x^yi + xj 


1s not conservative because 


iM _ 9, , aN 9 
MAE as = d —=— = y, 
T [oy] o x* and Ss zcbo]-» 
b. The vector field 

F(x, y) = 2xi + yj 

1s conservative because 
oM Ó ðN 0 
“= —/9x) = d aoa = 0. 
oy mi RE Ox ax 0 4 


15.1 Vector Fields 1049 


Theorem 15.1 tells you whether a vector field F is conservative. It does not tell you 
how to find a potential function of F. The problem is comparable to antidifferentiation. 
Sometimes you will be able to find a potential function by simple inspection. For 
instance, in Example 4, you observed that 


1 
fle,y) = 2 + 5 


has the property that 
Vf (x, y) = 2xi + yj. 


Finding a Potential Function for F(x, y) 


Find a potential function for 
F(x, y) = 2xyi + (x? — yj. 


Solution From Theorem 15.1, it follows that F is conservative because 
S bay ed mi fess) =o 
ay xy x ay x y x. 


If f is a function whose gradient is equal to F(x, y), then 


Vf(x, y) = 2xyi + (x? — yj 
which implies that 


f, y) = 2xy 


and 


To reconstruct the function f from these two partial derivatives, integrate f(x, y) with 
respect to x 


f(x, y) = I fien, y) dx = Í 2xy dx = x^y + g(y) 


and integrate f,(x, y) with respect to y 


f(x, y) = f fe y) dy = f (x? — y) dy = x?y B + h(x). 


Notice that g( y) is constant with respect to x and h(x) is constant with respect to y. To 
find a single expression that represents f(x, y), let 


2 
9) 7 — +K, and h(x) = Ky. 


Then you can write 


2 
flay) =y- TK. K=K +K, 


You can check this result by forming the gradient of f. You will see that it is equal to 
the original function F. au 


Notice that the solution to Example 6 is comparable to that given by an indefinite 
integral. That is, the solution represents a family of potential functions, any two of 
which differ by a constant. To find a unique solution, you would have to be given an 
initial condition that is satisfied by the potential function. 
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Curl of a Vector Field 


Theorem 15.1 has a counterpart for vector fields in space. Before stating that result, the 
definition of the curl of a vector field in space is given. 


Definition of Curl of a Vector Field 
The curl of F(x, y, z) = Mi + Nj + Pk is 


curl F(x, y, z) = V x F(x, y, z) 


(= an) . (z am) (2 amn) 
= = i= = j+ = k. 
oy Oz Ox Oz Ox oy 


If curl F = 0, then F is said to be irrotational. 


The cross product notation used for curl comes from viewing the gradient Vf as 
the result of the differential operator V acting on the function f. In this context, you 
can use the following determinant form as an aid in remembering the formula for curl. 


curl F(x, y, z) = V x F(x, y, z) 


i j k 
[a a a 
lax dy az 

M N P 


(= an) . (= am) . (2 a) 
= = i= = jr = k 
oy Oz Ox Oz Ox oy 


Finding the Curl of a Vector Field 


** e eœ See LarsonCalculus.com for an interactive version of this type of example. 
Find curl F of the vector field 
F(x, y, z) = 2xyi + (x? + z2)j + 2yzk. 
Is F irrotational? 
Solution The curl of F is 
curl F(x, y, z) = V x F(x, y, z) 
i j k 
ð ð ð 


Ox oy Oz 
2xy x? + z? 2yz 


0 0 0 0 0 0 

=| oy ðzji— | Ox ðz|j + | ox dy |k 
r+ 2 2y 2xy 2yz 2xy x7 + 2? 
= (2z — 2zÀ — (0 — 0)j + (2x — 2x)k 

= 0. 


Because curl F = 0, F is irrotational. | 


Some computer algebra systems have a command that can be 
used to find the curl of a vector field. If you have access to a computer algebra system 
that has such a command, use it to find the curl of the vector field in Example 7. 


Theorem 15.2 
is valid for simply connected 
domains in space. A simply 
connected domain in space is 
a domain D for which every 
simple closed curve in D can be 
shrunk to a point in D without 
leaving D. 


Examples 6 
and 8 are illustrations of a type 
of problem called recovering 
a function from its gradient. 
If you go on to take a course 
in differential equations, you 
will study other methods for 
solving this type of problem. 
One popular method gives an 
interplay between successive 
“partial integrations” and 
partial differentiations. 
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Later in this chapter, you will assign a physical interpretation to the curl of a 
vector field. But for now, the primary use of curl is shown in the following test for 
conservative vector fields in space. The test states that for a vector field in space, the 
curl is 0 at every point in its domain if and only if F is conservative. The proof is 
similar to that given for Theorem 15.1. 


Test for Conservative Vector Field in Space 


Suppose that M, N, and P have continuous first partial derivatives in an open 
sphere Q in space. The vector field 


F(x, y, z) = Mi + Nj + Pk 
is conservative if and only if 
curl F(x, y, z) = 0. 


That is, F is conservative if and only if 


9P àN àP M |, oN _ aM 
dy dz” Ox dz’ ðx dy” 


From Theorem 15.2, you can see that the vector field given in Example 7 is 
conservative because curl F(x, y, z) = 0. Try showing that the vector field 


F(x, y, z) = x3y2zi + x?zj + x?yk 
is not conservative—you can do this by showing that its curl is 
curl F(x, y, z) = (x3y? — 2xy)j + (2xz — 2x3 yz)k # 0. 


For vector fields in space that pass the test for being conservative, you can find a 
potential function by following the same pattern used in the plane (as demonstrated in 
Example 6). 


Finding a Potential Function for F(x, y, Z) 


Find a potential function for 
F(x, y, z) = 2xyi + (x? + z2)j + 2yzk. 


Solution From Example 7, you know that the vector field given by F is conservative. 
If f is a function such that F(x, y, z) = Vf(x, y, z), then 


{eyo = 2x, fæ, yz) =x +e, and £0.70) = 2yz 


and integrating with respect to x, y, and z separately produces 


fand = [nas [ry dr = 29 + 0.2 
f(x,y,z) = [ way= [ete d= y ye a 


f(x, y, z) = fea- [ra = yz + k(x, y). 


Comparing these three versions of f(x, y, z), you can conclude that 
gy. z) = yz? + K, h(x, z) = K», and k(x, y) = xy + Es 
So, f(x, y, z) is given by 


fx y. z) = xy + yz) +K. KERRIE a 
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Some 
computer algebra systems have 
a command that can be used to 
find the divergence of a vector 
field. If you have access to a 
computer algebra system that 
has such a command, use 
it to find the divergence of the 
vector field in Example 9. 


Divergence of a Vector Field 


You have seen that the curl of a vector field F is itself a vector field. Another important 
function defined on a vector field is divergence, which is a scalar function. 


Definition of Divergence of a Vector Field 
The divergence of F(x, y) = Mi Nj is 


9M aN 
div F =V-F ene oa 
iv F(x, y) (x, y) a 


The divergence of F(x, y, z) = Mi + Nj + Pk is 


0M oN. OP 
div F =V-F = dq. 
iv F(x, y, z) (x, y, z) Tid ae 


If div F = 0, then F is said to be divergence free. 


The dot product notation used for divergence comes from considering V as a 
differential operator, as follows. 


V + F(x, y, z) =|(2)i+ (2) + (B - on + i + Pw 


oy Oz 
ðM ƏN OP 
=——+— + 
Ox oy Oz 


Finding the Divergence of a Vector Field 


Find the divergence at (2, 1, — 1) for the vector field 
F(x, y, z) = Xy zi + x?zj + xk. 


Solution The divergence of F is 
div F(x, y, z) = S s] + S as + Ses = 3xyz 
MT ax dy az i 


At the point (2, 1, — 1), the divergence is 
div FQ, 1, —1) = 322)(12(— 1) = —12. a 


Divergence can be viewed as a type of derivative of F in that, for vector fields 
representing velocities of moving particles, the divergence measures the rate of particle 
flow per unit volume at a point. In hydrodynamics (the study of fluid motion), a velocity 
field that is divergence free is called incompressible. In the study of electricity and 
magnetism, a vector field that is divergence free is called solenoidal. 

There are many important properties of the divergence and curl of a vector field F 
[see Exercise 77(a)-(g)]. One that is used often is described in Theorem 15.3. You are 
asked to prove this theorem in Exercise 77(h). 


THEOR 15.3. Divergence and Curl 
If F(x, y, z) = Mi + Nj + Pk is a vector field and M, N, and P have continuous 
second partial derivatives, then 


div(curl F) = 0. 


15.1 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Vector Field Define a vector field in the plane and 
in space. Give some physical examples of vector fields. 


. Conservative Vector Field What is a conservative 
vector field? How do you test whether a vector field is 
conservative in the plane and in space? 


. Potential Function Describe how to find a potential 
function for a vector field that is conservative. 


. Vector Field A vector field in space is conservative. 
Is the vector field irrotational? Explain. 


Matching In Exercises 5-8, match the vector field with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) Í (b) y 
Co y 6 
“= pex i i Lang 
pO Cmm 
ERI -6 
E 
at EL 
all. Ce 
| "ul o E 
5. F(x, ») = yi 6. F(x, y) = xj 


7. F(x, y) = yi — xj 8. F(x, y) = xi + 3yj 


[m] AO Sketching a Vector Field In Exercises 9—14, 
zB RED find ||F || and sketch several representative vectors 


Ec in the vector field. 


oes 


9. F(x, y) =i+j 
11. F(x, y) = —i + 3yj 
13. F(x, y,z) =itjr+k 


10. F(x, y) = yi — 2xj 
12. Fa, y) = yi + xj 
14. F(x, y, z) = xi + yj + zk 


&ee Graphing a Vector Field Using Technology In Exercises 


15-18, use a computer algebra system to graph several 
representative vectors in the vector field. 

15. F(x, y) = g(2xyi ^j) 

16. F(x, y) = (2y — x, 2y + x) 

xi + yj + zk 

Jery F? 


18. F(x, y, z) = (x, —y, z) 


17. F(x, y, z) = 


[e] E [n] Finding a Conservative Vector Field In 


E Exercises 19—28, find the conservative vector field 
oe for the potential function by finding its gradient. 
19. f(x, y) = x? + 2y? 20. f(x, y) = xX — 2xy 
21. g(x, y) = 5x? + 3xy + y? 22. g(x, y) = sin 3x cos 4y 
23. f(x, y, z) = Oxyz 24. f(x,y,z) = xy + 2 
2 y Z XZ 

25. g(x, y, z) = z + ye“ 26. gx, y, z) =% +- X 

gyz) =z + ye særast 5 
27. h(x, y, z) = xy ln(x + y) 28. h(x, y, z) = x arcsin yz 


Pel Testing for a Conservative Vector Field In 
WewTer,? Exercises 29-36, determine whether the vector 
dues 1 : s 
notes field is conservative. 

wal oe 


29. F(x, y) = xy?i + yj 30. FG.) = 50i - aj 
31. F(x, y) = sin yi + xsinyj — 32. F(x, y) = 5yXyi + 2xj) 
33. F(x, y) = EST — xj) 34. F(x, y) = 2 inh(yi — xj) 
Xy y 
i+j yi+ xj 
35. F(x, y) = ———— 36. F(x, y) = ——— —— 


[s]iT[m] Finding a Potential Function In Exercises 
Lap Ey 37-44, determine whether the vector field is 
OES conservative. If it is, find a potential function for 


‘el the vector field. 


37. F(x, y) = By — xi + (3x + y)j 
38. F(x, y) = (3 + &)i + (xe” — 6)j 


39. F(x, y) = xe®(2yi + xj) 40. F(x, y) = EC — 2xj) 


2y. xA xi t yj 
41. Fx, y) = Ži- 5 42. F(x, y) = 
(x, y) m 1 yl (x, y) xy 


44. F(x, y) = (Iny + 22i + jl 


43. F(x, y) = sin yi + x cos yj 


[m] E555 [wm] Finding the Curl of a Vector Field In 


EXER 3 Exercises 45—48, find the curl of the vector field at 
"x 


[s] the given point. 


45. F(x, y, z) = xyzi + xyzj + xyzk; (2, 1,3) 
46. F(x, y, z) = xizi — 2xzj + yzk; (2, — 1,3) 


47. F(x, y, z) = e* sin yi — e* cos yj; (0,0, 1) 
48. F(x, y, z) = e + j + k); (3, 2, 0) 


f Finding the Curl of a Vector Field Using Technology 


In Exercises 49 and 50, use a computer algebra system to find 
the curl of the vector field. 


49. F(x, y, z) artan(*)i tin/et+yjtk 


50. F(x, y, 2) oo x 4 k 
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opro Finding a Potential Function In Exercises 

MET hy 51-56, determine whether the vector field is 

[ele 3 conservative. If it is, find a potential function for 
=E the vector field. 

51. F(x, y, z) = (3x? + yz)i + (By? + xz)j + (322 + xy)k 

52. F(x, y, z) = yzi + 2xyzjj + 3xy?zk 


53. F(x, y, z) = sin zi + sin xj + sin yk 
54. F(x, y, z) = ye + ze*j + xek 


55. F(x, y, z) y xja J 


E y 
x? + y? +y 


56. F(x, y, z) zj +k 


[s] 23 [s] Finding the Divergence of a Vector Field In 


for fi Exercises 57-60, find the divergence of the vector 
mI. field. 

[n] 5: ee 

57. F(x, y) = xi + 2y?j 58. F(x, y) = xe*i — x?y?j 
59. F(x, y, z) = sin? xi + z cos zj + 2k 


60. F(x, y, z) = In(x? + y?)i + xyj + In(y? + z?)k 


[m] [535 [m] Finding the Divergence of a Vector Field In 
epa Exercises 61—64, find the divergence of the vector 
y. field at the given point. 

61. F(x, y, z) = xyzi + xz2j  3yZk; (2, 4, 1) 

62. F(x, y, z) = x?z — 2xzj + yzk; (2, — 1, 3) 

63. F(x, y, z) = e* sin yi — e* cos yj + Zk; (3, 0, 0) 

64. F(x, y, z) = In(xyz) + j + k); (3, 2, 1) 


EXPLORING CONCEPTS 


Think About It In Exercises 65-67, consider a scalar 
function f and a vector field F in space. Determine 
whether the expression is a vector field, a scalar function, 
or neither. Explain. 
65. curl(V f) 


67. curl(div F) 


66. div[cur(Vf)] 


68. 5 HOW DO YOU SEE IT? Several representative 


vectors in the vector fields 


Tos UNE 
Ee MET G(x, y) = EE 


F(x, e ———— —— 
= rry Very 


are shown below. Match each vector field with its 
graph. Explain your reasoning. 


Curl of a Cross Product In Exercises 69 and 70, find 
curl(F x G) = V x (Fx G). 


69. F(x, y,z) =i + 3xj + 2yk 70. F(x, y, z) = xi — zk 


G(x, y, z) = xi — yj + zk G(x, yz) = xi + yj + zk 


Curl of the Curl of a Vector Field In Exercises 71 and 72, 
find curl(curl F) = V x (V x F). 
71. F(x, y, z) = xyzi + yj + zk 
72. F(x, y, z) = x?zi — 2xzj + yzk 
Divergence of a Cross Product In Exercises 73 and 74, 
find div(F x G) = V - (F x G). 
73. F(x, y, z) = i + 3xj + 2yk 
G(x, y, z) = xi — yj + zk 
74. F(x, y, z) = xi — zk 
G(x, y, z) = Pi + yj * zk 
Divergence of the Curl of a Vector Field In Exercises 
75 and 76, find div(curl F) = V * (V x F). 
75. F(x, y, z) = xyzi + yj + zk 
76. F(x, y, z) = x?zi — 2xzj + yzk 
77. Proof In parts (a)-(h), prove the property for vector fields F 


and G and scalar function f. (Assume that the required partial 
derivatives are continuous.) 


(a) curl(F + G) = curl F + curl G 

(b) curl(Vf) = V x (Vf) = 0 

(c) div(F + G) = div F + div G 

(d) div(F x G) = (curl F) * G — F = (curl G) 
(e) V x [Vf -- (Vx F)) 2 Vx(VxF) 

(f) V x (fF) = f(V x F) + (Vf) x F 

(g) div(fF) = fdiv F + Vf- F 

(h) div(curl F) = 0 (Theorem 15.3) 


* 78. Earth's Magnetic Field 


A cross section of Earth's : 
magnetic field can be 
represented as a vector 
field in which the center 
of Earth is located at the 
origin and the positive 
y-axis points in the 
direction of the magnetic 
north pole. The equation 
for this field is 


| 


F(x, y) = M(x, yji + NG, y)j 


m y . 
V (x2 + yia (2y? x)jl 


where m is the magnetic moment of Earth. Show that this 
vector field is conservative. 


Thufir/Big Stock Photo 
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15.2 Line Integrals 


iM Understand and use the concept of a piecewise smooth curve. 
liM Write and evaluate a line integral. 

liM Write and evaluate a line integral of a vector field. 

liM Write and evaluate a line integral in differential form. 


Piecewise Smooth Curves 


A classic property of gravitational fields is that, subject to certain physical constraints, 
the work done by gravity on an object moving between two points in the field is 
independent of the path taken by the object. One of the constraints is that the path must 
be a piecewise smooth curve. Recall that a plane curve C given by 


r(t) = xdi + yj, astzb 


is smooth when 


are continuous on [a, b] and not simultaneously 0 on (a, b). Similarly, a space curve C 
given by 


r(t) = x()i + yj + zk, a<t<b 
is smooth when 


de dy nd dz 


dt dt m dt 


are continuous on [a, b] and not simultaneously 0 on (a, b). A curve C is piecewise 
smooth when the interval [a, b] can be partitioned into a finite number of subintervals, 
on each of which C is smooth. 


EXAMPLE 1 Finding a Piecewise Smooth Parametrization 


Find a piecewise smooth parametrization of the graph of C shown in Figure 15.7. 


C=C,+C,4+C, 


Solution Because C consists of three line segments C,, C,, and C}, you can construct 
a smooth parametrization for each segment and piece them together by making the last 
t-value in C; correspond to the first t-value in C;, ,. 


C: x(t) = 0, y(t) = 2t, z(t) = 0, O<ts 
C, Cy: x(t) =t- 1, y(t) = 2, z(t) = 0, l1<r<2 
2 
add Cy xO = 1, 80-92,  zxDet-2, 2ets 
Figure 15.7 
So, C is given by 
2tj, O<t<l 
r(A = 4 (t — 1)i + 2j, 1<r<2. 
i+ 2j+(t-2)k, 2<t<3 
Because C}, C,, and C, are smooth, it follows that C is piecewise smooth. a 


Recall that parametrization of a curve induces an orientation to the curve. For 
instance, in Example 1, the curve is oriented such that the positive direction is from 
(0, 0, 0), following the curve to (1, 2, 1). Try finding a parametrization that induces the 
opposite orientation. 
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JOSIAH WILLARD GIBBS 
(1839-1903) 


Many physicists and 
mathematicians have contributed 
to the theory and applications 
described in this chapter— 
Newton, Gauss, Laplace, 
Hamilton, and Maxwell, among 
others. However, the use of 
vector analysis to describe these 
results is attributed primarily 

to the American mathematical 
physicist Josiah Willard Gibbs. 
See LarsonCalculus.com to read 
more of this biography. 
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Line Integrals 


Up to this point in the text, you have studied various types of integrals. For a single integral 
b 
f f(x) dx Integrate over interval [a, b]. 
you integrated over the interval [a, b]. Similarly, for a double integral 


MES y) dA 


you integrated over the region R in the plane. In this section, you will study a new type 
of integral called a line integral 


Integrate over region R. 


f f(x, y) ds Integrate over curve C. 
C 
for which you integrate over a piecewise smooth curve C. (The terminology is somewhat 
unfortunate—this type of integral might be better described as a "curve integral") 

To introduce the concept of a line integral, consider the mass of a wire of finite 
length, given by a curve C in space. The density (mass per unit length) of the wire at 
the point (x, y, z) is given by f(x, y, z). Partition the curve C by the points 


Pos Pps sv, 


n 


producing n subarcs, as shown in Figure 15.8. 
The length of the ith subarc is given by As; 
Next, choose a point (x;, Y; z;) in each subarc. 
If the length of each subarc is small, then the 
total mass of the wire can be approximated 
by the sum 


Mass of wire ~ 5 f(x, yi z) As;. 


m t Partitioning of curve C 
= 


. Figure 15.8 
By letting ||A|| denote the length of the 


longest subarc and letting ||A|| approach 0, it seems reasonable that the limit of this sum 
approaches the mass of the wire. This leads to the next definition. 


Definition of Line Integral 
If f is defined in a region containing a smooth curve C of finite length, then 
the line integral of f along C is given by 


n 


| f(x, y) ds = lim bj f Gi. y) As; Plane 
c 


\|Al|> 0 i=1 


[Al 0 


or 
f fo y,z)ds = lim M f(x y; z) As; Space 
c f 


provided this limit exists. 


As with the integrals discussed in Chapter 14, evaluation of a line integral is 
best accomplished by converting it to a definite integral. It can be shown that if 
f is continuous, then the limit given above exists and is the same for all smooth 
parametrizations of C. 


The Granger Collection, NYC 


15.2 Line Integrals 1057 


To evaluate a line integral over a plane curve C given by r(t) = x(r)i + y(d)j, use 
the fact that 


ds = |r| at = AOP + [y (OP ar. 


A similar formula holds for a space curve, as indicated in Theorem 15.4. 


REM 15.4 Evaluation of a Line Integral as a Definite Integral | 


Let f be continuous in a region containing a smooth curve C. If C is given by 
r(t) = x(t)i + y()j, where a < t < b, then 


li f(x, y) ds = L^ fo), 0) JD OT. + DT. ar. 
If C is given by r(t) i+ y(t)j + z(t)k, where a < t < b, then 


d^ F(x, y, z) ds = Te fot 2) JOP + DOF + ROF ar. 


Note that if f(x, y, z) — 1, then the line integral gives the arc length of the curve C, 
as defined in Section 12.5. That is, 


b 
Í 1 ds = f lir'(?)]| dt = length of curve C. 
C a 


| EXAMPLE 2 Evaluating a Line Integral 


Evaluate 


[oe-y+ 300s 
c 


where C is the line segment shown in Figure 15.9. 


Solution Begin by writing a parametric form of the equation of the line segment: 


Figure 15.9 x=tft yo? and r5 0stslk 
Therefore, x(t) = 1, y'(t) = 2, and z'(t) = 1, which implies that 
JI OF * D'OP - EOP = VP 2-1 = V6. 


So, the line integral takes the following form. 


1 
[eese | (t2 — 2t + 31) /6 dt 
E 0 
= Val 2 + t)dt 


^6 a 


The value of the line integral in Example 2 does not depend on the parametrization of 
the line segment C; any smooth parametrization will produce the same value. To convince 
yourself of this, try some other parametrizations, such as x = 1 + 2t, y = 2 + 4t, and 
z=1+214,-$<t<0,orx=—t,y = —2t,andz=-t,-1<t<0. 
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Let C be a path composed of smooth curves Cj, C,,. . ., C,. If f is continuous on 
C, then it can be shown that 


ES y) ds = il f(x, y) ds + [ fly y)ds +--+ [ f(x, y) ds. 


This property is used in Example 3. 


EXAMPLE 3 Evaluating a Line Integral Over a Path 


y Evaluate 


[xa 
c 


where C is the piecewise smooth curve shown in Figure 15.10. 
Solution Begin by integrating up the line y = x, using the following parametrization. 
C: x=t y-t Ostsl 
For this curve, r(t) = ti + tj, which implies that x'(f) = 1 and y'(t) = 1. So, 
KOP +OP = V2 


and you have 
1 = 5 q 
xds= | t./2dt= | = V2 
c, 0 2 jo 2 


Next, integrate down the parabola y — x?, using the parametrization 


(0, 0) 


Figure 15.10 


C;x-1-£& y-(1-1?, Osts |. 


For this curve, 
r(t) 7 (1 — )i * (1 — 0?j 

which implies that x'(r) = —1 and y(t) = —2(1 — 1). So, 
JI GT. + DOP = V1 40 - » 


and you have 


í x ds 
C; 


fa — 1)/1+ 40 — Y dr 


1|2 l 
—-|zll + 4(1— se 

ist + 4a - opo 
Lr- 
12 
Consequently, 


xds= | xds+ xds = 32 + li — 1) = 1.56. E 
E E - 2 12 


For parametrizations given by r(t) = x(t)i + y(t)j + z(t)k, itis helpful to remember 
the form of ds as 


ds = [rl ar = OF + VOP [OP at. 


This is demonstrated in Example 4. 
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EXAMPLE 4 Evaluating a Line Integral 


Evaluate l (x + 2) ds, where C is the curve represented by 
c 


4 1 
r(t) = ti + Pd t ;^k. 0ztz2. 


Solution Because r'(r) = i + 21?j + tk and 
Ir Xl = JD'G?] + DOP + EOP = 1-4? 


it follows that 


[e*24- [ e 2i 


2 
- f (t+ 2) + 4t + 2) di 
0 


1 2 
- HI 4t + eye] 
3 0 
1 
- 33/13 - 1) 
= 15.29. a 


The next example shows how a line integral can be used to find the mass of 
a spring whose density varies. In Figure 15.11, note that the density of this spring 
increases as the spring spirals up the z-axis. 


Finding the Mass of a Spring 


Find the mass of a spring in the shape of the z Density: 
circular helix i PŒ, y,z)=1+z 


1 
r(t) = ae ti + sin tj + tk) 


where 0 x ¢ x 6rt and the density of the spring is 
pay ud 42 
as shown in Figure 15.11. 


Solution Because 


Il = Jg C sin 3 (cos 0 ed 


it follows that the mass of the spring is 


Mass = | 0724s EE, 
c Y 
6n " 1 : 
= Lidt r(t) =—~ (cos ti + sin deno 
f ( a e 
= | id * hi Figure 15.11 
2/2 0 
- on( 1 g Aj 
2 


= 14447. a 


Michelangelus/Shutterstock.com 
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Line Integrals of Vector Fields 


y toy One of the most important physical applications of line integrals is that of finding the 
N | is work done on an object moving in a force field. For example, Figure 15.12 shows an 
A inverse square force field similar to the gravitational field of the sun. Note that the 
/ Fá P æ magnitude of the force along a circular path about the center is constant, whereas the 

Vs . magnitude of the force along a parabolic path varies from point to point. 
DA = To see how a line integral can be used to find work done in a force field F, consider 
VR 7.7 an object moving along a path C in the field, as shown in Figure 15.13. To determine 
N ~ . the work done by the force, you need consider only that part of the force that is acting 
= 7 7 / \ N N in the same direction as that in which the object is moving (or the opposite direction). 
” f \ This means that at each point on C, you can consider the projection F + T of the force 
vector F onto the unit tangent vector T. On a small subarc of length As;, the increment 

4 4 à of work is 


Inverse square force field F AW, = (force)(distance) 
=~ [F(x, y. z) * Tx; Yo z)] As; 


where (x; Y; z;) is a point in the ith subarc. Consequently, the total work done is given 
by the integral 


° W= f F(x, y, z) * T(x, y, z) ds. 
c 


Vectors along a parabolic path in the 
force field F 
Figure 15.12 


T has the 
direction 
of F. 


At each point on C, the force in the direction of motion is (F + T)T. 
Figure 15.13 


This line integral appears in other contexts and is the basis of the definition of the line 
integral of a vector field shown below. Note in the definition that 


F:Tds-F rol D|] at 
—F-:r'(n dt 
—F:dr. 


Definition of the Line Integral of a Vector Field 


Let F be a continuous vector field defined on a smooth curve C given by 
r(), azt«s b. 


The line integral of F on C is given by 


[ra [ r6 
c c 


b 


F(x(t), y(t), z(t)) * r'(t) dt. 


a 


15.2 Line Integrals 1061 


EXAMPLE 6 Work Done by a Force 


e e e eœ See LarsonCalculus.com for an interactive version of this type of example. 


i 1,0, 3m) Find the work done by the force field 
F( ) bicis + rig Force field F 
X,Y,Z ae 5? 4 orce fie 


on a particle as it moves along the helix given by 


r(t) = cos ti + sin tj + tk Space curve C 


from the point (1, 0, 0) to the point (— 1, 0, 3m), as shown in Figure 15.14. 
Solution Because 


r(t) = x(t) + (0j + z()k 
= cos fi + sin tj + tk 


Figure 15.14 


it follows that 
x(t) = cost, y(t) = sint, and z(t) = t. 


So, the force field can be written as 


F(x(), y), z() = EI ü- 5 sin TE ak. 


To find the work done by the force field in moving a particle along the curve C, use 
the fact that 


r(t) = —sin ti + cos tj + k 
and write the following. 


W= | F-dr 
c 


= i F(x(t), y(t), z(t)) * r'(t) dt 


a 


Il 

|— 
uU 
a 


w 4 
EN 
=) 


TU a 


In Example 6, note that the x- and y-components of the force field end up contributing 
nothing to the total work. This occurs because in this particular example, the z-component 
of the force field is the only portion of the force that is acting in the same (or opposite) 
direction in which the particle is moving (see Figure 15.15). 


Figure 15.15 shows a computer-generated view of the force 
Generated by Mathematica * field in Example 6. The figure indicates that each vector in the force field points 
Figure 15.15 . toward the z-axis. 
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For line integrals of vector functions, the orientation of the curve C is important. 


When the orientation of the curve is reversed, the unit tangent vector T(t) is changed 
to — T(t), and you obtain 


| F- de= -| F- ar 
—C C 
EXAMPLE 7 Orientation and Parametrization of a Curve 


Let F(x, y) = yi + x?j and evaluate the line integral 


Cy: ry) = (4 70i + (4t —(2)j 
Cy: r(t) = tit (4t —t^)j 


LL Í F + dr 
y C 
for each parabolic curve shown in Figure 15.16. 
a. C: r(t) = (4 — fi + (4t - 2)j; Os ts 3 
b. C: r(t) = ti + (4¢-P)j, 11:4 


Solution 
a. Because rj (t) = —i + (4 — 21)j and 
F(x(t), y(t) = (4t — £?)i + (4 — Dj 


the line integral is 


f F-dr= f [(4t — ti + (4 — 033] * [7i + (4 — 20j] dt 


Figure 15.16 


3 
= f (—4t + 2? + 64 — 64t + 2007 — 28°) dt 
0 
3 
= i (—28 + 2112 — 68t + 64) dt 
0 


t? 3 
= E +IP = Mr + 6ar| 
2 0 


_ 69 
E 
° Although the 
. value of the line integral in b. Because rj (t) = i + (4 — 21)j and 
' Example 7 depends on the 
ae of. it does not BOs), WO) = (4t — £i £3 
depend on the parametrization the line integral is 
of C. To see this, let C4 be 
represented by I. Fe dr = fu [(4t — i + 2j] * [i + (4 — 20j] dt 


r4(t) = (t+ 2) + (4 — P) 
where —1 < t < 2. The graph 
of this curve is the same 


parabolic segment shown in - 3 (—20 + 3? + 40 dt 
Figure 15.16. Does the value 1 
i. m 4 
cB Oe 
pos 


-Í (4t — 12 + A? — 213) dt 


of the line integral over C, 
agree with the value over C, 
or dui b or aye not? 


The answer in part (b) is the negative of that in part (a) because C, and C, represent 
opposite orientations of the same parabolic segment. F| 
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Line Integrals in Differential Form 


A second commonly used form of line integrals is derived from the vector field 
notation used in Section 15.1. If F is a vector field of the form F(x, y) = Mi + Nj and 
C is given by r(t) = x(t)i + y(t)j, then F * dr is often written as M dx + N dy. 


[ræ [v 
, M di 


= f (M dx + N dy) 

The parentheses c 
are often omitted from this 
differential form, as shown 


This differential form can be extended to three variables. 


below. e830: Evaluating a Line Integral in Differential Form 
Í M dx + N dy Let C be the circle of radius 3 given by 
C 


. r(t) = 3 cos ti + 3sintj; O<t < 20 
In three variables, the 


differential form is as shown in Figure 15.17. Evaluate the line integral 
[ ace way + Pak [rac 08 + 3040 
C [o 
Solution Because x = 3cost and y = 3 sint, you have dx = —3 sint df and 


dy — 3cos t dt. So, the line integral is 


[ nace vay 
c 
= f y? dx + (x? + 3xy?) dy 
c 


on 
= Í [(27 sin? t)(— 3 sin f) + (27 cos? t + 81 cos t sin? f) (3 cos 1)] dt 


4 
2n 
= Jn (cost t — sint t + 3 cos? t sin? f) dt 
2 n2 3 2 
ie = 81 cos* t — sin Zu 2t | dt- 
E 4 
af” [cos 2t + 2 = Lx) dt 
0 2 
on 
5 - up + t s xii 
[ r(t) 3 cos ti+ 3 sin tj 9 
_ 243m 
Figure 15.17 4^ iu 


The orientation of C affects the value of the differential form of a line integral. 
Specifically, if — C has the orientation opposite to that of C, then 


Í Mac Ndy- - M dx + Nay. 
-C c 


So, of the three line integral forms presented in this section, the orientation of C does not 
affect the form f- f(x, y) ds, but it does affect the vector form and the differential form. 
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1,3) 


(4, 0) 


1 2 3 4 
Figure 15.18 


For curves represented by y = g(x), a € x < b, you can let x = t and obtain the 
parametric form 


x-t and y-g(), a<t<b. 


Because dx — dt for this form, you have the option of evaluating the line integral in the 
variable x or the variable t. This is demonstrated in Example 9. 


EXAMPLE 9 Evaluating a Line Integral in Differential Form 


Evaluate 


f y dx + x? dy 

c 

where C is the parabolic arc given by y = 4x — x? from (4, 0) to (1, 3), as shown in 
Figure 15.18. 


Solution Rather than converting to the parameter f, you can simply retain the variable x 
and write 


y=4x-x GD dy- (4 -— 2x) dx. 


Then, in the direction from (4, 0) to (1, 3), the line integral is 


1 
f ydx + x? dy = [ [(Ax — x?) dx + x*(4 — 2x) dx] 
c 4 


1 
= f (4x + 3x? — 2x?) dx 
4 


4 


=| 2,2 4 0| 
laret 


1 


4 
_ 69 


2 See Example 7. | 


Exploration 


Finding Lateral Surface Area The figure below shows a piece of tin that has 
been cut from a circular cylinder. The base of the circular cylinder is modeled 
by x? + y? = 9. At any point (x, y) on the base, the height of the object is 


f(x, y) = 1 + cos vi 


Explain how to use a line integral to find the surface area of the piece of tin. 


A 


1 
1 
1 
1 
1 
1 
1 
D 
1 
1 
1 
LJ 


15.2 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Line Integral What is the physical interpretation of 
each line integral? 


(a) i lds 
(b) f f(x, y, z) ds, where f(x, y, z) is the density of a 
string of finite length 


2. Orientation of a Curve Describe how reversing the 


orientation of a curve C affects J F * dr. 
c 


[m] m] Finding a Piecewise Smooth 

ees Parametrization In Exercises 3-8, find a 

ol " piecewise smooth parametrization of the path C. 
ET (There is more than one correct answer.) 


(3,3) a 


C 
C 


44+ 


SEL Evaluating a Line Integral In Exercises 9-12, 
ive (a) find a parametrization of the path C, and 


m] ee (b) evaluate ]. (x? + y?) ds. 
9. C: line segment from (0, 0) to (1, 1) 
10. C: line segment from (0, 0) to (2, 4) 


11. C: counterclockwise around the circle x? + y? = 1 from 
(1, 0) to (0, 1) 


12. C: counterclockwise around the circle x? + y? — 4 from 
(2, 0) to (—2, 0) 


[m] f [m] Evaluating a Line Integral In Exercises 
E be 3 13-16, (a) find a piecewise smooth parametrization 
[s] X of the path C, and (b) evaluate L (2x + 3 Jy ) ds. 
13. C: line segments from (0, 0) to (1, 0) and (1, 0) to (2, 4) 
14. C: line segments from (0, 1) to (0, 4) and (0, 4) to (3, 3) 


15. C: counterclockwise around the triangle with vertices (0, 0), 
(1, 0), and (0, 1) 


16. C: counterclockwise around the square with vertices (0, 0), 
(2, 0), (2, 2), and (0, 2) 


Evaluating a Line Integral In Exercises 17 and 18, (a) find 
a piecewise smooth parametrization of the path C shown in the 


figure and (b) evaluate I. (2x + y? — z) ds. 


Z 


(0, 1, 1) 


IERALI Evaluating a Line Integral In Exercises 19-22, 


fate A evaluate the line integral along the given path. 
eder de 
le: rr 
19. Í xy ds 20. Í 3(x — y) ds 
c c 
C: r(t) = 4ti + 3tj C: r(t) = tit+ (2 - dj 


0stz2 
21. | G2 + y? + 22) ds 


C: r(t) = sin ti + cos tj + 2k 


m 
2 


O<t< 


22. Í 2xyz ds 
C 
C: r(t) = 12ti + 5tj + 84tk 
0stzli 
[s]r-*[g] Mass In Exercises 23 and 24, find the total 
pu LI 


E m ty mass of a spring with density p in the shape of the 
T circular helix 


r(t) = 2 cos ti + 2sintj + tk, 0 x t x 40 
23. fx, y, z) = i +y? +z?) 
24. A(x, y,z) =z 
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Mass In Exercises 25—28, find the total mass of the wire with 
density p whose shape is modeled by r. 

25. r(t) = costi + sintj, Oz t< Tn, Oxy) =x+yt+2 

26. r(t) = Pi + 21, 0 8 t € 1, px, y) = iy 

27. r(t) = Pi + 2tj + tk, 1 < t < 3, plx, y, z) = kz (k > 0) 


28. r(t) = 2 cos ti + 2 sin tj + 3tk, O < t x 27, 
A(x, y, z) = k + z (k > 0) 


[n] T[m] Evaluating a Line Integral of a Vector Field 
APTE ij In Exercises 29-34, evaluate I F * dr. 
m č 
Er rr 
29. F(x, y) = xi + yj 
C: r() = Gt - Dit tj, Os tsi 
30. F(x, y) = xyi + yj 


C: r(t) = 4 cos tit 4sintj, 0 < PES 


ll 


31. F(x, y) 
C: r() =eit+ Pj, 0Ostz2 
32. F(x, y) = 3xi + 4yj 
C: r() = ti + J/4— Pj, 
33. F(x, y, z) = xyi + xzj + yzk 
C: r(t) = tài - 2j +2tk, Os ts 
34. F(x, y, z) = xi + y?j + zk 
C: r(t) = 2 sin ti + 2 cos tj + itk, O<t<mT 


xi + 4yj 


2sts2 


Evaluating a Line Integral of a Vector Field Using 
Technology In Exercises 35 and 36, use a computer algebra 


system to evaluate i F * dr. 


35. F(x, y, z) = x?zi + 6yj + yz?k 
C: r(t) = ti + 2j + Intk, 1<t< 3 
xi + yj + zk 


C: r(A =tit+ tj -e'kK, O<t<2 


36. F(x, y, z) = 


Plat n] Work In Exercises 37-42, find the work done 
Va 4s by the force field F on a particle moving along the 
"AP 


given path. 


37. F(x, y) = xi + 2yj 
C: x = t, y = P from (0, 0) to (2, 8) 


(2, 8) 


» X 


Y 
M 


Figure for 37 Figure for 38 


38. F(x, y) = xi — xyj 
C: x = cos? t, y = sin? t from (1, 0) to (0, 1) 
39. F(x, y) = xi + yj 


C: counterclockwise around the triangle with vertices (0, 0), 
(1, 0), and (0, 1) 


Figure for 39 
40. F(x, y) = —yi — xj 


C: counterclockwise around the semicircle y = \/4 — x? 
from (2, 0) to (—2, 0) 


41. F(x, y, z) = xi + yj — 5zk 
C: r(t) = 2costi + 2sintj - tk, O<t< 2m 


Figure for 40 


Figure for 41 Figure for 42 
42. F(x, y, z) = yzi + xzj + xyk 
C: line from (0, 0, 0) to (5, 3, 2) 
Work In Exercises 43—46, determine whether the work done 
along the path C is positive, negative, or zero. Explain. 


43. y 


44. 


45. 


46. 


Evaluating a Line Integral of a Vector 
Field In Exercises 47 and 48, evaluate fj. F + dr 
for each curve. Discuss the orientation of the curve 
and its effect on the value of the integral. 


47. F(x, y) = x^i + xyj 
(a Cy: r(A 2^2ü -(t— Dj, 1z:x3 
(b) C r(t) = 23 — i -(2- Aj, 0 < 
48. F(x, y) = x?yi + xy??j 
(a) Cr =(¢+ Di +j, Osts 2 
(b) C: r(t) = (1 + 2cos fi + (4cos* Aj, 0 < t < 11/2 


Demonstrating a Property In Exercises 49-52, 


demonstrate the property that k F * dr = 0 regardless of the 


initial and terminal points of C, where the tangent vector r‘(¢) 
is orthogonal to the force field F. 


49. F(x, y) = yi — xj 
C: r(t) = ti — 2tj 
50. F(x, y) = —3yi + xj 
C: r(A = t — £j 


51. F(x, y) = (3 — 2x2)i 4 (x 2 


C: r(A = ti + Pj 
52. F(x, y) = xi + yj 
C: r(t) = 3sin ti + 3 cos tj 


Evaluating a Line Integral in Differential Form In 
Exercises 53-56, evaluate the line integral along the path C 
given by x = 2t, y = 4t, where 0 x t x 1. 


53. Í (x + 3y?) dy 54. Í (x3 + 2y) dx 
c c 


55. [vat va se | 0- dar sea 
C G 
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EJE] Evaluating a Line Integral in Differential 
E Form In Exercises 57-64, evaluate 


A [ ex» + 6 eaa 


57. C: x-axis from x = 0tox — 5 

58. C: y-axis from y = 0toy = 2 

59. C: line segments from (0, 0) to (3, 0) and (3, 0) to (3, 3) 

60. C: line segments from (0, 0) to (0, —3) and (0, — 3) to (2, —3) 
61. C: arc on y = 1 — x? from (0, 1) to (1, 0) 

62. C: arc on y = x?"? from (0, 0) to (4, 8) 

63. C: parabolic path x = t, y = 2f? from (0, 0) to (2, 8) 

64. C: elliptic path x = 4 sin t, y = 3 cos t from (0, 3) to (4, 0) 


Lateral Surface Area In Exercises 65—72, find the area of 
the lateral surface (see figure) over the curve C in the xy-plane 
and under the surface z — f(x, y), where 


Lateral surface area — Í fx, y) ds. 
C 


t Surface: 
z=f(x, y) 


y 


Lateral 
surface 


C: Curve in xy-plane 


65. f(x, y) =h, C: line from (0, 0) to (3, 4) 

66. f(x,y) =y, C: line from (0, 0) to (4, 4) 

67. f(x,y) = xy, C: x? + y? = 1 from (1, 0) to (0, 1) 
68. f(x,y) =x +y, C: x? + y? = 1 from (1, 0) to (0, 1) 
69. f(x; y) =h, C: y= 1 — x? from (1, 0) to (0, 1) 

70. f(x,y) =y+1, C: y= 1 — x? from (1, 0) to (0, 1) 
71. f(x,y) =xy, C: y = 1 — x from (1, 0) to (0, 1) 

72. f(x,y) - x2— y? +4, C: xà c y?—4 


73. Engine Design A tractor engine has a steel component 
with a circular base modeled by the vector-valued function 
r(t) = 2cos ti + 2 sin tj. 
Its height is given by z = 1 + y?. (All measurements of the 
component are in centimeters.) 
(a) Find the lateral surface area of the component. 


(b) The component is in the form of a shell of thickness 
0.2 centimeter. Use the result of part (a) to approximate 
the amount of steel used to manufacture the component. 


(c) Draw a sketch of the component. 
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e 74. Building Design € e 0 e 0 0e 0 9 06 9» 06 9» 0e ee @ 6 


The ceiling of a building 
has a height above 

the floor given by 

z=20 + ix. One 

of the walls follows 

a path modeled by 

y = x’. Find the 

surface area of the wall 
for 0 < x < 40. (All 
measurements are in feet.) 


Moments of Inertia Consider a wire of density (Xx, y) 
given by the space curve 


C: r(t) = x(t)i + yj, 0 st =b. 


The moments of inertia about the x- and y-axes are given by 


L= Í y Px, y)ds and I, = Í x? Ax, y) ds. 

c c 
In Exercises 75 and 76, find the moments of inertia for the wire 
of density p 


75. A wire lies along r(rt) = a cos ti + a sin tj, where 0 < t < 2m 
and a > 0, with density p(x, y) = 1. 


76. A wire lies along r(t) = a cos ti + a sin tj, where 0 < t < 2m 
and a > 0, with density p(x, y) = y. 


ee 77. Investigation The top outer edge of a solid with 
vertical sides that is resting on the xy-plane is modeled 
by r(t) = 3costi+ 3 sinrj + (1 + sin?2t)k, where all 
measurements are in centimeters. The intersection of the 
plane y = b, where —3 < b < 3, with the top of the solid is a 
horizontal line. 


(a) Use a computer algebra system to graph the solid. 


(b) Use a computer algebra system to approximate the lateral 
surface area of the solid. 


(c) Find (if possible) the volume of the solid. 


f 78. Work A particle moves along the path y = x? from the 
point (0, 0) to the point (1, 1). The force field F is measured 
at five points along the path, and the results are shown in the 
table. Use Simpson’s Rule or a graphing utility to approximate 
the work done by the force field. 


@y | ©0 | bh | Ga G3 | an 
F(x, y) (5, 0) (3.5, 1) (2, 2) (1.5, 3) (1, 5) 


79. Work Find the work done by a person weighing 175 pounds 
walking exactly one revolution up a circular helical staircase 
of radius 3 feet when the person rises 10 feet. 


80. Investigation Determine the value of c such that the 
work done by the force field F(x, y) = 15[(4 — x?y)i — xyj] 
on an object moving along the parabolic path y = c(1 — x?) 
between the points (— 1, 0) and (1, 0) is a minimum. Compare 
the result with the work required to move the object along the 
straight-line path connecting the points. 


nui7711/Shutterstock.com 


EXPLORING CONCEPTS 

81. Think About Ilt A path C is given by x = f, y = 2t, 
where 0 < 1 < 1. Are fc (x + y) dx and fc (x + y) dy 
equivalent? Explain. 


. Line Integrals Let F(xy)-2xi- xj and 
consider the curve y — x? from (0,0) to (2, 4) in the 
xy-plane. Set up and evaluate line integrals of the forms 
fc F * dr and fe M dx + N dy. Compare your results. 


Which method do you prefer? Explain. 


. Ordering Surfaces Order the surfaces in ascending 
order of the lateral surface area under the surface and 
over the curve y = \/x from (0,0) to (4,2) in the 
xy-plane. Explain your ordering without doing any 
calculations. 


(a) z =2+x (b) z7 =5+x 


(d) z4 = 10 +x + 2y 


HOW DO YOU SEE IT? For each of the 
following, determine whether the work done in 
moving an object from the first to the second 
point through the force field shown in the 
figure is positive, negative, or zero. Explain 
your answer. (In the figure, the circles have 
radii 1, 2, 3, 4, 5, and 6.) 


D 


RN 
(Qu 


(a) From (—3, —3) to (3, 3) 
(b) From (—3, 0) to (0, 3) 
(c) From (5, 0) to (0, 3) 


True or False? In Exercises 85 and 86, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


85. If Cis given by x = t, y = t, where O € t < 1, then 


1 
[»«- | t? dt. 
C 0 


86. If C, = —C,, hen Í f(x,y) ds + Í f(x, y) ds = 0. 
C, C; 


87. Work Consider a particle that moves through the force field 


F(x, y) = (y — xji + xyj 


from the point (0,0) to the point (0, 1) along the curve 
x = kt(1 — t), y = t. Find the value of k such that the work 
done by the force field is 1. 
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15.3 Conservative Vector Fields and Independence of Path 


li Understand and use the Fundamental Theorem of Line Integrals. 
iM Understand the concept of independence of path. 
liM Understand the concept of conservation of energy. 


Fundamental Theorem of Line Integrals 


The discussion at the beginning of Section 15.2 pointed out that in a gravitational 

field, the work done by gravity on an object moving between two points in the field is 

independent of the path taken by the object. In this section, you will study an important 

generalization of this result—it is called the Fundamental Theorem of Line Integrals. 
? To begin, an example is presented in which the line integral of a conservative vector field 
is evaluated over three different paths. 


EXAMPLE 1 Line Integral of a Conservative Vector Field 
Find the work done by the force field 


1 1 
F(x, y) = ji + pi 


on a particle that moves from (0, 0) to (1, 1) along each path, as shown in Figure 15.19. 


a. C: yx b. Cy: x = y?’ c. O: y =x? 
(a) : ; i r ; v 
Solution Note that F is conservative because the first partial derivatives are equal. 


y oF | 1 ae oF | 1 
—| =xy] = =x —| —x?] = =x 

| ae” | 2 ax| 4 2 

a. Let r(t) = ti + tj forO < t < 1, so that 


acf dt ad R3 jn ES woh 


Then the work done is 


1 1 
w= | F-a | sear = in| "E 
" o 4 4 [y 4 


b. Let r(t) = ti + /tj for 0 < t < 1, so that 


1 1 1 
dr — lic zi) dt and F(x,y) = 260/71 + —t. 
(i+ (x,y) = bei + tej 


Then the work done is 


1 1 
w= | F-a | EE d = 
" >» 8 4 |, 4 


c. Let r(t) = $ti + $j for 0 < t < 2, so that 


1 3 1 1 
= (14275 = ri + — Pj. 
dr (5 ru i) dt and F(x y) a * yeti 


Then the work done is 


W= F-dr= SS og ies sat | = 3 
©) C, o 128 128 |b 4 


Figure 15.19 So, the work done by the conservative vector field F is the same for each path. a 
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Notice how 
the Fundamental Theorem 
of Line Integrals is similar to 
the Fundamental Theorem of 
Calculus (see Section 4.4), 
which states that 


1 f(x) dx = F(b) — Fla) 


where F'(x) — f(x). 


In Example 1, note that the vector field F(x, y) = ixyi + ixj is conservative 
because F(x, y) = Vf(x, y), where f(x, y) = Ix?y. In such cases, the next theorem states 
that the value of fo F + dr is given by 


[7 - dr = f((1), (1) — flO), (0) 


-M 15.5 Fundamental Theorem of Line Integrals 


Let C be a piecewise smooth curve lying in an open region R and given by 
r(t = x()i + yj, asts b. 


If F(x, y) = Mi + Nj is conservative in R, and M and N are continuous in R, 
then 


[x dt = li Vf - dr = f(x(b), V) — Ga), a) E 
on sI 


| where f is a potential function of F. That is, F(x, y) = Vf(x, y). 


Proof A proof is provided only for a smooth curve. For piecewise smooth curves, the 
procedure is carried out separately on each smooth portion. Because 


F(x, y) = Vfl, y) = 4.0, yi + fj Gs y)j 
it follows that 


b 
fræ f nafta 
C a dt 

b 
_ dx dy 
= Í |se» g T hD) A dt 


and, by the Chain Rule (see Theorem 13.6 in Section 13.5), you have 


[E= [ Strat. ona 


= f(x(b), y(b)) — fta). y(a)). 


The last step is an application of the Fundamental Theorem of Calculus. | 


In space, the Fundamental Theorem of Line Integrals takes the following form. Let 
C be a piecewise smooth curve lying in an open region Q and given by 


r(t) = x()i + y(0j + ck, a< t< b. 


If F(x, y, z) = Mi + Nj + Pk is conservative and M, N, and P are continuous, then 


fr ‘d= i Vf * dr = f(x(b), y(b), z(b)) — flx(a), x(a), z(a)) 


where F(x, y, z) = Vf(x, y, z). 

The Fundamental Theorem of Line Integrals states that if the vector field F is 
conservative, then the line integral between any two points is simply the difference in 
the values of the potential function f at these points. 


| F(a, y) = 2xyi + (x? -y)j 
5 


1, 4) 


Figure 15.20 


F(x, y, z) = 2xyi + (x? 2j + 2yzk | 


(1, 1, 0) PN 


Figure 15.21 
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EXAMPLE 2 Using the Fundamental Theorem of Line Integrals 


Evaluate l F * dr, where C is a piecewise smooth curve from (— 1, 4) to (1, 2) and 
c 


F(x, y) = 2xyi + G? — y)j 
as shown in Figure 15.20. 


Solution From Example 6 in Section 15.1, you know that F is the gradient of f, 
where 


2 
f(x, y) = xy- +K. 


Consequently, F is conservative, and by the Fundamental Theorem of Line Integrals, 
it follows that 


| ra -0.2- 112 
C 


-([p@ -2|- [cro - 7 
= 4. 


Note that it is unnecessary to include a constant K as part of f, because it is canceled 
by subtraction. 


| EXAMPLE 3 Using the Fundamental Theorem of Line Integrals 


Evaluate Í F - dr, where C is a piecewise smooth curve from (1, 1, 0) to (0, 2, 3) and 
c 


F(x, y, z) = 2xyi + (x? + 2)j + 2yzk 
as shown in Figure 15.21. 


Solution From Example 8 in Section 15.1, you know that F is the gradient of f, 
where 


fo y, z) = x?y + y? + K. 


Consequently, F is conservative, and by the Fundamental Theorem of Line Integrals, 
it follows that 


Í F * dr = f(0, 2,3) — f(1, 1, 0) 
Ç 


[(0)2(2) + (2)(3)?] — Ea) + ()(0)?] 
= 17. E 


In Examples 2 and 3, be sure you see that the value of the line integral is the same 
for any smooth curve C that has the given initial and terminal points. For instance, in 
Example 3, try evaluating the line integral for the curve given by 


r(A = (1 — ti + (1 + Oj + 3tk. 
You should obtain 
1 
f F:dr-— f (302? + 16t — 1) dt 
C 0 


= 17. 
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Ae 
R Ry 
B e 
R, is connected. R, is not 
connected. 
Figure 15.22 
@,y) Gy) 
C, 


(x, yı) 


(Xp, M 0) 


Figure 15.23 


Independence of Path 


From the Fundamental Theorem of Line Integrals, it is clear that if F is continuous 
and conservative in an open region R, then the value of fe F * dr is the same for every 
piecewise smooth curve C from one fixed point in R to another fixed point in R. This 
result is described by saying that the line integral fe F * dr is independent of path in 
the region R. 

A region in the plane (or in space) is connected when any two points in the region 
can be joined by a piecewise smooth curve lying entirely within the region, as shown 
in Figure 15.22. In open regions that are connected, the path independence of J. F + dr 
is equivalent to the condition that F is conservative. 


THEOREM 15.6 Independence of Path and Conservative 
Vector Fields 


If F is continuous on an open connected region, then the line integral 
| F * dr opo 
G 


is independent of path if and only if F is conservative. [m] 


Proof If F is conservative, then, by the Fundamental Theorem of Line Integrals, the 
line integral is independent of path. Now establish the converse for a plane region R. 
Let F(x, y) = Mi + Nj, and let (xp, yp) be a fixed point in R. For any point (x, y) in 
R, choose a piecewise smooth curve C running from (Xp, yo) to (x, y), and define f by 


fo = | F-a 
C 
= | macs nas 
C 


The existence of C in R is guaranteed by the fact that R is connected. You can show that 
f is a potential function of F by considering two different paths between (xo, yo) and 
(x, y). For the first path, choose (x,, y) in R such that x # x,. This is possible because 
R is open. Then choose C, and C,, as shown in Figure 15.23. Using the independence 
of path, it follows that 


Ja) [ Mac Nay 
C 
-Í Macs Nye | M dx + N dy. 
C, 6 


Because the first integral does not depend on x and because dy = 0 in the second 
integral, you have 


jare dy n M dx 


and it follows that the partial derivative of f with respect to x is f(x, y) = M. For the 
second path, choose a point (x, y,). Using reasoning similar to that used for the first 
path, you can conclude that f,(x, y) = N. Therefore, 


Vfl, y) = f. Gs yi + KG y)j 
= Mi+ Nj 
= F(x, y) 


and it follows that F is conservative. ag 
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EXAMPLE 4 Finding Work in a Conservative Force Field 


For the force field given by 
F(x, y, z) = e* cos yi — e* sin yj + 2k 


show that fc F + dr is independent of path, and calculate the work done by F on an 
object moving along a curve C from (0, 11/2, 1) to (1, rt, 3). 


Solution Writing the force field in the form F(x, y, z) = Mi + Nj + Pk, you have 
M — e*cos y, N — —e" sin y, and P — 2, and it follows that 


aP _ 4) _ aN 
oy Oz 
oP oM 
——(se-— 
Ox Oz 

and 
ON "M oM 
— = —é*siny = —. 
Ox oy 


So, F is conservative. If f is a potential function of F, then 


F(x, y, z) = e* cos y 
fon y, z) = —e*siny 


and 


f y. z) = 2. 


By integrating with respect to x, y, and z separately, you obtain 
f(x, y, z) = ES y, z) dx = Í e* cos y dx = e* cos y + g(y, z) 


fx, y, z) = ES y,z) dy = i —e* sin y dy = e* cosy + h(x, z) 


and 


fa, y,z) = [ts y, z) dz = [ra = 2z + k(x, y). 


By comparing these three versions of f(x, y, z), you can conclude that 
f(x, y, z) = e* cos y + 2z + K. 
Therefore, the work done by F along any curve C from (0, 1/2, 1) to (1, T, 3) is 


w= [rà 
C 
= f(1, m, 3) - i». 1) 
= (—e + 6) — (0 + 2) 
—4-— e. a 


For the object in Example 4, how much work is done when the object moves on a 
curve from (0, 1/2, 1) to (1, rt, 3) and then back to the starting point (0, 1/2, 1)? The 
Fundamental Theorem of Line Integrals states that there is zero work done. Remember 
that, by definition, work can be negative. So, by the time the object gets back to its starting 
point, the amount of work that registers positively is canceled out by the amount of 
work that registers negatively. 
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Theorem 15.7 
gives you options for evaluating 
a line integral involving a 
conservative vector field. You 
can use a potential function, 
or it might be more convenient 
to choose a particularly simple 
path, such as a straight line. 


C: r() = (1 —cos Hit sin tj 


I+ » 
C, 
C, (2, 0) 
—— .—————e——À. x 
(0, 0) 1 2 


Figure 15.24 


A curve C given by r(r) for a < t x b is closed when r(a) = r(b). By the 
Fundamental Theorem of Line Integrals, you can conclude that if F is continuous and 
conservative on an open region R, then the line integral over every closed curve C is 0. 


THEOREM 15.7 Equivalent Conditions 

Let F(x, y, z) = Mi + Nj + Pk have continuous first partial derivatives in 
an open connected region R, and let C be a piecewise smooth curve in R. The 
conditions listed below are equivalent. 


1. F is conservative. That is, F = Vf for some function f. 


2. Í F * dr is independent of path. 
c 


3. f F - dr = 0 for every closed curve C in R. 
c 


EXAMPLE 5 Evaluating a Line Integral 


G 


e «© eœ See LarsonCalculus.com for an interactive version of this type of example. 
Evaluate f F * dr, where 
C, 


F(x, y) = (y? + Di + Gry? + Dj 
and C, is the semicircular path from (0, 0) to (2, 0), as shown in Figure 15.24. 
Solution You have the following three options. 


a. You can use the method presented in Section 15.2 to evaluate the line integral along the 
given curve. To do this, you can use the parametrization r(t) = (1 — cos t)i + sin tj, 
where 0 x f < T. For this parametrization, it follows that 


dr = r'(t) dt = (sin ti + cos tj) dt 


and 
Tt 
f F-dr= f (sin t + sinf t + cos t + 3 sin? t cos t — 3 sin? t cos? t) dt. 
C 0 


This integral should dampen your enthusiasm for this option. 


b. You can try to find a potential function and evaluate the line integral by the 
Fundamental Theorem of Line Integrals. Using the technique demonstrated in 
Example 4, you can find the potential function to be f(x, y) = xy? +x + y + K, 
and, by the Fundamental Theorem, 


w=] F + dr = f(2, 0) — f(0,0) = 2. 
C 


c. Knowing that F is conservative, you have a third option. Because the value of the 
line integral is independent of path, you can replace the semicircular path with a 
simpler path. Choose the straight-line path C, from (0, 0) to (2, 0). Let r(t) = ti for 
0 < t < 2, so that 

dr —idt and F(x,y) =i+j. 


Then the integral is 


7 2 
[ rim | rn [nni 
ë C, 0 0 


Of the three options, the third one is obviously the easiest. au 


MICHAEL FARADAY (1791—1867) 


Several philosophers of science 
have considered Faraday's Law 
of Conservation of Energy to be 
the greatest generalization ever 
conceived by humankind. Many 
physicists have contributed to 
our knowledge of this law. 
Two early and influential ones 
were James Prescott Joule 
(1818—1889) and Hermann 
Ludwig Helmholtz (1821—1894). 


2 
c "A 


The work done by F along C is 

W= | F- dr = p(A) — p(B). 
c 

Figure 15.25 
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Conservation of Energy 


In 1840, the English physicist Michael Faraday wrote, "Nowhere is there a pure 
creation or production of power without a corresponding exhaustion of something to 
supply it." This statement represents the first formulation of one of the most important 
laws of physics—the Law of Conservation of Energy. In modern terminology, the law 
is stated as follows: In a conservative force field, the sum of the potential and kinetic 
energies of an object remains constant from point to point. 

You can use the Fundamental Theorem of Line Integrals to derive this law. From 
physics, the kinetic energy of a particle of mass m and speed v is 

1 


k = =mv?. 


2 


Kinetic energy 


The potential energy p of a particle at point (x, y, z) in a conservative vector field F 
is defined as p(x, y,z) = — f(x,y,z), where f is the potential function for F. 
Consequently, the work done by F along a smooth curve C from A to B is 


w= li F- dr = fayd | = -p o2] = pla) - pb) 


as shown in Figure 15.25. In other words, work W is equal to the difference in the potential 
energies of A and B. Now, suppose that r(t) is the position vector for a particle moving 
along C from A = r(a) to B = r(b). At any time f, the particle's velocity, acceleration, 
and speed are v(t) = r'(r), a(t) = r"(r), and v(t) = ||v(d)||, respectively. So, by Newton's 
Second Law of Motion, F = ma(t) = m(v'(t)), and the work done by F is 


w= [rà 
C 
b 
= F * rt) dt 


a 


- [092 


a 


= f Í [mv'(r)] + v(t) at 


[ m[v'(t) * v(t] dt 


a 


m 


- Í ev) - v(0)] dt 


= 2 [ aaa 


= Siva] 


= k(B) — k(A). 
Equating these two results for W produces 


p(A) — p(B) = k(B) — KA) 
p(A) + k(A) = p(B) + K(B) 


which implies that the sum of the potential and kinetic energies remains constant from 
point to point. 


The Granger Collection, NYC — All rights reserved. 
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15.3 Exercises 


CONCEPT CHECK 


1. 


x] 
a 


uh 


. F(x, y) = 


Fundamental Theorem of Line Integrals 
Explain how to evaluate a line integral using the 
Fundamental Theorem of Line Integrals. 


. Independence of Path What does it mean for a line 
integral to be independent of path? State the method for 
determining whether a line integral is independent of path. 


UR Line Integral of a Conservative Vector 


Field In Exercises 3-8, (a) show that F is 
conservative and (b) verify that the value of 


[i 
€ 


is the same for each parametric representation of C. 


. F(x, y) = xi + yj 


0srzi 
0s0zmn2 


G) Cy: rd) = ti + Pj, 
(ii) Cx: r,(8) = sin 0i + sin? 6j, 
(x? — y?ji — 2xyj 

à) C: r() 2t - Jj, 0154 


(ii) C: rw) = wi + wj; O< ws 2 


. F(x, y) = 3yi + 3xj 


(i) C,: r,(0) = sec Oi + tan Oj, 0 < O < m/3 
(ii) C: r(A = Jt + liti O< 1 <3 


. F(x, y) = yi + xj 


8) C: rd =2+d)i+B-dj, Ostsl 


(ii) C: r,(w) = (2 + Inw)i + (3 


Inw)j, 1<we<e 


. F(x, y, z) = y?zi + 2xyzj + xy?k 


G) Cy r(A = tit 25 + 4k, 0:81 
(ii) Cy: r,() = sin Oi + 2 sin Oj + 4sinOk, 0 < O< 7/2 


. F(x, y, z) = 2yzi + 2xzj + 2xyk 


© Cy: 1, = ti — “4 + £k, O<st<3 
(ii) Cj: r (s) = $i — tsj + sk, OzszJ3 


Integrals In Exercises 9-18, evaluate 


ray Using the Fundamental Theorem of Line 


ime 


9. 


a 


using the Fundamental Theorem of Line Integrals. 
Use a computer algebra system to verify your 
results. 

F(x, y) = 3yi + 3xj 

C: smooth curve from (0, 0) to (3, 8) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


F(x, y) = 2(x + y)i + 2(x + y)j 
C: smooth curve from (— 1, 1) to (3, 2) 


F(x, y) = cos x sin yi + sin x cos yj 
C: line segment from (0, — T1) to (= = 


x 


X a : 
F(x, y) = PE y 2J 


C: line segment from (1, 1) to (2/3, 2) 


ety 


F(x, y) = e* sin yi + e* cos yj 

C: cycloidx = 0 
2x i 2y " 

(2+ yy?" G+ yy! 

C: clockwise around the circle (x 
(7, 5) to (1, 5) 

F(x, y, z) = (z + 2y)i + (2x — 2j + (x — y)k 

(a) C,: line segment from (0, 0, 0) to (1, 1, 1) 


(b) C,: line segments from (0, 0, 0) to (0, 0, 1) and (0, 0, 1) to 
(1, 1, 1) 


(c) C4: line segments from (0, 0, 0) to (1, 0, 0), from (1, 0, 0) 
to (1, 1, 0), and from (1, 1, 0) to (1, 1, 1) 


Repeat Exercise 15 using 


sin 8, y = 1 — cos Ofrom (0, 0) to (27, 0) 


F(x, y) = 


4)? + (y — 5)? = 9 from 


F(x, y, z) = zyi  xzj + xyk. 
F(x, y, z) = —sinxi + zj + yk 


C: smooth curve from (0, 0, 0) to E 3, a) 


F(x, y, z) = 6xi — 4zj — (4y — 20z)k 
C: smooth curve from (0, 0, 0) to (3, 4, 0) 


Finding Work in a Conservative Force 
Field In Exercises 19-22, (a) show that fo F + dr 
is independent of path and (b) calculate the work 
done by the force field F on an object moving along 
a curve from P to Q. 


F(x, y) = 9x?y?i + (6x3y — 1)j 
P(0, 0), Q(5, 9) 

2 
F(x, y) = Ae 


P(-1,1), Q(3, 2) 
F(x, y, z) = 3i + 4yj — sin zk 
(0, 1, 2. OU, 4, m) 


F(x, y, z) = &ci + z? cos 2yj + z sin 2yk 
Tl 
(0, 4 j. Q(—2, 0, — 1) 


15.3 Conservative Vector Fields and Independence of Path 


Evaluating a Line Integral 
23-32, evaluate 


[i 
C 


along each path. (Hint: If F is conservative, the 
integration may be easier on an alternative path.) 


In Exercises 


23. F(x, y) = 2xyi + xj 
(a) Cy: r,(t) = ti + £j, 
(b) C: nA =ti+ Pj, 0 
24. F(x, y) = ye?i + xe”j 
(a) Cy: v(t) = ti — (t — 3)j, 


(b) C,: The closed path consisting of line segments from 
(0, 3) to (0, 0), from (0, 0) to (3, 0), and then from 
(3, 0) to (0, 3) 


Osrtsl 


IA 


t<l 


O<ts3 


25. Í y? dx + 2xy dy 
c 


y b y 
O fo ea » BE 


(d) , 
1 


Caroline Warren/Photodisc/Getty Images 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


36. 


e 35. Work 
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F(x, y, z) = yzi + xzj + xyk 

(a) Ci r(A 2 ti -2j - tk, Osts4 

(b) Cj r,() = Pi 5j tk, Osts2 

F(x, y,z) =i t zj + yk 

(a) Cy: r,(t) = costi + sin tj + fk, Osrsn 
(b) C: v(t) = (1 — 2ġi + ntk, 08:51 
F(x, y, z) = (2y + xli + (x? — z)j + (2y — 4z)k 
(a C: r(A =tit+Pj+k, 0<ż<1 

(b) Cy: r(A = ti + tj + (2t — 1)?k, O<tsl 


F(x, y, z) = —yi + xj + 3xz2k 
(a) Cy: r,(t) = costi + sintj + tk, Ostet 
(b C; r() = (1 — 21 + tik, 0:51 


F(x, y, z) = e*(yi + xj + xyk) 

(a) Cy: r,(t) = 4costi + 4sintj -3k, O0srzn 
(b) C; r() -(4— 80i -3k, Os 1-1 

F(x, y, z) = y sin zi + x sin zj + xy cos xk 

(a) C: r,() = Pit Pj Os trs2 

(b C; (À = 4ti + 43, 0x11 


Work A stone weighing 1 pound is attached to the end of a 
two-foot string and is whirled horizontally with one end held 
fixed. It makes 1 revolution per second. Find the work done 
by the force F that keeps the stone moving in a circular path. 
[Hint: Use Force — (mass)(centripetal acceleration).] 


Work A grappling hook weighing 1 kilogram is attached 
to the end of a five-meter rope and is whirled horizontally 
with one end held fixed. It makes 0.5 revolution per 
second. Find the work done by the force F that keeps 
the grappling hook moving in a circular path. [Hint: Use 
Force — (mass)(centripetal acceleration).] 


A zip line is installed e 
50 meters above ground 
level. It runs to a point 
on the ground 50 meters 
away from the base of 
the installation. Show 
that the work done by 

the gravitational force 
field for a 175-pound 
person moving the length 
of the zip line is the same 
for each path. 


(a) Cy r() = it (50 — 2j i 


————— C—O 


(b) Cy: x(t) = ti + 39(50 — nj 


Work Can you find a path for the zip line in Exercise 35 
such that the work done by the gravitational force field would 
differ from the amounts of work done for the two paths given? 
Explain why or why not. 
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EXPLORING CONCEPTS 
37. Think About It Consider 


F(x, y) = 


XY i 
x? + y? 


Sketch an open connected region around the smooth 
curve C shown in the figure such that you can use 
Theorem 15.7 to evaluate fọ F + dr. Explain how you 
created your sketch. 


. Work Let F(x, y, z) = aj + a,j + a4k be a constant 
force vector field. Show that the work done in moving 
a particle along any path from P to Q is W = F + PQ. 


. Using Different Methods Use two different 
methods to evaluate f. F * dr along the path 


1 
rí = n + 3tj, 05z:z2 


2 
where F(x, y) = (xy? — 3x)i + 38. 


40. 5 HOW DO YOU SEE IT? Consider the force 
field shown in the figure. To print an enlarged 
copy of the graph, go to MathGraphs.com. 


Give a verbal argument that the force field is not 
conservative because you can identify two paths 
that require different amounts of work to move 
an object from (— 4, 0) to (3, 4). Of the two paths, 
which requires the greater amount of work? 


Give a verbal argument that the force field is not 
conservative because you can find a closed curve C 
such that f- F + dr # 0. 


Graphical Reasoning In Exercises 41 and 42, consider the 
force field shown in the figure. Is the force field conservative? 
Explain why or why not. 


41. 


LAS S 
wwe EEE» 


True or False? In Exercises 43—46, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


If C,, Cj, and C, have the same initial and terminal points and 
Jc,F * dr, = fc, F * dr; then fe F + dr, = fc. F + dr. 

If F = yi + xj and C is given by r(t) = 4 sin ti + 3 cos tj for 
0 <t < T, then 


[Fe a=o. 
C 


If F is conservative in a region R bounded by a simple closed 
path and C lies within R, then f. F + dr is independent of path. 


soa OM _ AN 
If F Mi + Njand ; - 


, then F is conservative. 


Harmonic Function A function f is called harmonic when 


OF tT 


22 aes 


Prove that if f is harmonic, then 


where C is a smooth closed curve in the plane. 


Kinetic and Potential Energy The kinetic energy of an 
object moving through a conservative force field is decreasing 
at a rate of 15 units per minute. At what rate is the potential 
energy changing? Explain. 


y i x 
x? + y? x? + y? 


Investigation Let F(x, y) j. 


0. oM 
(a) Show that A = —, 
Ox oy 


IA 
~ 
IA 


(b) Let r(t) = cos ti + sin tj for 0 TL. zi F» dr. 
c 


IA 


t 


IA 


(c) Let r(t) = cos ti — sin tj for 0 TL. zi F» dr. 
c 


(d) Let r(t) = cos ti + sin tj for 0 < t < 27. Find | F * dr. 


c 
(e) Do the results of parts (b)- (d) contradict Theorem 15.7? 
Why or why not? 


(f) Show that V arctan x) =F. 
y 


15.4 Green's Theorem 1079 


15.4 Green's Theorem 


liM Use Green's Theorem to evaluate a line integral. 
E Use alternative forms of Green's Theorem. 


Green's Theorem 


In this section, you will study Green's Theorem, named after the English mathematician 
George Green (1793-1841). This theorem states that the value of a double integral over 
a simply connected plane region R is determined by the value of a line integral around 
the boundary of R. 

A curve C given by r(t) = x(t)i + y(t)j, where a < t < b, is simple when it 
does not cross itself—that is, r(c) # r(d) for all c and d in the open interval (a, b). A 
connected plane region R is simply connected when every simple closed curve in R 
encloses only points that are in R (see Figure 15.26). Informally, a simply connected 
Simply connected region cannot consist of separate parts or holes. 


r(a) 2 r(b) 


R 


3 


REM 15.8 Green's Theorem 


oriented counterclockwise (that is, C is traversed once so that the region R 


Let R be a simply connected region with a piecewise smooth boundary C, 
always lies to the /eft). If M and N have continuous first partial derivatives in 


Not simply connected 


Figure 15.26 an open region containing R, then 
ð 
[masna [.]( n 
C RJ \ OX 
: Proof A proof is given only for a region that is both vertically simple and horizontally 
simple, as shown in Figure 15.27. 


fma- | Macs | M dx 
R C C, C, 


= f M(x, f,(x)) dx + [ M(x, f,(x)) dx 


1n z f [MG f 69) — Ml, f, 09)] dx 


On the other hand, 


b chix) 
E = nee 


l I 
I 1 
i l 
a C=C,;+C, b 


R is vertically simple. 


E Hf [M(x, fx) — M(x, fi@))] dx. 


Consequently, 
E mar=- | | Maa, 
C -C/*Cj c R) OY 
R is horizontally simple. Similarly, you can use g,(y) and g,(y) to show that fe N dy = fpf (9N/0x) dA. By 
Figure 15.27 adding the integrals Jc M dx and SON dy, you obtain the conclusion stated in the 


theorem. a 
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An integral sign with a circle is sometimes used to indicate a line integral around 
a simple closed curve, as shown below. To indicate the orientation of the boundary, 
an arrow can be used. For instance, in the second integral, the arrow indicates that the 
boundary C is oriented counterclockwise. 


L $ ace Nay 2 Made + Nay 
c č 


EXAMPLE 1 Using Green's Theorem 


y Use Green’s Theorem to evaluate the line integral 


Í y? dx + (x? + 3xy?) dy 
c 


where C is the path from (0, 0) to (1, 1) along the graph of y = x? and from (1, 1) to 
(0, 0) along the graph of y — x, as shown in Figure 15.28. 


Solution Because M = y? and N = x? + 3xy?, it follows that 


(0, 0) aN 
— = 3x? + 3y? d — = 3y? 
ae x y? an y 
C is simple and closed, and the region Applying Green's Theorem, you then have 
R always lies to the left of C. 
0 oM 
Figure 15.28 y? dx + (x3 + 3xy?) dy = NY dA 
C rJ \ Ox dy 


1 fx 
= f f [(3x? + 3y?) — 3y?] dy dx 
0 Jx 


lfx 

= i f 3x? dy dx 
0 J 
1 x 

= f 3x?y| dx 
0 x 


1 
m f (3x? — 3x?) dx 
0 


GEORGE GREEN 
(1793-1841) 


Green, a self-educated 
miller's son, first published 
the theorem that bears his 


Green's Theorem cannot be applied to every line integral. Among other restrictions 
stated in Theorem 15.8, the curve C must be simple and closed. When Green's Theorem 
does apply, however, it can save time. To see this, try using the techniques described 


name in 1828 in an essay on in Section 15.2 to evaluate the line integral in Example 1. To do this, you would need 
electricity and magnetism. At to write the line integral as 

that time, there was almost 

no mathematical theory to 3 3 2 

explain electrical phenomena. E dx + (x? + 3xy?) dy 

"Considering how desirable it 

was that a power of universal = 3 dx + (39 + 2 $ 3 dx + (x3 + 2) d 

agency, like electricity, should, l. y dx (x 3xy ) dy C, y dx (x xy ) y 


as far as possible, be submitted 

to calculation, . . . | was where C, is the cubic path given by 
induced to try whether it 
would be possible to discover 
any general relations existing 
between this function and the 
quantities of electricity in the r(t) = (1 — )i - (1— Oj 
bodies producing it." 


r(t) = i+ 6j 


from t = 0 to t = 1, and C, is the line segment given by 


from t = O0 tot = 1. 
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EXAMPLE 2 Using Green's Theorem to Calculate Work 


While subject to the force 


F(x, y) = y3i+ (x3 + 3xy2)j 


y F(x, y) = y?i + (x3 + 3xy2)j 
A 


a particle travels once around the circle of radius 3 shown in Figure 15.29. Use Green’s 
Theorem to find the work done by F. 


Solution From Example 1, you know by Green's Theorem that 


=a | y? dx + (x3 + 3xy?) dy = i 3x? dA. 
c R 


In polar coordinates, using x = r cos 0 and dA = r dr d9, the work done is 


Pl we[fsa 


Figure 15.29 2n (3 
= i Í 3(r cos Or dr dO 
o Jo 


an f3 
| i r? cos? 0 dr dO 
o Jo 


on 
= Í = cos? 0 40 


_ 243 2n 
8 Jo 
243 sin 20 |2" 

B - 
ed 


u 243n a 
= E : 


(1 + cos 20) 40 


0 


When evaluating line integrals over closed curves, remember that for conservative 
vector fields (those for which dN/dx = 0M/9y), the value of the line integral is 0. This 
is easily seen from the statement of Green’s Theorem: 


[ mace was E ^M qa = 0. 
c R Ox oy 


4 EXAMPLE 3 Green's Theorem and Conservative Vector Fields 


Evaluate the line integral 


Í y? dx + 3xy? dy 
c 


-* where C is the path shown in Figure 15.30. 


Solution From this line integral, M = y? and N = 3xy?. So, dN/dx = 3y? and 
0M/dy = 3y?. This implies that the vector field F = Mi + Nj is conservative, and 
because C is closed, you can conclude that 


C is closed. 


Figure 15.30 Í y3 dx + 3xy? dy = 0. m] 
[o 
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(0, 3) 


(33,0 (-1,0) (1, 0) 


C is piecewise smooth. 
Figure 15.31 


X 
(3, 0) 


EXAMPLE 4 Using Green's Theorem 


HIT [> See LarsonCalculus.com for an interactive version of this type of example. 


Evaluate 
Í (arctan x + y?) dx + (e — x?) dy 
c 


where C is the path enclosing the annular region shown in Figure 15.31. 


Solution In polar coordinates, R is given by 1 < r < 3 for 0 < 9 < rt. Moreover, 
— — — = —2x — 2y = —2(rcos0 + r sin 8). 
So, by Green’s Theorem, 


f Cranz #99 dx + (e — x?) a= | [-2 9 dA 
c R 
n (3 
-ff — 2r(cos 0 + sin 8)r dr dO 
o Ji 


a pp 
= f — 2(cos 8 + sin 9| dg 
1 


0 


Tt 
- | PA tease + sin 0) dO 
o 3 


TU 


- sin 0 — cos e| 


0 


104 
3" 4 


In Examples 1, 2, and 4, Green's Theorem was used to evaluate line integrals as 
double integrals. You can also use the theorem to evaluate double integrals as line 
integrals. One useful application occurs when dN/dx — dM/dy = 1. 


ON | 0M 
M dx + N dy = ( = ) dA 
l i Al Ox dy 


ffia BE ed 
R Ox oy 


= area of region R 


Among the many choices for M and N satisfying the stated condition, the choice of 


M= -Žž and N=5 


produces the following line integral for the area of region R. 


:M 15.9 Line Integral for Area 


If R is a plane region bounded by a piecewise smooth simple closed curve C, 
oriented counterclockwise, then the area of R is given by 


1 
A= 3] xy 
2Jc 


Figure 15.32 


y C,: Ellipse 
A C;: Circle 


=2 


C4:y 20,1 xx 3 
Cy y =0, 1 Sx x3 


Figure 15.33 
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Finding Area by a Line Integral 


Use a line integral to find the area of the ellipse (x?/a?) + (y?/b?) = 1. 


Solution Using Figure 15.32, you can induce a counterclockwise orientation to the 
elliptical path by letting x = a cost and y = b sin t, O < t x 27. So, the area is 


1 


on 
A= Al xdy — y dx = f [(a cos t)(b cos t) dt — (b sin t)(—a sin t) at] 
c 0 


ab (?* 
= 2l (cos? t + sin? f) dt 


Il 
a 
S 
S 


Green's Theorem can be extended to cover some regions that are not simply 
connected. This is demonstrated in the next example. 


EXAMPLE 6 Green's Theorem Extended to a Region with a Hole 


Let R be the region inside the ellipse (x?/9) + (y?/4) = 1 and outside the circle 
x? + y? = 1. Evaluate the line integral 


Í 2xy dx + (x? + 2x) dy 
c 


where C = C, + C, is the boundary of R, as shown in Figure 15.33. 


Solution To begin, introduce the line segments C, and C,, as shown in Figure 15.33. 
Note that because the curves C, and C, have opposite orientations, the line integrals 
over them cancel. Furthermore, apply Green's Theorem to the region R using the 
boundary C, + C, + C, + C; to obtain 


[ art oe «202 | | (2 an 
- [[e 2-22 
AE 


= 2(area of R) 

= 2(rab — n7?) 

= 2[n(3)Q) — n(1?)] 

= 10M. a 


In Section 15.1, a necessary and sufficient condition for conservative vector fields 
was listed. There, only one direction of the proof was shown. You can now outline the 
other direction, using Green’s Theorem. Let F(x, y) = Mi + Nj be defined on an open 
disk R. You want to show that if M and N have continuous first partial derivatives and 
0M/ày = àN/óx, then F is conservative. Let C be a closed path forming the boundary 
of a connected region lying in R. Then, using the fact that 9M/3y = dN/dx, apply 
Green's Theorem to conclude that 


fr- ar= | nace Nay IE: Jas - o. 


This, in turn, is equivalent to showing that F is conservative (see Theorem 15.7). 
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T = cos Oi + sin 6j 
T T 
= o + Thi + sin(o+ 3) 
n cos zji * sin zji 
= —sin Bi + cos Oj 
N = sin Oi — cos 8j 
Figure 15.34 


Vector Analysis 


Alternative Forms of Green's Theorem 


This section concludes with the derivation of two vector forms of Green's Theorem 
for regions in the plane. The extension of these vector forms to three dimensions is the 
basis for the discussion in the remaining sections of this chapter. For a vector field F 
in the plane, you can write 


F(x, y, z) = Mi + Nj + 0k 


so that the curl of F, as described in Section 15.1, is given by 


i j k 

ð ð 09 ð oM ð oM 
curl F = V x F = lig j+ (2 ) 

ox Oy Oz Oz Oz Ox oy 

M N O0 


Consequently, 


oN, M. (2 ak] oN ðM 


IF):k- + 
Urb) | az az! Ox oy 


With appropriate conditions on F, C, and R, you can write Green’s Theorem in the 
vector form 


EET 
c RJ NOx — Oy 
= [[ enm * k dA. 


The extension of this vector form of Green's Theorem to surfaces in space produces 
Stokes's Theorem, discussed in Section 15.8. 

For the second vector form of Green's Theorem, assume the same conditions for F, 
C, and R. Using the arc length parameter s for C, you have r(s) = x(s)i + y(s)j. So, a 
unit tangent vector T to curve C is given by r'(s) = T = x'(s)i + y'(s)j. From Figure 15.34, 
you can see that the outward unit normal vector N can then be written as 


N = y' (sii — x'(5)j. 
Consequently, for F(x, y) = Mi + Nj, you can apply Green's Theorem to obtain 


First alternative form 


il F-Nds = f (Mi + Nj) * (y'(s)i — x'(s)j) ds 


b 
_ dy _ *) 
-[ («8 a as 


- | -Na+ ma 


C 
oM ON 
= [J ( t dA Green's Theorem 
RJ \ ôx oy 


= Í Í div F dA. 
R 
Therefore, 


[RNase | f aive aa. 
c R 


The extension of this form to three dimensions is called the Divergence Theorem and 
will be discussed in Section 15.7. The physical interpretations of divergence and curl 
will be discussed in Sections 15.7 and 15.8. 


Second alternative form 


15.4 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 
1. Writing What does it mean for a curve to be simple? 
What does it mean for a plane region to be simply connected? 


. Green's Theorem Explain the usefulness of Green's 
Theorem. 


. Integral Sign What information do you learn from the 


integral sign f ? 
c 


. Area Describe how to find the area of a plane region 
bounded by a piecewise smooth simple closed curve that 
is oriented counterclockwise. 


Verifying Green's Theorem In Exercises 


c 5-8, verify Green's Theorem by evaluating both 
Eum integrals 
ER 


for the given path. 


5. C: boundary of the region lying between the graphs of y — x 
and y = x? 


6. C: boundary of the region lying between the graphs of y = x 
and y — Jx 

7. C: square with vertices (0, 0), (1, 0), (1, 1), and (0, 1) 

8. C: rectangle with vertices (0, 0), (3, 0), (3, 4), and (0, 4) 


Bis Verifying Green's Theorem In Exercises 9 and 10, verify 


Green's Theorem by using a computer algebra system to evaluate 


(2 — ^) dA for the 


both integrals Í ə 


xe dx + e*dy = LG 
c 
given path. 
9. C: circle given by x? + y? = 
10. C: boundary of the region lying between the graphs of y = x 
and y = x? in the first quadrant 


ORR AO Evaluating a Line Integral Using 
TE Hs Green's Theorem In Exercises 11-14, use 


Green's Theorem to evaluate the line integral 


J. (y — x) dx + (2x — y) dy for the given path. 


11. C: boundary of the region lying between the graphs of y = x 
and y = x? — 2x 

12. C: x = 2 cos O, y = sin O 

13. C: boundary of the region lying inside the rectangle with 
vertices (5,3), (—5,3), (—5, —3), and (5, —3), and 
outside the square with vertices (1, 1), (— 1, 1), (— 1, — 1), 
and (1, — 1) 


14. C: boundary of the region lying inside the semicircle 


y = 425 — x? and outside the semicircle y = V9 — x? 


[2] 5:3 [n] Evaluating a Line Integral Using Green's 


ES hy Theorem In Exercises 15-24, use Green’s 
EE Theorem to evaluate the line integral. 
rore 


15. Í 2xy dx + (x + y) dy 
c 


C: boundary of the region lying between the graphs of y = 0 
and y = 1 — x? 


16. Í y? dx + xy dy 
c 


C: boundary of the region lying between the graphs of y — 0, 
y = /x, and x = 9 


17. Í (x? — y?) dx + 2xy dy 
c 
C: x? + y? = 16 
18. Í (x? — y?) dx + 2xy dy 
c 
C: r= 1 + cosð 
19. Í e* cos 2y dx — 2e* sin 2y dy 
c 
C: xX +y? = a 
20. Í 2 arctan -- Z dx + m(x? + y?) dy 
c 


x= O EN 


C: 
21. [ cosyae + fy = xsiny) ay 


a 


C: boundary of the region lying between the graphs of y — x 


and y = \/x 


22. | (e? — y) dx + (e? + x) dy 
c 


C: boundary of the region lying between the graphs of the 
circle x = 6 cos 8, y = 6 sin O and the ellipse x = 3 cos 9, 
y 7 2sin8 


2. | e-Data 


C: boundary of the region lying between the graphs of 
x? + y? = l andx? + y? = 


24. i 3x7e) dx + e" dy 
c 


C: boundary of the region lying between the squares with 
vertices (1, 1), (— 1, 1), (— 1, — 1), and (1, — 1), and (2, 2), 
(—2, 2), (-2, —2), and Q, —2) 


; Work In Exercises 25-28, use Green's Theorem 

e + E to calculate the work done by the force F on a 

- NER particle that is moving counterclockwise around 
the closed path C. 


25. F(x, y) = xyi + (x + y)j 
C: x27 +y = 1 
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26. F(x, y) = (e* — 3y)i + (e” + 6x)j 
C: r 27 2cos 8 
27. F(x, y) = (Q9? + (6x 54/y)j 


C: triangle with vertices (0, 0), (5, 0), and (0, 5) 
28. F(x, y) = (3x2 + y)i + 4xy?j 
C: boundary of the region lying between the graphs of 
y= x, y = 0, and x = 9 


E [s] Area In Exercises 29-32, use a line integral to 
p r. E find the area of the region R. 


"i FS region bounded by the graph of x? + y? = 4 


30. R: triangle bounded by the graphs of x — 0, 3x — 2y — 0, and 
xt2y-8 

31. R: region bounded by the graphs of y= 5x — 3 and 
y=x +1 

32. R: region inside the loop of the folium of Descartes bounded 
by the graph of 


3t BE 
PFI? PF] 


x 


Using Green’s Theorem to Verify a Formula In 
Exercises 33 and 34, use Green’s Theorem to verify the line 
integral formula(s). 


33. The centroid of the region having area A bounded by the 
simple closed path C has coordinates 


X= 3 Ld and y=- T id 


34. The area of a plane region bounded by the simple closed 
path C given in polar coordinates is 


-1| 2 
4-i|; d. 


Centroid In Exercises 35-38, use the results of Exercise 33 
to find the centroid of the region. 

35. R: region bounded by the graphs of y = 0 and 4 — x? 

36. R: region bounded by the graphs of y = ./1 — x? and y = 0 


37. R: region bounded by the graphs of y — x? and y — x, 
O0sxzl 
38. R: triangle with vertices (—a, 0), (a, 0), and (b, c), where 


-a<b<a 


Area In Exercises 39-42, use the result of Exercise 34 to find 
the area of the region bounded by the graph of the polar equation. 


39. r = 6(1 — cos 8) 


40. r = acos 38 
41. r = 1 + 2cos 0 (inner loop) 
42. r — 2 


~ 2—cos0 


43. Maximum Value 
(a) Evaluate J y? dx + (27x — x?) dy, where C, is the unit 
C, 
circle given by r(t) = cos ti + sin tj, for 0 < t < 2m. 


(b) Find the maximum value of L y? dx + (27x — x?) dy, 


where C is any circle centered at the origin in the xy-plane, 
oriented counterclockwise. 


44. 5 HOW DO YOU SEE IT? The figure shows 


a region R bounded by a piecewise smooth 
simple closed path C. 


(a) Is R simply connected? Explain. 


f(x) dx + g(y) dy = 0, where f 
and g are differentiable functions. 


(b) Explain why JE 


45. Green's Theorem: Region with a Hole Let R be the 
region inside the circle x = 5 cos 8, y = 5 sin 9 and outside 
the ellipse x = 2 cos 9, y = sin 8. Evaluate the line integral 


[ere y) dx + (e? + x) dy 

c 

where C = C, + C, is the boundary of R, as shown in the 
figure. 


y C,: Circle y 
C: Ellipse A 


C,: Ellipse 
C,: Circle 


Figure for 45 


Figure for 46 


46. Green's Theorem: Region with a Hole Let R be the 
region inside the ellipse x = 4 cos 8, y = 3 sin 9 and outside 
the circle x = 2 cos O, y = 2 sin 8. Evaluate the line integral 


Í (3x2y + 1) dx + (x3 + 4x) dy 
c 


where C = C, + C, is the boundary of R, as shown in the 
figure. 


49. 


50. 


EXPLORING CONCEPTS 
47. Think About It Let 


where C is a circle oriented counterclockwise. 
(a) Show that J = 0 when C does not contain the origin. 


(b) What is / when C does contain the origin? 


. Think About It For each given path, verify Green's 
Theorem by showing that 


dA. 


[va H va | |(2 ou 
C nJ \ 0x oy 


For each path, which integral is easier to evaluate? Explain. 
(a) C: triangle with vertices (0, 0), (4, 0), and (4, 4) 
(b) C: circle given by x? + y? = 1 


Proof 


(a) Let C be the line segment joining (x,, y,) and (x, y;). 
Show that fe —y dx + x dy = x,y, — Xyy,. 


(b) Let (x, yı), (x5, y»). D 
polygon. Prove that the area enclosed is 


Xy)  GSy, — xy) cd 
x, 1», E XpYn-1) + Gy T X1Yn)]. 


Area Use the result of Exercise 49(b) to find the area 
enclosed by the polygon with the given vertices. 


(a) Pentagon: (0, 0), (2, 0), (3, 2), (1, 4), and (— 1, 1) 
(b) Hexagon: (0, 0), (2, 0), (3, 2), (2, 4), (0, 3), and (— 1, 1) 


MG», 


2. (x, y,) be the vertices of a 
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Proof In Exercises 51 and 52, prove the identity, where R is 
a simply connected region with piecewise smooth boundary C. 
Assume that the required partial derivatives of the scalar functions 
f and g are continuous. The expressions D, f and Dye are the 
derivatives in the direction of the outward normal vector N 


of 
51 


52. 


53. 


C and are defined by Dyf = Vf - N and Dyg = Vg: N. 


. Green’s first identity: 


[| uv + Vf* Vg) dA = Í fDyg ds 
R C 


[Hint: Use the second alternative form of Green's Theorem 
and the property div( fG) = f div G + Vf * G.] 


Green's second identity: 


n (f V?g — gV^f) dA = Í (fDyg — gDyf) ds 
R c 
(Hint: Use Green’s first identity from Exercise 51 twice.) 


Proof Let F = Mi + Nj, where M and N have continuous 
first partial derivatives in a simply connected region R. Prove 
that if C is simple, smooth, and closed, and N, = M, then 
fc F + dr =0. l 


PUTNAM EXAM CHALLENGE 


54. Find the least possible area of a convex set in the plane 
that intersects both branches of the hyperbola xy = 1 and 
both branches of the hyperbola xy = — 1. (A set S in the 


plane is called convex if for any two points in S the line 
segment connecting them is contained in S.) 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Hyperbolic and Trigonometric Functions 


(a) 


(b) 


(c) 


Sketch the plane curve represented by the vector-valued 
function r(t) = cosh fi + sinh tj on the interval 0 < ¢ < 5. 
Show that the rectangular equation corresponding to r(¢) is the 
hyperbola x? — y? = 1. Verify your sketch by using a graphing 
utility to graph the hyperbola. 


Let P = (cosh, sinh) be the point on the hyperbola 
corresponding to r(@) for @ > 0. Use the formula for area 


1 
A= i| sore 
2Jc 


to verify that the area of the region shown in the figure is io. 


Show that the area of the region shown in the figure is also 
given by the integral 


sinh Ọ 
A= i [VI + y? - (coth 8] dy. 


Confirm your answer in part (b) by evaluating this integral for 
$ = 1, 2, 4, and 10. 


(d) Consider the unit circle given by x? + y? = 1. Let O be the 


angle formed by the x-axis and the radius to (x, y). The area 
of the corresponding sector is 1g. That is, the trigonometric 
functions f(0) = cos 9 and g(9) = sin O could have been 
defined as the coordinates of the point (cos O, sin ©) on the 
unit circle that determines a sector of area 50. Write a short 
paragraph explaining how you could define the hyperbolic 
functions in a similar manner, using the “unit hyperbola” 
x2—y?-]1. 


(cosh @, sinh @) 


(0, 0) (1, 0) 
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15.5 Parametric Surfaces 


iM Understand the definition of a parametric surface, and sketch the surface. 
E Find a set of parametric equations to represent a surface. 

E Find a normal vector and a tangent plane to a parametric surface. 

E Find the area of a parametric surface. 


Parametric Surfaces 


You already know how to represent a curve in the plane or in space by a set of parametric 
equations—or, equivalently, by a vector-valued function. 


r(t) = x(ti + y(t)j Plane curve 
r(r) = x(t)i + »(0j + 2(t)k Space curve 


In this section, you will learn how to represent a surface in space by a set of parametric 
equations—or by a vector-valued function. For curves, note that the vector-valued function r 
is a function of a single parameter t. For surfaces, the vector-valued function is a function of 
two parameters u and v. 


Definition of Parametric Surface 


Let x, y, and z be functions of u and v that are continuous on a domain D in the 
uv-plane. The set of points (x, y, z) given by 


r(u, v) = x(u, v) + y(u, v)j + z(u, v)k Parametric surface 
is called a parametric surface. The equations 
x= x(u, v), y= y(u, v), and z= z(u, v) Parametric equations 


are the parametric equations for the surface. 


If S is a parametric surface given by the vector-valued function r, then S is traced 
out by the position vector r(u, v) as the point (u, v) moves throughout the domain D, as 
shown in Figure 15.35. 


The parametric surface S given by the vector-valued function r, where r is a function of two 
variables u and v defined on a domain D 
Figure 15.35 


Some computer algebra systems are capable of graphing 
surfaces that are represented parametrically. If you have access to such software, use 
it to graph some of the surfaces in the examples and exercises in this section. 
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Sketching a Parametric Surface 


Identify and sketch the parametric surface S given by 
r(u, v) = 3cos ui + 3sin uj + vk 
where 0 x u x 2r and 0 < v < 4. 


Solution Because x — 3 cos u and 

y = 3 sin u, you know that for each point 
(x, y, z) on the surface, x and y are related 
by the equation 


x? + y? = 32, 
In other words, each cross section of S taken 


parallel to the xy-plane is a circle of radius 3, 
centered on the z-axis. Because z = v, where 


O<v<s4 


x 


Figure 15.36 


you can see that the surface is a right circular 
cylinder of height 4. The radius of the cylinder 

is 3, and the z-axis forms the axis of the cylinder, 
as shown in Figure 15.36. | 


As with parametric representations of curves, parametric representations of 
surfaces are not unique. That is, there are many other sets of parametric equations that 
could be used to represent the surface shown in Figure 15.36. 


Sketching a Parametric Surface 


Identify and sketch the parametric surface S given by 
r(u, v) = sinu cos vi + sin u sin vj + cos uk 
where 0 < u < TlandO x v x 27. 


Solution To identify the surface, you can try to use trigonometric identities to 
eliminate the parameters. After some experimentation, you can discover that 
xX + y? + Z? = (sin u cos v)? + (sin u sin v? + (cos u)? 
= sin? u cos? v + sin? u sin? v + cos? u 
= (sin? u)(cos? v + sin? v) + cos? u 
= sin? u + cos? u 
= 1. 


So, each point on S lies on the unit sphere, centered at the origin, as shown in Figure 15.37. 


. For fixed u = d,, r(u, v) traces out latitude circles 
Figure 15.37 


xX + y? = si?d, O<d<nt 


that are parallel to the xy-plane, and for fixed v = c;, r(u, v) traces out longitude (or 
meridian) half-circles. 

To convince yourself further that r(u, v) traces out the entire unit sphere, recall that 
the parametric equations 


x = psin$cosO, y= psin$sinO, and z= pcos 


where 0 x 0 < 2r and 0 < ( < ri describe the conversion from spherical to rectangular 
coordinates, as discussed in Section 11.7. a 
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X 


Figure 15.38 


10 
x 


Figure 15.39 


Finding Parametric Equations for Surfaces 


In Examples 1 and 2, you were asked to identify the surface described by a given set of 
parametric equations. The reverse problem—that of writing a set of parametric equations 
for a given surface—is generally more difficult. One type of surface for which this 
problem is straightforward, however, is a surface that is given by z = f(x, y). You can 
parametrize such a surface as 


r(x, y) = xi + yj + f(x, y)k. 


EXAMPLE 3 Representing a Surface Parametrically 


Write a set of parametric equations for the cone given by 
z= i x? + y? 
as shown in Figure 15.38. 


Solution Because this surface is given in the form z = f(x, y), you can let x and y be 
the parameters. Then the cone is represented by the vector-valued function 


r(x, y) = xi + yj + Vx? + yk 


where (x, y) varies over the entire xy-plane. | 


A second type of surface that is easily represented parametrically is a surface of 
revolution. For instance, to represent the surface formed by revolving the graph of 


y=f(x), a<x<b 
about the x-axis, use 
x=u, y-f(u)cosv, and z = f(u) sin v 


where a < u < bandO < v < 27. 


EXAMPLE 4 Representing a Surface of Revolution Parametrically 


eee [> See LarsonCalculus.com for an interactive version of this type of example. 


Write a set of parametric equations for the surface of revolution obtained by revolving 
fæ =- 1szxs10 


about the x-axis. 


Solution Use the parameters u and v as described above to write 
1 ; b 
x=u, y-—f(u)cosv — —cosv, and z = f(u) sinv = —sinv 
u u 


where 
1susl10 and 0< v< 27. 


The resulting surface is a portion of Gabriel's Horn, as shown in Figure 15.39. a 


The surface of revolution in Example 4 is formed by revolving the graph of y — f(x) 
about the x-axis. For other types of surfaces of revolution, a similar parametrization can be 
used. For instance, to parametrize the surface formed by revolving the graph of x — f(z) 
about the z-axis, you can use 


z=u, x-f(u)cosv, and y= f(u)sin v. 


Figure 15.40 
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Normal Vectors and Tangent Planes 
Let S be a parametric surface given by 
r(u, v) = x(u, v) + y(u, v)j + z(u, v)k 


over an open region D such that x, y, and z have continuous partial derivatives on D. 
The partial derivatives of r with respect to u and v are defined as 


Ox . Oy . , OZ 
-— += += 
r, = Su vi Du, vj + Zu, Yk 
and 
Ox ., oy z , OZ 
-— += += 
r, = Suvi + Pu yi + Zu, vik 


Each of these partial derivatives is a vector-valued function that can be interpreted 
geometrically in terms of tangent vectors. For instance, if v = vg is held constant, then 
r(u, Vo) is a vector-valued function of a single parameter and defines a curve C, that lies on 
the surface S. The tangent vector to C, at the point 


(x(uo, Vo), y (uo, Vo), z(uo, vo) 
is given by 


Ox . Oy . , OZ 
ruo, Vo) = ay o Vo)i + Jy “o vo)j + au o vo)k 


as shown in Figure 15.40. In a similar way, if u = uy is held constant, then r(ug, v) is a 
vector-valued function of a single parameter and defines a curve C, that lies on the surface S. 
The tangent vector to C, at the point (x(ug, vo), y(uo. vo), z(ug, Vo)) is given by 


Ox . Oy E Oz 
r,(ug, Vo) = ay Uto Vo)i + ay Uto voj + ay Uto vo)k. 


If the normal vector r, x r, is not 0 for any (u, v) in D, then the surface S is called 
smooth and will have a tangent plane. Informally, a smooth surface is one that has no 
sharp points or cusps. For instance, spheres, ellipsoids, and paraboloids are smooth, 
whereas the cone given in Example 3 is not smooth. 


Normal Vector to a Smooth Parametric Surface 
Let S be a smooth parametric surface 
r(u, v) = x(u, v) + y(u, v)j + z(u, v)k 


defined over an open region D in the uv-plane. Let (ug, vy) be a point in D. 
A normal vector at the point 


(xo. Yor Zo) = (x(ug, vo), yug, vo), z(uo, vo)) 


is given by 


N= r, (ug; Vo) x r. (uo, Vo) = 


Figure 15.40 shows the normal vector r, x r,. The vector r, x r, is also normal to 
S and points in the opposite direction. 
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EXAMPLE 5 Finding a Tangent Plane to a Parametric Surface 


Find an equation of the tangent plane to the paraboloid 
r(u, v) = ui + vj + (u? + v2)k 
at the point (1, 2, 5). 


z Solution The point in the uv-plane that is mapped to the point (x, y, z) = (1, 2, 5) is 
(u, v) = (1, 2). The partial derivatives of r are 


r,=i+2uk and r,- j+ 2k. 


The normal vector is given by 


(1,2,5) 
J F ij k 
r,xr,=|l 0 2u| = —2ui-— 2vj + k 
0 1 2v 


which implies that the normal vector at (1, 2, 5) is 
r,xr,-— —2i — 4j + k. 


So, an equation of the tangent plane at (1, 2, 5) is 


aTa —2(x — 1) — 4(y — 2) + (z-5)=0 
2 —2x — 4y +z = —5. 
Figure 15.41 The tangent plane is shown in Figure 15.41. | 
Area of a Parametric Surface 
To define the area of a parametric surface, you can use a development that is similar 
to that given in Section 14.5. Begin by constructing an inner partition of D consisting 
of n rectangles, where the area of the ith rectangle D; is AA; = Au;Av,, as shown in 
Figure 15.42. In each D,, let (uj, v;) be the point that is closest to the origin. At the point 
(x; Yo zi) = Gu; vj), y(u; vi), z(u; v;)) on the surface S, construct a tangent plane T;. 
y » The area of the portion of S that corresponds to D;, AS, can be approximated by a 
i i parallelogram AT; in the tangent plane. That is, AT; ~ AS;. So, the surface area of S is 
y given by X AS, ~ È AT.. The area of the parallelogram in the tangent plane is 
Yi 
A Area of AT, = ||Aur, x AvrJ| = |lr, x r,|| Au; Av; 
Ui 
TRES which leads to the next definition. 
ui, Vi ü 
Area of a Parametric Surface 
z Let S be a smooth parametric surface 
A 
Avr, r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k 
S defined over an open region D in the uv-plane. If each point on the surface S 
corresponds to exactly one point in the domain D, then the surface area of S is 
given by 
Surface area — MES - [fie x r| dA 
s D 
Aur, 


"ud 


Figure 15.42 


Because of high surface gravity, 
the shape of a neutron star is 
almost a perfect sphere. Using 
the surface area along with other 
data, scientists can estimate the 
mass and radius of the star. 
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For a surface S given by z = f(x, y), this formula for surface area corresponds to 
that given in Section 14.5. To see this, you can parametrize the surface using the vector- 
valued function r(x, y) = xi + yj + f(x, y)k defined over the region R in the xy-plane. 
Using r, = i + f(x, y)k and r, = j + f,(x, y)k, you have 


i j k 
rnxr-H 0 fæ y| = -Ea yi- fo yj + k 
0 1 f(x,y) 


and 


Ir. x x] = Lr IP + D56. P + 1. 


This implies that the surface area of S is 


Surface area — [Jie x r,|| dA 
R 


: f Í JTF TARE + LAA. 


Finding Surface Area 


Find the surface area of the unit sphere 

r(u, v) = sinu cos vi + sin u sin vj + cos uk 
where the domain D is 0 x u < Tt and 0 < v x 27. 
Solution Begin by calculating r, and r,. 


, = cos u cos vi + cos u sin vj — sin uk 


= —sinusin vi + sinu cos vj 


The cross product of these two vectors is 


i j k 
r,Xr,-—|cosucosv cosusinv -—sinu 
—sinusinv sinucosv 0 


= sin?u cos vi + sin? u sin vj + sin u cos uk 


which implies that 


|r, x xl] = (sin? u cos v)? + (sin? u sin v)? + (sin u cos u)? 


= J'sin^ u + sin? u cos? u 
= sinu 
— sin u. sina > 0forüsuszrm 


Finally, the surface area of the sphere is 


a= | fikx raa 
D 
2T fT 
- [ Í sin u du dv 
o Jo 
2n 
-Í 2 dv 
0 


= 4m. E 


The surface in Example 6 does not quite fulfill the hypothesis that each point on 
the surface corresponds to exactly one point in D. For this surface, r(u, 0) = r(u, 27) 
for any fixed value of u. However, because the overlap consists of only a semicircle 
(which has no area), you can still apply the formula for the area of a parametric surface. 


Catmando/Shutterstock.com 
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Finding Surface Area 


z Find the surface area of the torus given by 
r(u, v) = (2 + cos u) cos vi + (2 + cos u) sin vj + sin uk 
where the domain D is given by 0 < u < 2M and 0 < v < 27. (See Figure 15.43.) 
Solution Begin by calculating r, and r,. 
r, = —sinucos vi — sinu sin vj + cos uk 
r, = —(2 + cos u) sin vi + (2 + cos u) cos vj 
The cross product of these two vectors is 
i j k 
r, xr, = — sin u cos v —sin u sin v cos u 
—(2 + cosu)sinv (2+ cosu)cosv 0 


x 


Figure 15.43 


= —(2 + cos u)(cos v cos ui + sin v cos uj + sin uk) 


which implies that 


lr, x rJ| = (2 + cos u) (cos v cos u)? + (sin v cos u + sin?u 
= (2 + cos u) / cos? u(cos? v + sin? v) + sin? u 
= (2 + cos u) /cos? u + sin? u 


= 2 + cos u. 


Finally, the surface area of the torus is 


Exploration 
For the torus in Example 7, A= [f Ir, x ¥,|| dA 
D. 


describe the function r(u, v) ae 

for fixed u. Then describe E Í Í (2 + cos u) du dy 
0 0 
2n 


the function r(u, v) for fixed v. 


zi 4T dv 
0 


= 8m. | 


For a surface of revolution, you can show that the formula for surface area given 
in Section 7.4 is equivalent to the formula given in this section. For instance, suppose 
f is a nonnegative function such that f’ is continuous over the interval [a, b]. Let S be 
the surface of revolution formed by revolving the graph of f, where a < x < b, about 
the x-axis. From Section 7.4, you know that the surface area is given by 


b 
Surface area — anf FAVI + OF ax. 
To represent S parametrically, let 
x=u, y-f(u)cosv, and z = f(u) sin v 
where a < u < b and 0 < v < 2r. Then 
r(u, v) = ui + f(u) cos vj + f(u) sin vk. 


Try showing that the formula 


Surface area — Í Í |r, x r,|| dA 
D 


is equivalent to the formula given above (see Exercise 56). 


15.5 Exercises 
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See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 


1. Parametric Surface Explain how a parametric 
surface is represented by a vector-valued function and 
how the vector-valued function is used to sketch the 
parametric surface. 


2. Surface Area A surface S is represented by 
z — f(x, y). What are the parametric equations for $? 


Matching In Exercises 3-8, match the vector-valued function 
with its graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 
(a) z (b) : 


(c) : (d) K 


(e) : (t) 


3. r(u, v) = ui + vj + uvk 

4. r(u, v) = u cos vi + u sin vj + uk 

5. r(u, v) = ui + Xu + v)j + vk 

6. r(u, v) = vi + cos uj + sin uk 

7. r(u, v) = 2 cos v cos ui + 2 cos v sin uj + 2 sin vk 
8. r(u, v) = ui + 1?j + vk 


= Sketching a Parametric Surface In Exercises 


ee 9-12, find the rectangular equation for the surface 
by eliminating the parameters from the vector- 


valued function. Identify the surface and sketch its 
graph. 


9. r(u, v) = ui + vj + 5k 


10. r(u, v) = 2u cos vi + 2u sin vj + 3k 


11. r(u, v) = 2cos ui + vj + 2 sin uk 


12. r(u, v) = 3 cos v cos ui + 3 cos v sin uj + 5 sin vk 


aid Graphing a Parametric Surface In Exercises 13-16, use 


a computer algebra system to graph the surface represented by 
the vector-valued function. 


13. r(u, v) = 2u cos vi + 2u sin vj + utk 


Osusl, Oxsvcszx2n 


14. r(u, v) = 2u cos vi + 2u sin vj + vk 


Osuzxl, Osv<s3t 


15. r(u, v) = (u — sin u) cos vi + (1 — cos u) sin vj + uk 
Oxuzm Oxvcz2an 
16. r(u, v) 


= cos? u cos vi + sin? u sin vj + uk 


0sus;, 0zvz2m 


=e] Representing a Surface Parametrically In 
Exercises 17-26, find a vector-valued function 
iE whose graph is the indicated surface. 


17. The plane z = 3y 

18. The plane x + y +z = 6 

19. The cone y = \/4x? + 922 

20. The cone x = J/16y? + z? 

21. The cylinder x? + y? = 25 

22. The cylinder 4x? + y? = 16 

23. The Ru x=y +z2+7 


y 2 
. Ert. 
24. The ellipsoid 9 4 1 1 


25. The part of the plane z = 4 that lies inside the cylinder 
xX +y =9 

26. The part of the paraboloid z = x? + y? that lies inside the 
cylinder x? + y? = 9 


Representing a Surface of Revolution 
Parametrically In Exercises 27-32, write a 
set of parametric equations for the surface of 
revolution obtained by revolving the graph of the 
function about the given axis. 


Function Axis of Revolution 

2.y-5, O<sx<6 X-axis 
28. y= Vx, 0xxx4 x-axis 
29.x = sinz, O<z<T z-axis 
30.x=z-2, 28272855 z-axis 

TU ] 
31. z — cos? y, 2 *ysm y-axis 
32.z=y*+1, Os ys2 y-axis 
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mge Finding a Tangent Plane In Exercises 33-36, 
EA (3 find an equation of the tangent plane to the surface EXPLORING CONCEPTS 
Een represented by the vector-valued function at the Think About It In Exercises 43-46, determine how 


given point. the graph of the surface s(u, v) differs from the graph of 
r(u, v) = u cos vi + u sin vj + i?k, where 0 zu z2 and 
0 zv z2m as shown in the figure. (It is not necessary 
to graph s.) 


33. r(u, v) = 3 cos v cos ui + 2cosvsin uj + 4 sin vk, (0, J3, 2) 


Figure for 33 Figure for 34 . s(u, v) = u cos vi + u sin vj — ik 
34. r(u, v) = ui + vj + Juvk, (1, 1, 1) O<u<2, 0O<v<2n 
35. r(u, v) = 2u cos vi + 3u sin vj + i?k, (0, 6, 4) . S(u, v) = u cos vi + i2j + u sin vk 


Osus2, O<v<s2T 


. s(u, v) = u cos vi + u sin vj + wk 


0suzs3,0zvz2n 


. S(u, v) = 4u cos vi + 4u sin vj + wk 


Osus2, 0xvz2n 


47. Representing a Cone Parametrically Show that 
the cone in Example 3 can be represented parametrically 
by r(u,v) = ucos vi + usin vj + uk, where u = 0 and 
O0xvcz2arm 


4&( ) HOW DO YOU SEE IT? The figures below are 
: graphs of r(u, v) = ui + sinu cos vj + sinu sin vk, 
where 0 < u < 1/2 and 0 < v < 2m. Match each 
of the four graphs with the point in space from 
which the surface is viewed. 


A (b) 


: [m] Finding Surface Area In Exercises 37-42, find 
the area of the surface over the given region. Use a 
[n]? ` computer algebra system to verify your results. 


37. r(u, v) = dui vj + vk,O <u <2,0<v<1 


38. r(u, v) = 2u cos vi + 2u sin vj +u?k, 0 < u < 2, 
0zsvz2an 


39. r(u, v) = au cos vi + au sin vj + uk,O<u<b,0<v < 20 

40. r(u,v) = (a + b cos v) cos ui + (a + b cos v) sin uj + b sin vk, 
a>b,0Osus2n,0<v<2n 

41. r(u, v) = J/ucosvi + /usin vj + uk, 0 € u < 4, 
O<vs2m 


(i) (10, 0, 0) (ii) (— 10, 10, 0) 
42. r(u, v) = sinu cos vi + uj + sin u sin vk, 0 < u < T, T 
Qzvz2n (iii) (0, 10, 0) (iv) (10, 10, 10) 


49. 


PE 50. 


BB 51. 


52. 


53. 


54. 


Astroidal Sphere An equation of an astroidal sphere in 
x, y, and z is 


x23 yL + 22/3 = gh, 

A graph of an astroidal sphere is shown below. Show that this 
surface can be represented parametrically by 

r(u, v) = a sin? u cos? vi + a sin? u sin? vj + a cos? uk 
where O x u x TlandO < v < 27. 


z 
À 


Different Views of a Surface Use a computer algebra 
system to graph the vector-valued function 


r(u, v) = u cos vi + u sin vj + vk, OS usm, 0svzm 


from each of the points (10, 0, 0), (0, 0, 10), and (10, 10, 10). 
Investigation Use a computer algebra system to graph the 
torus 


r(u, v) = (a + bcos v) cos ui + (a + b cos v) sin uj + b sin vk 


for each set of values of a and b, where O < u < 2T and 
0 < v < 2m. Use the results to describe the effects of a and b 
on the shape of the torus. 


(a)a=4, b=1 
(D a=4, b=2 
(c)a=8 b=1 
(d)a=8, b=3 


Investigation Consider the function in Exercise 14. 

(a) Sketch a graph of the function where u is held constant at 
u = 1. Identify the graph. 

(b) Sketch a graph of the function where v is held constant at 
v = 20/3. Identify the graph. 


(c) Assume that a surface is represented by the vector-valued 
function r = r(u, v). What generalization can you make 
about the graph of the function when one of the parameters 
is held constant? 


Surface Area The surface of the dome on a new museum 
is given by 


r(u, v) = 20 sin u cos vi + 20 sin u sin vj + 20 cos uk 


where 0 < u x 11/3,0 < v < 27, and r is in meters. Find the 
surface area of the dome. 


Hyperboloid Find a vector-valued function for the 
hyperboloid 


x+y- z=l 


and determine the tangent plane at (1, 0, 0). 


BB ss. 


56. 


BB ss. 
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Area Use a computer algebra system to graph one turn of 
the spiral ramp r(u, v) = u cos vi + u sin vj + 2vk, where 
0 < u < 3 and0 < v < 2m. Then analytically find the area 
of one turn of the spiral ramp. 


Surface Area Let f be a nonnegative function such that 
f' is continuous over the interval [a, b]. Let S be the surface 
of revolution formed by revolving the graph of f, where 
a € x < b, about the x-axis. Let x = u, y = f(u) cos v, and 
z = f(u) sin v, where a < u < b and 0 < v x 27. Then S is 
represented parametrically by 


r(u, v) = ui + f(u) cos vj+ f(u) sin vk. 


Show that the following formulas are equivalent. 


Surface area — an fC9 JA  Lf£'G)P dx 


Surface area — NL x r || dA 
D. 


. Open-Ended Project The parametric equations 


x = 3 + [7 — cos(3u — 2v) — 2 cos(3u + v)]sinu 
y = 3 + [7 — cos(3u — 2v) — 2 cos(3u + v)]cosu 
z = sin(3u — 2v) + 2 sin(3u + v) 


where -T € u < TL and -T < v < T, represent the surface 
shown below. Try to create your own parametric surface using 
a computer algebra system. 


Möbius Strip The surface shown in the figure is called 
a Móbius strip and can be represented by the parametric 
equations 


. V 
z = u sm3 


v v\. 
x = |a + ucosz | cos v, y = |a + ucosz |sin v, 
( ;) " J 2 


where -1 < u < 1, 0 < v < 2m, and a = 3. Try to graph 


other Möbius strips for different values of a using a computer 
algebra system. 


xx 
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15.6 Surface Integrals 


(x;, ME zi) 4 
. 
L 
1 
1 
$ 
1 


sh — 1 


Gp y) 


Scalar function f assigns a number to 
each point of S. 
Figure 15.44 


E Evaluate a surface integral as a double integral. 

E Evaluate a surface integral for a parametric surface. 
E Determine the orientation of a surface. 

liM Understand the concept of a flux integral. 


Surface Integrals 


The remainder of this chapter deals primarily with surface integrals. You will first consider 
surfaces given by z = g(x, y). Later in this section, you will consider more general 
surfaces given in parametric form. 

Let S be a surface given by z = g(x, y) and let R be its projection onto the xy-plane, 
as shown in Figure 15.44. Let g, g,, and g, be continuous at all points in & and let f 
be a scalar function defined on S. Employing the procedure used to find surface area in 
Section 14.5, evaluate f at (x; y; z;) and form the sum 


2 fos Yp zi) AS; 
i=1 
where 


AS, = V1 + [g,(, y) P + Le,Q;, y) P AA, 


Provided the limit of this sum as ||A|| approaches 0 exists, the surface integral of f 
over S is defined as 


ME F(x, y, z = 4m, Sie Yp 2) AS; 
i=1 


This integral can be evaluated by a double integral. 


:M 15.10 Evaluating a Surface Integral 


Let S be a surface given by z = g(x, y) and let R be its projection onto the 
xy-plane. If g, g,, and g, are continuous on R and f is continuous on S, then 
the surface integral of f over S is 


i | fos y, 9 dS = Í Í Fæ y, a, VT + [e FP [eG yP dA. 


For surfaces described by functions of x and z (or y and z), you can make the 
following adjustments to Theorem 15.10. If S is the graph of y = g(x, z) and R is its 
projection onto the xz-plane, then 


[J fx. y, 2) dS = NES ox, 2). 9V1 + Dg Gs OF + Dg. Gs JF aA. 


If S is the graph of x — g(y, z) and R is its projection onto the yz-plane, then 


Í f ley, d$ = Í | noari hoe oF | 


If f(x, y, z) = 1, the surface integral over S yields the surface area of S. For instance, 
suppose the surface S is the plane given by z = x, where O s x < 1 and0 < y < 1. 
The surface area of S is \/2 square units. Try verifying that 


ES z) dS = J2. 
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EXAMPLE 1 Evaluating a Surface Integral 


Evaluate the surface integral 


{J (y? + 2yz) dS 


where S is the first-octant portion of the plane 
2x + y+ 2z = 6. 


Solution Begin by writing S as 
1 
z= g(x, y) = 5(6 — 2x — y). 


Using the partial derivatives g,(x, y) = — 1 and g,(x, y) = —}, you can write 


1 3 
JT +1. @ PF + 1G P= \/1+1+ 555; 
i Using Figure 15.45 and Theorem 15.10, you obtain 
[J o+ 2048 = | [fat JTF Te E e T aa 
S. R 
= |» + 2(3)(6 = 25 = »|(3) dA 
(0, 6, 0) R 2 2 
x^ (3, 0, 0) — y 3 r28—3) 
= 3 y(3 = x) dy dx Convert to iterated integral. 
o Jo 
32 


Figure 15.45 28e 
= = 3 f 268 — 3| dx Integrate with respect to y. 
0 0 


s (3 — x) dx 


3 


3 
= 30 = x)* Integrate with respect to x. 
0 


(9,0, 3) shown in Figure 15.46. Then x = X(6 — y — 2z), and 


Figo + leo. oP = ie it1-5 


So, the surface integral is 


x ^ (3, 0, 0) c 
ROE [ f (? + 252 ds = I fle(y. 2.9, 0/1 +L. OF ¥ le, OF aA 


(0, 6, 0) 


Figure 15.46 6 [(6—»)/2 3 

- f (y2 + 2y2)(3) dz dy 
0 JO 2 
3 6 

= Al (36y — y?) dy 
8 Jo 

_ 243 
2 


Try reworking Example 1 by projecting S onto the xz-plane. 


An alternative solution to Example 1 would be to project S onto the yz-plane, as 
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Figure 15.47 


In Example 1, you could have projected the surface S onto any one of the three 
coordinate planes. In Example 2, S is a portion of a cylinder centered about the x-axis, 
and you can project it onto either the xz-plane or the xy-plane. 


ETTUTTTE) Evaluating a Surface Integral 


* * > See LarsonCalculus.com for an interactive version of this type of example. 


Evaluate the surface integral 


[[ eas 


where S is the first-octant portion of the cylinder 
y-t-4229 
between x — 0 and x — 4, as shown in Figure 15.47. 


Solution Project S onto the xy-plane so that 


z = g(x,y) = V9 - y? 


and obtain 


JT +e Ft lee P= TER 


3 
DF 
Theorem 15.10 does not apply directly, because g, is not continuous when y = 3. 


However, you can apply Theorem 15.10 for 0 < b < 3 and then take the limit as b 
approaches 3, as follows. 


[[e*245- if f aa a 
= in af Í ( Noc = +1) aay 
CARO NES 


b 
: 8 ) 
= lim 3| (~= + 4]d 
P [Gs y 


b 
= lim 3| 4y + 8 arcsin u Integrate with respect to y. 
b>3- 3 lo 


+2 dy Integrate with respect to x. 


= lim afa + 8 arcsin 2) 
b> 3- 3 


= 36+ wt) Evaluate limit. 


= 36 + 12m | 


Some computer algebra systems are capable of evaluating 
improper integrals. If you have access to such software, use it to evaluate the 
improper integral 


[Le wigs 


Do you obtain the same result as in Example 2? 


; dx dy. 


Figure 15.48 
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You have already seen that when the function f defined on the surface S is simply 
f(x, y. z) = 1, the surface integral yields the surface area of S. 


Area of surface — [ Í 1 dS 
s. 


On the other hand, when S is a lamina of variable density and (Xx, y, z) is the density at 
the point (x, y, z), then the mass of the lamina is given by 


Mass of lamina — Í Í p(x, y, z) dS. 
s. 


Finding the Mass of a Surface Lamina 


A cone-shaped surface lamina S is given by 
z=4-2/xr+y, 0szs4 


as shown in Figure 15.48. At each point on S, the density is proportional to the distance 
between the point and the z-axis. Find the mass m of the lamina. 


Solution  Projecting S onto the xy-plane produces 
$z2-4-2/x ty -giy, 0szs4 
R: x? 434524 


with a density of p(x, y, z) = kv x? + y?, where k is the constant of proportionality. 
Using a surface integral, you can find the mass to be 


MM 


m Í Í Nr leek Flak et 


=k JEF 2UE ax o 
E y ey ety 
E J5./x2 + y dA 

R 


2m (2 
=k i Í ty 5)r dr dO Polar coordinates 
0 


r | dO Integrate with respect to r. 
0 


2n 
= s] | Integrate with respect to 0. 


[> TECHNOLOGY Usea computer algebra system to confirm the result shown in 
Example 3. The computer algebra system Mathematica evaluated the integral as follows. 


zi ui SFe) S (/5r)r ar ao = T 


a] dai 


L] 
e 
L] 
. 
. 
L] 
e 
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Parametric Surfaces and Surface Integrals 
For a surface S given by the vector-valued function 
r(u, v) = x(u, v)i + y(u, »)j + z(u, v)k Parametric surface 


defined over a region D in the uv-plane, you can show that the surface integral of 
f(x, y, z) over S is given by 


Í f f(x, y, z) dS = Í f fu, v), yu, v), zu, v))r Qu, v) x r.a v)|| dA. 


Note the similarity to a line integral over a space curve C. 


li f(x, y, z) ds = f fælt), y(t), KONIKO) dt Line integral 


Also, notice that ds and dS can be written as 


ds = |r'(r| dt and dS = |[r,(u, v) x r,(u, v)| dA. 


EXAMPLE 4 Evaluating a Surface Integral 


A Example 2 demonstrated an evaluation of the surface integral 


{J (x + z) dS 


where S is the first-octant portion of the cylinder 
y-229 


between x = 0 and x = 4, as shown in Figure 15.49. Reevaluate this integral in 
parametric form. 


Solution In parametric form, the surface is given by 


r(x, ©) = xi + 3 cos Oj + 3 sin Ok 


Generated by Mathematica 
Figure 15.49 where 0 < x < 4 and 0 < O < r2. To evaluate the surface integral in parametric 
form, begin by calculating the following. 


r.—i 
rg = —3 sin 0j + 3 cos Ok 
i j k 
r, XT = |1 0 0 | —3cos 0j — 3 sin Ok 


0 —3sinO 3cos0 
Ir, x rg| = /9 cos?8 + 9 sin? 6 = 3 


So, the surface integral can be evaluated as follows. 


4 rm/2 
[fe asinosaa = f] (3x + 9 sin 8) dO dx 
D 0 

4 


0 


n/2 

-Í [3x8 — 9 cos6| dx 
0 0 

4 

an ) 

= —x + 9| dx 
NE 
MES 4 
-|5 zi 


12n + 36 au 


-— 
S 
a y 
x Upward direction 


S is oriented in an upward direction. 


x Downward direction 


S is oriented in a downward direction. 
Figure 15.50 
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Orientation of a Surface 


Unit normal vectors are used to induce an orientation to a surface S in space. A surface 
is orientable when a unit normal vector N can be defined at every nonboundary point 
of S in such a way that the normal vectors vary continuously over the surface S. The 
surface S is called an oriented surface. 

An orientable surface S has two distinct sides. So, when you orient a surface, you 
are selecting one of the two possible unit normal vectors. For a closed surface such as a 
sphere, it is customary to choose the unit normal vector N to be the one that points outward 
from the sphere. 

Most common surfaces, such as spheres, paraboloids, ellipses, and planes, are 
orientable. (See Exercise 43 for an example of a surface that is not orientable.) Moreover, for 
an orientable surface, the gradient provides a convenient way to find a unit normal vector. 
That is, for an orientable surface S given by 


C= g(x, y) Orientable surface 
let 

G(x, y, z) = z — g(x,y). 
Then, S can be oriented by either the unit normal vector 


VG(x, y, z) 
IVG, y, z)] 


_ _ 78 yi = gos y)j +k 
VI + [eaP + Dg, G. P 
or the unit normal vector 


_ — VG(x, y, z) 
N= Wat, y, al 


_ E yi + gos yj — k 
VA + eG FP + [eG XP 


as shown in Figure 15.50. If the smooth orientable surface S is given in parametric form by 


N= 


Upward unit normal vector 


Downward unit normal vector 


r(u, v) = x(u, v)i T y(u, v)j ks z(u, v)k Parametric surface 


then the unit normal vectors are given by 


N= ex] Upward unit normal vector 
u v 
and 
N= ENT Downward unit normal vector 
v u 


For an orientable surface given by 

y = g(x,z) or x= g(y,z) 
you can use the gradient 

VG(x, y, z) = — gos zÀ + j — go z)k G(x, y, 2) = y — es 2) 
Or 

VG(x, y, z) = i— g,(y, 25 — eO. 2k GG. y, z) = x — gly: z) 


to orient the surface. 
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Flux Integrals 


t One of the principal applications involving the vector form of a surface integral relates 
to the flow of a fluid through a surface. Consider an oriented surface S submerged in 
a fluid having a continuous velocity field F. Let AS be the area of a small patch of the 
surface S over which F is nearly constant. Then the amount of fluid crossing this region 
per unit of time is approximated by the volume of the column of height F + N, as shown 
in Figure 15.51. That is, 


AV = (height)(area of base) 
— (F - N) AS. 


T Consequently, the volume of fluid crossing the surface S per unit of time (called the 


The velocity field F indicates the flux of F across S) is given by the surface integral in the next definition. 
direction of the fluid flow. 


Figure 15.51 
Definition of Flux Integral 
Let F(x, y, z) = Mi + Nj + Pk, where M, N, and P have continuous first 
partial derivatives on the surface S oriented by a unit normal vector N. The 


flux integral of F across S is given by 


[frs 


Geometrically, a flux integral is the surface integral over S of the normal 
component of F. If (Xx, y, z) is the density of the fluid at (x, y, z), then the flux integral 


[oras 
S. 


represents the mass of the fluid flowing across S per unit of time. 
To evaluate a flux integral for a surface given by z = g(x, y), let 
G(x, y, z) = z — gx. y). 

Then N dS can be written as follows. 

VG(x, y, z) 
IV Gic, y, z)l 
E VG(x, y, z) 
eF + (8,2 + 1 
= VG(x, y, z) dA 


NdS = 


Ne) t (g^ + 1dA 


Evaluating a Flux Integral 


Let S be an oriented surface given by z = g(x, y) and let R be its projection 
onto the xy-plane. 


[Jr *“NdS= [Jr * [— 2. (x, yi = g yj + k] dA Oriented upward 
S. R 

I *NdS = [JF . [2 (x, y)i + g(x, yj — k] dA Oriented downward 
S. R 


For the first integral, the surface is oriented upward, and for the second 
integral, the surface is oriented downward. 


15.6 Surface Integrals 1105 


Using a Flux Integral to Find the Rate of Mass Flow 


Let S be the portion of the paraboloid : 
c= gy) 47 - y 


lying above the xy-plane, oriented by an 
upward unit normal vector, as shown in 
Figure 15.52. A fluid of constant density p 
is flowing through the surface S according to 
the vector field 


F(x, y, z) = xi + yj + zk. 
Find the rate of mass flow through S. 


Solution Note that S is oriented upward and 
the partial derivatives of g are 


gx y) = —2x 
d Figure 15.52 
an 


g(x, y) = —2y. 


So, the rate of mass flow through the surface S is 
{J oF + Nas = JL «Icxludbe a S 
= fis + (4 — x? — yZk]* (2xi + 2yj + k) dA 
R 
= of fi + 2y? + (4 — x? — y?]dA 
R 


= fattas 


2n f2 

m f Í (4+ r2r dr dð Polar coordinates 
0 0 
2n 


ri |2 
= 2r? + — 
of [2 |, 4e 


For an oriented upward surface S given by the vector-valued function 
r(u, v) = x(u, v) + y(u, v)j + z(u, v)k Parametric surface 


defined over a region D in the uv-plane, you can define the flux integral of F across 
S as 


f [y Nas- [fre (E5) nan = f [e xn) a 
S. D Ihr. x r,|| D 


Note the similarity of this integral to the line integral 


[rea | rra 
c c 


A summary of formulas for line and surface integrals is presented on page 1107. 
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Finding the Flux of an Inverse Square Field 


Find the flux over the sphere S given by 


eP+yt+t2= a Sphere 5 
where F is an inverse square field given by 


kq r _ kar 


F(x, y, z) = Ing irl = Ire Inverse square field F 


and 
r= xi + yj + zk. 
Assume S is oriented outward, as shown in Figure 15.53. 


Solution The sphere is given by 


r(u, v) = x(u, v) + y(u, v)j + z(u, v)k 


a sin u cos vi + a sin u sin vj + a cos uk 


Figure 15.53 
where 0 < u < Ttt and 0 < v x 27. The partial derivatives of r are 


r,(u, v) = a cos u cos vi + a cos u sin vj — a sin uk 
and 
r,(u, v) = —a sin u sin vi + a sin u cos vj 


which implies that the normal vector r, x r, is 


i j k 
r,Xr,-—acosucosv acosusinv -—asinu 
—asinusinv asinucosv 0 


= qa" (sin? u cos vi + sin? u sin vj + sin u cos uk). 
Now, using 


kar 
F(x, y, z) = nk 


xi + yj + zk 
Ti + yj + ak 


k . ? ; porok 
= Aa sin u cos vi + a sin u sin vj + a cos uk) 
a 
it follows that 


F- (r 


Xr) = “a sin u cos vi + a sinu sin vj + a cos uk) * 
a?(sin? u cos vi + sin? u sin vj + sin u cos uk)] 
= kq(sin? u cos? v + sin? u sin? v + sin u cos? u) 
— kq sin u. 


Finally, the flux over the sphere S is given by 


[Jeenas | | rasinuaa 
S. D 
2m fm 
ZEE 
o Jo 


2n 
zl 2 dv 
0 


= 4rikq. 
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The result in Example 6 shows that the flux across a sphere S in an inverse square 
field is independent of the radius of S. In particular, if E is an electric field, then the 
result in Example 6, along with Coulomb’s Law (see Section 15.1), yields one of the 
basic laws of electrostatics, known as Gauss’s Law: 


[Je * NdS = 4rikq Gauss's Law 
S 


where q is a point charge located at the center of the sphere and k is the Coulomb 
constant. Gauss's Law is valid for more general closed surfaces that enclose the origin, 
and relates the flux out of the surface to the total charge inside the surface. 

Surface integrals are also used in the study of heat flow. Heat flows from areas of 
higher temperature to areas of lower temperature in the direction of greatest change. As 
a result, measuring heat flux involves the gradient of the temperature. The flux depends 
on the area of the surface. It is the normal direction to the surface that is important, 
because heat that flows in directions tangential to the surface will produce no heat 
loss. So, assume that the heat flux across a portion of the surface of area AS is given 
by AH ~ —kVT + N d$, where T is the temperature, N is the unit normal vector to the 
surface in the direction of the heat flow, and k is the thermal diffusivity of the material. 
The heat flux across the surface is given by 


H= a —KNT * N d$. Heat flux across S 
S. 


This section concludes with a summary of different forms of line integrals and 
surface integrals. 


SUMMARY OF LINE AND SURFACE INTEGRALS 


Line Integrals 
ds = ||r'(t)|| at 
= VIX OP + DOT. + £T at 


li F(x, y, z) ds = f FO, yO, A) / DOT. + OF + ROF ar Scalar form 


[ra [r-ras 
c c 


= [ F(x(t), y(t), z(t)) s r'(t) dt Vector form 


Surface Integrals [z = g(x, y)] 
dS = /1 + [gT + [eG y)P dA 


J [asm [ [foit DTF EEEE A setom 


[fe N dS = MEE [- gl x, yli- gx, »j F k] dA Vector form (upward normal) 


Surface Integrals (parametric form) 
dS = |r (u, v) x r,(u, v)|| dA 


MESZ jas= | | sex x(u, v), y(u, v), z(u, v))||r (u, v) x r,(u, v)| dA Scalar form 


{J F+-NdS= [Jr i (r, x r,) dA Vector form (upward normal) 
S. D 
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15.6 Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


CONCEPT CHECK 

1. Surface Integral Explain how to set up a surface 
integral given that you will project the surface onto the 
xz-plane. 


. Surface Integral For what condition does the surface 
integral over S yield the surface area of S? 


. Orientation of a Surface Describe a physical 
characteristic of an orientable surface. 


. Flux What is the physical interpretation of the flux of F 
across $? How do you calculate it? 


eons Evaluating a Surface Integral In Exercises 


d 5-8, evaluate Í Í (x — 2y + z) dS. 


5 SsS:z=4-x, Osxs4 0<y<3 

6. S: z = 15 — 2x + 3y, Osxs2, O<s<y<4 
7.8: 2 = 2, 
8. S: z=3y, OSx52, OS yx 


x -yszl 


Evaluating a Surface Integral In Exercises 9 and 10, 


evaluate Í Í xy dS. 
S 


9, S: z = 3 — x — y, first octant 


10. S: z = ix 0sxsl, 0syz 


ee Evaluating a Surface Integral In Exercises 11 and 12, use 


a computer algebra system to evaluate Í Í (x? — 2xy) dS. 
s 


11. S:2=10-x7-y’?, 0sxs2, Os ys2 


12. S: z = cos x, srs 0sysx 


zen Mass In Exercises 13 and 14, find the mass of 


z zy 2 3 the surface lamina S of density p 


E S: 2x + 3y + 6z = 12, first octant, (x, y, z) = x? + y? 


14. S: z = Væ- xX? -— y’, Px, y,z) = kz 


grm] Evaluating a Surface Integral In Exercises 


[m] 
ce 15-18, evaluate Í Í F(x, y) dS. 
[n]h à 


15. f(x,y) =y +5 
S: r(u, v) = ui + vj + 2vk 
Osvs2 


O<su<il, 


16. f(x, y) = xy 
S: r(u, v) = 2cos ui + 2 sinuj + vk 


susz O0<sv<1l 


17. f(x,y) = 3y — x 


S: r(u, v) = cos ui + sin uj + vk 


0sus O<vel 


18. f(x,y) =x+y 
S: r(u, v) = 4u cos vi + 4u sin vj + 3uk 
Osus4 Osvet 


Evaluating a Surface Integral In Exercises 19-24, evaluate 


f [5 ds. 


19. f(x,y,z) =x +y +z 

S z=x+y, x-yszl 
20. f(x, y, z) = = 

S:z=x +y, 4<x7+y? < 16 
21. f(x, y, z) Ly Eg 

S z= SPFP, aya 
22. f(x, y, z) Pry Eg 

S: z ety, (x—-1?»-y*zxl 
23. f(x, y,z) =x? +y? +2 


S: xX +y =9, O0O<x<3, 0<y<3, 0<z<9 
24. f(x, y, z) = x? + y? +2 
S: xX +y =9, 0xxx3, O<sz<sx 


Evaluating a Flux Integral In Exercises 


E ENT à 25-30, find the flux of F across S, 
AXIS Tt 


RE [fenas 


where N is the upward unit normal vector to S. 


25. F(x, y, z) = 3zi — 4j + yk; S: z = 1 — x — y, first octant 
26. F(x, y, z) = xi + 2yj; $: z = 6 — 3x — 2y, first octant 
27. F(x, y,z) = xi + yj + zk$:z—-1—-x-y, z20 
28. F(x, y, z) = xi + yj + zk 


S: x? + y? + 2 = 36, first octant 
29. F(x, y, z) = 4i — 3j + 5k 

S: z =x + y? 
30. F(x, y, z) = xi + yj — 2zk 


S: z= Ja — x? — y? 


x?tys4 


Evaluating a Flux Integral In Exercises 31 and 32, find 
the flux of F over the closed surface. (Let N be the outward unit 
normal vector of the surface.) 
31. F(x, y, z) = (x + y)i + yj + zk 

S:z=16- x-y, z=0 
32. F(x, y, z) = 4xyi + zj + yzk 


S: unit cube bounded by the planes x = 0, x = 1, y = 0, 
y=1,z=0,z=1 


A Flow Rate In Exercises 33 and 34, use a computer algebra 


system to find the rate of mass flow of a fluid of density p 
through the surface S oriented upward when the velocity field 
is given by F(x, y, z) = 0.5zk. 


33. $:z—16—x?2—y?, z 20 


34. S: z= /16—x?— y? 


Gauss's Law In Exercises 35 and 36, evaluate f f E-NdS 


to find the total charge of the electrostatic field E enclosed by the 
closed surface consisting of the hemisphere z = V1 — x? — y? 
and its circular base in the xy-plane. 


35. E = yzi + xzj + xyk 36. E = xi + yj + 2zk 
Moments of Inertia In Exercises 37-40, use the following 
formulas for the moments of inertia about the coordinate axes 
of a surface lamina of density p 


"m | | (y? + 2?)px,y,z)dS 1, = | J (x? + z) fs y, z) dS 
S. S 


L= | Í (x? + y?) fx, y, z) dS 


37. Verify that the moment of inertia of a conical shell of uniform 
density about its axis is ma”, where m is the mass and a is the 
radius and height. 


38. Verify that the moment of inertia of a spherical shell of uniform 
density about its diameter is ima, where m is the mass and a 
is the radius. 


39. Find the moment of inertia about the z-axis for the surface 
lamina x? + y? = d, where O <z € h, with a uniform 
density of 1. 

40. Find the moment of inertia about the z-axis for the surface 


lamina z = x? + y?, where 0 < z < h, with a uniform density 
of 1. 


EXPLORING CONCEPTS 
41. Using Different Methods Evaluate 


[[ eas 


where S is the first-octant portion of the plane 
2x+2y+z=4 


by projecting S onto (a) the xy-plane, (b) the xz-plane, 
and (c) the yz-plane. Verify that all answers are the same. 
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42. 5 HOW DO YOU SEE IT? Is the surface 


shown in the figure orientable? Explain why or 
why not. 


Double twist 


a 43. Investigation 


(a) Use a computer algebra system to graph the vector-valued 
function 


r(u, v) = (4 — v sin u) cos(2u)i + (4 — v sin u) sin(2u)j 
+ v cos uk 


where 0 € u x Tland —1 x v < 1. This surface is called 
a Möbius strip. 


(b 


(c) Use a computer algebra system to graph the space curve 
represented by r(u, 0). Identify the curve. 


— 


Is the surface orientable? Explain why or why not. 


(d 


— 


Cut a strip of paper and draw a line lengthwise through the 
center. Construct a Móbius strip by making a single twist 
and pasting the ends of the strip of paper together. 


(e) Cut the Móbius strip along the line you drew in part (c), 
and describe the result. 


SECTION PROJECT MEE 


Hyperboloid of One Sheet 


Consider the parametric surface given by the function 


r(u, v) = a cosh u cos vi + a cosh u sin vj + b sinh uk. 


B (a) Use a graphing utility to graph r for various values of the 


constants a and b. Describe the effect of the constants on the 
shape of the surface. 


(b) Show that the surface is a hyperboloid of one sheet given by 


x? 2 2. 
DX 25.2, 
e @ Pb 


(c) For fixed values u = uo, describe the curves given by 
r(uo, v) = a cosh uy cos vi + a cosh uy sin vj + b sinh uk. 


(d) For fixed values v = vo, describe the curves given by 


r(u, Vo) = a cosh u cos wi + a cosh u sin vọj + b sinh uk. 


(e) Find a normal vector to the surface at (u, v) — (0, 0). 
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15.7 Divergence Theorem 


CARL FRIEDRICH GAUSS 
(1777-1855) 


The Divergence Theorem is also 
called Gauss's Theorem, after the 
famous German mathematician 
Carl Friedrich Gauss. Gauss is 
recognized, with Newton and 
Archimedes, as one of the 
three greatest mathematicians 
in history. One of his many 
contributions to mathematics 
was made at the age of 22, 
when, as part of his doctoral 
dissertation, he proved the 
Fundamental Theorem of Algebra. 
See LarsonCalculus.com to read 
more of this biography. 


e. ec? ooo o 


iM Understand and use the Divergence Theorem. 
E Use the Divergence Theorem to calculate flux. 


Divergence Theorem 


Recall from Section 15.4 that an alternative form of Green's Theorem is 


[Nas [ [ (Bt as 
c R Ox oy 
= |f avras 
R 


In an analogous way, the Divergence Theorem gives the relationship between a triple 
integral over a solid region Q and a surface integral over the surface of Q. In the statement 
of the theorem, the surface S is closed in the sense that it forms the complete boundary of 
the solid Q. Regions bounded by spheres, ellipsoids, cubes, tetrahedrons, or combinations 
of these surfaces are typical examples of closed surfaces. Let Q be a solid region on which 
a triple integral can be evaluated, and let S be a closed surface that is oriented by outward 
unit normal vectors, as shown in Figure 15.54. With these restrictions on S and Q, the 
Divergence Theorem can be stated as shown below the figure. 


S,: Oriented by 
upward unit normal vector 


$5: Oriented by 
downward unit normal vector 


Figure 15.54 


THEOREM 15.12 The Divergence Theorem 


Let Q be a solid region bounded by a closed surface S oriented by a unit 
normal vector directed outward from Q. If F is a vector field whose component 
functions have continuous first partial derivatives in Q, then 


[fes [favre ss 


As noted at the left above, the Divergence Theorem is sometimes called 
Gauss’s Theorem. It is also sometimes called Ostrogradsky’s Theorem, after the Russian 
mathematician Michel Ostrogradsky (1801-1861). 


akg-images/Newscom 


This proof is 
restricted to a simple solid 
region. The general proof is 
best left to a course in 
advanced calculus. 


N (upward) 


N (horizontal) 


N (downward) 


Figure 15.55 
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Proof For F(x, y, z) = Mi + Nj + Pk, the theorem takes the form 


ee a 
s 


"Ie 


You can prove this by verifying that the following three equations are valid. 


[Joss [fto 
[foss [fito 
[faxe [fft 


Because the verifications of the three equations are similar, only the third is discussed. 
Restrict the proof to a simple solid region with upper surface 


z£—8 (x, y) Upper surface 
and lower surface 
z= gx y) Lower surface 


whose projections onto the xy-plane coincide and form region R. If Q has a lateral 
surface like S} in Figure 15.55, then a normal vector is horizontal, which implies that 
Pk * N — 0. Consequently, you have 


[J mesas - f [res nase f | rns Nas eo 
5. 5, S, 


On the upper surface S5, the outward normal vector is upward, whereas on the lower 
surface S,, the outward normal vector is downward. So, by Theorem 15.11, you have 


|, [oco [Je (x, y, g(x, y))k - (28 + 9 — k) dA 
- [| Pes. eile aa 


g2. _ 382, ) 
. [—À . 
{J Pk + NdS [T P(x, y. gx, y))k ( i F j + kj dA 


7 N P(x, y, gos, y)) dA. 


Adding these results, you obtain 


Í f Pk + NdS = i f [P(x, y, ga(x, y)) — P(x, y, gı(x, y))] dA 


g(x, y) 
1 fl [ ee 
(x, y) 0z 


and 
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Even though the Divergence Theorem was stated for a simple solid region Q 
bounded by a closed surface, the theorem is also valid for regions that are the finite 
unions of simple solid regions. For example, let Q be the solid bounded by the closed 
surfaces S, and S5, as shown in Figure 15.56. To apply the Divergence Theorem to this 
solid, let $ = S, U S. The normal vector N to S is given by —N, on S, and by N, on 
S5. So, you can write 


[fone [Jone 


f [yemas | mas 

S, Sa 

-[ [ewe [Ins 
S, Sy 


For the remainder of this section, you will apply the Divergence Theorem to simple 
solid regions bounded by closed surfaces. 


Using the Divergence Theorem 


Let Q be the solid region bounded by the coordinate planes and the plane 


Figure 15.56 


2x - 2y+z=6 
and let F = xi + y?j + zk. Find NL * N dS, where S is the surface of Q. 


Solution From Figure 15.57, you can see that Q is bounded by four subsurfaces. So, 
you would need four surface integrals to evaluate 


| $5: yz-plane 

F: Nds. 
| s 
| However, by the Divergence Theorem, you need only one triple integral. Because 
S 


oM , ON $ oP 


div F = + =1+2y+1=2+2 
iv ax y y 


oy Oz 


you have 


[fomes - [ff avr av 


Q 
3 (3-y (6—2x—2y 

-|| Í (2 + 2y) dz dx dy 
0 JO 0 


Figure 15.57 3 (3-» 6—2x—2y 
idi : Í Í (2z + 3| dx dy 
0 JO 0 


3 r3—y 
= [J (12 — 4x + 8y — 4xy — 4y?) dx dy 
0 JO 


3-y 


3 
= Í |o: — 2x? + 8xy — 2x?y — A? dy 
0 


0 
3 
-Í (18 + 6y — 105? + 2y°) dy 
0 
10y? a 
= | 18y + 3y? — —— + — 
E 3y 3 2 Io 


63 
= ü 
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Verifying the Divergence Theorem 


Let Q be the solid region between the paraboloid 
z-4-xb-y 

and the xy-plane. Verify the Divergence Theorem for 
F(x, y, z) = 2zi + xj + y?k. 


Solution From Figure 15.58, you can see that the outward normal vector for the 


S E surface $, is N; = —k, whereas the outward normal vector for the surface S, is 
2xi + 2yj + k 
N, = aS 
R: x? Tv J/ Ax + 4y* + 1 
Figure 15.58 So, by Theorem 15.11, you have 


J| res | [em [nm 

(2xi + 2yj + k) 
-fe coa |fe CLR s 
fS -yaa [ [ee 2o om an 


JA- y! V4-y? 
= -f ll y! dx dy + [ Te (Axz + 2xy + y?) dx dy 
=2 A -Ja4-y 


Ja-y2 
= f [. (Axz + 2xy) dx dy 
-2 —/4-y? 


4—y? 
ff [4x(4 — x? — y?) + 2xy] dx dy 
-2J- /A-yi 


J4-y? 
a| i (16x — Ax? — 4xy* + 2xy) dx dy 
-2J- /4-y? 


4—y? 
[ 5 =y = E x3] dy 
—2 fA 


2 
-Í 0 dy 
-2 


= 0. 


On the other hand, because 


0 0 0 
ivF = + [e 
div F ax 2d ay"! rb ] 
=0+0+0 
=0 


you can apply the Divergence Theorem to obtain the equivalent result 


[fenas [ffov 
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Figure 15.59 


Figure 15.60 


ttt n 
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Vector Analysis 


Using the Divergence Theorem 


Let Q be the solid bounded by the cylinder x? + y? = 4, the plane x + z = 6, and the 
xy-plane, as shown in Figure 15.59. Find 


ie 


where S is the surface of Q and 
F(x, y, z) = (x? + sinz)i + (xy + cos z)j + e^k. 


Solution Direct evaluation of this surface integral would be difficult. However, by 
the Divergence Theorem, you can evaluate the integral as follows. 


[ess [foem [fes ow- [ff m 


Next, use cylindrical coordinates with x = r cos 0 and dV = r dz dr dO. 


2n (2 f 6—rcos 8 
I 3x dV = f Í f (3r cos 8)r dz dr dO Cylindrical coordinates 
0 0 JO 
Q 


2m (2 
E i f (18r? cos 8 — 3r? cos? 8) dr dO 
0 0 


2n 
= f (48 cos 8 — 12 cos? 0) 40 


0 


1 2n 
= [as sin 0 — «(o + 5 sin 20) 


0 


= —12n a 


Flux and the Divergence Theorem 


To help understand the Divergence Theorem, consider the two sides of the equation 


[rive fff ora 


You know from Section 15.6 that the flux integral on the left determines the total fluid 
flow across the surface S per unit of time. This can be approximated by summing 
the fluid flow across small patches of the surface. The triple integral on the right 
measures this same fluid flow across S but from a very different perspective—namely, 
by calculating the flow of fluid into (or out of) small cubes of volume AV,. The flux 
of the ith cube is approximately div F(x;, y,, z;) AV, for some point (x;, y;, z;) in the ith 
cube. Note that for a cube in the interior of Q, the gain (or loss) of fluid through any 
one of its six sides is offset by a corresponding loss (or gain) through one of the sides of 
an adjacent cube. After summing over all the cubes in Q, the only fluid flow that is not 
canceled by adjoining cubes is that on the outside edges of the cubes on the boundary. 
So, the sum 


Y, div F(x, y; z;) AV, 
i=1 


approximates the total flux into (or out of) Q and therefore through the surface S. 

To see what is meant by the divergence of F at a point, consider AV, to be the 
volume of a small sphere S, of radius u and center (Xp, yo, Zo) contained in region Q, 
as shown in Figure 15.60. 


e 


e 6 6 06 0 6 6 6 6 6 6 6 eee 6 


In hydrodynamics, 
a source is a point at which 
additional fluid is considered as 
being introduced to the region 
occupied by the fluid. A sink 
is a point at which fluid is 
considered as being removed. 
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Applying the Divergence Theorem to S, produces 


Flux of F across $4 = MI div F dV = div F(x, Yo, Zo) AVo 


Qa 
where Q, is the interior of Sẹ Consequently, you have 


flux of F across Sa 


div F(x, Jo Zo) x AV, 
a 


By taking the limit as A= 0, you obtain the divergence of F at the point (Xp, yo. zo). 


flux of F 
detaje = din ux of F across Sa 


= flux per unit volume at (x,, Yo, Z 
Lu AV, P ( 0» Jo o) 


The point (xo, Yo Zo) in a vector field is classified as a source, a sink, or incompressible, 
as shown in the list below. 


1. Source, for div F > 0 See Figure 15.61(a). 
2. Sink, fordivF « 0 See Figure 15.61(b). 
3. Incompressible, for div F = 0 See Figure 15.61 (c). 


(a) Source: div F > 0 (b) Sink: div F < 0 (c) Incompressible: div F = 0 
Figure 15.61 


Calculating Flux by the Divergence Theorem 


+ +» +> See LarsonCalculus.com for an interactive version of this type of example. 


Let Q be the region bounded by the sphere x? + y? + z? = 4. Find the outward flux of 
the vector field F(x, y, z) = 2x*i + 2y?j + 2z?k through the sphere. 


Solution By the Divergence Theorem, you have 


Flux across $= | [ase [Sf avra - [J [6 tav 
S. 
Q Q 


Next, use spherical coordinates with Q? = x? + y? + z? and dV = (* sin $ 40 d$ ap. 


2 (m 2n 
ff 662 +y? + 2)dV= Ji f p' sin $ 40 d$ dp Spherical coordinates 
0 JO JO 
Q 


= o| [ 2ne' sin at ap 


2 
E 20! dp 
0 


32 
247| — 
n( 5 
768n 
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1 5 n 7 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


5. F(x, y, z) = (2x — y)i — (2y — z)j + zk 


S: surface bounded by the plane 2x + 4y + 2z = 12 and the 
coordinate planes 


CONCEPT CHECK 

1. Using Different Methods Suppose that a solid 
region Q is bounded by z = x? + y? and z = 2, as shown 
in the figure. What methods can you use to evaluate ^ 
fJSfF-NdS, where F = 2xi + 3yj - Zk? Which 
method do you prefer? 


6. F(x, y, z) = xyi + zj + (x + y)k 


S: surface bounded by the planes y = 4 and z = 4 — x and the 
coordinate planes 


y 


2. Classifying a Point in a Vector Field How do 
you determine whether a point (xo, yo, zo) in a vector field 
is a source, a sink, or incompressible? 


ET " 4 AS 
HIE] Verifying the Divergence Theorem In x4 
"M; Exercises 3-8, verify the Divergence Theorem by 
evaluatin 
[m] z £ 7. F(x, y, z) = xzi + zyj + 22k 
[| rives S: surface bounded by z = 1 — x? — y? and z = 0 
s. 


rd 
as a surface integral and as a triple integral. 


3. F(x, y, z) = 2xi — 2yj + 2k 


S: cube bounded by the planes x = 0, x = 1, y = 0, y= 1, 
z=0,z=1 


8. F(x, y, z) = xyi + yx?j + ek 
S: surface bounded by z = Vx? + y? and z = 4 


Figure for 3 Figure for 4 
4. F(x, y, z) = 2xi — 2yj + 2k 
S: cylinder x? + y?=4, O<z<3 


10. 


11. 


12. 


13. 


15. 


16. 


17. 


18. 


[s] [m] Using the Divergence Theorem In Exercises 
d 
[m] 


x: 


9-18, use the Divergence Theorem to evaluate 


[fva 


and find the outward flux of F through the 
surface of the solid S bounded by the graphs of 
the equations. Use a computer algebra system to 
verify your results. 


. E(x, y, z) = xi + y?j + 2k 

S: x=0,x=a,y=0,y=a,z=0,z=a 
F(x, y, z) = x?zi — 2yj + 3xyzk 
S:x=0,x=ay=0,y=a,z=0,z=a 


F(x, y, z) = xi — 2xyj + xyzk 
2 


Si z=J@-x7?-y,z=0 
F(x, y, z) = xyi + yzj — yzk 
z 


S: z d—x-—yz-0 
14. F(x, y, z) = xyzj 


S: x?ty'-Az-0,2-25 


F(x, y, z) = xi + yj + zk 
Sivr+tyt+?=9 


F(x, y, z) = xi + y?j — zk 


S: x? + y? = 25,7 =0,z7=7 

F(x, y, z) = (xy? + cos z) + (x?y + sin z)j + ek 
S: z= e +y, z=8 

F(x, y, z) = xeà + yæj + ek 
S:z=4-y,z=0,x=0,x =6,y=0 


F(x, y, z) = xyi + 4yj + xzk 
S: x? +y+ 2 = 16 


Classifying a Point In Exercises 19-22, a vector field and a 
point in the vector field are given. Determine whether the point 
is a source, a sink, or incompressible. 


19. 
20. 


21. 


22. 


23. 


24. 


F(x, yz = 2i + yj +k, (2,2, 1) 

F(x, y, z) = ei — xy?j + Inzk, (0, —3, 1) 

F(x, y, z) = sin xi + cos yj + 2 sin yk, u TL, a) 

F(x, y, z) = (4xy + zi + (22? + 6yz)j + 2xzk, (1, 4,2) 
Source Find a point that is a source in the vector field 


F(x, y, z) = x?yzi + xj — zk. 
Sink Find a point that is a sink in the vector field 


F(x, y, z) = ei + 4yj + xy2?k. 


EXPLORING CONCEPTS 
25. Closed Surface What is the value of 


[J meas 
E 


for any closed surface $? Explain. 


27. 


28. 


29. 


30. 
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26. 5 HOW DO YOU SEE IT? The graph of a vector 
field F is shown. Does the graph suggest that the 
divergence of F at P is positive, negative, or zero? 


» 


M 
N 
IN 
X 
x 
25 
Ne 
lá 
i 
" 
y 


——— o9 x os o n 


Volume 


(a) Use the Divergence Theorem to verify that the volume of 
the solid bounded by a surface S is 


f [ian [fre [J cara 
E E s 


(b) Verify the result of part (a) for the cube bounded by x = 0, 
x=a,y=0,y=a,z=0,andz=a. 


Constant Vector Field For the constant vector field 
F(x, y, z) = aj + aj + ask, verify the following integral for 
any closed surface S. 


[| rs 
s 


Volume For the vector field F(x, y, z) = xi + yj + zk, 
verify the following integral, where V is the volume of the 
solid bounded by the closed surface S. 


[ [ys 
s 


Verifying an  ldentity For 
F(x, y, z) = xi + yj + zk, verify that 


[fone fff 


the vector field 


Proof In Exercises 31 and 32, prove the identity, assuming 
that Q, S, and N meet the conditions of the Divergence Theorem 
and that the required partial derivatives of the scalar functions 
f and g are continuous. The expressions Dy f and Dyg are the 
derivatives in the direction of the vector N and are defined by 
Dy f = Vf + Nand Dyg = Vg: N. 


31. 


32. 


[| [uve+ vr vajav = | [ fose«s 
Q 


[Hint: Use div( fG) = fdiv G + Vf+ G.] 


i Í Í (/Vig — eV) dV = Í Í ({Dyg — Dyf) ds 
Q 


(Hint: Use Exercise 31 twice.) 
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15.8 Stokes's Theorem 


GEORGE GABRIEL STOKES 
(1819-1903) 


Stokes became a Lucasian 


professor of mathematics at 
Cambridge in 1849. Five years 
later, he published the theorem 
that bears his name as a prize 
examination question there. 
See LarsonCalculus.com to read 
more of this biography. 


li Understand and use Stokes's Theorem. 
liM Use curl to analyze the motion of a rotating liquid. 


Stokes's Theorem 


A second higher-dimension analog of Green's Theorem is called Stokes's Theorem, 
after the English mathematical physicist George Gabriel Stokes. Stokes was part of a 
group of English mathematical physicists referred to as the Cambridge School, which 
included William Thomson (Lord Kelvin) and James Clerk Maxwell. In addition to 
making contributions to physics, Stokes worked with infinite series and differential 
equations, as well as with the integration results presented in this section. 

Stokes's Theorem gives the relationship between a surface integral over an oriented 
surface S and a line integral along a closed space curve C forming the boundary of S, 
as shown in Figure 15.62. The positive direction along C is counterclockwise relative 
to the normal vector N. That is, if you imagine grasping the normal vector N with your 
right hand, with your thumb pointing in the direction of N, then your fingers will point 
in the positive direction C, as shown in Figure 15.63. 


—Ó Á 


| Surface S 


74 


x 


An oriented surface S bounded by a closed space 

curve C 

Figure 15.62 The positive direction along C is 
counterclockwise relative to N. 


Figure 15.63 


THEOREM 15.13 Stokes’s Theorem 


Let S be an oriented surface with unit normal vector N, bounded by a piecewise 
smooth simple closed curve C with a positive orientation. If F is a vector field 
whose component functions have continuous first partial derivatives on an open 


region containing S and C, then 


[ee ae= [ [ eom «vas. 


In Theorem 15.13, note that the line integral may be written in the differential form 
fc M dx + N dy + P dz or in the vector form J. F + T ds. 


Bettmann/Getty Images 


15.8 Stokes’s Theorem 


EXAMPLE 1 Using Stokes’s Theorem 


Let C be the oriented triangle lying in the plane 
2x+ 2y+z=6 


as shown in Figure 15.64. Evaluate 


[ra 
C 


where F(x, y, z) = —y^i + zj + xk. 


N (upward) : 
Solution Using Stokes's Theorem, begin by finding the curl of F. 


i j k 
ð ð ð 
curl F = = —i — j + 2yk 
— Ox Oy Oz 
y IQ 


Considering 


Figure 15.64 z = g(x,y) = 6 — 2x — 2y 


you can use Theorem 15.11 for an upward normal vector to obtain 
f F-dr= f [ em *NdS 
C E 
= [[ i-i + Di eti = eon ean 
R 
= (f i-is 29 i+ 2j + wa 
R 


3 r3—-y 
= i f (2y — 4) dx dy 
0 Jo 


E 
= l (—2y? + 10y — 12) dy 
0 


3 3 
-Í 2 + 5,2 i| 
3 0 


= -9. 


1119 


Try evaluating the line integral in Example 1 directly, without using Stokes's 
Theorem. One way to do this would be to consider C as the union of C,, C5, and C3, 


as follows. 
C: rí(t -(3-0i ij 0s:z3 
C: r(t) = (6 — nj + (2t — 69k, 3<1< 6 


C: r(t) = (t — 6i + (18 — 20k, 6<t<9 


The value of the line integral is 


f a) ras | F * r(t dt + f F * r(t) dt 
C Cy C; C; 


3 6 9 
-Í eas | cn«9as | (—2t + 12) dt 
0 3 


6 
=9-9-9 
= -9, 
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Verifying Stokes's Theorem 


fe D> See LarsonCalculus.com for an interactive version of this type of example. 
Let S be the portion of the paraboloid 
z=4-x-y 


lying above the xy-plane, oriented upward (see Figure 15.65). Let C be its boundary 
curve in the xy-plane, oriented counterclockwise. Verify Stokes’s Theorem for 


F(x, y, z) = 2zi + xj + yk 


by evaluating the surface integral and the equivalent line integral. 


Solution As a surface integral, you have z = g(x, y) = 4 — x? — y?, g, = —2x, 
8, = —2y, and 
R: x? +y? <4 i j K 
Figure 15.65 CE, 9 2] ajea 
g : curl F 2yi + 2j + k. 
ox Oy Oz 
2z x y? 


By Theorem 15.11 (for an upward normal vector), you obtain 


[J eim «was [ | ei zio eie mi + Wa 


2 JA—x* 
f f (4xy + 4y + 1) dy dx 
-2J- JI-F 


2 du 
= 2x? + 2y? + y| dx 
Jl didi Ne aes 


2 
=| 2/4 — x dx 
2 


— Area of circle of radius 2 
= 4r. 


As a line integral, you can parametrize C as 
r(t) = 2costi + 2 sin tj + Ok, 0 < t< 27. 


For F(x, y, z) = 2zi + xj + y?k, you obtain 


[racc [ Mace ay + pa 
c c 
SEDIS 
c 
on 
= f [0 + (2 cos t)(2 cos t) + 0] dt 
0 


2n 
= f 4 cos? t dt 
0 


on 
= 2 (1 + cos 2t) dt 
0 


1 2n 
= a|: + > sin 21 
2 0 


= 4n. a 


Disk S, 


Figure 15.66 
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Physical Interpretation of Curl 


Stokes's Theorem provides insight into a physical interpretation of curl. In a vector 
field F, let S, bea small circular disk of radius u, centered at (x, y, z) and with boundary Ca 
as shown in Figure 15.66. At each point on the circle C4, F has a normal component 
F - N and a tangential component F + T. The more closely F and T are aligned, the 
greater the value of F * T. So, a fluid tends to move along the circle rather than across 
it. Consequently, you say that the line integral around C, measures the circulation of F 
around C,. That is, 


f F + T ds = circulation of F around Cg. 
Ca 


Now consider a small disk S, to be 
centered at some point (x, y, z) on the surface 
S, as shown in Figure 15.67. On such a small 
disk, curl F is nearly constant, because it varies 
little from its value at (x, y, z). Moreover, 

(curl F) * N is also nearly constant on Sa 
because all unit normals to S, are about the 
same. Consequently, Stokes's Theorem yields 


Í F:Tds- 1 | (curl F) * N dS Figure 15.67 
& i 


(curl F) x| J dS 


= (curl F) * N(rtoC). 


| F-:Tds 
Ca 


Tto? 


So, 


(curl F) * N = 


. circulation of F around Ca 
area of disk Sy 


— rate of circulation. 


Assuming conditions are such that the approximation improves for smaller and smaller 
disks (&— 0), it follows that 


(curl F) > N = lim 2l F:Tds 
a>0 MO Jc. 


which is referred to as the rotation of F about N. That is, 
curl F(x, y, z) * N = rotation of F about N at (x, y, z). 


In this case, the rotation of F is maximum when curl F and N have the same direction. 
Normally, this tendency to rotate will vary from point to point on the surface S, and 
Stokes's Theorem 


[f enn vase f F-a 


I & yw 
Surface integral Line integral 


says that the collective measure of this rotational tendency taken over the entire surface 
S (surface integral) is equal to the tendency of a fluid to circulate around the boundary 
C (line integral). 
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An Application of Curl 


A liquid is swirling around in a cylindrical 
container of radius 2, so that its motion is 
described by the velocity field 


F(x, y, 2 = —y/ x3 + yi + xx? + yj 


as shown in the figure. Find 


{J (curl F) * N dS 


where S is the upper surface of the cylindrical 
container. 


Solution The curl of F is given by 
i j k 
0 0 0 -= 
B L f 23/3 yk 
Ox oy Oz vx » 
-y/Pr+y x/à)-y 0 


Letting N — k, you have 


J| eum Nas | [5/8853 dn 
S. R 
an (2 
-Í Í (3r)r dr dO 
o Jo 
2n 2 
-Í "| dO 
0 0 
2n 
Í 8 dO 
0 


16m. a 


curl F — 


If curl F — 0 throughout region Q, then the rotation of F about each unit normal N 
is 0. That is, F is irrotational. From Section 15.1, you know that this is a characteristic 
of conservative vector fields. 


SUMMARY OF INTEGRATION FORMULAS 


Fundamental Theorem of Calculus Fundamental Theorem of Line Integrals 


f Fa) dx = F(b) — Fla) fr aie [ Uf + dr = fle(b), yE) — foa), x) 


a 


Green’s Theorem 


[ ace vay=| (8-4) aa- [ was f pan | | (ute) kan 
C R ox dy C [o R 

frena | | avea 

C R 


Divergence Theorem Stokes's Theorem 


f [rss [f] f avr [r-a [ [enim was 
Q 
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1 5 n 8 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Ok 


CONCEPT CHECK 


1. Stokes's Theorem Explain the benefit of Stokes's 
Theorem when the boundary of the surface is a piecewise 
curve. 


. Curl What is the physical interpretation of curl? 


alm] Verifying Stokes's Theorem In Exercises 


Ea E 3-6, verify Stokes's Theorem by evaluating 
[s] t fc F + dr as a line integral and as a double integral. 
Pus 


3 


» F(z, y, z) = (~y + sit (x - 2j + (x — y)k 


S:z=9-x?-y?, z20 


4. F(x, y,z) = (—y + 2i + (x — 2j + (x — yk 


Siz=/l—-x-y 


5. F(x, y, z) = xyzi + yj + zk 


S: 6x + 6y + z = 12, first octant 


6. F(x, y, z) = zii + x?j + yk 


Siz=y, 0sxsa, Os ysa 


{=|} [m=] Using Stokes's Theorem In Exercises 7-16, 


pup 


d use Stokes's Theorem to evaluate fF + dr. In 
M 


lobe 3 each case, C is oriented counterclockwise as viewed 
Lo 


pr 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


from above. 


F(x, y, z) = 2yi + 3zj + xk 
C: triangle with vertices (2, 0, 0), (0, 2, 0), and (0, 0, 2) 


. E(x, y, z) = 4zi + xj + ek 


C: triangle with vertices (4, 0, 0), (0, 2, 0), and (0, 0, 8) 


. F(x, y, z) = 2i + 2xj + yk 


S z=1-x- y, zz0 


F(x, y, z) = 4xzi + yj + 4xyk 


Si:z=9-x—-y*, z20 


F(x, y, z) = 2i + yj + zk 
Siz=/4-P-y 

F(x, y, z) = xi + zj — xyzk 
$z94—-x-y 


F(x, y, z) In /x? + y?i 4 arctan. j Fk 
S: z = 9 — 2x — 3y over r = 2 sin 20 in the first octant 
F(x, y, z) = yzi + (2 — 3j + (x? + yk, x? +y? < 16 


S: the first-octant portion of x? + z? = 16 over x? + y? = 16 


F(x, y, z) = xyzi + yj + zk 


Siz=x, Osxsa, Os y<a 


F(x, y, z) = xyzi + yj + zk, x? +y? < @ 


S: the first-octant portion of z = x? over x? + y? = a? 


SE Motion of a Liquid In Exercises 17 and 18, 

hr fi} the motion of a liquid in a cylindrical container of 

EUER radius 3 is described by the velocity field F(x, y, z). 

UTUT Find ff (curl F) - NdS, where S is the upper 
surface of the cylindrical container. 


17. F(x, y, z) = -4i + pj + 5k 
18. F(x, y, z) = —-z + yk 


EXPLORING CONCEPTS 

19. Think About It Let K be a constant vector. Let S be 
an oriented surface with a unit normal vector N, bounded 
by a smooth curve C. Determine whether 


[ [siena 


Explain. (Hint: Use r = xi + yj + zk.) 


20.{ )) HOW DO YOU SEE IT? Let s, be the 
portion of the paraboloid lying above the 
xy-plane, and let S, be the hemisphere, as 
shown in the figures. Both surfaces are oriented 
upward. For a vector field F(x, y, z) with 
continuous partial derivatives, does 


NIS EF): NdS, = [ I F) © NdS? 


Explain your reasoning. 


PUTNAM EXAM CHALLENGE 


21. Let G(x, y) = ( 


-y 2 i 
x? Ayx + 4y? fJ. 


Prove or disprove that there is a vector-valued function 
F(x, y, z) = (M(x, y, z), N(x, y, z), P(x, y, 2) with the 
following properties: 


(i) M,N, P have continuous partial derivatives for all 
(x, y, z) # (0, 0, 0); 


(ii) Curl F = 0 for all (x, y, z) # (0, 0, 0); 
(iti) F(x, y, 0) = G(x, y). 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises. 


Sketching a Vector Field In Exercises 1 and 2, find |F|| 
and sketch several representative vectors in the vector field. 
Use a computer algebra system to verify your results. 


1. E(x, y, z) = xi + j + 2k 2. F(x, y) =i — 2yj 


Finding a Conservative Vector Field In Exercises 3-6, 
find the conservative vector field for the potential function by 
finding its gradient. 

3. f(x, y) = sinxy — y? 

4. f(x y) = Vay 

5. f(x,y, z) = 2x? + xy + 2 

6. f(x, y, z) zi xe» 
Testing for a Conservative Vector Field In Exercises 
7-10, determine whether the vector field is conservative. 

7. F(x, y) = cosh yi + x sinh xj 


8. F(x,y) - 24 


i+ (In x)j 


9. F(x, y, z) = yi + 2xyj + cos zk 
10. F(x, y, z) = 3e"i + 3e**^»j + ek 


Finding a Potential Function In Exercises 11-18, determine 
whether the vector field is conservative. If it is, find a potential 
function for the vector field. 


.. Ll. 1, . 
11. F(x, y) = = + J 12. F(x, y) = i = a 


13. F(x, y) = (xy? — x°)i + xy + y)j 

14. F(x, y) = (-2y? sin 2x)i + 3yY1 + cos 2x)j 
15. F(x, y, z) = 4xy?i + 2x?j + 2zk 

16. F(x, y, z) = (4xy + z2 + (2x? + 6yz)j + 2xzk 


_ yzi — xzj — xyk 
= yi 
18. F(x, y, z) = (sin z)(yi + xj + k) 


17. F(x, » z) 


Divergence and Curl In Exercises 19-26, find (a) the 
divergence of the vector field and (b) the curl of the vector 
field. 


19. F(x, y, z) = xài + xy?j + 222k 

20. F(x, y, z) = y?j — 2k 

21. F(x, y, z) = (cosy + y cos x)i + (sinx — x sin y)j + xyzk 
22. F(x, y, z) = (3x — yi + (y — 22) + (z ^ 3x)k 

23. F(x, y, z) = arcsin xi + xy?j + yzk 

24. F(x, y, z) = (x? — y) — (x + sin? y)j 

25. F(x, y, z) = In(x? + y?)i + In(x? + y2)j + zk 


26. F(x, y, z) = A + E t 2k 


Evaluating a Line Integral In Exercises 27-30, evaluate 
the line integral along the given path(s). 


27. Í (x? + y?) ds 
c 


(a) C: line segment from (0, 0) to (3, 4) 


(b) C: one revolution counterclockwise around the circle 
xX + y = 1, starting at (1, 0) 


28. Í xy ds 
ë 


(a) C: line segment from (0, 0) to (5, 4) 


(b) C: counterclockwise around the triangle with vertices 
(0, 0), (4, 0), and (0, 2) 


29. Í (x? + y?) ds 
C: r(t) = (1 — sin ĝi + (1 
30. Í (x? + y?) ds 


C: r(t) = (cos t + tsin Di + (sint 


cosf), O<t< 2m 


tcost)), Ost < 2 


BB Evaluating a Line Integral Using Technology In 


Exercises 31 and 32, use a computer algebra system to evaluate 
the line integral along the given path. 


31. Í (2x + y) ds 
c 


C: r(t) = acos ti + asin tj O<t< 
J 


NA 


32. Í (x? + y? + z?) ds 
C 
C: r(t) = ti + 2j + k, 0tx4 


Mass In Exercises 33 and 34, find the total mass of the wire 
with density p whose shape is modeled by r. 

33. r( = 3 costi + 3sintj Osrzm px,y =1+x 
34. r(A = 3i + 2j -2tk, 21:84, p(x, y,z) = xz 


Evaluating a Line Integral of a Vector Field In Exercises 


35-38, evaluate Í F * dr. 
C 


35. F(x, y) = xyi + 2xyj 
C: r() Pi Pj, 0<t<1 
36. F(x, y) = (x — yji + (x + y)j 
C: r(t) = 4 cos tit 3sintj O<¢< 2m 
37. F(x, y, z) = xi + yj + zk 
C: r(t) = 2 cos ti 
38. F(x, y, z) = (2y 
C: r(t) = 


2sinfj + tk, Ost s 21 
zji + (z — x)j + (x — y)k 
3ü + Qr + 1)j + 4k, 0<s<tżt<2 


Work In Exercises 39 and 40, find the work done by the 
force field F on a particle moving along the given path. 


39. F(x,y) = xi — yj 
C: x = t, y = P? from (0, 0) to (4, 8) 
y z 


(4, 8) 


1—34 
2 4 6 8 


Y 
= 


Figure for 39 Figure for 40 


40. F(x, y, z) = 2i + yj + zk 
C: r(t) = costi + sin tj + 2tk, OStS< T 


Evaluating a Line Integral in Differential Form In 


Exercises 41 and 42, evaluate Í (y — x) dx + (2x + 5y) dy. 
C 


41. C: line segments from (0, 0) to (2, — 4) and (2, — 4) to (4, — 4) 
42. C: arc on y = Vx from (0, 0) to (9, 3) 
Lateral Surface Area In Exercises 43 and 44, find the area 


of the lateral surface over the curve C in the xy-plane and 
under the surface z = f (x, y), where 


Lateral surface area — j^ f(x, y) ds. 
43. f(x, y) = 3 + sin(x + y); C: y = 2x from (0, 0) to (2, 4) 
44. f(x, y) = 12 — x — y; €: y = xi from (0, 0) to (2, 4) 
Line Integral of a Conservative Vector Field In 
Exercises 45 and 46, (a) show that F is conservative and 
(b) verify that the value of [LF e dr is the same for each 
parametric representation of C. 
45. F(x, y) = (3x + 4i + yj 

à) r() 2ü--15,0stz4 

(ii) r(w) 2w2i + w?j,0 < w S 2 


46. F(x, y) = xyi + ixj 
(i) r(8) = sin Oi + cos Oj, 0 O< 5 
Gi) r()-2-(1-0)j0s:s1 


Using the Fundamental Theorem of Line Integrals In 


Exercises 47-50, evaluate [LF * dr using the Fundamental 
Theorem of Line Integrals. 
47. F(x, y) = e*i + e»j 
C: line segment from (— 1, — 1) to (0, 0) 
48. F(x, y) = —sin yi — x cos yj 


C: clockwise around the circle (x + 1)? + y? = 16 from 
(—1, 4) to (3, 0) 


Review Exercises 1125 
49. F(x, y, z) = 2xyzi + x?zj + xyk 
C: smooth curve from (0, 0, 0) to (1, 3, 2) 
50. F(x, y, z) = yi + xj + E 
C: smooth curve from (0, 0, 1) to (4, 4, 4) 


Finding Work in a Conservative Force Field In 


Exercises 51 and 52, (a) show that is F * dr is independent of 


path and (b) calculate the work done by the force field F on an 
object moving along a curve from P to Q. 


51. F(x, y) = (1 — 352i — 3x2yj; P(4, 2), Q(0, 1) 
52. F(x, y) = ei + 2xe?*j; P(—1,3), Q(4, 5) 


Evaluating a Line Integral Using Green’s Theorem In 
Exercises 53-58, use Green’s Theorem to evaluate the line 
integral. 


53. Í ydx + 2x dy 
c 
C: square with vertices (0, 0), (0, 1), (1, 0), and (1, 1) 
54. Í xy dx + (x? + y?) dy 
c 
C: square with vertices (0, 0), (0, 2), (2, 0), and (2, 2) 
55. Í xy? dx + x*y dy 
c 
C: x = 4cost, y = 4 sint 
56. Í (x? — y?) dx + 3y? dy 
c 
C: 2à-y-9 
57. Í xy dx + x* dy 
c 


C: boundary of the region between the graphs of y = x? and 
yu 


58. [rara 
c 
C: PB + y=] 


Work In Exercises 59 and 60, use Green’s Theorem to 
calculate the work done by the force F on a particle that is 
moving counterclockwise around the closed path C. 
59. F(x, y) = yi + 2xyj 

C: xà + y? = 36 
60. F(x, y) = 3i + G3 + 1)j 

C: boundary of the region lying between the graphs of y = x? 

andy — 4 


Area In Exercises 61 and 62, use a line integral to find the 

area of the region R. 

61. R: triangle bounded by the graphs of y — Ix, y = 6 — x, and 
y=x 

62. R: region bounded by the graphs of y = 3x and y = 4 — x? 


1126 Chapter 15 Vector Analysis 


Sketching a Parametric Surface In Exercises 63 and 64, 
find the rectangular equation for the surface by eliminating 
the parameters from the vector-valued function. Identify the 
surface and sketch its graph. 


63. r(u, v) = 3u cos vi + 3u sin vj + 18i2k 
64. r(u, v) = 3(u  v)i + uj — 6vk 


AB Graphing a Parametric Surface In Exercises 65 and 


66, use a computer algebra system to graph the surface 
represented by the vector-valued function. 


65. r(u, v) = secu cos vi + (1 + 2 tan u) sin vj + 2uk 


jesz O<v<2n 
66. r(u, v) = e~“/4 cos vi + e~"/4 sin vj + a 


Osus4, OSvs 20 


Representing a Surface Parametrically In Exercises 
67 and 68, find a vector-valued function whose graph is the 
indicated surface. 
l 2x y? z2 
7. The ell dot toel 
6 e ellipsoid 7 & 6 
68. The part of the plane z — 2 that lies inside the cylinder 
x? + y? = 25 


Representing a Surface of Revolution 
Parametrically In Exercises 69 and 70, write a set of 
parametric equations for the surface of revolution obtained by 
revolving the graph of the function about the given axis. 


Function Axis of Revolution 
69. y= 2,05 x52 x-axis 
70. z= Vy+1,0<sy<3 y-axis 


Finding Surface Area In Exercises 71 and 72, find the area 
of the surface over the given region. Use a computer algebra 
system to verify your results. 


71. r(u, v) = 4ui + (3u — v)j + vk 


Osus3, OSvel 


72. r(u, v) = 3u cos vi + 3u sin vj + uk 
Osus2, 0svz2n 


Evaluating a Surface Integral In Exercises 73 and 74, 
evaluate 


[Je + y — 2z)dS. 
s 


73. S: z ^ x * S, 0S8xs2, 0sys5 


b3 


74. S: z e?) - x, 0S x84, 0zysJx 


Mass In Exercises 75 and 76, find the mass of the surface 
lamina S of density p 


75. S: 2y + 6x + z = 18, first octant, p(x, y, z) = 2x 
76. S: z = 20 — 4x — 5y, first octant, p(x, y, z) = ky 


Evaluating a Surface Integral In Exercises 77 and 78, 


evaluate Í Í f(x, y) dS. 
S. 


77. f(xy) "^x * y 
S: r(u, v) = ui + vj + 5vk Osuzl OS vs3 
78. f(x, y) = x 
S: r(u, v) = 5cos ui + 5sinuj + vk 


Üsus. O<vel 


Evaluating a Flux Integral In Exercises 79 and 80, find 
the flux of F across S, 


[J ves 


where N is the upward unit normal vector to S. 
79. F(x, y,z) = —2i — 2j + k 
S:z=25-x-y, z20 
80. F(x, y, z) = xi + 2yj + 2zk 
S: x + y + 3z = 3, first octant 


Using the Divergence Theorem In Exercises 81 and 82, 
use the Divergence Theorem to evaluate 


T 


and find the outward flux of F through the surface of the solid 
bounded by the graphs of the equations. 


81. F(x, y, z) = xi + xyj + zk 


Q: solid region bounded by the coordinate planes and the 
plane 2x + 3y + 4z = 12 


82. F(x, y, z) = xi + yj + zk 


Q: solid region bounded by the coordinate planes and the 
plane 2x + 3y + 4z = 12 


Using Stokes’s Theorem In Exercises 83 and 84, use 
Stokes’s Theorem to evaluate 


[rae 
E 


In each case, C is oriented counterclockwise as viewed from 
above. 
83. F(x, y, z) = (cos y + y cos x)i + (sin x — x sin y)j + xyzk 


S: portion of z = y? over the square in the xy-plane with 
vertices (0, 0), (a, 0), (a, a), and (0, a) 


84. F(x, y, z) = (x — zi + (y — z)j + xk 
S: first-octant portion of the plane 3x + y + 2z = 12 


Motion of a Liquid In Exercises 85 and 86, the motion of a 
liquid in a cylindrical container of radius 4 is described by the 


velocity field F(x, y, z). Find Í Í (curl F) - N dS, where S is the 
S 


upper surface of the cylindrical container. 
85. Fx, y, 2 =i + xj — k 86. F(x, y, z) = yi + 3zj + k 
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See CalcChat.com for tutorial help and 
worked-out solutions to odd-numbered exercises. 


P.S. Problem Solving 


1. Heat Flux Consider a single heat source located at the origin 
with temperature 


25 
Ind) re ree 


(a) Calculate the heat flux across the surface 


S=j(,y2:2= JIT Z, psssposysi] 


as shown in the figure. 


(b) Repeat the calculation in part (a) using the parametrization 


x=cosu, y=v, z-sinu 


where 
2 
su and O<v<l. 


2. Heat Flux Consider a single heat source located at the origin 
with temperature 


25 
Te» YS 


(a) Calculate the heat flux across the surface 
S-ÍlGy.2:z22 VI- y}? yrs 1} 


as shown in the figure. 


(b) Repeat the calculation in part (a) using the parametrization 
x = sinu cos v, y= sinusinv, z = COS u 


where 


3. Moments of Inertia Consider a wire of density (Xx, y, z) 
given by the space curve 


C: r(t) = xi + Wj + zik ast<b. 

The moments of inertia about the x-, y-, and z-axes are given by 
I, = fe (y* + z) p(x, y, z) ds 

1, = fc (x? + 2) Ax, y, z) ds 

L = So? + y?) Ox, y, z) ds. 


Find the moments of inertia for a wire of uniform density p = 1 
in the shape of the helix 


r(t) = 3 cos ti + 3 sin tj + 2tk, O < t < 2n (see figure). 


r(t) 23 cos ti + 3 sin tj + 2tk 2 3n 
| ] t 2/209? V 


: r() 27i 3 


Figure for 3 


Figure for 4 


4. Moments of Inertia Using the formulas from Exercise 3, 


find the moments of inertia for a wire of density p = 


1+t 
given by the curve 
2 3/2 
C: r(t) = 7i + tj d c: k, 0 <t < 1 (see figure). 


5. Laplace's Equation Let F(x, y,z) = xi + yj + zk, and 


let f(x, y, z) = |E, y, 2)]. 

(a) Show that V(In f) = E 
1 

b) Show th; e(t) —-—A 

(b) ow tha F 

(c) Show that Vf” = nf"~?F. 


(d) The Laplacian is the differential operator 


V2IÉVe€vV f i 


and Laplace's equation is 


vw w ew, ew 0 
ax? dy? oz ` 


Any function that satisfies this equation is called harmonic. 
Show that the function w = 1/f is harmonic. 
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f 6. Green's Theorem Consider the line integral 10. Work The force field F(x, y) = 3x?y?i + 2x3yj is shown in 
the figure below. Three particles move from the point (1, 1) to 
ll y^ dx + x"dy the point (2, 4) along different paths. Explain why the work 
[s done is the same for each particle and find the value of the 
where C is the boundary of the region lying between the graphs work. 
of y= Væ — xi, a > 0, and y = 0. y 
(a) Use a computer algebra system to verify Green's Theorem zi "PPP rd 
for n, an odd integer from 1 through 7. Lee eee et ur uu 
5+ > ee ua ut 
(b) Use a computer algebra system to verify Green's Theorem e oe ARA 
for n, an even integer from 2 through 8. Aa : A : A 
(c) For n an odd integer, make a conjecture about the value of 33 ‘ y E : 
the integral. 54 duda 
7. Area Use a line integral to find the area bounded by one oi " T 4 : i H i : : 
arch of the cycloid x(0) = a(0 — sin 0), (9) = a(1 — cos 0), korad Madd Ay BA Be A 
i i prtsrt>p>t++>4-> x 
0 x 0 x 27, as shown in the figure. Hc X c 
y y 
A n 11. Area and Work How does the area of the ellipse 
2a 4- 1 2 " 
tal 
e bP 
E i = compare with the magnitude of the work done by the force 
field 
> X m 1 1 
2a F(x, y) = -pi F 7 
Figure for 7 Figure for 8 
. : : " 
8. Area Usea line integral to find the area bounded by the two ona particle that money once around the RUE Se (sse figure): 
loops of the eight curve y 
A 
1 
x(t) = 2sin2t y(t)=sint, 0<f< 20 peer ppc 
2 rapis i e 
P xw oe 
as shown in the figure. /|42 & 
9. Work The force field F(x, y) = (x + y)i + (32 + Dj acts | / | | > x 
on an object moving from the point (0, 0) to the point (0, 1), as E \ 1 
shown in the figure. \ = UE 
NN eoru ul 
y ho. Pa 
RAUS ld——747 ? d 
j tur SL 
EA Pub al 2 s 
pag y, y 12. Verifying Identities 
Hog y aff T d r4 (a) Let f and g be scalar functions with continuous partial 
FAA y Pd F4 derivatives, and let C and S satisfy the conditions of 
cue ae ouf / Fa Stokes’s Theorem. Verify each identity. 
IIIJ l 
LELLA (i) | CFVg) * dr = | | (Vf x Vg) - Nds 
pee PPS, c s 
1 (ii) Í (fVf) * dr =0 
c 


(a) Find the work done when the object moves along the path 
x=0,0<sy<l. ain) [ (Xe + eX de= o 
(b) Find the work done when the object moves along the path ii . 
(b) Demonstrate the results of part (a) for the functions 


x=y-y,Osysl. 


(c) The object moves along the path x = c(y — y?),0 < y < 1, f(x,y,z) = xyz and g(x,y, z) = z. 


i is Find the value of the constant c that minimizes the Let S be the hemisphere z = JTF. 
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A1 


A Proofs of Selected Theorems 


The text version of Appendix A, Proofs of Selected Theorems, is available 
at CengageBrain.com. Also, to enhance your study of calculus, each proof 
is available in video format at LarsonCalculus.com. At this website, you 
can watch videos of Bruce Edwards explaining each proof in the text and in 
Appendix A. To access a video, visit the website at LarsonCalculus.com or 
scan the code near the proof or the proof's reference. 


Sample Video: Bruce Edwards's Proof of the 
Power Rule at LarsonCalculus.com 


2.2 Basic Differentiation Rules and Rates of Change 111 


The Power Rule 


Before proving the next rule, it is important to review the procedure for expanding a 
binomial. 


(x + Ax)? = x? + 2xAx + (Ax)? 

(x + Ax) = x3 + 3x7Ax + 3x(Ax)? + (Ax)? 

(x + Ax)* = xt + AxoAx + 6x?(Ax)? + 4x(Ax)? + (Ax)4 

(x + Ax) = x5 + Sx4Ax + 10x3(Ax)? + 10x2(Ax)3 + 5x(AxY + (Ax) 


The general binomial expansion for a positive integer n is 


(n — 1) 


n-2 
(x + Ax! =x" + nx (Ax) +” z Y (Ax. (Ax). 


(Ax)? is a factor of these terms. 


This binomial expansion is used in proving a special case of the Power Rule. 


THEOREM 2.3 The Power Rule 


If n is a rational number, then the function f(x) = x" is differentiable and 


d puo aci 
ard = nx ; 


m 
SG OSS. 59/9 6 GSE ESS For f to be differentiable at x = 0, n must be a number such that PE de 
oe From Example 7 x"~1 is defined on an interval containing 0. 1 a 

in Section 2.1, you know that 4 qm 

the function f(x) = x!/? is 

defined at x = 0 but is not Proof If; is a positive integer greater than 1, then the binomial expansion produces 

differentiable at x = 0. This d (x + Ax" — x" 

x Zayas ] k so. Ge xh 

is because x~2/3 is not defined di [x"] jim, Ax 

on an interval containing 0. ( Proof: The Power Rule 

x" + næ (Ax) + mn 


qe 

— lim LE + nla — 1x"? 
Ax>0 

=nx"-!4+0+---4+0 
= nx" !, 
This proves the case for which n is a positive inte 
the case for n = 1. Example 7 in Section 2.3 p 
integer. In Exercise 73 in Section 2.5, you ard 
rational. (In Section 5.5, the Power Rule will be 


When using the Power Rule, the case fi 
separate differentiation rule. That is, 


d 
4 Vd =1. 


The slope of the line y = x is I. This rule is consistent with the fact that the s 
Figure 2.15 Figure 2.15. 


A2 


B Integration Tables 


Forms Involving u” 


u"*1 


1. [wa +C, n2 -1 2. [Eau = mul + c 
n+1 u 


Forms Involving a + bu 


t» 


u 1 1 a 
= + bul) + + Inja + + 
IF F bu du yi bu aln|a + bu|) + C «jc FaF du = x END In|a bu) C 


u 1 -1 
Š Í CEST ae T —2GEROC? GH Da + buy | 


+C, n#1,2 


u? 1| bu 
; = + @ Inja + + 
6 fas Æ þu du Al 2 (2a — bu) + a? In|a bu C 
7. = 2a Inja + bul) + C 
(a + GF ia at p x ý 
1 2a a 
: + + + 
P Ils (a + bu)? - 9|; + bu  2(a- bu)? "s bu | $ 
1 2a a? 
. + + 
á Il Gem -lg EU o 3t 3e Ry 1 * "d EN 
1 1 u 1 1 1 1 u 
3 = + : = + + 
"n | atm a apu i n | ice s + inf“) B 


1 1/1 b 1 l| a+ 2bu 2b 
12. du = — +=] + 13. | =a du = + l 
lx + bu) ) {1 a" ) : 3 lx + bu)? P “|< + bu) a i 
Forms Involving a + bu + cu?, b? # 4ac 
2 2cu + b 
———————arctan ———————— 
1 /4ac — b? /4ac — b? 
14. du — E" 
a + bu + cu? 1 2cu + b — JP — 4ac 
—— ———— |n ————— 
Jb? —4ac |2cu + b+ P? — 4ac 


u 1 1 
: = + bu + cu? 
15 IF + bu + cu? a + (inla a ee 2 a + bu + cu? 2 


Forms Involving Ja + bu 


tC, D? < 4ac 


+C, P?» 4ac 


»* --— mm = 2 n 3/2 _ n—l /4 4 hu | 
16. | u Ja + bu du von ea)" (a + bu) nal u Ja + bu du 


Jat bu — Ja 
In +C, a»0 
1 Ja a + bu + Ja 
17. | — = du = 
u'a + bu 2 a + bu 
— arctan -a tC, a<0 
J-a 
= / + — 
18. Í LT du — l | Da + (n æf ——s aul, n+l 
u' a + bu a(n— 1) u 2 ua + bu 


A3 


A4 Appendix B Integration Tables 


du 


Ja 4 bu i 1 
19, du = 2/a+ bu + — 
» | ü u a a east 


Jato,  —-1 [(at+ by}? (2n-5bf /at bu | 
2. Í 7] du "E T EA 2 TE duj, nz 1 
n DW eee 
2 un-1 
+ ets === 
a aE YY? bu raf EITA 
Forms Involving & + w, a» 0 
1 1 u 
2. | idc aomi c 
1 1 l,j|u-a 
2. | ppt veiw 
1 1 u 
25. | gie 2a(n — CENTER n- 3| eiae] 1 n*1 
Forms Involving ,/u? + &, a» 0 
26. | PER y= Flu Ee = Pius Ju =al) +c 
27. feve + a? du = [uee + a)Ju + a2 — at Inju + Jue + aj +C 
TEY. TEY. 
a. [| u ere aln 2 25d +C 
T 
a. |42- E E 
u a 
TETY = Tom 
». { YS au - DE + Iut xg «c 
31. 5du = Inu + uU + a?ł + C 
[t u verze 
-1,]a* V+ æ 1 1 |u 
32. [ot un 7 +C 3 | pod ja +c 
34 uF du = lug anu + JRE a|) +C 
"J]J JEREZ 2 i i 
1 _ fue + a 1 +u 
5 [gts 3u v. m | aam au + a 


Forms Involving /æ — u, a» 0 


a. | =e u2 du = dus ue u + a? arcsin jc 


38. [ee — udu = zlu (22 — a2 /a?—u + atarin =| +C 


acp ad atc 
». [| ay - a? — u? aln v3 


1 ..u 
à = + 
41 [eo arcsin= C 


i a + arcint 
a. | —F i w- 3 uva uP + a arcsin= +C 
1 


u 


5. | gamt a MS 


Forms Involving sin u or cosu 
46. f snua = —cosu+C 


48. ESL su — sinucosu) + C 


sin” 1 u cosu Vies 1 
n n 


50. f simus - IET: 
52. f usnuau= sinu — ucosu + C 


54. f snug — u" cosu + nfutcosuau 


1 = 
56. | ut tanu * secu+ C 


1 

58. | moe" In|tanu| + C 
sinu cos u 

Forms Involving tan u, cot u, sec u, or csc u 


59. [ sua — In|cosu| + C 


61. f scuas- In|sec u + tanu| + C 


Appendix B 


Integration Tables A5 


wo, | 9 7 a- -JZ -e 
u 


„u 
arcing + C 


- 2. 
a. | l ie les "ec 
a? — u a u 
1 — Ja — uf 
IZ ES +C 


47. f cosuds = sinu+ C 


49, foua- 5 


(u + sinucosu) + C 


cos" tusinu , n-1 


51. ET 


n 


i cos’-2 udu 


53. f ucosuds = cosu + usinu+ C 


55. f rosuau= u^ sinu — n[u tsinud 


57. f 1 du = 


1+ cosu 


60. f cotu du = In| 


62. f cuau- In|cscu — cotu| + C or | cua —In|cscu + cotu| + C 


63. EE —u + tmu+ C 


65. f setuds= mnu + C 


n-1 

67. f muas- a = RET nzl 
n-2 s 

69. se udu = = Hinr n 2 se"-?udu nz 1 
n-1 n-1 


ne t n-2 
70. f eua; Ee ES | crude n# 


n-1 n-1 


sinu| + C 


cotu+ cscu + C 


64. f eua - —u-cotu+C 


66. f seua- —cotu + C 


68. f com us = — 
n 


1 


Qo D 
=I 


e *ud. n#1 


A6 Appendix B Integration Tables 


1 ds. 
71. | I5 any = ZEE In|cosu + sinu|) + C 
1 = 
73. [ cheats et ctu mac 
1+ secu 
Forms Involving Inverse Trigonometric Functions 
75. f acsinuau = uarcsinu+ V1- u + C 
77. ET uarcanu — In/T+ w+ C 


79. f accudi- u arcsec u — Inu + JR- 1 +C 


Forms Involving & 
81. fea =@#+C 
83. f vea- une — nf u^- 1e! du 


u 


U cj = ee j I 
85. IE sin bu du = a p; (8 sin bu b cos bu) + C 
Forms Involving In u 

87. f nuou- u(—1+ Inu) +C 

89. f winua = (n4 3 
90. f inua = u2 - 2Inu + (Inw2] + C 
Forms Involving H yperbolic Functions 

92. f snua = sinhu + C 


94. ET tanhu + C 


96. f sechuternhudu = —sechu + C 


un*1 
zs eb (n+ Dlnu] +C, n+ -1 


1 l,.— : 
72. | luteo Jus insinu = cosu) + c 


n. | : du = u — tanu + scu+C 
1+ cscu 


76. E uaccosu—- V1- u + C 
78. f accotucu = uarccotu + In/1 + u24 C 


80. | accscuds- u arccsc u + Inļu + Je — 1 +C 


82. [ æa- u- nes c 


1 
84. [r euu- nase) +c 


86. | e costu ds = acosbu + bsinbu) + C 


a 

a? + b? 
u2 

88. f unuau- zC1+ 2Inu) + C 

91. f nurs u(In u)^ — af (In u)^- 1 du 


93. f sinus = cosh + c 
95. | eua —cothu+C 


97. ET —cschu+ C 


Forms Involving Inverse H yperbolic Functions (in logarithmic form) 


du 
se. | = Inu + FEB) +C 
2 + 
100. | du 1j,3* verre 


ua + u a |u| 


»» | du Lid ec 


a-u 2a 
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Answers to Odd-Numbered Exercises 


Chapter P 45. 47. y 
Section P.1 (page 8) 


1. To find the x-intercepts of the graph of an equation, let y be 
zero and solve the equation for x. To find the y-intercepts of 


(55,0) (0, 0) |J 


: ; C2, 0) 
the graph of an equation, let x be zero and solve the equation pu cx 
for y. 3-2 23 
3. 
7 Symmetry: none Symmetry: none 
i 49. i 51. ^ 
4-4 8+ 
3+ 6+ 
2+ 44+ 
(0, o} 77 
L——L——$4——— x E-[- MI E x 
432-1 A 12 3 =2 246 
EI 
-31 
at 
11. H 15. í Symmetry: origin Symmetry: origin 
L 53. H 55. i 
et 81 
SA0. 6) e. 
4 di 
i EER (0, v3) 
E 440, -/3) 
-6T 6+ 
15. ; a Mi 
4 Yo Symmetry: y-axis Symmetry: x-axis 
ad 2,3) 57. (3, 5) 59. (—4, — 1), (1, 14) 61. (-1, —2), (2, 1) 
"€ ES 63. (—1, —5), (0, —1), (2,1) 65. (~2, 2), (—3, 3) 
wa — 67. (a) y = 0.581 + 92 


Se 2 -1 de 3 


adl : (b) 20 The model is a good fit 
axe = (a) y 1.730 (b x= -4 E for the data. 
(-1, -3) . 


19. (0, —5), (50) — 21. (0, -2, (-2, 0), (1,0) 
23. (0, 0), (4, 0), (—4, 0) 25. (0, 2), (4, 0) 27. (0, 0) 
29. Symmetric with respect to the y-axis 


(c) $23.1 trillion 
69. 4480 units 
71. Answers will vary. Sample answer: 
y = (2x + 3)(x — 4)Qx — 5) 
73. Yes. Assume that the graph has x-axis and origin symmetry. 


31. Symmetric with respect to the x-axis 
33. Symmetric with respect to the origin 35. No symmetry 
37. Symmetric with respect to the origin 


39. Symmetric with respect to the y-axis 


m n If (x, y) is on the graph, so is (x, — y) by x-axis 

symmetry. Because (x, — y) is on the graph, then so is 

(—x, —(—y)) = (^x, y) by origin symmetry. Therefore, the 
graph is symmetric with respect to the y-axis. The argument 
is similar for y-axis and origin symmetry. 

pc (3:0) ee 75. False. (4, —5) is not a point on the graph of x = y? — 29. 
77. True 
Symmetry: none Symmetry: y-axis Section P.2 (page 16) 


1. Slope; y-intercept 3. m=2 5. m — —1 


A8 Answers to Odd-Numbered Exercises 


45. 8x + 3y — 40 =0 


Hx 


15. Answers will vary. Sample answers: (0, 2), (1, 2), (5, 2) 47. 49. y-1= 
17. Answers will vary. Sample answers: (0, 10), (2, 4), (3, 1) H i 
19. 3x — 4y + 12-7 0 21.x—1 8+ (6,8) 3 
y. y 6+ 
A al ^" BD 62 
5c 3T (6,3) 
BUE ^ we a Em 
1+ ! m >x A 
-2 2.4 8 T 
— >x 
32-1 2 3 TAE 3 
at 
a st y - (E) ep 53. 3x + 2y -6 =0 
55. x+2y-5=0 57. (a) x +7=0 (b) y+2=0 
59. (a) xt+y+1=0 (b) x-yt+5=0 
i 61. (a) 40x — 24y -9 =0 (b) 24x + 40y — 53 = 0 
xii 63. V = 250t + 350 65. Not collinear, because m, # m; 
it 67. The adjacent line segments are perpendicular and each line 
3 if oe ape eee segment has a length of \/8 = 2/2 units. 
= WE (3, 2) 69. 12y + 5x — 169 = 0 
3+ -@+b+¢? be 
e 71. (a) (o. ES (b) (2 3 
73. 5F — 9C — 160 = 0; 72°F = 22.2°C 
25. 12 ft ; 75. (a) x = (1530 — p)/15 
27. (a) 20d (b): 3 
£ 320 + 
z 315+ P s 
& 30+ 
E 305 7 
E 300 + 0 1600 
& i 0 
9 10 11 12 13 14 15 45 units 
Year (9 < 2009) 49 it 
From 2009 to 2010 (6); demus 5/3 
(b) 2.38 million people per year (c) 345.1 million people 77. Proof 79. E 81-83. Proofs 85. True 
29. m = 4, (0, —3) 31. m = —5, (0, 20) 
33. m is undefined, no y-intercept Section P.3 (page 27) 
35. y 37. 
5h 1. A relation between two sets X and Y is a set of ordered pairs 
i of the form (x, y), where x is a member of X and y is a 
es a member of Y. 
| A function from X to Y is a relation between X and Y that 
ae has the property that any two ordered pairs with the same 
v E 2 x-value also have the same y-value. 
-64 3. Vertical shifts, horizontal shifts, reflections 


35. 


39. 
43. 
47. 


49. 


51. 
57. 


. (a) -2 
. (a) 22 


(b) 13 (c) 3b —2 
(D v13 (e) 292 


(d) 3x — 5 


(d) Sx? + 2b? + Dx? + 4 


. (a) 5 
. 332 + 3xAx + (Ax, Ax £0 
. Domain: 
. Domain: 
. Domain: 
. Domain: 
. Domain: 
. Domain: 


. Domain: 
. (a) —1 
Domain: 
. (a) 4 

Domain: 


(b) 0 


(b) 0 


(c) 1 (d 44+ 2t- t 
(— 0o, oo); Range: [0, oc) 
(— 00, 00); Range: (—0o, oo) 
[0, 00); Range: [0, oo) 
[—4, 4]; Range: [0, 4] 
(— œ, 0) u (0, oo); Range: (— °°, 0) u (0, oo) 
LO, 1] 
(=, -3) U(—3, 20) 
(b)2 (06 (d2?7^-4 
(— o6, 00); Range: (—oo, 1) U[2, oo) 
(c) -2 (d) -P 
(— o6, 00); Range: (—00, 0] u [1, oo) 
33. y 


Domain: (— 00, 00) 


Domain: (— 00, 00) 


Range: (— 00, 00) Range: (0, 4] 
i 37. i 
3+ XT 
4! 
24 
al 
it it 
e+} 4++44> x 
t t I— x -4-32-1,| 1 34 
3 6 9 
2+ 
L al 
Domain: [6, oo) Domain: [—3, 3] 
Range: [0, oo) Range: [0, 3] 


y is not a function of x. 


41. y is a function of x. 


y is not a function of x. 45. y is not a function of x. 


Horizontal shift to the right two units 

y= J/x-2 

Horizontal shift to the right two units and vertical shift down 
one unit 
y=(-2)-1 

d 52. b 53. c 
(a) 


59. 


61. 


63. 


65. 


67. 


69. 


71. 
73. 
75. 
79. 
83. 
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(c) (d) 


(f) 


(g) (h) 


(a) —x—1 (55-9 


2X = 5 
(c) —6x° + 23x — 20 (d) de 
(a)0 (b)0 (0-1 (d 15 
© V-I (fx-1(xz 0) 
(f° g(x) = x; Domain: [0, 00) 
(e °- f)(x) = |x|; Domain: (— oo, oo) 
No, their domains are different. 


(fgg. o 


x 


D Domain: (—oo, — 1) U(—1, 1) U (1, oo) 


(g of)(x) = M — 1; Domain: (— oo, 0) u (0, oo) 

No 

@) 4 (b -2 

(c) Undefined. The graph of g does not exist at x = —5. 
(03 (92 

(f) Undefined. The graph of f does not exist at x — —4. 


Answers will vary. 

Sample answer: f(x) = Vx; g(x) = x — 2; h(x) = 2x 
(a) (4) ) (3, -4) 

f is even. g is neither even nor odd. h is odd. 

Even; zeros: x = —2, 0,2 77. Neither; zeros: x = 0 
f(x) = -5x-6,-2 5x50 81. y = — /-x 


Answers will vary. 85. Answers will vary. 


Sample answer: Sample answer: 


Distance from home 
(in miles) 


Speed (in miles per hour) 
» 
x 


4 8 12 16 20 24 28 


Time (in hours) Time (in minutes) 


A10 Answers to Odd-Numbered Exercises 


87. c — 25 

89. No. A graph of a function that is intersected by a horizontal 
line more than once would mean that there is more than one 
x-value corresponding to the same y-value. 

91. No. Consider y = x7 + x + 2. 
fO) * -fG) 
This is an odd-degree function that is not odd. 

93. (a) T(4) = 16°C, T(15) = 23°C 
(b) The changes in temperature occur 1 hour later. 
(c) The temperatures are 1? lower. 


95. (a) © (b) «(a = 0.00001132;? 
0 100 
0 
2 
97-99. Proofs 101. L= x? + (- =) 


103. False. For example, if f(x) = x?, then f(—1) = f(1). 
105. True 

107. False. f(x) = 0 is symmetric with respect to the x-axis. 
109. Putnam Problem A1, 1988 


Section P.4 (page 38) 


1. In general, if 0 is any angle, then the angle 0 + n(360?), n 
is a nonzero integer, is coterminal with 0. 


noL 
3. sin ð = 25 
24 
cos ü = 25 
7 
tan 0 = 24 
5. (a) 396°, —324? (b) 240°, — 480° 
19z 17z 10x 2r 
7. (0 g^ 9 (b) > 3 
9. (a) e 0.504 (b) z, 2.618 


(c) 5 5.498 (d) z, 2.094 


11. (a) 270? (b) 210° (c) —105° (d) —135.62° 
13. 
r 8 ft 15 in. 85 cm 24 in. 12963 i 
T 
s | I2ft| 24in. | 63.75m cm | 96 in. | 8642 mi 
0 1.5 1.6 SE 4 zi 
4 3 
15. (a) sinü =% cscO =} (b) sind Š cscð=-# 
cos 0 = 2 sec ð = 3 cos 0 H sec 0 = -# 
tanü =$ cot@=3 tanü—- ò cot @ = E 


17. 


21. 


23. 


25. 
29. 


31. 


33. 


35. 


39. 
45. 


49. 


19. 
2 
1 5 
P id [ ] 
y3 0 
4 
cos 0 = X3 sin 0 = : 
NE 3 
tan 0 = 3 tan 0 = n 
5 
csc 0 = 2 csc 0 = 3 
sec 0 = 28 sec 9 = i 
= 4 
cotð = J/3 conn 
(a) sin 60° = A (b) sin 120° = 
cos 60° = I cos 120° = -i 
tan 60° = /3 tan 120° = — /3 
E m NSPLAM Ee 
(c) A 773 (d) sin a A 
cos % = V2 cos £ = — 2 
4 2 4 2 
tan T =] tan = = 1 
(a) sin 225° = E (b) sin(—225°) = 2 
2 
cos 225° = ux cos(—225?) — E 
tan 225° = 1 tan(— 225°) = —1 
st V3 Abe 1 
(c) sin 3^ 2 (d) sin 6 2 
om ll ln _ V3 
cos ~ cos ~e 2 
T liz J3 
tan 3^ 3 t "in 3 
(a) 0.1736 (b) 5.7588 27. (a) 0.3640 
(a) Quadrant II (b) Quadrant IV 
_n Tn 3x 5n 
006—571 pev 
na 5» 5z llr 
(a) 0 — qiu (b) 0 "dm 
na 3n 5m Tn 7 5n 
OS at ae 4 37 0 = 0, 75%, Go on 
m Sn 7 
6=-,— 41.0 —-0,5 7,2 43. ft 
3'3 0 ($m 2n 3. 5099 
Period: 7 47. Period: : 


Amplitude: 2 Amplitude: 3 


Period: L 51. Period: = 


(b) 0.3640 


63. 


67. 
69. 


71. 


Change in period 
2 
H 57. 1 


y 61. 


1 
1 
1 
1 
1 
1 
1 
» X 
1 
1 
1 
1 
1 
1 
1 


y 65. ? 


RE 


NIA 
NI 
N| 


1 7 
q—3XSb- er 


No. You can use 1 + tan? 0 = sec? 0, but you are unable to 
determine the sign. 

The range of the cosine function is — 1 € y < 1. The range 
of the secant function is y S —lory 2 1. 
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y 
73. 1 l 
2+ f(x) =sinx 2+ [909 =|sinx| 
al \ 
> x sok 
I z 2n -2: -nz m 2r 
4 l 
ag -2 
y 
A 
2+ 7 
h(x) =sin(|x|) 
LAN 
> x 
m 27 
ey 
9-4: 


The graph of |f(x)| will reflect any parts of the graph of f(x) 
below the x-axis about the x-axis. The graph of f! (Ix) will 
reflect the part of the graph of f(x) right of the y-axis about 
the y-axis. 

75. 100 


0 12 
0 


January, November, December 
77. False. 47 radians (not 4 radians) corresponds to two complete 
revolutions from the initial side to the terminal side of an angle. 
79. False. The amplitude of the function y — 1 sin 2x is one-half 
the amplitude of the function y — sin x. 


Review Exercises for Chapter P (page 41) 


1. ($0), (0,-8) 3. (3,0), (0,3) 
7. Symmetric with respect to the x-axis, the y-axis, and the origin 


5. Not symmetric 


Symmetry: none 


Symmetry: origin 


Symmetry: none 


15. (—2, 3) 17. (—2, 3), (3, 8) 


A12 Answers to Odd-Numbered Exercises 


19. 1 21. 7x — 4y — 41 2 0 51. f(x) = x£ —32 


(0, 0) 


(2, 4) 


3 
2 
1 3 3 4 5^ (a) g(x) = -xX + 32 +1 
^n =3 (b) g(x) = (x - 2} — 3x - 22 + 1 
23. 2x + 3y +6 =0 53. f(g(x)) = —3x + 1; Domain: (— 09, 00) 
y g( f(x)) = —3x — 1; Domain: (— 00, oo) 
3 No 
2+ 55. Even; zeros: x = — 1,0, 1 


57. Z = 5.934 59. 24 e —8.378 


61. 30° 63. — 120° 


65. sin(—45°) = e 67. sin i = ; 
25. Slope: 3 cos(—45°) = v2 cos BE -= 3 
y-intercept: (0, 5) 2 6 2 
27. i tan(— 45°) = —1 tan Bu V3 
4 6 3 
s+ 69. sin 405° = x2 
al 2 
xii cos 405? — y2 
i 2 
L——3— — tan 405° = 1 
4 -3 -2 -1 1234 
E n 4n 


71. 0.6494 73. 3.2361 75. —0.3420 TT. a FD 


31. x - 4y 2 0 33. (a) 7x — 16y + 101 = 0 1 
; (b) 5x — 3y + 30 =0 79. a2 81. 
L c) 4x — 3y + 27 =0 
d (c) y 83. 


[ (d x -3-0 


33 


35. V — 12,500 — 8501; $9950 

37. (a) 4 (b 29 (©) -11 (d5r49 
39. 8x + 4Ax, Ax #0 

41. Domain: (—90, oo); Range: [3, oo) 

43. Domain: (—00, 00); Range: (— o0, 0] 

45. y 


87. 


] 
1 
[ 
1 
I 
1 
i 
! 
3r 


2 
1 
1 
1 
[ 
[ 


1 

I 

1 

1 

1 

1 

1 

t 
n 
2 

1 

1 

1 

[ 

[ 


PNW SD 


P.S. Problem Solving (page 43) 


1. (a) Center: (3, 4); Radius: 5 
Domain: (—co, 4) u (1, oc) (y--à (QQv»-i-; (5(5—2) 
Range: (— 0°, 0) U (0, oo) 
47. Not a function 49. Function 


11. 


. (a) A(x) = 4 


. T(x) = 
. (a) 5, less 


y 
A 
at 
3l 
2l 
1¢———— 
x 
432-1,|, 1234 
z2-L 
E 
zd 
y b y 
(a) i (b) A 
44 at 
3T 32 
2+ 24+ 
14 14 .e——— 
I—i—1—1 tix 
13334,1234 4-323, 1234 
OO -21 
=34 age 
44 -44- 
y 
(c) i (d) A 
A 
44 ac 
34 3T 
24 2T 
que — a 
x He 
432-1, 123 4 432-1, 123 4 
mat 
2-4 sg: 
-34 37 
44 aT 
e Y f y 
(e) : (f) 7 
44 4+ 
34 3+ 
24 ————————o 
1r 1r — 
$——————— 
p—t—+ + +> x L—1—1—1 i—i 
432-1] 1234 4321234 
-A zz 
-34 -34- 
44 4+ 
100 


w=), Domain: (0, 100) 


2 
(b) 1600 Dimensions 50 m x 25m 
yield maximum area of 
1250 m?. 
0 110 


0 
(c) 50 m x 25 m; Area = 1250 m? 
2/4 * 2+ /8—x? +1 
4 


(b) 3, greater (c) 4.1, less 


(d) 4+h (e) 4; Answers will vary. 


(a) Domain: (—0o, 1) U (1, oo); Range: (— 00, 0) U (0, oo) 


© f(f() == 

Domain: (—©, 0) U (0, 1) U (1, oo) 
(c) fCfCFG9)) = x 

Domain: (—06, 0) u (0, 1) u (1, oo) 
(d) i 


The graph is not a line 
because there are holes at 
x = Oandx= lI. 


Answers to Odd-Numbered Exercises 


13. (a) x = 1.2426, — 7.2426 15. Proof 
(b) (x + 3)? + y? = 18 y 


A 2L 


IT (27,0 


Chapter 1 


Section 1.1 (page 51) 


1. Calculus is the mathematics of change. Precalculus 
mathematics is more static. 


Answers will vary. Sample answer: 


Precalculus Calculus 
Area of a rectangle Area under a curve 
Work done by a Work done by a 


constant force variable force 
Center of a rectangle 

3. Precalculus: 300 ft 

5. Calculus: Slope of the tangent line at x = 2 is 0.16. 


7. (a) y 


Centroid of a region 


P(4, 2) 
B3 


(D x= 1: m-i 
1 
x = 3: m = ——— = 0.2679 
J/3+2 
1 
x= 5: m = ——— = 0.2361 
5+2 


A13 


(c) 5 You can improve your approximation of the slope at 


x = 4 by considering x-values very close to 4. 
9. Area ~ 10.417; Area ~ 9.145; Use more rectangles. 
11. (a) About 5.66 (b) About 6.11 
(c) Increase the number of line segments. 


Section 1.2 (page 59) 


1. As the graph of the function approaches 8 on the horizontal 


axis, the graph approaches 25 on the vertical axis. 


3. 1 55 
6+ 5 
5-- 45 
—y 
^T L- 
2.25 
3+ Eu 
ot 175 
VALEE 
} [+—}+—_+—} > x 
E 12 3 4 
iun 


11. 


13. 


15. 


x 3.9 399 | 3999 |4 
f(x) | 0.3448 | 0.3344 | 0.3334 | ? 

x 4.001 | 4.01 4.1 

f(x) | 0.3332 | 0.3322 | 0.3226 

i x—4 EE! 
lim 2-524 0.3333 (Actuat limit is 3 

x 0.1 0.01 | —0.001 | 0 

f(x) | 0.5132 | 0.5013 | 0.5001 | ? 

x 0.001 | 0.01 0.1 

f(x) | 0.4999 | 0.4988 | 0.4881 

i= 1 

lim 2 — — — = 0,5000 (actu limit is 3 
x20 X 2 

x 0.1 0.01 0.001 | 0 

f(x) | 0.9983 | 0.99998 | 1.0000 | ? 

x 0.001 0.01 0.1 

f(x) | 1.0000 | 0.99998 | 0.9983 
lim a ~ 1,0000 (Actual limit is 1.) 

x 0.9 0.99 | 0.999 | 1 

f(x) | 0.2564 | 0.2506 | 0.2501 | ? 

x 1.001 | 1.01 1.1 

f(x) | 0.2499 | 0.2494 | 0.2439 

: Xx—32 ...1 
lim 24x6 = 0.2500 (Actual limit is i) 

x 0.9 0.99 | 0999 | 1 

f(x) | 0.7340 | 0.6733 | 0.6673 | ? 

x 1001 | 101 11 

f(x) | 0.6660 | 0.6600 | 0.6015 
| IDEE 
lim = = 0.6666 | Actual limit is =. 
k P — 1 3 

x -61 | —601 | —6001 | -6 
f(x) | —0.1248 | 20.1250 | 0.1250 | ? 

x —5.999 | —599 | -59 

f(x) | —0.1250 | —0.1250 | —0.1252 

lim HO o 0.1250 (Actual limit is — =. 
x> -6 X a 6 


8 


3 


Answers to Odd-Numbered Exercises 


= x 0.1 0.01 0.001 | 0 
f(x) | 1.9867 | 1.9999 | 2.0000 | ? 
x 0.001 | 0.01 0.1 
f(x) | 2.0000 | 1.9999 | 1.9867 
sin 2x 


lim zx = 2.0000 (Actual limit is 2.) 


x20 


d E oor [o 
Du 0.001 0.01 0.1 
f(x) | 2x 10° | 2x 10° | 2000 


As x approaches 0 from the left, the function decreases without 
bound. As x approaches 0 from the right, the function increases 
without bound. 

21. 1 23. 2 

25. Limit does not exist. The function approaches 1 from the right 
side of 2, but it approaches — 1 from the left side of 2. 


27. Limit does not exist. The function oscillates between 1 and — 1 
as x approaches 0. 
29. (a) 2 
(b) Limit does not exist. The function approaches 1 from the 
right side of 1, but it approaches 3.5 from the left side of 1. 
(c) Value does not exist. The function is undefined at x — 4. 
(d) 2 


33. i 


lim f(x) exists for all points 


on the graph except where 


c—4. 
35.6=04 37.56=7~0.091 
39. L=8 


Answers will vary. Sample answers: 
(a) 67 0.0033 (b) 6 0.00167 
41. L- 43. L — 12 
Answers will vary. Answers will vary. 
Sample answers: Sample answers: 


(a) 6 = 0.002 (a) 6 = 0.00125 
(b) 6 — 0.001 (b) 6 — 0.000625 
45. 6 47. —3 49. 3 51. 0 53. 10 
55. 2 57.4 
59. o5 lim f(x) = - 
Domain: [—5, 4) U (4, oo) 
The graph has a hole at x — 4. 
-6 6 


—0.1667 


61. (a) $17.89; the cost of a 10-minute, 45-second phone call 

(b) £ The limit does not exist because 
the limits from the right and left 
are not equal. 


63. Choosing a smaller positive value of 6 will still satisfy the 
inequality |f(x) — L| < e. 

65. No. The fact that f(2) = 4 has no bearing on the existence of 
the limit of f(x) as x approaches 2. 


67. (a) r= 2 = 0.9549 cm 


5.5 6.5 . 
Lc Eg un ; <r<l. 
(b) n r 2m or approximately 0.8754 < r < 1.0345 
(c) hn 2nr = 6; e = 0.5; 6 = 0.0796 
r23/n 
69. 
x —0.001 | —0.0001 | —0.00001 
f(x) 2.7196 2.7184 2.7183 


x 0.00001 | 0.0001 0.001 


f(x 2.7183 | 2.7181 | 2.7169 


lim f(x) ~ 2.7183 


73. False. The existence or 
nonexistence of f(x) at 
x = chas no bearing on 
the existence of the limit 


-— of f(x) as x> c. 


= 0.001, (1.999, 2.001) 

75. False. See Exercise 23. 

77. Yes. As x approaches 0.25 from either side, Jx becomes 
arbitrarily close to 0.5. 


79. lim 


x0 X 


—n 81—83. Proofs 
85. Putnam Problem B1, 1986 


Section 1.3 (page 71) 


1. Substitute c for x and simplify. 

3. If a function f is squeezed between two functions h and g, 
h(x) € f(x) < g(x), and hand g have the same limit L as 
X2 c, then lim f(x) exists and equals L. 

5.8 7-1 9%0 Met 13. Jiu 15125 
17.3 19: 217  23.()4 (b 64 © 64 
25.(003 (02 (02 27.1 291 3L1 
33.5 35-1 37.910 2 (o$ (5i 
39. (a) 256 (b)4 (c48 (d) 64 
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41. f(x) = at Sk and g(x) = x + 3 agree except at x = 0. 
lim f(x) = lim g(x) = 3 

43. f(x) = £> : and g(x) = x — 1 agree except at x = — 1. 
Jim f(x) = lim g@) = —2 


45. f(x) = > and g(x) = x? + 2x + 4 agree except at x = 2. 
lim f(x) = lim g(x) = 12 
1 5 1 5 
49. 8 51. 6 53. 6 * 10 
57. C 592 61.2x-2 63.4 65.0 
67.0 690 71.0 73.3 


75. 2 The graph has a hole at x = 0. 


47. —1 


2 


Answers will vary. Sample answer: 


x 0.1 0.01 0.001 | 0.001 0.01 0.1 


f(x) | 0.358 | 0.354 0.354 0.354 | 0.353 | 0.349 


+ a 

tie ES nou daa ae 
x20 x 2/2 4 

77. 3 The graph has a hole at x = 0. 


Answers will vary. Sample answer: 


x —0.1 —0.01 — 0.001 

f(x) | —0.263 | —0.251 | —0.250 

3 0.001 0.01 0.1 

f(x) | —0.250 | —0.249 | —0.238 

+ -— 
lim [1/@ + 3] — (1/2) = —0.250; Actual limit is Bs 
x0 X 4 
79. 4 
The graph has a hole at t = 0. 

E 27 


- 


Answers will vary. Sample answer: 


t —0.1 —0.01 | 0 0.01 0.1 

fÀ 2.96 2.9996 | ? | 2.9996 | 2.96 
sin 3t — 

im = 3.0000; Actual limit is 3. 


A16 Answers to Odd-Numbered Exercises 


The graph has a hole at x — 0. 


a 


Answers will vary. Sample answer: 


po 0.1 0.01 0.001 | O | 0.001 | 0.01 | 0.1 


f) 0.1 0.01 0.001 | ? | 0.001 | 0.01 | O.1 


sin x? 


lim = 0; Actual limit is 0. 
x0 X 


83.3  852x-4 87. x! 
89. —1/(x -3? 91.4 


93. 6 95. p3 
—m 27 -05 0.5 
76 -0.5 
0 0 
The graph has a hole at 
x=0. 


97. (a) f and g agree at all but one point if c is a real number 
such that f(x) = g(x) for all x # c. 
x-—1 


(b) Sample answer: f(x) — and g(x) = x + 1 agree 


r= 1 
at all points except x = 1. 


99. 3 
f 


The magnitudes of f(x) and g(x) 
are approximately equal when x 
is close to 0. Therefore, their ratio 
is approximately 1. 


g h 


3 

101. —64 ft/sec (speed = 64 ft/sec) 

105. Let f(x) = 1/x and g(x) = —1/x. 
lim f(x) and lim g(x) do not exist. However, 


di A 1 1 , 
limLfG) + g()] imf «( 3l lim 0 = 0 


and therefore does exist. 
107-111. Proofs 


103. —29.4 m/sec 


4 x20 


113. Let f(x) = E rz 


lim |f(@)| = lim 4 = 4 
lim f(x) does not exist because for x < 0, f(x) = —4 and 
for x = 0, f(x) = 4. 

115. False. The limit does not exist because the function 


approaches 1 from the right side of 0 and approaches — 1 
from the left side of 0. 

117. True. 

119. False. The limit does not exist because f(x) approaches 3 
from the left side of 2 and approaches 0 from the right side 
of 2. 

121. Proof 


123. (a) Allx #0, : ne 


(b) 2 The domain is not obvious. 
The hole at x = 0 is not 


à à apparent from the graph. 


(05$ (053 
Section 1.4 (page 83) 


1. A function is continuous at a point c if there is no interruption 
of the graph at c. 
3. The limit exists because the limit from the left and the limit 
from the right are equivalent. 
5. (a) 3 (b)3 (c) 3; f(x) is continuous on (— 9, oc). 
7. (a) 0 (b) O (c) 0; Discontinuity at x = 3 
9. (a) 3 (53 
Discontinuity at x = 2 
1i 13.5 
15. Limit does not exist. The function decreases without bound 
as x approaches —3 from the left. 


19. = 21. ; 23. 2 


x 


(c) Limit does not exist. 


17. -1 


25. Limit does not exist. The function decreases without bound 
as x approaches 11 from the left and increases without bound 
as x approaches rt from the right. 

27. 8 29. 2 

31. Discontinuities at x = —2 and x = 2 

33. Discontinuities at every integer 

35. Continuous on [—7, 7] 37. Continuous on [- 1, 4] 

39. Nonremovable discontinuity at x = 0 

41. Nonremovable discontinuities at x = —2 and x = 2 

43. Continuous for all real x 

45. Nonremovable discontinuity at x = 1 

Removable discontinuity at x = 0 

47. Removable discontinuity at x = —2 

Nonremovable discontinuity at x = 5 

49. Nonremovable discontinuity at x = —7 

51. Nonremovable discontinuity at x = 2 

53. Continuous for all real x 

55. Nonremovable discontinuities at integer multiples of 5 

57. Nonremovable discontinuities at each integer 

59. a=7 61. a=2 63. a= -1,b= 1 

65. Continuous for all real x 


67. Nonremovable discontinuities at x = 1 and x = — 1 
69. Continuous on the open intervals 

.. S, (731, 7T), (n, n), (m, 37), . . . 
71. 05 73. 10 


uw TT 


-5 -2 
Nonremovable discontinuity | Nonremovable discontinuity 
atx =4 


77. Continuous on [0, oo) 


at each integer 
75. Continuous on (— oo, oc) 


79. 


81. 
83. 


85. 


87. 


89. 
95. 
97. 
99. 
101. 


103. 


105. 
107. 


109. 


111. 
113. 


Continuous on the open intervals . . ., (—6, — 2), (—2, 2), 
(2,6),... 
Continuous on (— 00, oc) 


Because f(x) is continuous on the interval [1, 2] and f(1) = a 


and f(2) = —$, by the Intermediate Value Theorem there 
exists a real number c in [1, 2] such that f(c) = 0. 
Because f(x) is continuous on the interval [0, rt] and 
f(0) = —3 and f(m) — 8.87, by the Intermediate Value 
Theorem there exists a real number c in [0, rt] such that 
f(c) = 0. 
Consider the intervals [1, 3] and [3, 5]. 
f) =2 > 0 and f(3) = —2 < 0. So, there is at least one 
zero in the interval [1, 3]. 
f(3) = —2 < 0 and f(5) = 2 > 0. So, there is at least one 
zero in the interval [3, 5]. 
0.68, 0.6823 91. 0.95, 0.9472 93. 0.56, 0.5636 
f() = 1l;¢ =3 
f(0) = 0.6458, f(5) = 1.464; c = 2 
fQ) = 0, f(3) = 24;¢ = 2 
Answers will vary. Sample answer: 

1 
Io) = Ga ae -B) 
If f and g are continuous for all real x, then so is f + g 


(Theorem 1.11, part 2). However, f might not be continuous if 
g(x) = 0. For example, let f(x) = x and g(x) = x? — 1. 


Then f and g are continuous for all real x, but = is not 
continuous at x = +1. E 


True 
False. f(x) = cos x has two zeros in [0, 2rt]. However, f(0) 
and f(2Tt) have the same sign. 


. ; : P(x 
False. A rational function can be written as PG) where P 


Q3) 
and Q are polynomials of degree m and n, respectively. It 
can have, at most, n discontinuities. 


The functions differ by 1 for non-integer values of x. 


A There is a jump discontinuity 
PA every gigabyte. 
sol oe 
— 

20 + 

eo 
10¢——e 

—— 2 

1 2 3 4 


115-117. Proofs 119. Answers will vary. 


121. 


123. 


(a) i (b) No. The frequency is 
a50- oscillating. 


C= 
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125. Domain: [—c?, 0) u (0, oo); Let f(0) = = 


127. h(x) has a nonremovable discontinuity at every integer 


except 0. 
15 


129. Putnam Problem B2, 1988 
Section 1.5 (page 92) 


1. A limit in which f(x) increases or decreases without bound 
as x approaches c is called an infinite limit. Oo is not a 
number. Rather, the symbol lim f(x) = oo says how the 
limit fails to exist. T 


: : x 
s tim ata tim 2] 4] =e 
. w o w 
5. lm, tan a oo, lm tan 4 oo 
7. lim = 00, lim : = —o0 
x24* X — x24 x—4 
i d (x = 4)? =e uL (x m 4y ~ 
11. 
x 3.5 3.1 3.01 3.001 | —3 
f) 0.31 1.64 16.6 167 ? 
x —2.999 | —2.99 = 2:9) —2:5 
f(x) 167 16.7 1.69 0.36 
lim, f(x) = —oo; lim f(x) = oo 
13. 
x 
f(x) 
x 
f(x) 
Jim f(x) = —00; lim f(x) — oo 
15. x —3.5 3.1 3.01 3.001 3 


f(x) | —1.7321 | —9.514 | —95.49 | —954.9 | ? 


x —2.999 | —2.99 | —2.9 =25 


f(x 954.9 95.49 | 9.514 | 1.7321 


Jim f() = -00; lim f(a) = o 
17. x= 19. x = +2 21. No vertical asymptote 
23. x= —2,x—-1 25. x=0,x=3 

27. No vertical asymptote 29. x = n, n is an integer 
31. t = nī, n is a nonzero integer 

33. Removable discontinuity at x = — 1 

35. Vertical asymptote at x = — 1 37. oo 39. — 


ie 
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41. —oo 43. —oo 45. oo 47. 0 49. oo 
51. 3 lim f(x) = oc 
i i s 
-3 : 
53. (aj oo. (b) -œ (c) 0 
: _ x= 3 
55. Answers will vary. Sample answer: f(x) = ~-&-D 
57. 
59. (a) 
x 1 0.5 0.2 0.1 
f(x) | 0.1585 0.0411 0.0067 0.0017 
x j 0.001 0.0001 
fx) ms I E 
05 lim x—sinx o 
x0* X 
-1.5 1.5 
—0.25 
© E 1 0.5 0.2 0.1 
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 
X 0.01 0.001 0.0001 
f(x) | 0.0017 | ~ ~ 
0.25 hae 
lim = = 0 
x05 x 
-1.5 1.5 
—0.25 
og 1 0.5 02 0.1 
f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 
x 
f(x) | 0.1667 | 0.1667 | 0.1667 
0.25 
-0.25 
2 _ * = 0.16 or 


61. 


63. 


65. 
69. 


OF 1 0.5 0.2 0.1 
0.8317 | 1.6658 
x 0.00 | 0.001 | 0.0001 
f(x) | 16.67 | 1667 | 1667.0 


-1.5 n 15 
-15 

li x — sinx 

im = 

0" xt 

. x sinx 
For n > 3, lim ————— = oo 
x20* x” 

(a) 5 ft/sec (b) 3 ft/sec 

; 2x 
(c) lim ————— = oo 


(a) A = 50 tan @ — 500; Domain: (o. z) 


(b) 


e 0.3 0.6 0.9 1.2 1.5 


f(8) | 0.47 | 421 | 180 | 68.6 | 630.1 


100 


0 15 
0 


(c) lim A = oo 
02n/2 
True. 67. False; let f(x) = tan x 


1 1 eel 
Let f(x) = 2 and g(x) = RS and let c — 0. lim 5 — oo and 


1 1 1 x^—1 
TP M ; E i E 
lim x^ oe p (4 +) tim ( x4 ) ine 
a _ _ im £O = 

71. Given lim f(x) = oo, let g(x) = 1. Then lim f) 0 by 
Theorem 1.15. l 

73-75. Proofs 

Review Exercises for Chapter 1 (page 95) 

1. Calculus 

11 

-9 9 


-1 


Estimate: 8.3 
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3. 67. Proof 
x 2.9 2.99 2.999 3 69. f(-1) = —8, f(2) = 10 
f) —0.9091 | — 0.9901 — 0.9990 ? Because f is continuous on the closed interval [— 1, 2] and 
—8 < 2 < 10, there is at least one number c in [— 1, 2] such 
x 3.001 3.01 3.1 that f(c) = 2;¢ = 1 


71. From the left: —oo 
From the right: oc 


f(x) | —1.0010 | —1.0101 | —1.1111 


. x—3 73. x =0 75. x = +3 
lim 2- x42 —— 1.0000 77. x = 2n + 1, where n is an integer 79. — 0 81. i 
5. (a) Limit does not exist. The function approaches 3 from the 83. —oo 85. E 87. oo 
left side of 2, but it approaches 2 from the right side of 2. 89. (a) $80,000.00 (b) $720,000.00 (c) oc 
(b) 0 : 
7. 5; Proof 9. —3;Proof 11.36 13, /6 — 245 P.S. Problem Solving (page 97) 
15.16 17.3 19-1 2.4 23-1 1. (a) Perimeter APAO = 14+ JS — Ip + xi + Sx? + 2 
25.0 27. 5/3/2 29$.—3. 314-3 Perimeter APBO = 1 + J/x* + (x — 1? + Vt + x 
£ = 
33. The graph has a hole at x = 0. (b) p 4 2 1 
Perimeter APAO 33.0166 | 9.0777 | 3.4142 
Perimeter APBO 33.7712 | 9.5952 | 3.4142 
=L 1 
: r(x) 0.9777 | 0.9461 | 1.0000 
x —0.1 —0.01 — 0.001 0 
x 0.1 0.01 
f(x) 0.3352 0.3335 0.3334 ? 
Perimeter APAO 2.0955 | 2.0100 
s m Miis m Perimeter APBO | 2.0006 | 2.0000 
f(x) 0.3333 0.3331 0.3315 Fey 1.0475 | 1.0050 
lim pe ae M = 0.3333; Actual limit is 3 1 
ai * T" 3. (a) Area (hexagon) — (3./3)/2 = 2.5981 
35. The graph has a hole at x = —9. Area (circle) = T = 3.1416 
Area (circle) — Area (hexagon) ~ 0.5435 
(b) A, = (n/2) sin(2m/n) 
(c) 
-18 2 n 6 12 24 48 96 
0 
A, | 2.5981 | 3.0000 | 3.1058 | 3.1326 | 3.1394 
à —9.1 —9.01 —9.001 =9 
3.1416 or it 
f(x) | 245.7100 | 243.2701 | 243.0270 ? 5. (a) m= 2B (b) y = Bx = 19 
| =~ V169 — x7 + 12 
x —8.999 | —8.99 -89 (c) m, eas 
f(x) | 242.9730 | 242.7301 | 240.3100 (d) in It is the same as the slope of the tangent line found in 
; part (b). 
+ mn: m 
lim, ~~ EE ~ 243.00; Actual limit is 243. Tp Dome SIO e i 
x>-9 x , i (b) 05 ()1; (01m 
37. —39.2 m/sec 39. c 41. i5 43. 0 
45. Limit does not exist. The function approaches 2 from the left 
side of 1, but it approaches 1 from the right side of 1. 
47. 3 49. —4 51. Continuous on [— 2, 2] cm T 
-0.1 


53. No discontinuities 

55. Nonremovable discontinuity at x — 5 The graph has a hole at x — 1. 

57. Nonremovable discontinuities at x = — 1 and x = 1 9. (a) 884 (b) 81 (O 81 83 84 
Removable discontinuity at x = 0 

59. c = -4 61. Continuous for all real x 

63. Continuous on [0, 00) 

65. Removable discontinuity at x = 1 


Continuous on (— oo, 1) U (1, oc) 


A20 


11. 


13. 


—$—€—9—$—9—$—$—$—- 
432-1 1 2 3 
-O—0O—0—-0—)—-0—0—0—0- 


2+ 
= 
=a 


The graph jumps at every integer. 


x 
4 


Answers to Odd-Numbered Exercises 


@ f()-0, f(0-0, fG)=-1, f(-27)= -1 
(b lim f() = —1, lim f(x) = 


(c) There is a discontinuity at each integer. 


@ 


(b (i) lim P,Q) = 1 
(i) lim P,, p(x) = 0 
(iii) lim, Pa) = 0 


(iv) Jim P, (x) = 1 


(c) Continuous for all positive real numbers except a and b 
(d) The area under the graph of U and above the x-axis is 1. 


Chapter 2 


Section 2.1 
1. 


(page 107) 


Let (c, f(c)) represent an arbitrary point on the graph of f. 


e. lim, fo) ==] 


Then the slope of the tangent line at (c, f(c)) is 


m — lim 


fle + Ax) - fl 


Ax>0 Ax 


. The limit used to define the slope of a tangent line is also 


used to define differentiation. The key is to rewrite the 
difference quotient so that Ax does not occur as a factor of 


the denominator. 


5. m, = 0, m, = 5/2 
7. (a)-(d) [, 259-59 


11. 
17. 


23. 


27. 


4-1 


(x—1) +f(1) =x+1 


m-—8 13. n = 3 
fx) = -5 19. 


fi) = 3x2 - 12 


1 


f») = "New 


hs) =3 
25. f'(x) = 


15. f(x) =0 


21. f(x) =2x4+ 1 
—1 
(x — 1)? 


29. (a) Tangent line: 31. (a) Tangent line: 
y=-2x+2 y = 12x — 16 
(b) B (b) = 
(2, 8) 
(-1, 4) 
5 5 
3 3 
=] -4 
33. (a) Tangent line: 35. (a) Tangent line: 
—l l EE 
y-3x t5 y-cix-2 
(b) (b) 


37. y - —-x * 1 39. y = 3x —-2;y =3x+2 
41. y= -ix +5 
43. 7 


A 
4+ The slope of the graph of f is 1 for 
3c all x-values. 
2+ 
" 
——3 > x 
-3 -2 -1 1.2 3 
EU 
-24 


The slope of the graph of f is 
negative for x < 4, positive for 
x > 4, and O at x = 4. 


47. 
The slope of the graph of f is 
negative for x < 0 and positive 
for x > 0. The slope is undefined 
atx = 0. 


49. Answers will vary. 
Sample answer: y — —x 


51. No. Consider f(x) = Vx and its derivative. 

53. 9(4) = 5; g'(4) = -3 

55. f(x) = 5 — 3x 57. f(x) = - 
c=1 c=6 


59. 


63. 


65. 


67. 
71. 
73. 
7S. 
TT. 
81. 


85. 


87. 


89. 


f(x) = -—3x +2 61. y= 2x+ 1l,y=—-2x+9 
E44 >x 
3 -2 -1 3 
(a) g 
For this function, the slopes of 
(C1 (1, 1) the tangent lines are always 
3 distinct for different values of x. 
- 
(b) 
For this function, the slopes of 
3 the tangent lines are 
sometimes the same. 
-3 
(a) T 
-6 6 
2 
fo) = 0, fG) - 5 FC) = 1, FQ) =2 
(ji = -3 f1) = -1, f2) = -2 


(d) f(x) =x 
f(2) = 4, f(2.1) = 3.99, f'Q) = -0.1 69. 4 
g(x) is not differentiable at x = 0. 


f(x) is not differentiable at x = 6. 


h(x) is not differentiable at x = —7. 
(=, —4) u (—4, co) 79. (—1, 00) 
7 83. 5 
-6 6 
-1 u 
E 3 


(=, 5) U (5, 20) (— 90, 0) U (0, 20) 

The derivative from the left is — 1 and the derivative from the 
right is 1, so f is not differentiable at x = 1. 

The derivatives from both the right and the left are 0, so 
f'(1) = 0. 

f is differentiable at x = 2. 


91. 


93. 
95. 


97. 
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+1 

PEE nA 

m +1 
(b) 5 

Not differentiable at m — —1 
4 4 
Er] 
2+ Ax) —f(2 
False. The slope is lim [UE AN TOL 
Ax>0 Ax 


False. For example, f(x) = |x|. The derivative from the left 
and the derivative from the right both exist but are not equal. 
Proof 


Section 2.2 (page 118) 


1. 
3. 


13. 


59. 
63. 
69. 
73. 


0 

The derivative of the sine function is the cosine function. The 
derivative of the cosine function is the negative of the sine 
function. 


.(03 (03 70 9 7x6 11 —5/x$ 
1/(9x3/9) 15. 1 17. —6t+ 2 19. 2x + 12x? 
. 32 + 10-3 23. 5 608 8 25. 2x + sina 
Function Rewrite Differentiate Simplify 
ek CM EB 
wu E PI EET: 
| 6 DEUM 84 18 db tyi 18 
Y E 7" m 125 125x4 
2x + 
-2 330 358 3.3 39 $ 
2t + 12 x3-8 3P — 4t + 24 
z 43. 5 45. PIA 
1 2 3 
. 3x2 +1 49. — — — 51. — — 5sinx 
2Jx PP Jx 
. 18x + 5sinx 
P ii 57. (a) 3x + 2y - 7-0 
5 
(1,0) 
(1,2) 
2 3 
EI 
(— 1, 2), (0, 3), TT 2) 61. No horizontal tangents 
ds 65. k — —8 67. k 23 
£gG)-fG) T7 g(x) = -5f'G) 
y 
A 
mal The rate of change of f is constant, 
é and therefore f’ is a constant 
un function. 


A22 


7S. 


TT. 


79. 
83. 


Answers to Odd-Numbered Exercises 


< 


y=2x-1 


f(x) =3 + cos x + 0 for all x. 
(a) 20 


81. x-4y+4=0 


(3.9, 7.7019), 


ae S(x) = 2.981x — 3.924 


(b) T(x) = 3(x — 4) +8 =3x-4 
The slope (and equation) of the secant line approaches that 
of the tangent line at (4, 8) as you choose points closer and 
closer to (4, 8). 


(c) 20 


-2 12 
=z 


The approximation becomes less accurate. 


(d) 

Ax -3 | -2 | -1 | -05 | -01 | 0 
f(4+ Ax) | 1 | 2.828 | 5.196 | 6548 | 7.702 | 8 
T4+Ax) |-1| 2 5 6.5 77 |8 
Ax 0.1 0.5 1 2 3 
f(4 + Ax) | 8.302 | 9.546 | 11.180 | 14.697 | 18.520 
T(4 + Ax) | 83 9.5 11 14 17 


85. 
87. 
91. 


95. 


97. 


False. Let f(x) = x and g(x) = x + 1. 


dy _ Wy) = 
False. um 0 89. False. f'(x) = 0 


Average rate: 3 93. Average rate: i 
Instantaneous rates: Instantaneous rates: 

f) -3,fQ) =3 fü -uLr0-: 

(a) s(t) = — 16t? + 1362, v(t) = —32t (b) —48 ft/sec 
(c) s'(1) = —32 ft/sec, s'(2) = — 64 ft/sec 


(d) t= zo = 9.226 sec (e) —295.242 ft/sec 
v(5) = 71 m/sec; v(10) = 22 m/sec 


99. 


103. 


105. 
109. 
113. 


115. 


N 101. V'(6) — 108 cm?/cm 


Velocity (in mi/h) 
S 


1 
1 
1 
1 
1 
I 
1 
1 
1 
1 

6 


2 4 


8 10 
Time (in minutes) 


(a) R(v) = 0.417v — 0.02 
(b) B(v) = 0.0056? + 0.001v + 0.04 
(c) T(v) = 0.0056? + 0.418v + 0.02 


(d) e (e) T'(v) = 0.0112v + 0.418 
Te T'(40) = 0.866 
r T'(80) = 1.314 
T'(100) = 1.538 
0 120 


0 
(f) Stopping distance increases at an increasing rate. 


Proof 107. y = 2x — 3x + 1 
9x + y = 0,9% + 4y +27=0  lla-ib--j 
fi() = |sin x| is differentiable for all x # nī, n an integer. 


f,(x) = sin|x| is differentiable for all x # 0. 
Putnam Problem A2, 2010 


Section 2.3 (page 129) 


1. 


11. 


19. 


23. 


25. 


27. 


k qnx — sec?x 
d 2 
zg Cote = Tese? x 
z Sec = sec x tan x 
d 
z 86x = Tese x cot x 
1- 52 4 . 
. —20x + 17 7. 9. x?(3 cos x — x sin x) 
2/1 
5 1 — 5x3 xcosx — 2sinx 
m NETT 13. 15. 
(= 5) 2./x(x3 + 1)? x 
. f(x) = G8 + 4x)(6x + 2) + (Bx? + 2x — 5)(3x? + 4) 
= 15x4 + 8x3 + 21x? + 16x — 20 
f'(0) = —20 
2 6x4 
f) = E 21. f'(x) = cos x — xsin x 
! — 1 ' n = v2 — 
rao - -1 /(5) - 2e - m 
Function Rewrite Differentiate Simplify 
xX + 6x Ls, "E "n 
yeu y get 2x y 30) +2 y x2 
| 6 6 5 TID P |... 12 
ye yee  yccp yang 
4x2 2 
= = 4x!/2 "= Qx71/2 = 
y x y y y. J 
x20 x»0 
2+ 6x — + 
eet ag 


To find the derivative of the product of two differentiable 
functions f and g, multiply the first function f by the 
derivative of the second function g, and then add the second 
function g times the derivative of the first function f. 


35. 
39. 
43. 


47. 
51. 
55. 


59, 
63. 


67. 


71. 
TT. 


79. 
83. 
85. 


87. 
89. 


E Au iu 37 4s?(3s2 + 13s + 15) 

x?(x — 3)? ` (s + 2)? 
10x* — 8x3 — 21x? — 10x — 30 41. i(t cos t + 2 sin f) 
— (tsin t + cos f) 


E 45. —1 + sec? x, or tan? x 
Rh sd 4j. esata = 
aa csc f cot t . 5 secx tan x — sec x) 
cos x cot? x 53. x(x sec? x + 2 tan x) 

2 + a 
4x cos x + (2 — x?) sin x 57. or 
1 
-4/33 6l z 
(a) y= —3x—1 65. (a) y = 4x + 25 
(b) [ (b) 
-1 3 
(, -4) 
E 


(a) 4x—2y-n42-20 69% 2y+x-4=0 
(b) 


25y — 12x + 16=0 73. (1, 1) 75. (0,0), (2, 4) 
Tangent lines: 2y + x = 7,2y +x ^» —1 


2y+x=7 À fo) 2X*1 


x-1 


t >x 


2y +x=-1 


fi) +2=g@)  8.(Qp()-1 b) gA = -i 
18t +5 
2 Jt 

(a) — $38.13 thousand/100 components 
(b) —$10.37 thousand/100 components 
(c) — $3.80 thousand/100 components 
The cost decreases with increasing order size. 
Proof 
(a) A(t) = 101.7t + 1593 
p(t) = 2.1t + 287 
(b) 3000 


cm?/sec 


7 - jJ 14 
2300 
101.7t + 1593 
© A=- SIr + 287 
zd A represents the average 


health care expenditures per 
person (in thousands of 
dollars). 
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25,842.6 
4.41? + 1205.4t + 82,369 
A'(t) represents the rate of change of the average health 
care expenditures per person for the given year t. 


(d) A) = 


3 2 

91. 2 93. — 95. 97. 2cos x — xsinx 
[Jx (x — 1} 

99, csc?x + csc x cot? x 101. 6x + r 103. sin x 


25x8/5 
105. 0 107. —10 
109. n — 1 or lower; Answers will vary. Sample answer: 


F(x) = 33, f) = 32, f"() = 6x, f"(x) = 6, FOG) = 0 


111. 
| > x 
-2 
It appears that f is cubic, so f’ would be quadratic and f" 
would be linear. 
113. n 


115. Answers will vary. 


Sample answer: f(x) = (x — 2)? 
y 


117. v(3) = 27 m/sec 

a(3) = —6 m/sec? 

The speed of the object is decreasing. 
119. 
t 0 1 2 3 4 


s(t) 0 57.75 99 123.75 | 132 


v(t) 66 49.5 33 16.5 0 


a(t) | —16.5 | —16.5 16.5 16.5 16.5 


The average velocity on [0, 1] is 57.75, on [1, 2] is 41.25, on 
[2, 3] is 24.75, and on [3, 4] is 8.25. 
121. f(x) = n(n — 1)(n —2)- -- (21) = n! 


A24 


123. 


125. 


127. 


129. 


131. 
135. 


Answers to Odd-Numbered Exercises 


(a) FA = gO) + 2g'G)hQ) + g'h) 

Fx) = Oh") + 3g"H"CX) 
 3e' Gh G) + e" Gh) 

FOW = eG)hI 9G) + Ag'G)M"G) + 6g" G)IPQ) 

+ agha) + Oha) 


4 aie a d reir: 
3: aoa” "a Æ g G)h(x) 


n= 1: f(x) = xcosx + sinx 

n = 2: f'(x) = x? cos x + 2x sin x 
n = 3: f'(x) = x? cosx + 3 sinx 
n — 4: f'(x) = xt cos x + 4x3 sin x 


General rule: f'(x) = x” cos x + nx^- sin x 
EM 1 yo 2 
UU, Te 
xy" + 2x2y'" = « 3 x z) 
x x 

=2-2 

=0 
y = 2cos x, y’ = —2 sin x, 
y'try--2sinx + 2sinx +3 =3 
False. ^ = fG9g'G) + gfx) 133. True 
True 137. Proof 


Section 2.4 (page 140) 


1. 


To find the derivative of the composition of two 
differentiable functions, take the derivative of the outer 
function and keep the inner function the same. Then 
multiply by the derivative of the inner function. 


y =f(g()) u = g(x) y 7 f(u) 
. y = (6x — 5)4 u = 6x — 5 y=ut 
1 1 
7345 u=3x+5 px 
. y = cse? x u = csc x y= 
45 10s 
_ 72 Ee E. te NES 
. 6(2x — 7) ll. -yg 9x76 13. seas 
4x o 1 19 54s? 
` (62 + 17? @= 2}? S5 i2. 
3 
WE. aud 23. x(x — 2)6(9x — 4 
2. (3x + 5P 
1 — 2x? 27 1 
JT =x |J) + 18 
2(x + 5)G? + 10x — 2) 31 8(t + 1)3 
(2 + 2) " (4+ 3) 
. 20x(x? + 3)? + 2(x? + 3p + 20x2(x? + 3)4 + 2x 
. —4 sin 4x 37. 15 sec? 3x 39. 2m? x cos(mx)? 
eq une 
. 2 cos 4x 43. PIC ee 45. 8 sec? x tan x 
sin? x 


. sin 20 cos 20, or ; sin 40 


. 6n(ru — 1) sec(rt — 1)? tan(rt — 1)? 
. (6x — sin x) cos(3x? + cos x) 


53. 


55. 


57. 


59. 


61. 
65. 
71. 


7S. 


79. 


81. 


85. 


89. 
91. 


3T cos./cot 31x csc?(3rix) 
2. J cot 31x 
] — 3x? — 4? 


2 /xG + 1)? 


y The zero of y' corresponds to the 
E 5 point on the graph of the function 
y where the tangent line is horizontal. 
-2 
x+1 
H x 
2x(x + 1) 


y' has no zeros. 


1 
a 
E 
1 
N A 
< 
m 


Tu sin(Tlx) + cos(mx) + 1 


The zeros of y’ correspond to 
the points on the graph of the 
function where the tangent lines 
are horizontal. 


1 
un 
Uu 
< 
< 
u 


[ 
w 


; 5 
3; 3 cycles in [0, 27] 63. 3 


a 


-$ 6.-1 69.0 
(a) 8&x — 5y -7 =0 73. (a) 24x + y + 23 =0 
(b) G (b) 14 
x (4,5) 
b Md 
E 1 
E 3 
(a) y = 8x — 8m 77. (a) 4x - y - (1-1) =0 
(b) 2 (b) : 
(1,0) 
0 \ 2r oe 
(4 
2 -4 
3x + 4y — 25 = 0 


(3, 4) 


b 
Fy 


(53:3), (5-3) (S0) a, 29400 - m» 
ne ei 87. 2(cos x? — 2x? sin x?) 

h'(x) = 18x + 6,24 

f'(x) = —4x? cos x? — 2 sin x°, 0 


95. 


97. 


99. 


101. 
105. 


107. 


The zeros of f' correspond 
to the points where the graph 
of f has horizontal tangents. 


(a) The rate of change of g is three times as fast as the rate 
of change of f. 

(b) The rate of change of g is 2x times as fast as the rate of 
change of f. 


(a) g(x) —f'G) (b) r'a) = 2f'G) 

(o) rx) = —3f(7-33) (d) s'G) = f'(x + 2) 
x -2| -1| 0 |123 
FŒ 4 | 2 [=] -1] -2 | -4 
g@ | 4 | 2 |-| -1] -2]| -4 
h(x) | 8 4 | -2 | -2 | -4] -8 
r(x) 12 | 1 
s(x) | -; | -1| -2] -4 

(a) 5 


(b) s'(5) does not exist because g is not differentiable at 6. 
(b) —1.016 


(a) 1.461 
(a) 90 


103. 0.2 rad, 1.45 rad/sec 


T(t) = 27.3 sin(0.49t — 1.90) + 57.1 
(b) % 


0 13 
0 


The model is a good fit. 
T'(t) = 13.377 cos(0.49t — 1.90) 


20 


(c 


— 


-20 

(d) The temperature changes most rapidly around spring 
(March- May) and fall (Oct.—Nov.) 

The temperature changes most slowly around winter 
(Dec.—Feb.) and summer (Jun.—Aug.) 


Yes. Explanations will vary. 
(b) 177.8 bacteria per day 
(d) 10.8 bacteria per day 


(a) 0 bacteria per day 

(c) 44.4 bacteria per day 

(e) 3.3 bacteria per day 

(f) The rate of change of the population is decreasing as time 
passes. 


109. 


111. 
113. 


115. 


117. 


119. 


121. 
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(a) f(a) = Beos f 
f'6) = - E sin Be 
f"() = -B° cos Bx 
f(x) = BE sin f 


(b) f"(x) + f(x) = —B? sin Bx + B'(sin x) = 0 
(c) f99(x) = (—1)* B* sin x 
f- D(x) = (— DE *-! cos Br 


()r(0)20 (540-23 
(a) and (b) Proofs 
3x 5 5 
oy - (3123 H +3 
h'(x) = — |x|sin x + — k | COS X, #0 
(a) P,(x) = a(x = EE 
Py(x) = ze a) a(x z) rd 
(b) 5 (c) P; 


0 T 
- 


ui 
(d) The accuracy worsens as you move away from x — 4 


True. 123. True 125. Putnam Problem Al, 1967 


Section 2.5 (page 149) 


1. 


17. 
21. 


Answers will vary. Sample answer: In the explicit form of 
a function, the dependent variable y is explicitly written as 
a function of the independent variable x [ y = f(x)]. In an 
implicit equation, the dependent variable y is not necessarily 
written in the form y — f(x). An example of an implicit 
function is x? -- xy — 5. In explicit form, it would be 


5—x 
x C 


y= 


. You use implicit differentiation to find the derivative in cases 
where it is difficult to express y as a function of x explicitly. 
x = 3x? 

a rn 

y y ay =x 
] — 332? 6xy — 332 — 2y? COS X 

* 3x3y? 1 ' o Axy — 3X2 ' 4 sin 2y 
cotxcscx + tany + 1 y COS Xy 
5 195--——— —7 
x sec* y 1 — xcos xy 
(a) y, = V64 — xX, y, = 64 — x? 
(b) 1 
12+ y, -V/64—€ 
Á 
at 
ACTE 
-124 Yo =—V 64 —x? 
x 
(c) y'= + = (d) 
” 64 — x? y T 


A26 Answers to Odd-Numbered Exercises 


JXE*d6 — -V£*16 63. Da] [i 65. 
23. (a) y, = à y= 4 
(b) y FUN da M 
v, 
al W=4Vv x? +16 VA 
et aa E ™ Payee 
= ae At (1, 2): At (0, 0): 
? N Slope of ellipse: — 1 Slope of line: —1 
“T y, --i/ +16 Slope of parabola: 1 Slope of sine curve: 1 
i At (1, —2): 
um d x x : 
(c) y! = — = — SF) y= Slope of ellipse: 1 
i 4x! + 16 ui 16y 16y Slope of parabola: —1 
y X i 
_ a ` : "m dy /d X 
25 : 6 » 27 YG + 49)?” Undefined 67. Derivatives: de p. 2 - ; 
_y y + 2x ais in2 fi x . 
29. eet oy 1 31. —sin?(x + y) or Zar 0 
33. -5 35.0 372 y=-x+7 
[3x , 8/3 2.30 
9, y= c —— 41. y= ——x + — 
EET 3 *n- quy 
43. Answers will vary. Sample answers: 
xy—-2,y? + x = 2x2 +P cty-4xycty-22 
45. (a) y= —2x +4 (b) Answers will vary. 
Tt T 1 4 
. cog? <y< bm 
47. cos? y, 2 y 214 RC 
6x?y + 2y — 20x xsinx + 2cos x + 14y 
51. G2 — 1X 53. 72 
55. 2x + 3y — 30 =0 
9 
(9, 4) 
=l 14 
m 
57. At (4, 3): 6 
Tangent line: 4x + 3y — 25 = 0 
ine: = wa al( 
Normal line: 3x — 4y = 0 4 " 3 
» = —al(V7 - 7 - (23 - 8/7) 
3 ya = -MG + 7)x - (8/7 + 23) 
At (—3, 4) 6 8/7 
Tangent line: 3x — 4y + 25 = 0 (-3, 4) (c) EX $9 
Normal line: 4x + 3y = 0 
b a 73. Proof 75. y 3, LIA p= 3, 2/3 
i 77. (a) y 2 2x — 6 
x (b) : © (5. 715) 
59, 2 +y =r => y ] di^ slope of normal line. 
y 
Then for (xy, yo) on the circle, x, # 0, an equation of the ai B 
V, 
normal line is y — (2) which passes through the origin. If 
0 = 
Xo = 0, the normal line is vertical and passes through the origin. 
61. Horizontal tangents: (—4, 0), (—4, 10) Section 2.6 (page 157) 


Vertical tangents: (0, 5), (78,5) 1. A related-rate equation is an equation that relates the rates of 


change of various quantities. 
.@f 20 5. (a) -2 oi 
. (a) —8 cm/sec (b) Ocm/sec (c) 8 cm/sec 
. (a) 12 ft/sec (b) 6ft/sec (c) 3 ft/sec 
11. 296m cm?/min 


eon Ww 
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13. (a) 9727 in?/min, 15,552Tt in? /min 33 —(x? + 1) 35 4x3 cos x + x4 sin x 
(b) ti tant gu tional to 7? N a cosia 
go ee O 37. 3x? sec x tan x + 6x sec x 39. —xsinx 
15. (a) 72cm?/sec (b) 1800 cm?/sec 41. y — 4x 10 43. y= -8x * 1 45. —48t 
1 225 2 2 
v. 8 ft/min 19. (a) 12.5% (b) m/min 47. Fx 49. 6sec?OtanO 51. 8 cot x csc? x 
405n 144 53. v(3) = 11 m/sec, a(3) = —6 m/sec? 55. 28(7x + 3)3 
21. (a) -$ ft/sec, —} ft/sec, — 5 ft/sec 6x 
(b) 227 ft?/sec (c) i rad/sec 57. "Ea sy 59. —45 sin(9x + 1) 
1 
23. Rate of vertical change: Í m/sec 6l. id — cos 2x), or sin? x 63. (36x + 1)(6x + 1)4 
3 ees 10) 67. -2  6.-1 71.0 
Rate of horizontal change: —~ > m/sec 2(x + 5) 
15 73. 384(8x + 5) 75. 2 csc? x cot x 
25. (a) —750 mi/h (b) 30 min 77. (a) —18.667°/h (b) —7.284^/h 
31:290 = —5.42 ft/sec (c) —3.240°/h (d) —0.747°/h 
v85 79. —* y(y? — 3x?) y sinx + sin y 
29. (a) 2 ft/sec — (b) £ ft/sec © y * x(x? — 3y?) ' cos x — x cos y 
1 J5n 85. Tangent line: 3x + y — 10 = 0 
31. (a) 12 sec b) 5v3 m c) ~~~ m/sec 
(a) (b) 3V3 © 120 / Normal line: x — 3y = 0 
33. Evaporation rate proportional toS => a = k(anz?) t 
(3,1) 
_(4\_, dV o dr _ dr E $ 
V (S) > dr 4nr dr Sok dr 
dy dx : 
35. (a) T 2 means that y changes three times as fast as x = 
changes. 87. (a) 2./2units/sec (b) 4units/sec — (c) 8 units/sec 
(b) y changes slowly when x = 0 or x = L. y changes more 89. 450m km/h 


rapidly when x is near the middle of the interval. 


P.S. Problem Solving (page 163) 


1 


37. 0.6 ohm/sec 39. About 84.9797 mi/h TS 2-4 
1. (a) r= 35x74 (y 5) =] 


/ 5 5 
41. 7. x 0.017 rad/sec (b) Center: (0,3); 2 + (y - 3} = 1 
525 3. p(x) = 2x3 + 4x? -5 
= 2l 9, (_9 81 
43. (a) ALU ft/sec (b) 200m ft/sec 5. a) y ccm cab (b) y= ada 23 ( ^1 ) 
3 (c) Tangent line: y — 0 (d) Proof 
(c) About 427.437 ft/sec Normal line: x = 0 
Jag sg 1 
45. (a) Proof (b) 8^8 y= e - x) 
47. (a) r(f) = 0.0096f? — 0.559/? + 10.54f — 61.5 7. (a) Graph i as separate equations. 
b) Z = (0.0288f? — 1.118 f + 10.54) 1, My 5 = wx x) 


—0.039 million participants/yr (b) Answers will vary. Sample answer: 


49. — 0.1808 ft/sec? 
Review Exercises for Chapter 2 (page 161) 


1. 0 3: 3472 5.5 
7. f is differentiable at all x # 3. 9. 0 11. 3x? — 22x 


13. Bi + E 15. -4 17. 4 — 5 cos 0 The intercepts will always be (0, 0), (a, 0), and (—a, 0), 
Vx d 9 y and the maximum and minimum y-values appear to be *1a. 
19. nO m 21. -1 23. 2 © (s 29) (e? : ( a 22 ( a,/2 z) 
PEN RSE UE REC S ME EC 


25. (a) 50 vibrations/sec/Ib (b) 33.33 vibrations/sec/Ib 
27. (a) s(t) = — 16r? — 30t + 600 
v(t) = —32t — 30 
(b) —94 ft/sec 
(c) v'(1) = —62 ft/sec, v'(3) = — 126 ft/sec 
(d) About 5.258 sec (e) About — 198.256 ft/sec 
29. 4(50 — 15x? — 11x — 8) 31. 9xcos x — cos x + 9 sinx 


A28 


Answers to Odd-Numbered Exercises 


9. (a) When the man is 90 ft from the light, the tip of his shadow 


11. 


13. 
15. 


is 1125 ft from the light. The tip of the child’s shadow is 
1115 ft from the light, so the man’s shadow extends 1m ft 
beyond the child’s shadow. 

(b) When the man is 60 ft from the light, the tip of his shadow 
is 75 ft from the light. The tip of the child’s shadow is 77 ; ft 
from the light, so the child's shadow extends 25 ft beyond 
the man's shadow. 

(c) d — 80 ft 

(d 


— 


Let x be the distance of the man from the light, and let s 
be the distance from the light to the tip of the shadow. 
ds 50 
If 0 < x < 80, then z; = m 
ds 25 
If x > 80, then PEUT 
There is a discontinuity at x — 80. 
(a) v(t) = -Zt + 27 ft/sec (b) 5 sec; 73.5 ft 
a(t) = — a ft/sec? 
(c) The acceleration due to gravity on Earth is greater in 
magnitude than that on the moon. 
Proof; The graph of L is a line passing through the origin (0, 0). 
(a) j would be the rate of change of acceleration. 
(b) j = 0. Acceleration is constant, so there is no change in 
acceleration. 
(c) a: position function, d: velocity function, 
b: acceleration function, c: jerk function 


Chapter 3 


Section 3.1 


1. 
3. 


35. 


37. 


. f(0) =0 


. 2, absolute maximum (and relative maximum) 


. Minimum: 


. Minimum: 


(page 171) 


f(c) is the low point of the graph of f on the interval J. 
A relative maximum is a peak of the graph. An absolute 
maximum is the greatest value on the interval /. 


. Find all x-values for which f'(x) = 0 and all x-values for 


which f'(x) does not exist. 


9. f'(2) =0 11. f'(—2) is undefined. 


. 1, absolute maximum (and relative maximum); 


2, absolute minimum (and relative minimum); 
3, absolute maximum (and relative maximum) 


3 8 IL 5n 
d QC. 19. 1-4 21. x= 3. 
. Minimum: (2, 1) 25. Minimum: (—3, —13) 
Maximum: (— 1, 4) Maximum: (0, 5) 
. Minimum: (-1, —3) 29. Minimum: (0, 0) 


Maximum: (2, 2) Maximum: (—1, 5) 
(1, —6) and (—2, —6) 

Maximum: (0, 0) 

(aie) 

Maximum: (3, 3) 

Minimum value is —2 for —2 < x < —1. 
Maximum: (2, 2) 


39. Minimum: (rt, — 3) 


Minimum: (5. x 1) 
Maxima: (0, 3) and (2m, 3) 


3 5n 1 
Maximum: 6° 5) 


41. 


45. 


51. 
53. 


55. 


57. 


59. 
61. 
63. 
65. 
67. 


(a) Minimum: (0, —3) 
Maximum: (2, 1) 


43. (a) Minimum: (1, — 1) 
Maximum: (—1, 3) 


(b) Minimum: (0, —3) (b) Maximum: (3, 3) 
(c) Maximum: (2, 1) (c) Minimum: (1, — 1) 
(d) No extrema (d) Minimum: (1, — 1) 
8 47. ? 

0 7 
0 4 
0 -0.5 


Minimum: (4, 1) Minimum: (0, 0) 
Maximum: (2.7149, 1.7856) 
(b) Minimum: 


(0.4398, — 1.0613) 


F"G/-10 + /108)| = f"(./3 — 1) ~ 1.47 


Maximum: |f'?(0)| = $$ 


Maximum: 


: 1 : 
Answers will vary. Sample answer: Let f(x) — — f is 
x 


continuous on (0,1) but does not have a maximum or 
minimum. 


y 
A 


at 


(a) Yes. The value is defined. 

(b) No. The value is undefined. 

No. The function is not defined at x = —2. 

Maximum: P(12) = 72; No. P is decreasing for J > 12. 

3 = 0.9553 rad 

False. The maximum would be 9 if the interval was closed. 
69. Proof 71. Putnam Problem B3, 2004 


0 = arcsec 


True 


Section 3.2 (page 178) 


1. 


Rolle’s Theorem gives conditions that guarantee the existence 
of an extreme value in the interior of a closed interval. 


. f(—1) = f(1) = 1; f is not continuous on [— 1, 1]. 
. f(0) = f(2) = 0; f is not differentiable on (0, 2). 
- (2,0), (71,0; f'G) = 0 


; r(3) -0 13. (2 — x 0; sÉ E d =0 


9. (0, 0), (74,0); f(—§) = 0 


3 3 


. Not differentiable atx = 0 17. f(-2 + J5) =0 
(TM) 2 o. e( 3| = 
Qa) nor) c 


. Not continuous on [0, rt] 


21. f) =0 


25. 


29. 


31. 


33. 
35. 
37. 


39. 
43. 
45. 
49. 


53. 
55. 
57. 


59. 


61. 
63. 


1 27. 0.02 
=l 1 
- 0 
- —0.01 
; ([ _ 6 3 
Rolle’s Theorem does not fi\ - = arccos m 0 
apply. 
(a) f(1) = f2) = 38 


(b) Velocity = 0 for some t in (1,2); t = 2 sec 
y 


Tangent line 


(fig) 


&,. fcD) i 


a b 


Tangent line 


The function is not continuous on [0, 6]. 
The function is not continuous on [0, 6]. 

(a) Secant line: x - y - 3-20 (b) c= i 
(c) Tangent line: 4x + 4y — 21 2 0 


(d) T 
Secant 
Tangent 
: 
+ 6 
=l 
rU -42 41. f" x3) -3 


f is not continuous at x — 1. 
1 
f is not differentiable at x = Br 47. f (5) =0 


(a)-(c) 51. (a)-(c) 
3 


Secant 


-1 
(b) y = 5 -= 1) 
(c) y = (ax + 5 - 26) 
(a) —14.7 m/sec (b) 1.5 sec 
No. Let f(x) = x? on [- 1, 2]. 
No. f(x) is not continuous on [0, 1]. So it does not satisfy the 
hypothesis of Rolle's Theorem. 


b) y=; +i 
() y "ix * 1 


By the Mean Value Theorem, there is a time when the speed 
of the plane must equal the average speed of 454.5 miles/hour. 
The speed was 400 miles/hour when the plane was accelerating 
to 454.5 miles/hour and decelerating from 454.5 miles/hour. 
Proof 


(a) (b) 


f(x) =|x| 


AC 5) 


o 
I-I-EOTGEZES ISDEM 


Answers to Odd-Numbered Exercises 


65-67. Proofs 
7. f(x) = x2 
73. False. f is not continuous on [— 1, 1]. 
77-85. Proofs 


Section 3.3 (page 187) 


1. A positive derivative of a function on an open interval 
implies that the function is increasing on the interval. A 
negative derivative implies that the function is decreasing. 
A zero derivative implies that the function is constant. 

. (a) (0,6) (b) (6, 8) 


. Increasing on (— o, — 1); Decreasing on (— 1, 00) 


69. f(x) = 5; f(x) = cand f(2) = 5. 
1; f(x) = x? + c and f(1) = 0, so c = —1. 
75. True 


. Increasing on (— oo, — 2) and (2, 00); Decreasing on (—2, 2) 


ONU 


. Increasing on (— oo, — 1); Decreasing on (— 1, 00) 
11. Increasing on (1, 00); Decreasing on (— oo, 1) 

13. Increasing on (-2.2, 2/2); 

Decreasing on (—4, -242) and (2/2, 4) 


15. Increasing on (o. 5) and (= 2n); 


2 
r T 3m 
Decreasing on ( 2 ) 
7 11 
17. Increasing on (o. m) and (5 on) 
Decreasing on us un) 
RE n 


19. (a) Critical number: x = 4 
(b) Increasing on (4, 00); Decreasing on (— o6, 4) 
(c) Relative minimum: (4, — 16) 
21. (a) Critical number: x = 1 
(b) Increasing on (— oo, 1); Decreasing on (1, oo) 
(c) Relative maximum: (1, 5) 
23. (a) Critical numbers: x = —1,1 
(b) Increasing on (— 1, 1); 
Decreasing on (— 00, — 1) and (1, oc) 
(c) Relative maximum: (1, 17); 
Relative minimum: (—1, —11) 
25. (a) Critical numbers: x = — = 1 
(b) Increasing on (- oo, -i. (1, 00); 
Decreasing on (-3, 1) 
(c) Relative maximum: (- A p 
Relative minimum: (1, 0) 
27. (a) Critical numbers: x = +1 
(b) Increasing on (— oo, — 1) and (1, oo); 
Decreasing on (— 1, 1) 
(c) Relative maximum: (- 1, JE Relative minimum: (1, = 
29. (a) Critical number: x = 0 
(b) Increasing on (— o6, oc) 
(c) No relative extrema 
31. (a) Critical number: x = —2 
(b) Increasing on (— 2, 00); Decreasing on (— 00, — 2) 
(c) Relative minimum: (—2, 0) 
33. (a) Critical number: x = 5 
(b) Increasing on (— oo, 5); Decreasing on (5, oc) 
(c) Relative maximum: (5, 5) 


A29 


A30 


35. 


37. 


39. 


41. 


43. 


45. 


47. 


Answers to Odd-Numbered Exercises 


2 
(a) Critical numbers: x = + EE Discontinuity: x = 0 


ze.) 
oo | 
2 and 2^ : 

Decreasing on (32. o and (o. x2) 
(c) Relative maximum: (- ae — 2/2) 


J/2 


Relative minimum: (2. 242) 


(b) Increasing on oo, 


(a) Critical number: x = 0; Discontinuities: x = +3 

(b) Increasing on (— oo, —3) and (—3, 0); 
Decreasing on (0, 3) and (3, 00) 

(c) Relative maximum: (0, 0) 

(a) Critical number: x = 0 

(b) Increasing on (— oo, 0); Decreasing on (0, oc) 

(c) Relative maximum: (0, 4) 


GS) 
; Increasing on 


m ST 
'3" 3’ 3 


Decreasing on (o. i)a and (3a 2n) 


(b) Relative maximum: (= My + 3); 


(a) Critical numbers: x = — 


3 3 
Relative minimum: E E 3) 
3'3 
(a) Critical numbers: x — i 3m, 
` 4 4" 
Increasing on (o. 3) m 2n); 


Decreasing on (ga 


(b 


— 


Relative maximum: é Al 


Relative minimum: (= — 42) 


(a) Critical numbers: 
It tt 3TI Sm 3m 7m 
UE 4^ 42^ 4 


Increasing on u r), (2 n). (= x) (T 2n); 
4 2 4 4’ 2 4 
Decreasing on (o. 1. G m), (n. 2j (5. m) 
4 4 4 2'4 


2 
Relative maxima: (5. i), (m, 1), (5. 1) 


i m" Tt 3n 5n 7n 
Relative minima: (5 o), ( 4° o), ( FE o), ( "E o 


(a) Critical numbers: > m z Un 


Increasing on (o 2) (2 x (= an); 
g a PIE 6^ ; 


Decreasing on G m), (= un) 
POND B2 6 


(b 


— 


(b 


— 


Relative maxima: E 2), (= 0}: 


. 2. 7n In 1 
Relative minima: 6^ 1),(2 » ) 


49. (a) 
(b) 


(d) 


51. (a) 
(b) 


53. (a) 
(b) 


(c) 


(d) 


fe) = 


f'»0on (-22 3x2), 
f< 0 on ( 3, 302) (32 3); 


f is increasing when f' is positive and decreasing when f" 
is negative. 


f'(t) = t(t cos t + 2 sin f) 
i (c) Critical numbers: 
4T ° t = 2.2889, 5.0870 
AE ff (d) f' > 0 on (0, 2.2889), 
all (5.0870, 27); 
oF TD f! < 0 on (2.2889, 5.0870); 
al & an f is increasing when f" 
E A is positive and decreasing 
7 when f' is negative. 
Weise = ae 
f'G) cos 5 
» xX 
Critical numbers: x = T. = 


| 3n On) p an) (9n |. 
f» oon (T); < oon (o. 7). (A7. on}: 


f is increasing when f’ is positive and decreasing when 
f' is negative. 


55. f(x) is symmetric with 57. i 


respect to the origin. [ 
Zeros: (0, 0), (+ /3, 0) ii 


g(x) is continuous on (— oo, oo), 
and f(x) has holes at x — 1 
and x = — I. 


59. 


61. 


63. g'(0) < 0 65. g(—-6) « 0 


67. Answers will vary. Sample answer: 


= 


69. No. For example, the product of f(x) = x and g(x) = x 
is f(x) * g(x) = x’, which is decreasing on (— oo, 0) and 
increasing on (0, oo). 


71. (5, f (5)) is a relative minimum. 


73. (a) 


(b) Critical numbers: x = — 0.40 and x = 0.48 


(c) Relative maximum: (0.48, 1.25); 


Relative minimum: (— 0.40, 0.75) 
75. (a) s(t) = 9.8(sin ); speed = |9.8(sin O)z| 


(b) 
IL IL IL 2n an 
[s] 0 4 3 2 3 n T 
s(t) | 0| 492: | 49/31 | 98t | 49 /3t | 49/2: | 0 
: ‘ ui 
The speed is maximum at 98 = > 
77. (a) 
t 0} 0.5 1 1.5 2 2.5 3 
C(t) | 0 | 0.055 | 0.107 | 0.148 | 0.171 | 0.176 | 0.167 
t=2.5h 
(b) 025 
"md 
ze 
0 ats -VEAVESF7ES s 3 
0 
t7238h (c) t~2.38h 
2R 
79. r= — 
E 
81. (a) v(t) 26 —2t (b) [3 © 3,0) dMr=3 


83. 


85. 
87. 


89. 


91. 
95. 
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(a) v(t) = 3? — 10t + 4 


(b) |o. 2a Jm and ( mE co) 


3 
5 — /13 54+ /13 5+ /13 
(c) 3 ^ 3 


3 (d) t= 
Answers will vary. 
(a) Minimum degree: 3 
(b) a,(0)? + a,(0)? + a,(0) + ay = 0 
a,(2)? + a,(2)* + a,(2) + ay = 2 
3a,(0)? + 2a,(0) + a, = 0 
3a,(2)? + 2a,(2) + a, = 0 


(a) Minimum degree: 4 
(b) a,(0)* + a,(0) + a,(0)? + a,(0) + ag = 0 
a,(2)* + a,(2)? + a,(2)? + a,(2) + ay = 4 
a,(4)* + a,(4)? + a,(4)? + a,(4) + a, = 0 
4a,(0) + 3a,(0)? + 2a,(0) + a, = 0 
4a,(2)? + 3a,(2)? + 2a,(2) + a, = 0 
4a,(4)* + 3a,(4)? + 2a,(4) + a, = 0 
(c) f(x) = n^ — 2x3 + 4x? 
False. Let f(x) = sin x. 93. False. Let f(x) = x. 
False. Let f(x) — x?. There is a critical number at x — 0, but 
not a relative extremum. 


97-99. Proofs 101. Putnam Problem A3, 2003 
Section 3.4 (page 196) 


1. 


Find the second derivative of a function and form test intervals 
by using the values for which the second derivative is zero 

or does not exist and the values at which the function is not 
continuous. Determine the sign of the second derivative on 
these test intervals. If the second derivative is positive, then the 
graph is concave upward. If the second derivative is negative, 
then the graph is concave downward. 


.f >0,f" <0 5. Concave upward: (— 00, oo) 
. Concave upward: (— oo, 0), G, oo); 


Concave downward: (0, 3) 


. Concave upward: (—oo, —2), (2, oo); 


Concave downward: (—2, 2) 


1 
. Concave upward: (oo, -i 


1 
Concave downward: |—$, oo 


. Concave upward: (— oo, — 1), (1, oo); 


Concave downward: (— 1, 1) 


. Concave upward: (-5 0}: Concave downward: (o. J 


. Point of inflection: (3, 0); Concave downward: (— oo, 3); 


Concave upward: (3, oc) 


. Points of inflection: None; Concave downward: (— oo, oo) 
. Points of inflection: (2, — 16), (4, 0); 


Concave upward: (— oo, 2), (4, oo); 
Concave downward: (2, 4) 


. Points of inflection: None; Concave upward: (—3, oo) 
. Points of inflection: None; Concave upward: (0, oc) 
. Point of inflection: (27, 0); 


Concave upward: (2rt, 411); Concave downward: (0, 2m) 


. Concave upward: (0, rt), (2t, 371); 


Concave downward: (rt 271), (3m, 4rt) 


A32 


31. 


33. 
35. 


37. 
39. 
41. 
43. 
45. 


47. 


49. 


51. 


Answers to Odd-Numbered Exercises 


Points of inflection: (Tt, 0), (1.823, 1.452), (4.46, — 1.452); 
Concave upward: (1.823, rt), (4.46, 271); 
Concave downward: (0, 1.823), (rt, 4.46) 
Relative maximum: (3, 9) 
Relative maximum: (0, 3); Relative minimum: (2, — 1) 
(3, —25) 
(0,3) 
Relative maximum: (—2, —4); Relative minimum: (2, 4) 
No relative extrema, because f is nonincreasing. 
(a) f'(x) = 0.2x(x — 3 (5x — 6); 
f'"(x) = 0.4(x — 3)(10:2 — 24x + 9) 
(b) Relative maximum: (0, 0); 
Relative minimum: (1.2, — 1.6796); 
Points of inflection: (0.4652, — 0.7048), 
(1.9348, — 0.9048), (3, 0) 


Relative minimum: 
Relative minimum: 


f is increasing when f" is 
positive and decreasing when 


I 
I 
I 
I » " . 
I f' is negative. f is concave 
l 

I 


>x concave downward when f” is 
negative. 


cos 3x + cos 5x; 
5 sin 5x 


(a) f'(x) = cos x 


f'"(x) = —sinx + 3 sin 3x 


(b) Relative maximum: E E 


Points of inflection: (& 02667] (1.1731, 0.9637), 


(1.9685, 0.9637), (2 0.2667 


[e y 
i A a r s i 
al an "E f is increasing when f’ is 
NS ` sa è 
24 i k fry positive and decreasing when 
HADS »—» f'is negative. f is concave 
fa Van le iis Ha 
ERU vs ! rN upward when f" is positive 
-47 vi and concave downward when 
EF p : f" is negative. 
-al V 
y 
(a) (b) 


53. 


upward when f" is positive and 


55. 


59. 


61. 
63. 
65. 
67. 


69. 


71. 


i 57. Sample answer: 

EE y 
4-- A 
2. 

(2,0) (4,0) 
H H mex 
TA 6 

T x 

+ 12 
(a) f(x) = (x — 2)" has a point of inflection at (2, 0) if n is 


odd and n 2 3. 


6 6 
-9 9 -9 9 
=(y —2)2 
TJ =x—2 T 8 
-6 -6 


fO) = (K-27 


f(x) =(x -2)4 


inflection [ 


Point of 


(b) Proof 
f(x) = ie — 6x2 + Sx — 24 
(a) f(x) = pe + a (b) Two miles from touchdown 


x = 100 units 
(a) 
t | 0.5 1 1.5 2 2.5 3 
S | 151.5 | 555.6 | 1097.6 | 1666.7 | 2193.0 | 2647.1 
15<t<2 
(b) 7 (c) About 1.633 yr 
0 3 
0 
~ 15 
P) = 2/2 


P(x) = 24/2 A(x a) 


4 
The values of f, P,, and P, and 
their first derivatives are equal 


T CARON 
when x = 4 The approximations 


IL 
worsen as you move away from x — 4 


X 
P(9)-21-5 

X xt 
PQ) =1- 57-3 


The values of f, P,, and P, and 
their first derivatives are equal 
when x — 0. The approximations 
worsen as you move away from x = 0. 


75. True 


77. False. f is concave upward at x = c if f"(c) > 0. 
79. Proof 


Section 3.5 (page 206) 


1. (a) As x increases without bound, f(x) approaches — 5. 
(b) As x decreases without bound, f(x) approaches 3. 

3. 2; one from the left and one from the right 

5.f 6. c 7. d 8. a 9. b 10. e 

11. (a2) © (55 (00 13. (a 0 (b 1 (co)oo 

15. (a0 (b) -i 

23. —oo 25. =1 


(c) -00 17.4 19; 210 
29.5 31. œ% 


27. —2 


33. 0 35. 0 


x 10° 10! 10? 10° 104 105 106 


f(x) | 1.000 | 0.513 | 0.501 | 0.500 | 0.500 | 0.500 | 0.500 


2 
-— À UU 
-1 8 dese 
2 


49. 


x 10° 10! 10° 10? 10* 105 10° 


f(x) | 0.479 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 


i 
The graph has a hole at x = 0. 
"S ^ lim x sin l : 
xsin--—- 
x2oo 2x 2 
=1 


51. 100% 

53. An infinite limit is a description of how a limit fails to exist. 
A limit at infinity deals with the end behavior of a function. 

55. (a) 5 (b) —5 


57. (a) 120 


a 30 
0 
100 


(b) Yes. lim 5 = =~ = 100 
too 
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59. (a) lim f(x) SI 


(b) x, = 
©) M = 4 — 2e (d N=- ioe 
61. (a) Answers will vary. M = em 
(b) Answers will vary. M — SYL. 
63—65. Proofs 
[3m + 3| 
67. (a) dm) = ———— 
Jm +1 
(b) : (c) lim d(m) = 3; 
lim. d(m) = 3; 
As m approaches +00, the 
Bs E distance approaches 3. 
2 
69. Proof 


Section 3.6 (page 215) 


1. Domain, range, intercepts, asymptotes, symmetry, end 
behavior, differentiability, relative extrema, points of 
inflection, concavity, increasing and decreasing, infinite 
limits at infinity 

3. Rational function; Use long division to rewrite the rational 
function as the sum of a first-degree polynomial and another 
rational function. 

5. d 6. c 7.a 8. b 


9. x=2 


15. A 


19. y 
A 
(-274,0) Jat A59 
6+ LA 
4+ ^ 
2+ /° W-X 
2 
t x 
-8 -6 ^| 2468 
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23. 


Point of inflection: (0, 0); 
Horizontal asymptotes: y = +2 


49. 2 Relative minimum: (x. -3), 
Points of inflection: 
Ts © enemies 
3' 8/\3’ 8 
) 2 
Sf The zeros of f' correspond to 
the points where the graph of 
f has horizontal tangents. The 
zero of f” corresponds to the 
point where the graph of f' has a 
31. horizontal tangent. 
> x 
35. NEA T >x 
y 
- A 
al 
21 
Jd. 
ST. 39. 3 Liu wee 
5; 10 -21 
51 2v) 2 
at 
57. (a) 15 The graph has holes at x = 0 


and at x — 4. 


Visually approximated critical 
151737 Ba. 
0 4, numbers: 5, 1, 5, 2, 5, 3, 5 


-0.5 


41. 


|x 


; —x cos? T% — 2M sin Ti cos Tix 
MIRST feet 


Approximate critical numbers: 5, 0.97, 2, 1.98, 2, 2.98, 5 


The critical numbers where maxima occur appear to be 
integers in part (a), but by approximating them using f", 
you can see that they are not integers. 


59. Answers will vary. Sample answer: Let 
3r 31 6 

2 2 — = 

f= G= p41 7° 


x 


45. 2 Minimum: (— 1.10, — 9.05); 
Maximum: (1.10, 9.05); 
-15 15 Points of inflection: 
(— 1.84, — 7.86), (1.84, 7.86); P E ERA 
Vertical asymptote: x = 0; 


=x 


Horizontal asymptote: y = 0 
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61. f is decreasing on (2, 8), and therefore f(3) > f(5). 85. False. For example, 


63. (a) y x-—1 
J ye 


does not have a slant asymptote. 
Ll 87. (a) (-3,1) (b (-7,-1) 
mN [123 T (c) Relative maximum at x = —3, relative minimum at x = 1 
4 (d x= —1 
eal 89. Answers will vary. Sample answer: The graph has a 
vertical asymptote at x = b. If a and b are both positive or both 
(b) lim f (x) = 3, lim f Q9) -0 negative, then the graph of f approaches °° as x approaches 


(c) Because lim f (x) = 3, the graph approaches that of a b, and the graph has a minimum at x — — b. If a and b have 
bozonai ine. lim f(x) = 0. opposite signs, then the graph of f approaches —oo as x 
meteo . approaches b, and the graph has a maximum at x = — b. 
65. 9 The graph crosses the horizontal al _ 
= 91. y = 4x, y = —4x 
asymptote y = 4. 
The graph of a function f does 
not cross its vertical asymptote 
-6 9 x = c because f(c) does not exist. 
-1 
67. 3 The graph has a hole at x = 0. 
The graph crosses the horizontal x 
asymptote y = 0. 
E 27 The graph of a function f does 
not cross its vertical asymptote 93. (a) When n is even, f is symmetric about the y-axis. When n 
E x = c because f(c) does not exist. is odd, f is symmetric about the origin. 
69. 2 (b) n =0,1,2,3 ()n-4 (d) y= 2x 
The graph has a hole at x = 3. (e) 
The rational function is not 
2 4, reduced to lowest terms. 
3 
"E 
71. B The graph appears to approach 
the line y = —x + 1, which is the 
B e Slant asymptote. 
3 
3 
73. 4 The graph appears to approach the 
line y = 2x, which is the slant 
4 e asymptote. 4 o Tv pm 
M |1|2 2|1/]|0 
= N[2|3|4]|5]|2 
75. z The graph appears to approach Section 3.7 (page 224) 
the line y = x, which is the slant ] — . 
ci asymptote. 1.A primary equation is a formula for the quantity to be | 
optimized. A secondary equation can be solved for a variable 
4 8 


and then substituted into the primary equation to obtain a 
=2 function of just one variable. A feasible domain is the set of 


input values that makes sense in an optimization problem. 
77. (a)-(h) Proofs 


1 
79. Answers will vary. Sample answer: y = =" 
pee 
81. Answers will vary. 
3x =n 5 
x—3 
2x 


Sample answer: y — 


83. False. Let f(x) — , f'(x) > 0 for all real numbers. 


= 
N 
3 
N 
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3. @) First Second Peace 2 
Number, x Number à 
10 110 — 10 10(110 — 10) — 1000 
20 110 — 20 20(110 — 20) = 1800 
30 110 — 30 30(110 — 30) = 2400 
40 110 — 40 40(110 — 40) = 2800 
50 110 — 50 50(110 — 50) — 3000 
60 110 — 60 60(110 — 60) — 3000 
70 110 — 70 70(110 — 70) = 2800 
80 110 — 80 80(110 — 80) = 2400 
90 110 — 90 90(110 — 90) — 1800 
100 110 — 100 | 100(110 — 100) = 1000 


The maximum is attained near x — 50 and 60. 
(b P = x(110 — x) (c) 55 and 55 


d) 3500 
(a) (55, 3025) 
0 120 
0 
5 jan 5 7. 21 and 7 9. 54 and 27 


13. €=w=7ft 


55 5 5 : . 
15. ( R j (3 J 17. 40 in. x 20 in. 


19. 900 m x 450m 


16 32 
"c4 


8 4 
— 2. j fi fi 
23. (a) L s Rege NEU x»1 
(b) 1 


21. Rectangular portion: 


Minimum when x ~ 2.587 


(2.587, 4.162) 


0 10 
0 


(c) (0, 0), (2, 0), (0, 4) 
25. Width: $2 Length: 54/2 
27. (a) 


sepes 
<> 
NJ 

mm dc 

we — | 


(b) 


Length, x 


Width, y Area, xy 


10 (2/m)(100 — 10) | (10)(2/n)(100 — 10) = 573 


20 (2/n) (100 — 20) 


(20)(2/m)(100 — 20) ~ 1019 


30 (2/1) (100 — 30) | (30)(2/m)(100 — 30) = 1337 


40 (2/m)(100 — 40) | (40)(2/1)(100 — 40) = 1528 


50 (2/1) (100 — 50) | (50)2/r)(100 — 50) = 1592 


60 (2/r9 (100 — 60) | (60)(2/m)(100 — 60) = 1528 


29. 
31. 


33. 


35. 


37. 


The maximum area of the rectangle is approximately 1592 m?. 


(co) A= =(100x — x3, 0 < x < 100 


dA 2 
(d) — = =(100 — 2x) (e) 2000 
dx m (50, 1591.6) 
= 0 when x = 50; 
The maximum value is 
approximately 1592 
0 100 


when x — 50. o 
18 in. x 18 in. x 36 in. 
No. The volume changes because the shape of the container 
changes when it is squeezed. 


21 
r= PER = 1.50 (h = 0, so the solid is a sphere.) 
1 0 
Side of square: S. Side of triangle: -— 
9 - 43 9 - 43 
20/3. 20/6 . 
w= 3 in., h = 3 in. 


41. 
43. 


45. 
49. 
53. 


Pu 4 ES Refinery 


The path of the pipe should go underwater from the oil well to 
the coast following the hypotenuse of a right triangle with leg 


2 4 
lengths of 2 miles and —= miles for a distance of —= miles. 
5 J3 J3 


Then the pipe should go down the coast to the refinery for a 


distance of (4 € =) miles. 


af 
One mile from the nearest point on the coast 
y (a) Origin to y-intercept: 2; 
Origin to x-intercept: z 
(b) d = /x? + (2 — 2 sin x)? 
(c) Minimum distance is 0.9795 
> x when x ~ 0.7967. 


About 1.153 radians or 66° 47. 5.3% 
y=%xS~6lmi 51. y= $x, S, ~ 4.50 mi 


(0, 0) 55. Putnam Problem A1, 1986 
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Section 3.8 (page 233) 31. x — 1.563 mi E 
33. (a) Proof (b) /5 = 2.236, /7 = 2.646 35. Proof 
1. Answers will vary. Sample answer: A aa 
If f is a function continuous on 37. False; Let f(x) = -i 39. True 41. 0.217 


[a, b] and differentiable on (a, b), 

where c € [a, b] and f(c) = 0, ' 
then Newton’s Method uses 

tangent lines to approximate c. 


Section 3.9 (page 240) 
1. y = f(c) yr ec c) 


First, estimate an initial x, close 3. Propagated error = f(x + Ax) — f(x), relative error = ie ] 
to c. (See graph.) Then determine M 
dy 
X = ‘ 
x, using x; = x, — T Calculate a third estimate x, using percent ertor = y 100 
fle) i 5. T(x) = 4x — 4 
X4 = x; — r~- Continue this process until |x, — x, ,,| is 
f'o) x 19 | 199 |2| 201 | 21 
within the desired accuracy, and let x, , , be the final f(x) | 3.610 | 3.960 | 4 | 4.040 | 4.410 
approximation of c. 
. . T(x) | 3.600 | 3.960 | 4 | 4.040 | 4.400 
In the answers for Exercises 3 and 5, the values in the tables have 
been rounded for convenience. Because a calculator and a computer 7. T(x) = 80x — 128 
program calculate internally using more digits than they display, 
you may produce slightly different values from those shown in x 1.9 1.99 2 2.01 24 
ee: f(x) | 24.761 | 31.208 | 32 | 32.808 | 40.841 
E (s) (x, 
G x, Fa | f) 2 Xn » f Xn T(x) | 24.000 | 31.200 | 32 | 32.800 | 40.000 
fe) |" Fo 
1 2 =j 4 —0.25 2.25 9. T(x) = (cos 2)(x — 2) + sin 2 
2 | 2.25 | 0.0625 | 4.5 0.0139 2.2361 ab 1.9 
5. f(x) | 0.946 | 0.913 | 0.909 
fx) f(x) T(x) | 0.951 | 0.913 | 0.909 
n Xn fG) f (x,) F ) Xn f ) 
- SEE 11. y — f(0) = f'(0)(x — 0) 6 
1 1.6 — 0.0292 | —0.9996 | 0.0292 1.5708 1 
y-2-—34x 
2 | 1.5708 0 = I 0 1.5708 x y 65 f 
y-2tc 4 -6 6 
7. —1:587 9. 0.682 11. 1.250, 5.000 3 
13. 0.900, 1.100, 1.900 15. 1.935 17. 0.569 
19. 4.493 13. Ay = 0.1655, dy = 0.15 
21. (a) 4 (b) 1.347 (c) 2.532 15. Ay — —0.039, dy — —0.040 
17. Ay ~ —0.053018, dy = —0.053 19. 6x dx 
E ; 21. (x sec? x + tan x) dx 23. "uem 
25. e dx 27. (3 — sin 2x) dx 
(d) : If the initial estimate x — x l J9 = 3 
: ge i ! 29. (a) 0.9 (b) 1.04 31. (a) 8.085 (b) 7.95 
is not sufficiently close to the 
desired zero of a function, then 33. (a) +5 in? (b) 0.625% 
the x-intercept of the 8 Em = 
corresponding tangent line to 35. (a) £20.25 in. (b) +5.4 inr (c) 0.6%, 0.4% 
the function may approximate 37. 27.5 mi, about 7.3% 39. (a) 7% (b) 216 sec = 3.6 min 
— >x  asecond zero of the function. 41. 6407 ft 
4 5 1 
43. f(x) = Vx, dy = dx 
: fœ) T s 
1 
y--13Dx +3.156 99.4) = ./100 + —0.6) = 9.97 
f(99.4) 5 Jw. ) 


23. f'(x) =0 25. 0.74 Calculator: 9.97 
27. The values would be identical. 29. (1.939, 0.240) 


A38 Answers to Odd-Numbered Exercises 


1 47. Relative maximum: (—3, — 12); Relative minimum: (3, 12) 
45. f(x) = Yx, dy = —— dx ? ? 2 
fe) Yx y 43/4 49. i 5]. Increasing and concave 
1 7+ downward 
~ 4 + ————(-— = 
FOE OD a(625y74 Dr 2 (5, 5) 


Calculator: 4.998 

47. The value of dy becomes closer to the value of Ay as Ax 
approaches 0. Graphs will vary. 

49. True 51. True 53. True 


Review Exercises for Chapter 3 (page 242) 


1. Maximum: (0, 0) 3. Maximum: (4, 0) 53. (a) 
Mum (5 52) Minimum: (0, —2) D = 0.41489r* — 17.1307? + 249.88812 — 1499.45: + 3684.8 
5. Maximum: (3, 3) 7. Maximum: (27, 17.57) (b) T 
Minimum: (—3, —3) Minimum: (2.73, 0.88) 
9. f'(1) =0 11. Not continuous on [- 2, 2] 
13. "(um =: 15. f is not differentiable at x = 5. sc 3.7 don rai qe 
17. f'(0) = 1 (c) 2011; 2006 (d) 2008 
19. No; The function has a discontinuity at x = 0, which is in the 55. 8 57. -i 59, —oo 61. 0 63. 6 
interval [—2, 1]. 65. 


21. Increasing on (-3, oo); Decreasing on (oo, -i) 
23. Increasing on (— o6, 1), (2, oo); Decreasing on (1, 2) 
25. Increasing on (1, 0o); Decreasing on (0, 1) 
27. (a) Critical number: x = 3 
(b) Increasing on (3, 00); Decreasing on (— o6, 3) 
(c) Relative minimum: (3, —4) 69. » 
29. (a) Critical number: t = 2 " 
(b) Increasing on (2, 00); Decreasing on (— o6, 2) 


(2,4) 


(c) Relative minimum: (2, — 12) 


31. (a) Critical number: x = — 8; Discontinuity: x = 0 
(b) Increasing on (— 8, 0); 
Decreasing on (— oo, — 8) and (0, oc) 
(c) Relative minimum: (- 8, -i) 
3m 7m 


33. (a) Critical numbers: x — TF 


: 3m 7m 
(b) Increasing on "EE ) 


T 
Decreasing on (o. 2 and (T m) 


(c) Relative minimum: (2 — 45) 


m 4) 

35. (a) 023-4: Œ lo (Go) (0:23 

37. Point of inflection: (3, — 54); Concave upward: (3, ©); 
Concave downward: (— oo, 3) 


Relative maximum: 


39. Points of inflection: None; Concave upward: (—5, ©) 

41. Points of inflection: G Ji (= 2 206 
22/42 2 79. 54,36 81. x = 50 ft and y = "t 

T 3m) 32r? 

yo) 83. (0,0), (5,0), (0,10) 85. 14.05 87. 77 


eT ne (o. 3. (5. m) 89. — 1.532, —0.347, 1.879 91. —2.182, —0.795 
) 


Concave upward: 


NM 2 93. —0.755 95. Ay = 5.044, dy = 4.8 
43. Relative minimum: (—9, OF is I ds 


Ua J ( V2 ) 
45. Relative maxima: ( 2°72) 2^3l 
) 


Relative minimum: (0,0 


99. 


101. 


f(x) = vx, dy = A 


63.9) + ——(—0.1) = 7.99375 
f =~ 64 " Ju )= 
Calculator: 7.99375 


(a) +8.1mcm? (b) +1.81 cm? 
(c) About 0.83%, about 0.56% 


P.S. Problem Solving (page 245) 


1. 


15. 
19. 


. All c, where c is a real number 


. Greatest slope: (-4 


Choices of a may vary. 

(a) One relative minimum at 
(0, 1) fora = 0 

(b) One relative maximum at 
(0, 1) fora < 0 

(c) Two relative minima for 


a=2 a=0 
Nw 


a--l 
a=-2 
a--3 a 
E3 ] =e a<Owhenx= + 2 
(d) If a < 0, then there are three 
critical points. If a = 0, then 
there is only one critical point. 

5. Proof 


. The bug should head toward the midpoint of the opposite 


side. Without calculus, imagine opening up the cube. The 
shortest distance is the line PQ, passing through the midpoint 
as shown. 


11. Proof 
J3 3) 
Least sl en on 
2), east slope: (33 
Proof 17. Proof; Point of inflection: (1, 0) 
(a) P(x) =x- x2 
(b) 


Chapter 4 


Section 4.1 
1. 


E 4/3 
11. [xs dx EZ dx MT 


13. 


. Proof 


(page 255) 


A function F is an antiderivative of f on an interval / when 
F'(x) = f(x) for all x in Z. 


. The particular solution results from knowing the value of 


y = F(x) for one value of x. Using the initial condition in the 
general solution, you can solve for C to obtain the particular 
solution. 

T. y=3P +C  9.y- $^ 4 C 
Original 
Integral Rewrite 


Integrate Simplify 


qu^ +C 


-1/2 
[z+ [a S EC qus 


Answers to Odd-Numbered Exercises A39 


15. 32 + 7x + C 17. x6 - x +C 
19. 552 +32 +x4+C 21 i654C 
23. “a +C 25 ax” + 12x!/2 + C 
27. B+ 5x2-2x+C 29. 5sinx — 4cosx + C 
31. —cscx — x? + C 33. tan O + cos8+C 
35. tany + C 37. f(x) = 32 + 8 
39. h(x) = x! + 5x — 7 41. f(x) - x2 -* x € 4 
43. f(x) = — A /x + 3x 
3 
45. (a) Answers will vary. (b y= z —x- E 


49. 


3 


Sample answer: 


Answers will vary. Sample answer: 


f(x) 24x +2 


EN: $3 
51. f(x) = ta? x = f'(x) = 2tanx * sec? x 
g(x) = sec?x = g'(x) = 2 sec x * sec x tan x = f'(x) 
The PUDE are the same, so f and g differ by a constant. 
53. f(x) = —— + + 
55. (a) h(t) = ip +5t+12 (b) 69cm 57. 62.25 ft 
59. (a) t = 2.562sec (b) v(t) = —65.970 ft/sec 
61. v, = 62.3 m/sec 63. 320 m; —32 m/sec 
65. (a) v(t) = 3? — 12t + 9, a(t) = 6t — 12 
(b) (0, 1), P. 3) (e -3 
67. a(t) = zm - 2t 4 
69. (a) 1.18 m/sec? (b) 190m 
71. (a) 300 ft (b) 60 ft/sec ^ 41 mi/h 
73. False. f has an infinite number of antiderivatives, each differing 
by a constant. 
75. True 77. True 79. Proof 
81. Putnam Problem B2, 1991 


A40 


Answers to Odd-Numbered Exercises 


Section 4.2 (page 267) 


1 


3 


= 
uU 


19 


25. 


. The index of summation is i, the upper bound of summation 
is 8, and the lower bound of summation is 3. 

. You can use the line y = x 
bounded by x = a and x = b. 
The sum of the areas of the 
inscribed rectangles in the 
figure below is the lower sum. 


The sum of the areas of the 
circumscribed rectangles in 
the figure below is the 
upper sum. 


The rectangles in the first graph do not contain all of the area 
of the region, and the rectangles in the second graph cover 
more than the area of the region. The exact value of the area 
lies between these two sums. 


158 u o] 
. 75 7. 85 9. 8c 11. > 5i 


Shs] O-O] 


. 1200 21. 2470 23. 1876 
n+2 3 2(n + Do — 1) 
n n 


n= 


n 
n 
n 


10: S = 1.2 

= 100: S = 1.02 

= 1000: S = 1.002 

= 10,000: S = 1.0002 


n 
n 
n 
n 


= 10: S = 1.98 


100: S = 1.9998 
1000: S = 1.999998 
10,000: S = 1.99999998 


29 
31 
33 
35 


37 


41. 


43. 


. 13 < (Area of region) < 15 
. 55 < (Area of region) < 74.5 
. 0.7908 < (Area of region) < 1.1835 
. The area of the shaded region falls between 12.5 square units 
and 16.5 square units. 
. A= S =~ 0.768 
e s ~ 0.518 


39. A= S = 0.746 
A = s = 0.646 


24 24 
s(n) = 24 "E S(n) = 24 + 2 


5(2n? — 3n + 1) 
6n? 


5(2n? + 3n + 1) 
6n? 

pae i 
n 


n 


s(n) , S(n) 


om 5 | 10 | 50 | 100 
s(n) | 1.6 | 1.8 | 1.96 | 1.98 
Sn) | 2.4 | 2.2 | 2.04 | 2.02 


© wo $a DD - 


n 


lim > 
noo ? 


aL 


47. A=3 49. A=} 
y 
5 
4 
3 
2 
Bh 
4 } 1 | >x + -X 
aa) Wi 3 2 
51. A = 54 53. A = 34 


[SIS 


55. A — 


69 
63. 9 


65. 0.345 


67. b 


© s(n) = È Fe ar= Y L (216) 
(d) S(n) — PRO Ax = Y i) (3 


i-1 


69. An overestimate on one side of the midpoint compensates for 
an underestimate on the other side of the midpoint. 


71. (a) 


y 


84 


(b) 


y 
A 
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(c) | (d) Proof 31. 


10+ 


8+ Semicircle 


$ea3li468 
al 
mu 
2 
20 | 100 | 200 33. —320 — 35.80 37. 40 39. 508 


41. (a) 13 (b) -10 (c)O (d) 30 
43. (a) 8 (b) —12. (c) —4  (d)30 45. —48,88 
S(n) | 21.733 | 20.568 | 19.739 | 19.251 | 19.188 47. (a) —n (b)4 (c) -(1+2n) (d3-2n 
(e) 5+2n (f) 23 —2n 
49. (a) 14 (b) 4 (c)8 (dO 5140  53.a 


s(n) 15.333 | 17.368 | 18.459 | 18.995 | 19.060 


M(n) | 19.403 | 19.201 | 19.137 | 19.125 | 19.125 


(f) Because f is an increasing function, s(n) is always increasing 55. Answers will vary. Sample answer: 
and S(n) is always decreasing. i 
73. True 
75. Suppose there arenrowsandn + 1columns. The stars on the left 
total 1 + 2 + - - - + n, as do the stars on the right. There are 
n(n + 1) stars in total. So, [1 + 2+---+n]=n(n+ 1) 
andl +2+-:--4 qu Od) 
2 > x 
h : n+ 1)\? j 
77. When n is odd, there are 2 seats. When n is even, There is no region. 
nm + 2n 57. Geometric method: 
there are seats. : 
79. Putnam Problem B1, 1989 Í (x + 2) dx = Area of large triangle — Area of small triangle 
-1 
Section 4.3 (page 277) 225 lo 
2 2 
1. A Riemann sum represents the addition of all of the subregions bca a 
: : Limit definition: 
for a function f on an interval [a, 5]. 
10 3 : 
. = 3. . . .3 : x 4 4 
3. 2/3= 3464 532. 70 93 f e«24- im Sfi: + 2\(4))= no 
-1 n>% f n 


5 4 4 
11. (3x + 10) dx 13. Í 5 dx 15. Í 4 — |x|) dx un = 
f. W-b)é gy ga ages 


0 —4 


61. Answers will vary. Sample answer: a = n, b = 271 
on 
Í sinx dx < 0 


5 n/2 2 
17. Í (25 — x?) dx 19. Í cosxdx 21. Í y? dy 
0 0 


-5 


23. { 25. ! 


A 


5l oe 


Triangle 


Rectangle 


> xX 


x 


pe OSSD 


2 
63. True 65. True 67. False. Í (—x) dx = -2 
0 


69. 272 71. Proof 
73. No. No matter how small the subintervals, the number of both 
>x rational and irrational numbers within each subinterval is 
infinite, and f(c) = 0 or f(c) = 1. 
75. a = —1 and b = 1 maximize the integral. 


A42 


TT. 


79. 
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Answers will vary. Sample answer: 


[foo] =[x— 3l 


>x 


The integrals are equal when f is always greater than or equal 
to 0 on [a, b]. 


1 
3 


Section 4.4 (page 292) 


1. 


57. 


59. 


63. 


. 2/3 ~ 34641 51. 


Find an antiderivative of the function and evaluate the 
difference of the antiderivative at the upper limit of integration 
and the lower limit of integration. 


. The average value of a function on an interval is the integral 


of the function on [a, b] times n 


5 5 
5 5 
5 5: 
= 5 
Positive Zero 
28 1 2 
.-2 1.-Ë 13.4 15.4} 174 
1 25 64 
-4 A.-k% B 25.5 27$ 
Tl 2/3 1 
2- m 37 33.7 35.0 37. 
3 
1 44.2 43.20 45. z 47. 2 — 1.8899 


+arccos vn = +0.4817 


. Average value = z 55. Average value = 10.2 
x= V3 x = 1.3375 
2 
Average value = — 
Tl 
x = 0.690, x = 2.451 
2 
(a) F(x) = 500 sec? x 61. z 63.7% 
(b) 1500/3 =~ 827 N 
Tl 
F(x) = EE + 20 65. F(x) = sinx 
x 
F(2) = 10 F(0) = 0 
m\_ 2 
F(5)=1 F=] = >= 
9-1 5-4 
35 ui 
F(8) = = F-|-1 
CREE (=) 


67. 


69. 
75. 
83. 
87. 


91. 
95. 
99. 


101. 


103. 
105. 


107. 
109. 
111. 


113. 
115. 


(a) g(0) = 0, 8(2) ~ 7, g8(4) ~= 9, g(6) ~ 8, g(8) ~ 5 
(b) Increasing: (0, 4); Decreasing: (4, 8) 
(c) A maximum occurs at x = 4. 


a » 


73. tanx — 1 
79. Jxcscx 81. 8 


71. i35 — 12 

x? — 2x 77. J/x+4+1 

COS xy sin x 85. 3x? sin x$ 
y 89. 8190L 


bx? + 2x 


An extremum of g occurs at x = 2. 

About 540 ft 93. (a) $ ft to the right — (b) 43 ft 
(a)Oft (b) S ft 97. (a) 2 ft to the right (b) 2 ft 
The displacement and total distance traveled are equal when the 
particle is always moving in the same direction on an interval. 


113 


The Fundamental Theorem of Calculus requires that f be 
continuous on [a, b] and that F be an antiderivative for f on 
the entire interval. On an interval containing c, the function 


f(x) = 


28 units 
f(x) = x^? has a nonremovable discontinuity at x = 0. 


is not continuous at c. 
Xe 


f(x) = sec? x has a nonremovable discontinuity at x = a 
True 
, 1 ji. d 
PO) = qi 1 2 Fue 
Because f'(x) = 0, f(x) is constant. 


(a) 0 (DO (©) xf) + So fo at 
Putnam Problem B5, 2006 


(d) 0 


Section 4.5 (page 305) 


1. 


. (1 + 6x) + C 


You can move constant multiples outside the integral sign. 
fuo dx = frw dx 
MCI 


. The integral of [g(x) |'e'(x) is + Cn 1. 


n+l 
Recall the power rule for polynomials. 


Í f (g(x))g'(x) dx u — g(x) du = g'(x) dx 
; [ow + 110) dx 5x2 + 1 10x dx 
f Í tan? x sec? x dx tan x sec? x dx 


11. $05 — 2y2 + C 
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15. 42x — 15 + C 
19. -B(1— x95 + C 


. pat + 33 + C 


(d) No, some zeros of f, such as x = S do not correspond 
. (£ + 2)/2 +C 2 


to extrema of g. The graph of g continues to increase 


21. 


25. 
29. 
33. 
35. 


37. 
41. 
45. 
47. 


51. 
53. 
55. 


57. 


59. 
65. 
75. 


79. 


81. 


83. 
85. 


87. 


7 1 


4(1 — x2)? +C 23. — 3(1 + x3) +C after x = » because f remains above the x-axis. 
—-J/1—-%4+C 27. -1(1 TE 2i +C (e) 4 The graph of h is that of g 
4 t shifted 2 units downward. 
xA PC 31. 2x -4/16 -x2 +C i 2 
1 
UL + 2x — 3) ` e 
(a) Answers will vary. (b y= -i(4 — xy? 42 4 


Sample answer: 2 


i 


-1 
| 


fi) =284+134+3 39 —cos mx + C 


43. -sing +C 


lo 1 1 
z sin? 2x + C or —; cos? 2x + C, or —g cos 4x + C, 


1 
6 sin 6x +C 


> tan? x H Cor 5 sec? x FC, 49. f(x) = 2c057 + 4 


f(x) = §(42 - 105 — 8 


(x 62 — A(x + 6952 + C = $(x -697(x —4) + C 
Ba 2 952 - 4a — 352 e 20 - 97] - c 

-1 — 391532 + 12x + 8) + C 

gl (2x — 1)? + $(2x = 192 - eQx - 1)'7]+C= 

= le + 2x- 13) +C 

-ico'2x +C 61.0 63, 12-82 

2 67.5 6.5? m.»xy3-1) 73.2 

0 77. (a) 144 (b) 72, (c —144 (d) 432 


3 
Ji (4x2 — 6) dx = 36 

0 
(a) [eve + 1 dx; Use substitution with u = x? + 1. 


(b) i cot?(2x) csc?(2x) dx; Use substitution with u = cot 2x. 


$340,000 

(a) 102.532 thousand units 
(c) 74.5 thousand units 

(a) å 


(b) 102.352 thousand units 


g 


=A! 

(b) g is nonnegative, because the graph of f is positive at the 
beginning and generally has more positive sections than 
negative ones. 

(c) The points on g that correspond to the extrema of f are 
points of inflection of g. 


89. (a) and (b) Proofs 

91. (a) Poso.o75 ^ 35.3% (b) b ~ 58.6% 

93. True 95. True 97. True 99-101. Proofs 
103. Putnam Problem A1, 1958 


Review Exercises for Chapter 4 (page 309) 


xt 4 1 
tant 3. ge tae + 3x4 


2 
x) 4 
dew use 7. 9cosx — 2cotx - C 
9. y=1 -3 11. f(x) 2-486 — 5x — 3 
13. (a) 3 sec; 144 ft (b) 3 sec (c) 108 ft 
10 i 
15. 60 17. p 50 + 2) 19. 192 21. 420 
23. 3310 25. 9.038 « (Area of region) « 13.038 


27. uen - Ž Sn) = 11 +2 
n n 


29. A=15 


31. A = 12 


33. 43 
37. y 


35. 48 


Triangle 


A= 2 
39. (a) 17 (b 7 (c)9 (d) 84 
+ 
4.12 43. = 45. vee? 47.1 49. 30 
51.1 53, /B 
55. Average value = 2 
z=% 


57. L /1 +23 59. —5(1 — 3x5 + C = 3582 
61. isinx-- C — 63. -2/1 — sin6 +C 
65. (8 — 2 — l$(g — v2 + c 


15 +C 
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455 28n 468 
67. 7 69.2 71 =e 7». 7 75. 0 
P.S. Problem Solving (page 311) 

i0) 1-8 fac L, L'0)-1 

(c) x 2.718 (d) Proof 

. [3248.4 044 4, 324 e| 
3. (a) lim E > i m bx EU i 
165^ — 16 16 
O dé ©) 15 
5. (a) ? 
pet 
T2 
1 I—- X 
EU 
T 
(b) i 
1.004- 
0.75 4- 
0.504- 
0.25-- 
aa aa 
-025-- 


(c) Relative maxima at x = \/2, /6 
Relative minima at x = 2, 2/2 
(d) Points of inflection at x = 1, /3, /5, /7 
7. (a) 


(c) x 2 4,8 
1 
9. Proof 11. 13. Proof; 1 < Í Jl +x4dx < A2 


0 
15. (a) ” 


100: 


8 8 8 8 


02 04 06 08 10 i 
(b) (0, 0.4) and (0.7, 1.0) (c) 150 mi/h? 
(d) Total distance traveled in miles; 37 mi 
(e) Answers will vary. Sample answer: 100 mi/h? 
17. (a)-(c) Proofs 


| mb(n + 1) 


— mb'(n — 1) 


(b) S(n) = = 


s(n) = 


(c) Area = 5(b)(mb) = 4(base)(height) 


=x +1, 
21. f(x) = 42x — 5, 
1, 


0 
2 
3 


Chapter 5 
Section 5.1 


1. Forx > 1,Inx = 


1 


x2 
x«3 
x<4 


IA IA IA 


(page 321) 


X 


TE 0. For0 < x < 1, 


X 1 
nx f l= [ L e 
1 t x t 


3. The number e is the base for the natural logarithm: 


ne- f Lysi, 
Dd 


45 
5. (a) 3.8067 (b) In45 = Í la~ 3.8067 
1 


0.8 
7. (a) —0.2231 (b) In 0.8 = Í La = —0.2231 
1 


9.b 10.d 1la 


Domain: x » 3 


19. 
21. 
25. 


29. 


(a) 1.7917 
In x — In4 
In x + 5 In(2 + 5) 


Inz + 2 In(z — 1) 


3 / x(x + 3)? 


33. In 2] 


(b) —0.4055 
23. In x + In y — Inz 


12. c 
15. 


=x 


ze 


Domain: x » 0 


(c) 4.3944 = (d) 0.5493 


27. [n(x — 1) — Inx] 


x= 2 
1. 1 
: ETT) 
16 
35. In —— — 
Vx + 6x 


39. 


47. 


53. 


59. 


65. 
67. 


71. 


73. 


7S. 


79. 


83. 


87. 
89. 


91. 


93. 
95. 


97. 


99. 


(b) f(x) = n = Inx? — In4 


= 2Inx — In4 
= g(x) 
-o0  41.1n4- 13863 43.1 45 = 
x x7 +3 
4(In x)? 2 2x7 —1 
VM 49. 51. —— —— 
x t1 x(x? — 1) 
1-2 1—21Int 2 1 
x(x? + 1) 2» p nis xlnx xInx 
1 —4 
TEE 61. He ED). 63. cot x 
sin x 
tan x d 
cosx— 1 
(a) y —-4x—4 69. (a) 5x —y - 2-20 
(b) 5 (b) ii 
(1,3) 
= TO x EI 2 
5 3 


(a) y=4x +4 
(b) 2 


-|0 3 


2 

2x? + 1 77 3x3 + 15x? — 8x 

Jer) “Wx + 1)3.3x — 2 

(2x7 + 2x — 1)/x- 1 81 2xy 
(x + 1)3/2 ` 

NS 
me a 85. xy" + y'= 4 
Relative minimum: (1, 1 


Relative minimum: (e^!, —e^!) 

2 
Relative minimum: (e, e); Point of inflection: (e, 2) 
x = 0.567 
Yes. If the graph of g is increasing, then g'(x) > 0. Because 
f(x) > 0, you know that f'(x) = g'(x)f(x) and thus f'(x) > 0. 
Therefore, the graph of f is increasing. 
No. For example, 
(In 2)(In 3) = 0.76 1.79 = In(2 * 3) = In 6. 


True. 101. False. it is a constant, so “tin n] = 0. 
x 
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103. (a) 50 (b) 30 yr; $503,434.80 


(c) 20 yr; $386,685.60 


1000 3000 


0 


(d) When x = 1398.43, dr 


I — 0.0805. When 
dx 


x = 1611.19, — ~ —0.0287. 


dt 

dx 

(e) Two benefits of a higher monthly payment are a shorter 
term and a lower total amount paid. 


105. (a) 350 (c) 30 


0 100 0 100 


D 


(b) T'(10) = 4.75°/Ib/in2 lim T'(p) = 0 
poo 


T'(70) = 0.97? /1b/in? Answers will vary. 


107. (a) 2 (b) When x — 5, 
dy _ " 
c "E 
When x — 9, 
0 10 dy = _V19 
° dx 9 
_ dy _ 
ned 7e 
109. (a) 2 For x > 4, g(x) > f'(x). 
g is increasing at a faster 
3 rate than f for large values 
f of x. 
0 500 
0 
(b) For x > 256, g'(x) > f'(x). 


g is increasing at a faster 
rate than f for large values 
of x. 


20,000 


o 
d 
o Uu 
ENEO) 


f(x) = In x increases very slowly for large values of x. 
Section 5.2 (page 330) 


1. No. To use the Log Rule, look for quotients in which the 
numerator is the derivative of the denominator, with 
rewriting in mind. 

3. Ways to alter an integrand are to rewrite using a trigonometric 
identity, multiply and divide by the same quantity, add and 
subtract the same quantity, or use long division. 

5.5Inx| +C 7. $lnzx + 5| +C 

9. tinj - 3| + C. 11. In|x* + 3x| + C 


15. inks 3x7 + 9x] + C 
17. 3x? — 4x + 6Infx + 1| + C 
19. $3 + 5Inx - 3| + C 


21. $3 — 2x + In /:Z 4 24 C 


23. i(Inx + C 
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25, -2m|i-3/3 C — 27. 6in|x - 5| - + C 


3 
29. /2x — nll + /2x| + C 


31. x + 6Jx+ 18ln|/x —3|- C 33. 31n 


5 


35. —}In|csc 2x + cot2x| +C — 37. 50 — į sin 30 + C 


39. In|l + sint| + C 41. In|sec x — 1| + C 


43. y= -3In- x| + C 45. y = Inj2 - 9| + C 


10 8 
(0, 4) 
(1, 0) 


-10 4 


47. f(x) = —2Inx + 3x - 2 


+2 
49. (à) oy | (b) y= w(* 2 Ed 


34- 


-3 


51. >In 13 = 4.275 53. 5 55. —In3 = 1.099 
2 — sin2 


57. | 
D — sinl 


| e 1.929 


59. 4/x — x - Ah(1 x) + 61. + 


63. 4 cot 4x 65. 61n 3 = 6.592 
67. In|csc 1 + cot 1| — In|csc 2 + cot 2| ~ 1.048 
69. » +8In2~ 13.045 71. = in(2 + 3) ~ 5.03 


73. 1 75. 4 = 0.582 77. About 13.077 
79. d 81. Proof 83. x = 2 85. Proof 
xi 


87. —In|cosx| + C = In 
COS X 


+ C = In|sec x| + C 


sec? x — tan? x| , 
T 


89. In|sec x + tanx| + C = In 


sec x — tan x 


= —In|sec x — tanx| + C 


91. (a) P(t) = 1000(121n|l + 0.25¢| + 1) (b) P3) =~ 7715 


93. About 4.15 min 

95. Y (a) A-7iI2-1i 
(b 0«m«1 
(c) A = 3(m — Inm — 1) 


97. True 99, True 101. Putnam Problem B2, 2014 


Section 5.3 (page 339) 


1. The functions f and g have the effect of “undoing” each 


other. 
3. No. The domain of f^! is the range of f. 


6 
in| + 
un C 


5.c 6. b 7. a 8. 


9. (a) f(g) = se +1 


5 
g(f(x)) = 
(b) 


11. (a) f(g(9) = (X = x 
g(f(x)) = Y =x 
(b) 


(5x + 1)-1 
5 


13. (a) f(g) = JP + 4-4 =x 


a(f69) = (Vx — 4) 4 


(b) 


f 


2 4 6 6 1D 
1 
15. (a) f(g(x)) = px? 
1 
g(fG)) = i 
(b) y 
MU 
-1 L 1 ^ 3 die 
17. T 
-10 2 


=1 


One-to-one, inverse exists 


4=x 


19. 


15 


-15 
Not one-to-one, 
inverse does not exist 


21. 


25. 
27. 
29. 
31. 
33. 


35. 


37. 


39. 


41. 


43. 
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I 2 
d ; = 45. (a) fx) = ye -Teei 
E 5 (b) 1 (c) f and f^! are symmetric 
3»-[f3 about y — x. 
2T (d) Domain of f: all real 
= . . c . . ly numbers 
One-to-one, inverse exists One-to-one, inverse exists — ts Domain of f-!: 
Strictly monotonic, inverse exists T =i <x <1 
Not strictly monotonic, inverse does not exist T Range of f: -1«y«1l 
Strictly monotonic, inverse exists T Range of f~!: all real 
f'(x) = 2(x — 4) > 0 on (4, co) numbers 
f(x) = —csc? x < 0 on (0, T) ; 
ey 7. Hi olılļl2ļ4 A 
(a) e = —— a 
f(x) 1|2/3]|4 
(b) i (c) f and f^! are symmetric 31 
about y — x. 24 
(d) Domain of f and f7!: 2 iE o Rd it 
all real numbers f) 0|1|214 (1,0) 
Range of f and f7!: 
all real numbers 49. (a) Proof 
(b) y = (137.5 — x) 
x: total cost 
(a) f (x) y: number of pounds of the less expensive commodity 
(b) (c) f and f-! are symmetric (c) [62.5, 137.5]; 50(1.25) — 62.5 gives the total cost when 
about y = x. purchasing 50 pounds of the less expensive commodity, 
(d) Doman.of f and f~t: and 50(2.75) — 137.5 gives the total cost when 
all real numbers purchasing 50 pounds of the more expensive commodity. 
Range of f and f~!: (d) 43 Ib 
all real numbers 51. One-to-one 53. One-to-one 
f'a) =2? +2, x20 f'@)=2-x, x20 
55. Sample answer: f~'(x) = /x +3, x20 
(a) f-!(x) 57. Sample answer: f~'(x) =x - 3, x20 
(b) » (c) f and f ^! are symmetric 59. Inverse exists. Volume is an increasing function and 


about y — x. 

(d) Domain of f and f7!: 
x20 
Range of f and f^: y = 0 


61 
67 
71 


(a) f '@ = /4-x7, OS x82 

(b ” (c) f and f^! are symmetric 
about y — x. 

(d) Domain of f and f7!: 


2 f=f 0sxz2 
Range of f and f7!: 
oh Osys2 
d i * 35 
(a) f (x) 2x3 —1 
(b) i (c) f and f^! are symmetric 
34 ff about y — x. 
eT f (d) Domain of f and f7!: 


all real numbers 
Range of f and f7!: 
all real numbers 


73. (a) Domain of f: [4, oc) 


therefore is one-to-one. The inverse function gives the time f 
corresponding to the volume V. 


63. 


zu 


L 


65. L 


. Inverse does not exist. 


2/3 
3 


69. —2 


. (a) Domain of f: (—00, oo) 
Domain of f~!: (—90, 00) 


(b) Range of f: (—0o, oc) 
Range of f—!: (—00, oc) 

4 

3 


(c) @ frO-ig-(- 


t t 
3 2 


(b) Range of f: [0, oo) 
Range of f~!: [4, 00) 


(d f) =. 0-70) =2 


Domain of f~!: [0, oo) 
(c) 


faA 
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xctl 
2 


75.32 77.88 79 (g-!of-)(x) = 


x+1 

8L. (fog) @) = 75 

83. Yes. Functions of the form f(x) = x", n is odd, are always 
increasing or always decreasing. So, it is one-to-one and 
therefore has an inverse function. 


85. Many x-values yield the same y-value. For example, 
f(t) = 0 = f(0). The graph is not continuous at 2 
where n is an integer. 

87,4 89. False. Let f(x) = x. 

91. (a) 90 (b c=2 


-45 


f does not pass the Horizontal Line Test. 


97. Proof; xS 


99. Proof; The graph of f is symmetric about the line y — x. 


93—95. Proofs 


101. Proof; concave upward 
Section 5.4 (page 348) 


1. The graph of f(x) — e* is concave upward and increasing 
on the entire domain. 


3.x—-4 5. x ~= 2.485 7. x - 0 9. x ~ 0.511 
11. x = 8.862 13. x = 7.389 15. x ~ 10.389 
17. x = 5.389 


23. i 
24- 
PAN 
25. c 26. d 27. a 28. b 
29. A 
$T [t 


-2 


e* 


2x 


41. ex + 1)(x + 3) 


33. 5e% 35. 


37. e ^* 39. ze t In J 
43. 3(e^' + e"Xe! — e~’) 


(2n — 1)n 


, 


69. 


71. 


73. 


7S. 


83. 


1 1 
y= —3x-+ 10 s. y= (1-1 


5e% —2(e* — e^?) 2e* 
BL 45 (e* + e? m (e — 1} 
. 2e* cos x 53. xd 55. y= 3x + 1 


e 


10 — e 
.y= : .y2(-e- Dx 
y ^ ex 63 UG 65. y - (ce Dx +1 
. 3(6x + 5)e73* 
y-y-0 


4e* —4e* —0 
Relative minimum: (0, 1) 
6 


(0,1) 
0 


-3 
Relative maximum: 


(Fa 


Points of inflection: 


Nr 


Relative maximum: (1,e) 77. Relative maximum: 


Point of inflection: (0, 2) (-1,1 + e) 
4 Point of inflection: (0, 3) 
(0,2) (Le 5 
(211-69 (0,3) 
-6 6 
3 
f(x) =(2e)x 
(a) 20,000 (b) When t = 1, 
d 
gr = — 5028.84. 
dt 
When f = 5, 
d 
"o j dV... — 406,89. 
dt 
(c) 20,000 


o 


85. 


87. 


89. 


91. 
97. 
99. 
101. 
105. 


109. 


115. 


119. 
123. 
127. 
129. 


131. 
133. 
135. 


137. 


(a) 1 In P = —0.1499h + 6.9797 


0 25 


o 


(b) P = 1074.6e-9-1499n 
(c) moo 


0 25 
0 


(d) h = 5: —76.13 millibars/km 
h = 18: — 10.84 millibars/km 
P,=1+x,P,=1+x4 ix 


The values of f, P,, and P, and their first derivatives agree 
atx = 0. 

12! = 479,001,600 

Stirling’s Formula: 12! ~ 475,687,487 


er+Cc 93. te5*-3 + C 95. e^ ** + C 
2ev* + C 
x — In(e* + 1) + C or -In(1 + e) + C, 


EN e») +C 
—3e-2 +e*+C 
e-l e— 
2e? 2e 
1 +e 


103. Inle — e*| + C 
107. In|cos e| + C 


113. F - 1) 


i n 117. T [esi — 1] 
y= +C 
e6 — 1 = 402.4 
92.190 

The natural exponential function has a horizontal asymptote 
y = 0 to the left and the natural logarithmic function has a 

vertical asymptote x = 0 from the right. 

False. The derivative is e*(g’(x) + g(x)). 

True 


121. f(x) = i(e* + e~) 
125. 2(1 — e-32) = 1.554 


The probability that a given battery will last between 
48 months and 60 months is approximately 47.72%. 

(a) R = 428.78e 96555 

(b) 450 


4 5 
0 


(c) About 637.2 L 


Answers to Odd-Numbered Exercises A49 


139. (a) 4 


2 

(b) When x increases without bound, 1/x approaches zero, 
and e!/* approaches 1. Therefore, f(x) approaches 
2/(1 + 1) = 1. So, f(x) has a horizontal asymptote 
at y = 1. As x approaches zero from the right, 1/x 
approaches oo, e!/* approaches oo, and f(x) approaches 
zero. As x approaches zero from the left, 1/x approaches 
— oo, e!/* approaches zero, and f(x) approaches 2. The 
limit does not exist because the left limit does not equal 
the right limit. Therefore, x = 0 is a nonremovable 
discontinuity. 


ia. [eaz [ 1 dt, e” — 1 2 xe 2 x+ lforxz0 
( € 


) ) 
143. Relative maximum: (5 4) 
k ke 


ke? 
145. Putnam Problem B1, 2012 


Section 5.5 (page 358) 


Point of inflection: (2 : ) 


1.a=4,b=6 

3. It is necessary when you have a function of the form 
y = ular) 

5.-3 7.0 92 


11. (a) log, 8 = 3 
13. (a) 107? = 0.01 


(b) log,(3) = -1 
3 


(b) (3) =8 
17. 


21.( x -3. (b)x=-1 23. @x=} (b)x=% 
25. (a)x=—-1,2 (b)x=% 27. 1.965 29, —6288 
31. 12.253 33. 33.000 35. 3.429 


39. 


45. 


49. 


55. 


61. 


65. 


69. 


73. 


79. 


83. 


85. 


87. 


89. 


91. 


93. 


Answers to Odd-Numbered Exercises 


(In 4)4* 41. (-41n 5))5 43. 9'(x In 9 + 1) 
2 = 
nee 47. —2-9[(In 2) cos nO + T sin nO] 
6 2 x 
iMesh) “mes ^" Gen 


oe), 3x —2 5(1 — Ind) 
ma- D ` nyQ- 0 ^^ n2 
1 1 
y 2xIn2 — 21n2 +2 63. y = 313^ ^? in3 
- x+1 
2(1 — In x)x2/)~2 67. (x ayes] a + In(x 27 
3* 1 2 * 
+ m + 
no ea ae S 
1 Lg In(3?* + 1) 7 
250 pee Tus 2]1n3 tC T^ Find 
4 2 (In5P _ 
In5  In3 "ap et 
The exponential function grows more rapidly as a becomes 


larger. 


(ax»0 (b) 10 (0o3sf()s4 
(dO«x«1 (e 10 (f) 100" 
(a) $40.64 (b) C'(1) = 0.0512, C'(8) = 0.072P 
(c) In 1.05 
n 1 2 4 12 
A | $1410.60 | $1414.78 | $1416.91 | $1418.34 
n 365 Continuous 
A | $1419.04 $1419.07 
n 1 2 4 12 
A | $30,612.57 | $31,121.37 | $31,385.05 | $31,564.42 
n 365 Continuous 
A | $31,652.22 | $31.655.22 
t 1 10 20 30 
P | $96,078.94 | $67,032.00 | $44,932.90 | $30,119.42 
t 40 50 
P | $20,189.65 | $13,533.53 


95. 


97. 
99. 


101. 


103. 


105. 
111. 


113. 
115. 


117. 


t 1 10 20 30 

P | $95,132.82 | $60,716.10 | $36,864.45 | $22,382.66 
t 40 50 

P| $13,589.88 | $8251.24 


c 
(a) 6.7 million ft? /acre 

dV dV 
b) t 20: — = 0.07 = 60: — = 0.040 
(b) t 0 ET 0.073, t — 6 di 0.0. 


(a) 12,000 


0 40 
0 


(b) 6 months: 1487 fish 
12 months: 3672 fish 
24 months: 8648 fish 
36 months: 9860 fish 
48 months: 9987 fish 
Limiting size: 10,000 fish 
(c) 1 month: About 114 fish/mo 
10 months: About 403 fish/mo 
(d) About 15 mo 


(a) y, = —27.7x + 565, y, = 843 — 246.3 In x, 
y. = 706.995(0.9106)*, y4, = 1765.4563x 9.5200 
(b) 50 500 
yí x š 
ol ol 
100 100 
500 500 
| | ew 
100 100 


Answers will vary. 
(c) x, (12) = —27.7, y, (12) = —20.53, y, (12) = —21.52, 
y4 (12) = — 15.72; y, is decreasing at the greatest rate. 
y = 1200(0.6') 107. e 109. e? 
(a) (23)? = 26 = 64 
23) = 29 = 512 
(b) No. f(x) = (x*)* = x? and g(x) = x? 
(c) f'G) = x(x + 2x Inx) 
g'(x) = x* **-[x(In 9? + xInx + 1] 
Proof 


dy _ y? — yxlny 

(a) dx x2 —xyInx 

(b) (i) 1 when c #0,c #e 
Gii) — 0.3147 

(c) (e, e) 

Putnam Problem B3, 1951 


(ii) —3.1774 


Section 5.6 (page 369) 


1. L'Hópital' s Rule allows you to address limits of the form 


0/0 and co/oo. 
» 38 0.1 0.01 0.001 | 0 
f(x) | 1.3177 | 1.3332 | 1.3333 ? 
Xx 0.001 0.01 0.1 
f(x) | 1.3333 | 1.3332 | 1.3177 
3 
5. 
x 1 10 10? 
f(x) | 0.9900 | 90,483.7 | 3.7 x 10? 
X 10? 10* | 105 
fG)|45x109| o | 0 
0 
7$ 9i 1L0 13.3 1&4 17.0 
19.00 21.1 23.2 25.2 27. © 
29. 0 31. 1 33. 0 35. 0 37. oo 
39.3 41. œ 
43. (a) Not indeterminate 45. (a) 0 * oo 
(b) oo (b) 1 
(c) 3 (c) 15 
LZ | DNA 
-1 -0.5 
47. (a) 1° 49. (a) oc? 
(b) e (b) 1 
(c) 60 (c) : 
0 2 
0 20.5 
51. (a) l^. (be 53. (a) 0° (b) 3 
(c) 2 (c) 7 
i LE] 
A E 
55. (a) 0° (b) 1 57. (a oo — oo. (b) -3 
(c) s (c) : 
J E! i 5 
m 8 
2 4 


59. 


63. 


65. 


67. 


69. 
75. 


Big sd 0 
. Limit is not of the form 0 or —. 


. (a) lim 


Answers to Odd-Numbered Exercises A51 


(a) © — o0  (b)oo 61. (a) oo — oo 


(c) z (c) 7 


= 


- EI 


(b) oo 


A 4 


Answers will vary. Sample answers: 
(a) f(x) = x? — 25, g(x) =x — 5 

(b) fa) = (x — 5), g(x) = x? — 25 
(c) f(x) = x? — 25, g(x) = (x — 5? 


(a) Yes; ` (b) No; 2 (c) Yes; = (d) Yes; y 
'0 emn ees ai 
-1 0 

(e) No; T (£) Yes; 0 

x 10 10? 104 106 108 1019 

4 

Qus 2.811 | 4.498 | 0.720 | 0.036 | 0.001 | 0.000 

0 71. 0 73. 0 

Horizontal asymptote: 77. Horizontal asymptote: 

yo y=0 


: Í i : 2, 
Relative maximum: (e, e!/¢) Relative maximum: (1 2) 
e 


-5 


oo 


WE 0 
. Limit is not of the form = or —. 


0 


x-1 


x 
x> /x2 +1 x> 0 x x> 00 


Applying L'Hópital's Rule twice results in the original 
limit, so L' Hópital's Rule fails. 

(b) 1 

(c) 1s 


As x> 0, the graphs get closer together (they both approach 
0.75). By L’ H6pital’s Rule, 

sin 3x — im 3cos3x 3 

x204cos4x 4 


lim 


x20 sin 4x 


A52 Answers to Odd-Numbered Exercises 


vi -2 iz 
87. L 89. Proof 91. c — 3 93. c 4 
oo 3 
95. False. 0^ +00 97. True 99. True 101. ; 
108. c=% 105.a=1,b=+2 107. Proof 
109. (a) 0* 00 (b)O 111. Proof 113. (a)-(c) 2 
115. (a) 3 
E 20 
0 
(b) lim A(x) 2 1 (c) No 


117. Putnam Problem Al, 1956 
Section 5.7 (page 379) 


1. arccos x is the angle, 0 < O < rt, whose cosine is x. 
J2 an) ( n) (2 J 

2° 47P\V37P\2’°6 

15. 1.52 


3. arccot 5. 


= 0.66 19. x 21. 


1 
17. arccos 1269 p 


23. — 25. (a) : (b) i 27. (a) — 3 


De 2 
dj WEE. qp woe c 


29. /1-— 4 
|x| 3 


Je +2 
x 
pelis. poe oce a ue 
J2x — x2 J)4— 3x I+ e* 

3x — J1 — 9x2 arcsin 3x 49. — t 
1-98 i 


51. 2 arccos x 53. 


1 


35. 37. x = (sin$ + n) = 1.207 39. x=4 


41 


47. 


1 x 
1 — x 


57. y= Laz 2/3 4 n) 


61. y= Qt - Ax + 4 

63. Relative maximum: (1.272, —0.606) 
Relative minimum: (— 1.272, 3.747) 

65. Relative maximum: (2, 2.214) 

67. i 69. i 


1 
Maximum: (2 5) Maximum: ( Cy n) 


2 


Minimum: (o. 23 


Point of inflection: (1, 0) 


1 
Minimum: (5 o 


Asymptote: y — 5 


71. 
7S. 


TT. 
79. 


81. 
87. 


89. 


91. 
95. 


97. 
Section 5.8 
1. 


$00 
: arcsin 7 +C 


. arcsin(x + 1) + C 


is 8 arcsin ~ 3 3 6x — xX +C 23. 


TE 

4 
; 2 arcsin ex 2 FC 39. arcsin ^ a2 
4 - 28 + a ~ 1.059 


= /pt — 
. 2e —3—243 dcus 9 +C 


2m | TÉ 

TUGLERC S4 46 
(a) arcsin(arcsin 0.5) 7 0.551 

arcsin(arcsin 1) does not exist. 
(b) sin(-1) < x € sinl 
No 
In order to have a true inverse function, the domain of sine 
must be restricted. As a result, 2T is not in the range of the 
arcsine function. 


(a) and (b) Proofs 


73. y= -x+ /2 


83. True 85. True 


(a) 0- arccot = 


(b) x = 10: 16 rad/h 
x — 3: 58.824 rad/h 
(a) h(t) = — 16° + 256; t = 4 sec 
(b) t = 1: —0.0520 rad/sec 
t = 2: —0.1116 rad/sec 
50/2 ~ 70.71 ft 93. (a) and (b) Proofs 


(a) The graph is a horizontal 
2+ 


line at us 
7 


br (b) Proof 


t t > xX 


c=2 99. Proof 
(page 387) 


(a) No 
(b) Yes. Use the rule involving the arcsecant function. 


5. arcsec|2x| + C 


9. $ arcsin i? + C 
1 p 


— arctan — + C 13 T arctan Et +C 
' 10 5 “4 2 
. arcsin Speed C 17. 2 arcsin /x + C 


. iInG? + 1) — 3 arctan x + C 


ui 
25. — 
6 


1 T IL 
. Larctn s = n) = 0.155 29. arctan 5 — m 0.588 


áp 


1 22 
33. 351 ~ 0.308 ^ 


+C 


45, = 


B 6 


. (a) arcsin x + C 


(b —-/1--4cC 


(c) Not possible 


. @ $6- 1}2 cC 


(b) (x — 1)⁄23x + 2) + C 


(c) 3/x — I(x - 2) - C 


. Proof 


53. No. Graphing f(x) = arcsin x and g(x) = — arccos x, you can 
see that the graph of f is the graph of g shifted vertically. 


55. (a) (b) y = Z arctan $ +2 


5 


57. 


— arcsin Ý n 3m 
61. y — arcsin 2 tmn 63. 3 65. 2 
67. (a) 1 (b) 0.5708 
=2 
2+ (c) m 2 


» X 


1 2 


69. (a) F(x) represents the average value of f(x) over the interval 
[x, x + 2]; Maximum at x = —1 
(b) Maximum at x = —1 
dx 1 [3x] , 


71. False. = 
lace -16 12 4 


73-75. Proofs 


1 
1 
77. (a) l ~z dx (b) About 0.7857 
o L+x 

1 n 

(c) Because | itz dx = g you can use the Midpoint 
Rule to approximate 5 Multiplying the result by 4 gives 
an estimation of it. 


Section 5.9 (page 397) 


1. Hyperbolic function came from the comparison of the area 
of a semicircular region with the area of a region under a 
hyperbola. 


-1+ 
3. sinh? x = aoe 5. (a) 10.018 — (b) —0.964 
7. (02$ (bi  9.() 1317 (b) 0.962 
11—17. Proofs 
_ JB 8:13 2 
19. cosh x 2^ tanh x TRE csch x y 
sech x — : ue coth x = V3 
13 3 
21. co 23. 1 25. 9 cosh 9x 
27. —10x(sech 5x? tanh 5x?) 29. coth x 
sinh(— 
31. * sosh( 3t) 4 sinh( 34) 33. sech t 


2 6 


Answers to Odd-Numbered Exercises A53 


35. y= —2x +2 37. y=1—- 2x 
39. Relative maximum: (1.20, 0.66) 
Relative minimum: (— 1.20, — 0.66) 
41. Relative maxima: (+T, cosh T), Relative minimum: (0, — 1) 
43. (a) y (b) 33.146 units, 25 units 
T (c) m = sinh 1 = 1.175 


++} ++} > x 
-0 | 0 2 


45. isinh 4x + C 47. —}cosh(1 —2x)+C 
49. Fcosh(x—1)+C — 51. In|sinhx| + C 


2. 
53, —coth +C — 55.1? — 57. coth 1 — coth2 


2 4 
59. —i(csch 2 — csch 1) 
61. i The graphs do not intersect. 
34 
ANI 
y; =cosh x y, =sinh x 
— Ex 
324 12 3 
2+ 
E 
63. Proof 65 2 67 : 
i '/9x: -1 2x1 — x) 
69. |sec x| 71. —cscx 73. 2sinh !(2x) 
+A — 
75. Zap Va| e m. (VFI -1)-x4C 
18 1] = Jax 


79. 2sinh-! /x + C 2 2In(/x 1x) C 


1, |x-4 34 J5 In 7 
81. Fin |— | +C 8. in| T 85.77 
x 10, |x — 5 
87. —5 — 4x EL C 
89. 8 arctan e? — 2t ~ 5.207 91. 2In(/17 + 4) — 5.237 
Rao y 
93. (a) ME (b) Proof 


95-103. Proofs 105. Putnam Problem 8, 1939 
Review Exercises for Chapter 5 (page 400) 


Domain: x > 0 


3. (a) 2.9957 (b) —0.2231 (c) 64376 (d) 0.8047 
5. s[In(2x + 1) + InQx — 1) — In(4x?  1)] 
3 =, y 
7 in ow x 9. 1 1 1+ 2Inx 
x 2x 2./In x 
8x 7 
aig. " (1 — 73[In(1 — 7x) P 


Ab4 Answers to Odd-Numbered Exercises 


17. 


23. 
27. 
33. 


35. 


37. 


39. 


45. 


51. 
55. 


57. 


5x? — 4x 
E 
-I]l + cosx| +C 25. x -3ln(2 +1)+ C 
3-12  29.1(24 /3) 3121122 = 3.187 
(a) Fa) = 2x + 6 
(b) i 


y=-xt+1 19 21. 7 In| 7x 2| +C 


(c) Proof 


(d) Domain of f and f~!: all real numbers 
Range of f and f~!: all real numbers 

(a) f x)-2-2-1, xz0 

(b) i 


at fo 


(c) Proof 


at 

(d) Domain of f: x = —1, Domain of f^: x = 0 
Range of f: y = 0, Range of f^: y > —1 

(à) f =" 1 

(b) i 


at ft 


(c) Proof 


(d) Domain of f and f~!: all real numbers 
Range of f and f~!: all real numbers 


1 3 


z ^ 0.160 41. 43. x ~ 1.134 


3(3/—3) 4 
ex it ex 
et — 1 = 53.598 47. te'(t + 2 49. — — —— — 
ie Jerem 
3x? — 2x3 
TUR By = Ort I 
Relative maximum: (0, 1) 


Point of inflection: (i. 2) 
e 


lag e* — 3eg* — 3 
-Le-* + . ——< + 
2* C 59 3e C 


63. In(e? + e + 1) 65. About 1.729 


x 


432111234 
E 
In 52 In 3 
69. 1 — n4 Č — 1.850 71. T2 In 1.0025 = 36.666 
t ima: 
73. 35 75. 3-7! |n 3 77. subs- a 
79. — — 81. e Inx +2+ 1) 
(2 — 2x) In3 i x 

5@ +1) 30 

83. tins) € 85. 6 


87. (a) $613.92 
89. 0 91. oo 93. 1 


(b) $4723.67 (c) 6.93% 
95. 1000699? = 1094.17 


1 J3 2 
97. (a) = b) — 99, ————— 
RE xA d 
101. + arcsec x 103. (arcsin x)? 


x 
|x| à — 1 
1 


105. 5 arctan e™ + C 107. 5 arcsin x2 + C 


n. 


1 xV 
109. — tan-| + 
(are an C 14 


4 2 
4 


-2 
113. arctan = — arctan — 115. 2n + /3 —2 ~ 1.826 


5 3 
117. Proof 119. y' = —4 sech(4x — 1) tanh(4x — 1) 
4 
121. y' = —16x esch?(8x? 123. y = ——— 
: Se) ` J/16x7 + 1 


125. }tanhx? +C — 127. In|tanh x| + C 


1 3 + 2x 1 1 
129. p” 3—2x tC 131. 75 sech 4 + z sech 2 
133. In2 


P.S. Problem Solving (page 403) 


1+ x/2 
f() 74 x/2 
6 
- 
ex 
-5 2 
-2 
3. In 3 
5.()o0o (0 (9)-j 


The form 0 * oo is indeterminant. 

y = 0.5* and y = 12* 
intersect the line y = x; 
0 « a « e! 


9. (a) Area of region A — = 0.1589 


3-2 
2 


Area of region B = E 7 0.2618 


(b #[3n/2 — 12(./3 — 2) — 27| ~ 0.1346 


(c) 1.2958 — (d) 0.6818 
11-13. Proof — 15. 2 In} ~ 0.8109 


17. (a) (i) s 
y 
yı 
2 2 
EI 
(ii) T 
y 
Y» 
2 2 
- 
(iii) : 7 
Ys 
2 2 
EI 
1 1 x i 1 x" 
(b) Pattern: y, = 1 + Tas Fd 
= 1 i x 4 x ri x a x 
74 HM A p A 
4 
Ya 
y 
-5 3 
-1 
2 
(c) The pattern implies that e* = 1 + 7 H 2 


Chapter 6 
Section 6.1 (page 411) 


1. Substitute f(x) and its derivatives into the differential 
equation. If the equation is satisfied, then f(x) is a solution. 

3. The line segments show the general shape of all the solutions 
of a differential equation and give a visual perspective of the 
directions of the solutions of the differential equation. 


5-13. Proofs 
19. Solution 21. Not a solution 
25. Solution 27. Not a solution 
29. Not a solution 
31. y = 3e? 

33. 4? = x3 


15. Solution 


17. Not a solution 
23. Not a solution 


37. 
41. 
45. 
47. 
49. 
53. 


55. 


57. 
61. 


65. 


Answers to Odd-Numbered Exercises Abb 
y =3e% 39. y = 2 sin 3x — 1 cos 3x 
y- -2x + 5x3 43. 4! + C 
y- Inl +x7)+C 
y= —} cos 2x +C 
y-2(-6952-4(x—6?)?-C SL. y= je" +C 
x —4 —2 0;2)4 +18 
y 2 0 4|4]|61|8 
dy/dx | -4 | Unde. 0 1 |4 | 2 
x -4 |-2|01|2 4 8 
y 2 0 |4|4 6 8 
dy/dx 
b 58. 
(a) and (b) 


ur 
“> < 


(c) As x> œ, y 2 —0O 
As x> —0Oo, yo —oo 


(a) N (1,0) (b) n (2, -1) 
3 J 


(c) As x> œ, y 2 —0O 
As x> —0Oo, 


y> —oo 


As x> OO, y 2 oO 


As x> OO, y> oO 


Ab6 


Answers to Odd-Numbered Exercises 


67. (a) and (b) 


69. (a) and (b) 


k3 
E 
£F 
E 
E 
E 
- 
^ 


x, lo] o1 |02 | 03 | 04 | 05 | 06 
y, |2| 22 | 243 | 2.693 | 2.992 | 3.332 | 3.715 
n 7 8 9 10 
x, | 07 0.8 0.9 1.0 
y, | 4.146 | 4.631 | 5.174 | 5.781 
75. — ERE 2 3 4 5 6 
x, |0.005| O1 | O15 | 02 | 025 | 03 
y, | 3| 2.7 | 2438 | 2.209 | 2.010 | 1.839 | 1.693 
n 7 8 9 10 
x, | 035 | 04 | 045 | 0.5 
y, | 1.569 | 1.464 | 1.378 | 1.308 
Tja 0| 1 2 3 4 5 6 
x |0[|01| 02 | 03 | 04 | 05 | 06 
y, | 1| L1 | L212 | 1.339 | 1488 | 1.670 | 1.900 
n 7 8 9 10 
x, | 07 0.8 0.9 1.0 
y, | 2.213 | 2.684 | 3.540 | 5.958 
79. 
x 0 0.2 0.4 0.6 0.8 1 
y) 3.0000 | 3.6642 | 4.4755 | 5.4664 | 6.6766 | 8.1548 
(exact) 
hee 33) 3.0000 | 3.6000 | 4.3200 | 5.1840 | 6.2208 | 7.4650 
PUN 3.0000 | 3.6300 | 4.3923 | 5.3147 | 6.4308 | 7.7812 


81. 

x 0 0.2 0.4 0.6 0.8 1 
ya) 0.0000 | 0.2200 | 0.4801 | 0.7807 | 1.1231 | 1.5097 
(exact) 

y) 0.0000 | 0.2000 | 0.4360 | 0.7074 | 1.0140 | 1.3561 
(h = 0.2) 

qd 0.1) 0.0000 | 0.2095 | 0.4568 | 0.7418 | 1.0649 | 1.4273 


83. (a) y(1) = 112.7141°, y(2) = 96.3770°, y(3) = 86.5954? 
(b) y(1) = 113.2441°, y(2) = 97.0158°, y(3) = 87.1729? 
(c) Euler’s Method: y(1) = 112.9828°, y(2) = 96.6998°, 
y(3) = 86.8863° 
Exact solution: y(1) = 113.2441°, y(2) = 97.0158°, 
y(3) = 87.1729° 
The approximations are better using h = 0.05. 
85. Euler’s Method produces an exact solution to an initial value 
problem when the exact solution is a line. 
87. False. y = x? is a solution of xy’ — 3y = 0, buty = x° + 1 
is not a solution. 


89. (a) 

8s 0 0.2 0.4 0.6 0.8 1 

y | 4 | 2.6813 | 1.7973 | 1.2048 | 0.8076 | 0.5413 
y, | 4 2.56 1.6384 | 1.0486 | 0.6711 | 0.4295 
y, | 4 2.4 1.44 0.864 | 0.5184 | 0.3110 
€; | 0 | 0.1213 | 0.1589 | 0.1562 | 0.1365 | 0.1118 
€, | 0 | 0.2813 | 0.3573 | 0.3408 | 0.2892 | 0.2303 
r 0.4312 | 0.4447 | 0.4583 | 0.4720 | 0.4855 


(b) If h is halved, then the error is approximately halved 
because r is approximately 0.5. 
(c) The error will again be halved. 
91. (a) (b) lim I(t) = 2 


I 
i 
| 
| 
4 


34 


93. W= +4 95. Putnam Problem B2, 1997 
Section 6.2 (page 420) 


1. C is the initial value of y, and k is the proportionality constant. 

3. y= +3x+C 5. y = Ce” — 3 

7. y-sSó-C 9. y= Ce 11. y= CU + 2) 
dQ k 

13. a P 


k 
Dec +e 


21. 
25. 


27 


29 


31 


33 


35 


37 
39 


41 
43 
45 
49 
51 
53 
55 


57 
59 


(b y = 6 — 6e? 


7 


-6 6 
EI 
19. y= 10e-72 
16 
(0, 10) (0, 10) 
N jj =l 10 
A i 
N= ums 23. y = 2el1/4G/2)] zz 290.1014 
y= 5(3) 1/4 etin2/5/4Y = 6.2872e70-22911 


dy. a 
. Quadrants I and III; ys is positive when both x and y are 
x 


positive (Quadrant I) or when both x and y are negative 
(Quadrant III). 
. Amount after 1000 yr: 12.96 g 
Amount after 10,000 yr: 0.26 g 
. Initial quantity: 7.63 g 
Amount after 1000 yr: 4.95 g 
. Amount after 1000 yr: 4.43 g 
Amount after 10,000 yr: 1.49 g 
. Initial quantity: 2.16 g 
Amount after 10,000 yr: 1.62 g 
. 95.7696 
. Time to double: 5.78 yr 
Amount after 10 yr: $3320.12 
. Annual rate: 4.6296 
Amount after 10 yr: $238.09 
. Annual rate: 7.18% 
Time to double: 9.65 yr 


. $224,174.18 47. $61,377.75 
. (a) 1022yr (b) 9.93 yr (c) 9.90yr (d) 9.90 yr 
. (a) P—2.13e 9?! (b) 1.70 million people 


(c) Because k < 0, the population is decreasing. 
. (a) P = 6.404e9.09?! 
(c) Because k > 0, the population is increasing. 
. (a) N — 100.1596(1.2455) (b) 63h 
. (a) N = 30(1 — e-99507) (b) 36 days 
. (a) Because the population increases by a constant each 
month, the rate of change from month to month will 
always be the same. So, the slope is constant, and the 
model is linear. 


(b) 8.14 million people 


(b) Although the percentage increase is constant each month, 
the rate of growth is not constant. The rate of change of y 


dv 
is = 


dp 0 which is an exponential model. 


61. 


63. 
65. 


67. 


Answers to Odd-Numbered Exercises 


(a) M, = 2335.36.00 


A57 


(b) M, = 206.9: + 1685 


(c) The exponential model fits the data better because the 


graph is closer to the data v 
linear model. 


alues than is the graph of the 


(d) 2026 (t = 46); Yes. The exponential model indicates a 
reasonably slow growth rate. 


(a) 20dB (b) 70dB (o 


120 dB 


(a) y = 1420eUn62/70Y + 80 = 1420e-93114r + 80 


(b) 299.2°F 
False. It takes 1599 years. 


Section 6.3 (page 429) 


1. 


43. 


. 4y? — x? = 16 n. y= (2 


. (a) w 


(a) Separable 


sustained over time. 


x 
3 


.@ Ž=0-4 i 

. (a) » -kx-4) (ii 
- (a) E —-k(»y-4) (b) iii 
. (a) g = ky? (b) iv 
. 97.9% of the original amount 


= 1200 — 1140e-* 
(b) w = 1200 — 1140e-9 


1400 


0 10 


w = 1200 — 1140e** 


1400 


o 


0 10 
0 


(c) 1.31 yr, 1.16 yr, 1.05 yr 
Hyperbolas: 3x? — y? = C 


Yx 


Orthogonal trajectory: y = 


Graphs will vary. 


4 


(b) Not separable 
. The carrying capacity is the ma. 


ximum population that can be 


.y-x-C T.y-22-44x—-C 9. r= Ce» 
. y = Cx + 2)} 13. y? = C — $ cos 9x 
y=- 7 +C 17. y= Cel??? 
.y-4e&432 Wy =e C190 

.y H=4F43  25.u-e486-c5vV)2 — 35, p = pe 


1/5 
33. f(x) = Ce? 


(c) Proof 


(c) Proof 


(c) Proof 


(c) Proof 


w = 1200 — 1140e-9* 


1400 


(d) 1200 Ib 


A58 


45. 


49. 
53. 


55. 


57. 


61. 


63. 
65. 
67. 


69. 
73. 
77. 
81. 


83. 
85. 


Answers to Odd-Numbered Exercises 


47. Curves: y? = Cx? 
Ellipses: 2x? + 3y? = K 
Graphs will vary. 


Parabolas: 3? = Cy 
Ellipses: x? + 2y? = K 
Graphs will vary. 


d 50. a 51. b 52. c 
(a) k 2 0.75 (b) 2100 (c) 70 (d) 4.49 yr 

dP P 
(e) dt = 0.751 ia stn) 
(a) k= 3 (b) 100 
(c) 120 (d) 50 

reece ; 
_ 36 i 120 
"yr; “OISIF 
200 

(a P= l4 Je 02640 (b) 70 panthers = (c) 7.37 yr 


(d) £ = 0.2640P( 1 = xx) 65.6; This is close to the 


200 
exact answer. 
(e) 100 yr; P is increasing most rapidly where 


P = 200/2 = 100, which corresponds to t ~ 7.37 years. 


1 
Yes. Rewrite the equation as ——————~ dy = f(x) dx. 
2 s) - Wy FO) 
Proof 
(a) v = 20(1 — e- 1386) 


(b) s = 20t + 14.43(e 1586 — 1) 
Homogeneous of degree 3 
Not homogeneous 
l| = Cx — y}? 
y = Ce-*/ 2y?) 


75. Homogeneous of degree 0 
79. |y? + 2xy - P| =C 


False. y' = Tas separable, but y = 0 is not a solution. 
y 


True 


Section 6.4 (page 436) 


1. 
3. 


5. 


7. 


11. 


The derivative in the equation is first order. 


i . R d 
Linear; can be written in the form T + P(x)y = Q(x) 
lx 
A ; ; dy 
Not linear; cannot be written in the form p + P(x)y = Q(x) 
x 
2 C EM 
y = 2x TUE 9. y=5+ Ce™ 


y= —1 + cen: 13. y= sem + Ce* 


71. Homogeneous of degree 0 


15. (a) Answers will vary. 


17 


23 
27 
29 


31. 
33. 


37 


39. 
43. 


e 


. y= 


. (a) $4,212,796.94 


(b) y = z(e" + 4) 
(c) 5 


-2 


3e* 


19. y = sinx + (x + 1) cosx 21. xy =4 


—2 + xIn|x| + 12x 


eu ae [N ka 
25. P = xe (Ee ne 


(b) $31,424,909.75 


. (a) » =kK75—N) b) N=75 + Ce™ 


(c) N = 75 — 55.9296e 90168! 


v(t) = —49.1(1 — e~ 91996"); —49.1 m/sec 
E, 
I= F3 + Ce-"/L 35. Proof 
.(a Q=25e/ (b) —20 In?) ~ 102 min (c) 0 
a 41. Use separation of variables or an integrating factor. 
c 44. d 45. a 46. b 


49 


53. 


57. 


61 
65 


(b) (—2, 4): y = bx? — 8) 


(2, 8): y = ax? + 4) 
. 2e +e? =C 51. y = Ce ?"* + | 
e(x—1)-cC 12 C 
= a 55. y= gx tg 
1 1 
Z= Ce + 59 y= 
mee 3 V Ox 
1 
2a = 2x + CX 63. y? = 2e* + Ce?» 
y 
. False. y' + xy = x? is linear. 


Review Exercises for Chapter 6 (page 439) 


1. Solution 


3. y= XC 5. y = $sin 2x + C 


7. y= —e* +C 


9. 


x —4 =2 0 2/4148 
y 2 |10|4 |4/6]8 
dy/dx | -10| 4| -4]0]2] 8 


11. (a) and ( 


(0, 2) 


b) 


A 


5 


-3 


i n 0 1 2 3 4 5 
x, | O | 0.05 0.1 0.15 0.2 0.25 
y, | 4 | 3.8 13.6125 | 3.4369 | 3.2726 | 3.1190 
n 6 T 8 9 10 
x, | 03 | 035 | 04 | 045 | 05 
y, | 2.9756 | 2.8418 | 2.7172 | 2.6038 | 2.4986 
15 cg eds 17. y=1-— l 
d 4 nm x+C 
_ Ce = Ce? vT 
D. y= ay 21. y = Ce 
dy k k MENT 
23. 4 m^ Ta C 25. y 4* 


27. y= ar In(10/3) 29. About 7.79 in. 


31. About 37.5 yr 


33. (a) S = 30e !7?18$/ — (b) 20,965 units 


4x 
35. y2 = 52 +C 37. y= -n(c - =) 
43. 2 22:29 +7 


39. ^ = 60 —8 41. yt 2 2x^ +1 


45. Hyperbolas: 5x? — 4y? = C 
Orthogonal trajectory: y = Kx-^/? 
Graphs will vary. 


47. (a) k — 0.55. (b) 5250 (c) 150 (d) 6.41 yr 
dP P 
(e) WT 0.55P(1 — zx) 

u 80 
49. y — 14 9e 51. 184 racoons 
53.y=-10+Ce 55. y = e" (ix + C) 

= x+C = i 5x 29 —5x 
Shy-. 3 59. y 10° * 59° 
61. y= -i + 363 sin x 


P.S. Problem Solving (page 441) 


1 


L @ y= q—ggigi T= 100 


E 1/s 
(b) y= 1/ (4) - ket ; Explanations will vary. 
0 


Answers to Odd-Numbered Exercises A59 


—kt 


3. (a) y = Le © 
(c) As t> oo, y> L, the 
carrying capacity. 


In 10 


(d) y, = 500 = 5000e-© = eC =10 C 


7000 


0 500 
0 


The graph is concave upward on (0, 41.7) and downward 
on (41.7, oo). 
5. 1481.45 sec ~ 24 min, 41 sec 
7. 2575.95 sec = 42 min, 56 sec 
9. (a) s = 184.21 — Ce 9909! 
(b) 409 (c) As t oo, Ce 901? Q, 
and s > 184.21. 


200 


0 


11. (a) C= Cge PV 


(b) 0 


Q 


-2 =p Ry € 
13. (a) C RU e R/V) (b) R 


Chapter 7 


Section 7.1 (page 450) 


1. In variable x, the area of the region between two graphs is 
the area under the graph of the top function minus the area 
under the graph of the bottom function. 

3. The points of intersection are used to determine the vertical 
lines that bound the region. 


5. -[e- sa 


3 
7. Í (—2x? + 6x) dx 
0 


0 
1 
9, zl (x3 — x) dx 
0 
: d 
4 


Answers to Odd-Numbered Exercises 


4 2 2 4 6 8 
10 In 5 = 16.094 
29. (a) F bo 2 


(c) Integrating with respect to y; Answers will vary. 
31. (a) m 33. (a) 


(b) 15 


(b) 


= i 1.237 -14 


Nia 


4n =~ 12.566 


2(1 — In 2) = 0.614 


43. 


47. 


51. 
53. 


(a) ? 45. 
^ 
0 

(b) 4 

(a) 6 49. 


INT 


(b) The function is difficult 
to integrate. 
(c) About 4.7721 


2. 

F(x) = pe +x 
(a) FO) = 0 
(c) F(6) = 15 


(c) «2 2 a+ 2 


(Le 
(3, 0.155) 
0 


0 


(b) About 1.323 


a 


(b) The intersections are 
difficult to find. 
(c) About 6.3043 


(b) F(2) = 3 


Niw 
I 
t 


57. 


63. 
65. 


w 


67. 


69. 
73. 


75. 
77. 


79. 
81. 
85. 


87. 


1 


3 59,16 6l. Í [Q3 — 1) - (6x - 5)] dx = Z 


1 
Í [= = (9 + JI dx ~ 0.0354 
0 


Answers will vary. 


Example: x^ — 2x? 4 
1 
4 
Í [1 — x) — (x4 — 22 + 1)] dx == 
-1 
(a) The integral fo [v,(f) — v,(t)] dt = 10 means that the first 
car traveled 10 more meters than the second car between 
0 and 5 seconds. 
The integral fo^ [v(r) — v,(t)] dt = 30 means that the first 
car traveled 30 more meters than the second car between 0 
and 10 seconds. 
The integral f3 [v,(f) — v,(t)] dt = —5 means that the 
second car traveled 5 more meters than the first car 
between 20 and 30 seconds. 
(b) No. You do not know when both cars started or the initial 
distance between the cars. 


(c) The car with velocity v, is ahead by 30 meters. 
(d) Car 1 is ahead by 8 meters. 
1 
p= 91-1) = 3.330 71.42 4 — 24/2 ~ 1.172 
ya d 


: 1 
Answers will vary. Sample answer: ¢ 


y 


0.6 


0.4 


0.2 


(1, 0) 
»— X 


02 04 26 08 1 
(0, 0) 

R,; $1.625 million 

(a) y = 0.0124? — 0.385x + 7.85 

(b) I 


Percents of total income 


x 
20 40 60 80 100 


Percents of families 


(c) " For 6 < x < 100, the values 
2 100 of y are larger for the model 
8 
= 80 y = Xi 
S 60 
E 40 
E 
2 2 
& x 


20 40 60 80 100 
Percents of families 


(d) About 2006.7 
(a) About 6.031 m? 
B m 

2 + 24 + 1 = 2.7823 
False. Let f(x) =x and g(x) = 2x — xj. Then f and g 
intersect at (1, 1), the midpoint of [0, 2], but 


b 2 
ji [f(x) — 20)] dx = ja [x — Qx — 3)]dx = 2 0. 
Putnam Problem A1, 1993 


(b) About 12.062 m? (c) 60,310 Ib 


83. True 


Answers to Odd-Numbered Exercises A61 


Section 7.2 (page 461) 


1. 


Find the integral of the square of the radius of the solid over 
the defined interval and then multiply by it. 


3. When the solid of revolution is formed by two or more 
distinct solids. 
4 1 
sa (/xPax - BT anol erea 
1 0 55 
4 1 n 
9. nf (Vy dy =8n m. nf puis. 
0 0 
on 360/3 240/3 84/3 
(ug UE pT S QS yaa 
2 5 5 5 
15. (a) A (b) = 17. 18m 19. n(16 In — 4j 
124n 832m m dl 
2. 23. 5 25. 5 In= 27. 24n 
1-e? 27 25n 
29. n( i 31. 75 33. 8m 35. 5 
T LP T 
37. ~ 4.935 39. Pi 1) = 10.036 41. 5 
43. a 45. M 47. È — 49. 1.969 — 51. 154115 


F Tt , 
. (a) A sine curve on |o. 7] revolved about the x-axis 


2 
(b) A polynomial function on [2, 4] revolved about the y-axis 


55.b<c<a 57. J/5 59. V -$n(R? — py? 
h n 
61. Proof 63. nena pu + wi) 
65. o5 
0 2 
-0.25 
aU 
30 
67. (a) 60r (b) 50r 
69. (a) V = nla? — Sp 3) 
(b) 2 (c) b = Ë = 2.67 
0 4 
0 
b = 2.67 
71. (a) ii; right circular cylinder of radius r and height A 


73. 
TT. 


(b) iv; ellipsoid whose underlying ellipse has the equation 


me y\2 
PRICE 
(c) iii; sphere of radius r 
(d) i; right circular cone of radius r and height h 
(e) v; torus of cross-sectional radius r and other radius R 
S (53 7555 


(a) 15 
(a) ir) (b) ir)tan €; As 8 90°, V> oo. 


A62 Answers to Odd-Numbered Exercises 


Section 7.3 (page 470) 


1. Determine the distance from the center of a representative 
rectangle to the axis of revolution, and find the height of the 
rectangle. Then use the formula V = 27 f? p(y)h(y) dy for a 
horizontal axis of revolution or V = 2m, H p(x)h(x) dx for a 
vertical axis of revolution. 

2 4 
3. an| Paci 5. anf x dy = En 
( ( 


) D 


4 2 
1 1 
7. 20| —x dx = 32n 9, 2m} x(4x — 2x?) dx = Du 
o 4 0 3 
4 
11 a| x/2x — 5 dx = 34/3 
5/2 5 
2 
13 an| y(2 — y) dy EE 
0 Í 3 
1/2 1 
1 T 
15 an| Í y dy 4 i y 1) ay| = 
0 1/2 NY 2 
8 2 
T 1 
17 a| y“ dy = ET 19. a| y(4 — 2y) d -= 
0 0 


27. Shell method; It is much easier to put x in terms of y rather 
than vice versa. 


1287 6411 96m 
29. (a) 7 (b) 5 (c) 5 
Tta? Tta? 4a? 
33. (a) 15 (b) 1.506 


y=(1 —x4/3)3/4 


15 


(b) 187.25 


y-X(x-2/x-6? 


4 


37. (a) Height: b, radius: k 

39. Both integrals yield the volume of the solid generated by 
revolving the region bounded by the graphs of y = vx — 1, 
y = 0, and x = 5 about the x-axis. 


(b) Height: k, radius: b 


41. a, c, b 

43. (a) Region bounded by y = x7, y 20, x 2-0, x 2-2 
(b) Revolved about the y-axis 

45. (a) Region bounded by x = V6 — y, y = 0,x =0 
(b) Revolved about y = —2 


47. Diameter = 2/4 — 24/3 — 1.464 49. 4r? 
51. (a) Proof (b (i) V-2n (ii) V= 6m? 53. Proof 


55. (a) R,(n) = —— 


Sad (b) Jim. R,(n) = 1 


n 
n+2 


= n+2 n » = 
(c) V = Tab (. = DX 
(d) lim R,(n) = 1 

(e) As n 9 ©, the graph approaches the line x = b. 


57. About 121,475 fü 59% c —2 
64n 20487 81927 
Oh @) z b) -z O Tos 


Section 7.4 (page 481) 


1. The graph of a function f is rectifiable between (a, f(a)) and 
(b, f (b)) if f' is continuous on [a, b]. 

3. Answers will vary by a constant. Sample answer: f(x) = 2x? 

5. (a and(b) /13 7.3  9.2(242-— 1) = 1219 


11. 5/5 — 2/2 = 8.352 13. 309.3195 
imt l.agg 417. ie A i = 3.627 
J2 — 1 2 e 
76 
19. — 
3 
21. (a) 23. (a) x 
34- 
24- 
1+ a 
| a | 12534 
$y 4 37 * "wil 
-24 


ž 1 
œf / 1 dx 
1 X 


(c) About 2.147 


2 
(b) J1 + 4x? dx 
0 


(c) About 4.647 


25. (a) y 27. (a) y 
15+ 30+ 
10+ 2.0 
m) E p at "05 "n 10 15 "b 
2/7 2 2 F 
-2.0 + 
-157 


-3.0 + 
T 1 2 
(b) Í V1 + cos? x dx (b) Í "AE (33) dx 
0 0 1l+x 


(c) About 3.820 (c) About 1.871 
2 
29. (a) i (b) Í V1 + e? dy 
0 


44 
* gi 

31 = Í 1+ zd 

2 e? X 

1 


(c) About 2.221 


31. (a) 64.125 
20(e? — 1) 
e 


(b) 64.525 (c) 64.672 


33. = 47.0 m 35. About 1480 


37. 3 arcsin $ ~ 2.1892 


3 
39. an| evi Fyi dx = g(82 V82 1) ~ 258.85 
0 


41. 


43. 2 


45. 2 


47. 


49. 
55. 


57. 
61. 


63. 


65. 


67. 


S T (145/145 — 10/10) ~ 199.48 


af x / 1 5 (16/2 8) = 15.318 
0 
14.424 1. " They have the same value. 
(a) i (b) yi. Y» Vas Y4 
5t (c) s, = 5.657, s, = 5.759, 
$4 = 5.916, s, = 6.063 
$ » X 
20m — 59. 6n(3 — \/5) ~ 14.40 
(a) Answers will vary. Sample answer: 5207.62 in.? 


(b) Answers will vary. Sample answer: 1168.64 in? 
(c) r = 0.00405? — 0.142y? + 1.23y + 7.9 


20 


=l 19 
=l 


(d) E S= oo 


(a) "(1 - 3) = (b) m| = 
lim V= li E =T 
t) ies dex b) | 
Jx +1 x4 1 
(d) Because i: z > vs TE > Oon[l1, 5], 
xx) b1 b 
you have f= CER dx >f ML =Inb 
1 
/x* 
and lim In b> ©. So, jim anf E + AE deae 


Fleeing object: 2 unit 


1 
x+1 4 2 
Pursuer: dx= z= x ) 
2h cake 3-3 

SUE 69. Proof 71. Proof; g(x) = 1 


Section 7.5 (page 491) 


1. 
. The force needed to extend or compress a spring by some 


17. 


19. 


. 48,000 ft-Ib 
. 160 in.-Ib = 13.3 ft-lb 
. (a) 487.8 mile-tons ~ 5.679 x 10? ft-lb 


Work is done by a force when it moves an object. 


distance is proportional to that distance. 
7. 896 N-m 9. 40.833 in.-Ib = 3.403 ft-lb 
13. 37.125 ft-lb 


(b) 1395.3 mile-tons = 1.624 x 10!° ft-lb 

(a) 29,333.3 mile-tons = 3.415 x 10!! ft-lb 

(b) 33,846.2 mile-tons = 3.941 x 10!! ft-lb 

(a) 2496 ft-lb — (b) 9984 ft-lb 21. 470,4001 N-m 


23. 
29. 
35. 


37. 


41. 
43. 
47. 
49. 


Answers to Odd-Numbered Exercises A63 


2995.27 ft-lb 25. 20,217.6n ft-lb 277. 2457m ft-lb 
600 ft-Ib 31. 450 ft-Ib 33. 168.75 ft-Ib 
No. Something can require a lot of physical effort but take no 
work. There is no work because there is no change in distance. 
Gne = i) 39. i 
(a) 54 ft-lb (b) 160 ft-lb (c) 9ftIb (d) 18 ft-lb 
2000 In à = 810.93 ft-lb 45. 3249.4 ft-lb 
10,330.3 ft-lb 
(a) 16,0007 ft-lb 
(b) F(x) = —16,261.36x^ + 82,295.45x3 — 157,738.64 
+ 104,386.36x — 32.4675 
25,000 
0 2 
0 

(c) 0.524 ft (d) 25,180.5 ft-lb 


Section 7.6 (page 502) 


1. 


.x2-$ 7. 
. Zy) = 
MEM, - 29, e - (21 


. M, = E, m, = £ 


Weight is a force that is dependent on gravity. Mass is a 
measure of a body's resistance to changes in motion and is 
independent of the gravitational system in which the body is 
located. The weight (or force) of an object is its mass times the 
acceleration due to gravity. 


. A planar lamina is a flat plate of material of constant density. 


The center of mass of a lamina is its balancing point. 
x=4 9. x = 6ft 

0 1 E. zs 48 
(5-9) 13. @ y) = (2,38) 


*- gu 3 3'3 
7 206p |. (2 3) 
M, = 4p, M, = >> (x, y) 3'4 


v3 


= g 20 


900 .. UD ls (3 2 
2. M, =M= 745 (S3) - IS 
23. M, = UE M,-96p (xy)- (s 2) 
8 E ee E 
25. M, - GM, Ag s (y) - S0 
279 2 ,. (-2 3) 
27. M, = 4 , M, 10" (x, y) = 52 
29. 39 
—25 25 
= 
(x, y) = (0, 16.2) 


A64 Answers to Odd-Numbered Exercises 


33. A 11. 748.8 lb 13. 1064.96 Ib 15. 117,600 N 
17. 2,381,400 N 19. 2814 Ib 21. 6753.6 Ib 
23. 94.5 Ib 


25. Because you are measuring total force against a region 
between two depths 


3/2 
' 2 


29-31. Proofs 33. 960 Ib 35. 2936 Ib 


x =~ 2.12 ft; The pressure increases with increasing depth. 


4-324 1234 


Review Exercises for Chapter 7 (page 511) 


2-3n 
35. (x, y) -GX 


39. 3 = 134.04 


41. The center of mass is translated k units as well. 
43. Answers will vary. Sample answer: Use three rectangles 


with width 1 and length 4 and place them as follows. 
y 


2a [btc ny = (Gee eee 
d. (53) = E aD) (ec +b)? 3(a-b) 
4b 
49. (ny) = Q 2) 
3n (8.3) 
51. (a) 1 


-16 


(b) 170.6667 


(b) 0.1667 
Jb 
(b) M, = Í F x(b — x?) dx = 0 because x(b — x?) is an odd (0.2) 
-Vb 
function; ¥ = 0 by symmetry. 
(c) y > b because the area is greater for y > B 
2 2 15. F(x) = ie tx 
(d) y — 5b (a) F(0) = 0 (b) FQ) =8 
53. (a) y = (—1.02 x 10 5)x* — 0.0019x? + 29.28 y 
(b) (x, y) = (0, 12.85) 
55. 9n. /2 
ntl nti 


57. (x, y) = | — 
(9) (: $4345 
toward the line segments y = 0 for 0 < x < 1 and x = 1 for 


Osys t G^ (11). 


59. Putnam Problem A1, 1982 
Section 7.7 (page 509) 


1. Fluid pressure is the force per unit area over the surface of a 
body submerged in a fluid. 
3. 1497.6 Ib 5. 4992 Ib 7. 2223 Ib 9. 1123.2 Ib 


): As n œ, the region shrinks 


(c) F(6) = 60 


2 2 
17. R; $L125 million — 19. T 21. B 
23. (a) 9m — (b) v (c) 9r — (d) 367 
25.316. 27. (1 + 6/3) = 6.076 


+ — = 
29. anf = TA Ide 459.098 


31. af xV 1 + xX dx ~ 21.322 33. 5.208 ft-lb 
0 


35. 952.4 mile-tons = 1.109 x 10! ft-lb — 37. 200 ft-lb 
39. 693.15 ft-Ib 

544p 320 | ( u 
41.3.6 4. M, == M= 63) eT 5 


45. Answers will vary. Sample answer: 


a2 


(x, y) = (1.596, 0) 


47. 374.4 ]b 49. 3072 lb 51. 723,822.95 Ib 


P.S. Problem Solving (page 513) 


2(9m + 49) o 


1. 3 3. y — 0.2063x 5. (x,y) = ( 3(m + 9) ° 


7. V = 2n(d +3 /w?  D)lw 


9. f(x) 22e/2 2 11. 89.3% 
63 
w a = (So) 
CN 3b(b + 1) 
(b) x,y) = (freee +b+ 1) 


* ©) B o 


1600, Producer surplus: 400 


15. Consumer surplus: 
17. Wall at shallow end: 9984 Ib 

Wall at deep end: 39,936 Ib 

Side wall: 19,968 + 26,624 = 46,592 Ib 


Chapter 8 


Section 8.1 (page 520) 


1. Use long division to rewrite the function as the sum of a 
polynomial and a proper rational function. 
3. b 


o) 


11. 


17. 
21. 
25. 


29. 
33. 
37. 


39. 


43. 


55. 


61. 


65. 


71. 
77. 


Answers to Odd-Numbered Exercises A65 


du du 
s n .l]— 9, | ———— 
E du 7 a = 
u=5x-3,n=4 u=1-—2/x u=ta=1 
IET 13. fe du 15. 2(x — 5 + C 
u = t u = sinx 
7 2 1 
—-——_ +C 19. —— -n +t C 
6(z — 10)6 3. 5(z— 1p 


im|-?-9r-1|- C 23.5204 x lj- 1| - C 


x+h +i] +C 


i (48x4 + 200: + 375) + C 


31. -2J/cosx + C 


35. (Inx)? + C 


sin 21x? 
4n 
21n(1 - e) +C 


+C 


—]n|csc & + cot a| + In|sin a| + C 


41. I In 


1 . 
um tD- 
4 arcsin(4t + 1) + C 5 


2 
cos 2 +C 


z 1 2x * 1 
5 arcsec El tC 45. 4 arctan 2: 8 
(b) + arcsin 12 — 5 
8 


Tuc 


53. r = 10 arcsin e' + C 


1 tan 1 1 
y= z arctan EN 57. 15 59. 2 


za - e) = 0.316 63. [Cin 4)? — (In 3] = 1.072 


= 4.864 69. — 


8 
, +2 
8 67. In9 3 T. 


SM er 218.457 73. 18/6 =~ 8.82 75. es 1.333 
In 3 5 3 

1 arctan| L(x + 2)| +C 79. tan8 — sec Ə + C 
Graphs will vary. Graphs will vary. 
Example: Example: 


One graph is a vertical 
translation of the other. 


One graph is a vertical 
translation of the other. 


A66 


81. 


83. 
85. 


87. 
89. 


93. 


95. 


99. 
101. 


103. 


Answers to Odd-Numbered Exercises 


No. When u = x2, it does not follow that x = Ju because x 
is negative on [— 1, 0). 


IL 1 T T 
a J2, b 4 z” ese(x I m) I coifa I | FC 
(a) They are equivalent because 


ex * € = gx « e^i = Ce*, C = eC, 


(b) They differ by a constant. 


sec? x + C, = (ta? x + 1) + C, = tan? x + C 
a 
(a) (b) rmm 
TN 
24 
14 
$34 Ne: 
ad 
2 
px 3 
3 
(c) i 
3l 
an 
b) b= I = 0.74 
©) Hac m 


In( /2 + 1) = 0.8814 
(10/10 — 1) ~ 256.545 


About 1.0320 
(a) + sin x(cos? x + 2) 


(b) i sin x(3 cos^ x + 4 cos? x + 8) 


97. L arctan 3 = 0.416 


(c) $ sin x(5 cos? x + 6 cost x + 8 cos? x + 16) 
(d) f ose = Í (1 — sin? x)? cos x dx 


You would expand (1 — sin? x)’. 
Proof 


Section 8.2 (page 529) 


N U E 


15. 
19. 
23. 


27. 
29. 
31. 
33. 
35. 


. The formula for the derivative of a product 
. Let dv — dx. 
. u = (ln x}, dv = dx 
11. 
13. 


5. u = x, dv = e* dx 

9. u = x, dv = sec? x dx 
ix(4Inx— ) 4 C 

—}(2x + 1) cos 4x + $ sin 4x + C 


4x 
m -)p-c 17. e(? — 32 + 6x — 6) + C 


iD(?-11m[-c-1]-2-2]-C 21 $nx) C 
ex 2 

> . Tz — 5)9/7(3x + 10) + 

Hox 1) C 25. Te — SPPx + 10) + C 


—xcotx  In|sin x| + C 

(6x — x?)cos x + (332 — 6)sinx + C 
xarctan x — $In(1 + x?) + C 
—3je ?' sin 5x — 3je-?* cos 5x + C 
xInx-—x+C 


37. 


43. 


47. 
49. 
51. 


53. 


55. 
57. 
59. 


61. 


63. 
65. 


67. 
69. 


71-75. Proofs 
79. 


81. 


— 2 2 n 8r n 3/2 4 16 n 5/2 4 
y z! 3 T 5t TAG T 5t) T 18759 T 5t) T C 
2 
= &sv? + 5t(25? — 20t + 24) + C 
(b) 2 /y cos x — xsinx = 3 
6 
-6 6 


3 


2e?/2 + 4 = 12.963 


m 1] 
45. 2-— —— 0.14 
n 0.143 


8 
3[e(sin 1 — cos 1) + 1] ~ 0.909 
8 arcsec 4 + 3 = T = 7.380 


2x 
^ (23 —2xc 1) 4C 


— cos x(x + 2)? + 2 sin x(x + 2) + 2cosx + C 

ag (4x + 9P2(2x + 17) + C 

Answers will vary. Sample answer: f x° sin x dx 

It takes three applications until the algebraic factor becomes 
a constant. 

(a) No, substitution (b) Yes, u = In x, dv = x dx 

(c) Yes, u = xi, dv = e ?*dx (d) No, substitution 


1 
Jxt1 
2(sin Jx — x cos Jx) +C 
H dex’ — 22e 2e*) C 


(a) and (b) 4/4 + x:2(2 — 8) + C 
n=0: x(Inx — 1) - C 


(e) Yes, u = x and dv = dx | (f) No, substitution 


n-21 $x2(2Inx — 1) +C 
n= 2: 5x3Inx—1)+C 
n= 3: jex(4Inx —- 1 +C 
n= 4: 3x) (5Inx — 1) +C 
"T 
[me cm iile + 1)Inx-—1]+C 


77. —x?cos x + 2xsinx + 2cosx + C 
ix*(6Inx — 1) c C 

e *(—3 sin 4x — 4 cos 4x) 
25 


FC 


Answers to Odd-Numbered Exercises A67 


83. : 85. - 45. h cos 7t 3 cos 11t + C 
47. }(2 sin 20 — sin 40) + C 
» £ 49. i(In|csc? 2x| — co? 2x) + C 
51. —icot3x — $ cot? 3x + C 
a E E 53. In|csc t — cot t| + cost + C 
n (2 — 0.395 55. In|lescx — cotx| +cosx+C 57. t—2tant - C 
14 me 59. n — 61.3(1—1n2) 63.In2 — 65.4 
67. (a) ik tan® 3x + $ tant 3x + Cy, 1; sec? 3x — d sect 3x + C, 


2-5 = 1,602 
e 


87. (a) 1 (b) Me — 2) = 2257 (c) in(e + 1) & 13.177 


(b) on (c) Proof 
+ L 
(d) (55 — 2) ~ (2.097, 0.359) 
2 -0.5 0.5 
89. In Example 6, we showed that the centroid of an equivalent 
region was (1 j. By symmetry, the centroid of this region 7005 
» (s 1) 69. (a) six + C — (b) —icos?x +C 
8° (c) $ sin? x + C (d) —tcos 2x + C 
91. Tq — e-*n) ~ 0.223 93. $931,265 The answers are all the same, but they are written in different 
10m forms. Using trigonometric identities, you can rewrite each 
95. Proof 97. b, = Pony E UL nn dd in the same form. 
Tl 
99. For any integrable function, E dx — C + f f(x) dx, but n. 3 73. 1 Th anf i n) oe 


this cannot be used to imply that C = 0. 


Section 8.3 (page 538) 


TL TI 


T? 2a (nn 
77. (a) E (b) (y) = u n) 79-81. Proofs 


83. —j5 cos x(3 sint x + 4 sin? x + 8) + C 


1. f sin? x dx; The other integral can be found using u-substitution. 85. -£(8 cos? x sin? x + 6 cos? x sin x — 3 cos x sin x — 3x) + C 
3. ~£ cos® x +C 5. isi x — $sin’ x + C 87. (a) and (b) Proofs 
7. -ico?x + lco9x + C 89. (a) Proof (b) a, = 2, a, 1g 3 
9 —+(cos 2092 + l(cos 20)? + C g 
11. (6x + sin6x) +C — 13. 2x2 + 2x sin 2x + cos 2x + C Section 8.4 (page 547) 
2 Tl 63n 1 1. (a) x=3tanO (b) x =2sin9 
15. = 17. 19. 21. —1 4x + tan 4x| + 
3 4 512 qudm SINE (c) x2 5sinO (d) x= 5secO 
sec Tix tan Tix + In|sec Tix + tan Tu] x 
23. + C 3; — tC 
2n 164/16 — x2 
1 x X x 4— /16—x2 
25, ur — tant - 21nfcos 3] + c s m z Aa JI6-2 +C 
5 3 
27. e a 5 x] C 29, 3 sec 4x +C 7. nx + e= + c 
do e 3/2(3,2 
31. bsec? x — tsec5x + C 9. is? — 25)/(3x2 + 50) + C 
33. In|sec x + tan x| — sinx + C 11. (4 aput +C B. (arctan x, 0A ) LC 
1279 — 8 sin 2m + sin 4T | 6 2 4+ 
33; 327 C 1 2-2) 49 1 4x f 
i i 15. av 49 16x? 4 8 arcsin 77 C 
37. y = 5 sec? 3x — 3 sec 3x + C 
39. (a) H (b) y= jx = isin 2x 17. RENE: — 5x? + 36 arcsin x +G 
T (= y 
19. 4 arcsin 7 +x/4—-x+C 21. — 38 +C 
6 /Aà 
23. im = res) FC 25, -—~—+ 
3 V2 +3 
27. (arcsin eterJ/1—e%)+C 


1 x 1 x 
Ac 29. i i3 pm 2 FC 
31. x arcsec 2x 4 In|2x FAC i 


33. 2 arcsin ~ 5 2 4x —x72+C 


35. J + 6x + 12 - 3 In| Jx? + 6x + 12 + (x +3) + C 


A68 


37. 
39. 
41. 


43. 
45. 


47. 
51. 
53. 
57. 


59. 


61. 


63. 
67. 
69. 


Answers to Odd-Numbered Exercises 


(a) and (b) J/3 — B ~ 0.685 
(a) and (b) 9(2 — J/2) ~ 5.272 


9 (2/1 4/3 J21 5) 
d (b 1 
yan) pw a Be 3 
+ 94/3 — 24/1 = 12.644 
Substitution: u = x? + 1, du = 2x dx 


(a) —/1 — x? + C; The answers are equivalent. 


(b) x — 3 arctan Ž + C; The answers are equivalent. 


J3 de n/3 

True 49. False. Í a+ a = Í cos 0 40 
Tlab 

5(/2 + 1) = 
In t 26 2 = 4.367 55. 60? 

TE af 26 77/2 

(0, 0.422) 
(a) V= T + 3arcsin(d — 1) + 3(d — 1), /24 — à? 
(b) 10 

0 2 


0 


(c) The full tank holds 3rt ~ 9.4248 cubic meters. The 
horizontal lines 


om _ m M 
YU By Gy | 
intersect the curve at d = 0.596, 1.0, 1.404. The dipstick 
would have these markings on it. 
1 


241 — (d — I} 


(d) d'(i) = 
(e) os 


0 2 
0 


The minimum occurs at d — 1, which is the widest part 
of the tank. 
(a) Proof 


(b y= —12 


in Po JM - 2 


30 


0 12 
0 


(c) Vertical asymptote: x = 0 
(a) 187.270 1b (b) 62.4rid Ib 


12 + T — 25 arcsin : = 10.050 


(d) About 5.2 m 
65. Proof 


Putnum Problem A5, 2005 


Section 8.5 (page 557) 


1. 


53. 


E+ mjt +| c 


A B A B C 
DES x—8 Ima =a? GH 3j 
Bx + C A Bx+C Dx + E 

O x? + 10 Or 32-1 (2-1? 
1, |x—3 KMS 

: 6,43 +C 5. In — i + 

. 51n|x — 2| — In|lx + 2| — 3 In|x| + C 

. x2 4 2 In|x 4| + In|x +2) - cC 


+ 21n|x| — In|x + 1| + C 
xt+1 
2 
. 9In|x| — Z nn +1)+C 
1 CEI x 
a + —] + 
(i J2 arctan d C 
- x—1 
. In|x + 1| + 2 arctan +C 21. In3 
| JA 
1,8 nm 
1 "LE uS + arctan 2 = 0.557 25. In|1 + secx| + C 
tanx + 2 l1, le*—1 
+ p + 
tanx + j id 23 z% “4 c 


.2/x+ nw = 2 +C 33-35. Proofs 


J/x +2 


. Substitution: u = x? + 2x — 8 

. Trigonometric substitution (tan) or inverse tangent rule 
. 121n? 
.@) V= 2n(arctan 3S 3) = 5.963 


43. iln5 45. 4.90, or $490,000 
(b) (Œ, Y) ~= (1.521, 0.412) 

= ne * Dkr f 1] n 

^T npa em SL g 


Putnam Problem B4, 1992 


Section 8.6 (page 564) 


. No. The integral can be easily evaluated using basic 


integration rules. 


Trapezoidal Simpson's Exact 
. 2.7500 2.6667 2.6667 
. 0.6970 0.6933 0.6931 
. 20.2222 20.0000 20.0000 
. 12.6640 12.6667 12.6667 
. 0.3352 0.3334 0.3333 
. 0.5706 0.5930 0.5940 
Trapezoidal Simpson's Graphing Utility 
. 3.2833 3.2396 3.2413 
. 0.7828 0.7854 0.7854 
. 102.5553 93.3752 92.7437 
. 0.5495 0.5483 0.5493 
. 0.1940 0.1860 0.1858 
ra uq OO .027. 0) 2. O 
. (a) n-366 (b)n-26 
.(an-27I (b)n=8 
. (a) n = 643 (b)n-48 


35. 


37. 
43. 


Trapezoidal Rule: 24.5 
Simpson's Rule: 25.67 

0.701 39 T, = X(L, + R,) 
10,233.58 ft-lb 45. 2.477 


41. 89,250 m? 
47. Proof 


Section 8.7 (page 570) 


1. 


. — (cot /x + esc \/x) +C 


x! x 
: ag I1nx—1)-C 15. (a) and (b) (ing = 1) +C 


. 3(2 — J2) = 0.3905 
IL 


1 
Formula 40 3. 5x10 x) + 25In|5 + xX| +C 
/p— 2 
-E + C 
: ix + sin 3x cos 3x + 2 cos? 3x sin 3x) + C 


11. x — ane +e*,+C 


3 
= 1 1 
. (a) and (b) In|~ | tee 
. iG? + l)arccse(3? + 1) + In(32 + 1 + xt à 2x1) tec 
S CREE 1 7 
MN ; 
2 C 23 xx In|7 6l) C 
. e arccos(e*) — V1 — e* + C 
. 32 + cot x? + csc x?) + C 
+ si J2 + 9x2 
© arctan + = FC 31. XLI C 


. i(2In|x| — 31n[3 + 2 n|x|]) + C 


see H 2 arctan(x — 3) + C 


“202 — 6x +10) 2 
; ine 3 + Jx* — 6x7 4 5 FC 


2 1 
2(1 + ey? 


FIn(1 +e) + C 
43. 2in2 — 3 ~ 3.1961 


3 


47. T — 31 + 6 = 0.4510 49-53. Proofs 
T (DEL FC  87.1n2 
J5 |2tan(0/2) — 3 + /5 
. 3In(3 — 2 cos 8) + C 61. —2cos /O+C 
. AJ3 


1 


. (a) [mia = Sims x2 + C 


4 
x ln x dx = Lose m +C 
3 9 


femra pena b d C 


4 16 
xnl xy" 
(b) IE In x dx UE jms (a+ ip FC 
(c) Proof 
67. 1919.145 ft-Ib 69. About 401.4 71. 321 
73. Putnam Problem A3, 1980 
Section 8.8 (page 579) 
1. One or both of the limits of integration are infinite, or the 


5. 


function has a finite number of infinite discontinuities on the 
interval you are considering. 


. To evaluate the improper integral f° f(x) dx, find the limit 


as b — oo when f is continuous on |a, ©) or find the limit as 
a —© when f is continuous on (— oo, b]. 
Improper; 0 < 2 <1 


TT. 


79. 


81. 
87. 


89. 
91. 


97. 
99. 


101 


105. 


Answers to Odd-Numbered Exercises 


28 19. Diverges 


` 2(In 4? 
. Diverges 35. 0 37. -i 


A69 


. Not improper; continuous on [0, 1] 

. Not improper; continuous on [0, 2] 

. Improper; infinite limits of integration 

. Infinite discontinuity at x = 0; 4 

. Infinite discontinuity at x — 1; diverges 


l 21. Diverges 23. 2 


1 IL 
“4 


27. n 31. Diverges 


39. Diverges 


TJ 044 n3. 483 g YE ap po] 
3 6 3 
. Proof 53. Converges 55. Converges 
. Converges 59. Converges 
. The improper integral diverges. 63. i 65. n 
.(a1 (b z (c) 2m — 69. 2n 
. (a) W = 20,000 mile-tons (b) 4000 mi 
. (a) Proof (b) 48.66% 
. (a) 0.15 
50 90 


0 
(b) About 0.1587 (c) 0.1587; same by symmetry 
(a) $807,992.41 (b) $887,995.15 (c) $1,116,666.67 
_ anni / P? + 2 - c) 

kr d 


False. Let f(x) — T 


P 


83. True 85. True 


(a) and (b) Proofs 


(c) The definition of the improper integral i is not lim Í 


but rather that if you rewrite the integral that diverges, you 
can find that the integral converges. 


Proof 
i90 93.2.50 95. "—, 5 > 0 
S Ss sota 
s 
seg d 
(a) (2 L TO) 2 LT(3) 22 (b) Proof 
(c) T(n) = (n — 1)! 
os (In2? In4 , z|- 
c= l; In2 103. sn 3 9 |^ 2.01545 


1 
Í 2 sin i? du; 0.6278 107. Proof 
0 


Review Exercises for Chapter 8 (page 583) 


1. 


+ 
so -2]pP 4C — 3. —4cot~ n Sd C 
1 ro. 
12-41. ; — + 
2 In 2 = 1.1931 7. 100 arcsin 10 C 


.—xel*—el*-C 
. 15e Q sin 3x — 3 cos 3x) + C 
. xtanx + In|cos x| + C 


. gl (8x2 — 1) arcsin 2x + 2x /1 — 42] +C 


A70 


17. 
21. 
23. 


27. 


31. 
35. 
37. 
39. 


41. 
43. 
45. 
47. 
49. 


53. 


55. 


59. 
61. 


65. 


67. 
71. 


73. 
TT. 


85. 
89. 


Answers to Odd-Numbered Exercises 


5 : _ Any — 
Lex e 19. sin(rx — 1)[cos?(mx — 1) + 2] Le 
5 an 
2 3 x 1 x fi 
(n 2^ 3 tan x) FC 
tax? tanx? x 
6 2 to tC 25. tan O + secO + C 
yx 
TG + 5 ~ 1.0890 29, SAF ¢ 


12 4 4)'/22 — 8) + 33. 256 — 62./17 = 03675 
(a), (b), and (c) 5/4 F x3(2 — 8) + C 


2In|x + 2 — In|x - 3| + C 
i[6In|x — 1| — In? + 1) + 6 arctan x] + C 
X =e T 2 In|x 1| FC 

Infe + 1| + 31n|e* + 3| + 31nje — 1| + C 
Trapezoidal Simpson’s Graphing Utility 
0.2848 0.2838 0.2838 
0.6366 0.6847 0.7041 

1 4 i I | EA J2 
x - In|4 4 sl) BC SISS 
1 TE ; : Ac A. 
z Inl + 4x + 8| — arctan goo C 


In|tan ru] 


zo eA i(sin 20 — 20 cos 20) + C 
$ (9/4 — 3x!/4 + 3 arctan x/^) + C 
2/1 — cosx + C 63. sinxIn(sin x) — sinx + C 
5.x—5 
jn +5 tC 
y2xlnn2-x|-2x-In|x- 1| - C 69. 1 
X(In 4? ~ 0.961 
TIP—4sin2—2cos2— 6 ~ 1.0647 — 75. YS. 1.0392 
oe a S 32 l 
(x, y) = (o. zi) 79. 3 81. Diverges 83. 1 
à 87. (a) $6,321,205.59 (b) $10,000,000 
(a) 0.4581 — (b) 0.0135 


P.S. Problem Solving (page 585) 


4 16 


1. (a) 3.15 (b) Proof 
3. (a) R(n), I, T(n), L(n) 
(b) S(4) = HEAO) + 4f(1) + 2f(2) + 4f(3) + f(4)] ~ 5.42 
5. P ~ 0.606 7. (xy- (o. x2) 
9. (a) Proof (b) xarcsinx + V1- xX +C (œ)1 
I T 
11. Proof 13. (a) i (b) 4 
— 50,000 
WS seccion 12,0004 1 * "$0,900 — i 


17. 


50,000 — 400t 


+ 1,500,000 In 50,000 


; 557,168.626 ft 


Proof 19. (a) : (b) 0 


Chapter 9 


Section 9.1 
1. 


29. 
35. 
41. 
45. 


49. 


53. 
57. 


61. 


63. 


65. 


(page 596) 


You need to be given one or more of the first few terms of a 
sequence, and then all other terms are defined using previous 
terms. 


. g, Factorial functions grow faster than exponential functions. 


Ei 


. 3,9,27,81,243 7. 1,0,—1,0,1 92-12-12 
- 3,4, 6, 10, 18 13. c 14. a 15. d 16. b 
n? +n 19. n(n — 1)(n — 2) 21. 1 23. 2 

7 27. 


0 


Converges to 4 


Diverges 


Converges to 0 31. Diverges 33. Converges to 3 


Converges to 0 37. Diverges 39. Converges to 0 


Converges to 1 43. Converges to 0 
47. n? — 3; diverges 
ntl 


n 


6n — 4; diverges 
+1 
a converges 51. 


; converges 


Monotonic, bounded 55. Not monotonic, bounded 


Monotonic, bounded 59. Not monotonic, bounded 


(a) 


2 7 = bounded 


73i 
n 


a, > 4,4, = monotonic 
So, {a„} converges. 


(b) 10 Limit — 7 


0 


1 1 
1 
TEES 


a, <a 


«i > bounded 


(a) 


n+] = Monotonic 


So, {a,} converges. 
(b 9 
'TITTNIY 


Limit = į 


-01 
(a) No. lim A, does not exist. 
(b) 
n 1 2 3 4 
A,, | $10,045.83 | $10,091.88 | $10,138.13 | $10,184.60 
n 5 6 7 
A, | $10,231.28 | $10,278.17 | $10,325.28 
n 8 9 10 
A, | $10,372.60 | $10,420.14 | $10,467.90 


67. 
69. 


71. 


73. 
7S. 
TT. 
79. 
81. 


83. 


85. 


87-89. Proofs 


$26,125.00, $27,300.63, $28,529.15, $29,812.97, $31,154.55 
Answers will vary. Sample answers: 


3n 


(a) a, = 10 — T 
n 


The sequence {a,} could converge or diverge. If {a,} is 
increasing, then it converges to a limit less than or equal to 
1. If {a,} is decreasing, then it could converge (example: 
à, = 1/n) or diverge (example: a, = —n). 
1, 1.4142, 1.4422, 1.4142, 1.3797, 1.3480; Converges to 1 
Proof 
False. The sequence could also alternate between two values. 
True 
(a) 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144 
(b) 1, 2, 1.5, 1.6667, 1.6, 1.6250, 1.6154, 1.6190, 

1.6176, 1.6182 (c) Proof 


1 5 
@ p= 


(a) 1.4142, 1.8478, 1.9616, 1.9904, 1.9976 
(b a, = /2 +a, 
(a) Proof 

(b) 


= 1.6180 
(c) lim a, = 2 


(c) and (d) Proofs 


(e) = 0.4152 


91. Putnam Problem A1, 1990 


Section 9.2 (page 605) 


1. 


. lim a, =1#0 


lim a, = 5 means that the limit of the sequence {a,} is 5. 


noo 


oo 
— É i 
5 a, a, Tta 1 


n-i 
partial sums is 5. 


- + -= 5 means that the limit of the 


. You cannot make a conclusion. The series may either 


converge or diverge. 


. 1, 1.25, 1.361, 1.424, 1.464 

. 3, — 1.5, 5.25, — 4.875, 10.3125 
. 3, 4.5, 5.25, 5.625, 5.8125 

. Geometric series: r = 3 >1 


13. lim a,=1#0 


n> co 


17. lim a, =; #0 


noo noo 


. Geometric series: r — 2 «1 
. Geometric series: r = 0.9 < 1 
. Telescoping series: a, = 1/n — 1/(n + 1); Converges to 1. 


NOR: 


(b) 


n 5 10 20 50 100 


3.1643 | 3.3936 | 3.5513 | 3.6078 


(d) The terms of the series 
decrease in magnitude 
relatively slowly, and the 
sequence of partial sums 
approaches the sum of the 
series relatively slowly. 


27. 


29. 


39. 


43. 


45. 
51. 
57. 
59. 


61. 


65. 


67. 


69. 


71. 
73. 


TT. 


79. 


81. 
83. 


85. 
87. 
89. 


91. 
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(a) 20 

(b) 
n 5 10 20 50 100 
S, | 8.1902 | 13.0264 | 17.5685 | 19.8969 | 19.9995 


(d) The terms of the series 
decrease in magnitude 
relatively slowly, and the 
sequence of partial sums 
approaches the sum of the 
series relatively slowly. 


1 sin | 


oo 4 oo 12 1 n 
(a) Y —(01" 4. (a) se hoo) 
25 10 2, 100 \ 100 


4 4 
b) 5 (D 33 
«3 5 
—(0.01" (b = 
© Y 4000" Og 
Diverges 


47. Diverges 49. Converges 


Diverges 53. Diverges 55. Diverges 
Diverges 
Yes. If you remove a finite number of terms, the sum of the 


sequence of partial sums still diverges. 


1 3x x—1 
ld *3 1-4 63.0 < x < 2; 5 
=] << 1; l 
l+x 
1 
(a) x (b) fo = 1—-z |x| «1 
(c) 3 Answers will vary. 
TPS; 
S 
-1.5 15 


0 
The required terms for the two series are n — 100 and n — 5, 
respectively. The second series converges at a higher rate. 
160,000(1 — 0.95") units 


p 200(0.75); Sum = $800 million 75. 152.42 ft 


i=0 
1 giy 1/2 
Po 1-127! 


S/Y a 1 
@ -1+ ¥ (5) pex I*i-gg-7! 
(D No (c) 2 
(a) 126in2 (b) 128 in? 
The $2,000,000 sweepstakes has a present value of 
$1,146,992.12. After accruing interest over the 20-year period, 
it attains its full value. 


(a) $5,368,709.11 — (b) $10,737,418.23 
(a) $14,739.84 (b) $14,742.45 
(a) $518,136.56 — (b) $518,168.67 


(c) $21,474,836.47 


1 «l1 
False. lim — = 0, but — di s. 
alse. lim - u > 4 verges 
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css a r (b) | 
93. False. X ar" = je, 4 The formula requires that the D 
n=1 
geometric series begins with n = 0. n 
95. True 
97. Answers will vary. Sample answer: 5 1, 5 (-1) 
n=0 n=0 —| x 
99-101. Proofs 103. Putnam Problem A2, 1984 E a 
Section 9.3 (, page 6 13) The area under the rectangles is less than the area under 
oo 1 oo 
1. f must be positive, continuous, and decreasing for x 2 1 and the curve. Because Í pe = E = | converges, 
a, = f(n). æ ] : oo | i 
3. Diverges 5. Converges 7. Converges py — converges (ana so does 5 2j 
n=2 nca" 


9. Diverges 11. Diverges 13. Converges 45. p> 1 47. p>1 49. p > 3 51. Proof 
15. Converges 17. Converges 19. Diverges 


53. S, ~ 1.0748 55. S, ~ 0.9597 
21. Converges 23. Diverges : 5 
. v R, ~ 0.0123 R; = 0.1244 
25. f(x) is not positive for x 2 1. 57. S. ~ 0.4049 
H $ . 4 fw B 
27. f(x) is not always decreasing. 29. Converges R, = 5.6 x 10-8 


31. Diverges 33. Diverges 35. Converges 59, N 2 7 61. N= 16 
37. Converges 


S 1 
39. (a) 63. (a) — converges by the p-Series Test because 1.1 > 1. 
n 5 10 | 20 | 5o | 100 2. n^ ae 
S | 3.7488 | 3.75 | 3.75 | 3.75 | 3.75 m diverges by the Integral Test because 
ia ; ; : : : n 
The partial sums approach the i dx diverges. 
sum 3.75 very quickly. 2 xInx 


(b Y E = 0.4665 + 0.2987 + 0.2176 + 0.1703 
ae 


n=2 


+ 0.1393 ++- 
S 1 
0) [7 : - x z a > -iny Z 07213 + 0.3034 + 0.1803 + 0.1243 
+ 0.0930 +: -> 
S, | 1.4636 | 1.5498 | 1.5962 | 1.6251 | 1.635 (c) n = 3.431 x 1055 
1 
The partial sums approach the 65. (a) Let f(x) = T f is positive, continuous, and decreasing 
2 
sum * = 1.6449 more slowly on [1, oo). 
NTIITIPEITE than the series in part (a). s-is[ d = Inn 
0 n+l 1 
$,2 — dx In(n + 1) 
41. No. B s bu S luso di Th DW 
. No. Because 2 , Qiverges, E also diverges. The So, In(n + 1) < S, < 1 + Inn. 
convergence or divergence of a series is not determined by the (b) Inn + 1) Inn < S,— Inn < 1 
first finite number of terms of the series. Also, In(n + 1) — Inn > 0 forn = 1. So, 
43. (a) 1 0 € S, — Inn < 1, and the sequence {a,} is bounded. 


(c) an an+1 Z [S, In n] [S,.1 In(n 1)] 


ntl 
1 1 
= d. > 
Í x i n+1 9 


> 
So, An = Antr 


— x (d) Because the sequence is bounded and monotonic, it 
converges to a limit, y. 
The area under the rectangles is greater than the area under (e) ria . 
o dq Fr oo 67. (a) Diverges (b) Diverges 
the curve. Because — dx = E d — OO diverges, oo 1 
oo | Jx 1 B (c) > x" ” converges for x < —. 
5 —— diverges. n=2 s 


n=1 VM 69. Diverges 71. Converges 73. Converges 
75. Diverges 77. Diverges 79. Converges 


Section 9.4 (page 620) 


1. 


49. 


51. 


55. 


63- 
71. 


. (a) «^ 6 


. Diverges; nth-Term Test 


. lim 


. Diverges 
3 
. lim (2) -lao 


. Diverges 


Yes. The test requires that O < a, S b, for all n greater 
than some integer N. The beginning terms do not affect the 
convergence or divergence of a series. 


Á n y 6 
a, == Bu M 
6L eA ^ n* 5 A n k32 


. 
So P ae n 


5+ 4 oem 
M ENDS: Dl o X. Z ot k/k +05 
à n/n? +05 84 PP E adad 
i" 
b 


$6,* 
Pd 


6 ak 


UE a= 1 PI d 
MP n n32+3 4 e A 
IAE ze Ea 
*» Te e Kk? +3 
— n — >n 
2 4 6 8 10 2 4 6 8 10 


(b) » ÉL Converges 

(c) The magnitudes of the terms are less than the magnitudes 
of the terms of the p-series. Therefore, the series converges. 

(d) The smaller the magnitudes of the terms, the smaller the 
magnitudes of the terms of the sequence of partial sums. 


. Diverges 7. Diverges 9. Diverges 

. Converges 13. Converges 15. Converges 
. Diverges 19. Diverges 21. Converges 

. Converges 25. Diverges 

. Diverges; p-Series Test 


oo 1 n 
. Converges; Direct Comparison Test with X (3 


n-i 
33. Converges; Integral Test 
— = lim na,; lim na, # 0 but is finite. 
noo 1/n noo noo 
The series diverges by the Limit Comparison Test. 
39. Converges 
5n^ + 3 5 
45. Converges 


noo 


. Convergence or divergence is dependent on the form of 


the general term for the series and not necessarily on the 
magnitudes of the terms. 


(a) Proof 
(b) 

n 5 10 20 50 100 

S, | 1.1839 | 1.2087 | 1.2212 | 1.2287 | 1.2312 
(c) 0.1226 (d) 0.0277 
Proof 53. False. Let a, — 2 and b, = x 

n? n 
True 57. True 59. Proof 61 S z 5 £ 
i i En An 

69. Proofs 
Putnam Problem 1, afternoon session, 1953 


Section 9.5 (page 629) 


1. 


3. 


The series diverges because of the nth-Term Test for 
Divergence. 
Za, is absolutely convergent if X|a,| converges. Xa, is 
conditionally convergent if  |a,| diverges, but Xa, 
converges. 


- (0 n 1 2 3 4 5 
s, | 1.0000 | 0.6667 | 0.8667 | 0.7238 | 0.8349 
5 6 7 8 9 10 
s, | 0.7440 | 0.8209 | 0.7543 | 0.8131 | 0.7605 


a. 1 2 3 4 5 
S, | 1.0000 | 0.7500 | 0.8611 | 0.7986 | 0.8386 
n 6 7 8 9 10 
S, | 0.8108 | 0.8312 | 0.8156 | 0.8280 | 0.8180 


. 1.7938 < S < 1.8054 
. 7 terms (Note that the sum begins with n — 0.) 
. Converges absolutely 
. Converges conditionally 
. Converges conditionally 
. Converges absolutely 
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i ; ; : "n 
(c) The points alternate sides of the horizontal line y — F that 
represents the sum of the series. The distances between the 
successive points and the line decrease. 


(d) The distance in part (c) is always less than the magnitude 
of the next term of the series. 


2 


(c) The points alternate sides of the horizontal line y = T 


that represents the sum of the series. The distances 
between the successive points and the line decrease. 

(d) The distance in part (c) is always less than the magnitude 
of the next term of the series. 


. Converges 11. Converges 13. Diverges 

. Diverges 17. Converges 19. Diverges 

. Diverges 23. Converges 25. Converges 

. Converges 29. Converges 31. 1.8264 < S < 1.8403 


35. 10 37. 7 
43. Converges absolutely 
47. Diverges 
51. Converges absolutely 
55. Converges conditionally 


. Converges absolutely 
. Overestimate; The next term is negative. 


A74 


61. 


63. 
65. 


67. 


69. 


71. 
75. 
77. 
79. 
81. 


Answers to Odd-Numbered Exercises 


ca 


n 


(a) False. For example, let a, — 


Then 5 a, = b Cp converges 


n 
= jer! 


and Y (—a,) =5! 7 


But, Y |a,| = Y 1 diverges. 


converges. 


(b) True. For if X |a,| converged, then so would X} a, by 
Theorem 9.16. 
p>od 


1 
Proof; The converse is false. For example: Let a, = —. 
n 


— converges, and so does X -p 
nai n= 


(a) No; a,, S a,is not satisfied for all n. For example, 3 < 3 
(b) Yes; 0.5 

Diverges; p-Series Test 73. Diverges; nth-Term Test 
Diverges; Geometric Series Test 

Converges; Integral Test 

Converges; Alternating Series Test 


You cannot arbitrarily change 0 to 1 — 1. 


Section 9.6 (page 637) 


1. Conveges 3. Diverges 5. Inconclusive 7. Proof 
9. d 10. c 11. f 12. b 13. a 14. e 
15. (a) Proof 
(b) 
n 5 10 15 20 25 
S, | 13.7813 | 24.2363 | 25.8468 | 25.9897 | 25.9994 


17. 
23. 
29. 
35. 
41. 
47. 
53. 
55. 
59. 


61. 


63. 


(d) 26 


(e) The more rapidly the terms of the series approach 0, the 
more rapidly the sequence of partial sums approaches the 
sum of the series. 

Converges 19. Diverges 21. Diverges 

Diverges 25. Converges 27. Converges 

Diverges 31. Converges 33. Converges 

Diverges 37. Converges 39. Converges 

Diverges 43. Converges 45. Diverges 


Converges 49. Converges 51. Converges 
Converges; Alternating Series Test 

Converges; p-Series Test 57. Diverges; nth-Term Test 
Diverges; Geometric Series Test 


: ] : 1 
Converges; Limit Comparison Test with b, = an 


Converges; Direct Comparison Test with b, = 3 


65. Diverges; Ratio Test 67. Converges; Ratio Test 


69. Converges; Ratio Test 71. aandc 73. aand b 
&n-ctl s; r ESI 
75. » FFI 77. Diverges; ]im. " 21 
a 
79. Converges; lim ET <1 81. Diverges; lim a, 0 
n2o0|d4, 


87. (—3, 3) 
93. The test is inconclusive. 


83. Converges 
89. (—2, 0] 


85. Converges 
91. x - 0 


95. No; The series > 


n=1 


— diverges 
n + 10,000 > 


97-103. Proofs 
105. (a) Diverges 
(d) Converges for all integers x 2 2 


(b) Converges (c) Converges 


107. Putnam Problem 7, morning session, 1951 
Section 9.7 (page 648) 


1. The graphs of the approximating polynomial P and the 
elementary function f both pass through the point (c, f(c)), 
and the slope of the graph of P is the same as the slope of 
the graph of f at the point (c, f(c)). If P is of degree n, then 
the first n derivatives of f and P agree at c. This allows the 
graph of P to resemble the graph of f near the point (c, f (c)). 

3. The accuracy is represented by the remainder of the Taylor 

fe* (a = gn 

(n + 1)! j 


polynomial. The remainder is R,(x) = 


5.d 6. c 7. a 8. b 


E. 1 23 2 n 
9. P= ta 1. P =3 + 2(x m) 
5 
E: E 
=L 
13. 10 
P2 
(1, 4) 
t 
-2 6 
2 
x 0 0.8 0.9 1 1.1 
f(x) | Error | 44721 | 42164 | 4.0000 | 3.8139 
P(x) | 7.5000 | 4.4600 | 4.2150 | 4.0000 | 3.8150 
x 1.2 9 
f(x) | 3.6515 | 2.8284 
P(x) | 3.6600 | 3.5000 
15. (a) (b f2(0) = -1 PPO) = -1 
fU I. Go 
f" I BAR --. 


© fOO) = P0) 


17. 1 + 4x + 82 + Že + Fyt 19. x — £8 + Gx 

21. x+ tie tit BW iltxt r+ B+att x5 

25. 1+4 — 27.2 —- 2(x — 1) + 2(x — 1. — 2(x — 1 

29. 2 + 1(x — 4) - (x — 4)? 

31. In2 + 1x — 2) - g(x — 2? + w(x — 2» — dx — 2) 
3 


33. 


(a) P3(x) = rx + Lee 


3 


(b) Q,(x) = 14 an 1) ane 


0.5 


P3 
t 93 
4 
5. 

see) X 0 0.25 0.50 0.75 1.00 
sin x 0 | 0.2474 | 0.4794 | 0.6816 | 0.8415 
P,(x) 0 0.25 0.50 0.75 1.00 
P(x) | 0 | 0.2474 | 0.4792 | 0.6797 | 0.8333 
P(x) | 0 | 0.2474 | 0.4794 | 0.6817 | 0.8417 


(c) As the distance increases, the polynomial approximation 


becomes less accurate. 


37. (a) P(x) =x + s 
(b) 
x —0.75 —0.50 —0.25 0 0.25 
f) — 0.848 — 0.524 —0.253 | 0 | 0.253 
P,(x) — 0.820 — 0.521 —0.253 | 0 | 0.253 
x 0.50 0.75 
f(x) | 0.524 | 0.848 
P,(x) | 0.521 | 0.820 
(c) , 
io. 
L 
zx V4 ó i E 
P3 / 
¢ . 
& Z 
39. 2.7083 41. 0.227 43. 0.7419 
45. R, € 2.03 x 1075; 0.000001 
47. R; € 1.8 x 1075 2.5 x 107? 
49. R, x 7.82 x 1073; 0.00085 51. 3 53. 5 55. 2 
57. n = 9; In(1.5) = 0.4055 59, —0.3936 « x « 0 


61. 
63. 


65. 


67. 


69. 


Answers to Odd-Numbered Exercises A75 
—0.9467 « x « 0.9467 

The tangent line to a function at a point is the first Taylor 
polynomial for the function at the point. 

Substitute 2x into the polynomial for f(x) — e* to obtain the 
polynomial for g(x) = e?*. 


(a) f(x) ~ Px) =1+x4+424+ 534+ txt 
g(x) = Q(x) =x + x? 4 le H ixt x 
Qs(x) = xP4(x) 
a x 
(b) g(x) ~ P)-x-3 t$ 
X^ ox 
(c) g(x) =~ P0) = 1 ^30 s 
m 
@ 0,0) = -1* (SS) «2» 
m 
©) RO) = -1+ (S) - oF 
(c) No. Horizontal translations of the result in part (a) are 
possible only at x = —2 + 8n (where n is an integer) 


because the period of f is 8. 


71-73. Proofs 
Section 9.8 (page 658) 


1. 


57. 


A Maclaurin polynomial approximates a function, whereas 

a power series exactly represents a function. The Maclaurin 
polynomial has a finite number of terms and the power series 
has an infinite number of terms. 


.R-5 50 72 9.R-1 1LR-i 
.R-0 15. (—4, 4) 17. (—1, 1] 19. (— 00, oo) 
.x-0 23. (—6, 6) 25. (—5, 13] 27. (0, 2] 
(0,6) 31. (-3,5) 33. (—00,00) 35 (—1, 1) 
~x=3 39. R=c 41. (—k, k) 43. (—1, 1) 

oo x"n-! oo x” 
‘Laon ^ X9 
» @ (=3,3) (b) (=3,3) (© (-3,3) (D [-3,3 
. (a) (0,2] (b) (0.2 (0 (062) (d) [0,2] 

oo X n . 

>, (5) ; Answers will vary. 

n=1 
. Answers will vary. Sample answer: 

DES converges for —1x«l1. At x-—-—1, the 
n=l 
convergence is conditional because b i diverges. 
n 
| = converges for —1 <x< 1. At x= +1, the 

n-i 

convergence is absolute. 

(a) For f(x): (—90, 00); For g(x): (— 20, oo) 


(b) Proofs (c) f(x) = sin x, g(x) = cos x 


59-63. Proofs 


65. 


(a) and (b) Proofs 


(c) 3 (d) 0.92 
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67. (a) § 


& 
13 
1 


(b) 7 


(c) The alternating series converges more rapidly. The partial 
sums of the series of positive terms approach the sum from 
below. The partial sums of the alternating series alternate 


sides of the horizontal line representing the sum. 


(d) 
M 10 100 | 1000 | 10,000 
N 5 14 24 35 
2 7 3 
3 3 
=1 1 
= 0 
f(x) = cos Tx f&a) = um 
73. False. Let a, — ( E in 75. True 77. Proof 
Co + cx + cx? 
79. @) (-1,)) ©) f = — - 
81. Proof 
Section 9.9 (page 666) 


1. You need to algebraically manipulate 
— 


= 
2 
© 
e 
a 
B 

i | 


[2] 
Ms 

=] oy 
t > 
tn 
BV 
wpe 
| 

| J 
Ss. 


|e 


wa 


a p 
Ms 
aN R4 


~ 
SD 
a 
— 
—. 
w= 
w= 
LIL— 


EE: E 
we pea 1 -2 3 e+ 
(3.3) (-£-3 
15. b lcs = i |e 17. $ x[1 + (-1)] =2>% ED 
(-1.1) (71,1) 
19. 2Y ge 21. > n(-1yx"-' — 28. ETIN 
(-L1) 1,1) (=1,1] 
25. $ (— 1) x” 27. 5 (= D^) 
n=0 n=0 
i) (—2.3) 


so that it resembles 
x 


29. 2 
5 
f 
4 8 
E 
3 
x 0.0 0.2 0.4 0.6 0.8 1.0 
S5 0.000 | 0.180 | 0.320 | 0.420 | 0.480 | 0.500 
In(x + 1) | 0.000 | 0.182 | 0.336 | 0.470 | 0.588 | 0.693 
S3 0.000 | 0.183 | 0.341 | 0.492 | 0.651 | 0.833 


33. 


39. 
41. 


43. 
47. 
49. 
51. 
53. 


55. 


57. 


(b Inx, Oc x 2 R-1 

(c) —0.6931 

(d) In(0.5); The error is 
approximately 0. 


0.245 


35. 0.125 


37. 5 nx" -—-1«x«1 


X 058-46 —10«.€1 

n=0 

E(n) = 2; Yes. Because the probability of obtaining a head ona 
single toss is L it is expected that, on average, a head will be 
obtained in two tosses. 

Proof 45. (a) Proof (b) 3.14 

In 3 = 0.4055; See Exercise 23. 

In t = 0.3365; See Exercise 47. 

arctan 5 = 0.4636; See Exercise 50. 

The series in Exercise 50 converges to its sum at a lower rate 
because its terms approach 0 at a much lower rate. 

The series converges on the interval (— 5, 3) and perhaps also 
at one or both endpoints. 


1 
S, = 0.3183098862, m^ 0.3183098862 


Section 9.10 (page 677) 


1. 


n t 


© 


13. Y 


17-19. Proofs 


The Taylor series converges to f(x) if and only if R,(x) > 0 
as n OO. 
. Multiply and divide as you would polynomials. 
oo (2x) 2 coe (—1 n(n- 1)/2 n 
n-o h- 2 n=0 n! 4 
oo : y oo (— 1)"(x = 1)! 
A Uere) nh 2, n+1 
oo (— 1) (33) *! x 5x4 
—M———— LL 
my (2n+ 1)! 15.1 21 A! 


&1*:3-*5---.(2n — D" 
n.i y E 


n-i 
S 1.3.5. (2n — Dx? 
s1 
2 2"n! 
]., S (SDP Tes 
4 b» 4"! 


: (4n — 5)x" 


oo (— 1)142n ,2n 
31, 5 CUm 
n n=0 (2n)! 
=e (- 1) x x 


EC UFU RN 5. 
nero C S 


37. 


41. 


45. 


47. P 


49. 


51. P 


53. 


59. 
69. 
75. 


TT. 


79. 


83. 
91. 
Review Exercises for Chapter 9 


1. 
5. 


$ xnl 39 x ; oo (- eos] 
n=0 (2n zu 1)! : 2 n=0 (2n)! 
(- nx»? 

Proof 4 
TOO 3. > ea Qn + D)! 
oo (—1)" x?" 
2, Gn et? 

1,x=0 


1 1 
s(x) = x + x7 + 3x7 — 35x? 


Ps 

-6 6 

2 
P(x) = x — 4x2 — te + Bx 

4 

Ps 

3 9 
h 
ETT 

(x) = x — x2 + 3x3 — 3x4 

4 

g 
-6 6 
P4 

4 
oo (- 1)@+ 1)y2n+3 
2,Qnt+ 3(n + 11 + 3)(n + D! 55. 0.6931 57. 7.3891 
0 61. 1 63. 0.8075 65. 0.9461 67. 0.4872 
0.2010 71. 0.7040 73. 0.3412 
Square the series for cos x, use a half-angle identity, or 


compute the coefficients using the definition. 


x? x4 
First three terms: 1, — — 
irst three terms 33 
+ 
f(x) = sine 3). Answers will vary. 
Proof 


(b) Proof 
(c) ` Ox" = 0 # f(x); The 


n=0 
series converges to f at 


x = 0 only. 
Proof | 85.20 87. —0.612864 89. $ ( Je 
n=0 
Proof 93. Putnam Problem 4, morning session, 1962 


(page 680) 


3, -1 4 1 1 1 
* ^16 — 64> 256> 104 
8. b 

Converges to 5 


4, 34, 214, 1294, 7774 


a 6. c 7. d 


11. 
17. 


27. 
29. 


31. 


37. 
41. 
45. 
51. 
57. 
65. 
69. 


71. 
75. 
77. 
79. 


81. 
87. 
89. 


91. 


97. 


101. 


105. 


Answers to Odd-Numbered Exercises 


A77 


Converges to 0 13. Converges to 5 15. Diverges 


Diverges 19. a, = 5n — 2; diverges 
1 ; 
d, G+) converges 23. Monotonic, bounded 
cm 1 2 3 4 
A, | $8100.00 | $8201.25 | $8303.77 | $8407.56 
n 5 6 7 8 
A, | $8512.66 | $8619.07 | $8726.80 | $8835.89 


(b) $13,148.96 
3, 4.5, 5.5, 6.25, 6.85 
(a) 


n 5 10 15 20 25 


S, 13.2 873.8 | 6648.5 | 50,500.3 


5 35 < n i 
n 33. n. 35. (a) 2 (0.09)(0.01) (b) i 
Diverges 39. Diverges 


120,000[1 — 0.927], n > 0 43. Diverges 


Converges 47. Diverges 49. Diverges 
Converges 53. Diverges 55. Converges 
Converges 59. Diverges 61. 10 63. Diverges 
Diverges 67. Converges 
(a) Proof 
(b) 
n 5 10 15 20 25 
S, | 2.8752 | 3.6366 | 3.7377 | 3.7488 | 3.7499 
(d) 3.75 


Converges; p-Series Test 


73. Diverges; nth-Term Test 
Diverges; Limit Comparison Test 
P,(x) = 1- 2x + 232 $e 


P(x) = 1 — 3(x — 1) + 6(x — 1)? — 10(x — 1? 

3  83.(—10,10) 85. [1,3] 

Converges only at x — 2 

(a) (753) (b) (-5,5) (œ) (55,5). (d) [-5,5) 

Prof 93. Y zx) 95. $ 2 {= iy’ (72,4) 
n=0 n=0 

In} = 0.2231 99. e!/? — 1.6487 


^5 oo (. ])n(n+1)/2 n 
cos?~ 0.7859 10 2 $ CD (x 2 


2 4 n! 4 
pnr 107. - V (x + 1y 


n=0 n! n=0 


A78 


109. 


111. 


115. 


Answers to Odd-Numbered Exercises 


TE: 22 , 68 21x | 
5. 25 195 625 ` 
(a-(c) 1 + 2x + 2x2 + oe 113. y& oe 
n=0 
(-1)" (5x) +! 
> Qn + D! 117. 0.5 


P.S. Problem Solving (page 683) 


1. 


. Proof 


IX nl 2 


. Proof 
15. 


(a) 1 (b) Answers will vary. Sample answer: 0, i, 2 
(c) 0 
5. m Proof 


l 


(b) Yes 
(b) $ (n + Dx" 


n-0 


d Pi distance 
; 5.4366 


n-0 


. For a — b, the series converges NA For no values 


of a and b does the series converge absolutely. 
13. (a) and (b) Proofs 

(a) The height is infinite. 
(c) Proof 


(b) The surface area is infinite. 


Chapter 10 


Section 10.1 
1. 


15. 


17. 
21. 


(page 696) 


A parabola is the set of all points that are equidistant from a 
fixed line, the directrix, and a fixed point, the focus, not on 
the line. An ellipse is the set of all points the sum of whose 
distances from two distinct fixed points called foci is constant. 
A hyperbola is the set of all points whose absolute value of 
the difference between the distances from two distinct fixed 
points called foci is constant. 


.(a0«e«1 

(b) As e gets closer to 1, the graph of the ellipse flattens. 
.a 6.e Te 8. b 9. f 10. d 
. Vertex: (—5,3) 13. Vertex: (—1,2) 

Focus: (—4, 3) Focus: (0, 2) 

Directrix: x = -2 Directrix: x = —2 


“4-2-10 -8 6 4 2, 


Vertex: (—2, 2) 
Focus: (—2, 1) 
Directrix: y = 3 


19. (x — 0? = 4(8)(y — 5) 
23. (x — 5 = 4G) i) 


(y — 4)? = 4(-2)(x — 5) 
(x — 1)? = 4(-4)(y + 1) 


25. 


29. 


31. 


35. 
37. 


39. 


Center: (0, 0) 27. Center: (3, 1) 
Foci: (0, + /15) Foci: (3, 4), (3, —2) 
Vertices: (0, +4) Vertices: (3, 6), (3, — 4) 


v15 3 


(0, 0) 


> x 


Center: (—2, 3) 
Foci: (-2,3 + 5) 


Vertices: (—2, 6), (—2, 0) 


ry -3,0-5 

2 +42%-=1 . } 1 
36 11 2i 9 16 

Hg IS NE 

16 16 


Center: (0, 0) 
Foci: (+ J41, 0) 
Vertices: (+5, 0) 


ule 


Asymptotes: y = 


Center: (2, —3) 

Foci: (2 + 4/10, -3) 
Vertices: (1, —3), (3, —3) 
e= 10 


Asymptotes: y = —3 + 3(x — 2) 


ey 2 (x — 2) 
doce 43 t-i 
2 x X— 2 = 2 2 
a5. [e 47. | = Q3 L1 
49. (a) (6, /3): 2x - 3/3y - 32 0 
(6, — 3): 2x + 3/3y - 3 20 
(b) (6, /3): 9x + 2,/3y - 60 = 0 
(6, — /3): 9x - 2/3y - 60 = 0 
51. Parabola 53. Hyperbola 55. Circle 
57. (a) Ellipse (b) Hyperbola (c) Circle 


(d) Answers will vary. Sample answer: Eliminate the y?-term. 


59. Recall that 0 < sin? O < 1. The circumference is given by 


a — ( 


T/2 
c-4| 
0 


a? — D?) sin? 0 dO 
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13. y 15. — 


A fergie Gy 
43N4 [1234 n 
T |x — 4l 
y= 
» |o xc f 2 
y x 
17. 
61. 2m 63. (a) Proof (b) (3,-3) 65. y = ox 
16(4 + 34/3 — 2n) 
67. 3 = 15.536 f? 
69. Minimum distance: 147,099,713.4 km to i. 
-2 -1 1 
Maximum distance: 152,096,286.6 km -1+ 
71. e ~ 0.1373 73. e = 0.9671 T 6 
75. (a) Area = 2n Pee Te ee 
21. y 
(b) Volume = S Mi 
2n(9 + 4/37) at 
Surface area = ai ae = 21.48 it CL 
1 mm a, 
(c) Volume = Am i 4029 
ee, m 
+ F 34 
Surface area = an6 sone 43) = 34.69 3 
— 6p j—92 y=-, x 21 
7.3196 79.40 si 9" OP -i y M 
9 7 23. E 25. 2 
83. 110.3 mi 85. Proof 
87. False. See the definition of a parabola. 89. True E " a 8 
91. True 93. Putnam Problem B4, 1976 
Section 10.2 (page 707) = i 
1. The position, direction, and speed at a given time x + y =1 (x — 4) (y + 1? _ 1 
36 16 4 1 


3. Different parametric representations can be used to represent 
various speeds at which objects travel along a given path. 


5. 


y= Inx y 


35. Both curves represent the parabola y — x?. 
Domain Orientation Smooth 

(a) —oo«x«00 Left to right Yes 

(b -œ <x <0o Right to left Yes 
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37. Each curve represents a portion of the line y = 2x + 1. Section 10.3 (page 715) 
Domain Orientation Smooth 
(a) -0 «x «00 Up Yes 1. lhe Slope of the CHING at (x, y) 
dt. y 3. Horizontal tangent lines when dy/dt = 0 and dx/dt # 0 for 
(D -lsxsl Oscillates No, 46 = 48 =0 some value of f; vertical tangent lines when dx/dt = 0 and 
dy/dt # 0 for some value of t 
when 3 
0-20,-m Nm... 5. D qd. 
(c) O<x< oo Down Yes d aq 
(d 0€ x « oo Up Yes 9. 2: x p — 0; Neither concave upward nor concave 
— NEA) — pp 
39. y- y = HL (x — xj) 41. (x L H (y 2 =1 downward 
Xj — Xj a b dy d?y 
43. x = 4t 45. x= 1 - 2cos 8 ll. = tt 3, 327? 
y=-Tt y=1+2sin0 dy dy 
(Solution is not unique.) (Solution is not unique.) Att = —2, dx 1, di 2; Concave upward 
47. x= 2 + 5cos 8 49. x = 2 tan O 2 3 
—AG - 13. gu cot 0, CD = esc) 
y — 4sin 8 y = sec 8 dx dà 4 
(Solution is not unique.) (Solution is not unique.) n dy dy 2 
51. x 2f 53 pm At0 = d. = -], dé = 2 ; Concave downward 
y=6t—5; yf dy _ dy oc " 
Y — 15. 7 = 2esc®, 75 = -2co09 
y=6rt+ 1 y = tan? f Ape it dy 4/3 d'y 2J3 
(Solution is not unique.) (Solution is not unique.) 3' dx 3 °de 9^" 
SS x=t+3,y =2¢4+1 57.x=ty=?? Concave upward 
59. 5 61. 5 dy _ d'y gy 8 
17. aan O, qa T 8 O csc 3 
u dy d'y AW 2 
At 0 4 dx 1, T 3 ; Concave upward 
2 16 -2 7 2 3 
= = 19. [c 3): 3./3x — 8y + 18 =0 
Not smooth at 8 = 2n Smooth everywhere (0, 2): y-2=0 
63. 4 65. 4 1 _ 
(245. r): J3x + 8y — 1020 
-6 6 -6 6 21. (0,0): 2y x =0 
(-3,-1): y * 120 
= 4 (73,3: 2x - y - 9-0 
Not smooth at 0 = inn Smooth everywhere 23. (a) and (d) o || ldx ,dy. 
67. The orientation moves right to left on [— 1, 0] and left to right (b) Att 2' dt 6, dt 4, 
on [0, 1], failing to determine a definite direction. dy 2 
69. No. In the interval 0 < O < m, cosO = cos(—0) and al c3.9 ; and. ~ 3 
sin? O = sin?(— 0). So, the parameter was not changed. 2 
71. d; (4,0) is onthe graph. 73. b; (1, 0) is on the graph. = © y= 3* +2 
75. x = að —bsin O, y = a — b cos O mn l 25. (a) and (d) 
77. False. The graph of the parametric equations is the portion of : (BA m —1 dx _ 3 
the line y = x when x = 0. Buc uS 
79. True (4.2) dy _ dy _ 
81. (a) x = (42 cos 9), y = 3 + (£ sin 9)r — 1677 4 8 dt Orand dx — S 
(b) 30 (c) 60 (c) y 22 
=3: 
27. y = xix 29. y = 3x — Sandy = 1 
31. Horizontal: (—1, —m), (— 1, T), (1, 2m), (1, — 27) 
0 400 0 7 400 3 3 
0 i T Tl Tl Tl 
Not a home run Home run Vertical: G i), u i), ( "E i) ( 2 1) 
(d) 19.4° 33. Horizontal: (9, 0) 35. Horizontal: (2, 22), (6, — 10) 


Vertical: None Vertical: None 


37. 


39. 


43. 


45. 
47. 


49. 


53. 
59. 


61. 


63. 


69. 


71. 


73. 


75. 


Horizontal: (0, 7), (0, — 7) 
Vertical: (7, 0), (—7, 0) 
Horizontal: (5, — 1), (5, — 3) 
Vertical: (8, —2), (2, —2) 
Concave downward: —-oo < t < 0 


41. Horizontal: None 
Vertical: (4, 0) 


Concave upward: 0 < t < oo 
Concave upward: t > 0 


IL 
Concave downward: 0 < t < > 


It 
Concave upward: > <t<T 


4/73 ~ 14422. 51. /2(1 — e?) = 1.12 
lin /37 + 6) + 6,/37] e 3.249 55. 6a — 87. 8a 
(a) 5 (b 219.2 ft — (c) 230.8 ft 
0 240 
0 
43/2 43/4 
(a) à (b) (0. o.( z M 
(c) About 6.557 
P 
E: 
127a? 
(a) 27m//13 (b) ISm/13 — 65. SOM 67. <; 
2 
S= anf (t + 2) 91^ + 1 dt ~ 185.78 
0 
n/2 
55m] (sin 0 cos 0/4 cos? O + 1) dO 
0 
(5/5 — 1)n 
E 6 
~ 5.330 
(a) 3 3 
E 30 -r 37 
A EI 


(b) The average speed of the particle on the second path is 
twice the average speed of the particle on the first path. 

(c) 4m 

Answers will vary. Sample answer: Let x = —3t, y = —4t. 


82. b 83. f 84. c 
89. 28811 


d 
91. (a) 2 - 
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sinO dy 1 


1—cos@ d? | a(cos 8 — 1)? 


(b y= (24 "E (2 x) | «(i 2) 
(c) (a(2n + 1)7, 2a) 


(d) Concave downward on (0, 2m), (2t, 411), etc. 
(e) s = 8a 


93. Proof 
95. (a) 2 


-2 
(b) Circle of radius 1 and center at (0, 0) except the point 
(—1,0) 
(c) As t increases from — 20 to 0, the speed increases, and as 
t increases from 0 to 20, the speed decreases. 


d Ea 
d'y _ ath fOd fne) — af") 
97. False. dé FO FOF 


99. False. The resulting rectangular equation is a line. 
Section 10.4 (page 726) 


1. r is the directed distance from the origin to the point in the 


plane. 9 is the directed angle, counterclockwise from the polar 
axis to the segment from the origin to the point in the plane. 


. The rectangular coordinate system is a collection of points of 


the form (x, y), where x is the directed distance from the y-axis 
to the point and y is the directed distance from the x-axis to the 
point. Every point has a unique representation. 

The polar coordinate system is a collection of points of 
the form (r, ©), where r is the directed distance from the 
origin O to a point P and O is the directed angle, measured 
counterclockwise, from the polar axis to the segment OP. 
Polar coordinates do not have unique representations. 


E 7. 5 
7(85) (4-3) 
B LJ 
t + +» 0 t t t t t L0 
2 4 6 | 12 3 4 
(0, 8) (2/2, 2/2) ~ (2.828, 2.828) 
ż 11. E 
j—-———3 [0 (33 
x 2) | 
| t t +—> 0 
5 T 
7, Z T 
eo | 
(—4.95, —4.95) (—1.004, 0.996) 


A82 


13. z 


e (—8, 0.75) 


(—5.854, — 5.453) 


y 
17. 1 
al 
e(-3,4) 4+ 
3l 
2 
1l 
! ! ! t I—»X 
432-4 £ 


(5, 2.214), (—5, 5.356) 


y 
21. i 
ol 
t—}—+—_}—> x 
-1 1 2 3 4 
ash 
zs (/7, -/7) 
—34 * 
E 


25. r — 3 
2 
> 0 
29. r= 8 csc 0 
5 
L—— ++} > 0 
2 4 6 
33. r = 9 csc? O cos 0 
+++ +> 0 
345 67 


15. 


19. 


23. 


27. 
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ki 
Á 
m 
(1, 0) 
e t 
1 2 
Al: 
(1, 0), (— 1, T) 
y 
A 
2l 
Sistas 
EN 
ESI 
(-5 c3) ea 
Sio 
k 


(./41, 0.8961), 


(- /41, 4.0376) 


r=a 


NIA 


+> 0 


sin 0 


35. x7 + y? = 16 


y 
A 


37. x7 + y? — 3y =0 


45. 


49. 


53. 


55. 


57. 


A 
44 
— x 
-2 -1 T. 2 
x—3-20 
y 
A 
3 
2| 
1d 
f j -Xx 
1 2 


T 
s0«—- 
0x80 2 


(x — hy + (y 


ky = h2 


Radius: V/k + Q 


Center: (h, k) 
(a) 2 


(c) © 


39. Jr +y = arctan > 


47. 


-1 


00c«2n 


51. 


5 


-5 


0<0< 4 


(b) 


NIA 


59, 
63. 


65. 


69. 


71. 


73. 


81. 


85. 


J17 


dy 


61. About 5.6 
—2 cos Osin 8 + 2 cos O(1 — sin 0) 


dx 


—2 cos 0 cos 8 — 2 sin O(1 — sin ©) 


Po] 


dx 


(s m) : dy is undefined. 


; 3n\ /1 m) /1 5n 
Horizontal: (2 2 J (5 n), (5 6 ) 


. 3 7m) (3 lln 
Vertical: (3 m), (3 6 


n 
65 


3) 


75. 


£ 
2 


67. (a) and (b) 


z 83. 3 


87. 


NIA 


A83 
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99, (a) To test for symmetry about the x-axis, replace (r, ©) 
by (r, —9) or (—r, 1 — 9). If the substitution yields an 
equivalent equation, then the graph is symmetric about 
the x-axis. 

(b) To test for symmetry about the y-axis, replace (r, ©) 
by (r, t — 9) or (—r, —9). If the substitution yields an 
equivalent equation, then the graph is symmetric about 


the y-axis. 
101. Proof 
103. (a) r= 2—sin(@ - 2) (b) r= 2+ cos 8 
2 (sin 0 — cos 0) 2 
=2 
2, 
4 -6 6 
-6 6 4 
—4 


(c) r 2 2 + sin8 (d) r= 2 — cos 8 


4 4 


105. (a) 5 (b) 5 


Y 
o 
Y 
o 
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107 : 109. Z 
@ 
6 3 -3 3 
V. 
-3 -2 
w= ^ w= arctan + = 18.4° 
111. 16 113. True 115. True 
y 
0 
-20 22 
-12 
IL s 
=z 60 
Section 10.5 (page 735) 


1. Check that f is continuous and either nonnegative or 
nonpositive on the interval of consideration. 


n/2 1 3n/2 
3. sf sin? 0 dO 5. Al (3 — 2 sin OP dO 7. OT 


0 n/2 
T IL 97T 33n 
9. 3 11. 16 13. F5 60 = 16.184 15. ES 
17.4 
19. 2 21. 35 
-1 4 
3 3 
= -0.5 
2n — 3/3 
2 
2 
9 
-10 
9n + 27/3 
2— J2 3n\ (24 /2 ud 
29. 2 m, ( z 3,09 
3 m) /3 5n 
a GAEI s 02.722 
35. r-cos8 37. r-2 4 ir =4sin20 


r-2-3sin8 


(0, 0), (0.935, 0.363), 
(0.535, — 1.006) 

The graphs reach the pole 
at different times (9-values). 


39. 


43. 


45. 
49. 


51. 


53. 
59. 


63. 


65. 
71. 


73. 


e |r 2-3 -*2sin8 


15 r =2 cos0 


-2 25 


a? 
47. z“ = 2) 


(b) 


2 
The area enclosed by the function is T if n is odd and is 


n2. . 
E if n is even. 


a 55. 41 57. 8 

4 61. 05 

-0.5 0.5 

zi 2 

-1 -0.5 
About 4.16 About 0.71 

1 
EI 2 

EI 
About 4.39 

2V1 +a, a 

36n 67. 142 (e 2a) 69. 21.87 
( 3 (b 0s8«m 


(c) and (d) 25n 


»0 


Answers will vary. Sample answer: f(0) = cos? O + 1, 


«(9 = -3z 


75. 40m? 

77. (a) 16n 

(b) 

0| 0.2 0.4 0.6 0.8 1.0 1.2 1.4 


A | 6.32 | 12.14 | 17.06 | 20.80 | 23.27 | 24.60 | 25.08 


(c) and (d) For i of area (41 = 12.57): 0.42 
1 Tt 
For 2 of area (8Tt — 25.13): EU 


For i of area (12m0 ~ 37.70): 2.73 


(e) No; Answers will vary. 
79. (a) 12 


=12 
The graph becomes larger and more spread out. The graph 
is reflected over the y-axis. 
(b) (anm, nm), where n = 1,2,3,. .. 


4 
(c) About 21.26 (d) 355 
81. r= /2 cos 0 


3 cos O sin O 
83. (a) r= cos? 0 + sin? 0 
(b) 5 


© 5 
Section 10.6 (page 743) 


(b) Parabola 
(d) Hyperbola 


1. (a) Hyperbola 


(c) Ellipse 
5. 


(a) Parabola 
(b) Ellipse 
(c) Hyperbola 


Ellipse 

As e> 1^, the ellipse 
becomes more elliptical, and 
as e > 0*, it becomes more 
circular. 

7. c 8. f 9. a 10. e 11. b 12. d 
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13. e= 1 15. e =2 
Distance = 1 Distance = i 
Parabola Hyperbola 

: ; 


17. e=} 19.e-j 
Distance — 2 Distance = 6 


Hyperbola Ellipse 


21.832 23. 1 
Distance — 50 
-2 2 
Ellipse 
2 
E E 
3-0 Ellipse 
40 zd 
e~2 
25. 15 27. 8 
i | i A l 
-15 -8 
"mo. 
Parabola Rotated 3 radian 
e=1 counterclockwise. 
29. 2 31. r= $ = 
8+5 cose + n) 
6 
-8 4 


3 


TON , 
Rotated 6 radian clockwise. 


33. r= eT 35. r= SEE 
One rure 32. r= eno 
B 16 7 9 
ae SB 1: re ee 
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45. No. The flatness of the ellipse does not depend on the distance 13. Parabola 1 
between foci. Vertex: (—5, — 1) 154 
4 Directrix: y = —4 
47. r= 2+ cos 0 49. Proof Focus: (—5, 2) 
9 —16 
ple = 6/25000. 777 1-059) cos 9 
55. 10.88 57. 1.88 


7979.21 i 
= 120.9372 cos 9 101S mi iggen me pE 
149,558,278.0560 
6L. r =T — 000167 cos 8 w P= po a eta 
Perihelion: 147,101,680 km 2 X (y + 1} 2 9 3 
Aphelion: 152,098,320 km 23. aJ 53^ = 
63. r= Md 25. (a) (0,50) (b) About 38,294.49 
1 — 0.0113 cos O 31. j 29. , 
Perihelion: 4,444,206,500 km 
Aphelion: 4,545,793,500 km 
65. Answers will vary. Sample answers: 
(a) 3.591 x 10!8 km?; 9.322 yr ) 
(b) a = 0.361 + T; Larger angle with the smaller ray to T 3] 
generate an equal area At gi 
(c) Part (a): 1.583 x 10° km; 1.698 x 108 km/yr ST ^ 
Part (b): 1.610 x 10? km; 1.727 x 10? km/yr 
67. Proof 


59. r 


1 


Review Exercises for Chapter 10 (page 746) 


le 2.c 3. b 4. d 5.a 6. f 

7. Circle 
Center: (1, 4) 
Radius: 5 


xb +y = 36 
35. x - t, y - At c 35x — tH 
(Solution is not unique.) 


37. i 
9. Hyperbola 

Center: (—4,3) -7 8 
Vertices: (-4 EC. 3) 
Foci: (-4 dE fs. 3) = 

3 d 5 d 
e- dy. 5 dy. 

2 T pa 
Asymptotes: d d? 

J3 Att = 3, y 3; d y 0; Neither concave upward nor 
y=3 +504) ; Hi 6 dx 

ownwar 
11. Circle 1 dy _ xu ys o 
Center: (4, —3) adh € dx ahs de n 
Radius: 1 2 
Em Att = —2, a = 16, L = 96; Concave upward 
-1 2 
dy ue dy 2, 
(4.3) ud dx ^ d? e 
22-4 
dy 1 dy 2 
Att NUR S aS Concave upward 


dy _ dy 1, 75. x= —4 77. y= —x 
45. 3 cot 0, 2 TOSS 0 ; 
3l 
_ i dy _ dy _ Ju ail 
At 0 T dx 1, p 5 ; Concave downward il 
47. (a) and (d) , pen TUE 
2 RA erem pe 
al 
ot 
3 3 -34 
79. 6 81. 4 
2 
dx dy dy 1, 3V3 3 9 » 6 
= -- = —-,4 = 
Ug ta de a ON Rae a 
49. Horizontal: (5, 0) 51. Horizontal: (2, 2), (2, 0) 
Vertical: None Vertical: (4, 1), (0, 1) ee 5 E ES 
53. (14512? — 1) = 32.315 SGSN EE DE M ST 
55. (a) 25. (b) 200 — 57. A — 3n 83. Horizontal: (3, =), (3 =) 
z z 2: «9 2 3 
59. 3 61. 5 in ism 
acd { fk Vertical: (5 2.0. TD), (5 =) 
1- 2*3 
87. Circle 
+ t +—> 0 E 
(v7, 3.25) E i 
3x 
(s 3) 
(0, —5) (—2.6302, —0.2863) jo 
63. i 65. i 
14 (1, 3)e 34 
}—} $+} >» x 2+ 1 
1.2 3 4 
al it 
-24 Ear CEE, 91. Limaçon 
-3 -2 -1 Te: c x 
31 n 2 2 
4+ e a+ + 
(4, -4) T 
EX -3L 
7n - 3n | 
(ava. m), (7445. 2 ( /10, 1.89), (— /10, 5.03) — — mo 
1 2.4 
67. r=5 69. r = 9csc ð ] 
: : " | 
L n 93. Spiral 95. Lemniscate 
1 E 5 
> 0 L + 4 
T Q 0 
+ t t t t +» 0 15 
2 0:6 I3 L0 
+ + 3 
3 l 
Mure aU cob i 
2 
1 9n om 
T 97 20 99, 2 
l 2 2 
101. (1 , v2 m) (1 sie. n), (0, 0) 
>x 2 4 2 4 
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103. 5 105. 6 7. (a) (b) Proof (c) a;2n 
-6 
9n + 27/3 
107. 109. »n 111. 4r? Generated by M athematica 
2 9. A = 5ab 11. 7? = 2 cos 20 
d IL 
13. r = —2e 2-9. 0 > — 
2. 4 
15. (a) r = 2a tan O sin O 
113. 115. e = $ 
Distance = 6 Distance = 3 
Parabola Ellipse 
2 2 
ij I 17. 4 
+ nz-4 
+ dort. -6 6 
4 + +> 0 
| 2 76 
T + -4 
3 m 
117. e — 2 2 
Distance — $ 
Hyperbola pe 
4 
4 
5 9 n=0 
119. r = — — 121. r = ———_, 
T 14 cos8 77 143sin0 2 i 
4 5 
123. r= 125. r = — —— 
ver 1+ sinO 77 3- 2cos0 a 
LI 4 4 
P.S. Problem Solving (page 749) 
=1 n=2 
1. (a) 3. Proof -6 6 -6 6 
4 m 
4 4 
n=3 n=4 
$ 6 -6 6 
(b) and (c) Proofs 
1-x ^ 2 
5. (a) ya v(t) (b) r = cos 20 * sec 8 1 
(c) 5 (d y=x,y=-x n=5 
+ 6 
-4 


n= —1], —2, -3, —4, 


5 produce "hearts"; n — 1, 2, 3, 4, 
5 produce "bells" 


Chapter 11 


Section 11.1 
1. 


13. 


17. 
25. 


. u= v= (2,4) 
. (a) and (d) 


(page 759) 


Answers will vary. Sample answer: A scalar is a single real 
number, such as 2. A vector is a line segment having both 
direction and magnitude. The vector ( 3, 1), given in 
component form, has a direction of 11/6 and a magnitude of 2. 


- (a) (4,2) 


(b) | 


(4, 2) 


7. u= v = (6, —5) 
11. (a) and (d) 


y y 
st G5.,65 zi 
4+ 4 (8, 3) 
3+ 2 v 
2+ M E—1 c 
4 2 2 4 6 & 
*T/ (2,0) T © 
ifisi i” 2% T 
zu wa 
(b) (3, 5) (b) (-2, —4) 
(c) v= 3i 4 5j (c) v — —2i — 4j 
(a) and (d) 15. (a) and (d) 
y y 
t (3.3) 
Mii (6,6) 3l 
ER (4.3 2 v 
4¢@ (0, 4) " * 
EE 
2 -— — ey 
(6,2) 2 d i 2 — 
a ate œ) (-1,3) 
(b (04 (©) v= 4j (c) v= —i + 3j 
(3, 5) 19. 4 21. 17 23. 26 
(a) (6, 10) (b) (-9, —15) 
y y 
xd (6,10) A 
8+ 
6+ (3,5) 
47 vN 
ot 
3 |% 4680 
ne 


(d) 
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A89 


27. (a) ($6) œ) (6, - 15) 
(c) (-2,-14) (d) (18, —7) 
29. — ! 3h. 1 
33. í 
as (7 em i (3v%4 EE 
. 17" 17 34 " 34 
39. (a) /2 (5 /5 (1 (1 (O1 (D1 
41. (a) x5 (b) /13 (o JS (d ] (91! (D1 
43. | 


45. (0,6) — 47. (C /5.24/5) 49. (3,0) 
+ 
51. (—/3,1) 53. (38 242 
55. (2 cos 4 + cos 2,2 sin 4 + sin 2) 
57. 8 = 0° 
59. 0; Vectors that start and end at the same point have a magnitude 
of 0. 
61.a=3,b=1 63. a = —2,b = —4 
65. a= —3,b=3 
1 
67. (a) +—=(1, 6 69. (a 
(a) g ) (a) 
1 
(b) —1) (b) 


u+v 


t 
7 


llul + lvl = J5 + ./41 and |u t v| = J14 
JA € S5 + Al 
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71. (a) ICA, 3) 


1 
(b) +5(3.4) 


nL 
2^2 
79. Tension in cable CB: 1958.1 Ib 
Tension in cable CA: 2638.2 Ib 
81. Horizontal: 1193.43 ft/sec 
Vertical: 125.43 ft/sec 
83. 38.3? north of west, 882.9 km/h 
85. False. Weight has direction. 87. True 
89. True 91. True 93. False. ||ai + bjl = J/2la| 


95-97. Proofs 99, 32 + y = 25 
Section 11.2 (page 767) 


1. x, is directed distance to yz-plane. 


75. 10.7°, 584.6 Ib 77. 71.3°, 228.5 Ib 


yo is directed distance to xz-plane. 
Zo is directed distance to xy-plane. 
3. (a) Point (b) Vertical line (c) Plane 


9. (—3, 4, 5) 11. (12, 0, 0) 

13. One unit above the xy-plane 

15. Three units behind the yz-plane 

17. To the left of the xz-plane 

19. Within three units of the xz-plane 

21. Three units below the xy-plane and below either Quadrant I 
or Quadrant III 

23. Above the xy-plane and above Quadrants II or IV or below the 
xy-plane and below Quadrants I or III 

25. 3/2 27.5 29. 7,7/5, 14; Right triangle 

31. /41, J41, J14; Isosceles triangle 33. (6, 4, 7) 

35. (2, 6, 3) 

37. x — 7) c (y - 1p + (z + 2)? = 1 

39. (x iy (y- 22 *(z- 1p =4 

41. (x + 7? + (y — 7) + (z — 6)? = 36 

43. (x — 1)? + (y + 3P + (z + 4)? = 25 
Center: (1,—3,—4) Radius: 5 

45. (x - i + (y+ I? 2=1 
Center: G, =l, 0) Radius: 1 


47. (a) (—2, 2, 2) 49. (a) and (d) 
(b) v = —2i + 2j + 2k : 
(c) 1 


(b) (4, 1, 1) 
(c) v=4i+j+k 
51. v = (1, -1,6) 53. v = (—4, 3, 2) 
[v] = 38 Iv] = /29 
1 1 
u= JU 1, 6) u= El 4, 3, 2) 
55. (3, 1, 8) 
57. (a) z (b) 1 


(d) 


59. (3,0,0) 61. (21, 18, 15) 63. a and b 

65. a 67. Collinear 69. Not collinear 

71. AB = (1,2,3), CD = (,2,3), BD = (—2, 1, 1), 
AC = (—2, 1, 1); Because AB = CD and BD = AC, 
the given points form the vertices of a parallelogram. 


73. /2 75. /34 TI. /14 


79. (a) $(2,-1,2) (b) —4(2, —1, 2) 


a 5 21" 10 
22. a 2a 34/2 
O =i ti o 
10 10 1 
s (0219) (icut 
205. 8&1bch, 


z 


87. (0, 3,1) 89. (2, —1, 2) 


(0, /3, 1) 


91. A sphere of radius 4 centered at (x,, y,, Z1): 
ae + (y - y)? + k-z) S16 

93. The set of points outside a sphere of radius 1 centered at the 
origin 


95. The terminal points of the vectors tu, u + tv, and su + tv 


are collinear. 


u pe tv 
e—v | 
97. X39. 1,1) 
8L 
99. (a) T= —__L > 18 
w JL? — 18 
b 
©) L 20 25 30 | 35 40 | 45 50 
T | 18.4 | 11.5 | 10/93 | 9.0 | 87 | 86 
(d) Proof (e) 30 in. 
101. Tension in cable AB: 202.919 N 
Tension in cable AC: 157.909 N 
Tension in cable AD: 226.521 N 
103. (x ge + (y — 3) 4 (c p 
Sphere; center: (s 3, 4) radius: am) 
3 3 3 
Section 11.3 (page 777) 
1. The vectors are orthogonal. 
3. (a) 17 (b) 25 (c) 26 (d) (— 17, 85) (e) 51 
5. (a) —26 (b)52 (c) 13 (d) (78, —52) (e) —78 
7. (a 2 (b) 29 (c) 61 (d) (0,12,10) (e) 6 
9. (a) 1 (56 (02 (di-k (e3 
11. (a) > (b) 90° 13. (a) 1.7127 (b) 98.1? 
15. (a) 1.0799 (b) 61.9? 17. (a) 2.0306 (b) 116.3? 
19. 20 21. Orthogonal 23. Neither 25. Orthogonal 
27. Right triangle; Answers will vary. 
29. Acute triangle; Answers will vary. 
31. cosa = $ a = 70.5? 33. cos A = oa a= 11.4? 
cos B = 2, B = 48.2° cos B = ——, B =~ 82.0° 
y 4 Jr . 
2 1 
cos Y = =, y = 48.2? cos y = ———=, y = 98.0? 
Y 3 Y Y Jat Y 
35. cosa = 0, A = 90° 
3 
cos B = ——, B = 33.7° 
2 
cos Y = ——=, y = 123.7° 
: v13 ` 51 15 
37. (a) (2,8) ((4,-D 39. @ (43 QO(-L2 
41. (a) (-2.2.2) (b) (2,1, 1) 
43. (a) (0, —3, —3) (b) (-9, 1, - 1) 


45. 
47. 


51. 
53. 


55. 


57. 
59. 
63. 


65. 


67. 


69. 
71. 
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You cannot add a vector to a scalar. 


Yes. 49. $17,490.25; Total revenue 
u*v |o |v*u 
IMP C du 
llv] llull 
|u Vive =|v+u] Ime 
io 
lvl full 
lul = [ivl 


Answers will vary. Sample answer: (12, 2) and (— 12, —2) 


Answers will vary. Sample answer: (2, 0, 3) and (—2, 0, —3) 
1 
arccos —= = 54.7? 
xd 
(a) 8335.1]b (b) 47,270.8 Ib 
425 ft-lb 61. 2900.2 km-N 
False. For example, (1, 1) * (2, 3) = Sand (1, 1) * (1,4) = 5, 


but (2, 3) # (1, 4). 
(a) (0, 0), (1, 1) 


(b) To y = x: at (1, 1): (253. jS 
3/10 Jm) 
= y1/3 Pee (a Sjah apo More 
To y = x! at (1, 1): (= TET 
To y = x? at (0, 0): (+1, 0) 
To y = x! at (0, 0): (0, +1) 
(c) At (1, 1): 0 = 45° 
At (0,0): © = 90° 
(a) (—1, 0), (1, 0) 
(b) Toy = 1 — x? at (1, 0): (3x5. 5) 
3 2 5) 
= y — e (+> + 
To y = x? — 1 at (1, 0): (28, 5 
To y = 1 — x at (— 1, 0): (253. +243) 
5 5 
To y = x2 — 1 at (— 1, 0): (5, c 


(c) At (1,0): 0 = 53.13? 
At(—1,0) 6 = 53.13? 

Proof 

(a) 


(b) k./2 (c) 60° (d) 109.5? 


73—75. Proofs 
Section 11.4 (page 785) 


1. 


u x v is a vector that is perpendicular to both u and v. 
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j 
ib a 
T d pL P 
E! 
7. (a) 20i + 10j — 16k (b) —20i — 10j + 16k (c) 0 
9. (a) 17i — 33j — 10k (b) —17i + 33j + 10k (c) 0 
11. (0,0,6) — 13. (-2,3, - 1) 
15. ( 7 5 BY or (2 5 5) 
"A 943. 943 ' 9/3 9/3 9./3 943 
( 3 7 1 ) ( 3 7 1 ) 
17. 3 ; or " > 
S59 J/59' ./59 59 59 59 
19.1 2164/5 23.9/5 25. 


27. 10 cos 40? ~ 7.66 ft-lb 
29. (a) F = —180(cos 0j + sin Ok) 
(b) ||AB x F|| = |225 sin 0 + 180 cos 6| 


iso x3) = 268.38 


2 


(c) ||AB x Fl] = 225( +] 


(d) 0 = 141.34? 
AB and F are perpendicular. 


(e) 400 From part (d), the zero is 
0 = 141.34? when the 
vectors are parallel. 

0 180 


31. 1 33. 6 35. 2 37. 75 

39.a=b=c=hande=f=g 

41. On the x-axis; The cross product has the form <k, 0, 0). 

43. False. The cross product of two vectors is not defined in a 
two-dimensional coordinate system. 

45. False. Let u = (1,0, 0), v = (1,0, 0), and w = (1,0, 0). 
Then u x v = u x w = O, but v 7 w. 

47-55. Proofs 


Section 11.5 (page 794) 


1. Parametric equations: x = x, + at, y = y, + bt,z =z, + ct 
x7x» y^» £74 

b c 
You need a vector v — (a, b, c) parallel to the line and a point 
P(x,, yj, Z,) on the line. 


Symmetric equations: 


3. Answers will vary. Sample answer: 3y — z = 5 


5. (a) Yes (b) No (c) Yes 
Parametric Symmetric Direction 
Equations (a) Equations (b) Numbers 
x x 
7. x = 3t l—y- Ji, 
x=3 3775 Sy 1.5 
t 
= 5t 
u X2. y. z—3 _ 
9. x 2-F 2f Ec 2,4, —2 
y — 4t 


11. 


13. 


15. 


17. 


23. 


29. 
35. 
39. 
43. 
47. 
53. 
59. 
65. 


69. 
75. 


79. 


83. 
87. 


95. 
103. 


Parametric Symmetric Direction 
Equations (a) Equations (b) Numbers 
x= 1 g= 1 
x=1+3t ee T 3, —2, 1 

y= —2t 
z=l+t 

5 yt3 z-2 
x=5+17t 7 TT 9 17;=11,—=9 
y=-3-1I1t 
z= =2 = 9t 
x=7-— 10t Not possible —10,2,0 
y=—2+2t 
z=6 
x=2 19. x =2+ 3t 21. x 2 5 + 2t 
y= y=3+2t y=-3-t 
z=4+t z=4-t z= —-4+ 3t 
x=2-t 25. P(3, —1, —2) 27. P(7, —6, —2) 
y=1+t v = (-1, 2,0) v = (4, 2, 1) 
z=2+t 
Identical 31. Identical 33. (2, 3, 1), 55.5° 


Not intersecting 


y—3=0 


2x -—y—-— 2z+6=0 
4x — 3y + 4z = 10 
Ix +y—11z=5 


37. (a) Yes (b) Yes 
41. 2x + 3y -z= 10 

45. 3x — 19y — 22 = 0 
49. 2-3 5]l.xtytz-5 
55.y—z—-1 57.x—z-0 


(c) No 


9x — 3y + 22 - 2170 61. Parallel 63. Identical 
(a) 8 ~ 65.91? 67. (a) 8 = 69.67? 
(b x = 2 (b) x = 2 — 9t 
y=l1+t yb -ot 
z=1+ 2t z= 22t 
Orthogonal 71. Neither; 83.5° 73. Parallel 
6 
x 
The line lies in the plane. 85. Not intersecting 


6/14 89. 11/6 91. 2/26 93. 21/94 
7 6 13 188 
Y2533 o7, 743 o9, V5 — 101. Exactly 1 
17 3 3 
Yes. Consider three points, two on one line and one on the 


second line. 


A unique plane contains all three points. 
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105. (a) 23. Hyperbolic paraboloid 25. Elliptic paraboloid 


Year 2009 | 2010 | 2011 | 2012 | 2013 | 2014 


z(approx. | 18.93 | 19.46 | 20.31 | 21.10 | 21.58 | 22.62 


The approximations are close to the actual values. 
(b) An increase 
107. (a) /70 in. 
(b ? (c) The distance is never zero. 27. There have to be two minus signs to have a hyperboloid of 
(d) 5 in. two sheets. The number of sheets is the same as the number of 
minus signs. 
29. No. See table on pages 800 and 801. 


t D 31. 32 + 2 = 25y? 33. x2 + y? = 42/3 
109. (2:85, 3) 1. x = 2, y= 14 12 =4+4 130 35. y2 + 2 = = 37. y = /2z(orx = 2x) 
113. True 115. True i 128 
117. False. Plane 7x + y — 1lz = 5and plane 5x + 2y — 4z = 1 39. y= /5— 82 (or z mS = 8x2) 41. > 
are both perpendicular to plane 2x — 3y + z = 3 but are not 
parallel BRE P T 43. (a) Major axis: 4J2 (b) Major axis: 8/2 
Minor axis: 4 Minor axis: 8 
Section 11.6 (page 806) Foci: (0, +2, 2) Foci: (0, +4, 8) 
7 - a ; , 
1. Quadric surfaces are the three-dimensional analogs of conic deese ii £ By. „elliptic E araboloid 
sections. 47. — a - z Z ;-1 
3. The trace of a surface is the intersection of the surface with 3963 3963 3950" 
a plane. You find a trace by setting one variable equal to a 49. x = at, y = —bt,z = 0; 
constant, such as x = O orz = 2. x = at, y = bt + ab?,z = 2abt + a?b? 
5.c 6.e 7. f 8. b 9. d 10. a 51. The Klein bottle does not have both an “inside” and an “outside.” 


It is formed by inserting the small open end through the side of 


11. Right circular cylinder 13. Elliptic cylinder iia ; . 
the bottle and making it contiguous with the top of the bottle. 


^ ? 
p" i " j Section 11.7 (page 813) 

» 1. The cylindrical coordinate system is an extension of the 

ES. " = polar coordinate system. In this system, a point P in space is 


a p ny P s [ represented by an ordered triple (r, 9, z). (r, O) is a polar 
x is: representation of the projection of P in the xy-plane, and z is 
15. Hyperboloid of two sheets 17. Hyperboloid of one sheet the directed distance from (r, O) to P. 


i i 31-70, 5 (32341) 7. (-24/3, -2, -3) 
34 E 2 2 
"I Tt Tt Tt 

9 (s.3. 1) 11 (2/2. -% -4) 13. (a 3 a) 


15. z= 4 17.2 — 22 =5 19. r = sec Otan 8 
21. r? sin? 8 = 10 — 2 
23. 2 + y = 25. x— /3y 2 0 
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27. xP? +y~+2=5 29. 2 + (y- 27 =4 91. n 93. h 
E 
2 
2 ~ 


K 
95. Rectangular: 0€ x < 10,0 < y < 10,0 <z < 10 
97. Spherical: 4< p< 6 
"n 2m T Tm 99. Cylindrical: r? + 2 < 9,r < 3cosQ, 0s O0 m 
TM (^ " 5 ^i (2 E z) a (4 6 5 101. False. See page 809. 103. Ellipse 


37. (/6, /2,2/2) 39. (0,0, 12) 
41. (0.915, 0.915, 4.830) 43. p = 2 csc Ọ csc 0 


m 


Review Exercises for Chapter 11 (page 815) 


45. p=7 47. p= 4 csc 49. tan? = 2 1. (a) u = (3,-1),v = (4,2) (b) u=3i-j,v = 4i + 2j 
5. 2 +y+z2=1 53. 3x2 + 3y? — ? = (c) |ul = v10, |v] - 2/5 (d) (-5, 5) 


: 3.v-(44/3) 5(-540) 7 /22 
9. (x — 3)? + (y + 2)? + (z— 6)? = 16 
11. (x - 2» + (y - 32 +2=9 
Center: (2,3,0) Radius: 3 
13. (a) and (d) 


A 


(2, -1, 3)3 


55. L +y?+ (2-2)? =4 57. 


£ 


j 
[^ 
c PN 
( (b) u = (2,5, —10)} (c) u = 2i + 5j — 10k 
. 1 
15. (-8,5,1 17. Collinear 19. —— (2, 3,5 
( ) Waa ) 
. ( 21. (a) u = (—1, 4, 0) 
v = (—3, 0, 6) 
$ ( (D 3 (c) 45 
71. d 72. e 73. c 74. a 75. f 76. b 23. (a) 2. (b) 15? 25. Orthogonal 
77. Because of the restriction r = 0 ( m 16) ( 8 6) 
7. (a) P+2=27 b) p=3V3 27. (@ Nera] (b) \5, -5 
81. (a) 2? + (z—- 1) =1 (b) P=2cosh 29. Answers will vary. Sample answer: (—6, 5, 0), (6, — 5, 0) 
; 4 sin 8 : 31. (a) —9i + 26j — 7k (b)9i —26j + 7k. (c) 0 
83. (a) r - 4sinO (b) p= ind = 4 sin Ocsc $ » | 8 12 13 a 8 12 13 ) 
T "T 9 "AAT SUL OM 377 J31T 371 
.(a r= cos? 0 — sin? 0 35. 15 ft-lb 
gs 9 csc? $ 37. (a) x -3 6, y — Mt z — 2 9 4t 
(b) ~ cos? O — sin? O b) £23 y. £2 
87. n 89. T 6 11 4 
5! 1 39. x 6, y S+4ge= 2 


41. 27x + 4y + 32z + 33 =0 43. x - 2y=1 45. 5 


2 > < ar, 35 


49. Plane 51. Plane 


6 
x^ (6,0, 0) 


53. Ellipsoid 55. Hyperboloid of two sheets 


57. Cylinder 59, 3? + 2 = 2y 


Z 


= 


^ 
2 -" Er. 


61. (a) (2.5. E -5) (b) (vs. 


63. (-5,0,1) 65. (—2./2, 0, 2/2) 
67. (a) r?cos20 =2z (b) p= 2 sec 20 cos desc? $ 


m) 


L arccos[ 
; 37 


3 


69. z= y! + 3x 71. +y-2=0 


P.S. Problem Solving (page 817) 
3/2 


1-3. Proofs OY 5 ma (b J5 — 224 


7. (a) 3 (b) 5 (Tab 


(c) V = (mab) 
V = 4(area of base)height 
9. Proof 
11. (a) 


24/3 =~ 1.1547 lb 


13. (a) Tension: 


NET 


Magnitude of u: E =~ 0.5774 lb 
(b) T = sec 9, 


u|| = tan €; Domain: 0° < 0 < 90° 


Answers to Odd-Numbered Exercises A95 


Ole [|o | 10 20° 30° 
T | 1 | 1.0154 | 1.0642 | 1.1547 
|ul | 0 | 0.1763 | 0.3640 | 0.5774 
Ə | 40° 50° 60° 
T | 13054 | 15557 | 2 
lul} | 0.8391 | 1.1918 | 1.7321 

(d) 2 

: 
llul 
0 60 


0 
(e) Both are increasing functions. 
(f) lim T —ooand lim |lul| = co 
02 n/2- 025n/2- 
Yes. As 9 increases, both T and |lul| increase. 
15. (0, 0, cos Asin B — cos B sin a); Proof 


inp Ol 
llall 
lw-(uxv)|  luxv.:w|. lu: (vx w)| 
llu x vli llu x vli |u x v] 
19. Proof 
Chapter 12 


Section 12.1 (page 825) 


1. You can use a vector-valued function to trace the graph of a 
curve. Recall that the terminal point of the position vector r(t) 
coincides with a point on the curve. 

3. (00, - 1) u (- 1, ©) 5. (0, 00) 

7. [0, 00) 9, (—00, 00) 

1. (a) i j © 4s Di- sj 
(d) 4Ar(At + 4)i — Atj 

13. r(A = Sti + 25 + 2tk,0 <t < 1 
x=St,y=24,7=24,0sr<el 

15. r(A = (-3 + 20i + (—6 — 3j + (-1 — 7)k 0 t€ 1 
x= —-34+2t,y=-6-3tz2=-1-7,0st<1 

17. t?(5t — 1); No, the dot product is a scalar. 

19. b 20. c 21. d 22. a 

25. 


27. 


29. i 


A96 Answers to Odd-Numbered Exercises 


r(t) = (1 + sin i + V2 cos tj + (1 — sin f)k and 
r(r) = (1 + sin Ni — J/2cos tj + (1 — sin f)k 


r(t) = ti + tj + V4 — Pk 


ll 


63. Let x = t, y = 2t cos t, and z = 2t sin t. Then 
y! + 2 = (2t cos t + (2t sint? 
= 4t? cos? t + A? sin? t 
= 4t/(cos? t + sin? t) 


= 4n, 
Because x = t, y? + 27 = 4x. 
Parabola sl 
41. n (a) The helix is translated two units back m 
p on the x-axis. g 8 i 
(b) The height of the helix increases at a >~ iT 
greater rate. K 
(c) The orientation of the graph is x 16 y 
-2 reversed. 
? T (d) The radius of the helix is increased 
ce. SUB. 65. mi-j 67.0 6%. i+j+k 
43. u(t) = 3Pi + (t — Dj + (t + 2)k 71. (765, 3), (—3,0), (6,09) — 73. [71.1] 
45. u(t) = 3Pi + 2(t — 1)j + tk n n 
47-53. Answers will vary. 75. (-3 + nm, 2 + m), n is an integer. 
55. n i NN : 
(2-24 4 C2 24 77. Itisa line; Answers will vary. 
\ À _f doc. t23 
79. r() =; . 


~it+j, 1<3 


1 
81. r(r) = cos ti + sin tj 4 Wk Osts4n 


83-85. Proofs 87. Not necessarily 89. Yes; yes 
r(t) = 2 sin ti + 2 cos tj + 4 sin? tk Section 12.2 (page 834) 


1. r'(fọ) represents the vector that is tangent to the curve 
represented by r() at the point fo. 


3. 


11. 
15. 
17. 
19. 
21. 


23. 


25. 


27. 
31. 
33. 
35. 


37. 
41. 
45. 
47. 


> XxX 


(2) (8) 


4 i — 5j 13. —9 sint cos? ti + 6 sin? t cos tj 
—e b + (Ste! + 5e?)k 

(sin t + t cos t, cos f — t sin f, 1) 

(a) 380i + tj (b)6ti+j (o I8 +t 


r(t) = —2ti * j 5. r'(r) = —sin ti + cos tj 
r(3) = —8i + 3j (T) m 
r(3) = -6i + j a)? 
(3) = ~i 
2 
y 
A 
r (0, 1) 
T 
. r'(t) = let, 2e”) i 
r(0) =i+j 
r(0) =i+ 2j 
L—- X 
3 
. r'(t) = —2 sin ti + 2cos tj + k 


(a) —4 sin ti + 4costj (b) —4costi—4sintj (c) 0 
B 

(a) ti — j - 3Pk  (b)i-:k (c) ORE 

(d —á — 4j + k 

(a) (tcos t, t sin t, 1) 

(b) (cost — tsinf, sint + fcost, 0) (c) f 

(d) (—sin t — t cos t, cos t — t sin t, f?) 

(—00,0), (0,00) 29. u m) 

(=, —2), (—2, co) 

Tt T i Í 
-> +mm, > + 

( 2 nil, 2 am) n 1s an integer 

(a) i+ 3j+2tk (b) —i + (9 — 20j + (6t — 3k 

(c) 40ti + 1522j + 20Pk — (d) 8t + 9? + 51^ 

(e) 88i + (122 — 4£)j + (32 — 240k 


(f) 2i + 6j + 8fk 


(a) 7t6 (b) 12i — Sr^j 39. i+ tj + 91k + C 
t 
Injili + rj - $P?k +C 43. 8+ 4G + nae’ 
e'i + tj + (tsint + cost)k + C 
. da : . n 
+-j- . + 6r = 
4i z) k 49. 5i + 6j Phi 


51 
53 


57 
59 


61 
69 


71 
75 


Answers to Odd-Numbered Exercises A97 


(e? + 1)k 


55. 600./3ti + (— 16t? + 6000)j 


. 2i + (e — 1j 

. 2e? + 3(e! — 1)j 
2-e° 

f 2 

. The three components of u are increasing functions of f at 
t= fy. 


i+ (e^ 


—67. Proofs 


. (a) È 


The curve is a cycloid. 


0 40 
0 


(b) The maximum of |[r'| is 2 and the minimum of ||r’|| is 0. 
The maximum and the minimum of ||r'|| are 1. 
. Proof 73. True 


. False. Let r(t) = cos ti 4 
but |r| = 1. 


sin tj + k, then cot] — 0, 


Section 12.3 (page 842) 


1 


11. 


. The direction of the velocity vector provides the direction 
of motion at time ¢ and the magnitude of the velocity vector 
provides the speed of the object. 

. (a) v(t) 23i + j 5. (a) w(t) = 2ti +j 


lv()]] = v10 IWO = V4? + 1 
a(t) = 0 a(t) = 2i 
(b) v(1) = 3i + j (b) v2) = 4i +j 
a(1) = 0 a(2) = 2i 
(c) i (c) ! 
a. 
|, BOUT. 
T T T " + S 
mM 
MI 
. (a) v(t) = —2 sin ti + 2 cos tj (c) y 
Ivol = 2 - 
a(t) = —2cos ti — 2 sin tj (V2, v2) 
(b) (2) = - aie v2 ! = 
4 3 3 
(2) x LE 
4 E 


. (a) v(t) = (1 — cos t, sin t) 
Ivl = V2 — 2 cos t 
a(t) = (sin t, cos f) 
(b) v(m) = (2, 0) 
a(n) = (0, — 1) 


(a) v(t) =i + 5j + 3k 13. (a) w(t) =i + 2tj + tk 
Ivl = v35 WOl= v1 + 52? 
a(t) = 0 a(t) = 2j + k 

(b) v(1) = i + 5j + 3k (b) v(4) =i + 8j + 4k 
a(1)=0 a(4) = 2j + k 


A98 


15. 


17. 


19. 


21. 


23. 


25. 


27. 
29. 
33. 


35. 
37. 
39. 


Answers to Odd-Numbered Exercises 


a) vt) =i-j k 
(a) v( b ae 
18 — f£? 
9-p 
9 
al) = (9 - gByn 


(b) (0) =i-j 


Ive] = 


k 


a(0) — —ik 

(a) v(t) = 4i — 3 sin tj + 3 cos tk 
Ivo] = 5 
a(t) = —3 cos tj — 3 sin tk 


(b) v(r) = (4, 0, —3) 
a(n) = (0, 3, 0) 


(a) v(t) = (e' cos t — e' sin t)i  (e' sint + e' cos t) + e'k 
vol  e'./3 
a(t) = —2e' sin ti + 2e' cos tj + e'k 

(b) v(0) = (1, 1, 1) 
a(0) = (0,2, 1) 


v(t) = t(à + j + k) 
ri) = SG jl 
rQ) = 26 4 j +k) 

1. OV [ES 
và - («3s (5 +k 

D 9 14.,/íP 11 
= ($+ «(E ik 
r2) = P3 + 2k 


3 3 
v(t) = —sin ti + cos tfj + k 
r(t) = cos ti + sin tj + tk 
r(2) = (cos 2)i + (sin 2)j + 2k 
45.5 ft; The ball will clear the fence. 
vo = 40/6 ft/sec; 78 ft 31. Proof 
(a) r(t) = (£ cos Q,)ti H [3 H (#2 sin Q,)t 
(b) 100 


16r]j 


0 6)=10 


65-15 
The minimum angle appears to be 8, = 20°. 
(c) 8, = 19.38° 


(a) vy = 28.78 ft/sec, O = 58.28° (b) v, = 32 ft/sec 
1.91° 
(a) > (b) 35 
o 50 0 300 
0 0 


Maximum height: 2.1 ft 
Range: 46.6 ft 


Maximum height: 10.0 ft 
Range: 227.8 ft 


41. 
45. 


47. 


57—59. Proofs 
63. 


(d) 200 


AN 800 
0 


Maximum height: 166.5 ft 
Range: 666.1 ft 
(£) 300 


VN 
0 


Maximum height: 249.8 ft 
Range: 576.9 ft 
43. Proof 


(c) 40 
Y | 200 
0 


Maximum height: 34.0 ft 
Range: 136.1 ft 


(e) 60 
0 / N| 140 
0 


Maximum height: 51.0 ft 
Range: 117.9 ft 
Maximum height: 129.1 m; Range: 886.3 m 
v(t) = buj (1 — cos ux)i + sin uxj] 
a(t) = buF(sin wri + cos wxj) 
(a) || v(2]|| = 0 when ux = 0, 27, 4r, . . .. 
(b) ||v(2]| is maximum when ox = TI, 3T1,. . .. 
v(t) = — bU sin wi + bweos wj 
v(t) * r(t) = 0 


. a(t) = —bu(cos wi + sin wxj) = — oXr(?); a(t) is a negative 


multiple of a unit vector from (0, 0) to (cos Uy, sin ux), so a(t) 
is directed toward the origin. 


. 84/2 ft/sec 
. The particle could be changing direction. 
. This is true for uniform circular motion but not true for 


non-uniform circular motion. 
61. True 
False. Consider r(t) = (t, — t°}. Then v(t) = (2t, —21) and 


Ivo] = V8? 


Section 12.4 (page 852) 


1 


The unit tangent vector points in the direction of motion. 


3. T(1) = Li +j) 5. T7) = a x ji 
| 3d-j " 
7. Te) = T = 09926i - 0.1217} 
9. T(0) = 24 +k) 11. T(0) = x +k) 
x=t x=1 
y=0 y=3t 
zt z— —4-3t 
13 us SHS 45,0) 
t^e] 2 ee 
x= Jf/2- /2t 
y= J2« 2t 
z=4 
15. N(2) = XS ten 
17. N(1) = E — 2j + 3k) 
19. (=) = x -p 


21. r(2) = 2i + ij 


25. 


31. 


33. 
35. 


39. 


41. 
43. 


45. 


47. 


51. 


T2) = 


N(2) = 


23. r2) = 5i — 4j 


iio _i-2j 
“17 9) T(2) = J5 
SIT A xe | -2-j 
TI (i+ 4j) N(2) = UE 


perpendicular to T(2) 


EL ELA 
E——34 
6 4 2 


ap--/2 27. ap= WS 29. ap = 2e"? 
üx 2 dy = 6x5 ay = 222 
T(r) = —sin Uti + cos utj 

N(t) = —cos uti — sin Wj 

dy = 0 

ay = aby 

|| v(2)|| = aux The speed is constant because a4 = 0. 

a, is undefined. 37. dy = 5x6 

ay is undefined. ay = XX 

ay = J3 

dy = 2 

The particle’s motion is in a straight line. 


v(t) =r(t) = 3i + 4j 


lv(9| = /9 + 16 =5 


a(t) = v(t) = 0 
_ vt) 3. 4, 
TO = Taq st * si 


T(t) — 0 =  N(?) does not exist. 
The path is a line. The speed is constant (5). 


1 Jr? Jr? 
(a t=7 ap = ,ay = 
2 2 
t= 1: ay = 0, ay = T? 
2e A2 
[o3 a= g VN 


- 


= 
2 
— 
- 
ll 
NIB = or NIL 


: Increasing because ay > 0. 
: Maximum because ay = 0. 


: Decreasing because ay < 0. 


(5) = VT Rai +k) 49. (5) = Yi - k 
y(t) = - n(t) = -*a +) 
(Gegen a 

1(3) = ij J3i+k) 

n(2) ~ -X 5i +i) 

«(1 = x36 aj- ak 


Answers to Odd-Numbered Exercises 


1 eer 
53. N(t) Jen 3 4ti + 3j) 
55. N() = em ti — 2j + 5k) 
57. a. = — 32(v, sin 8 — 321) 
"To Vv cos? O + (v, sin O — 322 
32v, cos 8 
ay = 


v? cos? O + (v, sin O — 321? 
At maximum height, ay = 0 and ay = 32. 
59. (a) r(A = 60./3ti + (5 + 60t — 16P)j 
(b) 70 


0 400 
0 
Maximum height ~ 61.245 ft 
Range ~ 398.186 ft 
(c) w(t) = 60./3i + (60 — 32n)j 
\v(1)|| = 8/1612 — 60r + 225 
a(t) = —32j 
d 
uc t 0.5 1.0 1:5 
Speed | 112.85 | 107.63 | 104.61 
t 2.0 2.5 3.0 
Speed | 104 | 105.83 | 109.98 
(e) 40 
an 
0 4 
9r 


—20 


61. (a) 4/6251 + 1 = 314 mi/h 
(b) az — 0, ay = 10001? 
ar = 0 because the speed is constant. 
63. (a) The centripetal component is quadrupled. 
(b) The centripetal component is halved. 
65. 4.74 mi/sec 67. 4.67 mi/sec 


A99 


The speed is decreasing when 
dy and ay have opposite signs. 


69. False. These vectors are perpendicular for an object traveling 
at a constant speed but not for an object traveling at a variable 


speed. 
71. (a) and (b) Proofs 


Section 12.5 (page 864) 


73-75. Proofs 


1. The curve bends more sharply at Q than at P. 


A A 
3 aD 

(0,0) 

{> x 
6 
(9. 3) 
-34 
s4 0,0) i 
1 13 — 

3./10 1313 — 8 X 


A100 


17. 


19. 


31. 


39. 


43. 


47. 
51. 
53. 


57. 


61. 


Answers to Odd-Numbered Exercises 
i 6a 


a 


»—X 


zd 


. 362.0 ft 


— y 
x“ (a, 0, 0) 


(a) 24/21 = 9.165 (b) 9.529 
(c) Increase the number of line segments. (d) 9.571 
l 30 235 x 27.1 29.4 


J5 3 12 
. (1 + 5/2 35. 25 37. Mog 


33 


41. K = 0, " is undefined. 


10 1 1013/2 1 1 
10177 K 10 xdac a 
12 1 1453/2 
1451/77 K 12 
(a) K> œ as x 2 0 (No maximum) 


(a) (+ -h2) (b) 0 55. (0, 1) 


xx 
59. c= + 2 


(rt + 2mm, 0) 
2|6x? — 1| 


(16x6 — 16x4 + 4x2 + 1)3/2 


1V 1 2 
i f 
E >) 


K= 


K= 


49. (a) (1,3) 
(b) 0 


(b) 0 


(a) K = 


(b) x = 0: x? 


x= 1: x 


2 


E" 


The curvature tends to be greatest near the extrema of the 
function and decreases as x 9 +00. However, f and K do 
not have the same critical numbers. 


63 


65 


71. 
TT. 


79. 
83. 
85. 


J2 


Critical numbers of f: x — 0, T = +0.7071 


Critical numbers of K: x = 0, +0.7647, +0.4082 
a= i, b=2 


67-69. Proofs 
75. Proof 


(b) 5 
73. i 


. (a) 12.25 units 
(a0 (b)O 


1 
Ra 


CSC — 
: 


Minimum: K — = 
4a 
There is no maximum. 
3327.5 Ib 81. Proof 
False. See Exploration on page 855. 


True 87—93. Proofs 


Review Exercises for Chapter 12 (page 867) 


1 


13. 


17. 
19. 


23 


IL 


. (a) All reals except 2 


+ nī, n is an integer. 


: IL : ; 
(b) Continuous except at t = > + nī, n is an integer. 


. (a) [3, 60) (b) Continuous for all t = 3 
. (a) i— 2k (b) —3i ^ 4j 
(c) (2c — Di + (c — 1?j — vc + 1k 
(d) 2Ari + At(At + 2) — (/At +3 — J3)k 
.r() = (3 — ti — 2tj + (5 — 20k, OSts 1 
x=3-ty=-2472=5-24 0Osts1 
H 11. 
al 
4 et (0, 4, -2)1 
al 
r)=tit(-#+3)j 15. 


x-^7ty-2,z-mn-A4 


In 3j — ik 
(a) Qt + 4)i — 6rj 21. (a) 6fi + 4j — 2tk 
(b) 2i — 6j (b) 12ti — 2k 
(c) 40t + 8 (c) 728 + 4t 
(d) —8i — 12?j — 48tk 
. (~, 1), (1, oo) 


25. (a) Sic j (b) —5i (2t — 2)j + 277k 
(c) 18ti + (6t — 3)j (d) 4t + 372 
(e) ($8 — 2P)i — 855 + (922 — 2t + 1)k 
(f) 2i + 8tj + 162?k 
27. zei H 55i F2k-C  29.2P"i + 21mn|rj + tk - C 
31. 233 — 33. 2(e — 1)i — 8j — 2k 
35. r(r) = (£ + 1)i + (e' + 2)j — (e^! + 4)k 
37. (a) v(t) = 4i + 3Pj — 


39. 


41. 


63. 


69. 
73. 


llv(9]| = v17 + 944 


a(t) = 6rj 
(b) v(1) = 4i + 3j — k 
a(1) = 6j 


(a) v(t) = (—3 cos? t sin t, 3 sin? t cos t, 3) 

lvi) = 3. Jem rco zT 

a(t) = (3 cos ¢(2 sin? t — cos?t), 3 sin (2 cos? t — sin? t), 0) 
(b) v(m) = (0, 0. 3) 

a(n) = (3, 0, 0) 
11.67 ft; The ball will clear the fence. 


(0, 1) (2, 1) 
19————9 


2/5 J2 
0 6. Gp sa (9573 
01 1. E or 
K = Sap p= 26V26  TLK- gt = 2/2 
2016.7 Ib 


P.S. Problem Solving (page 869) 


1. 
3. 


(a a (b nua (c) K= Ta 


Initial speed: 447.21 ft/sec; O ~ 63.43? 5—7. Proofs 


9. 


11. 
13. 


Answers to Odd-Numbered Exercises 


A101 


Unit tangent: (- i 0, 2) 
Principal unit normal: (0, — 1, 0) 
Binormal: (& 0, $) 


(a) and (b) Proofs 


(a) : (b) 6.766 


(re? + 19^ 
K(0) = 2n 

LII, 2) 3s 
K(1) = Ge + 2 1 
K(2) = 0.51 


(c) K = 


(d) 


(f) As t oo, the graph spirals outward and the curvature 
decreases. 


Chapter 13 


Section 13.1 
1. 


11. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 
27. 


29. 


3. zis a function of x and y. 
7. 
9. (a) 1 


(page 880) 


There is not a unique value of z for each ordered pair. 

5. zis a function of x and y. 
z is not a function of x and y. 

(D 1 (c) -17 
(d 9—y» (e2x-1 
(a) —1 (50 
(a) 3 (bD2 (o £ (d) -$ 
(a) V2 (b)3sinl 
(a) -4 -6 (9-2 (0i 

(a) 2,Ax#0 (b) 2y + Ay, Ay #0 

Domain: {(x, y): xis any real number, y is any real number} 


(f) 13-t 


(c) xe? | (d) te^» 


(c) 0 (d4 
25 


Range: all real numbers 

Domain: ((x, y): y = 0} 

Range: all real numbers 

Domain: ((x, y): x # 0, y # 0} 
Range: all real numbers 

Domain: ((x, y): xX + y? < 4} 
Range: 0 8 z € 2 

Domain: {(x, y): -1 x ys 1) 
Range: OS z 8 ft 


A102 Answers to Odd-Numbered Exercises 


31. Domain: {(x, y): y < ^x + 5} 
Range: all real numbers 

33. (a) (20, 0, 0) 
(c) (20, 15, 25) 

35. Plane 


(b) (— 15, 10, 20) 
(d) (20, 20, 0) 
37. Cylinder with rulings parallel 
to the x-axis 


£ 


A 
sh 
aq 


41. Cylinder with rulings parallel 
to the y-axis 


Ny 
Na 
a] 


f 


47. c 48. d 49. b 50. a 

53. Ellipses: x? + 4 = c 
[except x? + 45? = 0 is the 
point (0, 0)] 


51. Lines: x + y ^c 


c=- C=0 


Pa a 


55. Hyperbolas: xy = c 57. Circles passing through 
y (0, 0) 
7 =6 
Z T NS Centered at (a o 
c=4 2c 
il c=3 
c=2 
E oe 


n 
hi 


63. Yes; The definition of a function of two variables requires that 
z be unique for each ordered pair (x, y) in the domain. 


65. f(x, y) = ž (The level curves are the lines y = z) 
y c 


67. The surface may be shaped like a saddle. For example, let 
f(x,y) = xy. The graph is not unique because any vertical 
translation will produce the same level curves. 


6a: Inflation Rate 
Tax Rate 0 0.03 0.05 
0 $1790.85 | $1332.56 | $1099.43 
0.28 $1526.43 | $1135.80 | $937.09 
0.35 $1466.07 | $1090.90 | $900.04 
73. Sphere 
i 
4+ 
4 
E y 
4 4 


77. (a) 243 board-ft (b) 507 board-ft 


79. c=60 y cen 81. 36,661 units 
c - 100 83. Proof 
c=0 


307 
85. (a) k = 22 
3 
|. 520T 
(b P= av 


The level curves are lines. 
87. (a) C (DA (c) B 
89. C = 4.50xy + 5.00(xz + yz) 91. False. Let f(x, y) = 4. 
93. False. The equation of a sphere is not a function. 
95. Putnam Problem A1, 2008 
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Section 13.2 (page 891) 79. True 
In(x? + y), x #0,y #0 
1. As x approaches — 1 and y approaches 3, z approaches 1. 81. False. Let f(x, y) = b ? x=0 ! E 
3—5. Proofs 7. 9 9. —20 11. 7, continuous 
m 
13. e?, continuous 15. 0, continuous for y # 0 83. 2 85. Proof 
17. 1 continuous except at (0, 0) 19. — 1, continuous 


21. 0, continuous for xy # 1, |xy| € 1 Section 13.3 (page 900) 
23. 2/2, continuous for x + y + z = 0 25. 0 az 

27. Limit does not exist. 29. Limit does not exist. 1. zo f, y). = 

31. Limit does not exist. 33. 0 

35. Limit does not exist. 

37. No. The existence of f(2, 3) has no bearing on the existence of 


3. (a) Differentiate first with respect to y, then with respect to x, 
and last with respect to z. 
(b) Differentiate first with respect to z and then with respect to x. 


"e limit as (x, y ) > (2,3). . . 5. No. Because you are finding the partial derivative with respect 
39. limf (x, 0) = 0 if f(x, 0) exists. 41. Continuous, 1 to x, you consider y to be constant. So, the denominator is 
43. considered a constant and does not contain any variables. 
(x, y) (1,0) | (0.5, 0) | (0.1,0) | (0.01, 0) | (0.001, 0) 7. No. Because you are finding the partial derivative with respect 
f(xy) 0 0 0 0 0 to y, you consider x to be constant. So, the denominator is 
à considered a constant and does not contain any variables. 
y-0:0 9. Yes. Because you are finding the partial derivative with 
respect to x, you consider y to be constant. So, both the 
(5 ») (1,1) | (05,05) | (0.1, 0.1) numerator and denominator contain variables. 
l l l Oz 
fey) | 2 2 2 11. f(x,y) = 2 13. = = 6 - 25 
(x,y) = —5 
(x,y) | (0.01, 0.01) | (0.001, 0.001) Loy) NC 
oy E: y 
f(x, y) j j ð = à: 
15. x = Jy 17. F = ye? 
ee. 5 
S ] Oz x Oz 
Limit does not exist. a = xe? 
Continuous except at (0, 0) 2 2 vy i. 1 
z z 
45. 19. — = 2xe” 21. — =- 
(x, y) (1, 0) | (0.5, 0) | (0.1, 0) | (0.01, 0) | (0.001, 0) ox id Ox x 
Oz ; Oz 1 
f(x y) 0 0 0 0 0 ay 2x76) d» E^ 
y=0: 0 23, Z = 2x 35, Z 2:2 — 3y 
dx L+y Ox xy 
(x, y) (1,1) | (0.5,0.5) | (0.1, 0.1) az_ 2% ag o —x8 4 Dy 
fe»| s 5 Wow LEN. 
"A" x 
27. h(x, y) = -2xe +) 29. f(x, y) = ———S 
(x, y) (0.01, 0.01) | (0.001, 0.001) f f Jx Ty 
f(xy) 50 500 h(x, y) = —2ye €t») f.» = Tae 
y — x: o0 31. z = —y sin xy 33. z = 2 sec?(2x — y) 
The limit does not exist. ui il 
Continuous except at (0, 0) x — —xsin xy x = —sec?(2x — y) 
l+@ y g 
. . . ð 
47. (a) 2^4 #0 (b) Limit does not exist. 35. e = By cos By 
(c) No; Different paths result in different limits. az 
49. f is continuous. g is continuous except at (0, 0). g has a removable p eX(8x cos 8xy + sin 8xy) 
discontinuity at (0, 0). üz 
51.0 530 55.1 571 59.0 37. z; 2 cosh(2x + 3y) 
61. Continuous except at (0, 0, 0) 63. Continuous az 
65. Continuous 67. Continuous ay = 3 cosh(2x + 3y) 
2 : = = 
69. Continuous for y # = 71. (a) 2x (b) —4 39. fey) = 1- x 41. fy) = 3 
fo»-»y-1 fo») = 2 


73. (a) - (b) S 75. @)3 +y (dixe 
77.0 
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47. 


51. 


55. 


57. 


59. 


63. 
67. 
71. 


TT. 


81. 


85. 


87. 
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1 
(x, 9) = LÀ — 45. f, = 12 
Fx y) RAT f 
1 
(x, y) = —— =12 
SEC Yaa f 
f--1 49. f. - i 
1 
5-3 bs 
Sak Ry my — 
k= | 53. a (2) 
1 az 7 
5-3 3, 0.2 = 
gl, 1) = -2 
g0, 1) = -2 
H (x, y, z) = cos(x + 2y + 3z) 
H (x, y, z) = 2 cos(x + 2y + 3z) 
H (x, y, z) = 3 cos(x + 2y + 3z) 
ðw X n 
1. F (x,y,z) = 
Ox x2 y E 6 Xx y z) x2 y? 2 
Ow _ y B y 
oy Cty +z F (x, y. z) gg qu 
ow e "ME E 
óz Ziyi Fyz) = ay yT2 


R73f5,7Lf£5-2 65. f, - 1, f, -0, f, — 0 


f=4f,=2%4f=0 . 6.x22y-2-2 
x=-6,y=4 73.x=1y=1 75.x=0,y=0 
07z 9? 
ad 0 79. 2 12x? 
2 2 
= = 6x = = 18y 
duo PL, Pe Ps 
ayðx axdy ayax  Oxóy - 
2 2 2 
ee ae 83. <5 = et tany 
dz = EM EE = 2e* sec? y tan 
ay (e+ yp? ay? Jany 
S2 Oe =W NEN: PEE 
ðyðx dxdy | (x2 + y?)3/2 ðyðx  ðxðy r2 
9z 
ag 7 Y cos xy 
(E > 
z — x? cos xy 
az 0°z . 
ayax = a — xy cos xy — sin xy 
Oz _ 
ax y 
Oz 
5 — xsec y tan y 
0?z 
ae 0 
Oz 2 2 
"c x sec y(sec? y + tan? y) 
Tr = a = sec y tan y 
ðyðx | OxOy 


No values of x and y exist such that f(x, y) = f(x, y) = 0. 


89. 


91. 
93. 


95. 


97. 


99. 


101. 


103. 


107. 
109. 
111. 


113. 


115. 
119. 


121. 


123. 


125. 


az " y? = x2 

ax x(x2 + y) 

Ben 

dy xwt+y 

z xt 4x2? yt 
ox: L + yy 
zo Xy =X) 

ay? = (2 ae yy 

əz OQ 4xy 
ðyðx 


ðxðy ~ (x? + y?)? 
No values of x and y exist such that f(x, y) = f(x, y) = 0. 
Ey 2) =e ne) = foy yz) = 0 


fy e y, z) = fio y, z) = yx » z) = ve sin yz 
oz oz 
=0+0=0 

ox? dy” 
S | S e* sin e* sin 0 
tag =e siny — y= 
ox? oy? 
9? . 9? 
P = —c* sin(x — ct) = (S) 
02z -e " ( z) 

= =c 
0t? (x + ct Ox? 


dz __ —e 'cosx (=) 
= =c 

ot c ox? 
Yes; f(x, y) = cos(3x — 2y) 
No.Letz —^ x t y * l. 


105. Proof 


Dollars/yr; negative; You expect the influence that age has 
on the cost of the car to be negative. 


(a) /2 (53 117. (a) 72 
IQ, = a IQ„(12, 10) = 10 
IQ increases at a rate of 10 points per year of mental age 
when the mental age is 12 and the chronological age is 10. 
100M 
IQc — — C^ 
IQ decreases at a rate of 12 points per year of chronological 
age when the mental age is 12 and the chronological age is 10. 


(b) 72 


IQ.(12, 10) = —12 


An increase in either the charge for food and housing or the 
tuition will cause a decrease in the number of applicants. 


oT oT 
= —2.4° = be 
em /m, ày 9°/m 
T PV E oT v 
nR ðP nR 
nRT " oP | —nRT 
V aV y? 
nRT oV nR 
V > = 
P oT P 
oT : oP : aV nRT nRT 1 
ðP oV oT VP nRT 


127. (a) E = 0.23, = = 0.14 


(b) As the expenditures on amusement parks and 
campgrounds (x) increase, the expenditures on spectator 
sports (z) increase. As the expenditures on live entertainment 
(y) increase, the expenditures on spectator sports (z) also 
increase. 

44 4y2y2 — y4 
129. (a) f.) - 28 s WE 
4 — Ay2y2 — M 
AQ, y) = m me E y) 
(b) f,(0, 0) = 0, f (0,0) = 0 
(c) f,(0,0) = —1, f,,(0,0) = 1 
(d) f, or f, or both are not continuous at (0, 0). 
131. Proof — — 


Section 13.4 (page 909) 


1. In general, the accuracy worsens as Ax and Ay increase. 
3. dz = 15x?y? dx + 10x3y dy 
5. dz = (e* t? +e yx dx + y dy) 
7. dw = 2xyz? dx + (xz? + z cos yz) dy + (2x2yz + y cos yz) dz 
9. (a) f(2, 1) = 1, f(2.1, 1.05) = 1.05, Az = 0.05 
(b) dz — 0.05 
11. (a) f(2, 1) = 11, f(2.1, 1.05) = 10.4875, Az = —0.5125 
(b) dz — —0.5 
13. (a) f(2, 1) = e? = 7.3891, f(2.1, 1.05) = 1.05e?! = 8.5745, 
Az = 1.1854 


(b) dz ~ 1.1084 

15. 0.44 17. 0 

19. Yes. Because f; and f, are continuous on R, you know that f 
is differentiable on R. Because f is differentiable on R, you 
know that f is continuous on R. 

21. dA = hdl + | dh 


Ah dA 


AA— dA 


h dA 


| Al 
AA — dA = di dh 


23. dV = +3.92 in’, 2 = 0.82% 


25 Ah dV AV | AV - dV 
0.1 0.1 | 83776 | 85462 | 0.1686 

0.1 —0.1 5.0265 5.0255 — 0.0010 
0.001 0.002 0.1005 0.1006 0.0001 
—0.0001 | 0.0002 | —0.0034 | —0.0034 | 0.0000 


27. dC — +2.4418, © = 19% 29. 10% 


31. (a) V = 18 sin 0 ft, 0 = 5 (b) 1.047 ft3 
33. L = 8.096 x 1074 + 6.6 x 1075 microhenrys 
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35. Answers will vary. 37. Answers will vary. 


Sample answer: Sample answer: 


£i = Ax £| = y Ax 
£,70 £j = 2x Ax + (Ax)? 
39. Proof 


Section 13.5 (page 917) 


1. You can convert w into a function of s and f, or you can use 
the Chain Rule given in Theorem 13.7. 
3. 8t + 5;21 5. e(sint + cos f); 1 


3 


7. (a) and (b) 2e” + 3 9. (a) and (b) 2e” 


—11-472 
11. (a) and (b) 32° — 1) — 13. —75 ? ecd 
15. Eug 17 EW L 5 cos(5s — i, O 
` Os a ' Os i 
ðw ðw 
m At, 12 cc —cos(5s — 1), 0 
19. (a) and (b) 21. (a) and (b) 
ow 2/4: 2 ðw 2 Py 
— = p S et — = S + 
ce (3s? — 1?) ae TE (2s? + 1) 
ow ow 2.02 
e ud 2 _ 942 Ri EE NUNT ald 4 — 972 
ER 2st(s? — 21?) y (1 — 202) 
—2x4] 2 uu 
23. cc 25. 2 E 
2y —x 1 x+y 
ð ð 
27. Ž = -7 29. Z = -— 
ox z Ox ytz 
àp y à oz 
dy z dy ytz 
31. Oz Oz — sec?(x +y) 33. Oz | (ze* t y) 
Óx dy sin z Ox xe* 
T 
dy 
ðw Ty + w? dw — ysinxy 
5. = d. ee ee 
3 ox | 4z — 2wz — 2wx a Ox z 
ðw _ Tx + 2 dw — xsinxy — z cos yz 
dy 42 — 2wz — 2wx oy z 
ðw | 2yz — 4w +w? dw ycosyz +w 
Oz 4z — 2wz — 2wx Oz Z 


2(tx)? — 5(tx)(ty) 
= P(2x? — Sxy) = tf (x, y); n = 2 
(b) xf,(x, y) + yf, y) = 4x? — 10xy = 2f(x, y) 
41. (a) f(tx, ty) = e» = ex» = f(x, y; n= 0 


xe» xe» 


39. (a) f(tx, ty) 


(b) xf, y) + yf,@, y) = s "da 0 
43. 47 45. Proof 
OF ðu OF ðv OF 
47. =4 
B xd 3c wm 
OF du , OF ov _ OF , OF 
(b) ðu Ox ðv Ox 25i is ðv 


49. 46087 in?/min, 6247 in.?/min 
53-55. Proofs 


51. 28m cm?/sec 


A106 


Answers to Odd-Numbered Exercises 


Section 13.6 (page 928) 


1. 


45. 


47. 


ery re 


Li 3j 
. (a) 16i — j 


The partial derivative with respect to x is the directional 
derivative in the direction of the positive x-axis. That is, the 
directional derivative for 0 = 0. 


.—-.42 53-443 7.1 9-4 11.6 
i 245 15. 3i + 10j — 17. 2i — ji 
. 20i — 14j-30k 21-1 23 245 25. 3/2 
-8 ay 44 ( X Ji /39 
J5 2Jyl 


. tan yi + x sec? yj; V17 
1 
. cos x2y?(2xi + 3y?j); qv + 9r 


i yj + ck 
A EE 37. yz(yzi + 2xzj + 2xyk) /33 


41. 3i -j 
287 


(b) 2, (16i — j) 


257 (c) y = 16x — 22 


(d) ; 


m 
-15 -10 -5 
5! 


-104 


v 


13 
(a) 6i — 4j (b) ^j i - 3j) 


3 1 
1 ig cgo 
(d) 


(a) : 


: 2 " 
(©) à) E Gi) 


I... Me 
(d -3i 


(iii) : (iv) 


3 
5 
J/A3 
6 
(f) u= 


D,f(, 2) = Vf-u=0 
Vf is the direction of the greatest rate of change of f. So, 
in a direction orthogonal to Vf, the rate of change of f is 0. 


49. 


51. 
55. 
61. 
67. 


(a) N 


(b) Da f(4, —3) = 8 cos 0 + 6 sin O 


Duf 


Generated by M athematica 
(c) O ~ 2.21, 8 = 5.36 
Directions in which there is no change in f 
(d) 0 = 0.64, 8 = 3.79 
Directions of greatest rate of change in f 
(e) 10; Magnitude of the greatest rate of change 
(t) : 


aid 
264: 


Generated by Mathematica 
Orthogonal to the level curve 
No; Answers will vary. 53. 5Vh = —(5i + 12j) 
as(7i — 24j) 57. 6i — 10j; 11.66°/cm 59. y? = 10x 


True 63. True 65. f(x,y,z) = eX cosy + 4z? + C 


(a) and (b) Proofs 


Section 13.7 (page 937) 


1. 


VF(Xo, yo zo) and any tangent vector v at (x, Yo Zp) are 
orthogonal. So, VF(xo, yo, Zo) * v = 0. 


. The level surface can be written as 3x — 5y + 3z = 15, which 


is an equation of a plane in space. 


. The level surface can be written as 4x? + 9y? — 4z? = 0, 


which is an elliptic cone that lies on the z-axis. 


.4Axt2y—-z-2 9. 3x + 4y — 5z — 0 

.2x-2y -z -2 13. 3x + 4y — 25z = 25(1 — 1n 5) 
. 4x + 2y + 5z = —15 

(a) xtytz=9 (b)x-3-2y-3-2z-3 


19. 


21 


23 


25 


27. 
29. 
31. 


33 
41 
47 


49. 


53 


55. 


57. 


59. 


61. 
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() x-2yt22=7 (a-1- 20i - £75 c clea eee 
(a) 6x —4y-z-5 o #4 -:-2.:2 0 0 1 : í 
(a) 10x + 5y + 2z = 30 o c: -— — 

(a) 8x *y-z-0 0) 2-2 a 


x=tt+ly=1-tz=t+1 
x=4t+3,y=4¢+3,z=4- 31 
x=t+3,y=5t+1,2=2-4t 

86.0° 35. 77.4? 37. (0,3, 12) 39. (2,2, —4) 
(0, 0, 0) 43. Proof 45. (a) and (b) Proofs 

Not necessarily; They only need to be parallel. 


(-LiJSoe(L-L-2) 51. (-2,1, -1) or (2, -1, 1) 
(a) Line: x= 1l,y=1,z=1- ft 
Plane: z = 1 
(b) Line: x ly=2+8tz t-r 63. Proof 
Plane: 6y — 252 — 32 = 0 : 
(c) : < Section 13.8 (page 946) 


A F 


: : E 1. (a) To say that f has a relative minimum at (x, Yọ) means that 

; 9] m 3 2 b the point (Xp, yo. Zo) is at least as low as all nearby points 
aT "edil, xa E D on the graph of z — f(x, y). 

| , (b) To say that f has a relative maximum at (xo, yo means that 

) the point (xy, Yo Zo) is at least as high as all nearby points 


GU xm Tor (b) ot in the graph of z = f(x, y). 
pee — 2 J (1,2, 4) (c) Critical points of f are the points at which the gradient of 
z=4 ye f is 0 or the points at which one of the partial derivatives 
0 ~ 48.2° z does not exist. 
A Ca 94 . (d) A critical point is a saddle point if it is neither a relative 
xt " minimum nor a relative maximum. 
3. Relative minimum: 5. Relative minimum: 
L y g (1, 3, 0) (0, 0, 1) 
F(x, y, z) = a u B g l 7. Relative minimum: 9. Relative minimum: 
2x (71,3, -4) (—4, 6, —55) 
Fs yz) = a 11. Every point along the x- or y-axis is a critical point. Each of 
2y the critical points yields an absolute maximum. 
Fa, »a = p 13. Relative maximum: 15. Relative minimum: 
kac à -13) d -4 i 
uli c 17. Relative minimum: 19. Relative maximum: 
2x 22: ; 23 " (3, —4, —5) (0, 0, — 12) 
Plane; e =a) po y) t d a) =0 21. Saddle point: 23. No critical numbers 
ar m uc 


F(x, y, z) = @x? + by? — 2 

F(x, y, z) = 2a*x 

F(x, y, z) = 2b’y 

F (x, y,z) = —2z 

Plane: 2a?x9(x — xy) + 2b?yo(y — yo) — 2zo(z — z) = 0 
Axx + b*ygy — Zz = 0 


Therefore, the plane passes through the origin. 
(a) Py = 1 x-y 1 is Relative minimum: (1,0, —2) Relative maxima: (0, +1, 4) 
(D Píxy = 14 x= y + 28? — ay + oy? Saddle points: (+1, 0, 1) 
(c) If x = 0, P(0, y) = 1 — y + 5y?. 

This is the second-degree Taylor polynomial for e™”. 

If y = 0, P, 0) = 1 + x + ix. 

This is the second-degree Taylor polynomial for e*. 


Relative maximum: (—1,0,2) Relative minimum: (0, 0, 0) 
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29. z is never negative. Minimum: z = 0 when x = y # 0. 


31. Insufficient information 33. Saddle point 
35. (a) (0,0) (b) Saddle point: (0,0,0) (c) (0,0) 
(d) N 


EZ BF 
ZA ZB 
LY 


37. (a) (1, a), (b, —4) 
(b) Absolute minima: (1, a, 0), (b, — 4, 0) 
(c) (1, a), (b, —4) 
(d) 


j) 
yA i 


x 4 Absolute 
Absolute minimum 
minimum (1, a, 0) 


(b, +4, 0) 


39. Absolute maximum: 41. Absolute maximum: 


(4, 0, 21) (0, 1, 10) 

Absolute minimum: Absolute minimum: 

(4, 2, — 11) (1,2, 5) 
43. Absolute maxima: 45. Absolute maxima: 

(+2, 4, 28) (-2, -1, 9), (2, 1, 9) 

Absolute minimum: Absolute minima: 

(0, 1, —2) (x, =x, 0), |x| < 1 
47. Relative minimum: (0, 3, — 1) 49. —4 < f (3,7) < 4 
51. i 

L 


Extrema at all (x, y) 


53. (a) f, = 2x = 0, f, 2y =0 = (0,0) is a critical point. 
g, = 2x = 0, &, 2y — 0 = (0,0) isa critical point. 
(b d—2(-2)-0 < 0 = (0,0) is a saddle point. 
d= 2(2)— 0 > 0 = (0,0) isa relative minimum. 


55. False. Let f(x, y) = 1 — |x| — |y| at the point (0, 0, 1). 


57. False. Let f(x, y) = x2y? (see Example 4 on page 944). 
Section 13.9 (page 953) 


1. Write the equation to be maximized or minimized as a function 
of two variables. Take the partial derivatives and set them 
equal to zero or undefined to obtain the critical points. Use the 
Second Partials Test to test for relative extrema using the critical 
points. Check the boundary points. 

3. /3 5. /7 7. x ^y 7z3 

9. x=y=z=10 11. 9 ft x 9 ft x 8.25 ft; $26.73 

13. Let x, y, and z be the length, width, and height, respectively, 
and let V, be the given volume. Then V, — xyz and z — D 


The surface area is 


S=2xy +2 ZEE 222 
Xy T YZ d i Xy d E T y " 
V, 
s = x» - 3) =0 2y- Ve = 
X 


So, x = J/V,, y = 3/Vp, and z = 3/V,. 


15. x, = 3,x, = 6 17. Proof 
19. x = 2 ~ 0.707 km 
242 
ys 242513 z 1.284 km 


21. (a) y 2 ix -*$ (DI 23. (a) y= —-2x +4 (52 


29. (a) y = 0.23x + 2.38 (b) $301.4 billion 
(c) The new model is y = 0.23x + 5.09, so the constant 
increases. 


37. (a) y = —0.22x? + 9.66x — 1.79 


(b) 0 


39. (a) In P = —0.1499h + 9.3018 (b) P = 10,957.7e 9-1499^ 
(c) 14,000 
2 24 
—2,000 
41. Proof 
Section 13.10 (page 962) 
1. Optimization problems that have restrictions or constraints on 


15. 


17. 


25. 
33. 


37. 


41. 
43. 


45. 


49. 
51. 


53. 


the values that can be used to produce the optimal solutions are 
called constrained optimization problems. 


.f(5,5) 225 5. f(1,2)=5 7. f(25,50) = 2600 
Lf(ü,)e-2 1. f(3,3,3)=27 13. (655) =35 
V2 2) = 5 
Maxima: AY 2*2 2 
2 2| 5 
f ( PE 3) 72 
Za. d 
Minima: T 2*3 )- 2 
(2 cB -i 
2° 2 2 
f(8, 16,8) = 1004 — 19. 2h 342. 24. n 
2 2.43  29.(-40,4 3. 3 
x=y=z=3  35.0ftx 9ft x 825 ft; $26.73 
Prof 39. 243a 243b 23c 


3 5 3 * 3 
At (0, 0), the Lagrange equations are inconsistent. 
3/360 x 3/360 x 3 4 3/360 ft 


Paa S mina a 
2n 2n 


47. Proof 


(585. 3125) = 203,144 
28 

x = 237.4 

y ~ 640.9 


Cost ~ $68,364.80 
Putnam Problem 2, morning session, 1938 


Review Exercises for Chapter 13 (page 964) 


1. 
3. 


(a) -3 (b-7 (015 (dd) 7280-3 


Domain: ((x, y): x = 0 and y + 0} 
Range: all real numbers 


Plane 


Answers to Odd-Numbered Exercises 


7. Lines: y = 2x - 3 tc 


C26c-4 
PY cra 


z -f(1, y) 
Be 279 y 


x 


11. Elliptic paraboloid 


a 


13. Limit: 5 
Continuous except at (0, m 


17. Limit: -12 


. £ 
Continuous for x # > 
X 


19. f(x, y) = 15x? 
5053-7 
23. f(x, y) = Yel 
f) = Tett + ate 
27. f.(0,2) = 0 
£0, 2) = — 


31. f(x, y) = 6 
1 


M 
Y) = fa =H] 


A109 


(b) g is a vertical translation of f 


two units upward. 


(c) g is a horizontal translation of f 


two units to the right. 


5. Limit: 0 
Continuous 


21. fx, y) = 
fo y) = 


e* cos y 
— e* sin y 


25. f(x, y. z) = 222  6yz 
f y, z) = 6xz 
f y. z) = 4xz + Oxy 


29. Dp 3, J = — Jan 5 
na 3, -i =-1 
s 3, -i - 6 5 


A110 


33. 


35. 
37. 


39. 
41. 


43. 
47. 
49. 


51. 


53. 


55. 


57. 
65. 


67. 


69. 
73. 


75. 
79. 
81. 
83. 
87. 
89. 


91. 
93. 


Answers to Odd-Numbered Exercises 


hs) = —y 008 x 

h(x, y) = —x sin y 

h(x, y) = hx, y) = cos y — sin x 

Slope in x-direction: 0 

Slope in y-direction: 4 

(xy cos xy + sin xy) dx + (x? cos xy) dy 

dw = (3y? — 6xyz?) dx + (6xy — 222022) dy + (—4x3yz) dz 


(a) f(2, 1) = 10 (b) dz = 0.5 
f(2.1, 1.05) = 10.5 
Az = 0.5 
dV = +Tin., T = 15% 45. Proof 
dw 8 — 1 
(a) and (b) dt = yr 
(a) and (b) 2 = 2g! + Ute” 2: 4 1 
ðw | Art — 4r? — P 
(a) and (b) ðr (2r — t 
ðw | 4r?t — rt? — 4r? 
a Qr- 
—3x7 + y 
—x+5 
oz | —2x—y 
ox y + 2z 
ðZ —x—2y-z 
ay E y + 2z 
-50 59.2 61. (4,4),4/2 63. (-3, 0), 4 
(-2, -3, - 1), /14 
p . 27 , 8 , 27 65 
(a) 54i — 16j (b) NL = 703" (c) y= g” = z 
(d) H 
Pul 
AT Unit normal 
a+ vector 
"ES cali |e E 
ES 
mI 
Tangent line 
2x + by —z=8 71.2=4 
(a) 4x + 4y-—z=8 
(b x=2+4,y=14+44,2=4-1 
36.7° 77. (0, 0, 9) 
Relative maximum: (4, — 1, 9) 
Relative minimum: (-4, E -2) 
Relative minimum: (1, 1,3) 85. /3 
x 72,3, 7-4 
y= pet tin 


456 


(a) y = 0.138x + 22.1 (b) 46.25 bushels/acre 
f(4,4) = 32 95. f(15, 7) = 352 97. f(3,6) = 36 


99, x — 


1. (a) 12 square units 
3. (a) yozo(x 


5. (a) Y k-0k-l1k-2 (b) 


. (a) x = 32./2t 


J3 


~ 0.707 km, y = ^^ ~ 0.577 km, 
z = (60 — 3/2 — 2 /3)6 ~ 8.716 km 


«f 


P.S. Problem Solving (page 967) 


(b) and (c) Proofs 


zo) =0 


Xo) + xozoly — Yo) + XoVolZ 
1 


XoYo 
Then the tangent plane is 


yd : Je xo) + E : Jo Yo) 3 xod: : ) 0. 


Xoo 


(b) Xyz = 1 > W= 


XoYo Xoo 


A 


g(x, y) 


Maximum value: 2./2 Maximum and minimum 
value: 0 

The method of Lagrange 
multipliers does not work 


because Vg(xo, Yo) = 0. 


END. 3/ 
7. 23/150 ft x 23/150 ft x 2 D ft 


of, of 


0 
. + = l—agya-—i + ya = 1—a-—1 
9. (a) x Yay xCy!~ "ax yCx*(1 — a)y 


= ax*Cyl-* + (1 — a)x*C(y! ^?) 
= Cx*yl-?[a + (1 — a)] 
= Cxsylca 
= f(x, y) 
(b) flix, ty) = C(t)*(ry)! "^ 

— Ctx*y! —a 

— tCx^y! —a 

= tf(x, y) 


y = 324/2t — 162? 


y 32 /2t — 1612 
b) a= arctan( ) = arctan( 
©) x + 50 32./2t + 50 
da _ —16(8./2:2? + 25t — 25/2) 


Og 641^ — 256/25? + 102412 + 800/21 + 625 

(d) 32 No; The rate of change of u is 
greatest when the projectile is 
closest to the camera. 


0 4 
-5 
(e) Wis maximum when f = 0.98 second. 


No, the projectile is at its maximum height when 
t= 2 = 1.41 seconds. 


13. (a) (b) 


Minimum: (0, 0, 0) 
Maxima: (0, +1, 2e7') 
Saddle points: (+1, 0, e7!) 
a0 

Minimum: (0, 0, 0) 
Maxima: (0, +1, Be~!) 
Saddle points: 

(+1, 0, ae!) 


ZR 
RYS s 


Minima: (+1, 0, —e7!) 
Maxima: (0, +1, 2e7') 
Saddle point: (0, 0, 0) 
aco 

Minima: (+1, 0, ate!) 
Maxima: (0, +1, Be~!) 
Saddle point: (0, 0, 0) 


15. (a) = 


(c) Height 


(d) dl — 0.01, dh — 0: dA — 0.01 
dl — 0, dh — 0.01: dA — 0.06 


17-21. Proofs 


Chapter 14 


Section 14.1 (page 976) 


Answers to Odd-Numbered Exercises 


: 49. 


t >x 
1 2 3 


f(x, y) dx dy 


1 f(/y 
Í |. 


In 

| 
12 21 

3l NI oa- dx dy = 2 
o Jo o Jo 


10 
Í l f(x, y) dy dx 


-X 


(2, 1) 


| >x 


y 


1 2 2 [x/2 
[| awf dydx = 1 
0 J2y o Jo 
5 


1. An iterated integral is an integral of a function of several 
variables. Integrate with respect to one variable while holding 


the other variables constant. 
3x? 


4x? — x4 


S M 2 2 
3 o 7. 5 [n »? — y] 
2 ; 2 
9, x(1— e —3-9) 113 13. x2 15. 64 
3 1 2 IL T 1 
wu e n NECS . . m 
07.5 19.43 2L, 2&4 25 a. 
29.5 31. Diverges 33.8 35.42 37. 36 
39.2 417 
45. y 
Á 
34- 
2 
2 d EE NN 59. 
al 


44 
Í Í f(x, y) dy dx 
0 Jx 


2 [S477 
ÍT f(x, y) dx dy 
0 J- J477 


=x 


1 1— 
s [[7 
—1J0 


JA-yl 


dz 


Tt 
dy dx — 2 


JTF 


A111 


A112 


61. i 2 [2 26 
; al xJ1 + yi dydx = F 
T 0 Jx 
5 » X 
63. | 
34 
2 
14 
1 2 3 
12 
ie 4e”? dy dx = e^ — 1 ~ 53.598 
0 J2x 
65. 1 
14- 
1 


fl 
Í Í sin x? dx dy = 2a — cos 1) = 0.230 
0 Jy 


25—x* 
67. 4 Í Í dy dx = 257 square units 
o Jo 


sin2  sin3 


69. (a) No (b) Yes (c) Yes 71. 2 4 
73. (IS? — 75. A 
77. (a) 4 


-2 : x=4,/2y 


67,520 
(b) I. (xy — xy?)dydx (c) — 
0 J32/32 ae 693 
79. True 


Section 14.2 (page 987) 


1. Use rectangular prisms to approximate the volume, 
where f(x, y; is the height of prism i and AA; is the area 
of the rectangular base of the prism. You can improve the 
approximation by using more rectangular prisms of smaller 


rectangular bases. 


3. 24 (approximation is exact) 


5. Approximation: 52; Exact: rs 


Answers to Odd-Numbered Exercises 


11. 


15. 


17. 


19. 


21. 
29. 


33. 


35. 


37. 


39. 


41. 
45. 


4 (3,6) 


1 
| x 
1 3 


4 6 
2 36 
3 (5 
y w xy dy dx = —- 
N 0 Jo 
5 (3 
NETTE 
o Jo 
3 3 =X 
-3 
0 
dy dx = In 
| eae pur na 
1, 5 
ie z dx dy + Ls ydy 7 ym, 
4 — x2 
—2y dy dx = -= 
[|] mee -$ 
AS 
nie —2y dxdy = -$ 


E y: 
NI x dx dy = 25 
0 J4y/3 

3x/4 
ei 2520 0 
o Jo 


4 2312 25; 27.1 


dps 25 


1 fr Jx 16 
Í wde = aff (x + y) dy dx = 
o Jo 16 o Jo 


24- 
256 
f (4 — x?) dy dx = 15 
J1=(— 1)? 
JU (2x — x? + y?) dy dx 
o Jo 


2rJ/A—x 
af Í GQ? + y?) dy dx 
0 JO 


J2-2(y-1? 
f [ (4y — x? — 2y?) dx dy 


J2-2(y-1? 
Sn 43. 1.2315 
2 
Y 
T 
ıl 
af 
2 
x 
1 1 
2 


1/2 f2x 
Í Í e^* dy dx = 1 — ec V^ ~ 0.221 
0 0 


3 


47. i 2 [J4-»y 64 
i eag [| vragi 
Va -2J- /A-y 3 
j m 
ex 
49. y 
A 
sl. 
4 
3l 
24 
" 
a p 
E 
4 ry/2 
? 1 — cos 1 
Í Í siny aray ESE ig 
o Jo 4 
51. 2 53. g 55. (e — 1)? 57. 25,645.24 
59. kB; Answers will vary. 61. Proof; 2 63. Proof; E 
65. Proof 67. 400; 272 
JÀi-y 
69. False. V — sf V1- x? — y dx dy 
0 Jo 
71. R: £ +y <9 7310-9) 


75. Putnam Problem A2, 1989 
Section 14.3 (page 995) 


1. Rectangular 

3. r-simple regions have fixed bounds for 0 and variable bounds 
for r. 9-simple regions have variable bounds for Ə and fixed 
bounds for r. 


5 R={r,0:0<r<8,0<0< n} 
nac [esas esso sost] 
9. rt 11. 0 
2 2 
-0 1 7*9 
8 /2n 9 3m 
: . += 
B 3 15. g 32 
3 3 
-0 
4 } = 0 
1 2 
Tt 2 
17. 9 19.4n 21. 10 23. 5 


Answers to Odd-Numbered Exercises A113 


11/4 2/2 
25. isl — 27. Í Í 2a do -= 421 
2 o Jo 3 


n/2 f6 
29. Í (cos 8 + sin 8)? dr dO = 144 
0 


T/4 f2 2 
3n 1 250n 
1. r0 dr dð = — m 5. —— 
3 Í } r 64 33. 8 3 3 
37. C(3n— 4)  39.2/4-2i2 41. 9n 
43. T 45. it 
47. 5 49. 2 
L r =3 cos 0 
r=2cos0 l4 
reel 
CO) i | B 
3 
M N 
4 |r=1 T |r =1 +cos0 
Tl 3 
ie + As i 
3 2 IL 
4T 
51. 7 aa 2/3 
T r=4sin30 


T/6 7/3 sec 8 T/2 fcsc 8 
53. Í i rae [ | r dr dð = dg 


5. 486,788 57. 1.2858 59. 56.051 
m False. Let f(r,0) — r — 1 and let R be a sector where 
O<srs6and0S0€T. 
63. (a) 2n (b) J/2n 


4 fy 
65. (a) f dx dy 


2 Jy/ /3 


2 /3x 4/ S3 [ax 4 4 
wf Í soa | Í fay ac | [roa 
2//3 J2 2 x 4/ /3Jx 


T/3 f'Acsc 8 
(c) Í fr dr dO 


n/4 J2 csc 0 


67. = 


Section 14.4 (page 1004) 


1. Use a double integral when the density of the lamina is not 
constant. 
3. m=4 5. m 


ll 
aol 


p NIR 
wis 
ad 
pe 
(= 
gm 
3 
ll 
SIE 
se US 
P ERIS 
NIS 

Y 
EIS 
esas. 


ve 
S ~~ 
© S 
— ~— 
3 3 
I I 
= 
8 SES 
d w M N 


O 

x 

3 

| 
SE 

n Ww 

Dis Ga GIN RIA 

el 
NISA 
essit 


NIQ WJA 
ally 
V— 


a| 


A114 Answers to Odd-Numbered Exercises 


11. 


(a) (5.5.2) (b) ( * 5, x) 


© 24 + 15a + 75) 2 


3(a +10) ^2 
k (2 8 14 4 
13. m =£ (23) 15. m = 30%, ( $) 
1 e+1 
17. m = k(e D. (+ —T 4 ) 
256k 16 6k (3m 
19. m — 15° (o, 6) 21. m= PL G T) 
23. m= Me ee 2 (2 - £2) 
2 n n 
k ance = I8 al e6 — 7 }) 
mum ge e 5'27| e$ — 5e? 
kn. (81/3 
27. m = F, (S2 0) 
ea Jab 2. - ad 
29. x = 3 3. x-5 3 x- 
"2 Bh =_4 =_a 
SE. T 772 
35. I, = = 37. 1, = 16k 
16k 512k 
jos I, = = 
y 3 y 5 
ly = 16k >= 2A 
z- 2v3 z= 4/15 
3 5 
2 2/6 - 6 
dm yc 


39. 


b JD = x? 2 
2k Í Í Gee aes we + 4a?) 
0 


=h 


a [Ja -—x3 _ 
41. Í Í ig(y — ay dy dx = (29) 
-aJo 60 
L L 
43. 3 45. 7 
47. The object with a greater polar moment of inertia has more 


49. 


resistance, so more torque is required to twist the object. 
Proof 


Section 14.5 (page 1011) 


1. 


3. 
9, 


15. 


21. 


23. 


If f and its first partial derivatives are continuous on 
the closed region A in the xy-plane, then the differential 
of the surface area given by z= f(x, y) over R is 
d$ = J1 + [fe y) P + Les y) P dA. 

24 S.4n/62 7.141? + n(4. + 17)] 
S(10/10-1) 1. /2-1 13. 2n 

mala - /à — P) — 17. e 19. 20n 


I V5 + 4x? dy dx =n = 1.3183 
[ ma Erra 
-3J- =F 


= ERU — 1) = 117.3187 


if 
25. Í Í V1 + 4x? + 4y? dy dx = 1.8616 
P4 [10 
27. Í | V1 + e»(x? + y?) dy dx 
o Jo 
2 px 
29. Í Í V1 + e™ dy dx 
-2J— J/4—-x* 


31. No. The size and shape of the graph stay the same, just the 
position is changed. So, the surface area does not increase. 
33. (a) Yes. For example, let R be the square given by 0 S x € 1 
and 0 < y < 1, and let S be the square parallel to R given 
byO0<x< 1,05 y< 1,andz= 1. 
(b) Yes. Let R be the region in part (a) and let S be the surface 
given by f(x, y) = 
(c) No 
35. (a) 812/609 cm? (b) 100r,/609 cm? — 37. 16 


Section 14.6 (page 1021) 


1. The volume of the solid region Q 3. 18 5. 5 


15 1 189 324 
7. 2 1) 9, 2 11. 5 


(7—3)/2 (1—x—2y 
pas 
0 JO 
15. v- f“ [.. l fo - dz dx dy 
J6 J- J6- y? 


J16- x3 J80—x2— y? 
17. vf ‘oa I, didyde 19, 228 
S16 — x2 J (x2 + y?)/2 15 


21.3 23. 10 


25. < 
lfif-Jz 
Í Í Í dia d 
1 o Jo J-1 
a y 
1 
x 
27. n 
3 3 [(12-43/3 f(12-4:—3:)/6 
aes 
o Jo 0 
DES y 
4 
"s 
29. i 


1 fx 1-y? 
Í Í Í kaa 
gi 0 Jo Jo 
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3 f5f1 3 f1f5x JA-XxbP pA-xb-y 
31. | Í xyz dx dy dz, Í Í N xyz dy dx dz, 61. (a) m = [ ll { kz dz dy dx 
J v/s y y H -2J—- J4- x 


(b x = y = 0 by symmetry. 
xyz dx dz dy, xyz dy dz dx, 1 (2 [TF pag» 
0 JO is 


4—x*—y 
:-i Í m kz? dz dy dx 
IT mo. fi mine 2 ee Pm 
y p x (c) I, i [ E kz(G? + y?) dz dy dx 
33. FEL "esas f [77 EZT "e 
-aJ- IF. -3J- fom 63. 


2. 
3 
2 


B 67. Increase 
J9-x 4 J9-# 252 2 2 : EN 

[ (Hl edd IT | eine 69. b — 7L Q: 2x? + y! + 32 < 1; 0.684; Ye 
has pE a 73. Putnam Problem B1, 1965 

4 9—y? 
IT. roni Susededoas | LL xyz dx dz dy; 0 Section 14.7 (page 1029) 

—/9- y 0 9—y? 
1 y 1 f(1-»f1-» 1. Some solids are represented by equations involving x? and y?. 
35. ny fo dx dy dz, Í i ji dx dz dy, Often, converting these equations to cylindrical or spherical 


coordinates yields equations you can work with more easily. 


1 f2:z-2 f1—z Ifi VEF 
Layacac+ Í | Í 1 dy dx dz, 11 Il 
Í f | o Ja -2Jo 3. 27 5. 10 7. 3 9, n(e^ + 3) 


1 fi l-z 1 f1—-1-x Fr /1-x z p 
Í Í Í 1 dy dz dx + Í Í [ 1 dy dz dx, 1. A 13. 
0 J1— /1-x JO o Jo 0 34 4 D 
lfrJ/l-xfl-y 
Í Í Í dz dy dx á 
o Jo 0 1 


- 


-f 1 " y 
37. m= 8k, = 3 39, m= Ez xi Em y x^ 4 
b fb fb 3A 64. /3n 
41. n-a[ | f iras i 3 
ier 
M,, = zi [ li xy dz dy dx 
o Jo n T 250 
15. 48(3m — 4) 17. A 19. rus — 4) 21. 48km 
m= #{ wi xy? dz dy dx ui h 
o Jo 23. 2s. (0,0 
b fb fb "5 
= My = k{ Í XYZ dz dy dx TU2. frg Thra- rT 3m a 
o Jo Jo 27. 1, = ae r dz dr dð = 
43. 7 will be greater than 2, and y ind z will be unchanged. 29. Proof ^d o 2n Ja 33. 1617 ^ : in 
45. x and z will be unchanged, and y will be greater than 0. 3 m 
y 
7. (0,0, — 9, — 
a (0.0.3) ae (noi) st (63) 9. (003) 9 ip 
2 4 2n 
5 41. Cylindrical: 2 cos O dz dr dO = 0 
53. @ 1, 4 55. (a) I, = 256k xa Í lh f. DN 
3 2m farctan(1/2) f4 sec > 
_ 2ka? L- 512k Spherical: f [ f Q? sin? $ cos 0 dp d 40 
bi 3 y 3 
ad 2n (7/2 coth csc b 
fas" L = 256k + f Í f p sin? bcos 6 dp db 40 = 0 
< 3 * arctan(1/2)J0 
_ kab .. 2048k on pl (1 / 1-7 
(b) = g (b I, = 3 43. Cylindrical: f | Í r? cos 8 dz dr dO = 0 
L- kaë L- 1024k 1/4 (2n f2 cos b 
» 8 y 3 Spherical: f f Í p? sin? $ cos O dp dO d$ = 0 
8 sec $ 
L= e I= EE 45. (a) r constant: right circular cylinder about z-axis 
57. Proof O constant: plane parallel to z-axis 


1 f1 pi-x z constant: plane parallel to xy-plane 
59. Í Í Í (+ yV + y + z dz dy dx (b) p constant: sphere 
-1J—1J0 . 
Ə constant: plane parallel to z-axis 
@ constant: cone 
47. Putnam Problem A1, 2006 
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Section 14.8 (page 1036) 


Ox dy | Oy Ox 


m uu ES j  5.142v 
13. | 
th 
(1, 0) (3, 0) 
_| ; u 
(1, -1) (3, 1) 
dli 


1/242 
15. MEZE [. Eu 3xy dy dx 
—2/3J1 


4/3 7 (1/2)x+2 8/3 f4-x 164 
+] | say dy de + | Í 3xy dy dx = —— 
(1/2) 4/3 J 25v 9 


8 


17. 1936  21(e2— e Din 8 = 0.9798 — 23.18 
25. 12(c^ — 1) 27.4 29. $6? — 31. One 
33. (a) i ý 
1 
b 
(b) ab (c) Tab 
35. wv 37. —uv — Q? sing 


41. Putnam Problem A2, 1994 


Review Exercises for Chapter 14 (page 1038) 


1 — cos 32 29 1 3 
1. r 3. 6 5. 6 7. 2 9. 16 


11. y 
A 


5 [4 4 [5 
I ayax= [| dx dy = 16 
1 Jo 0 J1 


» 


2 [3-y 1 2x 3 (3-x 
IR acay= [| ss [| dy dx = 3 
0 Jy/2 o Jo 1 Jo 


2 
is [f sorde - [T 4xy dx dy — 64 17. 21 
0 o Jo 


19. 


27. 
31. 


33. 


35. 
41. 


43. 
47. 
51. 
57. 


59. n 


65. 


.5115 —31n3 — 2 = 2.751 


40 4 " 5 /5n 
g 2. 3 23. 13.67C — 25. 7C 
81 3n 
3 27 
? 3 +2cos0 

r=4 + |r =3 +2 cos 

NS P | 
13/3 _ 5n 

2 3 


(a) r = 3./cos 20 
4 


-6 6 
=4 
(b) 9. (o) 3(3n — 16/2 + 20) ~ 20.392 
32k (55 32 64 
7 37. n — EE (3 >) 39. m = ES =) 
L, = 12k 
81k 
WIS 
105k 
h= 2 
T a2 
2 
2. 2/3 
173 
«(101/101 -1) 45, «(m - 1) 
(a) 30,415.74 f& — (b) 2081.53 f? 49. 56 
16 8n 
—L2e 53. 55. 
3 e 3 5 36 


f [ p dto 
0 Jx JO 
vo SE = 61. 12(/3-1) 63. 1 
"a adc 3+ V8) 48.995 67. 167 
; T = 2/3] 71. —6(v + u) 73. sin? 0 — cos? 0 


77. 81 


P.S. Problem Solving (page 1041) 
1 


1. 8(2— /2) 3.4  s.(a-(g)Proofs 
7. -h 2: No; Fubini's Theorem is not valid because f is not 
continuous on the region 0 < x < 1,0 < ys 1. 
9, YT 
4 
13. Answers will vary. 


1 
11. Ifa, k > 0, then 1 = ka? or a = —. 
Jk 
15. The greater the angle between the given plane and the 
xy-plane, the greater the surface area. So, z; < zj < z4 < zs. 


3 [2x f6—-x 
Í ll Í dy dz dx = 18 
0JO0 Jx 


Chapter 15 


Section 15.1 (page 1053) 


1. See "Definition of Vector Field" on page 1044. Some physical 
examples of vector fields include velocity fields, gravitational 
fields, and electric force fields. 

3. Reconstruct a function from its partial derivatives by integrating 
and comparing versions of the function to determine constants. 

5.d 6. c 7. a 8. b 


11. /1 + 9y? 
¥ 


19. 2xi + 4yj 


21. (10x + 3y)i + (3x + 2y)j 


23. 
27. 


29. 
35. 


37. 


39. 
43. 


47. 


51. 
53. 


55. 


59. 
65. 
67. 


69. 
77. 


Answers to Odd-Numbered Exercises A117 


6yzi + 6xzj + 6xyk — 25. 2xye"i + e*j + k 


| Y tyh »| ' Is + x In(x »li 


x+y 
Conservative 


31. Not conservative 33. Conservative 


Not conservative 
e y 
Conservative; f(x, y) = 3xy — a qe K 


Conservative; f(x, y) = e? + K 41. Not conservative 


Conservative; f(x, y) = xsiny + K 45. 4i — j — 3k 
2x 


Conservative; f(x, y, z) = X + y? + 2 + xyz + K 


Not conservative 


Conservative; f(x, y, z) = ESI 57. 2x + 4y 
J 


61. 28 63. 0 
Vector field; The curl of a vector field is a vector field. 


2 sin x cos x + 322 


Neither; The expression is meaningless because you can only 
take the curl of a vector field. 
9xj — 2yk 71. zj + yk 
(a)-(h) Proofs 


73. 3z + 2x 75. 0 


Section 15.2 (page 1065) 


1. 
3. 


15. 


17. 


19. 


25. 


31. 
39. 
43. 


. r(t) = 


. (a) C: r(A t - tj, OSts1 
. (a) C: r(t) = cos ti + sin tj, osis 


. (a) C: r(t) >f 


(a) The arc length of C 
| fait d. 
n= le - i + 
ti, O<sr<s3 
3i *(r-3j) 351456 
(9—1)i-3j 6z1z9 
(12 — dj, 9<t<12 


(b) The mass of the string 
Osrtsl 


2—14j. 1S1s2 


. r(t) = 3 costi + 3sin¢j, 0€ r s 2n 


2/2 
Es 


IL IL 
(b) 5 


ti, 0 
ti + (4t- 4j, 1 


<t<l 

<rs2 

(b) 1 + 74/17 
ti, Os 
2—85i-(r-1j 1s 
Gah, 5 


- 


- 
IA IA IA 
N 


(a) C: r(t) = 


i3 


(b) 34 342 
ti, Os 
i + (r— Dk, 1s 
i-(r-2j*k 2< 


(a) C: r(t) 


IA IA IA 
Ne 
eoe] 

c 
— 


2 
20 21. T 23. 8 nj $ s) = 795.7 


Laa -27) 29.8 
15.9 — 33? 
0 41. —10r? 
Positive; The vector field determined by F points in the 
general direction of the path C, so F * T > 0. 


2m + 2 27. 


35. About 249.49 37. 66 


A118 
45. 


47. 


49. 


51. 


53. 
63. 


71. 


73. 


75. 
77. 


79. 
83. 


85. 


Answers to Odd-Numbered Exercises 


Zero; The vector field determined by F is perpendicular to 


the path C. 
236 


(a) ^5; Orientation is from left to right, so the value is positive. 


236 


(b) —73 Orientation is from right to left, so the value is 


negative. 
F(t) = —2ti — tj 
r(t) =i — 2j 
F(t) r(A = -2t- 2r=0 


[ paco 
C 


2 
F(t) = (P — 24i 4 ( Ji 
r'(t) —^ i  2tj 
Fi) -r() =P - 2? 4+ 2? -P=0 
F-dr=0 
C 
68 55.3? 57.25 se. S &.-H 
316 1 h 
J os 67. = 69. [2/5 + n(2 V5) 
1 
739 (255 = 11) 
1271 
(a) 12m = 37.70cm? (b) ~~ 7.54 cm 
(c) N 
Si 
4 
= 
a Uy y 
"di 
I -I-am 
(a) i 
3 
2 
p l 
3 7, 


27 
(b) 9T cm? = 28.274 cm? (c) = cm? = 42.412 cm? 


1750 ft-lb 81. No. y = 2x, so dy = 2 dx. 


Z4, Zi» Z2, Z4; The greater the height of the surface over the 


curve y = x, the greater the lateral surface area. 


1 
False. i xy ds = af Pdt 87. —12 
c 0 


Section 15.3 (page 1076) 


1. Verify that the vector field is conservative. Find a potential 
function. Calculate the difference of the values of the function 


evaluated at the endpoints. 


3. (a) Proof 
1 
(b) Í F-a [ (t2 4 213) dt => 
C, 0 6 
n/2 
Í F-a [ (sin? O cos 8 + 2 sin? O cos 8) 40 = 
C, 0 
5. (a) Proof 
n/3 
(b) Í F- dr = Í (3 tan? O sec O + 3 sec? 0) dO 
C, 0 
= 10.392 
3 
+ 
Í F-a [ ( Mog E) dt = 10392 
c, o ttl 2 Jt 
7. (a) Proof 
1 
(b) Í F-a [ 64P dt = 16 
6; 0 
n/2 
Í F-a [ 64 sin? 8 cos 0 dO = 16 
G 0 
9, 72 11. —1 13. 0 15. (a) 2 (52 (92 
17. 11 19. (a) Proof (b) 30,366 
21. (a) Proof (b) 32 23. (a) 1 (b) I 
25. (a) 64 (O0 (00 WO 
27. (a) 32. (0 32. DM (FZ (DEZ 3L(90 (50 
33. 0 
50 
35. (a) dr = (i — j) dt = Í 175 dt = 8750 ft-lb 
0 
; 1 ; 
(b) dr = (i 25 (50 ai) dt 
50 
Ji (50 — 1) dt = 8750 ft-lb 
0 
37. i The partial derivatives of F are not 
— — E continuous at (0, 0). Draw an open 
1 C 1 connected region that excludes that 
i i point. 
t-l- dos 
39. 1.125 


41. Yes, because the work required to get from point to point is 
independent of the path taken. 


43. False. It would be true if F were conservative. 
47. Proof 


45. True 


49. (a) Proof 
(e) No, because F is not continuous at (0, 0) in R enclosed 
by C. 


(£) v(arcian z) 
y 


(D —n (crm (d)-2n 


—x/y? 


Wy .. : 
1 4 (yy 


TIFE 


Section 15.4 (page 1085) 


1. A curve is simple when it does not cross itself. A connected 
plane region is simply connected when every simple closed 
curve in the region encloses only points that are in the region. 
For example, a region with a hole is not simply connected. 


3. You are working with a simple closed curve with a boundary 
whose orientation is counterclockwise. 


1 
5. 39 


7. 0 


9. About 19.99 — 11. 5 13. 56 


Answers to Odd-Numbered Exercises A119 


15. i 17. 0 19. 0 21. b 23. 32n 51. (a) Á (b) n 
25.u — 27.7?  29.4m 31.5 33. Proof i 5 a 
8 8 8 3/3 F " 
5. = Te EE 9. 54 41. t — —— 
i (0.5) i oa TENE AME. \ 
x 6 x e 
43. (a) Sb) Eas. aon =F , , 
(c) i (d) i 
47. (a) F-dr=| Mdx+Ndy= (2 ait) aa =0 9 12 
c c R ax dy 
(b) J = —2T when C is a circle that contains the origin. 
49-53. Proofs n 
3 
Section 15.5 (page 1095) , 
x x y 
1. S is traced out by the position vector r(u, v) as the point (u, v) E Er 
moves throughout the domain. To sketch the surface, it is The radius of the generating circle that is revolved about the 
helpful to relate x, y, and z, where x, y, and z are functions of z-axis is b, and its center is a units from the axis of revolution. 
u and v. 53. 400m m? 
3. e 4. f 5. b 6. c 7. d 8.a 
9. y —2z2-0 1.2-2-4 
Plane Cylinder 
í í 
31 3+ 
2t a " 
P e à 
= » 
3 eae | L M 
P "as i aiina oY 
3l 
13. n 15. i — 
N ; 2n|3 /13 + 21n(3 + /13) - 2m 2] 
F 57. Answers will vary. Sample answer: Let 
x = (2 — u)(5 + cos v) cos 3rtu 
z y = (2 — u)(5 + cos v) sin 3rtu 
z = 5u + (2 — u) sin v 
where -T < u S Mand -T <S v < T. 
Section 15.6 (page 1108 
17. r(u, v) = ui + vj + 3vk (pag ) 
19. r(u, v) = iu cos vi + uj + iu sin vk, u 2 0,0 < v < 2M or 1. Solve for y in the equation of the surface. Then use the integral 
r(x, y) = xi + 4x? + 9y2j + zk 5 5 
21. r(u, v) = 5 cos ui + 5 sin uj + vk s F, gtx, z) z) v1 + e, Gs JP + [g. (x 2) P dA. 
23. r(u, v) = ui + Vu — 7 cos vj + Ju — 7 sin vk or 3. An orientable surface has two distinct sides. 
r(y.z) = (y? + z2 + Dit yj + zk Lj 
25. plu. v) = vcos ui + vsinuj + 4k, Eq e 5.12/2 72m 9 —$& 1L About -1147 
27. x=u,y = Foosv,z=Fsinv,0Sus6,0svs mM 13. 15. 12/5 y, 3B 19. J/3n 
29. x = sin u cos v, y = sin u sin v, z = u 32n 4 3m 
0susmOsvzon 21. 3 23. 486n 25. 73 27. 3 29. 20n 
31. x = cos? u cos v, y = u, z = cos? u sin v 31. 3847 33. 64np 35. 0 37. Proof 39. 2ru?h 
Wey smosvs2n 41. (a) 12 (b) 12 (c) 12 


33. Oy + M5 —-12/3  Á35.4y—3:-12 37. 8/2 


39. nab? /2 * 1 — 4l. sm — 1) = 36.177 


43. The paraboloid is reflected (inverted) through the xy-plane. 
45. The height of the paraboloid is increased from 4 to 9. 
47—49. Proofs 


A120 Answers to Odd-Numbered Exercises 


43. (a) 


(b) No. If a normal vector at a point P on the surface is moved 
around the Möbius strip once, it will point in the opposite 
direction. 


(c) i 


Circle 

(d) Construction 

(e) You obtain a strip with a double twist that is twice as long 
as the Móbius strip. 


Section 15.7 (page 1116) 


1. Divergence Theorem or two surface integrals; In this case, it 
is easier to use the Divergence Theorem. 
3.1 5. 18 7. n 9. 3a* 11. 0 
15. 0 17. 18(e^ — 5) 19. Source 
21. Incompressible 23. Any point that satisfies xyz > i 
25. 0; Proof 27-31. Proofs 


Section 15.8 (page 1123) 


1. Stokes's Theorem allows you to evaluate a line integral using 
a single double integral. 


13. 1087 


3.18 5.0 7-12 92n 1.0 13.8 
a 81n 
15. n 17. 4 19. Yes; Proof 


21. Putnam Problem A5, 1987 


Review Exercises for Chapter 15 (page 1124) 


1. V2 +5 


3 


2 
3 


Xx 
ayy 


3. y cos xyi + (x cos xy — 2y)j 5. (Ax + yi + xj + 2zk 
7. Not conservative 9. Conservative 
11. Conservative; f(x, y) = A +K 


13. Conservative; f(x, y) = 4x2y? — lo + i + K 


. , x 
15. Not conservative 17. Conservative; f(x, y, z) = — + K 
yz 


(b) curl F = —2xzj + yk 


x cos y + xy 


19. (a) div F = 2x + 2xy + x? 
21. (a) div F = 
(b) curl F = xzi — yzj 


y sin x 


23. 


25. 


27. 
35. 
43. 
45. 


47. 


55. 
63. 


67. 
69. 
71. 


79. 
P.S. Problem Solving 
1. 


3. 


. (a)-(d) Proofs 
11. 


(a) div F = is + 2xy + 2yz 

(b) curl F = 27i + yk 

(a) divF = = T - +1 (b) culF- = Fk 
aE (pon  29.6n 31 me 33. 3n 

1 37.2m 39. (3 — 4/2) = -7.085 41. 12 
Big — cos 6) = 13.446 

(a) Proof 


4 
(b) (i) fræ f (3t + 4 + P) dt = 104 
C. 0 


2 
(ii) Í F'd = Í [(3w? + 4)(2w) + w°(2w)] dw = 104 
fe 0 


]-— E 49. 6 51. (a) Proof (b) 92 53. 1 
0 57. 0 59. 0 61. 3 
z= 2x? + y?) 65. í 
Paraboloid 6 
| 


r(u, v) = cos v cos ui + 24/2 cos v sin uj + 3 sin vk 
x-^u,y-2Pcosvz-2sinvy0sus2,0xv»xz2m 


3/41 73.45 75.27/41 71.6426 
6 
25n 81.66 83 ae 85. 16n 


(page 1127) 


(a) and (b) avum 
L=~ a (27 + 327) 
=% T T 07 + 32m) 
I, = 18 /13n 


73am  9.(01 be (03 


The area is the same as the magnitude. 


Index 


A 


Abel, Niels Henrik (1802-1829), 232 
Absolute convergence, 626 
Absolute maximum of a function, 166 
of two variables, 940 
Absolute minimum of a function, 166 
of two variables, 940 
Absolute value, 54 
derivative involving, 320 
function, 22 
Absolute Value Theorem, 592 
Absolute zero, 78 
Absolutely convergent series, 626 
Acceleration, 128, 837, 861 
centripetal component of, 850 
tangential and normal components of, 
849, 850, 863 
vector, 849, 861, 863 
Accumulation function, 287 
Acute angle, 31 
Addition of vectors, 754, 764 
Additive Identity Property of Vectors, 755 
Additive Interval Property, 275 
Additive Inverse Property of Vectors, 755 
Agnesi, Maria Gaetana (1718-1799), 202 
Algebraic function(s), 24, 25, 378 
Algebraic properties of the cross product, 
780 
Alternating series, 623 
geometric, 623 
harmonic, 624, 626, 628 
Alternating Series Remainder, 625 
Alternating Series Test, 623 
Alternative form 
of the derivative, 105 
of the directional derivative, 922 
of dot product, 772 
of Green's Theorem, 1084 
of L’ H6pital’s Rule, 364 
of Log Rule for Integration, 324 
of Mean Value Theorem, 177 
Amplitude of a function, 37 
Angle(s), 31 
acute, 31 
between two nonzero vectors, 771 
between two planes, 789 
coterminal, 31 
directed, 719 
of incidence, 688 
of inclination of a plane, 935 
initial ray (or side) of, 31 
obtuse, 31 
radian measure of, 32 
reference, 35 
of reflection, 688 
standard position of, 31 
terminal ray (or side) of, 31 
trigonometric values of common, 34 
vertex of, 31 
Angular speed, 1003 


Antiderivative, 248 

of f with respect to x, 249 

finding by integration by parts, 523 

general, 249 

notation for, 249 

representation of, 248 

of a vector-valued function, 832 
Antidifferentiation, 249 

of a composite function, 296 
Aphelion, 698, 745 
Apogee, 698 
Approximating zeros 

bisection method, 82 

Intermediate Value Theorem, 81 

Newton's Method, 229 
Approximation 

linear, 235, 906 

Padé, 403 

polynomial, 640 

Stirling's, 525 

tangent line, 235 

Two-point Gaussian Quadrature, 311 
Arc length, 32, 474, 475, 856 

derivative of, 856 

parameter, 856, 857 

in parametric form, 713 

of a polar curve, 733 

of a space curve, 855 

in the xy-plane, 1007 
Arccosecant function, 373 
Arccosine function, 373 
Arccotangent function, 373 
Archimedes (287—212 B.c.), 260 

Principle, 514 

spiral of, 721, 737 
Arcsecant function, 373 
Arcsine function, 373 

series for, 674 
Arctangent function, 373 

series for, 674 
Area 

found by exhaustion method, 260 

line integral for, 1082 

of a parametric surface, 1092 

in polar coordinates, 729 

problem, 50 

of a rectangle, 260 

of a region between two curves, 445 

of a region in the plane, 264 

of a surface of revolution, 479 

in parametric form, 714 
in polar coordinates, 734 

of the surface S, 1007 

in the xy-plane, 1007 
Associative Property 

of the Dot Product, 770 

of Vector Addition, 755 
Astroid, 149 
Astroidal sphere, 1097 


Index A121 


Asymptote(s) 
horizontal, 200 
of a hyperbola, 693 
slant, 205, 211 
vertical, 89 
Average rate of change, 12 
Average value of a function 
on an interval, 285 
over a region R, 986 
over a solid region Q, 1023 
Average velocity, 116 
Axis 
conjugate, of a hyperbola, 693 
major, of an ellipse, 689 
minor, of an ellipse, 689 
of a parabola, 687 
polar, 719 
of revolution, 454 
transverse, of a hyperbola, 693 


B 


Barrow, Isaac (1630-1677), 148 
Base(s), 317, 352 
of the natural exponential function, 352 
of a natural logarithm, 317 
other than e 
derivatives for, 354 
exponential function, 352 
logarithmic function, 353 
Basic differentiation rules for elementary 
functions, 378 
Basic equation obtained in a partial 
fraction decomposition, 552 
guidelines for solving, 556 
Basic integration rules, 250, 385, 516 
procedures for fitting integrands to, 519 
Basic limits, 63 
Basic types of transformations, 23 
Bearing, 758 
Bernoulli equation, 438 
general solution of, 438 
Bernoulli, James (1654—1705), 706 
Bernoulli, John (1667-1748), 550 
Bessel function, 659 
Bifolium, 149 
Binomial coefficient, 679 
Binomial series, 673 
Binormal vector, 853, 870 
Bisection method, 82 
Boundary point of a region, 884 
Bounded 
above, 595 
below, 595 
monotonic sequence, 595 
region, 940 
sequence, 595 
Brachistochrone problem, 706 
Breteuil, Emilie de (1706-1749), 486 
Bullet-nose curve, 141 


A122 Index 


C 


Cantor set, 683 
Cardioid, 724, 725 
Carrying capacity, 425, 427 
Cassini, Giovanni Domenico (1625-1712), 
728 
Cassini oval, 728 
Catenary, 393 
Cauchy, A ugustin-L ouis (1789- 1857), 79 
Cauchy-Riemann equations, 901, 918 
Cauchy-Schwarz Inequality, 778 
Cavalieri's Theorem, 464 
Center 
of curvature, 860 
of an ellipse, 689 
of gravity, 496, 497 
of a one-dimensional system, 496 
of a two-dimensional system, 497 
of a hyperbola, 693 
of mass, 495, 496, 497 
of a one-dimensional system, 495, 
496 
of a planar lamina, 498 
of variable density, 1000 
of a solid region, 1018 
of a two-dimensional system, 497 
of a power series, 651 
Centered at x, 640 
Central force field, 1045 
Centripetal component of acceleration, 850 
Centripetal force, 854 
Centroid, 499 
of a simple region, 1000 
Chain Rule, 133, 134, 139 
implicit differentiation, 916 
one independent variable, 911 
three or more independent variables, 
914 
and trigonometric functions, 138 
two independent variables, 913 
Change in x, 101 
Change in y, 101 
Change of variables, 299 
for definite integrals, 302 
for double integrals, 1033 
guidelines for making, 300 
for homogeneous equations, 431 
to polar form, 992 
using a Jacobian, 1031, 1037 
Charles, J acques (1746- 1823), 78 
Charles's Law, 78 
Circle, 149, 686, 725 
of curvature, 163, 860 
unit, 32 
Circular function definitions of 
trigonometric functions, 33 
Circulation of F around C ,, 1121 
Circumscribed rectangle, 262 
Cissoid, 149 
of Diocles, 750 
Classification of conics by eccentricity, 
738 


Closed 
curve, 1074 
disk, 884 
region K, 884 
surface, 1110 
Cobb-D ouglas production function, 877 
Coefficient(s), 24 
binomial, 679 
leading, 24 
Collinear, 17 
Combinations of functions, 25 
Common logarithmic function, 353 
Common types of behavior associated 
with nonexistence of a limit, 55 
Commutative Property 
of the Dot Product, 770 
of V ector A ddition, 755 
Comparison T est 
Direct, 616 
for improper integrals, 580 
Limit, 618 
Completeness, 81, 595 
Completing the square, 384 
Component of acceleration 
centripetal, 850 
normal, 849, 850, 863 
tangential, 849, 850, 863 
Component form of a vector in the plane, 
753 
Component functions, 820 
Components of a vector, 774 
along v, 774 
in the direction of v, 775 
orthogonal to v, 774 
in the plane, 753 
Composite function, 25 
antidifferentiation of, 296 
continuity of, 79 
derivative of, 133 
limit of, 65 
of two variables, 873 
continuity of, 889 
Composition of functions, 25, 873 
Compound interest formulas, 356 
Compounding, continuous, 356 
Concave downward, 191 
Concave upward, 191 
Concavity, 191 
test for, 192 
Conditional convergence, 626 
Conditionally convergent series, 626 
Conic(s), 686 
circle, 686 
classification by eccentricity, 738 
degenerate, 686 
directrix of, 738 
eccentricity, 738 
ellipse, 686, 689 
focus of, 738 
hyperbola, 686, 693 
parabola, 686, 687 
polar equations of, 739 
section, 686 


Conjugate axis of a hyperbola, 693 
Connected region, 1072 
Conservative vector field, 1047, 1069 
independence of path, 1072 
test for, 1048, 1051 
Constant 
Euler's, 615 
force, 485 
function, 24 
gravitational, 487 
of integration, 249 
Multiple Rule, 113, 139 
differential form, 238 
for integration, 298 
Rule, 110, 139 
term of a polynomial function, 24 
Constraint, 956 
Continued fraction expansion, 683 
Continuity 
on a closed interval, 77 
of a composite function, 79 
of two variables, 889 
differentiability implies, 106 
and differentiability of inverse 
functions, 337 
implies integrability, 272 
properties of, 79 
of a vector-valued function, 824 
Continuous, 74 
at c, 63, 74 
on the closed interval [a, b], 77 
compounding, 356 
everywhere, 74 
function of two variables, 888 
on an interval, 824 
from the left and from the right, 77 
on an open interval (a, b), 74 
in the open region R, 888, 890 
at a point, 824, 888, 890 
vector field, 1044 
Continuously differentiable, 474 
Contour lines, 875 
Converge, 231, 589, 599 
Convergence 
absolute, 626 
conditional, 626 
endpoint, 654 
of a geometric series, 601 
of improper integral with infinite 
discontinuities, 575 
interval of, 652, 656 
of Newton's M ethod, 231, 232 
of a power series, 652 
of p-series, 611 
radius of, 652, 656 
of a sequence, 589 
of a series, 599 
of Taylor series, 670 
tests for series 
Alternating Series Test, 623 
Direct Comparison Test, 616 
geometric series, 601 
guidelines, 635 


Integral Test, 609 
Limit Comparison Test, 618 
p-series, 611 
Ratio Test, 631 
Root Test, 634 
summary, 636 
Convergent power series, form of, 668 
Convergent series, limit of nth term of, 603 
Conversion factors, 485, 494 
Convex limacon, 725 
Coordinate conversion 
cylindrical to rectangular, 808 
cylindrical to spherical, 811 
polar to rectangular, 720 
rectangular to cylindrical, 808 
rectangular to polar, 720 
rectangular to spherical, 811 
spherical to cylindrical, 811 
spherical to rectangular, 811 
Coordinate planes, 762 
xy-plane, 762 
xz-plane, 762 
yz-plane, 762 
Coordinate system 
cylindrical, 808 
polar, 719 
spherical, 811 
three-di mensional, 762 
Coordinates 
polar, 719 
area in, 729 
area of a surface of revolution in, 734 
converting to rectangular, 720 
Distance Formula in, 727 
surface area in, 1012 
rectangular 
converting to cylindrical, 808 
converting to polar, 720 
converting to spherical, 811 
curvature in, 860, 863 
Copernicus, Nicolaus (1473-1543), 689 
Cornu spiral, 749, 869 
Cosecant function, 33 
derivative of, 126, 139 
integral of, 329 
inverse of, 373 
derivative of, 376 
Cosine function, 33 
derivative of, 115, 139 
integral of, 329 
inverse of, 373 
derivative of, 376 
series for, 674 
Cotangent function, 33 
derivative of, 126, 139 
integral of, 329 
inverse of, 373 
derivative of, 376 
Coterminal angles, 31 
Coulomb's Law, 487, 1045 
Critical number(s) 
of a function, 168 
relative extrema occur only at, 168 


Critical point(s) 
of a function of two variables, 941 
relative extrema occur only at, 941 
Cross product of two vectors in space, 779 
algebraic properties of, 780 
determinant form, 779 
geometric properties of, 781 
torque, 783 
Cruciform, 149 
Cubic function, 24 
Cubing function, 22 
Curl of a vector field, 1050 
and divergence, 1052 
Curtate cycloid, 708 
Curvature, 858 
center of, 860 
circle of, 163, 860 
formulas for, 859, 863 
radius of, 860 
in rectangular coordinates, 860, 863 
related to acceleration and speed, 861 
Curve(s) 
astroid, 149 
bifolium, 149 
bullet-nose, 141 
cissoid, 149 
closed, 1074 
cruciform, 149 
equipotential, 426 
folium of Descartes, 149, 737 
isothermal, 426 
kappa, 148, 150 
lateral surface area over, 1067 
lemniscate, 44, 147, 150, 725 
level, 875 
logistic, 427 
natural equation for, 869 
orientation of, 1055 
piecewise smooth, 705, 1055 
plane, 700, 820 
pursuit, 395 
rectifiable, 474 
rose, 722, 725 
simple, 1079 
smooth, 474, 705, 830, 845, 1055 
piecewise, 705, 1055 
space, 820 
tangent line to, 846 
Curve sketching, summary of, 209 
Cusps, 705, 830 
Cycloid, 705, 709 
curtate, 708 
prolate, 712 
Cylinder, 798 
directrix of, 798 
equations of, 798 
generating curve of, 798 
right, 798 
rulings of, 798 
Cylindrical coordinate system, 808 
pole of, 808 
Cylindrical coordinates 
converting to rectangular, 808 
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converting to spherical, 811 
Cylindrical surface, 798 


D 


d'Alembert, Jean Le Rond (1717-1783), 
894 
Darboux's Theorem, 246 
Decay model, exponential, 416 
Decomposition of N(x)/D (x) into partial 
fractions, 551 
Decreasing function, 181 
test for, 181 
Definite integral(s), 272 
approximating 
Midpoint Rule, 561 
Simpson's Rule, 562 
Trapezoidal Rule, 560 
as the area of a region, 273 
change of variables, 302 
evaluation of a line integral as a, 1057 
properties of, 276 
two special, 275 
of a vector-valued function, 832 
Degenerate conic, 686 
line, 686 
point, 686 
two intersecting lines, 686 
Degree of a polynomial function, 24 
Delta-neighborhood, 884 
Demand, 18 
Density, 498 
Density function p, 998, 1018 
Dependent variable, 19 
of a function of two variables, 872 
Derivative(s) 
alternative form, 105 
of arc length function, 856 
Chain Rule, 133, 134, 139 
implicit differentiation, 916 
one independent variable, 911 
three or more independent 
variables, 914 
two independent variables, 913 
of a composite function, 133 
Constant M ultiple Rule, 113, 139 
Constant Rule, 110, 139 
of cosecant function, 126, 139 
of cosine function, 115, 139 
of cotangent function, 126, 139 
Difference Rule, 114, 139 
directional, 919, 920, 927 
of an exponential function, base a, 354 
from the left and from the right, 105 
of a function, 103 
General Power Rule, 135, 139 
higher-order, 128 
of hyperbolic functions, 392 
implicit, 145 
of an inverse function, 337 
of inverse trigonometric functions, 376 
involving absolute value, 320 
of a logarithmic function, base a, 354 
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of the natural exponential function, 344 
of the natural logarithmic function, 318 
notation, 103 
parametric form, 710 
higher-order, 711 
partial, 894 
Power Rule, 111, 139 
Product Rule, 122, 139 
Quotient Rule, 124, 139 
of secant function, 126, 139 
Second, 128 
Simple Power Rule, 111, 139 
simplifying, 137 
of sine function, 115, 139 
Sum Rule, 114, 139 
of tangent function, 126, 139 
third, 128 
of trigonometric functions, 126, 139 
of a vector-valued function, 828 
higher-order, 829 
properties of, 830 
Descartes, René (1596-1650), 2 
Determinant form of cross product, 779 
Difference quotient, 20, 101 
Difference Rule, 114, 139 
differential form, 238 
Difference of two functions, 25 
Difference of two vectors, 754 
Differentiability 
and continuity of inverse functions, 337 
implies continuity, 106, 907 
sufficient condition for, 905 
Differentiable at x, 103 
Differentiable, continuously, 474 
Differentiable function 
on the closed interval [a, b], 105 
on an open interval (a, b), 103 
in a region R, 905 
of three variables, 906 
of two variables, 905 
vector-valued, 828 
Differential, 236 
as an approximation, 906 
function of three or more variables, 904 
function of three variables, 906 
function of two variables, 904 
of x, 236 
of y, 236 
Differential equation, 132, 249, 406 
Bernoulli equation, 438 
doomsday, 441 
Euler's M ethod, 410 
first-order linear, 432 
general solution of, 249, 406 
Gompertz, 441 
homogeneous, 431 
change of variables, 431 
initial condition, 253, 407 
integrating factor, 432 
logistic, 245, 427 
order of, 406 
particular solution of, 253, 407 
separable, 423 


separation of variables, 415, 423 
singular solution of, 406 
solution of, 406 
Differential form, 238 
of a line integral, 1063 
Differential formulas, 238 
constant multiple, 238 
product, 238 
quotient, 238 
sum or difference, 238 
Differential operator, 1050, 1052 
Laplacian, 1127 
Differentiation, 103 
applied minimum and maximum 
problems, guidelines for solving, 
220 
basic rules for elementary functions, 378 
formulas, 250 
implicit, 144 
Chain Rule, 916 
guidelines for, 145 
involving inverse hyperbolic functions, 
396 
logarithmic, 319 
numerical, 106 
partial, 894 
of power series, 656 
of a vector-valued function, 828 
Differentiation rules 
basic, 378 
Chain, 133, 134, 139 
Constant, 110, 139 
Constant M ultiple, 113, 139 
cosecant function, 126, 139 
cosine function, 115, 139 
cotangent function, 126, 139 
Difference, 114, 139 
general, 139 
General Power, 135, 139 
Power, 111, 139 
for Real Exponents, 355 
Product, 122, 139 
Quotient, 124, 139 
secant function, 126, 139 
Simple Power, 111, 135, 139 
sine function, 115, 139 
Sum, 114, 139 
summary of, 139 
tangent function, 126, 139 
Diminishing returns, point of, 227 
Dimpled limacon, 725 
Direct Comparison T est, 616 
Direct substitution, 63, 64 
Directed angle, 719 
Directed distance 
from points to a line, 497 
polar coordinates, 719 
Directed line segment(s), 752 
equivalent, 752 
initial point of, 752 
length of, 752 
magnitude of, 752 
terminal point of, 752 


Direction angles of a vector, 773 
Direction cosines of a vector, 773 
Direction field, 255, 315, 408 
Direction of motion, 836 
Direction numbers, 787 
Direction vector, 787 
Directional derivative, 919, 920 
alternative form of, 922 
of t in the direction of u, 920, 927 
of a function in three variables, 927 
Directrix 
of a conic, 738 
of a cylinder, 798 
of a parabola, 687 
Dirichlet function, 55 
Dirichlet, Peter Gustav (1805-1859), 55 
Discontinuity, 75 
infinite, 572 
nonremovable, 75 
removable, 75 
Disk, 454, 884 
closed, 884 
method, 455 
compared to shell, 467 
open, 884 
Displacement of a particle, 290, 291 
Distance 
between a point and a line, 18 
in space, 793 
between a point and a plane, 792 
directed, 497 
Formula in space, 763 
total, traveled on [a, b], 291 
Distance Formula 
in polar coordinates, 727 
in space, 763 
Distributive Property 
for the Dot Product, 770 
for vectors, 755 
Diverge, 589, 599 
Divergence 
of improper integral with infinite 
discontinuities, 575 
of a sequence, 589 
of a series, 599 
tests for series 
Direct Comparison Test, 616 
geometric series, 601 
guidelines, 635 
Integral Test, 609 
Limit Comparison Test, 618 
uth-Term Test, 603 
p-series, 611 
Ratio Test, 631 
Root Test, 634 
summary, 636 
of a vector field, 1052 
and curl, 1052 
Divergence Theorem, 1084, 1110 
Divergence-free vector field, 1052 
Divide out like factors, 67 
Domain 
feasible, 219 


of a function, 19 
explicitly defined, 21 
of two variables, 872 
implied, 21 
of a power series, 652 
of a vector-valued function, 821 
Doomsday equation, 441 
Dot product 
Alternative form of, 772 
A ssociative Property of, 770 
Commutative Property of, 770 
Distributive Property for, 770 
form of work, 776 
projection using the, 775 
properties of, 770 
of two vectors, 770 
Double integral (s), 978, 979, 980 
change of variables for, 1033 
of t over R, 980 
properties of, 980 
Double-angle formulas, 33 
DoyleLog Rule, 882 
Dummy variable, 274 
D yne, 485 


E 


e, the number, 317 
limit involving, 356 
Eccentricity, 738 
classification of conics by, 738 
of an ellipse, 691 
of a hyperbola, 694 
Eight curve, 163 
Electric force field, 1045 
Elementary function(s), 24, 378 
basic differentiation rules for, 378 
polynomial approximation of, 640 
power series for, 674 
Eliminating the parameter, 702 
Ellipse, 686, 689 
center of, 689 
eccentricity of, 691 
foci of, 689 
major axis of, 689 
minor axis of, 689 
reflective property of, 691 
standard equation of, 689 
vertices of, 689 
Ellipsoid, 799, 800 
Elliptic cone, 799, 801 
Elliptic integral, 565 
Elliptic paraboloid, 799, 801 
Endpoint convergence, 654 
Endpoint extrema, 166 
Energy 
kinetic, 1075 
potential, 1075 
Epicycloid, 708, 709, 713 
Epsilon-delta, &-6 definition of limit, 56 
Equal vectors, 753, 764 
Equality of mixed partial derivatives, 899 


Equation(s) 
basic, 552 
guidelines for solving, 556 
Bernoulli, 438 
Cauchy-Riemann, 901 
of conics, polar, 739 
of a cylinder, 798 
doomsday, 441 
of an ellipse, 689 
general second-degree, 686 
Gompertz, 441 
graph of, 2 
harmonic, 1127 
heat, 901 
of a hyperbola, 693 
Laplace's, 901, 968, 1127 
of a line 
general form, 14 
horizontal, 14 
point-slope form, 11, 14 
slope-intercept form, 13, 14 
in space, parametric, 787 
in space, symmetric, 787 
summary, 14 
vertical, 14 
of a parabola, 687 
parametric, 700, 1088 
finding, 704 
graph of, 700 
of a plane in space 
general form, 788 
standard form, 788 
primary, 219, 220 
related-rate, 152 
secondary, 220 
separable, 423 
solution point of, 2 
of tangent plane, 932 
wave, 901, 968 
Equilibrium, 495 
Equipotential 
curves, 426 
lines, 875 
Equivalent 
conditions, 1074 
directed line segments, 752 
Error 
in approximating a Taylor polynomial, 
646 
in measurement, 237 
percent error, 237 
propagated error, 237 
relative error, 237 
in Simpson's Rule, 563 
in Trapezoidal Rule, 563 
Escape velocity, 98 
Euler, Leonhard (1707-1783), 20 
Euler's 
constant, 615 
M ethod, 410 
Evaluate a function, 19 
Evaluating 
a flux integral, 1104 
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a surface integral, 1098 
Evaluation 
by iterated integrals, 1014 
of a line integral as a definite integral, 
1057 
Even function, 26 
integration of, 304 
test for, 26 
Even/odd identities, 33 
Everywhere continuous, 74 
Existence 
of an inverse function, 335 
of a limit, 77 
theorem, 81, 166 
Expanded about c, approximating 
polynomial, 640 
Explicit form of a function, 19, 144 
Explicitly defined domain, 21 
Exponential decay, 416 
Exponential function, 24 
to base a, 352 
derivative of, 354 
integration rules, 346 
natural, 342 
derivative of, 344 
properties of, 343 
operations with, 343 
series for, 674 
Exponential growth and decay model, 416 
initial value, 416 
proportionality constant, 416 
Exponentiate, 343 
Extended M ean V alue Theorem, 245, 363 
Extrema 
endpoint, 166 
of a function, 166, 940 
guidelines for finding, 169 
relative, 167 
Extreme V alue Theorem, 166, 940 
Extreme values of a function, 166 


F 


Factorial, 591 
Family of functions, 272 
Famous curves 
astroid, 149 
bifolium, 149 
bullet-nose curve, 141 
circle, 149, 686, 725 
cissoid, 149 
cruciform, 149 
eight curve, 163 
folium of Descartes, 149, 737 
kappa curve, 148, 150 
lemniscate, 44, 147, 150, 725 
parabola, 2, 149, 686, 687 
pear-shaped quartic, 163 
semicircle, 21, 141 
serpentine, 130 
witch of A gnesi, 130, 149, 202, 827 
Faraday, Michael (1791-1867), 1075 
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Feasible domain, 219 
Fermat, Pierre de (1601-1665), 168 
Fibonacci sequence, 598, 608 
Field 
central force, 1045 
direction, 255, 315, 408 
electric force, 1045 
force, 1044 
gravitational, 1045 
inverse square, 1045 
slope, 255, 305, 315, 408 
vector, 1044 
over a plane region R, 1044 
over a solid region Q, 1044 
velocity, 1044, 1045 
Finite Fourier series, 540 
First Derivative Test, 183 
First moments, 1002, 1018 
First partial derivatives, 894 
notation for, 895 


First-order linear differential equations, 432 


solution of, 433 
Fitting integrands to basic rules, 519 
Fixed plane, 866 
Fixed point, 180, 233 
Fluid(s) 
force, 506 
pressure, 505 
weight-densities of, 505 
Flux integral, 1104 
evaluating, 1104 
Focal chord of a parabola, 687 
Focus 
of a conic, 738 
of an ellipse, 689 
of a hyperbola, 693 
of a parabola, 687 
Folium of Descartes, 149, 737 
Force, 485 
constant, 485 
exerted by a fluid, 506 
of friction, 862 
resultant, 758 
variable, 486 
Force field, 1044 
central, 1045 
electric, 1045 
work, 1060 
Form of a convergent power series, 668 
Formula(s) 
compound interest, 356 
for curvature, 859, 863 
differential, 238 
differentiation, 250 
Distance, in space, 763 
double-angle, 33 
Heron's, 967 
integration, 250 
M idpoint, in space, 763 
power-reducing, 33 
reduction, 540, 568 
special integration, 545 
Stirling's, 350 


sum and difference, 33 
summation, 259 
W allis's, 534 


Fourier, J oseph (1768- 1830), 661 
Fourier series, finite, 540 

Fourier Sine Series, 531 

Fraction expansion, continued, 683 
Fractions, partial, 550 


decomposition of N (x)/D (x) into, 551 
method of, 550 


Frenet-Serret formulas, 870 
Fresnel function, 311 
Friction, 862 

Fubini's Theorem, 982 


for a triple integral, 1014 


Function(s), 19 


absolute maximum of, 166 
absolute minimum of, 166 
absolute value, 22 
acceleration, 128 
accumulation, 287 
addition of, 25 
algebraic, 24, 25, 378 
amplitude of, 37 
antiderivative of, 248 
arc length, 474, 475, 856 
arccosecant, 373 
arccosine, 373 
arccotangent, 373 
arcsecant, 373 
arcsine, 373 
arctangent, 373 
average value of, 285, 986 
Bessel, 659 
Cobb-D ouglas production, 877 
combinations of, 25 
common logarithmic, 353 
component, 820 
composite, 25, 873 
composition of, 25, 873 
concave downward, 191 
concave upward, 191 
constant, 24 
continuous, 74 
continuously differentiable, 474 
cosecant, 33 
cosine, 33 
cotangent, 33 
critical number of, 168 
cubic, 24 
cubing, 22 
decreasing, 181 

test for, 181 
defined by power series, properties of, 

656 

density, 998, 1018 
derivative of, 103 
difference of, 25 
differentiable, 103, 105 
Dirichlet, 55 
domain of, 19 

implied, 21 


elementary, 24, 378 
algebraic, 24, 25 
exponential, 24 
logarithmic, 24 
trigonometric, 24, 33 

evaluate, 19 

even, 26 

explicit form, 19, 144 

exponential to base a, 352 

extrema of, 166 

extreme values of, 166 

family of, 272 

feasible domain of, 219 

Fresnel, 311 

Gamma, 371, 582 

global maximum of, 166 

global minimum of, 166 

graph of, guidelines for analyzing, 209 

greatest integer, 76 

Gudermannian, 399, 404 

Heaviside, 43 

homogeneous, 431, 918 

hyperbolic, 390 

identity, 22 

implicit form, 19 

implicitly defined, 144 

increasing, 181 
test for, 181 

inner product of two, 540 

integrable, 272 

inverse, 333 

inverse hyperbolic, 394 

inverse trigonometric, 373 

involving a radical, limit of, 64 

jerk, 164 

joint density, 989 

limit of, 52 

linear, 24 

local extrema of, 167 

local maximum of, 167 

local minimum of, 167 

logarithmic, 314 
to base a, 353 

logistic growth, 357 

natural exponential, 342 

natural logarithmic, 314 

notation, 19 

odd, 26 

one-to-one, 21 

onto, 21 

orthogonal, 540 

period of, 36 

periodic, 36 

point of inflection, 193, 194 

polynomial, 24, 64, 873 

position, 116, 841 

potential, 1047 

present value of, 531 

product of, 25 

pulse, 98 

quadratic, 24 

quotient of, 25 

radius, 804 


range of, 19 
rational, 22, 25, 873 
real-valued, 19 
relative extrema of, 167, 940 
relative maximum of, 167, 940 
relative minimum of, 167, 940 
representation by power series, 661 
Riemann zeta, 615 
scalar, 820 
secant, 33 
signum, 86 
sine, 33 
sine integral, 312 
square root, 22 
squaring, 22 
standard normal probability density, 345 
step, 76 
strictly monotonic, 182, 335 
sum of, 25 
tangent, 33 
that agree at all but one point, 66 
of three variables 
continuity of, 890 
directional derivative of, 927 
gradient of, 927 
transcendental, 25, 378 
transformation of a graph of, 23 
horizontal shift, 23 
reflection about origin, 23 
reflection about x-axis, 23 
reflection about y-axis, 23 
reflection in the line y — x, 334 
vertical shift, 23 
trigonometric, 24, 33 
of two variables, 872 
absolute maximum of, 940 
absolute minimum of, 940 
continuity of, 888 
critical point of, 941 
dependent variable, 872 
differentiability implies continuity, 
907 
differentiable, 905 
differential of, 904 
domain of, 872 
gradient of, 922 
graph of, 874 
independent variables, 872 
limit of, 885 
maximum of, 940 
minimum of, 940 
nonremovable discontinuity of, 888 
partial derivative of, 894 
range of, 872 
relative extrema of, 940 
relative maximum of, 940, 943 
relative minimum of, 940, 943 
removable discontinuity of, 888 
total differential of, 904 
unit pulse, 98 
vector-valued, 820 
Vertical Line Test, 22 
of x and y, 872 


zero of, 26 
approximating with Newton’s 
Method, 229 
Fundamental Theorem 
of Algebra, 1110 
of Calculus, 281, 282 
guidelines for using, 282 
Second, 288 
of Line Integrals, 1069, 1070 


G 


Gabriel's Horn, 578, 1090 
Galilei, Galileo (1564-1642), 311, 378 
Galois, Evariste (1811-1832), 232 
Gamma Function, 371, 582 
Gauss, Carl Friedrich (1777-1855), 259, 
1110 
Gaussian Quadrature A pproximation, 
two-point, 311 
Gauss's Law, 1107 
Gauss's Theorem, 1110 
General antiderivative, 249 
General differentiation rules, 139 
General form 
of the equation of a line, 14 
of the equation of a plane in space, 
788 
of the equation of a quadric surface, 
799 
of a second-degree equation, 686 
General harmonic series, 611 
General partition, 271 
General Power Rule 
for differentiation, 135, 139 
for Integration, 301 
General second-degree equation, 686 
General solution 
of the Bernoulli equation, 438 
of a differential equation, 249, 406 
Generating curve of a cylinder, 798 
Geometric power series, 661 
Geometric properties of the cross 
product, 781 
Geometric property of triple scalar 
product, 784 
Geometric series, 601 
alternating, 623 
convergence of, 601 
divergence of, 601 
nth partial sum of, 601 
sum of, 601 
Gibbs, Josiah Willard (1839-1903), 1056 
Global maximum of a function, 166 
Global minimum of a function, 166 
Golden ratio, 598 
Gompertz equation, 441 
Grad, 922 
Gradient, 1044, 1047 
of a function of three variables, 927 
of a function of two variables, 922 
normal to level curves, 926 
normal to level surfaces, 936 
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properties of, 924 
recovering a function from, 1051 
Graph(s) 
of absolute value function, 22 
of cubing function, 22 
of an equation, 2 
of a function 
guidelines for analyzing, 209 
transformation of, 23 
of two variables, 874 
of hyperbolic functions, 391 
of identity function, 22 
intercepts of, 4 
of inverse hyperbolic functions, 395 
of inverse trigonometric functions, 374 
orthogonal, 150 
of parametric equations, 700 
polar, 721 
points of intersection, 731 
special polar graphs, 725 
of rational function, 22 
of the six trigonometric functions, 36 
of square root function, 22 
of squaring function, 22 
symmetry of, 5 
Gravitation 
Newton's Law of, 1045 
Newton's Law of Universal, 487, 854 
Gravitational 
constant, 487 
field, 1045 
Greatest integer function, 76 
Green, George (1793-1841), 1080 
Green's Theorem, 1079 
alternative forms of, 1084 
Gregory, J ames (1638-1675), 656 
Gudermannian function, 399, 404 
Guidelines 
for analyzing the graph of a function, 
209 
for evaluating integrals involving 
secant and tangent, 535 
for evaluating integrals involving sine 
and cosine, 532 
for finding extrema on a closed 
interval, 169 
for finding intervals on which a 
function is increasing or 
decreasing, 182 
for finding an inverse function, 335 
for finding limits at infinity of rational 
functions, 202 
for finding a Taylor series, 672 
for implicit differentiation, 145 
for integration, 327 
for integration by parts, 523 
for making a change of variables, 300 
for solving applied minimum and 
maximum problems, 220 
for solving the basic equation, 556 
for solving related-rate problems, 153 
for testing a series for convergence or 
divergence, 635 
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for using the Fundamental Theorem of 
Calculus, 282 
Gyration, radius of, 1003 


H 


Half-life, 352, 417 
Hamilton,William Rowan (1805- 1865), 
754 
Harmonic equation, 1127 
Harmonic series, 611, 615 
alternating, 624, 626, 628 
Heat equation, 901 
Heat flow, 1107 
Heat flux, 1107 
Heaviside function, 43 
Heaviside, Oliver (1850- 1925), 43 
Helix, 821 
Heron's Formula, 967 
Herschel, Caroline (1750- 1848), 695 
Higher-order derivative, 128 
partial, 898 
of a vector-valued function, 829 
Homogeneous of degree i, 431, 918 
Homogeneous differential equation, 431 
change of variables for, 431 
Homogeneous function, 431, 918 
Hooke's Law, 487 
Horizontal asymptote, 200 
Horizontal component of a vector, 757 
Horizontal line, 14 
Horizontal Line Test, 335 
Horizontal shift of a graph of a function, 23 
Horizontally simple region of integration, 
972 
Huygens, Christian (1629-1795), 475 
Hypatia (370-415 a.d.), 686 
H yperbola, 686, 693 
asymptotes of, 693 
center of, 693 
conjugate axis of, 693 
eccentricity of, 694 
foci of, 693 
standard equation of, 693 
transverse axis of, 693 
vertices of, 693 
Hyperbolic functions, 390 
derivatives of, 392 
graphs of, 391 
identities, 391 
integrals of, 392 
inverse, 394 
differentiation involving, 396 
graphs of, 395 
integration involving, 396 
Hyperbolic identities, 391 
Hyperbolic paraboloid, 799, 801 
H yperboloid 
of one sheet, 799, 800, 1109 
of two sheets, 799, 800 
H ypocycloid, 709 


Identities 
even/odd, 33 
hyperbolic, 391 
Pythagorean, 33 
quotient, 33 
reciprocal, 33 
trigonometric, 33 
Identity function, 22 
If and only if, 14 
Image of x under t, 19 
Implicit derivative, 145 
Implicit differentiation, 144, 916 
Chain Rule, 916 
guidelines for, 145 
Implicit form of a function, 19 
Implicitly defined function, 144 
Implied domain, 21 
Improper integral(s), 572 
comparison test for, 580 
with infinite discontinuities, 575 
convergence of, 575 
divergence of, 575 
with infinite integration limits, 572 
convergence of, 572 
divergence of, 572 
special type, 578 
Incidence, angle of, 688 
Inclination of a plane, angle of, 935 
Incompressible, 1052, 1115 
Increasing function, 181 
test for, 181 
Increment of z, 904 
Increments of x and y, 904 
Indefinite integral, 249 
pattern recognition, 296 
of a vector-valued function, 832 
Indefinite integration, 249 
Independence of path and conservative 
vector fields, 1072 
Independent of path, 1072 
Independent variable, 19 
of a function of two variables, 872 
Indeterminate form, 67, 90, 201, 362, 
363, 365 
Index of summation, 258 
Inductive reasoning, 593 
Inequality 
Cauchy-Schwarz, 778 
Napier’s, 331 
preservation of, 276 
triangle, 757 
Inertia, moment of, 1002, 1018, 1109, 1127 
polar, 1002 
Infinite discontinuities, 572 
improper integrals with, 575 
convergence of, 575 
divergence of, 575 
Infinite integration limits, 572 
improper integrals with, 572 
convergence of, 572 
divergence of, 572 
Infinite interval, 199 


Infinite limit(s), 87 
at infinity, 205 
from the left and from the right, 87 
properties of, 91 
Infinite series (or series), 599 
absolutely convergent, 626 
alternating, 623 
geometric, 623 
harmonic, 624, 626 
remainder, 625 
conditionally convergent, 626 
convergence of, 599 
convergent, limit of nth term, 603 
divergence of, 599 
nth-term test for, 603 
geometric, 601 
guidelines for testing for convergence 
or divergence of, 635 
harmonic, 611 
alternating, 624, 626, 628 
nth partial sum, 599 
properties of, 603 
p-series, 611 
sum of, 599 
telescoping, 600 
terms of, 599 
Infinity 
infinite limit at, 205 
limit at, 199, 200 
Inflection point, 193, 194 
Initial condition(s), 253, 407 
Initial point, directed line segment, 752 
Initial ray (or side) of an angle, 31 
Initial value, 416 
Inner partition, 978, 1013 
polar, 991 
Inner product 
of two functions, 540 
of two vectors, 770 
Inner radius of a solid of revolution, 457 
Inscribed rectangle, 262 
Inside limits of integration, 971 
Instantaneous rate of change, 103, 116 
Instantaneous velocity, 117 
Integrability and continuity, 272 
Integrable function, 272, 980 
Integral (s) 
of cosecant function, 329 
of cosine function, 329 
of cotangent function, 329 
definite, 272 
properties of, 276 
two special, 275 
double, 978, 979, 980 
elliptic, 565 
flux, 1104 
of hyperbolic functions, 392 
improper, 572 
indefinite, 249 
involving inverse trigonometric 
functions, 382 
involving secant and tangent, 
guidelines for evaluating, 535 


involving sine and cosine, guidelines 
for evaluating, 532 
involving sine-cosine products, 537 
iterated, 971 
line, 1056 
M ean V alue Theorem, 284 
of p(x) = Ax? + Bx + C, 561 
of secant function, 329 
of sine function, 329 
single, 980 
of the six basic trigonometric 
functions, 329 
surface, 1098 
of tangent function, 329 
trigonometric, 532 
triple, 1013 
Integral Test, 609 
Integrand(s), procedures for fitting to 
basic rules, 519 
Integrating factor, 432 
Integration 
as an accumulation process, 449 
Additive Interval Property, 275 
basic rules of, 250, 385, 516 
change of variables, 299 
guidelines for, 300 
constant of, 249 
Constant M ultiple Rule for, 298 
of even and odd functions, 304 
guidelines for, 327 
indefinite, 249 
pattern recognition, 296 
involving inverse hyperbolic function, 
396 
Log Rule, 324 
lower limit of, 272 
of power series, 656 
preservation of inequality, 276 
region R of, 971 
rules for exponential functions, 346 
upper limit of, 272 
of a vector-valued function, 832 
Integration by parts, 523 
guidelines for, 523 
summary of common integrals using, 
528 
tabular method, 528 
Integration by tables, 566 
Integration formulas, 250 
reduction formulas, 540, 568 
special, 545 
summary of, 1122 
Integration rules 
basic, 250, 385, 516 
General Power Rule, 301 
Power Rule, 250 
Integration techniques 
basic integration rules, 250, 385, 516 
integration by parts, 523 
method of partial fractions, 550 
substitution for rational functions of 
sine and cosine, 569 
tables, 566 


trigonometric substitution, 541 
Intercept(s), 4 
x-intercept, 4 
y-intercept, 4 
Interest formulas, summary of, 356 
Interior point of a region R, 884, 890 
Intermediate V alue Theorem, 81 
Interpretation of concavity, 191 
Interval of convergence, 652 
Interval, infinite, 199 
Inverse function(s), 333 
continuity and differentiability of, 337 
derivative of, 337 
existence of, 335 
guidelines for finding, 335 
Horizontal Line Test, 335 
properties of, 353 
reciprocal slopes of, 338 
reflective property of, 334 
Inverse hyperbolic functions, 394 
differentiation involving, 396 
graphs of, 395 
integration involving, 396 
Inverse square field, 1045 
Inverse trigonometric functions, 373 
derivatives of, 376 
graphs of, 374 
integrals involving, 382 
properties of, 375 
Irrotational vector field, 1050 
Isobars, 875 
Isothermal curves, 426 
Isothermal surfaces, 878 
Isotherms, 875 
Iterated integral, 971 
evaluation by, 1014 
inside limits of integration, 971 
outside limits of integration, 971 
Iteration, 229 
ith term of a sum, 258 


J 
Jacobi, Carl Gustav (1804-1851), 1031 
Jacobian, 1031, 1037 
Jerk function, 164 

Joint density function, 989 


K 


K appa curve, 148, 150 

K epler, Johannes, (1571-1630), 689, 741 
K epler's Laws, 741, 866 

Kinetic energy, 1075 

Kirchhoff's Second Law, 434 
Kovalevsky, Sonya (1850- 1891), 884 


L 

Lagrange form of the remainder, 646 

Lagrange, J oseph-L ouis (1736-1813), 
176, 956 

Lagrange multiplier, 956, 957 
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Lagrange’s Theorem, 957 
Lambert, J ohann Heinrich (1728-1777), 
390 
Lamina, planar, 498 
Laplace, Pierre Simon de (1749-1827), 
1024 
Laplace Transform, 582 
Laplace’s equation, 901, 968, 1127 
Laplacian, 1127 
Lateral surface area over a curve, 1067 
Latus rectum, of a parabola, 687 
Law of Conservation of Energy, 1075 
Law of Cosines, 33 
Leading coefficient 
of a polynomial function, 24 
test, 24 
L east squares 
method of, 950 
regression, 7 
line, 950, 951 
Least upper bound, 595 
Left-hand limit, 76 
Left-handed orientation, 762 
Legendre, Adrien-M arie (1752-1833), 951 
Leibniz, Gottfried Wilhelm (1646-1716), 
238 
Leibniz notation, 238 
Lemniscate, 44, 147, 150, 725 
Length 
of an arc, 32, 474, 475 
parametric form, 713 
polar form, 733 
of a directed line segment, 752 
of the moment arm, 495 
of a scalar multiple, 756 
of a vector in the plane, 753 
of a vector in space, 764 
on x-axis, 1007 
Level curve, 875 
gradient is normal to, 926 
L evel surface, 877 
gradient is normal to, 936 
L'Hópital, Guillaume (1661-1704), 363 
L'Hópital's Rule, 363 
alternative form of, 364 
Limacon, 725 
convex, 725 
dimpled, 725 
with inner loop, 725 
Limit(s), 49, 52 
basic, 63 
of a composite function, 65 
definition of, 56 
e- definition of, 56 
evaluating 
direct substitution, 63, 64 
divide out like factors, 67 
rationalize the numerator, 68 
existence of, 77 
from the left and from the right, 76 
of a function involving a radical, 64 
of a function of two variables, 885 
indeterminate form, 67 
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infinite, 87 
from the left and from the right, 87 
properties of, 91 
at infinity, 199, 200 
infinite, 205 
of a rational function, guidelines for 
finding, 202 
of integration 
inside, 971 
lower, 272 
outside, 971 
upper, 272 
involving e, 356 
of the lower and upper sums, 264 
nonexistence of, common types of 
behavior, 55 
of nth term of a convergent series, 603 
one-sided, 76 
of polynomial and rational functions, 64 
properties of, 63 
of a sequence, 589 
properties of, 590 
strategy for finding, 66 
of trigonometric functions, 65 
two special trigonometric, 69 
of a vector-valued function, 823 
Limit Comparison Test, 618 
Line(s) 
contour, 875 
as a degenerate conic, 686 
equation of 
general form, 14 
horizontal, 14 
point-slope form, 11, 14 
slope-intercept form, 13, 14 
summary, 14 
vertical, 14 
equipotential, 875 
of impact, 931 
integral, 1056 
for area, 1082 
differential form of, 1063 
evaluation of as a definite integral, 
1057 
of f along C, 1056 
independent of path, 1072 
summary of, 1107 
of a vector field, 1060 
least squares regression, 950, 951 
moment about, 495 
normal, 150, 217, 931, 932 
parallel, 14 
perpendicular, 14 
radial, 719 
secant, 49, 101 
segment, directed, 752 
slope of, 10 
in space 
direction number of, 787 
direction vector of, 787 
parametric equations of, 787 
skew, 797 


symmetric equations of, 787 
tangent, 49, 100, 101 
approximation, 235 
at the pole, 724 
with slope, 101 
vertical, 102 
Linear approximation, 235, 906 
Linear combination of i and j, 757 
Linear function, 24 
Local maximum, 167 
Local minimum, 167 
Locus, 686 
Log Rule for Integration, 324 
Logarithmic differentiation, 319 
Logarithmic function, 24, 314 
to base a, 353 
derivative of, 354 
common, 353 
natural, 314 
derivative of, 318 
properties of, 315 
Logarithmic properties, 316 
Logarithmic spiral, 737, 750 
Logistic curve, 427 
Logistic differential equation, 245, 427 
carrying capacity, 427 
Logistic growth function, 357 
Lorenz curves, 452 
Lower bound of a sequence, 595 
Lower bound of summation, 258 
Lower limit of integration, 272 
Lower sum, 262 
limit of, 264 
Lune, 549 


M 


Macintyre, Sheila Scott (1910-1960), 532 
Maclaurin, Colin, (1698-1746), 669 
Maclaurin polynomial, 642 
M aclaurin series, 669 
M agnitude 
of a directed line segment, 752 
of a vector in the plane, 753 
M ajor axis of an ellipse, 689 
Marginal productivity of money, 959 
M ass, 494 
center of, 495, 496, 497 
of a one-dimensional system, 495, 
496 
of a planar lamina, 498 
of variable density, 1000 
of a solid region Q, 1018 
of a two-dimensional system, 497 
of a fluid flowing across a surface per 
unit of time, 1104 
moments of, 1000 
of a planar lamina of variable density, 
998 
pound mass, 494 
total, 496, 497 
M athematical model, 7, 950 


M aximum 
absolute, 166 
of f on I, 166 
of a function of two variables, 940 
global, 166 
local, 167 
relative, 167 
M ean Value Theorem, 176 
alternative form of, 177 
Extended, 245, 363 
for Integrals, 284 
M easurement, error in, 237 
M echanic's Rule, 234 
M ercator, Gerardus (1512-1594), 399 
M ercator map, 399 
M ethod of 
Lagrange M ultipliers, 956, 957 
least squares, 950 
partial fractions, 550 
M idpoint Formula in space, 763 
M idpoint Rule, 266, 561 
M inimum 
absolute, 166 
of t on I, 166 
of a function of two variables, 940 
global, 166 
local, 167 
relative, 167 
M inor axis of an ellipse, 689 
M ixed partial derivatives, 898 
equality of, 899 
M óbius Strip, 1097, 1109 
M odel 
exponential growth and decay, 416 
mathematical, 7, 950 
M oment(s) 
about a line, 495 
about the origin, 495, 496 
about a point, 495 
about the x-axis 
of a planar lamina, 498 
of a two-dimensional system, 497 
about the y-axis 
of a planar lamina, 498 
of a two-dimensional system, 497 
arm, length of, 495 
first, 1018 
of a force about a point, 783 
of inertia, 1002, 1018, 1109, 1127 
polar, 1002 
for a space curve, 1068 
of mass, 1000 
of a one-dimensional system, 496 
of a planar lamina, 498 
second, 1002, 1018 
M onotonic sequence, 594 
bounded, 595 
M onotonic, strictly, 182, 335 
M utually orthogonal, 426 


N 
i1 factorial, 591 


Napier, J ohn (1550-1617), 314 
Napier's inequality, 331 
Natural equation for a curve, 869 
Natural exponential function, 342 
derivative of, 344 
integration rules, 346 
operations with, 343 
properties of, 343 
series for, 674 
Natural logarithmic base, 317 
Natural logarithmic function, 314 
base of, 317 
derivative of, 318 
properties of, 315 
series for, 674 
Negative of a vector, 754 
Net change, 290 
Net Change Theorem, 290 
Newton (unit of force), 485 
Newton, Isaac (1642-1727), 100, 229 
Newton's Law of Cooling, 419 
Newton's Law of Gravitation, 1045 
Newton's Law of Universal Gravitation, 
487, 854 
Newton's M ethod for approximating the 
zeros of a function, 229 
convergence of, 231, 232 
iteration, 229 
Newton's Second Law of M otion, 433, 840 
Nodes, 830 
Noether, Emmy (1882- 1935), 755 
Nonexistence of a limit, common types 
of behavior, 55 
Nonremovable discontinuity, 75, 888 
Norm 
of a partition, 271, 978, 991, 1013 
polar, 991 
of a vector in the plane, 753 
Normal component 
of acceleration, 849, 850, 863 
of a vector field, 1104 
Normal line, 150, 217, 931, 932 
Normal probability density function, 345 
standard, 345 
Normal vector(s), 772 
principal unit, 846, 863 
to a smooth parametric surface, 1091 
Normalization of v, 756 
Notation 
antiderivative, 249 
derivative, 103 
for first partial derivatives, 895 
function, 19 
Leibniz, 238 
sigma, 258 
nth M aclaurin polynomial for t, 642 
nth partial sum, 599 
of geometric series, 601 
nth Taylor polynomial for f at c, 642 
nth term 
of a convergent series, 603 
of a sequence, 588 
uth-Term Test for Divergence, 603 


Number, critical, 168 
Number e, 317 

limit involving, 356 
Numerical differentiation, 106 


(0) 


Obtuse angle, 31 
Octants, 762 
Odd function, 26 
integration of, 304 
test for, 26 
Ohm's Law, 241 
One-dimensional system 
center of gravity of, 496 
center of mass of, 495, 496 
moment of, 495, 496 
total mass of, 496 
One-sided limit, 76 
One-to-one function, 21 
Onto function, 21 
Open disk, 884 
Open interval 
continuous on, 74 
differentiable on, 103 
Open region R, 884, 890 
continuous in, 888, 890 
Open sphere, 890 
Operations 
with exponential functions, 343 
with power series, 663 
Order of a differential equation, 406 
Orientable surface, 1103 
Orientation 
of a curve, 1055 
of a plane curve, 701 
of a space curve, 820 
Oriented surface, 1103 
Origin 
moment about, 495, 496 
of a polar coordinate system, 719 
reflection about, 23 
symmetry, 5 
Orthogonal 
functions, 540 
graphs, 150 
trajectory, 150, 426 
vectors, 772 
Ostrogradsky, M ichel (1801-1861), 1110 
Ostrogradsky's Theorem, 1110 
Outer radius of a solid of revolution, 457 
Outside limits of integration, 971 


P 


Padé approximation, 403 
Pappus 
Second Theorem of, 504 
Theorem of, 501 
Parabola, 2, 149, 686, 687 
axis of, 687 
directrix of, 687 
focal chord of, 687 
focus of, 687 
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latus rectum of, 687 
reflective property of, 688 
standard equation of, 687 
vertex of, 687 
Parabolic spandrel, 503 
Parallel 
lines, 14 
planes, 789 
vectors, 765 
Parameter, 700 
arc length, 856, 857 
eliminating, 702 
Parametric equations, 700 
finding, 704 
graph of, 700 
of a line in space, 787 
for a surface, 1088 
Parametric form 
of arc length, 713 
of the area of a surface of revolution, 
714 
of the derivative, 710 
higher-order, 711 
Parametric surface, 1088 
area of, 1092 
equations for, 1088 
partial derivatives of, 1091 
smooth, 1091 
normal vector to, 1091 
surface area of, 1092 
Partial derivatives, 894 
first, 894 
of a function of three or more 
variables, 897 
of a function of two variables, 894 
higher-order, 898 
mixed, 898 
equality of, 899 
notation for, 895 
of a parametric surface, 1091 
Partial differentiation, 894 
Partial fractions, 550 
decomposition of N (x)/D (x) into, 551 
method of, 550 
Partial sum(s) 
nth, 599 
of geometric series, 601 
sequence of, 599 
Particular solution of a differential 
equation, 253, 407 
Partition 
general, 271 
inner, 978, 1013 
polar, 991 
norm of, 271, 978, 1013 
polar, 991 
regular, 271 
Pascal, Blaise (1623- 1662), 505 
Pascal's Principle, 505 
Path, 885, 1055 
Pear-shaped quartic, 163 
Percent error, 237 
Perigee, 698 
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Perihelion, 698, 745 
Period of a function, 36 
Periodic function, 36 
Perpendicular 
lines, 14 
planes, 789 
vectors, 772 
Piecewise smooth curve, 705, 1055 
Planar lamina, 498 
center of mass of, 498 
moment of, 498 
Plane 
angle of inclination of, 935 
distance between a point and, 792 
region 
area of, 264 
simply connected, 1048, 1079 
tangent, 932 
equation of, 932 
vector in, 752 
Plane curve, 700, 820 
orientation of, 701 
smooth, 1055 
Plane(s) in space 
angle between two, 789 
equation of 
general form, 788 
standard form, 788 
parallel, 789 
to the axis, 791 
to the coordinate plane, 791 
perpendicular, 789 
trace of, 791 
Point 
as a degenerate conic, 686 
of diminishing returns, 227 
fixed, 180, 233 
of inflection, 193, 194 
of intersection, 6 
of polar graphs, 731 
moment about, 495 
in a vector field 
incompressible, 1115 
sink, 1115 
source, 1115 
Point-slope equation of a line, 11, 14 
Polar axis, 719 
Polar coordinate system, 719 
polar axis of, 719 
pole (or origin), 719 
Polar coordinates, 719 
area in, 729 
area of a surface of revolution in, 734 
converting to rectangular, 720 
Distance Formula in, 727 
surface area in, 1012 
Polar curve, arc length of, 733 
Polar equations of conics, 739 
Polar form of slope, 723 
Polar graphs, 721 
cardioid, 724, 725 
circle, 725 
convex limaçon, 725 


dimpled limacon, 725 
lemniscate, 725 
limaçon with inner loop, 725 
points of intersection, 731 
rose curve, 722, 725 
Polar moment of inertia, 1002 
Polar sectors, 990 
Pole, 719 
of cylindrical coordinate system, 808 
tangent lines at, 724 
Polynomial 
M aclaurin, 642 
Taylor, 163, 642 
Polynomial approximation, 640 
centered at, 640 
expanded about c, 640 
Polynomial function, 24, 64 
constant term of, 24 
degree of, 24 
leading coefficient of, 24 
limit of, 64 
of two variables, 873 
zero, 24 
Position function, 116, 128 
for a projectile, 841 
Position vector for a projectile, 841 
Potential energy, 1075 
Potential function for a vector field, 1047 
Pound mass, 494 
Power-reducing formulas, 33 
Power Rule 
for differentiation, 111, 139 
for integration, 250, 301 
for Real Exponents, 355 
Power series, 651 
centered at c, 651 
convergence of, 652 
convergent, form of, 668 
differentiation of, 656 
domain of, 652 
for elementary functions, 674 
endpoint convergence, 654 
geometric, 661 
integration of, 656 
interval of convergence, 652 
operations with, 663 
properties of functions defined by, 656 
interval of convergence, 656 
radius of convergence, 656 
radius of convergence, 652 
representation of functions by, 661 
Present value of a function, 531 
Preservation of inequality, 276 
Pressure, fluid, 505 
Primary equation, 219, 220 
Prime Number Theorem, 323 
Principal unit normal vector, 846, 863 
Probability density function, 581 
normal, 345 
standard normal, 345 
Procedures for fitting integrands to basic 
rules, 519 


Product 
of two functions, 25 
inner, 540 
of two vectors in space, cross, 779 
Product Rule, 122, 139 
differential form, 238 
Projectile, position function for, 841 
Projection form of work, 776 
Projection of uonto v, 774 
using the dot product, 775 
Prolate cycloid, 712 
Propagated error, 237 
Properties 
of continuity, 79 
of the cross product 
algebraic, 780 
geometric, 781 
of definite integrals, 276 
of the derivative of a vector-valued 
function, 830 
of the dot product, 770 
of double integrals, 980 
of functions defined by power series, 
656 
of the gradient, 924 
of infinite limits, 91 
of infinite series, 603 
of inverse functions, 353 
of inverse trigonometric functions, 375 
of limits, 63 
of limits of sequences, 590 
logarithmic, 316 
of the natural exponential function, 343 
of the natural logarithmic function, 315 
of vector operations, 755 
Proportionality constant, 416 
p-series, 611 
convergence of, 611 
divergence of, 611 
harmonic, 611 
Pulse function, 98 
unit, 98 
Pursuit curve, 395 
Pythagorean identities, 33, 541 


Q 


Quadratic function, 24 
Quadric surfaces, 799 
ellipsoid, 799, 800 
elliptic cone, 799, 801 
elliptic paraboloid, 799, 801 
general form of the equation of, 799 
hyperbolic paraboloid, 799, 801 
hyperboloid of one sheet, 799, 800, 
1109 
hyperboloid of two sheets, 799, 800 
standard form of the equations of, 799, 
800, 801 
Quaternions, 754 
Quotient, difference, 20, 101 
Quotient identities, 33 


Quotient Rule, 124, 139 
differential form, 238 
Quotient of two functions, 25 


R 


Radial lines, 719 
Radian measure of angles, 32, 374 
Radical, limit of a function involving a, 64 
Radicals, solution by, 232 
Radioactive isotopes, half-lives of, 417 
Radius 
of convergence, 652 
of curvature, 860 
function, 804 
of gyration, 1003 
inner, 457 
outer, 457 
Ramanujan, Srinivasa (1887- 1920), 665 
Range of a function, 19 
of two variables, 872 
Raphson, J oseph (1648- 1715), 229 
Rate of change, 12, 116, 897 
average, 12 
instantaneous, 103, 116 
Ratio, 12 
golden, 598 
Ratio Test, 631 
Rational function(s), 22, 25 
guidelines for finding limits at infinity 
of, 202 
limit of, 64 
of two variables, 873 
Rationalize the numerator, 68 
Rationalizing technique, 68 
Real Exponents, Power Rule for, 355 
Real numbers, completeness of, 81, 595 
Real-valued function f of a real variable x, 
19 
Reasoning, inductive, 593 
Reciprocal identities, 33 
Recovering a function from its gradient, 
1051 
Rectangle 
area of, 260 
circumscribed, 262 
inscribed, 262 
representative, 444 
Rectangular coordinates 
converting to cylindrical, 808 
converting to polar, 720 
converting to spherical, 811 
curvature in, 860, 863 
Rectifiable curve, 474 
Recursively defined sequence, 588 
Reduction formulas, 540, 568 
Reference angle, 35 
Reflection 
about the origin, 23 
about the x-axis, 23 
about the y-axis, 23 
angle of, 688 
in the line y = x, 334 


Reflective property 
of an ellipse, 691 
of inverse functions, 334 
of a parabola, 688 
Reflective surface, 688 
Refraction, 227, 963 
Region of integration R, 971 
horizontally simple, 972 
1-Simple, 992 
0-simple, 992 
vertically simple, 972 
Region in the plane 
area of, 264, 972 
between two curves, 445 
centroid of, 499 
connected, 1072 
Region R 
boundary point of, 884 
bounded, 940 
closed, 884 
differentiable function in, 905 
interior point of, 884, 890 
open, 884, 890 
continuous in, 888, 890 
simply connected, 1048, 1079 
Regression, least squares, 7 
line, 950, 951 
Regular partition, 271 
Related-rate equation, 152 
Related-rate problems, guidelines for 
solving, 153 
Relation, 19 
Relative error, 237 
Relative extrema 
First Derivative Test for, 183 
of a function, 167, 940 
occur only at critical numbers, 168 
occur only at critical points, 941 
Second Derivative Test for, 195 
Second Partials Test for, 943 
Relative maximum 
at (c, f(c)), 167 
First Derivative Test for, 183 
of a function, 167, 940, 943 
Second Derivative T est for, 195 
Second Partials T est for, 943 
Relative minimum 
at (c, f (c)), 167 
First Derivative Test for, 183 
of a function, 167, 940, 943 
Second Derivative T est for, 195 
Second Partials Test for, 943 
Remainder 
alternating series, 625 
of a Taylor polynomial, 646 
Removable discontinuity, 75 
of a function of two variables, 888 
Representation of antiderivatives, 248 
Representative element, 449 
disk, 454 
rectangle, 444 
shell, 465 
washer, 457 
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Resultant force, 758 
Resultant vector, 754 
Review 
of basic differentiation rules, 378 
of basic integration rules, 385, 516 
Revolution 
axis of, 454 
solid of, 454 
surface of, 478 
area of, 479, 714, 734 
volume of solid of 
disk method, 454 
shell method, 465, 466 
washer method, 457 
Riemann, Georg Friedrich Bernhard 
(1826-1866), 271, 628 
Riemann sum, 271 
Riemann zeta function, 615 
Right cylinder, 798 
Right triangle definitions of trigonometric 
functions, 33 
Right-hand limit, 76 
Right-handed orientation, 762 
Rolle, M ichel (1652-1719), 174 
Rolle's Theorem, 174 
Root T est, 634 
Rose curve, 722, 725 
Rotation of F about N, 1121 
1-simple region of integration, 992 
Rulings of a cylinder, 798 


S 


Saddle point, 943 
Scalar, 752 
field, 875 
function, 820 
multiple, 754 
multiplication, 754, 764 
product of two vectors, 770 
quantity, 752 
Secant function, 33 
derivative of, 126, 139 
integral of, 329 
inverse of, 373 
derivative of, 376 
Secant line, 49, 101 
Second derivative, 128 
Second Derivative Test, 195 
Second Fundamental Theorem of 
Calculus, 288 
Second moment, 1002, 1018 
Second Partials T est, 943 
Second Theorem of Pappus, 504 
Secondary equation, 220 
Second-degree equation, general, 686 
Semicircle, 21, 141 
Separable differential equation, 423 
Separation of variables, 415, 423 
Sequence, 588 
A bsolute V alue Theorem, 592 
bounded, 595 
bounded above, 595 
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bounded below, 595 
bounded monotonic, 595 
convergence of, 589 
divergence of, 589 
Fibonacci, 598, 608 
least upper bound of, 595 
limit of, 589 
properties of, 590 
lower bound of, 595 
monotonic, 594 
nth term of, 588 
of partial sums, 599 
pattern recognition for, 592 
recursively defined, 588 
Squeeze Theorem, 591 
terms of, 588 
upper bound of, 595 
Series, 599 
absolutely convergent, 626 
alternating, 623 
geometric, 623 
harmonic, 624, 626, 628 
Alternating Series Test, 623 
binomial, 673 
conditionally convergent, 626 
convergence of, 599 
convergent, limit of nth term, 603 
Direct Comparison T est, 616 
divergence of, 599 
nth-term test for, 603 
finite Fourier, 540 
Fourier Sine, 531 
geometric, 601 
alternating, 623 
convergence of, 601 
divergence of, 601 
guidelines for testing for convergence 
or divergence, 635 
harmonic, 611, 615 
alternating, 624, 626, 628 
infinite, 599 
properties of, 603 
Integral Test, 609 
Limit Comparison Test, 618 
M aclaurin, 669 
nth partial sum, 599 
nth term of convergent, 603 
power, 651 
p-series, 611 
Ratio Test, 631 
Root Test, 634 
sum of, 599 
summary of tests for, 636 
Taylor, 668, 669 
telescoping, 600 
terms of, 599 
Serpentine, 130 
Shell method, 465, 466 
and disk method, comparison of, 467 
Shift of a graph 
horizontal, 23 
vertical, 23 


Sigma notation, 258 
index of summation, 258 
ith term, 258 
lower bound of summation, 258 
upper bound of summation, 258 
Signum function, 86 
Simple curve, 1079 
Simple Power Rule, 111, 135, 139 
Simple solid region, 1111 
Simply connected plane region, 1079 
Simpson's Rule, 562 
error in, 563 
Sine function, 33 
derivative of, 115, 139 
integral of, 329 
inverse of, 373 
derivative of, 376 
series for, 674 
Sine integral function, 312 
Sine Series, Fourier, 531 
Single integral, 980 
Singular solution, differential equation, 406 
Sink, 1115 
Skew lines in space, 797 
Slant asymptote, 205, 211 
Slope(s) 
field, 255, 305, 315, 408 
of the graph of t at x — c, 101 
of a line, 10 
reciprocal, of inverse functions, 338 
of a surface in x- and y-directions, 895 
of a tangent line, 101 
parametric form, 710 
polar form, 723 
Slope-intercept equation of a line, 13, 14 
Smooth 
curve, 474, 705, 830, 845 
on an open interval, 830 
piecewise, 705 
parametric surface, 1091 
plane curve, 1055 
Space curve, 1055 
Snell's Law of Refraction, 227, 963 
Solenoidal, 1052 
Solid region, simple, 1111 
Solid of revolution, 454 
volume of 
disk method, 454 
shell method, 465, 466 
washer method, 457 
Solution 
curves, 407 
of a differential equation, 406 
Bernoulli, 438 
Euler's M ethod, 410 
first-order linear, 433 
general, 249, 406 
particular, 253, 407 
singular, 406 
point of an equation, 2 
by radicals, 232 
Some basic limits, 63 


Somerville, M ary Fairfax (1780- 1872), 
872 
Source, 1115 
Space curve, 820 
arc length of, 855 
moments of inertia for, 1068 
smooth, 1055 
Spandrel, parabolic, 503 
Special integration formulas, 545 
Special polar graphs, 725 
Special type of improper integral, 578 
Speed, 117, 836, 837, 861, 863 
angular, 1003 
Sphere, 763 
astroidal, 1097 
open, 890 
standard equation of, 763 
Spherical coordinate system, 811 
Spherical coordinates 
converting to cylindrical, 811 
converting to rectangular, 811 
Spiral 
of A rchimedes, 721, 737 
cornu, 749, 869 
logarithmic, 737, 750 
Square root function, 22 
Squared errors, sum of, 950 
Squaring function, 22 
Squeeze Theorem, 69 
for Sequences, 591 
Standard equation of 
an ellipse, 689 
a hyperbola, 693 
a parabola, 687 
a sphere, 763 
Standard form of the equation of 
an ellipse, 689 
a hyperbola, 693 
a parabola, 687 
a plane in space, 788 
a quadric surface, 799, 800, 801 
Standard form of a first-order linear 
differential equation, 432 
Standard normal probability density 
function, 345 
Standard position 
of an angle, 31 
of a vector, 753 
Standard unit vector, 757 
notation, 764 
Step function, 76 
Stirling’s approximation, 525 
Stirling’s Formula, 350 
Stokes, George Gabriel (1819-1903), 1118 
Stokes's Theorem, 1084, 1118 
Strategy for finding limits, 66 
Strictly monotonic function, 182, 335 
Strophoid, 749 
Substitution for rational functions of sine 
and cosine, 569 
Sufficient condition for differentiability, 
905 


Sum(s) 
and difference formulas, 33 
of geometric series, 601 
ith term of, 258 
lower, 262 
limit of, 264 
nth partial, 599 
of geometric series, 601 
Riemann, 271 
Rule, 114, 139 
differential form, 238 
of a series, 599 
sequence of partial, 599 
of the squared errors, 950 
of two functions, 25 
of two vectors, 754 
upper, 262 
limit of, 264 
Summary 
of common integrals using integration 
by parts, 528 
of compound interest formulas, 356 
of curve sketching, 209 
of differentiation rules, 139 
of equations of lines, 14 
of integration formulas, 1122 
of line and surface integrals, 1107 
of tests for series, 636 
of velocity, acceleration, and 
curvature, 863 
Summation 
formulas, 259 
index of, 258 
lower bound of, 258 
upper bound of, 258 
Surface 
closed, 1110 
cylindrical, 798 
isothermal, 878 
level, 877 
orientable, 1103 
oriented, 1103 
parametric, 1088 
parametric equations for, 1088 
quadric, 799 
reflective, 688 
trace of, 799 
Surface area 
of a parametric surface, 1092 
in polar coordinates, 1012 
of a solid, 1006, 1007 
Surface integral, 1098 
evaluating, 1098 
summary of, 1107 
Surface of revolution, 478, 804 
area of, 479 
parametric form, 714 
polar form, 734 
Symmetric equations, line in space, 787 
Symmetry 
tests for, 5 
with respect to the origin, 5 
with respect to the point (a, b), 403 


with respect to the x-axis, 5 
with respect to the y-axis, 5 


1 


Table of values, 2 
Tables, integration by, 566 
Tabular method for integration by parts, 
528 
Tangent function, 33 
derivative of, 126, 139 
integral of, 329 
inverse of, 373 
derivative of, 376 
Tangent line(s), 49, 100, 101 
approximation of f atc, 235 
to a curve, 846 
at the pole, 724 
problem, 49 
slope of, 101 
parametric form, 710 
polar form, 723 
with slope m, 101 
vertical, 102 
Tangent plane, 932 
equation of, 932 
Tangent vector, 836 
Tangential component of acceleration, 
849, 850, 863 
Tautochrone problem, 706 
Taylor, Brook (1685-1731), 642 
Taylor polynomial, 163, 642 
error in approximating, 646 
remainder, Lagrange form of, 646 
Taylor series, 668, 669 
convergence of, 670 
guidelines for finding, 672 
Taylor's Theorem, 646 
Telescoping series, 600 
Terminal point, directed line segment, 752 
Terminal ray (or side) of an angle, 31 
Terms 
of a sequence, 588 
of a series, 599 
Test(s) 
comparison, for improper integrals, 580 
for concavity, 192 
conservative vector field in the plane, 
1048 
conservative vector field in space, 1051 
for convergence 
Alternating Series, 623 
Direct Comparison, 616 
geometric series, 601 
guidelines, 635 
Integral, 609 
Limit Comparison, 618 
p-series, 611 
Ratio, 631 
Root, 634 
summary, 636 
for even and odd functions, 26 
First Derivative, 183 
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Horizontal Line, 335 


for increasing and decreasing functions, 


181 
Leading Coefficient, 24 
Second Derivative, 195 
for symmetry, 5 
Vertical Line, 22 
Theorem 
Absolute V alue, 592 
of Calculus, Fundamental, 281, 282 
guidelines for using, 282 


of Calculus, Second Fundamental, 288 


Cavalieri's, 464 
Darboux's, 246 
existence, 81, 166 
Extended M ean V alue, 245, 363 
Extreme V alue, 166, 940 
Fubini's, 982 
for atriple integral, 1014 
Intermediate V alue, 81 
M ean V alue, 176 
alternative form, 177 
Extended, 245, 363 
for Integrals, 284 
Net Change, 290 
of Pappus, 501 
Second, 504 
Prime Number, 323 
Rolle's, 174 
Squeeze, 69 
for sequences, 591 
Taylor's, 646 
Theta, 0 
simple region of integration, 992 
Third derivative, 128 


Three-dimensional coordinate system, 762 


left-handed orientation, 762 
right-handed orientation, 762 
Topographic map, 875 
Topological surfaces, 807 
Torque, 496, 783 
Torricelli’s Law, 441 
Torsion, 870 
Total differential, 904 
Total distance traveled on [a, b], 291 
Total mass, 496, 497 
of a one-dimensional system, 496 
of a two-dimensional system, 497 
Trace 
of a plane in space, 791 
of a surface, 799 
Tractrix, 323, 395 
Trajectories, orthogonal, 150, 426 
Transcendental function, 25, 378 
Transformation, 23, 1032 


Transformation of a graph of a function, 23 


basic types, 23 

horizontal shift, 23 

reflection about origin, 23 
reflection about x-axis, 23 
reflection about y-axis, 23 
reflection in the line y — x, 334 
vertical shift, 23 
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Transverse axis of a hyperbola, 693 
Trapezoidal Rule, 560 
error in, 563 
Triangle inequality, 757 
Trigonometric function(s), 24, 33 
and the Chain Rule, 138 
circular function definitions of, 33 
derivatives of, 126, 139 
integrals of the six basic, 329 
inverse, 373 
derivatives of, 376 
graphs of, 374 
integrals involving, 382 
properties of, 375 
limit of, 65 
right triangle definitions of, 33 
Trigonometric identities, 33 
Trigonometric integrals, 532 
Trigonometric substitution, 541 
Trigonometric values of common angles, 
34 
Triple integral, 1013 
in cylindrical coordinates, 1024 
in spherical coordinates, 1027 
Triple scalar product, 783 
geometric property of, 784 
Two special definite integrals, 275 
Two special trigonometric limits, 69 
Two-dimensional system 
center of gravity of, 497 
center of mass of, 497 
moment of, 497 
total mass of, 497 
Two-Point Gaussian Quadrature 
Approximation, 311 


U 


Unit circle, 32 
Unit pulse function, 98 
Unit tangent vector, 845, 863 
Unit vector, 753 
in the direction of v, 756, 764 
standard, 757 
Universal Gravitation, Newton's Law 
of, 487 
U pper bound 
least, 595 
of a sequence, 595 
of summation, 258 
U pper limit of integration, 272 
U pper sum, 262 
limit of, 264 
u-substitution, 296 


V 


Value of f at x, 19 

Variable 
dependent, 19 
dummy, 274 
force, 486 
independent, 19 


V ector(s) 


acceleration, 849, 861, 863 
addition, 754, 755 
associative property of, 755 
commutative property of, 755 
Additive Identity Property, 755 
Additive Inverse Property, 755 
angle between two, 771 
binormal, 853, 870 
component 
of ualong v, 774 
of uorthogonal to v, 774 
component form of, 753 
components, 753, 774 
cross product of, 779 
difference of two, 754 
direction, 787 
direction angles of, 773 
direction cosines of, 773 
Distributive Property, 755 
dot product of, 770 
equal, 753, 764 
horizontal component of, 757 
initial point, 752 
inner product of, 770 
length of, 753, 764 
linear combination of, 757 
magnitude of, 753 
negative of, 754 
norm of, 753 
normal, 772 
normalization of, 756 
operations, properties of, 755 
orthogonal, 772 
parallel, 765 
perpendicular, 772 
in the plane, 752 
position, for a projectile, 841 
principal unit normal, 846, 863 
product, 779 
projection of, 774 
resultant, 754 
scalar multiplication, 754, 764 
scalar product of, 770 
in space, 764 
standard position, 753 
standard unit notation, 764 
sum, 754 
tangent, 836 
terminal point, 752 
triple scalar product, 783 
unit, 753 
in the direction of v, 756, 764 
standard, 757 
unit tangent, 845, 863 
velocity, 836, 863 
vertical component of, 757 
zero, 753, 764 


V ector field, 1044 


circulation of, 1121 
conservative, 1047, 1069 
test for, 1048, 1051 

continuous, 1044 


curl of, 1050 
divergence of, 1052 
divergence-free, 1052 
incompressible, 1115 
irrotational, 1050 
line integral of, 1060 
normal component of, 1104 
over a plane region R, 1044 
over a solid region Q, 1044 
potential function for, 1047 
rotation of, 1121 
sink, 1115 
solenoidal, 1052 
source, 1115 
V ector space, 755 
axioms, 755 
V ector-valued function(s), 820 
antiderivative of, 832 
continuity of, 824 
continuous on an interval, 824 
continuous at a point, 824 
definite integral of, 832 
derivative of, 828 
higher-order, 829 
properties of, 830 
differentiation of, 828 
domain of, 821 
indefinite integral of, 832 
integration of, 832 
limit of, 823 
Velocity, 117, 837 
average, 116 
escape, 98 
function, 128 
instantaneous, 117 
potential curves, 426 
Velocity field, 1044, 1045 
incompressible, 1052 
Velocity vector, 836, 863 
V ertéré, 202 
V ertex 
of an angle, 31 
of an ellipse, 689 
of a hyperbola, 693 
of a parabola, 687 
Vertical asymptote, 89 
Vertical component of a vector, 757 
Vertical line, 14 
Vertical Line Test, 22 
Vertical shift of a graph of a function, 23 
Vertical tangent line, 102 
Vertically simple region of integration, 972 
Volume of a solid 
disk method, 455 
with known cross sections, 459 
shell method, 465, 466 
washer method, 457 
Volume of a solid region, 980, 1013 


Ww 
Wallis, John (1616- 1703), 534, 540 


Wallis Product, 540 
Wallis's Formulas, 534 
Washer, 457 
Washer method, 457 
W ave equation, 901, 968 
Weierstrass, K arl (1815-1897), 941 
W eight-densities of fluids, 505 
Wheeler, Anna Johnson Pell 
(1883-1966), 432 
Witch of Agnesi, 130, 149, 202, 827 
Work, 485, 776 
done by a constant force, 485 
done by a variable force, 486 
dot product form, 776 
force field, 1060 
projection form, 776 


X 
x-axis 
moment about, of a planar lamina, 498 
moment about, of a two-dimensional 
System, 497 
reflection about, 23 
symmetry, 5 
x-intercept, 4 
xy-plane, 762 
xz-plane, 762 


Y 
y-axis 
moment about, of a planar lamina, 498 
moment about, of a two-dimensional 
System, 497 
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reflection about, 23 

symmetry, 5 
y-intercept, 4 
Y oung, Grace Chisholm (1868- 1944), 49 
yz-plane, 762 


Z 


Zero factorial, 591 
Zero of a function, 26 
approximating 
bisection method, 82 
Intermediate V alue Theorem, 81 
with N ewton's M ethod, 229 
Zero polynomial, 24 
Zero vector, 753, 764 


Index of Applications 


Tractrix, 323, 395, 399, 549, 718 
Velocity, 117, 121, 156, 180, 294, 295, 
452, 586 
Velocity and acceleration, 312, 431 
on the moon, 164 
Velocity in a resisting medium, 371 
Vertical motion, 120, 161, 178, 179, 254, 
256, 389 
Vibrating string, 161, 531 
Wave equation, 901, 968 
W ave motion, 142 
Wind chill, 910 
Work, 512, 565 
done in closing a door, 776 
done by an expanding gas, 490 
done by a force field, 1066, 1068, 
1077, 1125, 1128 
done by hoisting a car, 491 
done by a hydraulic cylinder, 493, 571 
done by a hydraulic press, 493 
done in lifting a box, 493 
done in lifting a chain, 490, 492 
done in lifting a steel beam, 491 
done in moving a particle, 1068, 1085, 
1128 
done by a person walking up a 
staircase, 1068 
done by propelling a rocket, 580 
done in propelling a satellite, 491, 512 
done in pulling an object, 815 
done in pulling a pallet truck, 778 
done in pulling a train car, 491 
done in pulling a wagon, 778 
done in pumping gasoline, 492 
done in pumping water, 491, 492, 512 
done in sliding a cement block, 491 
done in splitting a piece of wood, 493 
done in towing a car, 778 
done in winding a chain, 492, 512 


Business and E conomics 


Annuities, 607 

A partment rental, 18 

A verage cost, 198 

A verage price, 332 

A verage production, 988 

A verage profit, 1038 

Biodiesel production, 17 

Break-even analysis, 41 

Break-even point, 9 

Building a pipeline, 955 

Capitalized cost, 581 

Cobb-D ouglas production function, 877, 
882, 883, 959, 964, 967 

Compound interest, 356, 357, 359, 360, 
371, 401, 421, 440, 597, 680 

Consumer and producer surpluses, 514 

Cost, 61, 85, 96, 121, 142, 178, 243, 340, 
422, 558, 883 

Declining sales, 418 
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Depreciation, 143, 307, 349, 359, 401, 
606, 680 

Eliminating budget deficits, 452 

Government expenditures, 597 

Gross Domestic Product (GDP), 9 

Gross income tax collections, 954 

Health care expenditures, 131, 903 

Home mortgage, 323, 404 

Income distribution in a country, 452 

Inflation, 359, 597 

Inventory management, 85, 121 

Inventory replenishment, 130 

Investment, 882, 902 

Investment growth, 436 

M anufacturing, 459, 463 

M arginal costs, 902 

M arginal productivity, 902 

M arginal productivity of money, 959 

M arginal revenue, 902, 964 

M arginal utility, 903 

M arketing, 606, 681 

M aximum profit, 227, 949, 953, 966 

M aximum revenue, 953, 966 

M edicare Hospital Insurance Trust Fund, 
189 

M inimum cost, 226, 953, 963, 966, 967 

M ultiplier effect, 606 

Outlays for national defense, 243 

Personal consumption expenditures, 796, 
903 

Present value, 531, 584, 607 

Profit, 452 

Revenue, 452, 511, 778 

Salary, 607 

Sales, 40, 179, 196, 307, 332, 440, 441, 
883 

Sales growth, 198, 243 

Veterans Health A dministration 
enrollees, 955 


Social and Behavioral 
Sciences 


Cell phone subscribers, 9 

Free lunch program, 160 

Group project in learning theory, 360 

L earning curve, 421, 422, 436 

M emory model, 531 

Population, 12, 16, 421, 598, 996 

Population growth, 431, 436, 439, 441, 
571, 684 

Psychology, intelligence test, 902 


Life Sciences 


Acid rain, 883 

Agronomy, 966 

AIDS, 360 

Bacterial culture growth, 143, 357, 421, 430 
Biomass, 442 

Carbon dioxide concentration, 7 


Concentration of a chemical in the 
bloodstream, 189, 234 
Concentration of a tracer drug in a fluid, 
442 

Diversity of wildflowers in a meadow, 939 
DNA molecule, 821 
Endangered species, 430 
Epidemic model, 442, 558 
Forestry, 422, 882 
Grand Canyon, 257 
Growth of a dog, 294 
Hardy-W einberg Law, 953 
Intravenous feeding, 437 
Near point of the eye, 955 
Oxygen level in a pond, 204 
Population growth 

of bacteria, 130, 256, 332 

of brook trout, 440 

of coyotes, 425 

of elk, 428 

of fish, 360 

of fruit flies, 418 

of raccoons, 440 
Respiratory cycle, 293 
Shannon diversity index, 953 
Systolic blood pressure, 954 
Topographic map, 150 
Trachea contraction, 189 
Tree growth, 256 


General 


Area, 120, 130, 157, 240, 260, 607, 678 

Average typing speed, 198, 207 

Baseball, 910 

Cantor set, 683 

Cantor's disappearing table, 608 

Distance traveled by a bouncing ball, 
604, 606, 681 

Error, 237, 241, 907, 909 

Football, 843 

Maximizing an angle, 377, 381 

Maximum area, 43, 223, 225, 226, 244 

M aximum volume, 219, 220, 224, 225, 
226, 227, 948, 953, 962, 963 

M ercator map, 399 

M inimum area, 221, 225, 968 

Minimum distance, 221, 224, 228, 245 

Minimum length, 222, 225, 226, 244 

Minimum perimeter, 224 

Minimum surface area, 226 

Minimum time, 226, 227, 228, 234 

Probability, 308, 351, 581, 584, 606, 607, 
667, 678, 989, 997 

Shot put, 843 

Speed, 155, 177, 180, 865, 955 

Sphereflake, 607 

Sprinkler, 173, 1042 

Surface area, 157, 162, 241, 483, 578 

Volume, 30, 130, 157, 469, 548, 997 

W eight gain, 430 

W eight loss, 438 
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Factors and Zeros of Polynomials 
Let p(x) = a,x" + a, ax" + + + + + a,x + ay be a polynomial. If p(a) = 0, then a is a zero of the 
polynomial and a solution of the equation p(x) = 0. Furthermore, (x — a) is a factor of the polynomial. 


Fundamental Theorem of Algebra 


An nth degree polynomial has n (not necessarily distinct) zeros. Although all of these 
zeros may be imaginary, a real polynomial of odd degree must have at least one real zero. 


Quadratic Formula 
If p(x) = ax? + bx + c, and 0 x P? — 4ac, then the real zeros of p are x = (-b + /pP = 4ac) /2a. 


Special Factors 
x ug = (x — a)(x + a) xy—g9-—u-ub + ax + a°) 


X + æ = (x+ ale — ax + a?) — a* = (x — ayf(x + a)? + a’) 


Binomial Theorem 

(x + y)? = x2 + 2xy + yl = x — 2xy + y? 

(x + yP = L + 3xy + 3xy? + y) = x3 — 33x)y + 3xy? — y) 

(x + yf* = x4 + 43y  62y? + 4xy? + yt xt — 4x3y + 6x?y? — 4xy3 + yt 


— 1 
(x + y)" = x" + nx" ly nln — 1) 4-292 +e +++ any bo 6 y 


(x — yy DECENT i D Omonxy" b F y” 
Rational Zero Theorem 


If p(x) = a,x" + a, x"! ++ +++ a,x + a has integer coefficients, then every 
rational zero of p is of the form x = r/s, where r is a factor of ay and s is a factor of a,. 


Factoring by Grouping 
ac + adx? + bcx + bd = ax(cx + d) + b(cx + d) = (ax? + b)(ex + d) 


Arithmetic Operations 


ab + ac = a(b + c) 


Exponents and Radicals 


(ab)* = a*b* y= Ja = a"? 


Ya" = amr Yab = Yab 


Triangle 


h=asin@ 
1 
Area = oh 


(Law of Cosines) 
c) = a? + D? — 2ab cos 0 


Right Triangle 
(Pythagorean Theorem) 
e=a +b 


Equilateral Triangle 
J/3s 


EE 


Parallelogram 
Area — bh 


Trapezoid 


h 
Area — ja + b) 


Circle 
Area = zr? 


Circumference = 27r 


Sector of Circle 


(0 in radians) 
0r? 
Area = Z 
rea — 


s — rÜ 


Circular Ring 

(p — average radius, 

w = width of ring) 

Area = a(R? — r?) 
— 2npw 


Sector of Circular Ring 
(p — average radius, 

w — width of ring, 

0 in radians) 


Area = pw 


Ellipse 
Area = mab 
a t+ b? 


Circumference ~ 27 2 


Cone 


(A — area of base) 


Ah 
Volume = 3 


Right Circular Cone 
nr^h 


J = 
Volume 3 


Lateral Surface Area = nry r? + h? 


Frustum of Right Circular Cone 


n(r? + rR + R2)h 
3 
Lateral Surface Area = zs(R + r) 


Volume = 


Right Circular Cylinder 
Volume = z?h 
Lateral Surface Area = 2ztrh 


Sphere 


3 


4 
Volume — 37* 


Surface Area = 4a? 


Wedge 

(A = area of upper face, 
B — area of base) 

A= Bsec 0 
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Definition of the Six Trigonometric Functions 
Right triangle definitions, where 0 « 0 « m/2. 


Reciprocal Identities Double -Angle Formulas 

sin 2u = 2 sin u cos u 

cos 2u = cos? u — sin? u = 2 cos? u — 1 = 1 — 2 sin? u 
2 tan u 

1 — tan? u 


: 1 

sinx = —— secx 
1 

CSCX = ——- cosx tan 2u — 
in 


Quotient Identities Power-Reducing Formulas 

i ; 1 — cos 2u 

tan x = = cot x = — sin? u = ——,—— 
sin x 

ees 2, _ 1+ cos 2u 

Pythagorean Identities cos? u = — 

sin? x + cos? x = 1 J 1 — cos 2u 

tan- u = — ———— 

1 + tan? x = sec? x 1 + cot? x = csc? x 1 + cos 2u 


Cofunction Identities Sum-to-Product Formulas 

. [T T ; : ; .[uctv u—v 

sin( 2 — x) = cos x cos( 2 — x) = sinx sinu + sin v = 2 sw 2 ) cos 2 ) 
1 m : : uctv|.[u—v 

ex (2 — x) = sec x zu — x) = cot x sin u — sin v = 2 cos 5 sin 5 


T = £ = cos u + cos v = 2 cos” t : cos(” = : 
sec 2 x| = cscx cot 2 x) = tanx 2 2 


=.. g + . = 
Even/Odd Identities cos u — cos v = —2 sn(“ A : sin” 5 id 
sin(—x) = —sinx cos(—x) = cos x 


X ER m" Product-to-Sum Formulas 
csc(—x) = —cscx  tan(—x) = —tanx 


sec(—x) = sec x cot(—x) = —cot x sin u sin v — costu — v) — cos(u + v)] 
Sum and Difference Formulas 


1 
cos u cos v = ~[cos(u — v) + cos(u + v)] 
sin(u + v) = sin u cos v + cos u sin v 2 


=e ; . 1. , 
cos(u + v) = cos u cos v F sin u sin v Scos m slsin(u + y) + sin(u — v)] 
- tan u — tanv 1 
1 ¥ tan u tan v COS u Sin v = 5lsin(u + v) — sin(u — v)] 


tan(u + v) = 
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Tear out Formula Cards for Homework Success. 
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Basic Differentiation Rules 


dx 


d _ vu' — uv' d 


1. Peu] = cu' , ; a iiy = uv' + vu' 


4. —[u"] = nw - !u' 


y? * ` dx 
$ 


; Zu =1 ; < [ju] = ru ; Zin "E x 


f 


d u 


; d 
» let] etn * gx Loa ud = 


d * 
hau : alt ] = (In a)a“u 


Cee = ; d — d —— uy’ 
A go u] = (cos u)u : pau u] (sin u)u > g” u] = (sec? u)u 


ad eee ee d 2 , d E ; 
i pA u] = —(csc? u)u de [sec u] = (sec u tan u)u es [csc u] (csc u cot u)u 


u' d d u' 
— [arccos u] — . — [arctan u] = ite 


; Ep dn u] = ——— . ———À 
dx l-u dx 1— dx 


3 neces u] = 


d = u 

E mooot al = py E lie -1 

. 2 dul u] — (cosh u)u' ? A sh u] — (sinh u)u' P P tah u] — (sech? u)u' 
dx dx dx 


ý 


d d d 
G. = — (esch? wy! Us es ] e = 
hk [coth u] (csch? u)u "d [sech u] (sech u tanh u)u e [csch u] (csch u coth u)u 


du E u' d H m d 7 ou 
. 7, Dinh MIT GET » qu leosh 1 u| = — . qu tanh uel 


0 


u 


L 


—u 


d mda eg cl d ES MAE. ANS d = N E, A 
. a, Loth u] = i- 2 ; aq, Uech u] = n ; gles” u] = PRET. 


Basic Integration Formulas 


1 


u” +t! 


+C, n*-1 
—2 +C 
—cosu + C 
= —In|cos u| + C 
= In|sin u| + C : = In|sec u + tan u| + C 
csc u du = —In|cscu + cot u| + C . | sec? udu = tanu + C 


csc? u du = —cotu + C . | sec utan u du = secu + C 


du . u 
2 == = arcsin +C 
Ja —u a 


1 u 
i | E —— +C 
uvu — a 


